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Abstract

This work introduces different membrane and shell formulations for the computational
modeling of biological materials, in particular soft tissues. Soft tissues are usually
considered as being incompressible or nearly incompressible. Moreover, they can
easily undergo large deformations and therefore they show highly nonlinear behavior.
Many living tissues, such as cardiovascular, lung and skin tissues, are constructed from
an isotropic ground substance and an anisotropic network of collagen fibers. Thus,
the presented computational models of soft tissues take the geometrical and material
nonlinearities as well as the anisotropic response into account .

In addition to the membrane formulation, three different constitutive approaches are
introduced to model thin rotation-free shells based on the Kirchhoff-Love hypothesis.
One approach is based on numerical integration through the shell thickness while
the other two approaches do not need any numerical integration and therefore are
computationally more efficient. The formulations are examined for different isotropic
and anisotropic material models, which are commonly used to model soft biological
materials, including arteries and lung tissues. The formulations are further extended
to laminated composite shells that can be used to model arteries. The finite element
method, based on isogeometric analysis (IGA), is employed to solve the governing
equations. Accordingly, the surfaces of shells and membranes are represented by
Non-Uniform Rational B-Splines (NURBS), which can provide high smoothness and
continuity in interpolation of field variables and discretization of the weak form.

Several numerical examples, including linear and nonlinear benchmark tests, are per-
formed to demonstrate the robustness and accuracy of the proposed formulations.
Furthermore, the capabilities of the presented models to analyze soft tissues are exam-
ined by means of different numerical examples, among which are contact simulations
during indentation test and balloon angioplasty.






Zusammenfassung

Die vorliegende Arbeit thematisiert verschiedene Membran- und Schalenformulierun-
gen zur numerischen Modellierung der biologischer Materialien, insbesondere von we-
ichen Geweben. Weichgewebe werden fiir gewohnlich als inkompressibel oder nahezu
inkompressibel betrachtet. Zudem sind sie haufig groflen Verformungen ausgesetzt und
zeigen deshalb ein stark nichtlineares Verhalten. Viele biologische Gewebe wie Kar-
diovaskular-, Lungen- und Hautgewebe bestehen aus einer isotropen Grundsubstanz
und einem anisotropen Netz aus Kollagenfasern. Aus diesem Grund berticksichtigen
die vorgestellten numerischen Gewebemodelle sowohl geometrische und materialspez-
ifische Nichtlinearitaten als auch anisotropes Verhalten.

Zusétzlich zur Membranformulierung werden drei verschiedene konstitutive Modelle
vorgestellt, um diinne, rotationsfreie Schalen auf Grundlage der Kirchhoff-Love-Hy-
pothese zu modellieren. Der erste Ansatz basiert auf numerischer Integration iiber
die Schalendicke, wohingegen die beiden anderen Ansétze keine numerische Integra-
tion benotigen und daher rechnerisch effizienter sind. Die Formulierungen werden fiir
verschiedene isotrope und anisotrope Materialmodelle untersucht, die iiblicherweise
zur Modellierung weicher, biologischer Materialien einschliefllich Arterien und Lun-
gengewebe verwendet werden. Im Anschluss werden die Formulierungen auf laminierte
Verbundschalen erweitert, die zur Modellierung von Arterien verwendet werden kénnen.
Zu diesem Zweck wird die Finite-Elemente-Methode in Kombination mit isogeomet-
rischer Analyse (IGA) eingesetzt, um die entsprechenden Modellgleichungen zu 16sen.
Somit werden die Oberflachen von Schalen und Membranen durch nicht-uniforme ra-
tionale B-Splines (NURBS) dargestellt, die eine hohe Glattheit und Stetigkeit bei der
Interpolation der Feldvariablen und der Diskretisierung der schwachen Form liefern
konnen.

Mehrere numerische Beispiele, einschliefflich linearer und nichtlinearer Benchmark-
Tests, werden durchgefithrt, um die Robustheit und Genauigkeit der vorgeschlage-
nen Formulierungen zu demonstrieren. Dariiber hinaus werden die Eigenschaften
und Vorteile der vorgestellten Modelle zur Analyse von Weichgewebe anhand ver-
schiedener numerischer Beispiele untersucht, die unter anderem Kontaktsimulationen
von Eindriicktests oder Ballonangioplastie enthalten.
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In particular, Chap. 3 summarizes the shell theory of Duong et al. (2017). Chaps. 4 and
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Chapter 1

Introduction

In this chapter, the motivation of this research, a concise review of the state of the
art for the computational modeling of biological membranes and shells, the scope and
the outline of the presented work are discussed.

1.1 Motivation

Soft tissues — such as cardiovascular, lung and skin tissues — are biological materi-
als that usually have incompressible or nearly incompressible behavior (Fung, 1993).
Furthermore, they can easily undergo large deformations and exhibit highly nonlin-
ear behavior. Besides, many of soft tissues are anisotropic, which means that they
respond differently depending on the direction of the exerted load. The anisotropic
behavior of soft tissues roots in their structure, which is often constructed from a
ground substance of elastin reinforced by a network of collagen fibers. For such tis-
sues, it is assumed that the ground matrix is isotropic and the anisotropic behavior is
due to the distribution of collagen fibers (Holzapfel et al., 2000). Hence, any computa-
tional model for the analysis of soft biological tissues should take the geometrical and
material nonlinearities as well as the anisotropic response into account. In particular
interest of this work are those biological structures that are geometrically thin; thus,
they can be mathematically modeled as membranes and shells (see Fig. 1.1).

Remark 1.1. Here, membranes and shells are distinguished as two thin structures
with different mechanical characteristics. Membranes can only bear in-plane stresses
but shells bear bending moments as well. In literature, the term “(bio)membrane”
has been used interchangeably for both structures. (cf. Tepole et al., 2015).

Since many soft tissues do not bear bending and transverse shear deformation, they
can be described within the framework of membrane theory. Among different examples
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in the human body, one can mention cell membranes, aneurysms, the meninges cov-
ering the brain and spinal chord, the pericardia around the heart, the visceral pleura
supporting the lungs, skin, blood vessels, fetal membranes and the urinary bladder
as examples of biological membranes (Humphrey, 1998). On the other hand, if the
bending effects are not negligible and a tissue resists against bending, as arteries and
heart valves do, a shell formulation is required. For thin structures, where the trans-
verse shear strain and stress are negligible, rotation-free formulations based on the
Kirchhoff-Love hypothesis are not only computationally feasible but also mathemat-
ically accurate. Therefore, it is of great importance to develop nonlinear membrane
and shell formulations that are computationally efficient and are able to handle the
challenges of biological thin-walled structures, shortly discussed above.

Posterior

Tricuspid valve — Bicuspid (mitral) Intercostal

Lung muscle

Lung

Pleural sac

Parietal
pleura |

Visceral _|
pleura

Pleural cavity
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r
Epicardium | S \ 77
(C) of serous pe \ (d)

FIGURE 1.1: Membrane and shell-like structures in human body: (a) Heart leaflets,
(b) visceral pleura around the lung, (c) pericardia around the heart and (d) alveoli
(Ilustrations are adopted under CC BY 3.0 license from OpenStax, 2014).

1.2 State of the art

Having discussed the motivation of this research, the rest of this chapter is devoted
to briefly reviewing the existing literature on biological membranes and shells as well
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as the recent advances in isogeometric formulation of rotation-free shells.

1.2.1 Biological membranes

There are plenty of nonlinear membrane formulations introduced for the computa-
tional modeling of rubber-like materials that allow for the material incompressibility
(e.g. Oden and Sato, 1967; Haughton and Ogden, 1978; Fried, 1982; Wriggers and Tay-
lor, 1990; Ibrahimbegovic and Gruttmann, 1993 and Bonet et al., 2000). They can be
employed to model soft tissues if the tissue is considered to be isotropic. However, in
most of the soft tissues, networks of collagen fibers are present, which are anisotrpoic
in general. Thus, one of the main distinctions between soft tissues and the typical
(isotropic) rubber-like materials is the anisotropic behavior (Ogden, 2003). Despite
membrane theory, anisotropic hyperelasticity and material incompressibility are the
subjects that have been separately studied by different scholars within the framework
of continuum mechanics, there are few studies that brings them together to investigate
nonlinear biological membranes, which are membranes with incompressible anisotropic
nonlinear material behavior. For example, Kyriacou et al. (1996) propose a finite ele-
ment model for nonlinear orthotropic hyperelastic membranes, which is derived from
a two-dimensional constitutive law. Of great interest, is the theoretical framework
presented by Humphrey et al. (1992) and Humphrey (1998), which can be used to
study nonlinear biological membranes. Holzapfel et al. (1996a) develop an isotropic
membrane model that can include material anisotropy for the axially symmetric mem-
branes. The orthotropic model of Reese et al. (2001), to describe the behavior of
pneumatic membranes reinforced with fibers, may also be employed for the mod-
explore different nonlinear response functions for transversely isotropic elastic mem-
branes considering the incompressibility and plane stress conditions. Massabo and
Gambarotta (2006) investigate the wrinkling of biological membranes although their
approach is restricted to isotropic materials. Prot et al. (2007) employ the anisotropic
material model proposed by Holzapfel et al. (2000) to develop a transversely isotropic
membrane for the analysis of mitral valve. Kroon and Holzapfel (2009) examine elas-
tic properties of anisotropic vascular membranes by using an inverse finite element
approach. A fibrous membrane based on the statistical distribution of the activation
stretch of the collagen fibers is analyzed by Borri-Brunetto et al. (2009). Abdessalem
et al. (2011) also propose a finite element formulation for orthotropic and transversely
isotropic incompressible hyperelastic membranes. Planar soft tissues are studied by
Flynn et al. (1998), Sun and Sacks (2005), Holzapfel and Ogden (2009), Jacobs et al.
(2013) and Fan and Sacks (2014). The growth of thin biological membranes is studied
by Rausch and Kuhl (2014). Balzani et al. (2007) and Rausch and Kuhl (2013) inves-
tigate the effect of residual stresses in biological membranes. Recently, Roohbakhshan
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et al. (2016) propose a projection method to extract biological membrane models from
the existing 3D material models.

1.2.2 Biological shells

As reviewed in Sec. 1.2.1, most of the developed computational models to study thin
soft tissues allow only for membrane stresses, many of which are even limited to
planar tissues. In contrast, there are few examples that consider the bending mo-
ments and model soft tissues by shell formulations. For instance, Balzani et al. (2008)
and Balzani et al. (2010) analyze anisotropic polyconvex energy densities for shells.
Tepole et al. (2015) introduce the first isogeometric Kirchhoff-Love shell, particularly
formulated for soft tissues, based on numerical integration through the shell thickness.
Furthermore, Kiendl et al. (2015b) and Duong et al. (2017) suggest two different iso-
geometric formulations for the modeling of the rotation-free thin shells with arbitrary
nonlinear hyperelastic materials. Both approaches can be used for the modeling of
biological shells. Recently, Roohbakhshan and Sauer (2017) present different efficient
isogeometric thin shell formulations for soft biological materials, which are explained
and used in this work.

1.2.3 Isogeometric shells

As the objective of this dissertation is to investigate membranes and rotation-free
thin shells, based on the Kirchhoff-Love hypothesis, here we shortly review the ex-
isting literature on the modeling of shells. In particular, the survey is focused on the
formulations that use isogeoemtric analysis, which is used here. Among the existing
shell theories, the rotation-free Kirchhoff—Love shell theory has this advantage that it
only requires displacement degrees of freedom in order to describe the shell behavior.
However, its disadvantage is that the shell surface should be described and discretized
as a smooth surface with at least C''-continuity. This a big challenge for the classical
Lagrange elements, which require computationnally complex and expensive formula-
tions to impose C'-continuity on the shared boundaries of elements (see e.g. Onate
and Zérate (2000), Brunet and Sabourin (2006), Stolarski et al. (2013) and Munglani
et al. (2015) and references therein). Alternatively, shell formulations derived from
Reissner-Mindlin theory, which require only C°-continuity, can be used (e.g. Simo
and Fox, 1989; Simo et al., 1990; Bischoff and Ramm, 1997; Yang et al., 2000;
Bischoff et al., 2004 and Wriggers, 2008) although they need additional rotational
degrees of freedom. It should be noted that there are some other formulations, like
extended rotation-free shells including transverse shear effects (Zarate and Onate,
2012), rotation-free thin shells with subdivision finite elements (Cirak et al., 2000;
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Cirak and Ortiz, 2001; Green and Turkiyyah, 2005 and Cirak and Long, 2010), mesh-
free Kirchhoff-Love shells (Ivannikov et al., 2014) and discontinuous Galerkin method
for Kirchhoff-Love shells (Noels and Radovitzky, 2008 and Becker et al., 2011).

After being introduced by Hughes et al. (2005), Isogeometric analysis (IGA) has be-
come a helpful tool for the computational modeling of shells. Initially, Hughes et al.
(2005) modeled thin shells by solid elements based on non-uniform rational B-splines
(NURBS) without any shell assumption. Although Hughes et al. (2005) assume no
shell theory, the results are satisfying compared to the classical shell theory when one
or two quadratic NURBS are used through the thickness. Later, Cottrell et al. (2006)
use the formulation of Hughes et al. (2005) for the structural vibration analysis of
different problems including plates. Since then, many isogeoemtric formulations are
introduced that are based on different shell theories. In the following, we briefly review
the existing isogeoemtric formulations, which are successfully used for the analysis of
shells, based on the solid-shell, Reissner—-Mindlin, blended and in particular Kirchhoff-
Love theories.

Solid-shell elements, which form an intermediated class of finite element models be-
tween thin shell and conventional 3D solid elements, have the same nodes and degrees
of freedom as solid elements but they account for the specific behavior through the
thickness of the shell. As the shell becomes thin, finite solid elements suffer from
shear, membrane and thickness locking, which are classically treated e.g. by the As-
sumed Natural Strain (ANS) method (Stanley and Park, 1986). However, the locking
effects can be alleviated by using higher order NURBS-based finite elements. For
instance, Bouclier et al. (2013a,b) propose a NURBS-based solid-shell element with
mixed formulation and B-bar-method. Hosseini et al. (2013) introduce an isogeo-
metric solid-like shell formulation that uses B-spline basis functions to construct the
mid-surface of the shell and a linear Lagrange shape function in the thickness direc-
tion. Later, in contrast to the standard continuum shell (solid-like shell) formulation
of Hosseini et al. (2013), Hosseini et al. (2014) suggest an isogeometric continuum
shell element for nonlinear analysis, where through-the-thickness behavior is interpo-
lated using a higher-order B-spline. Caseiro et al. (2014) extended the ANS method,
initially proposed for the Lagrangian formulations to reduce locking behaviors, to the
NURBS-based solid-shell elements. However, their formulation is restricted to linear
elasticity. Bouclier et al. (2015) extend the mixed method of Bouclier et al. (2013a,b)
to deal with locking in the context of large rotations and large displacements. Caseiro
et al. (2015) extend their earlier work (Caseiro et al., 2014) to nonlinear deformations
and elasto-plastic regimes. Recently, Ambati and De Lorenzis (2016) study the frac-
ture in shells with a phase-field modeling approach. Their shell model is based on
solid-shell kinematics with small rotations and displacements and is discretized using
quadratic NURBS basis functions. In their model, membrane and shear locking is
reduced through the ANS approach.
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Many isogeoemtric formulations are proposed based on the Reissner-Mindlin shell the-
ory, which allows shells to have out-of-plane shear deformations. For instance, Uhm
and Youn (2009) propose a Reissner—-Mindlin shell formulation described by T-splines.
The first isogeometric Reissner—Mindlin shell formulation is proposed by Benson et al.
(2010), which is based on a degenerated solid implemented for NURBS-based finite el-
ements. It is examined for both linear elastic and nonlinear elasto-plastic benchmark
examples successfully. Dornisch et al. (2013) introduce an isogeometric Reissner—
Mindlin shell with exactly calculated director vectors, which requires six degrees of
freedom per each control point. Later, Dornisch and Klinkel (2014) extend the formu-
lation of Dornisch et al. (2013) to multi-patch geometries. They investigate two meth-
ods for the interpolation of the current director vector and the other relevant quanti-
ties. The variation of the director vector is expressed as a function of the variation of
nodal rotations. The formulation of Adam et al. (2015) has an improved numerical in-
tegration for locking treatment in isogeometric Reissner-Mindlin shells and plates. A
locking-free model for Reissner-Mindlin plates is developed by Beirao Da Veiga et al.
(2015), where classical Reissner-Mindlin plate theory is reformulated so that rota-
tional variables are eliminated in favor of transverse shear strains. They discretize the
shell surface by both NURBS and triangular (non-uniform rational Powell-Sabin B-
splines (NURPS). Dornisch et al. (2015) applz the mortar method for patch coupling to
the NURBS-based Reissner—-Mindlin shells. Du et al. (2015) use Nitsche’s method for
isogeometric analysis of Reissner-Mindlin plates with non-conforming multi-patches.
Kang and Youn (2015) propose an isogeometric approach for the analysis of topo-
logically complex shell structures with trimmed surfaces. Kiendl et al. (2015a) in-
troduce isogeometric collocation methods for Reissner-Mindlin plate problems using
both locking-free primal and mixed formulations. Lei et al. (2015a) use the Serendip-
ity basis to express the fiber rotation in an isogeometric Reissner-Mindlin shell. They
also propose a modified reduced quadrature scheme to improve the efficiency. The
Reissner-Mindlin shell formulation of Dornisch et al. (2016) is able to handle finite
rotations and large deformations. It is more efficient than their earlier works (Dornisch
et al., 2013 and Dornisch and Klinkel, 2014) as the continuous rotation of the director
vector is modeled by a multiplicative update scheme. Dornisch et al. (2017) investi-
gate different concepts for dual basis functions for B-splines and NURBS and propose
approximate dual basis functions for NURBS. Their method is shown to be applica-
ble for the nonlinear Reissner—Mindlin shell formulations. Kang and Youn (2016a,b)
extend the formulation of Kang and Youn (2015) for topology optimization. Oesterle
et al. (2016) present a rotation-free shear-deformable shell formulation following the
Reissner—Mindlin theory. Their formulation exclusively uses displacement degrees of
freedom but it is restricted to geometrically linear shells. The total displacement is
subdivided into a part representing the membrane and bending deformation and a
part representing transverse shear deformation. An isogeoemtric Reissner—Mindlin
shell formulation is used by Sobota et al. (2016) for implicit dynamic calculations.
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Benson et al. (2013) suggest a shell formulation that blends both Kirchhoff-Love and
Reissner—Mindlin theories. Echter et al. (2013) and Echter (2013) propose a hier-
archic family of isogeometric shell elements including Kirchhoff-Love (3-parameter),
Reissner-Mindlin (5-parameter) and 3D (7-parameter) shell models. However, their
formulations are restricted to linear elastic problems.

The first step towards isogeometric analysis of Kirchhoff-Love shells is taken by
Kiendl et al. (2009). However, their formulation is limited to linear material model
(i.e. St. Venant—Kirchhoff solid) and single-patch NURBS-based meshes. Later, Kiendl
et al. (2010) extend the earlier work of Kiendl et al. (2009) to multi-patch meshes.
They use the bending strip method to impose the C'-continuity of the Kirchhoff—
Love shell structures comprised of multiple patches. Benson et al. (2011) propose
a rotation-free shell where the Kirchhoff-Love assumptions are satisfied only at dis-
crete points. Different choices for defining the shell normal vector are examined. The
rotation-free shell formulation of Nguyen-Thanh et al. (2011) is based on the poly-
nomial splines over hierarchical T-meshes (PHT-splines). Their method exploits the
flexibility of T-meshes for local refinement. Bazilevs et al. (2012) use a cubic T-
spline-based discretization of a rotation-free Kirchhoff-Love shell to study the fluid—-
structure interaction of wind turbine rotors. Chen et al. (2014) use an explicit time
integration scheme to compute the transient response of membrane structures and
the Kirchhoff-Love shells to time-domain excitations, where a dynamic relaxation
method is employed to obtain steady-state solutions. Zhang et al. (2014) present
an isogeometric-meshfree coupled strategy for the static and free vibration analysis
of the Kirchhoff plates. Breitenberger et al. (2015) introduce an approach for non-
linear isogeometric B-Rep analysis of the Kirchhoff-Love shell structures. Boundary
representation (B-Rep) models consist of trimmed NURBS surfaces and they are usu-
ally used in industrial applications, especially for the modeling of free-form geometries.
Isogeoemtric analysis is also used for laminated composite shells (see Chap. 5). For in-
stance, Deng et al. (2015) model a composite rotation-free shell formulation equipped
with a inter-laminar damage model. Kiendl et al. (2015b) extend the formulation
of Kiendl et al. (2009) from linear to nonlinear material models. Their formulation
uses numerical integration over the shell thickness and allows for arbitrary nonlinear
material models. Further, through-the-thickness cracks in thin shell structures based
on Kirchhoff-Love theory is analyzed by the extended isogeometric element formula-
tion of Nguyen-Thanh et al. (2015). Reali and Gomez (2015) employ an isogeometric
collocation approach for Euler—Bernoulli beams and Kirchhoff plates as an alternative
for isogeometric Galerkin approaches. Kiendl et al. (2016) investigate an approach
for the phase-field modeling of fracture in thin structures like plates and shells, where
brittle fracture is considered based on the Kirchhoff-Love shell model. Tepole et al.
(2015) develop the first isogeoemtric formulation to study thin biological shells. They
also use numerical integration through the thickness of shell to derive the stress and
bending moment resultants. An efficient model reduction method is proposed by Luo
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et al. (2016) for the Kirchhoff-Love thin shell buckling analysis, where a simple re-
duced order model is obtained by using perturbation technique. They embed different
strategies for nonlinear buckling analyses into the procedure. Nguyen-Thanh et al.
(2016) extend the earlier work of Nguyen-Thanh et al. (2011), which is for the shells
modeled by RTH splines, to the cases with large deformations and multiple patches.
They couple patches based on Nitsche’s method, which allows also coupling of a shell
to a solid model. In the formulation of Riffnaller-Schiefer et al. (2016), the Kirchhoff-
Love thin shells are discretized based on NURBS compatible subdivision surfaces.
Casquero et al. (2017) use arbitrary-degree T-splines for isogeometric analysis of fully
nonlinear Kirchhoff-Love shells. In their approach, trimmed NURBS-based surfaces
are converted to untrimmed T-spline representations for isogeometric analysis.

1.3 Scope

In the presented work, different constitutive approaches are introduced to model mem-
branes and thin rotation-free shells based on the Kirchhoff-Love hypothesis. In par-
ticular for the shells, two approaches are proposed that do not need any numerical
integration; therefore, they are computationally more efficient. Further, an approach
based on numerical integration through the shell thickness is also presented. The for-
mulation is designed for large deformations and allows for geometrical and material
nonlinearities as well as anisotropic behavior, which are of great importance for the
modeling of soft tissues. The formulations is also applied to laminated composite
shells that can be used for example to model arteries. Furthermore, different isotropic
and anisotropic material models, which are commonly used to model soft biologi-
cal materials, are examined for the proposed constitutive projection approaches. In
particular, the formulation is employed for the modeling of the artery and alveolar
tissues. Following an isogeometric approach, NURBS-based finite elements are used
for the discretization of the shell surface. Several numerical examples are investigated
to demonstrate the capabilities of the formulation.

1.4 Outline

The remaining part of this dissertation is organized as follows: Chap. 2 reviews the
fundamentals of nonlinear continuum mechanics, which includes the differential geom-
etry of surfaces and bodies in 3D space; the basics of continuum mechanics — namely,
the kinematics, strains, stresses and balance laws — and a short introduction to contact
mechanics. In Chap. 3, the theories of membranes and thin rotation free shells are
summarized. In Chap. 4, different constitutive projection approaches are presented to
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project the constitutive laws of 3D continua onto the surface of a thin-walled struc-
ture, i.e. a rotation-free shell or a membrane. Next, the proposed shell formulations
are adopted to model thin composite shells and membranes in Chap. 5. Then, the
corresponding membrane and shell formulations are derived for various isotropic and
anisotropic constitutive in Chap. 6. The interfacial mechanics, in particular a dy-
namic surface tension model for the pulmonary surfactants lining the alveolar tissue,
is investigated in Chap. 7. Chap. 8 discusses the finite element solution in the frame-
work of isogeometric analysis (IGA). Several numerical experiments are performed in
Chap. 9 to demonstrate the capabilities of the presented models, in particular for the
simulation of artery and alveolar tissue. Finally, Chap. 10 concludes the dissertation.






Chapter 2

Nonlinear Continuum Mechanics

This chapter presents the fundamentals of nonlinear continuum mechanics to estab-
lish the main theoretical framework of this thesis. Sec. 2.1 is devoted to differential
geometry of surfaces and bodies in 3D space. This helps to describe geometrically
nonlinear deformations of deformable surfaces. This approach allows us to efficiently
model thin structures such as membranes and shells, which can be both solid and lig-
uid. Then the basics of continuum mechanics is reviewed in Sec. 2.2, which includes
the kinematics of deformation, strains, stresses and balance laws.

2.1 Differential geometry of surfaces and bodies

In this section, first the kinetics of a deformable 2D surface in 3D space is described
using differential geometry of surfaces. Then, the description is generalized to de-
formable 3D solids, which is used in Chap. 4 to describe 2D shells and membranes
from the perspective of a 3D continuum. Here, a familiarity with tensor analysis and
curvilinear coordinate systems is assumed. Useful introductions with more details on
tensor analysis and differential geometry can be found, respectively, in Itskov (2009)
and Sokolnikoff (1964), Kreyszig (1991), Doolin and Martin (2013), Willmore (2013)
and Nguyen-Schéfer and Schmidt (2014).

2.1.1 Two-dimensional surfaces in 3D space

As discussed by Sauer and Duong (2017), any point € R? on a surface S can be
described in terms of a convective coordinate system that maps a parametric domain
P with components £* to

z=x () , (2.1)

11
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where £* € [-1,1] and o = 1, 2.
Note 2.1. Here, the Greek indices take values in {1,2}. Repeated indices are implic-

itly summed over assuming the Einstein summation convention.

At any point of the parameterized surface, a co-variant basis vector, which is tangent
to S, is defined as

ox
0 =Ly, =— . 2.2
ani= o= o (2.2
J(e) . o :
Note 2.2. Henceforth, (e), := F denotes partial derivative w.r.t. the convective

coordinate £.

The co-variant basis vectors a,, give
Qg = Qg * Ag (23)

which are the co-variant components of the first fundamental form of surface or as it
is called the metric tensor. The contra-variant components of the metric tensor are
[a®F] = [aqp) . The contra-variant basis vector a®, which is the dual vector of a,, is
defined as

a®-ag =95 , (2.4)

where 0% is the Kronecker delta. Eq. (2.4) simply implies that @, and a, are perpen-
dicular to a® and a', respectively. From Egs. (2.3) and (2.4), the dual vectors are
related via the metric tensor as

a® =a*¥ag ,

(2.5)
A = aupa’ .
Having the surface tangent vectors a,, one can find the surface normal as
a; xa
a1 x aq||

A surface element on S is related to a corresponding area element d[] := d&* dé? on
the parameter domain P by da = J, dO, where J, = \/deta,s = ||a; X a2l is the

Jacobian determinant.

The convective bases {a;, as, n} and {a', a*, n} can then be used to decompose
any vector or tensor on S into in-plane and out-of-plane components. For instance,
on S, an arbitrary vector v is decomposed as

V=0, + U, N =1v,a%+ v, M , (2.7)

12
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where
vY =v-a”,
Uy =V - Qg , (2.8)
Up =V

The metric tensors a,z and a®® can be used to raise and lower the indices of the com-
ponents of a vector or a tensor. For instance, the contra- and co-variant components
of the vector v are interrelated as

e =a®vg ., Vg = e . (2.9)
Considering a second order tensor t on S as
t=tYa,®a5=tpa*®a’=ta*®as (2.10)
where
tf = a*- (ta),
tag = Ay (t ag) s (211)
ty =a”: (tag) ,

the indices of components are lowered as

4 =1"ag,
o & (2.12)
taﬁ = t,(;é gy = t’y& Ao~y Q8§ -

Remark 2.3. From Egs. (2.7) and (2.8),

v¥a, +v,n

(v-a*)a,+ (v-n)n

=a* (v-ag)a, + (n®@n)v (2.13)
= (e a,®az+nen)v

=1lv.

v

Thus, the full identity tensor 1 € R? can be decomposed as
l1=t4+n®n (2.14)
on S, where
i=a"a,®apg=a,pa*®a’ = (5gaa®a5 =a,®a%*=a*®a, (2.15)

is the surface identity tensor on S.

13
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The other important tensor-like objects associated to surface S are Christoffel symbols
of the first and second kind given, respectively, by

I'vag = ay-aqp
yap Y B (2.16)
Fzﬂ =a" ayp -
The Christoffel symbols of the first and second kind are related as
I'yap = ay, Fgﬁ : (2.17)

Following Note 2.2, a comma denotes the parametric derivative a, g = 0a,/0¢?. With
the definition of the Christoffel symbol (2.16), the so-called co-variant derivative is
defined as

Qup = Qo — I’gﬁ a,=(NON)aygs . (2.18)

The covariant derivatives of the basis vectors ag and the surface normal n are given
by the Gauss—Weingarten equations

Qg3 = ba n,
g (2.19)

n, = —0b;a.,

where b,s and bj are the co-variant and mixed components of the curvature tensor,
or as it is called the second fundamental form of the surface manifold,

b:baﬁao‘@)aﬂ:baﬁaa@)ag:bg‘aa@aﬁ ) (2.20)
Considering Eqs. (2.18) and (2.19.1), the co-variant components of b are
bap = =M - Qup =N" Qup (2.21)
or alternatively, from Egs. (2.12) and (2.19.2),
bap == —Ng-a, . (2.22)

The contra-variant and mixed components of b can be obtained similar to Eq. (2.12)
as bf = b, a? and b*? = ™ bys a?®.

The mean and Gaussian curvature of S can be computed from the first and second
invariants of the curvature tensor b, respectively, as

1 1 1
H:=—trb=—b>==a" by (2.23)

2 2 2

and ;
K :=detb= -, (2.24)

a

14
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where
a:=detlaag] , b:= det[bag] (2.25)

are determinants defined on the surface.

The principle curvatures x; and ko are the eigenvalues of the curvature tensor, which

can be written based on the Gaussian curvature K = k; ko and the mean curvature
1

H = (k1 + k2) as

kipp=H+VH - K . (2.26)

The variation of the introduced surface objects can be found in Sauer and Duong
(2017), a summary of which is appended as Appendix A.1.

2.1.2 Three-dimensional bodies

Similar to a surface, a deformable 3D body can be described in terms of a convective
coordinate system, which is defined by a mapping from a 3D parametric domain with
components ¢ € [—1,1] as

& =a(), i=123. (2.27)

Note 2.4. Henceforth, a tilde is used to identify quantities corresponding to 3D
continua. This notation is useful to distinguish the 2D and 3D kinematics of shells
discussed in Sec. 4.1.1.

Note 2.5. The italic roman indices take values in {1,2,3} if they refer to the basis
vectors or the components of a general 3D vector or a 3D second-order tensor. If so,
the Einstein summation convention is implied on the repeated indices.

Likewise to Sec. 2.1.1, it is assumed that & is sufficiently differentiable; therefore, we
can define convective bases, which are tangent to the curvilinear coordinates, as

ox
=T, =, 1=1,2,3. 2.28
9= &i= G (2.28)
o d(e) : o
Note 2.6. Likewise to a surface, (o), := o€ denotes partial derivative w.r.t. the
convective coordinate £°.
The basis dual to g, is given by
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which implies that g, is perpendicular to g* and g* and so forth. The contra- and
co-variant components of 3D metric tensor, also called metric coefficients, are

97 =9g"g’,
(2.30)
9ij = 9,9
which are related through [¢] = [g;;]7*. The contra- and co-variant tangent vectors
are related via metric coefficients as
g =9"g;.
. (2.31)
9, =99 .

They can also be used to represent vectors and tensors. Considering a general vector
v, we have
v=1v'g,, v=uv;g", (2.32)

with contra- and co-variant components
=v-g'", vy=v-g,. (2.33)

A general 3D tensor t can be expressed as

t=iig og =1gog=1tgwog,, (2.34)
where - .
v =gqg"-(tg’),
tNij =9;- (%gj) ) (2.35)
53 =g’ (t ;)

The metric tensor may be used to to lower and raise the indices on vectors and tensors.
For instance,
vi=giu, v= gyl (2.36)
Remark 2.7. From Egs. (2.32) and (2.33),
v =1'g,

=(v-g')g,

= QZ] ('U : Qj) g; (2.37)

=g (9;®9;)v

=1v.

Thus, one can easily show that the components of the full identity tensor 1 € R? are
the metric coefficients, i.e.

1=979,®9;,=0;9'®¢g =0;9,09 =g;29'=g'®g,, (2.38)
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Remark 2.8. The 3D convective curvilinear coordinate system, briefly reviewed in
Sec. 2.1.2, can be reduced to the surface description of Sec. 2.1.1 as a special case.
This, corresponds to a dimensional reduction or a projection procedure, which is the
core idea of the projected membrane and shell formulations presented in Chap. 4.

2.2 Basics of continuum mechanics

This section discusses the basics of continuum mechanics in curvilinear coordinates.
More details can be found e.g. in Bonet and Wood (1997), Holzapfel (2000) and
Wriggers (2008). In continuum mechanics, a deformable body B can be described
as a set of material points, i.e. B = {P}. The location of any material point P
is defined by a (Cartesian) coordinate system. The deformable body can occupy
different configurations at any time ¢ € R*. In finite strain theory, the continuum can
undergo large deformations. Thus, it is crucial to distinguish between the reference (or
initial) configuration at ¢ = 0, which is denoted by By, and the current (or deformed)
configuration at ¢ > 0 denoted by B. Accordingly, the very same material point P
has the positions & and X in the current and reference configurations, respectively.

Note 2.9. Henceforth, small letters are used to distinguish the quantities in the cur-
rent configuration and the same quantities in the reference configuration are denoted
by capital letters.

Similar to a body, the surface reference and current configurations are denoted by Sy
and S, respectively. Correspondingly, surface points on Sy and S are distinguished by
x and X, respectively.

2.2.1 Deformation

A deformation is defined by the mapping v : By — B from the reference to the current
configuration of a deformable 3D body as

z=19(X) (2.39)

or by the mapping v : Sy — S from the reference to the current configuration of a
deformable 2D surface as

z=19(X). (2.40)
The deformation gradients corresponding to the mappings (2.39) and (2.40) are, re-
spectively

F:=Viz=—= (2.41)
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and e
Fi=Vxa = (2.42)
For line elements on a 3D body, we have
dX = X, d¢f = G;d¢ , dax =2,d¢ =g,d¢", (i=1,2,3) (2.43)
and for line elements on a 2D surface
dX =X ,dé*=A,d¢*, de==x,d*=a,d{*, (a=1,2), (2.44)
which give )
dz = (g;® G")dX , (i=1,2,3) (2.45)
and
de = (a, ® AY)dX , (a=1,2). (2.46)
From Egs. (2.41) and (2.45), the 3D deformation gradient is then
F=g,2G, (i=1,2,3), (2.47)
and from Eqs. (2.42) and (2.46),
F=a,2A%, (a=1,2), (2.48)

is the surface deformation gradient. As (X ) and v,b(X ) are assumed to be continu-
ous, deformation gradient has the inverse. The inverse and transpose of deformation
gradient tensor are

F'=Gwog, F' =Gog, F'=gaG, (2.49)
F_1:Ai®ai, FT:Ai®ai, F_T:ai®Ai. .
Considering that g; = g;; G’ and a, = [T A’ , where
gij =g, Gj ) <Z7j = 17 273)7 (2 50)
C_Lag I:aa'Ag, (()4,521,2), '
the deformation gradient tensors can be represented as
and
F=a,A"® A", (, 3=1,2) . (2.52)
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The Jacobian determinants of the deformation, or as it is simply called Jacobians,

are!

J :=detF,

J :=detF . (2:53)

For a 3D body, J measures how the volume of an infinitesimal 3D element has changed
with the deformation, i.e.
dv = JdV (2.54)

and, for a 2D surface, J measures the surface change, i.e.

da = JdA (2.55)

where 7
Ji=det F =" . (2.56)

Ja

Similar to .J,, described in Sec. 2.1.1, dA = J4 d0O, where J4 = (/det Aop = || A1 X As||
is the Jacobian determinant on the reference surface.

Based on physical grounds, volumes and areas cannot be negative. Besides, as F' and
F' are invertible, they should be nonsingular. Therefore, J, J > 0.

Remark 2.10. In continuum mechanics, push forward and pull back operations are
used to map vectors and tensors from the reference to the current configurations and
vice versa, respectively. For the convective bases, we have

— i _ =T (i _ -1 i _ T i

(2.57)
a, =FA,, a* =F1TA*, A, =F'a,, A = FTa".

Similar operators will be defined for strain and stress tensors in the next sections.

2.2.2 Strain measures

The deformation gradient does not capture rigid-body displacements of surfaces and
bodies in space as Vx(x + ¢) = Vxx and Vi (& + ¢) = V&, where ¢ is the vector
that describes the rigid-body displacement. Thus, for a rigid-body translation, F' = 1
and F' = I as there is no motion. Here,

1=GiIG®oG =G;G oG

| , o (i, =1,2,3) (2.58)
= §G,oGE =GoG =G ®G,

1Tt should be noted that det F is strictly defined in the tangent space as it would be zero otherwise.
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is the usual identity tensor on B, and

I =APA, @Ay = Ayy A*® A

;o (a,B=1,2), (2.59)
= 05A,0A" =A, 0 A =A"® A,

is the surface identity tensor on Sy, which can define the full identity tensor 1 € R3
as
1=I+N®N . (2.60)

To overcome the mentioned deficiency of the deformation gradient tensor, strain mea-
sures, which give more information about the deformation, are usually used in contin-
uum mechanics. Specifically, the left and right Cauchy—-Green strain tensors not only
measure the changes in the lengths of line elements but also the variation of angles
between them. By definition, the right Cauchy—Green strain tensors are

C=F"F=4¢,G2G, (i, =1,2,3), (2.61)
and
C=F'F=a,A"9A°, (a,8=1,2), (2.62)

on By and Sy, respectively. The left Cauchy—Green strain tensors are defined on B
and S, respectively, as

b:=FF"=Gig g, (i,j=123), (2.63)

and?
b:=FF"'=A"%a,®ag, (a, 3 =1,2) . (2.64)

To describe large deformations, it is more convenient to use the Green-Lagrange
strain tensor, which measures the difference between C and 1 or between C and I.
Therefore, it can distinguish rigid-body displacements. On By,

N 1, - ) .
Bi=_(C-1)=E,GoG, (ij=123), (2.65)
and on Sy,
1
E::Q(C—I):EQBAO‘@AB, (, 3=1,2), (2.66)
where ]
Eij = 5(9@' - Gij) ) (i,j = 1»273) ) (2-67)
and ]
Eaﬁ = E( aff — Aaﬁ) 5 (a7ﬂ = 172) . (268)

2 The left Cauchy—Green strain tensor of the surface should not be confused with the curvature
tensor of the surface defined by Eq. (2.20).

20



Chapter. 2 Nonlinear Continuum Mechanics

Furthermore, for the Kirchhoff-Love shells, discussed in Chap. 3, it is useful to intro-

duce the bending strain as
K =K;A"® A", (2.69)

where
Kop = bas — Bap (2.70)

measures the changes of curvature.

2.2.3 Displacements

In solid mechanics, it is convenient to describe the motion and deformation in terms of
the displacement. Here, we are interested in the Lagrangian (or material) description
of displacement, i.e.

a=u(X,t)=9p(X,t)-X=2-X (2.71)

and
v=u(X,t)=¢(X,t)-X=x-X. (2.72)

Remark 2.11. The Eulerian (or spatial) description of displacement, i.e.

a=u(zt)=z—9 (&)= - X (2.73)
and
u=u(z,t)=z—¢ '(z,t) = - X (2.74)

results also in the same displacement values but with different independent variables.

From Egs. (2.71) and (2.72),

Via = F -1,
(2.75)
qu =F—-1.

Plugging Eq. (2.75) into Egs. (2.65) and (2.66), the Green-Lagrange strain tensor can
be written in terms of the displacement gradients as

o
E - |Vxa+ (Vxa)" + (Vx) Vgt |

. (2.76)
E = 5 [qu + (VxU)T + (V){U)TVX’U,} .

Remark 2.12. In infinitesimal strain theory, where the strains and displacement
gradients are small, the quadratic rear terms in Eq. (2.76) are neglected. Considering
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only the linear terms, the geometrically linearized Green-Lagrange strain tensor is

Biy = 1 [Vyat (Vi)' = L(F+FT) -1 = v G o6
(2.77)
R L Y
where .
By = 5(% + i) =Gy, (1,5=1,2,3),
1 (2.78)
Bl = 5(Gas + 80) = Aag . (@, 8=1,2).

2.2.4 Stress measures

In continuum mechanics, there are different measures of the internal forces of a con-
tinuous material. Some can be physically interpreted and measured and some are
defined conceptually and do not correspond to a physical quantity. Considering an
imaginary surface cut on B, whose normal is n, the surface traction ¢ along n is given
by Cauchy’s theorem as

t=0c'n, (2.79)

where
6=5g,®g, (2.80)

is called the Cauchy stress tensor. Similarly, on an elastic surface &, the surface
Cauchy stress tensor is
o=0"a,®ag . (2.81)

The Cauchy stress (or true stress) basically determines the force acting on an in-
finitesimal vector area of the deformed configuration. In computational approaches
and variational formulations, it is more convenient to introduce the Kirchhoff stress

tensors, 5 ij
T =Jo6 =779;®g9;, (2.82)
T=Jo =1%a,®as,
with ~ij J i ]
Fio=J&v ,  (i,j=1,2,3), (2.83)

0 = Jo*¥ | (a,8=1,2).

The definition of the Kirchhoff stress tensor helps to integrate over the reference
configuration rather than the current configuration since o dv = 7dV and oda =

T dA.

The first Piola—Kirchhoff stress tensors (also called nominal stress) relates a force
vector in the current configuration to a corresponding infinitesimal vector area in the
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reference configuration. It is defined with basis vectors both in the current and in the
reference configuration as

P=J6F " =7F"T =Pig G, (2.84)
2.84
P =JocF " =7rF " =pPfa, oA,
where iy % i ij
Pio= J& =7 (i,j=1,2,3),
(2.85)

PY = Jo¥ =71 (a,8=1,2).

The first Piola—Kirchhoff stress tensor is a a two-field tensor (like the deformation
tensor) and it is non-symmetric (in contrast to the Cauchy and Kirchhoff stress tensors,
which are symmetric).

The second Piola—Kirchhoff stress tensor relates a force vector to an infinitesimal
vector area, both in the reference configuration, as

S=F'P=F'+FT=81G,2G,, (2.86)
2.86
S =F'P=F'7F " =3%A,0 Ay,
where .y 5 i
59— Jot =50 (=123,
(2.87)

S = Job =718 (a,8=1,2).
Like the Cauchy and Kirchhoff stress tensors, the second Piola—Kirchhoff stress tensor

is also symmetric.

Remark 2.13. By definition (2.86), the Kirchhoff and the second Piola—Kirchhoff
stress tensors are mapped to each other by means of the push-forward and pull-back
operations as

S =F'5F", F=FSF", (i,j=1,23),

R i (2.88)
S =F t1TF |, T =FSF", (o, 3=1,2) .

As shown in Eq. (2.87), the components of the Kirchhoff and the second Piola-
Kirchhoff stress tensors are identical while only the bases are different.

2.2.5 Balance equations

The fundamental relations of continuum mechanics are given by balance equations,
i.e. balance of mass, balance of linear and angular momentum, and the balance of
mechanical power, which are shortly reviewed here. More details can be found e.g. in
Malvern (1969), Marsden and Hughes (1994), Truesdell and Noll (2004), Holzapfel
(2000) and Wriggers (2008).
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2.2.5.1 Balance of mass

An infinitesimal mass element can be related to the volume element through the
(volumetric mass) densities py and p, in the reference and current configurations of a
3D body, as

dm = pgdV = pdv . (2.89)

For a surface, the mass element can be defined in terms of densities py and p per
initial and current surface, respectively, as

dm = pgdA = pda . (2.90)

Thus, the conservation of mass or continuity equation can be expressed as

ZZ ijz (2.91)

2.2.5.2 Balance of linear and angular momentum

From Eq. (2.89), the linear momentum in the current and reference configuration is
L ::/ ﬁﬁ;dv:/ poxdV | (2.92)
B Bo

where & is the material velocity. The balance of linear momentum implies that the
change of linear momentum in time is equal to the sum of external forces, i.e.

i:/ﬁ&édv:/f)i)dv+/ tda (2.93)
B B oB

where @ is the material acceleration and b is the body force (e.g. gravitational force)
and t is the traction on the surface of B given by Eq. (2.79). As shown by Bonet
et al. (2000) and Wriggers (2008), considering the Cauchy’s theorem (see Sec. 2.2.4)
and the divergence theorem, the balance of linear momentum reads

Vi-6+pb=px, VEeB. (2.94)

The balance of angular momentum simply demands the symmetry of the Cauchy
stress tensor (Wriggers, 2008), i.e. & = &'. The balance equation (2.94) together
with the boundary conditions

0B,
on 0,8

I~
SO~
O
]

(2.95)
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give the strong from of the boundary value problem (BVP), which describes the defor-
mation of B due to given boundary conditions. Here, w is a prescribed displacement on
the Dirichlet boundary 9,8 and ¢, given by Eq. (2.79), is a traction on the Neumann
boundary 9;8. In Sec. (3.1.1), an alternative formulation of Eq. (2.94) is introduced
for thin shells and membranes.

2.2.5.3 Balance of mechanical power

Balance of mechanical power, which is motivated from the first law of thermodynamics,
can be written as

K+W =P, (2.96)

where K, W and P are the kinetic energy, stress power and power of external forces.
The kinetic energy is

1 ..
K:—/:E-:T;ﬁdv. (2.97)
2 Js
The stress power is
1 .
W:—/&:ddv, (2.98)
2 Js
where 1 1
di=o (1+1") =49 ®g . (i,j=123) (2.99)

is called the rate of deformation tensor and

. . Ox

l=Vsz=_-=g,0g =209, (i=123) (2.100)

is the spacial velocity gradient. The power of external forces is

P:/&:-de—l-/ x-tda . (2.101)
B oB

2.3 Contact mechanics

The presented membrane and shell formulations can be easily used to model con-
tact problems. The investigation of contact formulations is beyond the scope of this
work. Nonetheless, the applicability of this framework to model contact between de-
formable bodies and a deformable and a rigid body is demonstrated by two examples
in Chap. 9. Thus, for the sake of self-containedness, a brief introduction to the em-
ployed frictionless normal contact formulation is given here. For more details on the
theory, implementation and alternative approaches, readers are recommended to re-
fer to Wriggers (2006), Sauer (2013), Sauer and De Lorenzis (2013) and Sauer and
De Lorenzis (2015).
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Contact between two bodies B; and B, is characterized by the impenetrability con-
straint (Sauer et al., 2014)

gni=(x—x,) Ny >0, (2.102)

where defines the normal gap between a point @ on the contact surface of one of the
bodies, e.g. d.B; and a corresponding projected point x, on the contact surface of
the other body, i.e. 0.B,. The projected point x, is obtained by solving the minimum
distance problem

zp = 2p(@) = {y| min ||z —yll, vz € 0.5} (2.103)

and n,, is the surface normal at .

Having the normal gap, the contact constraint (2.102) can be enforced using the
penalty method, the Lagrange multiplier method, the augmented Lagrange multiplier
method (Wriggers, 2006). Following the penalty approach, the contact traction can
be defined as

—€nGgnMNpP , Gn < O )
fo= { (2.104)

0 , =0,

where €, is the penalty parameter. In Chap. 3, the contribution of the contact traction
f. to the weak form of shells and membranes will be shown.
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Chapter 3

Theory of Thin Shells and

Membranes®

The current section presents the kinematics and governing equations of thin mem-
branes and rotation-free shells. First, the mathematical and theoretical foundations
of thin shells are reviewed, which follows the formulation of Sauer and Duong (2017).
The shell theory is based on the Kirchhoff-Love hypothesis and is described in terms
of the first and second fundamental forms of the surface. Then, following Sauer et al.
(2014), the membrane theory is introduced. In Sec. 3.2, it is discussed how a mem-
brane formulation can be extracted from a Kirchhoff-Love shell theory as a special
case. Upon this theoretical foundation, the projection of 3D material models onto the
membrane and shell surfaces is investigated in Chap. 4.

3.1 Thin shell theory

This section summarizes the nonlinear theory of rotation-free thin shells based on
the Kirchhoff-Love hypothesis. Further details can be found e.g. in Naghdi (1982),
Steigmann (1999) and Sauer and Duong (2017). The geometrical description, kine-
matics and deformation of a deformable surface is discussed in detail in Secs. 2.1.1
and 2.2 and they are not repeated here. Those kinematics can also be derived from 3D
kinematics rather than being formulated directly on the shell mid-surface. Later, in
Sec. 4.1.1, which is devoted to the projection approaches, the kinematics of thin shells
is formulated from a 3D perspective. Here, first the strong form of the equilibrium
equation of a thin shell is introduced. This is followed by a brief discussion of the
weak form of the governing equation. Last, the weak form is linearized in order to be
solved by the Newton—Raphson method.

3 This chapter is based on Duong et al. (2017).
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3.1.1 Strong form

The equilibrium of a thin shell is governed by the field equation (Steigmann, 1999)
T, +f=px, Vees, (3.1)

which is obtained by the balance of linear momentum and the conservation of mass
(Sauer and Duong, 2017). In Eq. (3.1), p is the mass density per the current surface
area, @ is the surface material acceleration and f is a distributed surface force on S,
which can be decomposed as

f:faaa+pextn:faaa+pextn> (32)

where f, = f-a, and f* = f-a® are the co-variant and contra-variant of f and pexs
is the out-of-plane external pressure acting on §. The traction vector

T = N“Yag+S*n (3.3)
acting on the surface normal to a®, can be related to the Cauchy stress tensor
6:=N"a,®a5+Sa,@n+o3*nen, (3.4)

according to Cauchy’s theorem (see Sec. 2.2.4) as T® = &' a®. For a general in-plane

Ty = T y,. For thin shells, it is usually assumed

vector v = v,a”, we get T' = o
that the plane-stress assumption holds, which implies 03 = 0. This issue is further
investigated in Chap. 4, where the 3D constitution of hyperelastic membrane and

shells are discussed. Here, (Sauer and Duong, 2017)
No# = gof 4 b M (3.5)

is the distributed in-plane sectional force and M“? is the distributed bending moment.
The balance of angular momentum implies that 0®? is symmetric and the distributed
out-of-plane sectional force is

S =-M", . (3.6)

Further, M?? is also symmetric but N is not symmetric necessarily as it is influenced
by bending. Similar to Eq. (3.4), the distributed moments are collected in moment
tensor

w=-M¥a,®as, (3.7)

which gives the distributed moment vector on the surface normal to v as

M :=ptv=M"y,, (3.8)
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with
M :=pTa*=-MPag . (3.9)

The equilibrium equation (3.1) is closed by appropriate boundary conditions on the
surface boundary 0§ = 9,8 U 0,,S U 0;S U 0,,S as

u =u ond,S,
n =mn ond,S,

i (3.10)
t t on 8t8 R

m; = m, on 0,S,

where u is a prescribed displacement, n is a prescribed rotation, t := t* a, + tn is
a prescribed effective boundary traction and m, is a prescribed distributed bending
moment parallel to the boundary 9,,S. On the boundary of shell, the distributed
moment vector can be decomposed as

M=m,v—m,T, (3.11)

where 7 is the unit tangent along the boundary 0,,S and v = 7 xn is the unit normal
to the boundary 0,,S. As discussed by Sauer and Duong (2017), on the boundary, the
effective traction ¢, which is introduced in Eq. (3.10), includes the bending moments

as
t:=T— (m,n) , (3.12)

where m,, is a prescribed bending moment perpendicular to the boundary 0,,S. If the
problem involves contact, as described in Sec. 2.3, the contact traction f_, which is a
distributed force per surface, is also considered as an external force.

As shown by Sauer and Duong (2017), the stress and bending moment components
o0°? and M°? are obtained from the shell constitution. In Chap. 4, it will be demon-
strated that, for the shell formulations projected from 3D constitution, o*? and M *?
correspond to the resultant stress tensor and the resultant moment tensor, respec-
tively.

3.1.2 Constitution

For thin shells, 7% and da.p as well as My # and db.s are work conjugate to one
another with respect to the initial configuration (Sauer and Duong, 2017). Thus,
considering a hyperelastic constitution given by W (a,g, bas), which is a stored energy
density per reference surface,

1
/ SWdA = / 7 “Saas dA+ [ MG’ 6bosdA (3.13)
So So 2 So
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where

o8 = 2§W ,
AapB
s OW (3.14)
O 7 Obag

are the surface Kirchhoff stress tensor and the moment tensor on the reference surface,
respectively. From Eq. (3.14), the surface Cauchy stress tensor and the moment tensor
on the current surface are, respectively,

1

o = Zrof
{ (3.15)
MeP = ngﬂ :

The variational form (3.13) is obtained assuming that a 2D stored energy W (aag, bas)
is directly formulated on a 2D manifold. The examples of such stain energy density
functions, which are not in the focus of this thesis, are the Canham model or the
Koiter shell model (Sauer and Duong, 2017). The bending model of Canham, initially
proposed for red blood cells (Canham, 1970), can be expresses as

W (ag, bag) = ¢ J (2 H? — K) (3.16)

where ¢ is a material constant. The stored energy of a Koiter shell model (Ciarlet,
2005), which is based on a linear elastic material model, is

1 1
W(aaﬁ, baﬁ) = 5 Caﬁ’y& Ea/g E,y(g + 5 faﬁ'yé Kaﬁ K,y(g s (317)

where, for a plane-strain condition,

OBV = N A AW 4y (AT AP A% ABY)

2 (3.18)
faﬁvé — T_ coBYo
12

Here, A = T A and pu = T [i are the 2D counterparts of the lamé’s first and second

parameters of a 3D continuum, denoted by A and /i, respectively. From Eqs. (3.17)
and (3.18), the stress and moment tensors of the Koiter shell model are

7% = Atr E A% + 2y E°P |

2 (3.19)

T
Mg® = = <AtrKAa5+2uKa5> .

Later, in Secs. 4.2-4.4, it is shown in detail how to project the available 3D constitutive
laws onto the surface of shells and membranes.
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3.1.3 Weak form

Egs. (3.1) and (3.13), together with the boundary conditions (3.10), make the strong
form of the boundary value problem (BVP) for thin shells. As the BVP cannot be
solved exactly, finite element method, which approximates values of the unknowns
at discrete number of points over the domain, is used in this thesis. The FEM does
not fulfill the governing equation point-wise (i.e. V& € S). Instead, it fulfills the field
equation as an integral over the whole domain. Thus, one need to use the principle of
virtual work to construct the weak form of BVP (Bonet and Wood, 1997).

Consider a kinematically admissible variation of the surface denoted by dx € V), the
weak form of Eq. (3.1) can be obtained by contracting the equilibrium equation (3.1)
with dx € V and integrating over S as (Sauer and Duong, 2017)

/5:1:-(Tf;—|—f—p:’i:)da20. (3.20)
S

The first term in Eq. (3.20), can be written as

/(5:1:-T.°;da:/ 5w-Tds—/5aa-T°‘da, (3.21)
s ’ &S s

where T' = T v,,. The rear term of Eq. (3.21) is (Sauer and Duong, 2017)

1
/50,@ -T%da = / o —daqpda + / M 0bys da —l—/ omn-Mds . (3.22)
s s 2 s o5

Thus, the weak form is formulated in terms of the inertial, internal and external
virtual work contributions as

Gin + Gint — Gext =0 , Vor eV . (323)

The inertial virtual work is
Gin:/dw-pibda:/ dx - pp&dA . (3.24)
S So

Following Eq. (3.13), the internal virtual work can be written as (Sauer and Duong,
2017)

1
Gint = / 55%576“6 dA + / Obas M7 dA
S0 %o (3.25)

1
= /—&Laﬁaaﬁda +/5bagMo‘Bda.
52 s
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The external virtual work is (Sauer et al., 2014 and Sauer and Duong, 2017)

Gext - Gextf + Gextp + Gextt + Gextm + Gextc ) (326)
where
Gextf = / ox - fy,a®da , (3.27)
S
Gextp = / ox-nda, (3.28)
S
Gextt = / ox - tds (329)
S
and
Gextm = on-m,vds+ [0z -m,n] . (3.30)
OmS

Here, Gyt is the contribution of contact forces to the balance of virtual work (3.23)
as

Gextcz/ém-fcda, (3.31)
S

where f
shell surface S can be involved in contact.

is the traction force, given by Eq. (2.104), and it is assumed that all the

C

3.1.4 Linearization of the weak form

As the weak form (3.23) is nonlinear, it needs to be linearized in order to be solved
by the Newton-Raphson method. The linearized inertial virtual work is

AGy, = / S - po A& dA | (3.32)
So

where Az follows from a time integration scheme.

3.1.4.1 Internal virtual work

The linearized internal virtual work contribution is (Sauer and Duong, 2017 and Duong
et al., 2017)
AGint = ACTYintrn + ACTYintg . (333)

The material contribution is

1 1
AGintm = / 55%5 (CaﬁmS §Aa75 + B0 AbV(;) dA
0 . (3.34)
+ /3 0bag (eaﬁw §Aa75 o Abm;> dA ,
0
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where 5 5
wprs . 5 OT" aprs . OT"
& . 2 5 d Cha 3
0@75 6675
oA M (3.35)
ea,@vd — 9 0 faﬁ'yé — 0
aa,y(; ’ 8675
are the material tangent tensors, and the geometrical contribution is
1
AGimg / = (77 S Abans + My Abbs) dA (3.36)
So

3.1.4.2 External virtual work

Considering a dead loading of f, the linearized external virtual work contribution is
(Sauer and Duong, 2017)

AC;ext = ACTYextp + AC7Yextt + A(;1extm + AG(extc ’ (337)

where (Sauer et al., 2014)
AGexiy = /péw (mn®a®—a"®n)Aa,da . (3.38)
s

Denoting the convective coordinate along the curve 9,,S as ¢, where ¢ = 1 or € = 2,
the co-variant base vector at © € 0,8 is a. := Jx/0&°. The corresponding contra-
variant base vector is then a¢ := a““a,, (o = 1,2). This gives (Duong et al., 2017)

AG gt = / da, - (Vﬂ n®a*+1'a’ ® n) Aagds
Om . (3.39)
—/ —mTl/C“(Saa-(n@ae)Aaeds7
oms llacl?
where ||a.|| = \/ac-a.. For a dead loading of M, m.ds = const, thus the second
part of Eq. (3.39) will vanish. Further,

1
AG gty = ox - Atds + / —s ox - (t ® ae) Aa.ds . (3.40)
S s |laell
If the traction t is not a displacement follower load, A,t = 0. Linearization of

Eq. (3.31) yields

AG oxte = / dx - Af.da+ ox - f.Ja“Aa,dA (3.41)
S So
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where A f.. can be found in Sauer and De Lorenzis (e.g. 2015) for normal contact. The
discretized weak form, which gives the FE force vectors and the FE tangent matrices,
is given in Chap. 8.

3.2 Membrane theory

In general, there are three approaches to formulate a finite strain theory of membranes:
(1) It can be derived from nonlinear shell theories by neglecting the stresses associ-
ated with bending and transverse shear deformations (e.g. Kraus, 1967; Libai, 1988;
Green, 1992 and Oden, 2006). (2) It can also be derived from 3D nonlinear elasticity
(e.g. Steigmann, 2009). (3) It can be directly formulated on a 2D manifold based
on in-plane membrane strains and stresses (e.g. Sauer et al., 2014). In this research,
we employ a combined approach: First, we adopt the membrane formulation of Sauer
et al. (2014), which is formulated in the framework of curvilinear coordinates following
Steigmann (1999). Then, in Chap. 4, we project the 3D constitutions of nonlinear
elasticity on to the membrane surface. The kinematics of membranes is similar to the
kinematics of thin rotation-free shells and can be found in Secs. 2.1.1 and 2.2.

3.2.1 Strong form

The equilibrium equation of a membrane is also given by Eq. (3.1) considering that
T =N%agz=0"ag . (3.42)
For the membranes, the Cauchy stress (3.4) is reduced to
o:=NYa,®as+03n@n (3.43)

as S = 0; and therefore, N*# = ¢*8. Like the thin shells, for membranes 0% = 0
following a plane-stress condition. The governing equation of the membrane is closed

by the Neumann and/or Dirichlet boundary conditions on the surface boundary S =

0,S U OS as
u =u onJd,S,

_ (3.44)
t=t onoS.

Here, the effective traction is ¢ = T' as membranes bear no bending moment.
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3.2.2 Constitution

For the membranes, 7% and da,s are work conjugate to one another with respect to
the initial configuration (Sauer et al., 2014). If a hyperelastic constitution is dircely
given on 2D surface of a membrane by W (a.z), then

1
SWdA = / 7% ~Sa,psdA (3.45)
So SO 2
where W
af .— 9 .
T Jans (3.46)

is the surface Kirchhoff stress. This membrane formulation allows for both solid and
liquid materials. In Chap. 4, the constitutive projection of 3D nonlinear hyperelastic
solids is investigated. In Chap. 7, the same formulation is applied to liquid membranes.

3.2.3 Weak form

Resorting to the principle of virtual displacements, the weak form of the membrane
equilibrium equation is obtained from contributions of the inertial, internal and ex-
ternal virtual works according to Eq. (3.23). The inertial virtual work is also given
by (3.24). From Eq. (3.45), the internal virtual work is (Sauer et al., 2014)

1 1
Ging = / ~ s TP dA = / ~ g 0™ da . (3.47)
So 2 S 2

The external virtual work is (Sauer et al., 2014)

Gext = Gextf + Gextp + Gextt + Gextc ) (348)

where Gextf, Gextpy Gextt and Gexte are given by Eqgs. (3.28-3.29) and (3.31), respec-
tively.

3.2.4 Linearization of the weak form

The linearization of the weak form is done as explained in Sec. 3.1.4. The linearized
inertial virtual work is given by Eq. (3.32). By the linearization of the internal virtual
work, one gets Eq. (3.33), where the material contribution is

1 1
AGin‘cm = / 55(1045 ca,B’yé §Aa’y§ (349)
So
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and

ores
s = 9 77 (3.50)
8@75
is the surface elasticity tensor. The geometrical contribution is then
af 1
AGintg =7 -Ada,sdA . (3.51)
So 2

Similar to a shell formulation, the linearized components of the external virtual work,
i.e. AGextp, AGextt and AGexe, are given by Egs. (3.38), (3.40) and (3.41), respec-
tively.
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Chapter 4

Constitutive Projection?

In this chapter, different constitutive projection approaches are used to project the
constitutive laws of 3D continua onto the surface of a thin-walled structure, i.e. a
rotation-free shell or a membrane. The objective of the projection procedure is to
extract 2D stored energy functions per unit reference surface of shells and membranes
from common 3D hyperelastic models. Having a projected 2D surface material model,
several structural models can be derived as discussed in the next sessions. Here, first
the projection procedure is presented and then various structural models resulting
from different kinematical assumptions are introduced.

4.1 Projection procedure

The projection approaches has been widely used to derive membrane and shell formu-
lations (Hughes and Carnoy, 1983; De Borst, 1991; Dvorkin et al., 1995; Klinkel and
Govindjee, 2002 and Kiendl et al., 2015b). Here, a general framework is presented
that can be reduced to several different structural models. Our projection procedure
includes two step: First, the 3D kinematics, which is based on the Kirchhoff-Love
hypothesis, is defined. It can be considered as a special case of the kinematics intro-
duced in Sec. 2.1.2. Then, 3D material models can be reduced to the corresponding
2D ones following appropriate kinematical assumptions.

4 This chapter is based on Roohbakhshan et al. (2016) and Roohbakhshan and Sauer (2017).
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4.1.1 Three-dimensional kinematics

As shown in Fig. 4.1, a material point P within the thickness of a thin-walled structure
can be described w.r.t. the mid-surface as (Wriggers, 2008)

X(£,6) = X(E) +€D(E), (a=1,2), (4.1)

in the reference configuration and

o7, &) = x(€7) +&£d(€”) , (a=1,2), (4.2)

in the current configuration. Here, £ € [-T/2, T'/2] is the through-the-thickness co-
ordinate. The director vectors D and d, which have three unknown components in
general, describe the rotation of the cross section relative to the mid-surface. Ac-
cording to the Kirchhoff-Love hypothesis, which is considered here, the cross sections
remain (1) straight, (2) unstretched and (3) perpendicular to the mid-surface during
the deformation; therefore, D := N and d := n.

Note 4.1. To simplify the notation, henceforth we denote the thickness coordinate &3
by &. Further, € := &3 is directly defined over the thickness, whose interval is different
from the parametric domain of Sec. 2.1.2.

Remark 4.2. Following the Kirchhoff-Love hypothesis, in Eq. (4.2), it is assumed
that the shell thickness does not change. Such assumption is justified for thin shells.
One can take into account the thickness variations by modifying Eq. (4.2) as

©(E7, &) = x(€7) + As(67) £d(£7) (4.3)

where A3 := t/T is the thickness stretch and t is the current thickness of the shell.
This assumption results in a different kinematics, which is investigated in Sec. 4.4.

Considering a layer-wise description, likewise to S, a (shell) layer S is defined at 19
(see Fig. 4.1). The corresponding layer in the reference configuration is denoted by
So. As described in Sec. 2.1.2, the tangent vectors on Sy and S are, respectively,

G, =X,=A,-¢BIA,,
- (4.4)
Gy, =X3; =D=N=G?
and
g, :"ia:aa_gbga )
! (4.5)

Such a layer-wise description of the structure relates the bases and metric tensor on
S to the bases and metric tensor on the mid-surface.
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Ficure 4.1: Mapping between parameter domain, reference and current configu-

rations of a thin-walled structure. The physical boundaries are shown by solid red

lines. A layer through the thickness is denoted by blue color (Figure adopted from
Duong et al., 2017).

Note 4.3. Henceforth, the variables of a shell layer gS*’, located at £ within the shell
thickness, are distinguished by an asterisk. The variables of the shell mid-surface S,
located at & = 0, have no mark. A hat is used to denote the quantities calculated at
£ =0,ie. &= (o). In general, such quantities can be defined for each shell layer. In
particular, they can be dimensionally linked to a counterpart in the membrane theory
(e.. dnp = Jap and 7% =T 7°9) or there might be no corresponding quantity in the
membrane theory (e.g. for %gﬁ introduced in Sec. 4.3.2.2).

Plugging Eqs. (4.5) and (4.4) into Eq. (2.30), we obtain

Gap = gagﬁ = GQup — 25()(15 +§2(2Hba5—Kaa5),

(4.6)
Gag = Ga g Gg = Aag — 253(15 + 52 (2 HO Bag — KO Aag) s
Joz = Qo g =0 3
’ ? (4.7)
Gag — Ga 4 G3 =0
and
933 = g3°gs = n-n =1,
BT (4.8)

G33 I:Gg'Gg =N-N=1.

39



Chapter. 4  Constitutive Projection

Here, H and K are the mean and Gaussian curvature of S, given by Egs. (2.23) and
(2.24), respectively. Similarly, we have defined on S

1 1 1
Hy:=-trB=-BY=-A"p 4.9
and
B
Ky =detB=—, (4.10)
A
where
A =det[Ays], B =det[Bag| . (4.11)

The contra-variant components of the metric tensor on S and S*O are, respectively,

[gaﬂ] = [gaﬁ]_l )
(4.12)
[GY] = [Gap] ™",
which give
g =9"gy
(4.13)
G*“=G¥Gy .

Furthermore, one can define a a two-point tensor p®, called “shifter” or “translator”
tensor, that transforms the in-plane bases from the mid-surface S to the layer S
and vice versa (Ericksen, 1960; Basar and Ding, 1996; Arciniega and Reddy, 2005;
Schlebusch and Zastrau, 2005 and Arciniega and Reddy, 2007). It is formulated for
the reference and current configurations, respectively, as

fo = Go® A” = 1P Ay @ A™
° P20 (4.14)
poi= g, ®a" =plag®@a®,

where the shifter tensor components of the continuum are derived from Eqs. (4.4.1)
and (4.5.1) as

GOé =K gA )
Do 7 (4.15)
9o = Mo @s
with
Ho =05 — &b . (4.16)
Alternatively, from Eqs. (4.14) and (4.16),
Ko = I-— fB )
‘ (4.17)
po=i—¢b.

® Shifter tensor p should not be confused with the moment tensor defined by Eq. (3.7)

40



Chapter. 4  Constitutive Projection

The metric tensors can also be related through the shifter tensors as

Gaﬁ = ,U«OZ ,U«OE AEV 9

(4.18)
Gap = Mg ME Qey -
The determinants of the shifting tensors, called shifters, are
p = detp = \/g/a =1-2HE+KE,
(4.19)
pro i=det pg = /G/A =1-2Hy§ + Ko &2,
where we have defined
G = det|G,p] , g = det|gag| - (4.20)

As schematically depicted in Fig. 4.2, the shifter u relates an infinitesimal surface
element dg on S to a corresponding surface element da on S, and likewise for pg, as

dg=,/gdétd¢? =pda, dG=VGdE dE® = pgdA . (4.21)
due to Eq. (4.19) and
da = \Jadet de? dA = VAde de? . (4.22)
Therefore, the volume elements in B and B, can be expressed, respectively, as

dv=dé¢dg = pdéda, AV =dedG = podédA . (4.23)

FI1QURE 4.2: Schematic illustration of dA, dG and dV on S, ‘S*'O and By, respectively
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4.1.2 Projection of 3D constitutive models

Considering a 3D hyperelastic material model given by W(E”) = W(gij), it can
be expressed as W(gag, gs3) , following the 3D kinematics described in Sec. 4.1.1.
The objective of the projection is to obtain a 2D stored energy per reference surface,
e.g. W(agg, bag) from the given 3D stored energy per reference volume, i.e. W (gag, gs3)

*

defined on S.

The total energy stored in a shell or membrane is

W(sz) dvV = W(Qaﬁ, 933) dV
Bo BO
T
= / , W(%m 933) fo d€ dA (4-24)
SoJ-T

= [ W(aap,bag, A3)dA ,
So

which gives the projected strain energy density function per reference surface as

T

2 .
W(aaﬁabaﬁ7/\3) = W(gaﬂ,ng,s)ﬁbo d¢ . (4-25)

N

Remark 4.4. According to the Kirchhoff-Love hypothesis, cross sections remain un-
stretched as the shell deforms, which implies that G33 = ¢33 = 1. This corresponds
to a plain-strain condition considering that the out-of-plane shear strains are always
assumed to be zero, i.e. Go3 = go3 = 0. However, for thin membranes and shells, a
plain-stress condition is usually more preferred, which requires ¢33 to be derived from
a plane-stress assumption at the constitutive level. Henceforth, it is assumed that
g33 is not necessarily equal to one and may vary through the thickness although the
thickness is kept fixed in Eq. (4.2). Such contradiction is observed (Bischoff et al.,
2004) both in Kirchhoff-Love formulations derived from a 3D continuum (e.g. Kiendl
et al., 2015b) and also classical plate and shell theory.

As illustrated in Tab. 4.1, depending on the considered strain distribution through the
thickness of a thin-walled structure, defined by Eq. (4.6), different structural models
can be obtained, namely membranes, classical Kirchhoff-Love shells and modified
Kirchhoff-Love shells. In the next sections, each structural model is investigated
particularly. A quadratic in-plane strain distribution results in a complicated shell
formulation (see e.g. Duong et al., 2017), which is not studied here. In practice, the
assumption of a linear in-plane strain variation across the shell thickness considerably
simplifies the formulation (cf. Duong et al., 2017) yet it is accurate for thin shells.
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{ Constant H Membrane

] NP shell
model
Classical
—  Kirchhoff- AP shell
Love shell model
Gap and gap i
(Eq. (4.6)) DD shell
{ Linear % i model
Modified
—  Kirchhoff—
Love shell

H Quadratic

TABLE 4.1: Projection approaches for a thin-walled structure according to the
strain distribution through the thickness

4.2 Membranes

For membranes, where the thickness is much smaller than the other dimensions, it can
be assumed that the strains are constant through the thickness. Thus, the resistance
of membranes to bending is negligible. Further, as out-of-plane shear deformations
are neglected and the thickness stretch is considered constant across the surface, the
in-plane stresses of membrane are constant over the thickness. Therefore stresses

can be directly derived from the strain energy density function of a two-dimensional
manifold (Roohbakhshan et al., 2016).

4.2.1 Kinematics of membranes

Neglecting linear and quadratic terms in Eq. (4.6), we have

Gag = Qop ,

(4.26)
Gog = Aag -

Besides, it is assumed that the normal stretch is also constant through the mem-
brane thickness, i.e. gs3 = A2, where A3 := t/T is the thickness stretch introduced in
Remark 4.2. Accordingly, keeping the constant term in Eq. (4.19.2), o = 1. The
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deformation gradient can be expressed as

F=F+)naoN, (4.27)

where F' is given by Eq. (2.48). Following the decomposition of deformation into
in-plane and out-of-plane components, the determinant of deformation gradient is

J:=det F =J\s, (4.28)
where the surface changes are determined by

J :=det F = +/a/A. (4.29)

The 3D right Cauchy-Green deformation tensor (2.61) becomes
C=C+MNN®N, (4.30)

where C' is the surface right Cauchy-Green deformation tensor, given by Eq. (2.62).
The first invariant of C' is

L=C:1=1+), (4.31)

where
L=C:I=A%q,p, (4.32)

is the first invariant of the surface right Cauchy-Green deformation tensor. Here,
1 and I are the full and the reference in-plane identity tensors, respectively, which
are related by Egs. (2.59) and (2.60). The second and third invariants of the right
Cauchy-Green deformation tensor are then

- 1 ~ .
=3 |(0C) —uC?| = N1+ (4.33)

and
I:=detC=J>=)\J>. (4.34)

The Green—-Lagrange strain tensor is then

1, ~
E::§(C—1):E+E33N®N, (4.35)

where the surface Green—Lagrange strain tensor, E, is given by Egs. (2.66) and (2.68).
The out-of-plane component of E is then

1
Eg =3 (A —1). (4.36)
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4.2.2 Constitution

As the strains are constant over the thickness, i.e. gog = aop and gz = A2 and po =1,
a 3D material model can be reduced to a 2D constitution according to Eq. (4.25) as

3 .
Wy = Wa(aag, A3) = W(gag, g33) d§ =T W (aqp, As) (4.37)

r
2

where

W (ag, As) == [W(gam 933)} o (4.38)

is the 3D strain energy density function in terms of the mid-surface metric tensor a,gs
and normal stretch A3. From Eq. (4.37), we have

5WM = Taﬁ 5Ea13 + 7'33 (5E33

1 . (4.39)
= Ta’B 56(1,15 + 7'33 /\3 5/\3 s
where we have defined
Lo . oWm _ 28WM _ o7 ow |
8Ea5 8%5 8%5 (4.40)

T 0FEs3 A3 Ohs Ay O)s

L OWar 1 OWy T oW

Remark 4.5. For a membrane, the normal stretch A3 can be determined from either
the plane-stress or the plane-strain condition. If the plane-stress condition is assumed,
733 = 0. If the plane-strain condition is considered, \3 = 1; therefore, 6\3 = 0. Hence,
both approaches imply that the rear term in Eq. (4.39.2) would vanish.

From Eq. (3.50), it follows that and

af 217
O _yp W (4.41)
8@75 8&01/3 8@75

B =9

are the components of the membrane elasticity tensor.

4.3 Classical Kirchhoff—Love shells

In the classical Kirchhoff-Love shell theory, it is common to consider a linear strain
distribution through the thickness (see e.g. Kiendl et al., 2009; Echter et al., 2013
and Kiendl et al., 2015b). This assumption is suitable for thin shells, which have
a curvature radius larger than the thickness (R/t > 20). The presented work is

45



Chapter. 4  Constitutive Projection

mainly focused on this type of thin shells, which is computationally feasible and
robust for many applications. An alternative formulation, which has a slightly different
kinematics, is introduced in Sec. 4.4.

4.3.1 Kinematics of Kirchhoff—Love shells

Neglecting quadratic terms in Eqgs. (4.6) and (4.19), we get

Gap = QAo — 251704,3 s

(4.42)
Gop = Aap — 26 Bag

and

Remark 4.6. For thin shells, it is also common to use g =~ 1. For initially-flat shells,
where Hy = 0, Eq. (4.43) reduces to pp = 1 without any approximation. For initially-
curved shells, this approximation introduces error if the shell is not considerably thin.

On S , the deformation gradient can be decomposed to in-plane and out-of-plane
components as
F=F+)\n®N, (4.44)

where F = g, ® G” is the layer deformation gradient and 3\3 is the normal stretch so
that
933 = A3 - (4.45)

Remark 4.7. It should be noted that \3 = )\3 only for a membrane formulation. In
general, A3 is the average of A3 over the shell thickness as

T

1 [7 «
From Eq. (4.44), we get
J:=detF =J\;, (4.47)

where

J:=det F = V9/G . (4.48)
The 3D right Cauchy—Green deformation tensor (2.61) is split as

C=C+NXN®N, (4.49)
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where

C:=F"F=3,G"%G’ (4.50)
is the right Cauchy—-Green deformation tensor on S. The first invariant of C is
L[ =C:1=1+A2, (4.51)

where
h=Cii=6"g,, (452)

is the first invariant of C. Here, 1 is the usual identity tensor in R? and I is the
in-plane identity tensor on S given by

I=GpG ®G’ =GPG,® Gy . (4.53)

The second and third invariants of C are then

| 8 . eox
b= (€)' —uC?| = A3hi + 2 (4.54)
and
I:=detC=J>=)J%. (4.55)

Likewise, the Green—Lagrange strain tensor is split into in-plane and out-of-plane
components as

~ 1 ~ * *
E::E(C—l):E+E33N®N. (4.56)
Here, the surface Green—Lagrange strain tensor is
* 1 * * *
E:=(C-1) =FE,3G*® G, (4.57)
where ]
Eaﬁ =5 (gaﬁ - Gaﬁ) . (458)

2

The out-of-plane component of E becomes

E*33 = % (933 - G33) = % ()\:% - 1) . (4-59)

Remark 4.8. Eqs. (4.42) and (4.58) imply that the distribution of the in-plane strain
across the shell thickness is linear, i.e.

*

Eaﬁ = Eaﬁ - fKaB ) (4'60)

where E,p and K,z are given by Egs. (2.68) and (2.70), respectively.
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4.3.2 Constitution: Three modeling approaches

In general, there are two different approaches for structural modeling in shell theory
(Bischoff et al., 2004). In the projection approach, a shell constitution is derived from
a 3D continuum. This approach requires through-the-thickness integration, which is
performed rarely analytically and mostly numerically (e.g. Duong et al., 2017). In the
direct surface approach, a shell is considered as a 2D manifold, physically defined on
the mid-surface of the shell continuum. Thus, the stresses are directly derived from a
2D strain energy density function per reference surface (e.g. Sauer and Duong, 2017).
Alternatively, the degenerated solid approach can also be used, which is a method to
reduce the dimension of 3D solid finite elements and is not based on a shell theory
(Bischoff et al., 2004).

Projection approach Direct surface approach
E; Numerically-projected Analytically-projected Directly-decoupled
= (NP) (AP) (DD)
Z
©
S
S
<]
O
» i€ i
= 2 2lE.p 2 7 ¢ Kog Eus Kog
£ + —
” =

2ol
M~

£ B
~afB M
?’6 T,3 0 Taﬂ

Stress
|
vl
N
Q
™
ol wolN
RIS
->
Q
+ ey
|
vl

% 798 (4.71.1) 798 (4.40)

= 798 (4.62) 77 (4.71.2) B0 (4.41)
8 ~a By safys  Jafys ey

= GBI (4.67) P doBe (4.74.1) f?1 (4.97)
= e, diP (4.74.2) FoBY0 (4.101)

Efficiency *
Accuracy ‘

TABLE 4.2: Three constitutive modeling approaches for thin shells
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As shown in Tab. 4.2, here, three different constitutive modeling strategies for thin
shells are introduced: The numerically-projected (NP) shell model, which is a classi-
cal projection approach (Bischoff et al., 2004) based on numerical integration through
the shell thickness. The directly-decoupled (DD) shell model, which is a direct surface
approach, is a systematic extension of the combined Koiter /Neo-Hooke shell formu-
lation of Duong et al. (2017). Further, the analytically-projected (AP) shell model is
presented, which combines elements of both approaches and provides an algorithm to
analytically evaluate the integration through the shell thickness.

4.3.2.1 Numerically-projected (NP) shell model

Considering W = W(gag, g33) to be the 3D strain energy density function defined on
a shell layer S at € € [-T/2,T/2],

~ 1 1 * *
oW = 5 7’:045 69045 + 5 %33 /\3 5)\3 s (461)
where we have defined
jor = W :2§W ,
OB Jo? (4.62)

Ly OW _Qavv_ 1 oW
8E33 8933 3\3 85\3
as the Kirchhoff stress components on S.

Remark 4.9. Likewise to the membranes, the contribution of normal strains and
stresses to the total internal energy of a shell can be omitted by assuming either a
plane-strain condition, i.e. 63 = 0, or a plane-stress condition, i.e. 733 = 0.

Remark 4.10. In general, the Kirchoff-Love shell theory seems to be restrictive as

3¢ — () corre-

assuming Egg = E},a = 0 implies a plane-strain condition while 733 = 7
sponds to a plane-stress condition. In linear elasticity, both cases can simultaneously
happen only in special cases, e.g. if the Poisson’s ratio is zero. Nevertheless, the as-
sumption of zero shearing strains (i.e. Bs = 0) and zero shearing stresses (i.e. 73% = 0)
is consistent in both conditions. However, if thin shells undergo large strains, as bio-
logical membranes and shells do, the assumption of zero through-the-thickness strain
(i.e. E*33 = 0) is not valid anymore. For thin structures, it is physically more con-
sistent to assume that the normal stress is zero. Thus, the material law is modified
by assuming 733 = 0 to eliminate E33 by static condensation (Bischoff et al., 2004;
Echter, 2013; Kiendl et al., 2015b; Duong et al., 2017) and the assumption of E*33 =0

is dropped.
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Thus, Eq. (4.61) is reduced to

-
OW = 27 3gas . (4.63)

where /*\3 is found from a plane-stress condition and is statically condensed into 7.
Plugging Eqgs. (4.63) and (A.10) into Eq. (4.25), we get

1% 5

W =5 / 7 o A€ Saas + [ E7Y piodE Gbag - (4.64)
T
-2

N

Thus, the resultant stress and moment tensors are

T
T8 =2 ow :/ 7P o de
Oaap T
- (4.65)
ow 7
MP = = — [ e ppde .
Obyg T

To derive the material tangent tensors, one needs to linearize Eq. (4.65) w.r.t. a.s
and b,s. Therefore, from Eq. (A.10) we have

r

1 2
AT = 5/ el Agys po d€
_T
X I . (4.66)
— 5 [ e e o — [ €0 e s
23 -1
where we have introduced the elasticity tensor
o7
gotnd .= 9 77 (4.67)
8975

on S. In Chap. 6, P9 is derived specifically for each material model. Similarly, for
MS? | one can obtain

r
2

a 1 o
AMOB = —5/ £c 575Ag75/v00d£

T

[N L

(4.68)

1 2 ~Q % ~Q
=5/, €8 919 1y A€ Aans + . E2EP 1o A€ Abys
-2

N
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From Egs. (3.35) (4.66), and (4.68), the material tangents are then

T
2
B — /T cabrs Lo dé€
-2
T
Qo508 = B = — [ gomd  ge (4.69)
— - - 2 ) :
2
r
fors = [ €6 g
T2

In general, the thickness integration in Eqs. (4.65) and (4.69) is performed numeri-
cally due to the constitutive nonlinearities. Hence, the shell model derived from this
approach is called numerically-projected here. As already mentioned in Remark 4.6,
one can use iy ~ 1 to simplify Eqgs. (4.65) and (4.69) further.

4.3.2.2 Analytically-projected (AP) shell model

If the shell thickness is considerably smaller than its in-plane dimensions and its radii
of curvature, a first-order Taylor expansion can be used to analytically evaluate the
integrals in Eqgs. (4.65) and (4.69). This procedure requires all the kinematical objects,
stress and moment tensors to be linearized w.r.t. the out-of-plane coordinate &. The
linearization of the kinematical parameters are given in Appendix A.3. Here, the
resultant stress and moment tensors and their corresponding material tangents are
derived. As schematically shown in Fig. 4.3, two scenarios are possible for the stress
distribution over the cross section of a shell: (1) The cross section of the shell is fully
stressed as the whole thickness of the shell contributes to the strain energy density
function. (2) The cross section of the shell is partially stressed, i.e. only a portion of
the shell thickness, e.g. [T} Ty] C [-T'/2 T/2], is contributing due to the constitutive
constraints. The former scenario is the typical condition of thin shells while the latter
happens for instance if the material bears only compression (e.g. concrete) or only
tension (e.g. collagen fibers).
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zaf T l\f zap
> 5 e
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i / 2

FIGURE 4.3: Stress distribution over the cross section of a shell: (a) Fully-stressed

cross-section and (b) Partially-stressed cross-section. The physical stress distribu-

tion is denoted by the arrows and the approximated stress is shown by the gray
color.

Using a Taylor expansion of 7% about & = 0, we have

78 = 728 1+ €797 + 0(€?) (4.70)

where we have defined

208 . (%aﬂ)so R (8225)50 . (4.71)

4.3.2.2.1 Fully-stressed cross-section

Plugging Eq. (4.70) into Eq. (4.65) and integrating analytically, the resultant stresses
and bending moments are

T3
0 =T — Hy— #
(4.72)
o . T°
MOB = HOETO‘B — E 73'8
The tangent matrices are derived from Eq. (4.72) as
o af TS
OB . 9 67(; : — TP [, = 6%575 ’
v
or? . T8 .
doBY . 87[; : — T d°P% — [, = df)éﬁvﬁ ’
Y
af (4.73)
eB18 . 9 aMo — o, T_3 N T_3 éaﬁvé
das 6 123
foeﬁvé . aM(()lﬁ = H T3 dozﬁ'yé T3 CZOOB’Y(;
T dbs "6 123 0
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where we have defined

~af3 ~af3
g — 99T dors = 970
8@75 7 8575 7
a3 a8 (4.74)
0Ty o7’y
& — Ay = :
’ 8a75 ’ 8b75
If po ~ 1, Eq. (4.72) is reduced to
rab = T 7ab
of TS of (475)
0o = T35 73
12
and the tangent matrices are then
OBV — T paBys ’ doBr — TCZaﬁfyé ’
4.76
e = L coma  gass _ T oo 476)
= P =
12 > 1208

4.3.2.2.2 Partially-stressed cross-section

As already mentioned, in many applications, the strain energy density function and
accordingly the in-plane stresses are nonzero only in a portion of the shell thickness,

T
T8 = / FPde

T

i.e.

(4.77)

T
My =~ | e7fde.

T

Plugging Eq. (4.70) into Eq. (4.77), one can analytically calculate the stress and the
bending moment resultants as

0 = (T, = Th) 7% + % (12 - 12) %’

| . (4.78)
Mg? =5 (TF = T3) 70 + o (17 = T3) 75
+ H, E (T3 — TP) 7% + % (9 — 1) Aaﬁ} :
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However, the derivation of the material tangents is not so simple since T} and T, are
not considered to be generally fixed and they may vary with @, i.e.

T, = Tl(m) = Tl(aaﬁabaﬁ) )

(4.79)
Ty =Th(x) = Tr(aas; bap)

and they are defined based on the constitution and application. Thus, introducing

UOCB - 8T1 Uaﬁ i aTQ
1 . a ) 2 . aa )
dop of (4.80)
! Obas 2 Obas
the material tangents are derived as
1
N = (Ty = Ty) e o (T3 = T7) &7
. 2 s
— Hy (13 —T7) &7 + = (15 = 17) & (4.81)
YRR UP (1 —2Hy Ty) — 270 U (1 — 2 Hy Th)
~ 1 -
d0 = (Ty = T1) d*P° + o (T3 = T7) d3°
~ 2 oy
— Hy [(13 1) doo 4 2 (13— 1) ] (452)
+ BV (1 -2H o) — 7PV (1 - 2Ho Th)
2 Va2 1 V1
(e} 1 oY 1 ~ §
N = (T3~ T3) e 4 2 (1 - T3) ¢
2 3 3\ saBvd 1 4 4\ ~afys (483)
+ 2T 7P U (2H Ty — 1) — 2T, 7P UV (2Ho Ty — 1)
and ] )
a Jou JaBv6
fot = S (TF = T3) d° + 2 (17 = T3) d
2 . 1 -
+ Hy [g (T23 - T13) d*° + B (T24 - T14) d,zﬁﬂ (4.84)

+ TPV 2Hy T, — 1) = Ty 7P V)P (2 Ho Ty — 1) .

Here, 7" # and Ty f are the stresses corresponding to the lower and upper limits, re-
spectively, which are defined as

A = (), =T

(4.85)

,.,aﬂ
Ty

(7)o, =70+ 275"
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If po =~ 1, Eq. (4.78) and Eqs. (4.81)-(4.84) are reduced, respectively, to

= (T,-T)# + % (12 - 12) 7%,
M§P = % (T2 — T3) #%% + % (T — 13) 75

(4.86)

and
1
0 = (I, = Th) &0 + o (T3 — T}) e 250U — 270 Uy
R 1 .
0 = (Ty = 1) d*7° + o (T3 = T7) d37° + 757V = 77

1
e = o (TF = T3) &7 + o (T} - T) P 2 FHPUY - 2T 7P U

. 1 .
Fos = (T = T) 9 o (TP = T3) &7+ T 77 V0 — Ty v

(4.87)

Remark 4.11. It should be noted that the tangent tensors d*#?° and e*?? given by
Eqgs. (4.73), (4.76), (4.82) and (4.84) and (4.87) are not equal as the linearization and
variation are treated differently.

Tab. 4.3 summarizes the procedure to derive a AP shell model from any given 3D
material model.

4.3.2.3 Directly-decoupled (DD) shell model

In this approach, the stresses and moments are directly derived from a 2D strain
energy density function. Thus, as an advantage, no numerical integration through
the thickness of the shell is needed. The presented model completely decouples the
membrane and bending forces of a thin shell. The stored stretching energy of the
shell depends on the mid-surface metric tensor and the stored bending energy of the
shell is only a function of the curvature tensor. A well-know example of this category
of shell formulations is the classical Koiter shell model (Ciarlet, 2005 and Sauer and
Duong, 2017) introduced in Sec. 3.1.2. The disadvantage of the Koiter shell model
(3.17) is being limited to a linear constitutive law. In fact, it can be derived by the pro-
jection of a 3D St. Venant—Kirchhoff material model on the shell surface (Duong et al.,
2017). A directly-decoupled shell model can be obtained alternatively by combining
a membrane model and a bending model. For instance, Sauer and Duong (2017) have
combined a Canham model (3.16) and a compressible Neo-Hookean membrane model.
In particular, Duong et al. (2017) have proposed a mixed formulation that combines
the stored bending energy of a Koiter shell, i.e. the rear term of Eq. (3.17), and the
strain energy of a compressible Neo-Hookean membrane. Following this concept, a
systematic approach is introduced here to find consistent 2D membrane and bending
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Chapter. 4  Constitutive Projection

1) For any 3D constitution, with a given strain energy function W,
derive 7*¢ according to Eq. (4.62).

2)  Determine 7% from Egs. (4.71.1) and é*#% and d*#7 from
Eq. (4.74).
3) Determine %gﬁ from Eq. (4.71.2) using the linearized kinematical

variables (see Appendix A.3). Compute é%ﬁ 7 and d‘;ﬁ " from
Eq. (4.74).

po=1—2H§

4.a)  Fully-stressed shells: 7% and M # and their corresponding
tangents are found from Eq. (4.72) and (4.73).

4.b)  Partially-stressed shells:
4.b.1) Find the effective thickness [T7, T5] and its corresponding
tensors, given by Eq. (4.80), using Appendices A.3 and A .4.

4.b.2) Determine 7% and Mg” and their corresponding tangents
from Eq. (4.78) and Eqs. (4.81)-(4.84).

po =1

4.c)  Fully-stressed shells: %% and M # and their corresponding
tangents are found from Eq. (4.72) and (4.73).

4.d)  Partially-stressed shells:
4.d.1) See step 4.b.1. above.

4.d.2) Determine 7%° and Mg % and their corresponding tangents
from Eqs. (4.86) and (4.87).

TABLE 4.3: Summary of the analytically-projected shell formulation

counterparts for any given 3D material model so that their combination results in a
directly-decoupled shell model with a polyconvex 2D strain energy density function

as
W = W(CLQB, ba5> = WM(aag) + WB(bag) , (488)

where W)y and Wy are the membrane and bending parts, respectively. The presented
formulation has the following novelties:

i) It provides a a physically motivated link between the membrane and bending
parts; thus, they are not chosen arbitrarily.

ii) It is not restricted to isotropic materials (cf. Duong et al., 2017). The DD shell
model can capture anisotropic behavior very well, which is important for appli-
cations such as soft tissues.

iii) It is not restricted to Neo-Hookean or St. Venant—Kirchhoff solids and it allows
for many material models with different polynomial and exponential forms of
strain energy density function (see See Chap. 6).
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Since many biological materials, such as soft tissues, can easily go through large
deformations while being extremely stretched, the membrane formulation should allow
for large material and geometrical nonlinearities (Roohbakhshan et al., 2016). This
implies that, for the membrane part, a nonlinear stress-strain relationship is required.
However, for the bending part, a linear stress-strain relationship is sufficient for most
applications even if the shell exhibits large deformations.

For the membrane part, one can adopt the projection procedure introduced in Sec. 4.2
to get the 2D membrane strain energy density function Wy(aas, As) according to
Eq. (4.37). Following Eq. (4.37), the membrane Kirchhoff stress, 727, is given by
Eq. (4.40) and the components of the membrane elasticity tensor, c** are obtained
from Eq. (4.41).

For the bending part, a physically well defined linear stress-strain relationship is
needed. It can be derived from a linearized material model as

Vth(Qaﬂ) = 5 0B’y6 Ea,B E’y5 s (489)

where

&P = (éaW)SO (4.90)

is the elasticity tensor of 3D continuum before deformation, defined on &y. Following
Eq. (4.60), one can express the 3D strain energy (4.89) as

. 1., . 1,
Wiy = 9 COBWS Eop Eys + 500676 Eog K5 + 2 52 COBMS Kap Ky (4.91)

Further, if the shell is thin, &” 7 can be expressed in terms of the mid-surface quan-
tities using Taylor series as

&P~ ™ e + 0(e?) (4.92)
where

poBYS (~aw>
G = % o (4.93)

and s

~Q Py
AL (800 ) (4.94)

o 0¢ =0

are defined on the shell mid-surface Sy. Neglecting the quadratic and higher order
terms of Eq. (4.92), the corresponding 2D strain energy is obtained by analytically
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integrating the 3D strain energy over the thickness (4.91) as

T

Win = | Winde

_T
2

T T3 T3
o Aa,B af ~af
= S8 By By 5 6007 B Ko 5 6577 Ko K

(4.95)

Similar to this procedure, Steigmann (2013) has expressed the total energy of the
shell by the expansion of the stored energy around the mid-surface of shell. If the
shell sufficiently thin or the membranes strains are small, then CO? Eop < 870 K 5.
Hence, the middle term in Eq. (4.95) can be neglected, which reduces the 2D stored
energy to

T sy 7 oo (4.96)
M/Iin == 5 CO E E’y(S + ﬂ Kaﬂ KW(S . .
1
By definition, we have &7 = T 2% which is given by
e = <caW> (4.97)
So

where ¢*#7% are the components of the membrane elasticity tensor defined by Eq. (4.41).
This reduces Eq. (4.96) to

Wi = lcg‘ﬁ”‘s Eop Eys + r P K Ko (4.98)
2 24
The projection procedure from Eq. (4.91) to Eq. (4.98) allows us to completely de-
couple the stretching and bending strains and thus to split the strain energy function
into two separated membrane and bending parts. Then, the rear part of Eq. (4.98)
can be used for the 2D strain energy density function corresponding to the bending
deformations as

T
Wi = Wa(bag) = 5 € o7 Kop Ko . (4.99)

From Eq. (4.99), the bending moments and their corresponding tangents are

Wy _ T

M = Ghy ~ 12 P Ko (4.100)
ap 2
pasvs — OMT T aprs (4.101)

b5 12 0

Remark 4.12. The presented decoupled membrane-bending equations are derived
provided that (1) the material is symmetric w.r.t. the shell mid-surface, (2) shell is
sufficiently thin and (3) the radii of curvature are much larger than the shell thickness
(or ideally the shell is flat). If these three conditions are violated, the middle term of
Eq. (4.95) does not vanish, which implies that mixed terms (i.e. strain gradients) are
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Chapter. 4  Constitutive Projection

present in addition to the stretching and bending strains; therefore, the membrane
and bending parts cannot be easily decoupled.

Remark 4.13. As the bending and membrane parts are decoupled, here d**7 =
e*®?9 = (), in contrast to the NP shell model (Sauer and Duong, 2017).

Tab. 4.4 summarizes the procedure to formulate a DD shell model for any given 3D
material model.

1) For any 3D constitution, with a given strain energy function W,
postulate a 2D counterpart as Wy + Wg.

2) For the membrane part Wy, compute
2.1) the membrane stresses 7 from Eqs. (4.37) and (4.40),
2.1) the membrane elasticity tensor ¢**?° from Eq. (4.41).

3) For the bending part Wg, compute
3.1) &7 from Eq. (4.97),
3.2) the bending moments M” from Eq. (4.100),
3.3) f%° from Eq. (4.101).

TABLE 4.4: Summary of the directly-decoupled shell formulation

4.4 Modified Kirchhoff—Love shell

As already mentioned in Remark 4.2, one can consider the thickness stretch A3 directly
in kinematics. Following Eq. (4.3), Eq. (4.5) should be modified as

g, = j’a = Ay — )\35 bzéafy +)\3,a€n )
(4.102)

gs ‘= &3 :)\3d:)\3’n:g3 .

Neglecting the quadratic terms, we have

9op = 9o 95 = Gap — 238 bag

9a3 = 9o 93 = M3af (4.103)

g33 = g3-g3; = ANin-n=)\2.
The spatial variation of the thickness stretch A3, i.e. A3, & d = A3, {m, corresponds to
a non-zero out-of-plane shear deformation g,3, which introduces an error of the same
order as the Kirchhoff-Love assumption if being omitted (Cirak et al., 2005; Noels

and Radovitzky, 2008 and Becker et al., 2011). Thus, we simply neglect the rear term
in Eq. (4.102) to get gas = 0.
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Compared to the metric tensor of a classical Kirchhoff-Love shell introduced in Sec. 4.3.1,
Eq. (4.103) has tow main differences: (1) The thickness stretch A3 affects the curvature-
dependent part of the in-plane strain and (2) the normal stretch is still constant but
not equal to one anymore. The former issue would be reflected in the moment re-
sultants and its tangents. The latter issue is treated as the classical Kirchhoff-Love
shell formulation by assuming a plain-stress condition. Following Hughes and Carnoy
(1983), the thickness parameter A3 = A3(£%) is not included in the global degrees
of freedom to avoid numerical ill-conditioning problems. Instead, it is determined
locally through the constitutive relations assuming a plain-stress condition. Thus,
likewise to Sec. 4.3.1, ga3 is defined as Eq. (4.45) and A3 is averaged over the thickness
according to Eq. (4.46). In practice, the stretch A3 is updated at the end of each
Newton—Raphson iteration, after the force vector and tangent matrix are computed.
Thus, the update of A3 lags other kinematical quantities (Hughes and Carnoy, 1983).

From Egs. (4.65) and (4.69), the stress, moment and tangent tensors are

T
2
7% = / 7 po de

T
2 r (4.104)
Maﬁ Y ? ~af3 d
0 3 - §TY podg
and
%
B — /T cabre po d€ |
doPrd — a1l — _ )\, £ 1y de (4.105)

_T
2

T
2
[0 =N [ g de

N

where 7% and &7 are given by Eqs. (4.62) and (4.67), respectively.

Due to Eq. (4.46), A3 should be found by a numerical integration through the shell
thickness. Therefore, for a modified Kirchhoff-Love shell kinematics, only a numerically-
projected shell model is possible following Eqs. (4.104) and (4.105).
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Chapter 5

Thin Laminated Composites’

In Chap. 4, different approaches to model membranes and thin shells are presented.
There, it is assumed that a membrane or a shell consists of only one type of ma-
terial. However, many biological materials are composites constructed from various
constituents with different mechanical characteristics and material properties (Ra-
makrishna et al., 2001). Therefore, to describe the behavior of a composite shell
or membrane, different homogenization approaches should be followed depending on
the structural and material properties. In this Chapter, it is shown how compos-
ites, made of different layers through the thickness of a shell or a membrane, can be
homogenized. In this sense, the approach of this chapter is structural homogeniza-
tion. Later, in Sec. 6.3, it is shown how a single layer membrane or shell, made of
different constituents such as the network of collagen fibers and matrix of elastins,
can be homogenized into a single material model, which can be called a constitutive
homogenization. For some applications such as arteries, examined in Sec. 9.4.2, a
combination of both approaches is needed.

The laminated composite shells has been extensively investigated in the last years.
Detailed surveys on the theoretical and numerical analysis of laminated composite
shells can be found in Reddy and Robbins (1994), Yang et al. (2000), Carrera (2002),
Carrera and Brischetto (2009), Zhang and Yang (2009), Qatu et al. (2010), Kreja
(2011) and Qatu et al. (2012). Different theoretical and numerical approaches for the
modeling and analysis of laminated composites are collected e.g. in Ochoa and Reddy
(1992), Carrera (2002) and Reddy (2004). Recently, many isogeoemtric formulations
are introduced for the modeling of thin laminated composite shells. For instance,
Bazilevs et al. (2011) use the bending strip method of Kiendl et al. (2010) to model
composite rotor blades following the equivalent single layer theory. However, they
consider only a linear strain-stress relation, based on St. Venant—Kirchhoff material
model. The formulation is later extended by Bazilevs et al. (2015) and Deng et al.

6 Most of this chapter is taken from Roohbakhshan and Sauer (2016).
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(2015) to predict damage in composites. The isogeometric formulation of Nagy et al.
(2013) is used for the optimal design of composite Kirchhoff-Love shells that exhibit
anisotropic behavior. Thai et al. (2013b) suggest a rotation-free isogeometric formula-
tion for the analysis of composite sandwich thin plates. Kapoor and Kapania (2012),
Thai et al. (2012), Casanova (2013), Thai et al. (2013a), Tran et al. (2013a), Tran
et al. (2013b), Li et al. (2014), Thai et al. (2014), Thai et al. (2015), Yin et al. (2015),
Yu et al. (2015) and Le-Manh et al. (2017) introduce isogeomrtric formulations for the
analysis of composite plates based on first and higher order shear deformation theo-
ries. Furthermore, Thai et al. (2013a), Guo et al. (2014a), Guo et al. (2014b), Guo
and Ruess (2015a) and Guo (2016) use layer-wise theories for the isogeometric anal-
ysis of laminated composites shells. Hosseini et al. (2014) and Hosseini et al. (2015)
propose isogeometric 3D continuum shell formulations to model composite materials.
In particular, laminated shell models are employed for the finite element analysis of
soft and hard tissues. For instance, Horgan and Gilchrist (2003) use a composite shell
element to model skull for simulating head impact biomechanics. Laminated shell
models have been used for the finite element analysis of mitral leaflet tissue (e.g. Li
et al., 2001 and Wenk et al., 2012). Further, aorta and other arteries are also studied
as laminated composite shells (e.g. Guinovart-Sanjudn et al., 2016)

In this chapter, the shell formulations of Sec. 4.3 and the membrane formulation of
Sec. 4.2 are adopted to model thin composite structure. First, the theory of composite
shells is briefly reviewed and then the corresponding thin shell models are derived.
The presented models are based on the equivalent single layer theory. The existing
literature on isogeometric laminated shells based on ESL theory are mostly based on
numerical integration through the shell thickness and are almost limited to linear con-
stitutions. Here, it is shown that the presented formulation allows for any isotropic or
anisotropic nonlinear constitution. Following Sec. 4.3, the analytically-projected and
directly-decoupled shell models are adopted for laminated composite shells, which do
not need any numerical integration through the shell thickness. Finally, the mem-
brane/shell composites are introduced.

5.1 Theory of thin composite structures

In general, there are three different approaches to describe a composite laminate: (1)
Equivalent single layer (ESL), (2) layer-wise (LW) and (3) continuum-based theories
(Reddy, 1989). An equivalent single layer theory assumes a continuous strain distribu-
tion, which is usually considered to be linear, within the laminated layers of the shell.
In contrast, a layer-wise theory considers piecewise continuous strain distributions for
each layer. Following a continuum-based approach, a laminated shell is modeled as a
3D continuum with appropriate assumptions for the thickness. Equivalent single layer
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theories are the classical laminated plate theory (CLPT), the first order shear defor-
mation theory (FSDT) and higher order shear deformation theory (HSDT) (Reddy,
2004). The ESL theory is suitable for thin shells, where the transverse shear forces are
negligible. As the ESL theory do not account the inter-laminar stresses, they are not
suitable for thick and moderately-thick shell. Here, we adopt the kinematics inherent
to classical laminated plate theory, which is based on the Kirchhoff-Love hypothesis
(see Sec. 4.1.1). Further it is assumed that (1) the layers are perfectly bonded to-
gether; (2) each layer is of uniform thickness; (3) the material can have any desired
nonlinear isotropic or anisotropic constitution and (4) the strains and deformations
can be arbitrary large.

As shown in Fig. 5.1, we describe the laminated layers of a composite shell for two
cases. In the general setup, the laminated layers can have different thickness and me-
chanical properties and they are not necessarily symmetric w.r.t. the shell mid-surface.
As a specific case, one can suppose that the geometrical and material properties of
laminates are symmetric w.r.t. the shell mid-surface. For both the cases, the bound-
aries of each layer are defined by the distance 7T; measured from the mid-surface.
Accordingly, the " layer is located between T;_; and 7}, where i = 1, ..., n;. For
the general case, n; is the total number of layers, numbered from the bottom to the
top surface of the shell so that Ty, = —7'/2 and T, = T/2 (see Fig. 5.1.a). For the
symmetric case, the total number of layers is 2n; and the layer numbers are mirrored
w.r.t. the mid-surface implying Ty = 0 and T,,, = T'/2 (see Fig. 5.1.b).
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(a) (b)
FI1GURE 5.1: Coordinate system and layer numbering of a laminated thin structure:
(a) General and (b) symmetric configurations.

5.2 Thin composite shell and membrane models

In Sec. 4.3, three different approaches for the constitutive modeling of thin shells are
introduced — namely the numerically-projected (NP), analytically-projected (AP) and
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directly-decoupled (DD) shell models. Following the classical laminated plate theory,
those three shell models can be extended to laminated composite shells as it will be
discussed in the following. Further, it is shown how composite membranes can be
modeled and combined with shell structures.

5.2.1 Numerically-projected laminated shell model

The numerically-projected shell model is the most general formulation that can be
used for both the asymmetric and symmetric composite shells; however, it generally
requires numerical integration through the shell thickness. From Eq. (4.65), the stress
and bending moment resultants are

ny Ti
ﬂ5=2/ #0 pod
i=1 Y Ti-1

ny Tz
Myt == [ e e
i=1 J4i-1

where

7~_ia,8 —9 OWi(gap) (5.2)

Ggag

is the in-plane Kirchhoff stress on a shell layer within the i*" laminate and VNVi(gaﬁ) is
the strain energy density function of the same laminate layer. Following Eq. (4.69),
the stiffness tangents are

n T;
OB — Z /T 6?575 Lo de |
i=1 /Tim1

ny Ti
doBs — goBys — _ Z / £ 1 de | (5.3)
i=1 YTi-1

n T
~ d
o =30 [ e
i=1 YT

where

C

Byo . a%iaﬂ _ 82m(ga5)

S0 =2 =4 .
8975 agozﬁ 8976

As mentioned in Remark 4.6, if the shell is initially flat or sufficiently thin, the shifter

can be approximated as g ~ 1.

(5.4)

2
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5.2.2 Analytically-projected laminated shell model

For a laminate layer through the shell thickness, the stress is approximated similar to
Eq. (4.70) as
70 =30 ey (5.5)

where we have defined

(5.6)

Here, 7°° is the Kirchhoff stress within the thickness of 4" laminate given by Eq. (5.1).
Further, as shown in Fig. 5.1, one can consider two different arrangements of the
laminates. For the analytically-projected shell models, it is of benefit to distinguish
between the two arrangements as the symmetric setup has a simpler formulation.

5.2.2.1 General setup

Following the general setup (see Fig. 5.1.a), —T/2 < T,_; < T; < T/2, where i =
1, ..., m. Thus, plugging Eq. (5.5) into Eq. (5.1) and integrating analytically, we

obtain "
1
T = Z [(TZ —Ti) 720 4 B (17 —T%,) %535]
m ) (5.7)
~ Hy ) [(Tf —TE) T+ S (TP -T) ﬁ‘:‘f]
i=1
and 1
— [1 1
My? = ) {5 (T2, = 12) 77+ 5 (T2, - T) 7Y }
Sy . (5:8)
+Hy Y {5 (17 =TL) 77+ 5 (T = TL) 7Y } .
i=1
Similar to Eqs. (4.81)-(4.84), the corresponding stiffness tangents are
n
b= Y |G-t g (11
N ; (5.9)
— Ho ) {(TE =T 7+ S (TP =T ésf?”é] ,
i=1
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= e 1 e
e {(Tf—Ti—l) g (-1 (5.10)
w3 [ o]
1 1
aBfys _ (72 _ 2\ sapd (73 _ 3\ s
coh ;{2@ T7) &7+ 5 (T = TP) ¢ } -
+ H Z 3 T3 ) &M+ ! (T =T, e |
0 3 (] 2 11—
and
1 X 1 .
foo = Ejbﬁh—ﬁwﬁw+yﬁfﬂﬂﬁﬁ}
o ) ) . ) (5.12)
+mzjgﬁﬂﬂwﬁﬂgmtﬁaﬁﬂ.
=1
Here, we have introduced
s _ a%“ﬁ a6 _ P
ST T (51
) a“ﬁ ) o7y '
coBre Josrd — 243
%3 8(175 ’ %3 abwg '

Considering g ~ 0, Egs. (5.7) and (5.8) would be reduced to

ny 1
FoB Z [(TZ ~Ti) 7 + §(TE ~T2,) %1%6} ’

— (5.14)
MEP — Z { 1) 4 (TR~ TF) ﬁf“f}

and the tangents (5.9)-(5.12) can be written as

l\DI»—t

nj
R R RN R
=1
gt
woo = S5 [@myi bz ]
=1 5.15
apys [ 1 2\ aafd 3 3) gabvo o
e =Y | ST T T 4 (T =T & |
=1
5 (1 2\ jaBrs | Lma 3) JoBvo
fore =3 N ST =T &7+ S (T2 = T7) di
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5.2.2.2 Symmetric setup

If the laminated layers are distributed symmetrically w.r.t. the shell mid-surface (see
Fig. 5.1.b), 0 < T,y < T; <T/2, wherei =1, ..., n;. Thus, Eq. (5.14) can be reduced

to
Taﬂ:2Z[T Tzl —;Ho(ﬂg—Tz31)7f3ﬁ]v

MP = 3 Z [2}10( — T2 )P~ (1}3—1531)f§:»f31 :
=1

The tangent matrices are derived from Eq. (5.16) as

11—

n r
Ca,B’yé —9 Z (T T, 1) ~o B8 gHO (7’13 _ T3 1) 62575:| )

daﬂ'w —9 i (Tz _ Ti—l) diozﬁ'yt? N ;Ho (ng N T3 )daﬂ—yd} :

n
et = 35 2 () - (1 -1 e
i=1
and

ny
fobr — 2 Z leo (> = T2,) CZ?BMS —(T°-T) &ggw} '

=1

w

Considering g ~ 0, Eq. (5.16) can be written as

T =23 (T = Tia) 77,

o 2

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

67



Chapter. 5 Thin Laminated Composites

where the layers are numbered according to Fig. 5.1.b. From Eq. (5.21), the tangent
tensors are then

ny

P =23 " (Ti = Timy) &7
=1
n

doP =2 Z (T = Tr—1) d7°
= (5.22)

n

604,876 — _ (T T;S )Aaﬂvd 7

S
i

[GVRIN ) OJIl\Dl

oot = =23 (T =T

=1

Remark 5.1. In the formulations presented so far, it is assumed that the shell is
fully-stressed, i.e. all the layers through the shell thickness contribute to the strain
energy density function and the corresponding stress and bending moment resultants.
However, as discussed in Sec. 4.3.2.2.2, depending on the constitution and application,
the shell might only be partially-stressed. Hence, within each laminate layer, only a
portion of shell thickness, e.g. [T;1, Tis] C [Ti—1,T;], might be active. This implies that

m Ti2
T8 = / 70 de
2l Tio
P Dl A
i=1 YT

for the numerically-projected laminated shell, where T}; and T}5 need to be determined

(5.23)

specifically for each problem. For the analytically-projected laminated shell, a general
arrangement (see Fig. 5.1.b) should be followed as

n 1
rf =y [(Tzz —Tn) %7 + 5(7122 ~T3) 721062?] )
i=1 (5.24)

—_

AWzZ[ﬁ,mwﬂ(ﬁﬂﬁﬁy

w |

5.2.3 Directly-decoupled laminated shell model

If a laminated shell is symmetric w.r.t. the mid-surface, one can use the directly-
decoupled shell model of Sec. 4.3.2.3. The stored energy W of the shell can be decou-
pled into the membrane and bending parts according to Eq. (4.88). The membrane

energy is
ny

Wat(tas) = Y (T = Ti—1) Wi(aag) (5.25)

=1
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where the constitutive law of the i'" laminate layer is

A

Wilaas) = [Wilgos)] _, - (5.26)

which is formulated in terms of the mid-surface metric tensor a,3. The bending energy

is then
1 & -
Wis(bas) = 5 ST =T ) 67 Kap Ky (5.27)
=1
where
B (egw) (5.28)
So

are the components of the membrane elasticity tensor prior to deformation and

eXPs .y 8W—(aam _ (5.29)
! 8aa58a75

Thus, the stress and bending moment resultants are

rap . o IWui(dap) :22 (T —Tiy) 7

0aa5
W (bs) (5.30)
af | B\%ap _ Aaﬁ 5
Aﬂ) = __Eﬁ;;__ __—.EE: v K%g,
with
fod 8W (aas) (5.31)

8aa5
The corresponding stiffness tangents are

ni

@0 =2 Z (T; = Tia) &,
= (5.32)
foz,B'y(S I Z T3 AQB’Y(S

and d*#7° = ¢*$7% = (), which illustrates the decoupling.

5.2.4 Composite membranes

As shown in Sec. 4.2, the stress distribution across the thickness of a physical mem-
brane is constant and it bears no bending. Thus, if a thin structure is constructed of
multiple layers of membranes or a combination of membranes and shells, the resultant
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stress tensor would be
70 = 708 4 70 (5.33)

where 729 is the effective stress of all membrane layers given by

n
T8 =T Y 77 (5.34)
i=1
Here, %Z-aﬁ corresponds to the contribution of the i*" membrane layer, given by Eq. (5.31).

The resultant stress tensor of the shell layer(s), i.e. 727, is obtained by the formula-
tions of Secs. 5.2.1-5.2.3 for laminated shells or following Sec. 4.3 for single layer shells.
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Chapter 6

Material Models’

Having introduced the thin shell theory and three different approaches to model shells,
various isotropic and anisotropic constitutive laws can be examined now. For each
material model, the different constitutive projection approaches from Chap. 4 (i.e. the
membrane model and the NP, AP and DD shell models), are derived. Most of the
material models studied here are considered to be incompressible since most types
of soft biological materials, in particular soft tissues, are regarded as incompressible
(Holzapfel, 2001). Before introducing different material models, we discuss how ma-
terial incompressibility is enforced in the presented work.

6.1 Incompressibility

In general, in continuum mechanics, there are two approaches, namely quasi-incompressibility
and strict-incompressibility, to enforce the material incompressibility constraint

Ggi=J—-1=0, (6.1)

where J = J 3\3 for a projected shell model and J = J A3 for a membrane model or a
directly-decoupled shell model.

6.1.1 Quasi-incompressibility

When dealing with incompressible or nearly-incompressible material, it is beneficial to
split the deformation gradient F' into volumetric (or dilatational) part F',, which is

" This chapter is based on Roohbakhshan and Sauer (2017).
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volume-changing, and an isochoric (or distortional) part E, which is volume-preserving
as (Bonet and Wood, 1997 and Holzapfel, 2000)

F = FVOIF ) (62)

where

Fo:=J"31, F.=J'F. (6.3)

From Eq. (6.3), det F.,=J and det F' = 1. Similar decompositions can be obtained

for other strain measures such as the right Cauchy—Green tensor as C = (j 2/3 1) C,
where

— TTT ~ ~
C:=F F=J]?%C (6.4)
is called the modified right Cauchy—Green tensor.

In the quasi-incompressibility approach, the strain energy function is split into the
deviatoric and volumetric parts following the multiplicative decomposition of the de-
formation gradient. Considering an incompressible hyperelastic solid with 3D strain
energy function Wipe (é), the decomposed strain energy would be

W(C.,J) = U(J) + W ) . (6.5)

where I/T/inc( C ) is the corresponding modified (distortional) strain energy function,
expressed in terms of the modified right Cauchy—Green tensor, which leads to a purely
deviatoric stress. An appropriate choice of the volume-preserving part can be

g 7 (6.6)
where the bulk modulus K acts as a penalty parameter for the incompressibility
constraint. Other possible functions U (j ) suggested in the literature can be found
in Doll and Schweizerhof (2000). To fulfill the constraint exactly, the bulk modulus
should be set to infinity (corresponding to the Poisson’s ratio v = 0.5) while, in
practice, a finite large number is used to approximately enforce the incompressibility.

6.1.2 Strict-incompressibility

Alternatively, the incompressibility constraint can be enforced strictly through the
Lagrange multiplier method as it is done in this thesis. In this approach, the incom-

pressible strain energy is augmented by the contribution of a Lagrange multiplier as
(Holzapfel, 2000)

W(C,J) = Wine(C) + 53 (6.7)
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or (Bonet and Wood, 1997)

where the unknown Lagrange multiplier p acts as a hydrostatic pressure. In particular
for thin shells and membranes, it can be analytically determined from the plane-
stress condition. In addition to the physical motivations, the plane-stress condition is
favored for thin shells as it analytically eliminates the unknown Lagrange multiplier if
the material is incompressible. For the NP shell model of Sec. 4.3.2.1, from Eq. (6.7),
we get

7—1 amni (é)

_ (6.9)
OA3
and from Eq. (6.8), we have
5o 1 MWae(C) (6.10)
OA3

Remark 6.1. For 3D solid elements, it is not possible to exactly fulfill the incom-
pressibility at each point of the body due to volumetric locking, which introduces
artificial stiffness to the system (Bonet and Wood, 1997). Thus, if the Lagrange mul-
tiplier approach is used, it is necessary to follow a mixed variational method including
the Lagrange multiplier in global degrees of freedom. For instance, a three-field vari-
ational principle such as Hu—Washizu variational principle for incompressibility can
be used (Wriggers, 2008). Finite elements derived form mixed methods have to ful-
fill the Babuska—Brezzi condition (Babuska, 1973 and Brezzi, 1974) to guarantee the
stability of the formulation. This is the case for the thick shells modeled by solid
elements (Elguedj et al., 2008) or solid-shell elements (Bouclier et al., 2013a; Bouclier
et al., 2013b and Bouclier et al., 2015). Fortunately, for thin shells, the Lagrange
multiplier is found locally at the constitutive level through the plane-stress condition.

For the membrane model of Sec. 4.2, the incompressibility constraint is added to

the corresponding incompressible 2D stored energy Wi,.(C) through the Lagrange
multiplier method as

Wn(C,J) = Wine(C) +p 3§ (6.11)

Wa(C, J) = Wine(C) + 3 , (6.12)

which are similar to the 3D formulations, cf. Egs. (6.7) and (6.8). The unknown

Lagrange multiplier p = T'p can also be analytically found from the plane-stress
condition as ( ~ )
OWine (C

_ -1 9Wine 6.13

p o (6.13)
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and

L Wi (C)
O3 ’
for Egs. (6.11) and (6.12), respectively. In the DD shell model of Sec. 4.3.2.3, the

incompressibility constraint is treated analogously for the membrane part. For the
afvyé
0 .

p=.J (6.14)

bending part, the effect of incompressibility constraint is condensed into ¢,

Here, the approach of strict-incompressibility is used as (1) it exactly fulfills the in-
compressibility constraint, (2) its associated Lagrange multiplier can be eliminated
analytically for thin shells and (3) its numerical implementation is more convenient.

Remark 6.2. Although the Lagrange multipliers derived from Egs. (6.7) and (6.8)
are different, both approaches give the same total in-plane Kirchhoff stress if the
Lagrange multiplier is found from the plane-stress condition and then condensed into
the stress tensor. Thus, for the numerically-projected shells, we use Wipe (C’) following
Eq. (6.7) to enforce the incompressibility constraint. Similarly for a membrane model,
Wine (C’) is used following Eq. (6.11). Both approaches are compared for a Neo-
Hookean membrane model in Sec. 6.2.2.1.

In Secs. 6.2 and 6.3, different isotropic and anisotropic material models are projected
onto the surface of membrane and shell structures following the constitutive projection
approaches of Chap. 4. Specifically for each material model, the following structural
models are derived:

1) The membrane model, where 7% and ¢®#7® should be derived according to Eqs. (4.40)
and (4.41).

2) The NP shell model, where one needs to derive 7% and ¢*#7 specifically for
any given material model. Then, the stress and moment tensors and their cor-
responding tangents are determined by plugging the specific 7 and &% into
Egs. (4.65) and (4.69), respectively.

3) The AP shell model, where 7%, 7@3/3 | coP Japs, éi‘f 7 and dﬁiﬁ 7 are needed.
Then, the stress and moment tensors and their corresponding tangents follow from
step 4 in Tab. 4.3.

4) The DD shell model, where 7% and ¢**"° are derived as for a membrane. Then,
one can compute cgmé, MS? and f*#79 from step 3 in Tab. 4.4.

6.2 Isotropic models

Soft biomaterials are commonly modeled with incompressible hyperelastic constitutive
models that have been introduced for rubber-like materials. Although soft tissues are
constructed from elastin and collagen fibres, the anisotropic part might be neglected
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and a purely isotropic model can be used. Examples are the modeling of liver, kidney,
bladder and rectum, lungs, uterus, etc. (Chagnon et al., 2015). This section discusses
a few isotropic constitutive models that are commonly used for biomaterials and soft
tissues (Martins et al., 2006 and Wex et al., 2015). Both kinds of constitutive laws,
i.e. material models with polynomial and exponential forms of strain energy functions,
are included in the presented examples.

6.2.1 St. Venant—Kirchhoff

St. Venant—Kirchhoff material model is a generalization of the linear model for large
displacements. It is based on a linear stress-strain relationship as

V(E N BV B (6.15)

E(trE) +oE:FE :

where A and fi are the Lamé’s first and second parameters. Therefore it is not suitable
for soft tissues that usually exhibit large material nonlinearities. However, in the first
attempts towards real-time simulation of surgery it was used for the modeling of soft
tissues (Picinbono et al., 2001 and Delingette and Ayache, 2004). It has been also
extended to anisotropic elasticity (Picinbono et al., 2003). Here, this material model

is investigated to show how the classic 2D Koiter shell model can be derived from the
perspective of 3D nonlinear elasticity.

6.2.1.1 Membrane model

From Eq. (4.35),
tI‘E =trE& + E33 5 (616)

where tr E = A*? E,5, and
E.-E=E:E+E3, (6.17)

where E : E = E“® E,5. The 2D membrane strain energy is
Wu(E)==(rE)" +pE: E, (6.18)

where A = T'A and p = T ji. Thus, the in-plane Kirchhoff stress is

Wy

af
T

= ArE A 42 E°F (6.19)

The normal stretch E33 can be determined through plane-strain or plane-stress con-
ditions. Following the plane-strain approach, E33 = 0; therefore, tr E = tr E. Hence,
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Eq. (6.19) can be expressed as

790 = Atr EAY® + 24 E*P | (6.20)
As E,3 is symmetric,
0FE.,; 1
P = (6265 + 60 6 :
or =5 (29 + L5 (6.21)

where the right hand side is a fourth-order symmetric identity tensor. Following
Eq. (2.12),
SEP = §E,5 A AP (6.22)

Plugging Eq. (6.22) into Eq. (6.21), we get

OE*5 1
= — (A" AP 4 A AP 6.23
b, ~ 2l * ) (6.23)
Thus, the elasticity tensor would be
5 oreB aB g6 ay 286 ad AB
P = =NAY A7 —|—,u(A'YA + A A”) (6.24)
O0FE,3
Following the plane-stress approach,
. oW,
33 = M :A(trE+E33)+2ME33:0 ) (625)
which gives
AtrE
E33 = — . 6.26
=iy (6.26)

Plugging Eq. (6.26) into Eq. (6.19), we have

Lap _ 2Ap
A+2p

tr B A + 2 Eo8 (6.27)
Similar to Eq. (6.24), the plane-stress elasticiy tensor is then

ores 2A i
ahr8 = = AP A A™Y AP 4 A0 AP 6.28
¢ 0E.; A+2p g * ) (6:28)

6.2.1.2 NP shell model

From Eq. (4.56),
tr E =tr E + Fy3 (6.29)

76



Chapter. 6 Material Models

where
tr B = Gaﬁ Eaﬁ

and E*Jag is given by Eq. (4.57). Further
E:Ezi‘?:i’?%—é’é,
where E : E = B8 E*’aﬁ. Similar to the membrane formulation,

g = W —AtrEG™ + 21 E*P |
OF s

where W is given by Eq. (6.15) and

Fo8 — B3 Go GRS

Assuming the plane-strain condition,
78 = Ar EG® + 21 B9

with
oFas

éaﬁyé — . _ A Gaﬁ G'y6 + /1 (Ga'y Gﬁ& + Ga6 G,B'y) )

OF s

Considering a plane-stress condition,

sap _ _2AM tr EGY® + 2 i B8 |
A+2ji
with
”‘Ozﬁ 1 o~
goons = 0T 2R s oo 4y (6o 679 4 6o 6P,
6Ea5 A+2,u

6.2.1.3 AP shell model

(6.30)

(6.31)

(6.32)

(6.33)

(6.34)

(6.35)

(6.36)

(6.37)

First, we consider the plane-strain condition. Considering Eqgs. (A.27) and (A.28) and

plugging Eq. (6.34) into Eq. (4.71), we have

78 = Atr E A 4+ 2 1 E*P

(6.38)
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and ~
737 =2MN A BYE 5+ 41 E5 ( B®Y AP 4 A*71 B#)
- (6.39)
— Atr K A%? — 21 K8 |
If the shell is initially flat, i.e. B*® = 0 or if the shell is sufficiently thin to neglect the
mixed terms, Eq. (6.39) can be written as

740 = —Atr K A — 2 i KP . (6.40)

If the shell is fully-stressed and pg =~ 1, the stress and bending moment tensors are
obtained by plugging Eqgs. (6.38) and (6.40) into Eq. (4.75) as

78 = Atr E AP + 2 BEP |
(6.41)

2

T
Mg = S (A K AY 42 K7 )

which are the same as the stress and moment tensors of the Koiter shell model,
cf. Eq. (3.19).

In the same fashion, if the plane-stress condition is assumed, the stress and moment
tensors are then

2 A
70 =1 5 tr B AP + 2 EB°F
T;r l;Au (6.42)
M = —< tr K A% 12 Ka6> .
O T\ Ar2u” Tep

6.2.1.4 DD shell model

From the elasticity tensors derived in Sec. 6.2.1.1, one can find the corresponding
moment tangent f*7° from Egs. (4.97) and (4.101) as

T2
fomt = (6.43)

For the plane-strain case, cf. Eq. (3.18),
g = 2B = N AP A 4y (AT AP 4 A% APY) (6.44)

and for the plane-stress case,

2A
AN+2p

Cgﬁ% — aBYS AP A 4y, (A‘W APY 4 A0 ABW) . (6.45)
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With simple algebraic manipulation, the stress tensors of Eqs. (6.41) and (6.42) are
obtained following
798 = PV s (6.46)

and the moment tensors of Egs. (6.41) and (6.42) are found as
MG = foPO K s (6.47)

Remark 6.3. If the plane-stress condition is assumed, the introduced formulations
can also be used for an incompressible St. Venant—Kirchhoff solid. This is due to the
fact that the first Lamé’s parameter A (or A = T'A) shows up only in a combined
expression (see e.g. the front term of Eq. (6.45)), which has a finite value in the
incompressibility limit (Chapelle et al., 2004), i.e.

_ 2A i
Ah_r)xloo <A+2M) =2u . (6.48)

For instance, under incompressibility, Eq. (6.45) would reduce to

g% =2 AP AV 4 1 (AT AP + A28 APY) (6.49)

which is identical to the elasticity tensor of an incompressible Neo—Hookean solid
before deformation, cf. Eq. (6.69).

6.2.2 Incompressible Neo—-Hooke (NH)

The incompressible Neo-Hookean (NH) model is formulated based on the statistical
thermodynamics of cross-linked polymer chains (Ogden, 1987). It is the most common
hyperelastic constitution for rubber—like and soft biological materials. For instance,
it is used to model the mechanical behavior of spleen (Davies et al., 2002), liver and
kidney (Chui et al., 2004), breast (O’Hagan and Samani, 2008) and lung (Rausch
et al., 2011) among others (Wex et al., 2015). The 3D strain-energy density function
of an incompressible Neo-Hookean solid is

Wine(1) = 2 (1 -3) (6.50)

where ¢; = i is the infinitesimal 3D shear modulus to be set and I 1 is the first invariant
of the right Cauchy—Green strain tensor C.
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6.2.2.1 Membrane model

Plugging Eq. (6.50) into Eqs. (4.37) and (4.38), the augmented 2D incompressible
Neo-Hookean strain energy is

~ o~ C ~ 5
Wa(l, J) =5 (I =3) +p3 . (6.51)

where ¢; = T ¢; = p is physically related to the 2D shear modulus p as u = T ji. From
Eq. (4.40), the in-plane and out-of-plane Kirchhoff stress tensors are, respectively,

o8 = 28WM = A 4 pJa? |
8%5
, (6.52)
33 _ 1 Wy = + J
s 0N TP

Assuming the plane-stress condition 732 = 0, the Lagrange multiplier would be

C1

7 (6.53)

p:

where is assumed that .J = 1 following Eq. (6.1). Plugging Eq. (6.53) into Eq. (4.40.1),
the in-plane stress components S are then

78 — ¢ (Aa,@ _ aaﬁ) _ (6.54)

According to Eq. (4.41), the components of the membrane elasticity tensor on S are

87'@’8 . 261

B .= 9
8%5 J?

(a*f @ — a*?) | (6.55)

where a®# is given by Eq. (A.4).

As mentioned in Remark 6.2, the augmented strain energy function (6.51) can be
represented by a modified (distortional) strain energy function as

. C . _
Wu(ly, J) = 51 (I, -3) +p7, (6.56)
where

?1 = j72/3 fl . (657)

Thus, the Kirchoff stress tensors are now

Yy 1- -
T8 = ¢ J73 (A — gllao‘ﬁ) +pJa*? |

- 1J% - J?
733 :ClJ_2/3(1—§ﬁfl)+p7 .

(6.58)
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Assuming the incompressibility condition J = 1 and the plane-stress condition 7% =

0,
1 1.

p=—0q (ﬁ -3 L), (6.59)
which gives
1
798 = ¢4 (AO‘B ~ 7 aaﬁ) . (6.60)

As it can be seen from Eqs. (6.53) and (6.59), the two introduced approaches give dif-
ferent Lagrange multipliers although both leads to an identical total in-plane Kirchhoff
stress (cf. Egs. (6.54) and (6.60)).

6.2.2.2 NP shell model

Likewise to the membrane formulation, the strain energy function of a 3D incom-
pressible Neo-Hookean solid (6.50) is modified by the contribution of the Lagrange
multiplier as

W(l,J) = %1 (1} - 3) 5§ . (6.61)
From Eq. (4.62),
oW .
7ol = 25— = oG +pJg,
Yo
7 * (6.62)
33 1ow _  _J?
T =5 =a+p—=.
Az OAs J
Considering J = 1 and the plane-stress condition 73 = 0, the Lagrange multiplier is
found as -
5 L

Plugging Eq. (6.63) into Eq. (6.62.1), the in-plane stress components on S are then

1

7’:015 = 61 (Gaﬂ — ﬁgaﬁ) . (664)
Thus, the elasticity tensor on S is
o’ 2¢
g0 =2 == (g"" g — ") | 6.65
drn (9°7 g7 — g*°) (6.65)

following Eq. (4.67).
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6.2.2.3 AP shell model
From Egs. (4.71.1) and (6.64), we have
poi = gy (40— L gooy (6.66)
Thus, from Egs. (4.71.2) and (6.64), one can obtain
77 =24 (Baﬁ — % [b°F + 2 (H — Hy) a‘”ﬂ) : (6.67)
The linearization of kinematic variables w.r.t. the through-the-thickness coordinate

¢ can be found in Appendix A.3. The corresponding material tangents, defined in
Sec. 4.3.2.2, are

posis _ 201 (a®® @ — gP%)

J2 ’
dP? =0,
L (6.68)
A C (8% o N0 %
& = J_; (6°% @ + a®P %) + 4 (H — Hy) 7
széﬁ'ﬂs — _éaﬂ’yé )

6.2.2.4 DD shell model

The membrane energy Wy, the membrane stress tensor 77 and its corresponding
tangent ¢*#7° are derived in Sec. 6.2.2.1. In the reference configuration, J = 1 and
a®® = A°¥. Thus, having the membrane elasticity tensor (4.41), we get

03’875 = 2c1 AP AV 4 ¢ (A‘” APY 4 Al Am) ) (6.69)
following Eq. (4.97).

Accordingly, the bending energy Wy can be found by plugging Eq. (6.69) into Eq. (4.99),
which gives the bending moment

Mg = o (bys — Bys) (6.70)

where

T2
fom = = 20 A% AP 4 oy (A AP 4+ A% AP (6.71)

Remark 6.4. The strain energy functions of the material models, introduced in this
thesis, depend on the first invariant of the right Cauchy—Green deformation tensor.
Thus, their corresponding stress, moment and tangent tensors include expressions
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similar to an incompressible Neo-Hookean material. In order to simplify the formula-
tions, we introduce normalized quantities by setting the materiial constants to 1. For
the NP shell model, 795 and &2 are defined by setting ¢ = 1 in Egs. (6.64) and
(6.65), as

1
7:1?151 =GB — E P ; (6.72)
oFel 2
zeBys . _ 9 UINH _ 2 (paB 6 _ jaByd) 6.73

For the membrane model and the DD shell model, the normalized Tﬁfﬁ and cﬁ}%ﬁ are

derived by setting ¢; = 1 in Eqs. (6.54) and (6.55), which yields

« 1 «
T = AP — 72 ¢ A (6.74)
and 5
oy 2
aBvyd e «
AL —Gal\j; =% (a* @ — a*P°) . (6.75)

Accordingly, in the reference configuration,
Ry = () = 2 A A0 4 A AP - A0 AP (6.76)
0

and trivially 730, = <T§IB{> = 0.
So

Similarly, the normalized stresses and tangent tensors for the AP shell model are
defined according to Egs. (6.66), (6.67) and (6.68) as

7:131{51 = Tﬁfl )

~a 1 (6.77)

oty = 2 (Baﬁ - [b°° + 2 (H — H,y) aaﬁ}) ,

4

~a 30 afBv0 ~a 3y o o ~o3v0
CN%’Y = CN%7 ; CN%’},IS ) (b Pa” +a ’Bbw) +4(H — Hy) CN?{’Y ; (6.73)
080 080 ~a 30
dN%7 =0, dN%’TS = _CN%AY .

6.2.3 Incompressible Mooney—Rivlin (MR)

The Mooney-Rivlin (MR) model is one of the oldest and most accurate constitu-
tive laws developed for large deformations of isotropic materials (Mooney, 1940 and
Rivlin, 1948). It has been used widely for the modeling of many biological tissues as
listed by Wex et al. (2015). Its strain energy function is a linear combination of the
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first and second invariants of the right Cauchy-Green deformation tensor as

~ o~ o~ o~ G ~ Co  ~
W(h L. J) =5 (1l =3)+ 5 (1 -3)

(6.79)

where ¢; and ¢y are stress-like parameters that should be found from experiments.

6.2.3.1 Membrane model

For this material model, the incompressible membrane stored energy is
¥ ¥ 3 1,z C2 = -
WM(]17]27 J) - E(Il - 2) + 5(12 - 2) +pg,
where ¢; ;=T ¢; and ¢g := T ¢5.

Following a procedure similar to Egs. (6.51)-(6.55), it can be shown that

c
798 = ¢y Tﬁﬁ + J_22 (Ao‘ﬁ -1 a“ﬁ) + ¢y J? %P

and s
QL
CQ’B’WS = (01 —+ Co Il> CNH,Y

2
= % (AP 4 4 0% A7) 4 265 J% (@ + 0 a7°) .

6.2.3.2 NP shell model

(6.80)

(6.81)

(6.82)

For a shell formulation, the incompressible 3D strain energy density function of a

Mooney-Rivlin solid can be written as

W (I, I, J) = %(I} —3)+ %(1} —3)+57.
The components of the Kirchhoff stress tensor thus are
78 — Gy 730+ %(Gaﬁ — 1 g*) + & J2 g
which gives
00 = (& + & 1) &

2 C *
i jCZQ (Gaﬁ g'yé + gaﬁ Gv&) + 252 J2 (9@575 + gaﬁ 976) )
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6.2.3.3 AP shell model

Following Eq. (6.84),

~ ~ C -
7B = ¢ Tﬁﬁ—l——Q(Aaﬁ -1 a“’g)%—cQ J? a8 ,

J? (6.86)
$P = Eih 8 (R )
where
1 A
= |4(H = Ho) (A — ;) +2 (B = [b) = [y 3] (657
#7 =2J2 b9 — 2 (H — Hp)a?] .
Thus, the tangent tensors are 4B = 0,
P = (& + & 1) gy’
G (6.88)
— 25 (A 0 A) 28 7 (a7 a + )
= i
20 (H7 = #7) @+ 46 T2 (b9 + 020 170 — 2(H — Hy) 0]
Co (1 aBpy6 _ qaByd _ af b o o pet) gy OO
C ¢ .
ey LA [4 (H — Ho) I, + 11,3} @878
and -
JeBrs g JoBrS _ o 0B 9 B2 paB 46 0B 470
3 C1 NH,3 Co 17 CNH + J2 ( a +a ) (690)

— 28 J* (P a?® + a®P1?)

6.2.3.4 DD shell model

In the reference configuration, I = 2, J = 1 and a®® = A®?_ thus the elasticity tensor
(6.82) before deformation becomes

08“675 = (c1 + 02) c%?ﬂ)& ) (6.91)

The moment tensor M® and its tangent f*?° are then derived from Eqs. (4.100) and
(4.101), respectively.
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6.2.4 Incompressbile Fung

This model has been proposed first by Fung (1967) and was then further investigated
by Demiray (1972)%. Later, Humphrey and Yin (1987) extended the formulation by
including an anisotropic contribution of fibers to model passive cardiac tissue. Further,
it is successfully employed for the FE analysis of spleen (e.g. Carter et al., 2001 and
Davies et al., 2002), liver (e.g. Chui et al., 2004 and Roan and Vemaganti, 2007) and
brain (e.g. Rashid et al., 2013 and Rashid et al., 2014) tissues. The strain energy
function of this model has an exponential form in terms of the first invariant of the
Cauchy—Green deformation tensor as

W) = S {exp [c2 (I, — 3)} - 1} , (6.92)

_262

where ¢; is a stress-like parameter and c; is a dimensionless constant.

6.2.4.1 Membrane model

The corresponding membrane strain energy function is

Wa(T,, J) = 26_02 {exp e (i =3)| =1} +p3, (6.93)

where ¢; = T ¢;. In the same fashion as the other models, we get

7% = Dy iy (6.94)
and
99 = Dy (57 + 20750 (6.95)
where oW
D1 = ~M = C1 eXp |:02 (il — 3):| . (696)
o0l

6.2.4.2 NP shell model

Similar to the membrane formulation, for the NP shell model, the incompressible
version of the Fung model (6.92) is

W(l,J) = 26—;2 {exp [02 (I, — 3)} - 1} +p7, (6.97)

8 In literature, this model is usually called as “Fung” model while it is also named “Fung-Demiray”
(e.g. by Wex et al., 2015) or “Demiray” model (e.g. by Gasser et al., 2006).
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which gives

790 = Dy 7 (6.98)
B = P, (”57 420,708 TNH> , (6.99)
with ~
3 oW 5
Dy =20 =& exp [cg (I, - 3)] . (6.100)
ol

6.2.4.3 AP shell model

Plugging Eq. (6.98) into Eq. (4.71), we have

Aaﬁ = D1 TNH s

» . N 4 (6.101)
7—73'8 = Dl <TNI[‘31,3 + Co [113 + ﬁ (H H(]>:| TNH> y
where [A173 is given by Eq. (A.23) (see Appendix A.3) and
. _ 1
Dl = C1 €XP | Co Il + ﬁ -3 . (6102)
The corresponding material tangents are d*?1% = ( and
e — Dy (& + 20
. 4
~a 36 D ~afBry I H— H aByd 49 ~af 8
C3 (NH3+C2 [ 1,3+ Jg( 0)| N C2T3 TNH (6.103)
1
+ 4oy Dy T (375 — ﬁ [2(H — Hp)a™® + bﬂ) ,

jaBys ja 8y r Y6
d73 = D1 dNH,3 — 262 Dl TNH ™NH -

6.2.4.4 DD shell model

The membrane stress 77 and its tangent ¢**?° are given by Eqs. (6.94) and (6.95),
respectively. For the moment tensor M*? and its tangent f*?7%, one need to find the

afyé

corresponding ¢;”'". In the reference configuration, D; = ¢; and Tﬁﬁo = 0. Thus,

from Eq. (6.95), the elasticity tensor before deformation is then

3P0 = (6.104)
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6.3 Anisotropic models

The fibrous structure of soft tissues adds anisotropic features to their mechanical
behavior. In order to capture those, different anisotropic hyperelastic models are
introduced (Chagnon et al., 2015). In general, the are two approaches to describe
the anisotropy of soft tissues. On one hand, the Green-Lagrange components can
be used and on the other hand one can use the strain invariants. Here, the material
models of the latter approach are studied. For isotropic materials (see Sec. 6.2), the
deformation can be described by three strain invariants, which are the invariants of
the Cauchy—Green deformation tensor I, I and I := J. Similarly, the deformation
of anisotropic materials can be described by the strain invariants that are related to
the principal direction of the fibers. Considering the principal direction of the 7*"
family of fibers is L; in the reference configuration, the structural tensor M; can be
expressed according to the kinematics of Kirchhoff-Love shells as

M, =L;@Li=M,+L¥N®N . (6.105)

The in-plane component of structural tensor is

*

Mz' = _iz ® iz = [*1?6 Ga ® Gﬁ s (6106)

where
Li=1G,, L. =LvL, Le:=L;-G*. (6.107)

The out-of-plane component of structural tensor is then

L3 = (L;-N)”. (6.108)

The first invariant of the structural tensor, which is used for most anisotropic models,

is?

however, other invariants can also be used (Chagnon et al., 2015). Likewise, the
in-plane invariant is defined as

]Z = 1tr (é Mz) = .l*-zl : éiz = Gap szaﬁ . (6110)

In the same fashion, for the membrane formulation, the corresponding quantities are
defined on the shell mid-surface as

M;,=M;+L*N®N , (6.111)

9 Some scholars (e.g. Gasser et al., 2006) use Iy and Ig for I} and I} if two family of fibers are
considered. Here, we use I, if only one family of fibers is included and I} for more families of fibers.
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where
M; =L, oL =LA,® Ag (6.112)

L:=IL*A,, L*:. =1L [L[°=L; A° (6.113)

and L = (L;- N )2. Thus, the invariants are reformulated as

Ii=T0+ X213 (6.114)

with
Ii:=tr(CM;)=L; CL; = a,s L} . (6.115)

Remark 6.5. Based on the Kirchhoff-Love hypothesis, Lf‘?’ = L3 is constant through
the thickness. For thin membrane and shells, it is more realistic to assume that fibers
are distributed layer-wise, i.e. L3 = L33 = 0. This implies that I = I! on S through
the thickness and I: = Ii on S. For the examples investigated in this thesis, it is
assumed that L33 = L33 = 0.

Fiber-reinforced models have become popular for approximating the mechanical be-
havior of soft tissues. For instance, in arterial wall mechanics fiber-reinforced mod-
els, where the collagen fibers are embedded in an isotropic groundmatrix, have been
used successfully (see e.g. Holzapfel et al., 2000 and Gasser et al., 2006). In general,
anisotropic hyperelastic material models developed for soft tissues are based on the
assumption that the material is constructed from an isotropic matrix reinforced with
several fibers that have given principal orientations, which induce anisotropy. Hence,
the strain energy function W is composed of an isotropic part Wm and an anisotropic
part Wf as

g

W= W (B J) + S WelTu o T ) (6.116)
i=1

where ng¢ is the number of fiber families. The anisotropic part may only include
the invariants of the structural tensors, like in the anisotropic Mooney—-Rivlin model
(Sec. 6.3.1), or it may combine them with the invariants of the right Cauchy—Green
deformation tensor, like in the Gasser—-Ogden—Holzapfel model (Sec. 6.3.2). A detailed
survey of anisotropic models for biological tissues can be found in Chagnon et al.
(2015).

6.3.1 Anisotropic Mooney—Rivlin (AMR)

Here, the anisotropic Mooney—Rivlin (AMR) material model is obtained by general-
izing the formulation of Rivlin and Saunders (1951) in terms of the invariants of the
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structural tensor as (Kaliske, 2000)
i>2

For the isotropic part, an incompressible Mooney—Rivlin constitution is considered (see
Sec. 6.2.3). For the anisotropic part, ng families of fibers with a quadratic potential
are included. The incompressibility constrained is enforced through the Lagrange
multiplier method. Thus, the total strain energy of the 3D continuum is expressed as

W = (s Ty J) + Wi (0L, 2, o 17
- 5 oo (6.118)
_ %(11 —3)+ %2(12 “3) 4> el - 1) 55 .

=1

6.3.1.1 Membrane model

The corresponding membrane strain energy of Eq. (6.118) is

Wy = W (L, I, J) + Wi (1, 12, ..., 1))
~ _ o (6.119)
= =3+ (L -3+ ew(li—1)"+p3.

=1

where ¢; = T'¢y, o = T'éy and c3; = T ¢3;. Assuming that L3 = 0, the anisotropic
part of Wy do not contribute to the Lagrange multiplier p, which is obtained from
733 = 0. Thus, p is the same as for an isotropic Mooney—Rivlin solid (see Sec. 6.2.3).
The total stress on S is then

798 = 108 4 720 (6.120)

where the matrix contribution 77 is given by Eq. (6.81) and the fiber contribution is
ng .
=23 eu(l—1) L7 (6.121)
i=1
The corresponding tangent tensor on S is split as

P9 — oBrd 4 0?575 _ (6.122)

The isotropic part ¢2#7 is defined by Eq. (6.82) and the anisotropic part is

ng
7 =43 ey L LY (6.123)

=1
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6.3.1.2 NP shell model

Considering that Lf’?’ =0, from Eq. (6.118), the total Kirchhoff stress on S is

FoB 7”—1?15 + 7~_faﬁ , (6.124)
where ~
oW, A .
7P =2 r ; =2 &(Ii—1) Ly’ (6.125)
@ i=1

according to Eq. (6.118) and 77 is given by Eq. (6.84). The total elasticity tensor on
S is then ¢@P1% = zaf0 L @50 \where @819 is given by Eq. (6.85) and

ng
g =4 e LT LY (6.126)
=1

6.3.1.3 AP shell model

Likewise to Eq. (6.124), the total stress is split into the isotropic and anisotropic

contributions as
o8 = 708 4 700 (6.127)

m

where 7% is given by Eq. (6.86.1) and

ng
il =2 2531 (I, —1) L. (6.128)
i=1

Similarly, the first-order approximated terms are
70 =i+ Y (6.129)

where %Iflﬁg follows from Eq. (6.86.2) and

ng
20 =23 [fi3 L% 4 (Ii - 1) ﬁgfgf} | (6.130)

=1
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Here, ﬁf‘g and IZ’?) are given by Egs. (A.29) and (A.30), respectively. In the same
fashion, the fibers and the matrix contribute to the corresponding tangents, i.e.
eoBYe = pabyd 4 6?5’75 ’
JoBve — CZIOénﬁvﬁ + 62?575 :
(6.131)

safByd . safByé sa By
e = en?? + ¢

I

raBys . faBys rapyd
faﬁv — fgﬁw + ffa gl ’

where the isotropic tensors ¢*%7, é&ﬁ 2% and cﬁﬁ 2% are given by Egs. (6.88-6.90) and
def’ = 0.

The anisotropic tangents are then

ng
o 0 ~ 6
g0 =4y e LY LY
=1
Ao =0
)
) ne N (6.132)
G =4 (LT L+ R L)
zflnf
Ay’ = -4y e L7 L

=1

6.3.1.4 DD shell model

From Eqgs. (6.82) and (6.123), the elasticty tensor (6.122) before deformation becomes

ng
" = () +4) e L LY (6.133)
i=1
Similar to the isotropic models, for an anisotropic Mooney—Rivlin solid, the mo-
ment tensor M and its tangent f*#7° are obtained by plugging ¢”" (6.133) into
Egs. (4.100) and (4.101).

6.3.2 Gasser—Ogden—Holzapfel (GOH - 3D GST)

The Gasser—-Ogden—Holzapfel (GOH) material model is an anisotropic hyperelastic
material model, which is used to model soft tissues with distributed collagen fibers,
and is mainly developed for the modeling of cardiovascular arteries (Gasser et al.,
2006). This model is constructed of an isotropic part, which represents the elastin
matrix of soft tissue and is modeled by the incompressible Neo-Hookean material
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model, and an anisotropic part due the collagen network, which is based on the struc-
tural tensors of two families of fibers. Compared to the fiber reinforced models of
Holzapfel et al. (2000) and Holzapfel et al. (2002a), Gasser et al. (2006) consider that
orientations of the collagen fibers are dispersed. In many soft tissues, fibers might
not be completely aligned and might have some dispersion. In general, there are two
approaches to include the dispersion of fibers in the constitution: (1) The angular
integration (Al) approach, which uses a probability density function to directly in-
corporated the dispersion effect in a given strain energy function and (2) using the
generalized structure tensor (GST) (Skacel and Bursa, 2014 and Holzapfel et al., 2015).
Here, we adopt the concept of the generalized structural tensor to model dispersion
of fibers following Gasser et al. (2006). For a given family of fibers with the princi-
pal orientation L', fibers are distributed with rotational symmetry about L so that
the each family introduces a transversely isotropic response. In this section, a 3D
generalized structural tensor (3D GST) is considered; however, for thin structures,
2D generalized structural tensors (2D GST) can also be used (Tonge et al., 2013),
as discussed in Sec. 6.3.3. Following the Lagrange multiplier method to enforce the
incompressibility, the strain energy density function suggested by Gasser et al. (2006)
is expressed as

where the isotropic contribution of matrix is

Wi =

N | =

(I, -3), (6.135)

with [ to be the shear modulus. The anisotropic contribution of fibers is

2

N k1 -

We=3, 2;% {exp (ks (J1 — 1)) = 1} , (6.136)
i1

where ko; > 0 is a dimensionless parameter and /;?11' > ( is a stress-like parameter to
be determined from mechanical tests of the tissue. Further, Ji are the invariants of
the 3D generalized structural tensor H;. In the following sections, first we introduce
the generalized structural tensor following the Kirchhoff-Love kinematics and then
the membrane and shell models are derived.

6.3.2.1 3D generalized structural tensor (3D GST)

The 3D generalized structural tensor H; is a linear combination of the anisotropic
structural tensor M; (6.105) and the isotropic identity tensor 1 € R3 as
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where r; € [0, 1/3] is the parameter determining the degree of dispersion (Gasser
et al., 2006). Following the kinematics of a Kirchhoff-Love shell (see Sec. 4.1.1), the
layer-wise 3D generalized structural tensor on & becomes

Hi=rl+(1-3n) (L7 GG+ IPNaN), (i=12). (613

The first invariants of the 3D generalized structural tensor H; are then

Ji=C: H;=r(L+ 7)) +(1=3r) (L +XL®), (i=1,2), (6139

where 11, Ii and L33 are given by Eqs. (4.52), (6.110) and (6.108), respectively. Simi-
larly, for a membrane formulation, the 3D generalized structural tensor on S becomes

.Hf:m1+ﬂ—ﬂﬁﬂ(QMAQ®Aﬂ+L?N@MV>, (i=12), (6.140)
which gives
Ji=C H;=r(L+X)+(1—-3nr) (IL+XLP), (i=1,2), (6.141)

where I; and I} are given by Eqs. (4.32) and (6.115), respectively.

6.3.2.2 Membrane model

The corresponding membrane strain energy of Eq. (6.134) is (Roohbakhshan et al.,
2016)
WLy, Jy, g3, ) = W) + We(J3, J3) + B3 (6.142)

where

W =

NI’;

(I —3) (6.143)

2

W = j{:ijzz {exp[k%(J’ 1)2] — 1}, (6.144)

where =T fi and ky; = T ky;. Here, I; and ji are defined by Egs. (4.31) and (6.141),
respectively.

The components of the Kirchhoff stress on § are

oW 2
LB _ o ::MAw+2§:@[@AW+4L—&mL%]+pw5,
8aa5
i=1 (6.145)
38 = 18W’—u+2§:E[n 1—3mﬂﬁﬂ+pﬁ
A3 0N ’ v ’
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where J = 1 is plugged in after taking the partial derivatives of W. Here, we have
defined
(9Wf

E; = =k (J; — 1) exp [koi (Ji = 1)),  (i=1,2) (6.146)

and Ji is defined by Eq. (6.141).

From the plane-stress condition, 733 = 0, the Lagrange multiplier can be found as
{ 12 Z E [m (1—3k) Lﬂ } (6.147)

Plugging p into Eq. (6.145), the total in-plane Kirchhoff stress can be split as

708 = 7o | rob (6.148)
where
T8 = prin (6.149)
and ,
=2 ERY, (i=12). (6.150)
i=1
Here,
1
R = kim0 + (1 - 3k)) (L?B Lf’?’ﬁa 5) : (6.151)

The total elasticity tensor is then

P8 =2 = o0 2 (6.152)
8%5
where B
o . Tr?l afvyo
2% =2 oy = [ (6.153)
and
o’ 2
RIS s S Z [m E;+(1—-3k;) L33] Al
Days -
- (6.154)

2
+4) DR R]’.
i=1

Here, we have defined

8E

Di =

— ey |14 2k (JE = 1) ] exp [k (Ji—1)2] . (i=12). (6.155)
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6.3.2.3 NP shell model

The strain-energy density function is given by Eqs. (6.134), (6.135) and (6.136). For
the NP shell model, H; and J; are defined by Eqs. (6.138) and (6.139), respectively.
Similar to the membrane formulation, the stress tensor has two parts as

7ol = fab 4 700 (6.156)

where
708 = iFen (6.157)

is the isotropic contribution. The anisotropic contribution of the fibers is then

7P =23 "E R (6.158)
=1
where we have defined
. 9.Ji o . U .
R = @45 — 72 (1 - 3 k) <LZ.’B - L?Sﬁg ff) . (=12 (6.159)
and
E; = Z?/f =k (J; = 1) exp [koi (J, = 1)*],  (i=1,2). (6.160)
4

From Egs. (6.157) and (6.158), the symmetric elasticity tensor on S is

~af3
FaBYs . 9 o7 = Pl 4 5?575 , (6.161)
8975
with grab
6%57(5 — 9 a;mé — ﬂ5§%76 : (6162)
y
972" =
~§<ﬁv5 =9 6_gf : =92 Z [/{i E;+ (1 —-3k;) L§3] N%?{W&
v i2=1 (6.163)
+4y D Ry RY
i=1
and
~ 8E~'Z ~ % 2 7i 2 ;
4
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6.3.2.4 AP shell model

On the shell mid-surface S, 7% = 798 4+ 777 where
2

rof = arsn . =2 ERY”. (6.165)
i=1

Here, R is given by Eq. (6.151) and we have defined
E; =k (Ji— 1) exp [ka (Ji — 1)?] (6.166)

and

which depend only on the mid-surface parameters. The first-order terms are then

m,3

2
= ithe Y =2 ) (BRS + Dl R (6.168)
=1

where we have defined

Jig=ri(hg+4HJ2) +(1=3r) 10, (6.169)
R = kit + (1= 3) [iﬁﬁ + L (75 — 2 Baﬁ)] (6.170)
and
) oE; - . .
D=2 = [1 + 2ky; (Ji— 1)2] exp [/@i (Ji— 1)2} L (=12, (6.171)
4

on 8. Further, I 3, ﬁ?g and ]13 are given by Eqgs. (A.23), (A.29) and (A.30), respec-
tively (See Appendices A.3 and A.4).
Following Eq. (6.131), the isotropic tangent tensors are

e = ey’

~ R 5 - ) 7 6 ~ g
o0, ER =R, AR A )
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The components of the anisotropic tangent tensors are cz;lﬁ 7 =0 and

2 2
G 03w B 443 DR R

zl =1

i’ = 42 (D RS Y+ B iy R R+ D7 7))

(6.173)
+ zz i (B850 + Do Ji 507 +2Z — 3 k) LP 0
Qs =9 Z (Di R I+ ki B é;%ﬁ) 42 Z (1—3n;) LS50
=1 =1
Here, we have defined
. 9D,
Fo= Sot =2k (= 1) 3420 (Ji = )] exp [k (S = 1)°] (6.170)
4
and
dJi 1 R
0= A8 gy, {B"‘ﬂ - — (" + 2Haaﬂ)} +(1—3k) LY,
8@75 J ’
o (6.175)
Jgf = 3 ok, %ﬁﬁ 2(1— 3/@-)[,?‘5 )
Ib.s

6.3.2.5 DD shell model

For the membrane part, one can used the membrane formulation of Sec. 6.3.2.2. Hav-
ing the membrane elasticity tensor c** from Eq. (6.152), bending part can be derived
by Egs. (4.100) and (4.101). Before deformation, I} = 1, which gives D; = ky;, and
R% = (1 — 3k;) LY. Further, J: = 1, which results in E; = 0. Hence, plugging
Eq. (6.152) into Eq. (4.97), we get

2
AR [,u +2 Z (1 —3r;) L cﬁfﬁf
, = (6.176)
+ 4 Z kli (]_ - 3/@')2 L?ﬂ LZCS .

=1

6.3.3 Gasser—Ogden—Holzapfel (GOH - 2D GST)

For a thin soft tissue, one may assume that the fibers are oriented in-plane; thus, a
2D dispersion model would be sufficient. Ogden (2009), Holzapfel and Ogden (2010)
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and Tonge et al. (2013) have studied 2D models of distribute fibers. For the model-
ing of non-symmetric collagen fiber dispersion, Holzapfel et al. (2015) have recently
introduced a new structural tensor that is decomposed into in-plane and out-of-plane
parts. The model is motivated by the new experiments on the dispersion of collagen
fibers in human arterial layers, which have revealed that the dispersion in the tangen-
tial plane is more significant than that out-of-plane. Thus, a rotationally symmetric
dispersion model (see Gasser et al., 2006) cannot perfectly capture this distinction.
In this section, we adopt the 2D generalized structural tensor used by Ogden (2009),
Holzapfel and Ogden (2010) and Tonge et al. (2013) for the modeling the in-plane
dispersion of collagen fibers distributed over the surface of a thin membrane or shell.

6.3.3.1 2D generalized structural tensor (2D GST)

On a shell layer S , & 2D generalized structural tensor can b e constructed as

*

H, = I+(1-2r)M;, (i=1,2), (6.177)

where k; € [0, 1/2] measures the in-plane dispersion of fibers (Tonge et al., 2013).
The first invariants of H; are then

Ji=C:H;=r L+ (1-2r)1, (i=12), (6.178)

where I; and Ii are given by Eqgs. (4.52) and (6.110). Similarly, for a membrane
formulation, the 2D generalized structural tensor on § becomes

which gives
Ji=C:H;=r; L+ (1-2r)1I, (1=12), (6.180)

where I; and I} are given by Eqgs. (4.32) and (6.115), respectively.

6.3.3.2 Membrane model

The membrane strain energy is similar to Eq. (6.142) with an anisotropic contribution
expressed as

We=>_ by {exp [heai (J§ — 1)?] - 1} : (6.181)

i=1 2 ko

where J} is given by Eq. (6.180). As W; does not depend on )3, the anisotropic strain
energy does not influence the Lagrange multiplier p. Thus, we have

T8 = pTin (6.182)
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and )
=2 ER", (i=12), (6.183)
=1
where here o
R = 2 — 5, A% 4 (1 — 2k;) L7 (6.184)
3%5

and likewise to Eq. (6.146),

oWy
Ei = -
.

=ky; (Jy—1) exp [k (J; —1)7],  (i=1,2). (6.185)

Following Eq. (6.182), the total elasticity tensor is

afB
P10 =2 o _ P8 4 2P0 (6.186)
8@75
where 2779 is given by Eq. (6.152) and
i 0 _ 4i D; Ry’ R} (6.187)
Ce = aa,y(; — — i 4y VR .
with
Ok, i 2 i 2 ~
4

6.3.3.3 NP shell model

For the NP shell model, we adopt the 3D strain energy (6.134) with the following
anisotropic contribution

2 ~
T k; 7 *’i
= Z 2];% {GXP Kai (J3 = 1)%] = 1} ; (6.189)

where Ji is given by Eq. (6.178). Likewise to the membrane formulation, here the
Lagrange multiplier p is not influenced by A3; therefore,

7o = iFan (6.190)
and
2 * *
7 =23 EBRY,  (i=12), (6.191)
=1

100



Chapter. 6 Material Models

where here
R = 5, GOB 4 (1 — 2k;) L7 (6.192)
and
. oW, -
E; = ajif =k (o= 1) exp [k (Ji =17, (i=1,2). (6.193)
4

On S, the total and isotropic elasticity tensors are given by Egs. (6.161) and (6.162),
respectively. The anisotropic elasticity tensor is then

a~“ﬁ
AL =43 DR R 6.194
Ce 8975 ; ( )
where
D= 95 _f, [14—21{:22 (Ji—1) ] exp [k:z,- (Ji— 1)2} L (i=1,2).  (6.195)

aJi

6.3.3.4 AP shell model

As before, the isotropic stress 7%% and through-the-thickness linearized tensor 7 53 are

given by Egs. (6.165.1) and (6.168.1). From Eq. (6.191), the anisotropic counterparts
are

il =2 Z E; R’ (6.196)
and
2
=2y (E RS+ D, Ji, R?ﬁ) (6.197)
i=1

where R?ﬁ is given by Eq. (6.184) and here
= ki; (Ji — 1) exp [ko; (J} — 1)?] (6.198)

and J} follows from Eq. (6.180). Further,

R =2k B + (1 —2k;) L7 (6.199)
. oE; - .
D= oot = I, [1 + 2y (JE— 1) ] exp [k:% (Ji - 1)2] (6.200)
4
and here
Jig=ri L+ (1—2k) 105 (6.201)
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Following Eq. (6.131), the isotropic tangent tensors can be found from Eq. (6.172).
The corresponding anisotropic tangents are then d‘fw 7 =0 and

2
g =4 DR R
12:1
&0 =43 (DR R + B Ji, R R + D, R’ Jgf) , (6.202)
’Lzl
iy’ =2> DRI
=1
where here N
aJi .
W= =2k B (1-2k) LY
3@75 ’
o (6.203)
T = T 9k A% 2(1 - 2k) L7
9.5

6.3.3.5 DD shell model

The membrane stress tensor 7% and the membrane elasticity tensor ¢®#7° are derived
in Sec. 6.3.3.2. In the reference configuration, J; = 1, which gives D; = ky;. Thus,
likewise to the model with the 3D generalized structural tensor, we get

2
& =43 kR R’ (6.204)
=1
and 9
T? T?
aBys _ L apys _ L ki R R 6.205
f 12 CO 3 ZZ:; 1o 24 ) ( )

6.3.4 GOH model with compression/tension switch

The strain energy density function in the form of Eq. (6.136) is polyconvex if IZ >
1 (Balzani et al., 2006 and Prot et al., 2007). This issue is also addressed in the
model of Gasser et al. (2006), where I i < 1 is avoided due to non-physical response.
Physically, this restriction can be interpreted as fibers bear no compressive force and
they contribute to the mechanical response only if being elongated due to tensional
forces. To computationally model this behavior, such models should be equipped
with a compression/tension switch to exclude the compressed fibers. The switch
can be implemented as a Heaviside function (see e.g. Ateshian et al., 2007; Ateshian
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et al., 2009; Federico and Gasser, 2010 and Melnik et al., 2015). Hence, the GOH
model can be modified as

[kos (J5 — 1)?] =1}, (6.206)

where on the shell layer S , the compression/tension switch HZ is formulated by the
Heaviside step function
1, z>0,

H(z) := 2
R (6:207)
as
H;, = Hi(gap) = H(Ii — 1) . (6.208)
In the same fashion, for the membrane constitution, we have
Z Hy —— { exp [ks (J; — 1)%] — 1}, (6.209)
- 2 k22

in which, the compression/tension switch H; is defined on the shell mid-surface as
H; = H;(anp) = H(I} - 1) . (6.210)

Remark 6.6. As discussed by Holzapfel and Ogden (2015), in literature and FEA
programs (see e.g. Abaqus, 2013), the compressmn/ tension switch has also been im-
plemented according to I i > 1 instead of [ 4> 1or I{ > 1, which may give erroneous
results.

Recently, Holzapfel and Ogden (2015) and Li et al. (2016) proposed modified fiber
dispersion models based on the AI approach, which do not need a Heaviside function.
However, it has not been applied to the GST approach yet. The focus of this thesis is
on the GST approach and Al approach is not studied here. In the following, we show
how the compression/tension switch can be implemented for the introduced membrane
and shell models. The switch is applied to the GOH material model with both 3D and
2D GST. As the switch affects the contribution of fibers, only the anisotropic part is
reported here.

6.3.4.1 Membrane model

For a membrane, the switch is defined on S following Eq. (6.210). Incorporating the
switch in the anisotropic membrane strain energy (6.209), the membrane stress tensor
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and the elasticity tensor would be

2
=2 H,E R (6.211)

i=1
and

ores 2 2
afys f 2 2 nieTc 7 . paB pyd
0= 2% =2 z; ki Hy B 60370 4 4 ; H; D; R° R}’ . (6.212)

For the 3D GST, Ji, E; and R’ are defined following Eqs. (6.141), (6.146) and (6.151),
respectively. For the 2D GST, Ji, E; and Rf"g are given by Eqgs. (6.180), (6.185) and
(6.184), respectively, and the front term of Eq. (6.212) will vanish.

6.3.4.2 NP shell model

If the 3D GST is used, one can directly plug the switch definition (6.208) into the
strain energy density function (6.206). Accordingly, the in-plane stress and elasticity
tensors should be augmented with the compression/tension switch as

2
7 =2 HE R (6.213)
i=1
and
07’ 2 2
~afys f T =By0 7. paB pd
D ILLLL o) |

Similarly for the 2D GST, the compression/tension switch (6.208) can be inserted into
Eq. (6.189), which leads to

2
7 =2 HE R (6.215)
i=1
and N
~o¢5
e =99 NS D RO RS (6.216)
ag’yé i=1

B

Note that once the switch is included, the anisotropic stress 7y would be discontinu-

ous through the shell thickness. Thus, the numerical integration should be performed
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so that there are enough number of Gaussian quadrature points in the portion(s) of
the shell thickness, where the fibers are extended and the switch is active.

6.3.4.3 AP shell model

For the isotropic contribution of matrix, the cross section would be fully-stressed
(see Fig. 4.3.a); thus, one can use the formulation introduced in Sec. 4.3.2.2.1 with
the corresponding stress and tangent tensors given in Sec. 6.3.2.4. However, the
anisotropic part, being influenced by the switch, has a partially-stressed cross section
(see Fig. 4.3.b). For the anisotropic part, the formulation of Sec. 4.3.2.2.2 is adopted.
Hence, the stress and moment tensors due to the fibers are

2

o % i\ Al 1 i 7 ~ O
0=y {<T2 ~T) A+ §[(T2)2 ~(1)*] rfig} ,

=1

) (6.217)
a 1 i\ 2 i\2 | ~aB 1 i\ 3 i\3 | ~aB
M =30 35[ @) - @) w0+ 5[ @) - @) ] A
=1
where we have defined
#= 2B R, =2 (BRS+ DLRY) L i=12, (6218)

according to Eqs. (6.165.2) and (6.168.2). As the anisotropic part is partially-stressed,
one needs to find the thickness interval [T7, T%] € [—T/2,T/2], where I} > 1. The
algorithm to find 77 and Ty is given in Appendix A.4. Likewise to the stress and
moment tensors, the material tangents are also derived following the formulation of
Sec. 4.3.2.2.2. For instance,

2
o i AW 1 i\ 2 i\2 | ac
Cfﬁw = Z {(TQ - T1> Cfi/m + 92 [ (TQ) B (Tl) ] Cfi,ﬁgd}
":12 (6.219)
+2Y) (%;;ﬂ Uy’ — 7o U;f) ,

i=1
where é?f 7 and égﬁ 376 are given by Eq. (6.173); 727 and 75 are defined according
to Eq. (4.85) and U’ and US” can be found in Appendix A.4. The other material

tangent tensors can be derived similarly.

6.3.4.4 DD shell model

The compression/tension swith is not fully consistent with the DD shell model since
the assumptions made to derive Egs. (4.89) and (4.99) are not necessarily valid if the
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switch is applied. As the switch has an unsymmetric structure, the material model is
no longer symmetric w.r.t. the shell mid-surface. Thus, the expressions with mixed
term, i.e. E,p K5 in Eq. (4.91), do not vanish. Hence, the membrane and bending
strains cannot be fully decoupled. Nonetheless, if the directly-decoupled approach is
followed, in the reference configuration, I} = 1, which implies that H; = 0. Thus, the
anisotropic part do not contribute to the bending energy and this reduces Egs. (6.176)
to a purely isotropic formulation, i.e.

5P = (6.220)

The directly-decoupled approach cannot capture the effects of the compression/ten-
sion switch if the bending moments are dominant or the anisotropic forces are much
stronger than the isotropic ones. However, it is accurate if only the membrane forces
are influential (Roohbakhshan et al., 2016).
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Chapter 7

Interfacial Mechanics!Y

In human body, there are biological fluids such as serum, urine, gastric juice, amni-
otic fluid, digestive, urinary and reproductive tracts, endocrine glands, middle ear,
cerebrospinal and alveolar lining liquid, which contain numerous surface active agents
(surfactants), proteins, and lipids (Fathi-Azarbayjani and Jouyban, 2015). These flu-
ids have essential contributions to the proper function of various tissues and different
organs within the human body. Surface tension, which is caused due to the attraction
of particles at a liquid interface by the bulk of the liquid, tries to minimize the liquid
surface area. However, if surfactants are added for example to a water-air interface,
the surface tension can be drastically reduced. Surfactants, which are amphiphilic
compounds, have a hydrophobic tail, which is oil-soluble and allow them to stay on
the surface, and a hydrophilic head, which is water-soluble and is able to bond with
water molecules to prevent them from binding tightly. This behavior of surfactants
is particularly crucial for the lung biomechanics as pulmonary surfactants facilitate
the breathing and reduce the possibility of airways blocking by lowering the value of
surface tension while the lung volume is decreased (Goerke, 1998 and Veldhuizen and
Haagsman, 2000).

With respect to the material behavior, surfactants dynamically change the surface
tension that results in hysteresis if a biological membrane or shell is cyclically loaded
(see e.g. Koji¢ et al., 2006 and Koji¢ et al., 2009). Hence the visco-elastic behavior of
many biological materials can be explained by considering a dynamic concentration-
dependent surface tension at the interfaces of fluids covering soft tissues and biological
organs. Thus, it is important to study how the interfacial characteristics, particu-
larly the surface tension, of such fluids affect the mechanical response of soft tissues.
Here, an efficient and simple approach is introduced to model dynamic surface ten-
sion within the framework of the membrane theory presented in Sec. 3.2. For the
liquid constitution, two material models, developed for dynamic surface tension of

10 This chapter is based on Roohbakhshan and Sauer (2018a).
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pulmonary surfactant, are discussed; however, the presented approach can be applied
to any biological liquid with dynamic or constant surface tension.

In this chapter, first the liquid membrane theory is reviewed and, then, two dynamic
surface tension models for pulmonary surfactants are adopted for the liquid constitu-
tion. The corresponding numerical examples can be found in Sec. 9.5.

7.1 Liquid membrane theory

The liquid membrane formulation is followed from Sauer et al. (2014) and Sauer
(2014). In fact, the membrane and shell formulation of Secs. 3.1 and 3.2 can be used
to model liquid shells (Sauer et al., 2017) and liquid membranes (Sauer et al., 2014
and Sauer, 2014), respectively. This section reviews highlights of the liquid membrane
theory and readers are recommended to refer to the mentioned references for more
details. Similar to a solid membrane, the kinematics of a liquid membrane is derived
from the differential geometry of surfaces (see Sec. 2.1.1).

The stress state in liquid membranes has a hydrostatic component that is governed
by the surface tension ~ (Sauer, 2014) and a viscous component that is assumed
here to follow a simple linear (i.e. Newtonian) viscosity model (Sahu et al., 2017 and
Sauer, 2018). In this case, the surface stress tensor can be written as

o=0"%a,®as, (7.1)

where
o =y a*® —n,a™” (7.2)

with 7, to be the coefficient of the kinematic surface viscosity. For most of liquids, 7 is
constant but for interfaces with concentration-dependent surface tension, such as the
pulmonary surfactant, v evolves with time as a function of both the surface stretch
and the interfacial concentration. In this case, 7 is solved by an ordinary differential
equation (ODE), which defines the evolution of surface tension. In Sec. 7.2, the
evolution laws for two specific model that describe the dynamic surface tension of
pulmonary surfactants. Then, according to Eq. (2.83), the components of Kirchhoff
stress tensor are

T =~ Ja —ng Ja*’ . (7.3)

The weak form is then derived similarly as discussed in Sec. 3.2.3. The corresponding
FE force vectors and tangent matrices are given in Appendix B.
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7.2 Dynamics models for surface tension

In this section, the existing theories, which explain concentration-dependent dynamics
of surface tension, are briefly reviewed. The adsorption-limited (AL) model of Otis
et al. (1994) and the compression-relaxation (CL) model of Saad et al. (2010) are dis-
cussed with more details as they are in good agreement with experimental results and
can be efficiently implemented following a membrane formulation. In the literature,
there are few theoretical models to explain the diffusion-adsorption process (e.g. Horn
and Davis, 1975; Otis et al., 1994; Morris et al., 2001; Krueger and Gaver, 2000 and
Saad et al., 2010), through which the surfactant molecules are transferred to the inter-
face from the bulk of fluid and accordingly the surface tension of interface is reduced.
All these models assume that the surface tension is determined only by the amount of
surfactant at the interface. In general, the surfactants are transfered to the interface
in two phases: First, surfactants are conveyed from the bulk of fluid to the regions
close to the interface through a diffusion process. Second, the surfactants are adsorbed
from the lower layers to the interface. As diffusion and adsorption occur at different
rates, most of existing models consider either diffusion or adsorption. Accordingly, the
model may account only for diffusion (e.g. Loglio et al., 1991) or it can assume that
the adsorption and desorption processes are more dominant (e.g. Otis et al., 1994;
Saad et al., 2010). Here, two models of the latter approach are adopted. More details
of the available dynamic models can be found e.g. in Saad et al. (2010).

7.2.1 Compression-relaxation (CR) model

Saad et al. (2010) propose a model based on four main processes that affect the
dynamic response of surface tension: 1) Adsorption or spreading, 2) desorption or re-
laxation, 3) elasticity during compression and 4) elasticity during expansion. Further,
they include a minimum surface tension ~,;,, which is the limit that surfactant layers
collapse, therefore, the surface tension cannot be further decreased by more compres-
sion. Besides, Saad et al. (2010) assume that adsorption/desorption and elasticity
processes can happen at the same time. Thus, they postulate a unified formulation
that combines all the cases. Here, within the framework of continuum mechanics, the
model of Saad et al. (2010) is described in terms of the local surface stretch J as

1dJ
k(Yeq =)+ e — 7> 7min
d_7 = (Yeq ) J dt ’ (7.4)
dt :
0 1f Y < Ymin
with
ko it vy =7
k= . (7.5)
k. if v <eq
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e if dJ/dt >0
€= (7.6)

e if dJ/dt<0

where 7., is the surface tension at the equilibrium. Adsorption and relaxation rates
are denoted by k, and k,, respectively. Further, surface tension variation is related to
area changes through elasticity coefficients ¢, and ¢, during compression and expansion
of surface area, respectively. Thus, the CR model requires six different parameters to
be determined, namely k,, k;, €, €, Ymin and Yeq. The first four parameters should
be set by fitting the model to the experimental results and the last two parameters
are directly measured during cyclic measurements.

7.2.2 Adsorption-limited (AL) model

Otis et al. (1994) introduce a dynamic model for surfactant TA® based on an exper-
iment with a pulsating bubble surfactometer (PBS). For the adsorption/desorption
processes, it is assumed that the behavior of surfactant concentration I' at the liquid-
gas interface can be described in three different regimes. These regimes are distin-
guished by two specific concentration values: The maximum equilibrium concentration
['* and the maximum surfactant concentration I'y.x. Otis et al. (1994) assume that
the surfactant concentration cannot be increased more than I'),,, if surface area is
decreased too much, since surfactant molecules are squeezed out of interface, which
keeps the concentration of surfactant at I',.,. Furthermore, for the concentration
values between I'* and I',.x, it is assumed that there is neither adsorption nor des-
orption, putting differently, the surfactant is frozen at the interface. For the regime
below ['*, adsorption and desorption processes are governed by the Langmuir kinetics.
Therefore, Otis et al. (1994) postulate three governing equations for the dynamics of
surface concentration as

(T [Ki(1—¢) — ko] if ¢<1
d(¢J) =<¢ 0 if 1<I'<@max (7.7)
dt
dJ
—@Pmax 7, if = @Pmax
\ ¢ T it ¢=2¢
where K, := k1 C and k; and ko are the coefficients of adsorption onto and des-

orption from the surface, respectively. The bulk concentration C' is assumed to be
constant as diffusion effects, which occur at different rates, are neglected w.r.t. the
adsorption/desorption process. Thus, k; and C' are merged into one parameter Kj.
Here, for the sake of simplicity, normalized concentration ¢ = I'/I"™* and normalized
maximum concentration ¢pax = [max/I* are used.

1 Surfactant TA® is an artificial surfactant, produced by the Tokyo Tanabe company, which was
widely used for clinical treatment of respiratory distress syndrome (RDS).
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Remark 7.1. Morris et al. (2001) extend the formulation of Otis et al. (1994) by
including the diffusion effects. In this sense, C' varies by time and by position within
bulk. For thin liquid membranes, which are the focus of this work, such sophisticated
formulations are not efficient.

From Eq. (7.7), one can derive the surface tension according to an equation of state,
which relates the surfactant concentration I' to the surface tension ~. For this purpose,
Otis et al. (1994) suggest two straight lines that meet at I' = I'*, which gives

Yo — ™y & if ¢<1
o 7 (7.8)
7*_m2(¢_1) if 1<¢§¢max

where 7y is the temperature-dependent surface tension of water, e.g. &~ 70 mN/m
at 25° C, and v* is the minimum equilibrium surface tension, corresponding to the
maximum equilibrium surfactant concentration I'*. The parameters K, ko and ma
are determined through a parameter identification process; m; can be as

*

my = — 7. (7.9)

and

Gmax = 1 + 7~ Ymin (7.10)
mso

Thus, the AL model needs six independent parameters to be determined, i.e. Ky, ko,
ma, Yo, V*, and Yyin. The first three ones are found by fitting the model and the last
three are directly measured during repeated experiments.

7.2.3 Time integration

In a dynamic formulation, one need to distinguish between the variables at the current
time step ¢, and the previous time step t,_;. Thus, at the time step t¢,, Eq. (7.3) is
rewritten as

79 =, I al® — g J, a2 (7.11)

where both «,, and a%* depend on the history of deformation.

Note 7.2. Here, for the sake of simplicity, temporal indices in the current time step
t, may be removed, e.g. J, := J, unless they are required to be distinguished from
the quantities of the previous time step t¢,,_;.

Here, time-dependent quantities 4 and a*® are discretized by the backward Euler

scheme, which gives
d’)/ A7 Tn — Tn—1 .
P — =, 7.12
dt At At K (7.12)
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and 1
B ~ (M e ) , (7.13)

n = A_tn n n—1
where At,, = t,, — t,_1 is the time step. The approximated equation (7.12) is implicit
and requires solving an algebraic equation in terms of unknown ~,, which is solved
iteratively by the Newton-Raphson method introduced in Sec. 8.1.4. For the cases
investigated in the next sections, 7, has spatial variations since it explicitly depends
on the current surface stretch .J,. Thus, the spatial variation of v, adds extra terms
to the internal stiffness tangent matrix of the liquid membrane.

Remark 7.3. In general, there are three approaches to computationally model the
surface tension:

1) Point-wise, where the surface tension varies locally, where v = v(x, t), as it is used
here;

2) Element-wise, where the surface tension is assumed to be uniform over each finite
element Q°, where v = v(Q°,t) (e.g. Wiechert et al., 2009 and Wiechert, 2011), or

3) Globally, where the surface tension is considered uniform over the whole membrane
surface, i.e. v = y(t).

If the surface deformation is homogeneous, all the approaches predict similar surface
tension; however, if the strain field is not uniform, the former may result in surface
tension gradient, which in turn induces interfacial flow known as Marangoni flow
(Velarde et al., 2002). If the bulk viscosity is effective, the Marangoni flow causes
internal flow inside the bulk of fluid through viscous forces. In the presented work,
the bulk flows are neglected. As the dynamic surface tension models, introduced in
Sec. 7.2, depend explicitly or implicitly on the surfactant concentration, Marangoni
effect might be expected for some applications if the point-wise approach is followed.
As shown by Roohbakhshan and Sauer (2018a), even though presented finite element
formulation is described in a Lagrangian framework, it allows for such flows as long
as they are small. For large flows, within an arbitrary Lagrangian—Eulerian (ALE)
approach, a convection-diffusion equation should be considered, which explains how
the surfactant particles are transfered as the fluid interface deforms (Sahu et al., 2017
and Stone, 1990). This is left for future work.

7.2.3.1 CR model

Plugging Eq. (7.4) into Eq. (7.12), the time-discretized version of CR model is obtained

as
1

T 1+ kAt

I
Tn Yn—1 + k VYeq At +e€ (1 - 1):| (714)

In
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where
ka if n 2 e
k= = e (7.15)
ky it 7 < Yeq
€e if Jn 2 Jnfl
€= (7.16)
€c if In < Jp1
The spatial variation of v is
vy
Ay = — A J 7.17
Y= 57 (7.17)
where
o __ £ (7.18)

0  1+kAt (],

7.2.3.2 AL model

In the same fashion as the CR model, plugging Eq. (7.7) into Eq. (7.12), a discretized
evolution equation for the concentration I',, is obtained as

AP _ Indn=Jnadna _ | if 1< én < Pmax

At At
Jn - Jn—l . o
| G i 60 = G
(7.19)
which gives the discretized version of CR model is obtained as
—1 Jn—l .
1+ At (K7 + ko)) <At K, + qbn_l) if o<1
Jn— .
¢n = < J—1¢n—1 if 1 < ¢n < ¢max
In— i
[ T ! (¢n71 + (bmax) - ¢max if (Z)n = ¢max
(7.20)

Then, the surface tension is updated according to the equation of state Eq. (7.8),
which gives
Yo — M1 @n if ¢, <1
Vo = . (7.21)
v —=my (= 1) if 1< ¢, < Pmax
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The spatial variation of -, is also given by Eq. (7.17). From Eq. (7.21), one can obtain

oy 1

— = —k.k.— 7.22
oJ J? ( )
with
([L+ A (K + k) ot Sy i ppy <1
0oy, .
kc = = n—1Jn— n-1 < @Pmax
8(1/Jn) Qb 1J 1 if 1<QZ§ 1 ¢
\ (¢n—1 + d)max) Jn—l if ¢n—1 - ¢max
(7.23)
and
ks = ? = (7.24)
¢ —MmMa2 1f 1 < ¢n S ¢max
7.2.4 Linearization
Plugging Eq. (7.13) into Eq. (7.11), the time-discretized Kirchhoff stress is
aff aff s af _ ,aB
To" = Yo Jn ay Al Jn (an an_l), (7.25)

where v, depends on the constitution is derived above for two particular material
model.

From Eq. (7.25), the components of the tangent stiffness tensor can be derived as

oreb

(2%

0
B8 =2 = 27 J a0 4 (7 + J—7> J a8 a7’

oJ

7.26
S At Y

0
where 2L is derived for two specific dynamic surface tension models in Sec. 7.2.3.

oJ
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Finite Element Solution!?

The weak form of the BVP (3.23) is solved by the nonlinear finite element method
(FEM). The finite element solution is based on the IGA concept (Hughes et al., 2005),
which uses non-uniform rational B-spline (NURBS) shape functions for both the geo-
metrical representation and discretization of the weak form (3.23). The main advan-
tage of NURBS-based finite elements is the high smoothness in the representation of
geometry and solution, which satisfies the C'-continuity required for the modeling of
thin rotation-free shells based on the Kirchhoff-Love hypothesis (Kiendl et al., 2009).
Furthermore, quadratic and higher order NURBS-based FE discretizations help to
remove membrane locking. This chapter has two sections. The first one summarizes
the main steps of the FE solution. The second reviews the isogeomtric analysis (IGA)
and how it is implemented within the framework of finite element method.

8.1 FEM procedure

Here, the requisites of the finite element method, i.e. spacial discretization; FE approx-
imation of field variables and surface objects and discretization of the weak form and
its linearization, are discussed. Further details of the finite element method and so-
lution procedure can be found in Zienkiewicz and Taylor (2005) and Wriggers (2008).
Here, specifically the FE formulation and implementation approach of Sauer et al.
(2014) and Duong et al. (2017) are followed.

8.1.1 Swurface discretization

The membrane and shell models presented in Chaps. 3 and 4 are formulated on the
mid-surface S of a thin-walled structure. They are rotation-free displacement-based

12 This chapter is based on Roohbakhshan and Sauer (2016).
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formulations that require only three degrees of freedom per each node (=control point).
Thus, we discretize the (mid-)surface Sy in the reference configuration as

Mel

So~ S =], (8.1)
e=1

where &y is the exact surface, Sy is the discretized surface, ng is the total number
of elements and €2 is a discretized element over the reference surface. Within the
framework of finite element method, any point X on Sy is approximated using the
finite element interpolation functions, also called shape functions, as

TMne

X (£) mX(€7) =) Na(¢) X4, VX e, (8.2)

where Ny = Ny (5“) and X¢ are the shape function and the position of A" node of
the element €)f, respectively, and n,e is the number of nodes per each element. In
matrix notation, Eq. (8.2) can be rewritten as

X~X=NX, VXeQf, (8.3)
where the nodal positions are stacked in array

X = [X§, X, ., X5, ] (8.4)

TMne

their associated shape functions are
N(&*) == [N11, No1, ..., N, 1] . (8.5)

Here, 1 is the full identity tensor expressed as a 3 x 3 matrix. Accordingly, N and X*¢
are 3 X 3ny. and 3n, X 1 arrays, respectively.

Note 8.1. The discretized quantities are denoted as non-italic henceforth.
Following the isoparametric mapping, the field variables are interpolated with the

same shape functions as geometry and all the elements are interpolated with a single
set of shape functions. Thus, in the current configuration we have

S~S=]Ja, (8.6)
e=1
T(6) mx(67) =D Na(€)x4, Vxe, (8.7)
A=1
r~x=Nx°, VxeQ°, (8.8)

116



Chapter. 8 Finite Element Solution

where €2¢ is the deformed element on & and we have introduced

x® = [x§, x5, ..., xflne}T . (8.9)

Considering a Bubnov-Galerkin formulation, both the deformation and the variation
dx are approximated by the same interpolation functions, giving

TMne

0~ 0x = Y  Naox§ = Nox* (8.10)
A=1

for any admissible dx € V), with

ox° = [6x¢, 6x5, ..., 0x ] . (8.11)

n

8.1.2 FE approximation of surface objects

Having discretized the surface S, the other objects associated with the surface can be
approximated as
a, =~ N,x.,

da, ~ N, o0x. ,

(8.12)
Ao ~ NagXe
anp ~ NiagXe
where
No(€%) = [Nial, Noyl, ..., Nyol] (8.13)
Nos(€%) := [N1asl, Naagl, oy Nppeasl] (8.14)
and from Eq. (2.18)
N..p =N — Fgﬁ N, . (8.15)
Here,
Nyo = a@% ,
52N 4 (8.16)

Npop = ———= ,
h T ogeoep
with A =1, ..., nye. Further, for the internal virtual work (3.25), da,s and db,s need
to be discretized as (Duong et al., 2017)

daap ~ 0x; (NL N5+ NEN,) %, (8.17)
and

Obas ~ 0%, N sm . (8.18)
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8.1.3 Discretized weak form

Based on the introduced FE setting, the weak form (3.23) can be discretized. In order
to discretize the weak form, the surface integration, e.g. Eq. (3.25), is carried out over
the element domains 2¢ and then summed over all the finite elements as

Mel

D (G + Gy —Goy) =0 Vox. €V, (8.19)
e=1
where
G, = oxT £,
Ghe = 0%, £, (8.20)
ngt = 5X;r feext

are inertial, internal and external element force vectors, respectively (Duong et al.,
2017), which are given in Appendix B. The positions of all nodes in the Cartesian
coordinate system and the corresponding kinematically admissible set of all nodal
variations are stacked in x and w, respectively, which are global 3n,, x 1 arrays.
Here, n,, is the total number of nodes on discretized S. Thus, Egs. (8.19) and (8.20)
can be written as

wif(x)=0, (8.21)

where

fi= (fin + fing — Foxt) (8.22)

is the global residual force vector, which is a 3n,, x 1 array. Here, f,, fi,; and f. are
global inertial, internal and external force vectors constructed by the assembly of the

element force vectors, ¢, f¢. and ¢, respectively, which are given in Appendix B.

in’» “int ext)

The corresponding entries of w for nodes on Dirichlet boundary 0,S are zero. Thus,
for the free degrees of freedom, Eq. (8.21) reduces to the nonlinear system of equations

f(x)=0. (8.23)

8.1.4 Newton—Raphson iteration

As f =f (x) is highly nonlinear, it is linearized and then solved iteratively by the
Newton—Raphson method. At iteration k, using a first order Taylor expansion, f is
linearized as

f(xps1) = F(xi) + Af = f(x;) + kAx, = 0, (8.24)

which gives

AXk = —k! f(Xk) . (825)
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Here,
of (Xk)
k = 8.26
() = T (8.20
is the global stiffness tangent built as
Nel
k= A\ (kG + kG — K (8.27)

e=1

by the assembly of element stiffness matrices (Duong et al., 2017)

afi?l e afil; e afeex
ien = aX ) kint = 8Xt ) ext axt ’ (828)

which can be found in Appendix B. The solution is updated iteratively as
Xg+1 = Xk + AXk (829)

until a converged solution is found i.e. ||Axg|| — 0 or alternatively ||Af|| — 0.
Tab. 8.1 summarizes the main steps of the solution algorithm for a nonlinear FEM
procedure.

1) Update the current load step t,

3

)

2) Fetch relevant data from the load step ¢,
) Set an initial guess for the Newton—Raphson iteration
)

4) Newton—Raphson iteration (k =1, ..., ng):

i) Compute the residual force vector f(x;) (8.22).

)
ii) Update tangent matrices k(xy) (8.27).
iii) Solve Eq. (8.25) for unknown Axy.
)
)

iv) Check for convergence.

v) Update x.

5) Go to the next load step ¢, 1.

TABLE 8.1: Solution algorithm for the nonlinear FEM
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8.1.5 Numerical integration

¢ € [-1,1], @ = 1,2, The evaluation of the discretized weak form (8.19) requires
numerical integration, which is performed with standard Gaussian quadrature over a
master domain like in the classic finite element method. For the presented formulation,
three kinds of numerical integration are needed: 1) Surface integrals on the shell mid-
surface or membrane surface, 2) in-plane line integrals along a boundary or edges
on the membrane or shell surface and 3) out-of-plane line integrals across the shell
thickness.

The first kind of integration is performed for example to evaluate the contribution of
the membrane stress 77 (B.2) to the discretized weak form (8.19) as

Q
nap (8.30)

~ Z 7% (ép) N,Ta (ép) as (ép) Ja (‘Ep) Wp

fe. = / TNV agdd = | 7N az JadO
5

where ng, is the number of Gaussian quadrature points; £, is the coordinate of the
p'™ quadrature point in the 2D master element Qn and w,, is its corresponding weight
(Wriggers, 2001).

The second type of numerical integration is used for example to evaluate the contri-

bution of constraints used to enforce patch-coupling or other edged conditions (see
Sec. 8.2.2).

The third type of numerical integration is used for the numerically-projected shell
model of Sec. 5.2.1, where the stress and bending moment resultants and their corre-
sponding tangents, i.e. Egs. (5.1) and (5.3), are evaluated by numerical integration.
Similarly, the integration is carried out over a 1D master domain n € [—1,1]. For
instance, the resultant stress tensor (4.65) can be expressed as

% T Tigp
o) = [ pde = g D ) o) (8.31)
-3 p=1

Here, 1, € [—1, 1] are the position of quadrature points in the 1D master element. For
laminated composite shells, the change of integration interval needs to be taken into
account. For instance, the stress resultant is numerically approximated as

Z/ 709 (a, €) d

ngn (8.32)

NZ (Ti = Tima) > #(2.G) wy

p=1
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where
i+ T n T — T

. 8.33
5 5 (8.33)

Cp -

8.1.6 Implementation of the contact constraint

To implement the contact constraint, introduced in Secs. 2.3 and 3.1.3, in the proce-
dure of the finite element solution efficiently, one need to consider different numerical
issues. First, to reduce the computational cost and secure the quadratic convergency
of the Newton—Raphson method, an active set strategy can be followed (Sauer and
De Lorenzis, 2013, 2015), where the FE force vector and tangent matrix associated to
the contact force are only evaluated at those Gaussian quadrature points that are ac-
tive. Second, if two bodies in contact are deformable, the weak form (3.20) should be
satisfied for each body separately. Correspondingly, the contribution of the traction
force f., which has the same magnitude but opposite sign for each body, should be
added to each weak form. Thus, to be unbiased, the so called two-half-pass algorithm
(Sauer and De Lorenzis, 2013, 2015) is used to evaluate the contact contribution.

8.2 Isogeometric descretization

In this section, the isogeometric analysis techniques are employed for the surface
representation and the discretization of the weak form. Isogeoemtric analysis is aimed
for creating a single platform for computer aided design (CAD) and finite element
analysis (FEA) to reduce the overall time in the process from design to analysis
(Cottrell et al., 2009). Non-uniform rational B-splines (NURBS) are widely used in
isogeometric analysis as they can provide arbitrary continuity and high smoothness
in representation. A comprehensive description of NURBS and B-splines is outside
the scope of this paper and further conceptual, theoretical and mathematical details
can be found in the classical references for IGA (e.g. Hughes et al., 2005 and Cottrell
et al., 2009).

8.2.1 NURBS-based finite element

In general, a NURBS-based surface, which is an extension of a B-spline surface, is
described by a mapping from a two dimensional parametric domain. The mapping
is determined by the desired polynomial order p and ¢ for each dimension, a set
of control points P = {P4}*, that define the shape, and two knot vectors = =

{&,6, - &nipr1}t and H = {m1,m2, - , Pmtq1}- Here, ng, = n x m is the total
number of control points of the patch with m and n to be the number of control
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points in the directions £ and 7, respectively. Besides, for the numbering of control
points, we need to define a mapping A = A(i, j) based on the grid of control points,
where ¢ = 1,--- ,nand j = 1,--- ;m. The NURBS surface is constructed from the
rational basis functions

wa NP (&) Ni(n)
w,n)

RE(E,n) = (8.34)

where w, are the weights associated to the control points and N?(€) and qu(n) are
the B-spline basis functions in each dimension and the weighting function is

n m

WEn) =3 ws NI Ni(n) (8.35)

k=1 =1

with B = A(k,l). In matrix form, Eq. (8.34) can be written as

Rig.n) = S &) (5.36)

W&, n)

where R(¢, ) := {RE(&, )42y, N(&,n) := {NF(&) NI(n)}x?, and W is a diagonal
matrix containing the weights of the control points. Then, the shell mid-surface is

discretized by NURBS as

Ncp

33(5,77) = Z Rﬁ’q(f,n) Pa= P’ R(fﬂ?) , €€ [517£n+p+1] y NE [771777m+q+1] )

i=1
(8.37)
where P := {P4}"}",.

Furthermore, with the help of the Bézier extraction operator (Borden et al., 2011),
the global parametric domains = and H are changed to the domain of the Bézier
elements. Then the shape functions are implemented as a classical FEM. Thus, the
rational shape function of an element ()¢ is defined as

RY60) = e+ G €l 1], (8.38)
where R¢(¢,n) = {Rj(f,n)}fil is the set of the rational shape functions, ng, is the
number of control points per element, W€ is the corresponding diagonal matrix of the
element, B¢ collects the Bernstein polynomials of the element and C* = C¢ ® Cj is
the localized Bézier extraction operator. To construct the classic finite element setup,
for the A" control point (=node), the corresponding shape function in element Q¢ is
set to Na(&,m) = RG(€,n), where R is given by Eq. (8.38). For example, Fig. 8.1.a
shows a surface discretized by quadratic NURBS-based shape functions, i.e. p = ¢ = 2.
Here, ==H =[0000.51 1 1], which correspond to a 2 x 2 mesh. The grid of control
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points is shown by the blue lines and the element edges are denoted by black lines.
In Fig. 8.1.b, the shape functions of the control points of the first element (colored
darker in Fig. 8.1.a) are shown at n = —0.5.

Fraure 8.1: A NURBS-based discretized surface: a) Finite elements and the as-
sociated control points. b) The shape functions of the first element at n = —0.5
(corresponding to the control points denoted by red rings in a).

8.2.2 Patch coupling

The big challenge in using NURBS-based meshes in FE analysis of Kirchhoff-Love
shells is the coupling of patches. Although within each patch the shape functions
have C''-continuity, on the boundaries they are C%-continuous. Thus, if a mesh is con-
structed form multiple patches, as it is common for complicated geometries created
by CAD tools, one need to enforce the continuity constraint at the patch interfaces
to be able to use a Kirchhoft-Love shell formulation. In literature, there are various
methods to enforce the continuity between patches. In the bending strip method of
(Kiendl et al., 2010), strips of fictitious material with unidirectional bending stiff-
ness and zero membrane stiffness are added at patch interfaces Schmidt et al. (2012)
present an approach for isogeometric analysis of trimmed NURBS geometries includ-
ing Kirchhoff-Love shells. The method is applied to single-patch and multi-patch
meshes. Nguyen et al. (2013) use a Nitsche method to couple different mechanical
models. They include coupling of a solid and a beam and of a solid and a plate.
Both conforming and non-conforming formulations are presented. Similarly, Nguyen
et al. (2014) apply Nitsches method for two and three dimensional NURBS patch
coupling and in particular for plates. Guo and Ruess (2015b) propose a Nitsche’s
method for weak coupling of thin Kirchhoff-Love NURBS shell patches and a blended
coupling of solid-like patches and Kirchhoff-Love shell patches. In Guo and Ruess
(2015¢), a Nitsche-based extension of the Kirchhoff-Love theory is investigated to
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enforce weakly essential boundary conditions of the shell. The method is applied to
trimmed and untrimmed NURBS structures. Lei et al. (2015b) introduce a penalty
and a static condensation method to enforce the C°/G*-continuity for NURBS-based
meshes with multiple patches. Coox et al. (2017) have developed a new patch cou-
pling method for NURBS-based conforming and non-conforming multi-patch surfaces.
The coupling relationships only depend on the mesh itself and not on any problem-
dependent parameters, allowing them to be generated in a pre-processing step. Their
method is capable of enforcing C°/C"-continuity. In Goyal and Simeon (2016) an al-
ternative formulation for the bending strip method of Kiendl et al. (2009) is proposed
that improves the condition number of the system and removes the penalty parameter
dependence. The non-symmetric Nitsche approach is employed by Guo et al. (2016)
for isogeometric thin shell analysis and particularly for enforcing interface conditions
along trimming curves.

Here, we adopt the approach of Duong et al. (2017) to enforce the G'-continuity across
the patches. The formulation of Duong et al. (2017) can also be used to describe other
edge conditions such as symmetry and clamping constraints and rotational Dirichlet
boundary conditions. In addition to wide applicability, the formulation of Duong et al.
(2017) is favored as it is independent of constitutive equations in contrast to Nitsche’s
method (e.g. (Guo and Ruess, 2015b)). Further, it seems to be computationally less
expensive than the bending strip method of (Kiendl et al., 2010) as it only requires line
integration instead of surface integration. The formulation of Duong et al. (2017) is
proposed for enforcing the G'-continuity across conforming patches. Here, we present
a simplified version of their formulation, which is suitable for patches with smooth
interfaces. For fixed surface folds (e.g. V-shape and L-shape), the general formulation
of Duong et al. (2017) can be used. Further, a similar formulation is proposed to
enforce the C'-continuity across patches and it is shown how this approach can be
applied to patches with nonconforming meshes using a C°-continuity constraint.

Coupling of NURBS-based patches involves two main steps: First, imposing C°-
continuity, which is the prerequisite of C*- and G'-continuity and second, enforcing
the C'- or G'-continuity constraint depending on the method. In the following, a
separate formulation is proposed for enforcing each constraint

8.2.2.1 ('-continuity constraint

When two patches are attached together, as shown in Fig. 8.2, those pairs of control
points on the interface of patches that coincide are merged into one control point. For
the case of patches with conforming meshes, all the control points on the interface
can be paired. However, for the case of nonconforming patches, only some of control
points may be paired. Thus, for conforming patches, merging of control points simply
guarantees the C-continuity at the whole interface; however, this does not hold for
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nonconforming patches. Therefore, for nonconforming patches, C°-continuity must
be separately enforced along the interface, which is discussed in the following. For

AT SR
AT AT

FIGURE 8.2: Merging of two NURBS-based patches: a) conforming patches and b)
nonconforming patches. The red and blue spheres denote the control points of two
different patches and the green ones denote those control points that are paired on
the interface of patches.
nonconforming patches, one can introduce a C°-continuity constraint as

g, =(x—x)=0 (8.39)

where x and & are the position of two associated points on the interface of two adjacent
patches. The constraint (8.39), can be enforced by the penalty method as

I, = % g2ds | (8.40)
Lo

where €, is the penalty parameter. The contribution of Eq. (8.40) to the weak form,
introduced in Chap. 3, is

oI, = / €n g, (0x —dx)dS . (8.41)
Lo

8.2.2.2 (G'-continuity constraint

To enforce G'-continuity between two patches, the constraint equation
g,=(n-n)=0 (8.42)

can be used on the patch interface £, where n is the surface normal of a patch and n
is that of the adjacent patch (see Fig. 8.3). The constraint (8.42) can be enforced by
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the penalty method as
I, = E_“ggdsz/ e (1-n-n)ds (8.43)
[:0 2 L:O

where €, is the penalty parameter and the potential is defined over the corresponding
edge Ly on the reference configuration.

FIGURE 8.3: Schematic illustration of C'-continuity constraint: Patches a) before
and b) after imposing the constraint.

The same constraint is used in Chap. 9 to impose clamping and symmetry constraints
by setting n := IN, where NN is the corresponding surface normal on £y. If a rotational
Dirichlet boundary condition is applied, n is given at each load step. Taking the
variation of Eq. (8.43), the contribution of the constraint potential to the weak form
is

OIl,, = / €ng, - (0n —on)dsS . (8.44)
Lo

Similarly, the constraint can be imposed by the Lagrange multiplier method as (Duong
et al., 2017)

an/ )\gndS:/ A(n—n)dsS, (8.45)
[:0 L:O

where A is the Lagrange multiplier associated with the edge constraint (8.42). Eq. (8.45)
gives

oll, = / oAg,dS +/ A (6n — 571) ds . (8.46)

Lo Lo
The method of the Lagrange multiplier is not studied here. The associated FE force
vectors and tangent matrices can be found in Duong et al. (2017). It should be noted

that for the clamping and symmetry constraints and rotational Dirichlet boundary
conditions, dn = 0, which simplifies the equations considerably.
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8.2.2.3 ('-continuity constraint

C'-continuity between two patches, can be imposed by using two constraints

a a;
gal = <___> :07

T
al ‘21 (8.47)
Yoz = (AQ A2> 0.

Here {a; , a2} and {a; , ay} are sets of tangent vectors on the coupling interface of
each patch (see Fig. 8.3). Further, {A; , Ay} and {A; , Ay} are the corresponding
vectors in the reference configuration, which are used to normalize the tangent vectors
if the patches are nonconforming. Here, it is assumed that the patches are oriented
so that a; can be paired with as and similarly for a; and a.; however, this does not
influence the generality of the formulation. Similar to the previous constraints, here
the penalty method is also utilized as

Ha1 = / %951 dS 5
Lo

‘ (8.48)
HCLQ = / 5 932 dS )
Lo
where ¢, is the corresponding penalty parameter. Eq. (8.48) yields
5Ha1 = / €aga1 . (5a1 — 5(_11) ds s
Lo (8.49)

5Ha2 = / €q gal . ((5012 — 6&2) ds .
Lo
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Chapter 9

Numerical Examples

In this chapter the capabilities of the presented membrane and shell formulations
are demonstrated through different numerical examples. First, in Sec. 9.1 linear and
nonlinear benchmark tests are performed to show the accuracy of the shell formulation.
Here, the results of the finite shell element simulations are compared with the available
analytical or computational reference solutions. Then, in Sec. 9.2, the constitutive
projection approaches for the membrane and Kirchhoff-Love shell models of Chap. 4
are compared. For this purpose, different material models of Chap. 6 are taken into
account. In Sec. 9.3, similar numerical experiments are investigated for the laminated
composite shell models of Chap. 5. The capability of the presented formulation for
contact simulation is demonstrated in Sec. 9.4. Last, the dynamic surface tension
model, introduced in Chap. 7, is examined.

9.1 Shell benchmark tests

For the linear and nonlinear problems discussed below, the St. Venant—Kirchhoff ma-
terial model (see Sec. 6.2.1) is used. As the results of the NP, AP and DD shell models
are identical, only the result of DD shell model is reported. Later, in Sec. 9.2, these
shell models are compared in detail. For the St. Venant-Kirchhoff material model,
the Lamé’s constants

FEv FE

A= Aro0=20)" "~ 30+

(9.1)

are needed, where F and v are the Young’s modulus and Poisson’s ratio, respectively.

129



Chapter. 9 Numerical Examples

9.1.1 Linear problems'

In this section, only two problems from linear elasticity are studied as the focus of
this thesis is nonlinear deformations. Further examples can be found in Duong et al.
(2017). The selected examples are classically used to benchmark shell formulations
(see e.g. Hughes et al., 2005 and Kiendl et al., 2009).

9.1.1.1 Simply supported plate

1.15 !
B —)(—Quafiratic § 10—4
= -A-Cubic >
% 1.1+ -s-Quartic 3
g ——Quintic £
= -6
z £ 107
A &
< 1.05¢ =
< 2
g S
= g 10-%| -*x-Quadratic
é 1t 2 -A-Cubic
= E -a-Quartic

—k—Quintic
0.95 L . ' 10710 n . |
10t 107 103 10t 107 103
(C) Number ofelements ( d) Number of elements

F1GURE 9.1: Simply supported plate under sinusoidal pressure: (a) Initial con-

figuration with boundary conditions (quarter system), (b) deformed configuration

(full system scaled 10* times) colored by the vertical displacement, (c) displace-

ment of point A normalized w.r.t. the analytical solution and (d) relative error of
the displacement.

As the second example, we analyze a plate with dimension L x L x T = 12 x 12 x
0.375 [m?], Young’s modulus E = 4.8 x 10°, Poisson’s ratio v = 0.38, subjected to
sinusoidal pressure p(x,y) = po sin(m 2/ L) sin(ry/L). According to Navier’s solution

13 The examples of this section are taken from Duong et al. (2017) with slight modification.
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(Ugural, 2009), the maximum deflection is at the middle point and given by

Wmax = 55 - (9.2)
where D := ET?3/12(1 — v/?) is the flexural rigidity of the plate. The setup of the
computational model is shown in Fig 9.1a. Only 1/4 of the plate is modeled using
symmetry boundary conditions enforced by the penalty method of Duong et al. (2017)
with the penalty parameter ¢ = 0.01 £ n?~!, where p is the NURBS order and n is
the number of elements in each direction. Fig. 9.1.b illustrates the deformed plate
and Fig. 9.1.c shows the convergence of the computational solution to the analytical
one as the mesh is refined. For the comparison, the vertical displacement at the
center of the plate is normalized by the analytical solution given in Eq. (9.2). The
corresponding relative error is shown in Fig. 9.1.d. As expected, more accuracy is
gained by increasing the NURBS order.

9.1.1.2 Pinching of a cylinder

Next, we the pinched cylinder test with rigid diaphragms at its ends is examined. It is
designed to examine the performance of shell elements in inextensional bending modes
and complex membrane states (Belytschko et al., 1985). The analytical solution for
this problem was introduced by Fliigge (1962) based on a double Fourier series and
can be found in Duong et al. (2017).

The parameters are adopted from Belytschko et al. (1985) as E = 3 x 105, v = 0.3,
R x L xT = 300 x 600 x 3[m®. For the FE computation, 1/8 of the cylinder is
modeled due to its symmetry as is shown in Fig. 9.2.a. The symmetry boundary
conditions are enforced by the penalty method discussed in Sec. 8.2.2. The penalty
parameters used are € = 2 x 10 n?~" E for the axial symmetry, and € = 2 x 10?0} " E
for the circumferential symmetry. Here, n; and n; are the number of elements in
circumferential and axial directions, respectively.

Two opposing pinching forces I = 1[N] are applied at the middle of cylinder. For
the symmetric model, a quarter of the force is applied. The deflection due to the
loads is measured for comparison with the reference solution. For 80 x 80 Fourier
terms, the deflection under the point load is 1.82488 x 10~°, which is the reference
value commonly used in the literature. However, for 8192 x 8192 Fourier terms the
converged solution is 1.82715781 x 10~° and for 2'* x 2 Fourier terms, a solution of
1.82715797 x 1075 is obtained (Duong et al., 2017).

Fig. 9.2.c shows the convergence behavior of the computed displacement at the loading
point w.r.t. the analytical solution as the mesh is refined. From Fig. 9.2.d, we observe
that the relative error only converges up to a certain point. As discussed by Duong
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FIGURE 9.2: Pinching of the cylinder with rigid end diaphragms: (a) Setup of

the computation model, (b) deformed shell (scaled 10° times) colored by the radial

displacement, (c¢) normalized radial displacement at the point load and (d) error
w.r.t. the reference solution as the mesh is refined.

et al. (2017), this can be due to several numerical and theoretical reasons: Under
the point load, two symmetry constraint are applied, which can make the problem
over-constrained. Further, although the NURBS order can be increased for the areas
inside patches, the patch boundaries are only G'-continuous according to Eq. (8.43).
This affects higher order NURBS, especially at the boundaries around the singular
point load. Finally, the analytical solution is based on the Fourier representation of a
concentrated load (see Appendix E of Duong et al., 2017), which cannot be exact.

9.1.2 Nonlinear problems'*

In the following, several nonlinear test cases are presented to illustrate the robustness

and accuracy of the proposed shell formulation.

14 The examples of this section, except the one in Sec. 9.1.2.5, are taken from Duong et al. (2017)
with slight modification.
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9.1.2.1 Cantilever subjected to end shear forces
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F1aure 9.3: Cantilever subjected to end shear force: (a) Undeformed configuration,

(b) deformed configuration colored by the vertical displacement. Horizontal (—v4)

and vertical (wy4) displacement at tip A for (c) a regular mesh with uniform element

length and (d) a skew mesh as shown in (b). The results are compared with Sze
et al. (2004).

The large deflection of a cantilever beam, with dimensions Lx W xT = 10x 1x0.1 [m?],
due to shear traction t = F /W applied to its free end is computed. The forces at the
nodes located on the free end are derived from Eq. (B.5.3). The fixed end is clamped
by the penalty method (see Sec. 8.2.2) with e = 10%. The material parameters are
E =12 x 10% and v = 0.0 (Sze et al., 2004). The beam is modeled is discretized
by 1 x 10 NURBS elements, considering both a regular mesh and a skew mesh. The
applied maximum shear force is Fy. = 4 Fy with Fy = EI/L? and I = 1/12W T3,
As shown in Fig. 9.3, considering 10 elements, cubic NURBS give very good results
for both regular and skew meshes.
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9.1.2.2 Pinching of a hemisphere with a hole

In this example, we compute the large deformation of a hemisphere with a hole at
the top, under two pairs of equally large but opposing forces that are applied on the
equator of the hemisphere as shown in Fig. 9.4. The parameters are extracted from
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F1GUuRE 9.4: Pinching of a hemisphere with a hole at 18°: (a) Undeformed con-

figuration with boundary conditions, (b-c) deformed configuration colored by the

radial displacement and (d) the force vs. displacement of points A and B compared
with the reference solution of Sze et al. (2004).

Sze et al. (2004) as RxT = 10x0.04 [m?], E = 6.825x 107, v = 0.3 and the point load
Fiax = 400 [N]. The symmetry of the hemisphere is modeled by the penalty method
with e = 6 x 10 F (see Fig. 9.4.a). The surface is meshed with 20 x 20 quadratic, cubic
and quartic NURBS based finite elements. As observed in Fig. 9.4.d, the computed
results approach the reference solution as the NURBS order is increased.

9.1.2.3 Pinching of a cylinder with end rigid diaphragms

Here, the pinched cylinder test of Sec. 9.1.1.2 is reconsidered with large deformations as
shown in Fig. 9.5. The dimensions of cylinder are Lx RxT = 200x100x1.0 [m?]. Here,
E = 30x10% Ey and v = 0.3. The point load Fy,., = 12x10% [N] is applied. Due to the
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symmetry, only 1/8 of the cylinder is modeled. The symmetry boundary conditions
are enforced by the Lagrange multiplier method (8.45). The cylinder is discretized by
50 x 50 quadratic NURBS finite elements. Fig. 9.5.f shows good agreement with the

reference result of Sze et al. (2004).
o

12000 [ — .., rsan)|
20 A — vy (Ref) |1
10000 | - - us (FEM) 9
. o ug (Ref) |f
— 8000 1
2 z q
L L 1
. E 6000 J
4000 g
-60 /
9
“© 20000 oo
0 ®
(b) () 20 0 20 40 60 80

Displacement [L]

FIqure 9.5: Nonlinear pinching of a cylinder with rigid end diaphragm: (a) Unde-

formed configuration with boundary conditions. Deformed configurations in (b) 3D

view, (c¢) y-axis view, (d) z-axis view. The color here denotes the radial displace-

ment. (f) Force vs. displacement at points A and B compared to the results of Sze
et al. (2004).

9.1.2.4 Spreading of a cylinder with free ends

In this test, a cylinder, with dimensions L x R x T = 10.35 x 4.953 x 0.094 [m?|, with
open ends is pulled apart by a pair of opposite forces up to Fy., = 40 x 10% [N], which
are applied at the middle of the cylinder (see Fig. 9.6). The Young’s modulus and the
Poisson’s ratio are E = 10.5 x 10% and v = 0.3125, respectively. Here, the results of
Sze et al. (2004) are used as a reference for comparison. Due to the symmetry, only
1/8 of the cylinder is modeled as shown in Fig. 9.6a. The cylinder is discretized by
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20 x 20 NURBS finite elements. The symmetry boundary conditions are enforced by
the penalty method (see Sec. 8.2.2). A good agreement with the reference results is

also observed in Fig. 9.6.c.
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FIGURE 9.6: Spreading of a cylinder with free ends: (a) Undeformed configuration

with boundary conditions, (b) deformed configuration colored with radial displace-

ment, (c) force vs. displacement of points A, B and C compared to the results of
Sze et al. (2004).

9.1.2.5 Multi-patch cantilever subjected to end shear forces

In Sec. 8.2.2, two penalty formulations for the coupling of two NURBS-based patches
with conforming and nonconforming meshes are introduced. In this example, the per-
formance of these formulations are investigated for the case of a cantilever subjected
to end shear forces. As shown in Fig. 9.7.a-b, two cases are considered: 1) A can-
tilever constructed of two conforming patches with G'-continuity constraint (denoted
a 2P-G') and 2) a cantilever constructed of two nonconforming patches with C°/C"-
continuity constraint (denoted a 2P-C°/C"'). Both cases are compared with a single
patch cantilever, denoted as 1P. It is assumed that the cantilever is an incompressible
Neo-Hookean solid and its dimensions are L x W = 10 x 3 L%, where L is a length
scale. For the 2P-G"! case, each patch has a 3 x 3 mesh and all the control points on the
shared patch boundary are paired (see Fig. 9.7.a). For the 2P-C°/C* case, the mesh
size of one patch is 3 x 3 while the other one has a 4 x 3 mesh and only two control
point on the shared boundary are paired (see Fig. 9.7.b). In all the cases, quadratic
NURBS-based elements are used. For the 2P-G" case, the constraint (8.42) is enforced
with €, = 300 W f1, where fi is the shear modulus. For the 2P-C°/C" case, constraints
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Ficure 9.7: Multi-patch cantilever subjected to end shear forces: Deformed con-

figuration colored by the vertical displacement normalized by L for (a) 2P-G* and

(b) 2P-C?/C! meshes. The constrained interface is denoted by the dashed red lines

and the filled circles show the paired control points. (c¢) Displacement of a point at
the middle of pulled edge vs. the applied shear force.

(8.47) and (8.39) are enforced with €, = 300W ji and ¢, = 10*¢,. Fig. 9.7.c shows
the displacement of a point at the middle of pulled edge vs. the applied shear force
for the three cases. As expected, the presented formulations can accurately enforce

the continuity constraints.
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9.2 Comparison of projection methods

In this section, the constitutive projection approaches, introduced in Chap. 4, are
investigated. For each material model of Sec. 6, different numerical examples are con-
sidered to study the performance of the three presented membrane and shell models.
To investigate the membrane model (see Sec. 4.2), the inflation of of an artery is
examined. The artery is modeled as a tube with open and closed ends constituted
of Gasser—-Ogden—Holzapfel (GOH - 3D GST) material model (see Sec. 6.3.2). Then,
in Secs. 9.2.2-9.2.4, the numerically-projected (NP), analytically-projected (AP) and
directly-decoupled (DD) shell models of Sec. 4.3.2 are evaluated. First, a uniaxial ten-
sion test is performed to compare the presented shell models if the membrane forces
are dominating. Second, the pure bending of a cantilever subjected to a given rota-
tion on its free end is considered, which shows how the models behave if the bending
forces are dominant. Third, the large deformation of a square plate under pressure is
studied, where the membrane and bending modes exist together.

For the NP shell model, two Gaussian quadrature points are considered for the in-
tegration through the thickness of shell unless specified otherwise. For the examples
of Secs. 9.2.2-9.2.4, the material constants are set according to the Tab. 9.1. For the
anisotropic material models (GOH and AMR), two families of fibers are considered,
i.e. ny = 2. For the GOH material model, x; € {0.0, 0.226, 1/3} following Gasser
et al. (2006).

NH | & =10 [kPa — _
MR | & =10 [kPa] &y = 2¢ [kPa) —
Fung ¢ = 10 [kPa] ¢ =10 —
AMR | & =10 [kPa &y = 2¢ [kPa) &3 = 100¢, [kPal
GOH fi = 10 [kPa] ki; = 100¢, [kPa] ka; = 500

TABLE 9.1: Material constants of the considered material models for the examples
of Secs. 9.2.2-9.2.4

9.2.1 Tube inflation!®

In the first example, a thin tube with two identical families of collagen fibers is mod-
eled. The problem geometry is shown in Fig. 9.8. The tube is inflated by applying the
internal pressure p; and the principle stresses and stretches are measured for compar-
ison. The tube ends are set either free or pulled by an axial force. The two families
of collagen fibers, with principal directions L; and L,, have the same mechanical

15 This example is taken from Roohbakhshan et al. (2016) with slight modifications.
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properties and they are inclined equally from the axial direction, z. The inclination
angle v is measured from the tangential axis, 6, as shown in Fig. 9.8. Following Gasser
et al. (2006), the tube dimensions are R x T = 4.745 x 0.5 [m?| and L = 3 R. The
material properties are i = 7.64 [kPal, ki, = ki» = 996.6 [kPa| and ko; = koo = 524.6.
The derivation of the analytical solution for this problem is given in Appendix A of

Roohbakhshan et al. (2016).

Frcure 9.8: Inflation of a membrane tube: (a) Geometry and (b) stresses and
tractions

On the tube ends, two different boundary conditions are considered, namely zero
Dirichlet and zero Neumann boundary conditions. As the tube has three symmetry
planes, the symmetry of the problem is used in order to model only 1/8 of the tube.
Here, quadratic NURBS-based elements are used for meshing. If the traction on the
tube ends is zero, i.e. 0, = 0, and the tube ends are free to move.

As shown in Fig. 9.9, the membrane model is able to accurately predict the stretches
and stresses of the analytical solution. The results of the FE analysis (denoted by
circles) are in agreement with the analytical solution (denoted by lines). Three dif-
ferent dispersion parameters x are considered with v = 30, 45 and 60 deg. As it can
be expected, if the fiber distribution is isotropic, i.e. k = 1/3, the artery response
does not change as ~ varies. In Fig. 9.9.d, the relative error in the radial stretch
Ar = 1/(\. Ag) is plotted against the mesh size, which shows the desired convergence
to the reference solution. The same trend is also observed for the axial and tangential
stretches and corresponding stresses. The relative error of A, defined as

1 :
err(\,) = SR /s A, — A2 dA (9.3)
0

where A, is the computed radial stretch and A? is the radial stretch based on the
analytical solution. As it can be observed in Fig. 9.9.d, err()\,) ~ N 2. Thus, the
mesh refinement leads to quadratic convergence as it can be expected.

139



Chapter. 9 Numerical Examples

20 ; ; ; 20
< i) (=3 (=) i) < oS W0 i) <
=} ~f o =} <f o o <f o =}
i i R TR I 0 il i
= = S S e e o =
15+ Q 9 9 9 @ 15, =9 ® o
Lo i H
— [ —_ L i
s Vo | b s b 5 b $o & 6
& 3 } Q‘? ? & ? " e? -~k = 0.226 ?
51 O Q 5? ¢| 5l ? " Q? ........ k; = 0.0 -}
—ri=1/3 t"’a ?5 o? cs?f oo
i e f 7.5 -
(a) o - gmfﬁ% (b) A il
0.2 0.4 0.8 1 1.25 1.5 1.75 2
Ao
250 : : : 104
187.5¢
1075
£ g
M125) <
& g
106
62.5 o =1/3
-e-k; = (0.226
-o-k; = 0.0
(c) 0 (d) 107
20 10t 102 103
p; [kPa Number of nodes

F1Gure 9.9: Tube inflation with zero Neumann BC: (a) Axial stretches, (b) cir-
cumferential stretches, (¢) circumferential stresses and (d) convergence behavior of
the relative error of A, against the number of nodes. Axial stresses are zero for
both finite element and analytical approaches and are not plotted. The analytical
solution is plotted with solid or dashed lines while FE results are denoted by circles

(Roohbakhshan et al., 2016).

A similar experiment is performed on a tube with fixed ends, i.e. zero Dirichlet
boundary condition. The material and geometrical parameters are the same as in the
previous example. In this case, the tube extension in axial direction is restricted, i.e.
A, = 1. In addition to the radial stretches, the relative error in the axial reaction
force F, exerted on the tube end supports is also defined, as

1

F)=-——
err(F) 27 R Jas,

|FZ—F;|dS7 (94)
where F* is the computed axial reaction force on 9,8, F? is the corresponding force
calculated analytically (Roohbakhshan et al., 2016). As it is shown in Fig. 9.10,

similar to the tube with Neumann boundary condition, the desired convergence is
also observed here.
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9.2.2 Uniaxial tension test'¢

To examine the presented shell models for the case that membrane forces are domi-
nating, a rectangular strip of T x W x L = 0.3 x 3 x 9 [mm?] is pulled as shown in
Fig. 9.11.a. On the pulled edged, the displacements in ey direction are enforced to
be equal. The pulling force I is applied at the corner of the same edge. The strip is
meshed by 6 x 18 quadratic NURBS elements (see Fig. 9.11.a).

FIGURE 9.11: Uniaxial tension test: (a) Reference configuration with boundary
conditions and (b) deformed configuration for the GOH model (with x; = 0) colored
by I :=trC.

For the anisotropic materials, the principal directions of fibers are defined as

Li = sin 01 e; + cos 02 €o, (l = 1, 2) s (95)

where e; and ey are the unit vectors of the Cartesian coordinate system (shown in
Fig. 9.11.a). For this example, 0,6, = +45° for the AMR model and 6y, 60, = £+30°
for GOH model. As already mentioned, here it is assumed that L3 = L3 = 0.
Henceforth, the displacements in e;, e; and es directions are denoted by u, v and w,
respectively.

Fig. 9.12 shows the displacement of point A (shown in Fig. 9.11.a) versus the applied
total force. The applied force is normalized by FA, where E = 3 ¢, corresponds to an
infinitesimal Young’s modulus and A = W T is the cross section area. As expected, for
all the isotropic and anisotropic materials, the AP and DD shell models give exactly
the same results as the NP shell model.

16 This example is taken from Roohbakhshan and Sauer (2017) with slight modification.

142



Chapter. 9 Numerical Examples

5.0 3.0
—uy4 (NP) —uva4 (NP)
. O vy (AP) . || O vy (AP)
407 a0, (DD) SR (DD)
£ 3.0 Z 1.8}
g g
o) o)
£20 B 1.2}
= =
210 206
0.04 ‘ ‘ ‘ 0.0A ‘ ‘ |
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
(a) Force [EA] (b) Force [EFA]
0.4 : 0.4 ‘
—u4 (NP) —uv4 (NP)
. O vy (AP) ’_‘037 O vy (AP)
103 AUA (DD) i ' AUA (DD)
g £0.2
50.2 g
& £ 02
- -
501 A 0.1
0.0A 0.0A
0.0 0.5 1.0 1.5 2.0 0.0 2.5 5.0 7.5 10.0
(C) Force [EA] (d) Force [EA]
0.4
=03
g
£ 0.2
2
=
2 0.19,
0.0
0 25 75 100
(e) Force [EFA]

Ficure 9.12: Uniaxial tension test — the displacement of the tip vs. the applied
force: (a) NH, (b) MR, (c) Fung, (d) AMR and (e) GOH material model for the
three constitutive approaches (NP, AP and DD) presented in Sec. 4.3.2.
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9.2.3 Cantilever bending17

The cantilever has the same geometry and mesh properties as the strip of Sec. 9.2.2
although here 7' = W/20. On the clamped edge (see Fig. 9.13.a), the rotations are
restricted following the penalty formulation of Duong et al. (2017). On the free end,
the surface normal m is constrained to be equal to the given normal n using the
constraint of Duong et al. (2017). Here, n = cosae; — sina ey, where « is the
angle of rotation around e;. In the reference configuration, n = IN and o = 0 (see
Fig. 9.13.a). Here, the maximum rotation is set to o = 90° (see Fig. 9.13.b).

The total bending moment corresponding to this rotation is determined following the
formulation of Duong et al. (2017). The corresponding bending moment is normalized
by EI/L, where I = W T3/12 is the second moment of area of the cross section. The
orientation of the fibers is defined based on Eq. (9.5). Here, 01,60, = +45° for the
AMR model and 6y, 6, = £30° for the GOH model.

2.004
2.002
2.001 |
2.000

1.998

(b)
FIGURE 9.13: Cantilever bending test: (a) Reference configuration with boundary

conditions and (b) deformed configuration for the GOH model (with x; = 0.226 and
the compression/tension switch) colored by I; := tr C.

In Figs. 9.14 and 9.15, the corresponding bending moment is plotted against the
applied rotation. Similar to the previous example, for the Neo-Hookean, Mooney—
Rivlin and Fung material models, which are isotropic, as well as for the anisotropic
Mooney-Rivlin material model, the AP and DD shell models are as accurate as the
NP shell model (see Fig. 9.14).

Fig. 9.15 shows the results for the Gasser-Ogden—Holzapfel material model. If the
compression/tension switch is excluded (see Figs. 9.15.a-9.15.c), all the three intro-
duced shell models behave very similarly. In this case, for the NP shell model, 2
Gaussian quadrature points are sufficient to evaluate the integration through the shell

17 This example is taken from Roohbakhshan and Sauer (2017) with slight modification.
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Ficure 9.14: Cantilever bending test — the corresponding bending moment vs. the
applied rotation: (a) NH, (b) MR, (¢) Fung and (d) AMR material model for the
three constitutive approaches (NP, AP and DD) presented in Sec. 4.3.2.

thickness. However, if the compression/tension switch is included (see Figs. 9.15.d-
9.15.f), the DD shell model cannot capture the switch effect since the material model
is no longer symmetric w.r.t. the shell mid-surface. Although if the material model is
completely isotropic (i.e. setting x; = 1/3), the fibers are excluded and trivially the
switch has no effect on the constitutive equations (see Fig. 9.15.f). By increasing the
anisotropy (i.e. k; — 0), the AP and NP shell models behave very similarly although
the DD shell model deviates from the correct solution (see Figs. 9.15.d-9.15.e).

If the compression/tension switch is included, more Gaussian quadrature points are
needed to capture the discontinuity of switch through the shell thickness. For the
results shown in Figs. 9.15.d-9.15.f, 5 quadrature points are used, which is computa-
tionally more expensive compared to the cases that no switch is considered. This issue
is further investigated in Fig. 9.16, which shows how the NP shell model approaches
the AP shell model by increasing the number of Gaussian quadrature points.
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Furthermore, as the shell thickness decreases, the AP shell model becomes more accu-
rate. Fig. 9.17.a shows the displacement of the tip versus the applied rotation for differ-
ent thickness-to-width (7'/W) ratios. Fig.9.17.c shows how the corresponding bending
moments change. Here, for all the cases modeled by the NP shell model, 5 Gaussian
quadrature points are considered through the shell thickness. Fig. 9.17.b and 9.17.d
show the corresponding relative errors evaluated w.r.t. the solution of the NP shell
model. As can be observed, the AP shell model becomes inaccurate for thick shells;
however, such shells are not covered by the Kirchhoff-Love hypothesis.

9.2.4 A clamped plate under pressure'®

Large deformation of a clamped plate under live pressure is a challenging example.
Such an example is used here to compare the capabilities of the three introduced shell
models to capture the membrane and bending forces together. As shown in Fig. 9.18.a,
a square plate, with 7' x L x L = 0.25 x 10 x 10 [mm?], is clamped with appropriate
boundary conditions. As the problem is symmetric, only 1/4 of the whole system is
modeled and symmetry constraints are applied along the corresponding boundaries.
On the clamped and symmetry edges, the rotations are fixed following the constraint
formulation of Duong et al. (2017). The plate quarter is meshed by 6 x 6 quadratic
NURBS-based elements. Furthermore, for both the anisotropic material models, the
fibers are oriented according to Eq. (9.5) with 60y, 6, = +45°.

""A‘:"lh-\
lg’!,,

FIGURE 9.18: Clamped plate under pressure: (a) Reference configuration (1/4

system) with boundary conditions and (b) deformed configuration (full system) for

the GOH model (with k = 1/3 and the compression/tension switch) colored by
L =trC.

18 This example is taken from Roohbakhshan and Sauer (2017) with slight modification.
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Figs. 9.19 and 9.20 represent the deflection of the mid point A (shown in Fig. 9.18.a)
under the applied live pressure. As expected, all the three presented shell models pre-
dict similar displacements. Further, the results for the Gasser-Ogden—Holzapfel mate-
rial model with and without the compression/tension switch are shown in Figs. 9.19.a-
9.19.c and Figs. 9.19.d-9.19.1, respectively. Here, for the cases modeled by the NP shell
model, 3 Gaussian quadrature points are considered across the thickness if the com-
pression/tension switch is excluded and 5 Gaussian quadrature points are used if the
switch is included.
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FicUre 9.15: Cantilever bending test for the GOH material model — the corre-
sponding bending moment vs. the applied rotation for the three constitutive ap-
proaches NP, AP and DD: (a-c) without and (d-f) with the compression/tension
switch. Further, for (a) and (d) x; = 0.0, for (b) and (e) x; = 0.226 and for (c) and

(f) ki =1/3.
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F1GURE 9.16: Cantilever bending test for the GOH material model (with x; = 0.0

and the compression/tension switch): The corresponding bending moment (a) and

its error (b) vs. the applied rotation for the NP and AP shell model with different
number of Gaussian quadrature points ng, considered across the thickness.
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F1GurE 9.17: Cantilever bending test for the GOH material model (with x; = 0.0
and the compression/tension switch): Comparison of the NP and AP shell models
with different thickness to width ratios (7'/W).
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Ficure 9.19: Clamped plate under pressure for the GOH material model — the
displacement of the middle point vs. the applied pressure for the three constitutive
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Ficure 9.20: Clamped plate under pressure — the displacement of the middle point
vs. the applied pressure: (a) NH, (b) MR, (c¢) Fung and (d) AMR material model
for the three constitutive approaches (NP, AP and DD) presented in Sec. 4.3.2.
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9.3 Thin laminated composite shell examples'”

In this section, the examples of previous sections are examined for the laminated com-
posite shell formulations of Chap. 5. For each laminate configuration (see Fig. 5.1),
an example is presented. The first example is devoted to a symmetric laminate con-
figuration. The second example evaluates a general laminate configuration, where
the laminate layers have arbitrary geometrical and material properties. Finally, the
last example simulates the pressurization of a laminated composite tube. For all the
examples, an incompressible anisotropic Mooney—Rivlin material model (6.118) with
two families of fibers is considered and the angle between two families of fibers is given

by 27.

9.3.1 Cantilever bending

As shown in Fig. 9.21.a, a cantilever strip, with L x W x T' = 10 x 3 x 0.3 [mm?],
is subjected to a distributed vertical force on its free end. The cantilever is meshed
by 6 x 18 quadratic NURBS-based elements (see Fig. 9.21.b). It is assumed that the
composite shell is composed of 5 symmetric layers laminated as shown in Fig. 5.1.b.
The layers are distributed equally through the shell thickness T" such that the thickness
of each layer is T'/5. The material properties vary layer-wise as listed in Table 9.2.
The angle v is measured w.r.t. the longitudinal direction.

Layer #i || T; [T] | ¢ [kPa] | & [kPa] | és; [kPa] | v [deg]
1 0.1 30 120 600 +60
2 0.3 20 60 1000 +45
3 0.5 10 20 1000 £30

TABLE 9.2: Material properties of the laminated composite cantilever.

Fig. 9.21.b shows the deformed configuration colored by I; := trC. As can be ob-
served, I slightly deviates from 2, which is the expected value for the case of pure
bending. Further, there is transverse bending in the strip (like a saddle) due to the
incompressibility of material. As shown in Fig. 9.21.c, both DD and NP shell models
predict the same deflection for the cantilever tip. The total force applied on the can-
tilever tip is normalized by E I/L? where E = 3¢, and I = T W?3/12 is the second
moment of area of the cross section. For the numerically-projected shell model, 2
Gaussian quadrature points are used for each laminate. As compared in Fig. 9.21.d

19 The examples of this section are taken from Roohbakhshan and Sauer (2016) with slight modi-
fication.

152



Chapter. 9 Numerical Examples

for different mesh sizes, the directly-decoupled shell model is numerically less expen-
sive and more efficient than the numerically-projected shell model; nevertheless, it is
restricted to symmetric layers.
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Ficure 9.21: The bending of a laminated composite cantilever constructed from

an anisotropic Mooney—Rivlin solid: (a) Undeformed configuration. (b) Deformed

configuration colored by I; := tr C. (c) Displacement of the tip vs. the total applied
force. (d) Speed-up of the DD shell model w.r.t. the NP shell model.

Further, the same experiment is performed with a cantilever constructed from an
isotropic Mooney-Rivlin solid. Fig. 9.22 shows the bending of the same cantilever of
Fig. 9.21.a for this case. The corresponding material parameters are extracted from
Table 9.2, setting ¢3; = 0. Like the anisotropic example, the directly-decoupled shell
model is as accurate as the numerically-projected shell model.

9.3.2 Clamped plate

This example is designed to investigate the cases that both bending and membrane
forces are dominant. Accordingly, a completely clamped square plate, with Lx LxT =
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FicUre 9.22: The bending of a laminated composite cantilever constructed from
an isotropic Mooney—Rivlin solid: (a) Displacement of the tip vs. the total applied
force. (b) Deformed configuration colored by [; := tr C.

10 x 10 x 0.1 [mm?], is loaded by an external live pressure. The problem boundary
conditions are similar to Fig. 9.20.a; therefore, only a quarter of plate is modeled due to
the symmetry of the problem. The rotation is fixed along the symmetry and clamped
boundaries according to the penalty formulation of Duong et al. (2017). The plate is
meshed by 4 x 4 quadratic NURBS-based elements as shown in Fig. 9.23.a. The plate
constitution is modeled by the incompressible anisotropic Mooney—-Rivlin material
model of Eq. (6.118). Now, the laminates are not symmetric w.r.t. the shell mid-
surface (see Table 9.3). The orientation of fibers is defined by the angle v measured
w.r.t. the right symmetry edge (see Fig. 9.23.a). Here, the analytical and numerical
projection approaches are compared. For the NP shell model, 2 Gaussian quadrature
points are considered for each laminate layer. As shown in Figs. 9.23.c and 9.23.d,
the results of AP and NP shell models are in excellent agreement.

Layer #i | T; [T] | &1 |kPal | & [kPal | és; [kPa] | v |deg]
1 -0.35 20 60 200 +15
21 0.10 15 30 75 +30
31 0.20 30 30 60 +45
41 040 25 50 125 +60
5 0.50 10 20 100 +£75

TABLE 9.3: Material properties of the laminated composite plate.
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FIGURE 9.23: Pressurization of a laminated composite plate: (a) Deformed config-
uration colored by [; := tr C. (b) Displacement of the center point vs. the applied
pressure. (¢) Enclosed volume of plate vs. the applied pressure.

9.3.3 Inflation of a composite tube

As shown in Fig. 9.24, a laminated composite tube, with L x R x T = 20 x 5 X
0.25 [mm?|, is pressurized by the live pressure pey. It is assumed that the tube is
constructed from 5 layers as listed in Table 9.3; however, here the fiber directions
are measured w.r.t. the axial direction. As the problem is symmetric, only 1/8 of
tube is modeled (see Fig. 9.24.a) and the symmetry boundary conditions are applied
accordingly using the constraint of Duong et al. (2017). On the tube end, three
different boundary conditions are considered: (1) Free end, (2) closed end, where the
tensile traction pey, R/2 T is applied along the axial direction, and (3) fixed end, where
all the displacements are restricted. Furthermore, for the first two cases, the rotations
on the tube end are fixed by the constraint of Duong et al. (2017).

As shown in Figs. 9.24.b-d, the circumferential stretch Ay and axial stretch A, of the
tube are predicted identically by both the NP and AP shell models. The stretches
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F1GurE 9.24: Inflation of a composite tube: (a) Undeformed configuration (quarter

system). The symmetric boundaries are denoted by thick dashed lines. Circumfer-

ential stretch \g and axial stretch A, of the tube with (b) free end, (c¢) traction on
the end and (d) fixed end.

Ao are calculated at the middle point A shown in Fig. 9.24.a. The applied pressure is
normalized by F = 3 ¢;.
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9.4 Contact problems

In this section two numerical experiments are performed to demonstrate how the
presented formulation can simulate contact problems: Inflation of a tissue sheet, which
involve contact between a rigid indenter and a deformable sheet, and the angioplasty
example which includes contact between two deformable bodies. For both of the
examples, the contact computations is based on an unbiased penalty formulation of
Sauer and De Lorenzis (2015) and the contact constraint is enforced at the quadrature
points of the isogeometric finite elements.

9.4.1 Indentation of a sheet®

In vitro and in silico indentation tests are widely used to empirically and numerically
determine the mechanical characteristics of soft tissues (Zhang et al., 1997; Liu et al.,
2004; Choi and Zheng, 2005; McKee et al., 2011; Lu et al., 2012). For instance,
puncture testing has been applied frequently for the mechanical characterization of
the human fetal membrane tissue (Biirzle et al., 2014).

Here, the indentation of a square sheet is simulated. The sheet has the same dimen-
sions and material properties as the plate of Sec. 9.2.4. As shown in Figs. 9.25.a and
9.25.b, two types of boundary conditions are considered, i.e. the outer edges are either
fixed or clamped. The sheet is pressed by an indenter with a rigid spherical cap (see
Figs. 9.25.c and 9.25.d). The indenter radius is R = L/6, where L is the width of
sheet. Here, the sheet is meshed by 6 x 6 quadratic NURBS-based elements. In the
contact area, the mesh is finer. The size of the finest element is 1/4 of the coarsest one.
The sheet constited of the GOH material model with the constants given in Tab. 9.1.
Following Sauer and De Lorenzis (2015), the penalty parameter is set to e = 108 ET,
where F/' = 3 1. Figs. 9.26 shows the sequence of simulation with different indentation
depth.

In Fig. 9.27, the vertical component of the total contact force is plotted against the
indentation depth for different indenter radius R. As expected, both the AP and NP
shell models perform similarly.

20 This example is taken from Roohbakhshan and Sauer (2017) with slight modification.
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F1GurE 9.25: Indentation test: Reference configuration (quarter system) with (a)

clamped and (b) fixed outer edges. Deformed configuration (full system) with (c)

clamped and (d) fixed outer edges for the GOH model (with the compression /tension
switch and k; = 0.226) colored by I; :=tr C.
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Ficure 9.27: Indentation test — contact force vs. the indentation depth: GOH
model with the compression/tension switch and (a) x; = 0.226 and (b) x; = 1/3.

158



Chapter. 9  Numerical Examples

FIGURE 9.26: Indentation test — the sequence of the indentation process with
indentation depth (a) 0, (b) 0.1L , (c¢) 0.6 L and (d) L.

9.4.2 Angioplasty?!

Balloon angioplasty is the typical treatment to widen obstructed arteries or veins
(Humphrey, 2013). This procedure has been studied computationally by many schol-
ars (e.g. Holzapfel et al., 1996b; Rogers et al., 1999; Holzapfel et al., 2002b; Gasser
and Holzapfel, 2007; Gervaso et al., 2008; Pant et al., 2012) in order to optimize the
internal pressure, mechanical properties and location of the balloon. Here, the an-
gioplasty is simulated as the contact between a deformable initially-spherical balloon,
modeled by finite membrane elements, and a deformable artery, modeled as a tube
discretized by finite shell elements. Both bodies are discretized by quadratic NURBS-
based elements. To run the simulation, the volume of balloon is controlled. As shown
in Fig. 9.28, it is assumed that an artery is constructed from three layers: Intima,
media and adventitia. Further, for each of the three layers, the same material model
of Sec. 6.3.2 is considered as the constitution with the parameters given in Tab. 9.4
(Schriefl et al., 2011). For all the artery examples, the compression/tension switch is
included.

To simulate the angioplasty procedure, a portion of an artery with the dimensions
T.x Ry x L = 1.35x5x 30 [mm?] is inflated by a balloon with initial radius Ry, = 0.9 R,
and thickness Ti, = 0.1 ?,. The balloon is initially pre-stretched by A, = 1.1. Two

21 The examples of this section are taken from Roohbakhshan and Sauer (2017), Roohbakhshan
et al. (2017) and Roohbakhshan and Sauer (2018b) with slight modification.
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FIGURE 9.28: Artery model for angioplasty: a) Three layers of an artery: In-

tima, media and adventitia. Reference configuration (1/8 system) with boundary
conditions for b) free end and c) axially restricted end.

Layer || T} [T] | fu [kPa] | ki; [kPa] | ki | o} [deg] | &}
Intima || 0.1 28 | 2x10° [ 1000 | +40 |0.052
Media | 057 | 13 |05x10%| 50 | 430 |0.046

Adventitia | 043 | 75 | 1x10% | 500 | +50 | 0.055

TABLE 9.4: Material properties of the three-layer artery

families of fibers are considered with

L! = cosy! sintp ey + cosyl cosipey +sinvles, (i=1,2), (9.6)
where 1! are the corresponding angles for the two families of fibers on each layer (see
Fig. 9.28.a). As the problem is symmetric, only 1/8 of the artery is modeled and the
symmetry boundary conditions are applied to the corresponding edges. On the artery
end, two different boundary conditions are considered for the examples considered
here: Free ends and axially restricted end.

Now, the laminated composite shell formulation of Chap. 5 is used to model a three-
layer artery consisting of intima, media and adventitia layers. First the artery with
free end and then the artery with axially restricted end are investigated. Fig. 9.29
shows the deformed artery colored by the surface tension ~ := %ag‘. On the left side,
the surface stress of ground matrix, which is isotropic, is plotted. On the right side,
the tension of the fibers is shown. As it can be observed, among the three layers,
adventitia has the most contribution to the mechanical response.

Furthermore, the results of the laminated composite shell model are compared to the
corresponding results of 3D solid elements in Fig. 9.30. Figs. 9.31-9.32 compare the
stress field and strains predicted by the solid model (with 1252 degrees of freedom)
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Fiqure 9.29: Balloon angioplasty for three-layer artery (Roohbakhshan et al.,

2017).

and the shell model (with 409 degrees of freedom). The solid model is discretized
fully isogeometric with quadratic B-splines (Corbett and Sauer, 2015; Corbett, 2016).
Although the artery is relatively thick, the results of the presented shell formulation

are close to 3D solid model.
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Ficure 9.30: Balloon angioplasty for three-layer artery — comparison with solid
elements: (a) The internal pressure and (b) the average circumferential stretch, Ag,
in the middle of the artery vs. the volume of the inflated balloon.

As shown before, among the three layers, adventitia has the most contribution to the

mechanical behavior of the artery. Therefore, one can model an artery with a single
adventitia layer and neglect the other layers (Gasser et al., 2006). Here the artery

161



Chapter. 9 Numerical Examples

0.16 400
0.14 350
300
0.13 e
0.11 200
0.09 150
100
0.07 s
0.06 0
-50

0.04
(a)

Ficure 9.31: Balloon angioplasty for three-layer artery — comparison of solid and

shell elements: a) Deformed artery, modeled by the finite shell (left) and solid

(right) elements, colored by the first invariant of the 2D projected stress tensor

I, = tr o [kPal]. b) Deformed artery, modeled by the finite solid elements, colored

by the first invariant of the 3D stress tensor Iz = tr & [kPa] (Roohbakhshan and
Sauer, 2018b).

Ficure 9.32: Balloon angioplasty for three-layer artery — comparison of solid

and shell elements: Deformed artery, modeled by the finite shell (left) and solid

(right) elements, colored by the a) radial displacement (normalized by R) and b)
circumferential stretch (Roohbakhshan and Sauer, 2018b).

dimensions are T, X R, x L = 0.5 x5 x 30 [mm?| and the artery is modeled by the GOH
material model with x; = 0. The other material constants are taken from Tab. 9.1,
which is similar to the properties of the adventitia of an artery (Gasser et al., 2006).
For the adventitia, two families of fibers are considered with ~; +45°. The AP shell
model is also used for the artery. Now, it is assumed that the artery ends are free
following Fig. 9.28.b.

In Fig. 9.34.a the internal pressure of the balloon is plotted against its volume for
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Ficure 9.33: Balloon angioplasty for single layer artery: Deformed configuration
colored by the circumferential stretch A\g for (a) fi, = 2 fia, (b) fi, = 10 i, and (c)
fi, = 20 fi, (Roohbakhshan and Sauer, 2017).

different values of fiy,. Fig. 9.34.b shows the average circumferential stretch, Ag, com-
puted in the middle of the artery (see the circumferential dashed line in Fig. 9.33.a)
against the volume of the inflated balloon. As expected, the results of the AP and
NP shell models are very close even though the single-layer artery is also quite thick

(T/R = 0.1).
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Fraure 9.34: Balloon angioplasty for single layer artery: (a) The internal pressure

and (b) the average circumferential stretch, \g, in the middle of the artery vs. the
volume of the inflated balloon.
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9.5 Dynamic surface tesnion of the pulmonary sur-
factant

In this section, dynamic surface tension of the pulmonary surfactant is investigated
following the dynamic models introduced in Chap. 7. First the expansion and com-
pression of a liquid film is studied to investigate the behavior of the CR and AL models
introduced in Secs. 7.2.1-7.2.2. Then, the application of the presented membrane for-
mulation to the simulation of the alveolar tissue is shown, which is a very first step
towards building a comprehensive model of lung parenchyma.

9.5.1 Liquid film expansion/compression®?

In the Langmuir—Wilhelmy balance, a movable barrier controls the total area available
for a thin film of interfacial molecules, and the surface tension is measured from the
wetting force acting over the Wilhelmy plate. Similarly, here a thin liquid film is mod-
eled by a 2 Ly X L rectangular membrane, where L is a length scale. The bulk effects
are not considered and only the free surface is modeled. As shown in Fig. 9.35, three
edges of the membrane are fixed as zero-displacement Dirichlet boundaries and the
forth edge is controlled by a prescribed Dirichlet boundary condition w = [t,, 0, 0]*
that changes with time as

U, (t) = AL sin (27t/T) | (9.7)

where here T'= 3 s and the loading amplitude is AL = 0.33 Ly.

FIGURE 9.35: Liquid film expansion/compression: Computational model with
boundary conditions. The thin film is a free surface without bulk.

In this example, the behavior of the surfactants monolayer is described by the CR
model (see Sec. 7.2.1) and the AL model (see Sec. 7.2.2). The material constants are

22 This example is taken from Roohbakhshan and Sauer (2018a) with slight modification.

164



Chapter. 9  Numerical Examples

set as listed in Tab. 9.6 following Wiechert (2011). For the CR model, following (Saad
et al., 2010), two different concentrations of BLES in humid and dry conditions are
considered. As already mentioned, the CR model requires elasticity of compression
€., elasticity of expansion €., relaxation coefficient k., adsorption coefficient k,, equi-
librium surface tension ~e,, which are adopted from Saad et al. (2010) as listed in
Tab. 9.5. Further the minimum surface tension is set as Yy, = 2[mN/m]. For the AL

€c €e ky Ea Veq™

Content Humidity [mN/m] [mN/m] [s7'] [s7!] [mN/m]
1) BLES 0.5 mg/ml  Humid 125.1 157.8  0.547 2474 24
2) BLES 0.5 mg/ml Dry 112.7 120.0  0.001 2.783 22
3) BLES 2.0 mg/ml  Humid 126.3 136.0  3.751 4.991 23
4) BLES 2.0 mg/ml Dry 123.1 129.9  0.006 0.712 23

* The values are estimated by the authors.

TABLE 9.5: Parameters of the CR model (Saad et al., 2010)

model, the material parameters are adopted from (Wiechert, 2011) as

Ky [s7] ko [ o [mN/m]  my [mN/m] i (mN/m] 5o [mN/m]
1 0.016 48 140 10 70

TABLE 9.6: Parameters of the AL model (Wiechert, 2011)

Fig. 9.36 shows changes of the surface tension 7 vs. the surface area change J.

In Fig. 9.37, the changes of surface tension v and the normalized interfacial surfactants
concentration of surfactants ¢ are plotted against the surface area change J with
different values for the model parameters. As is expected, the presented finite element
results are in agreement with the finite element results of Wiechert (2011).

It should be noted that a detailed comparison of two models is only possible when
the parameters of each model is identified for the same experiment with the same
type of surfactants, which is not considered in thus work. Here, the parameters are
adopted from two different resources. Nevertheless, Saad et al. (2010) and Saad (2011)
used both the AL and CR models to fit the experimental results of different BLES
preparation evaluated in humid and dry air. The AL model can predict similar to
experimental results for some of the cases. This drawback can be explained by the
strict assumption of the AL model, where the surfactant cannot be adsorbed nor
desorbed below the maximum equilibrium interfacial surfactant concentration I'*.
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F1GURE 9.36: Liquid film expansion/compression (CR model): Change of the sur-
face tension  vs. the surface area change J. Figs. a-d correspond to the cases 1-4
in Tab. 9.5, respectively. The loop orientation is clockwise.

9.5.2 Alveolar tissue simulation

It is well know that the alveolar wall is covered with a liquid layer consisting of the
pulmonary surfactants mainly (Goerke, 1998). Different approaches are proposed for
the computational analysis of the alveolar tissue considering the interfacial effects
(see e.g. Immel, 2016, for a concise review of the current approaches). Here, we
approximate a single alveolus by a truncated octahedron, whose walls are modeled by
composite membranes. The composite is constructed from a solid layer and a liquid
layer following the formulation of Sec. 5.2.4. For the solid wall, the material model of
Sec. 6.3.2 is used and the surfactant layer is modeled with the CR model of Sec. 7.2.1.

Truncated octahedron has been used for a long time, as a space-filling geometry to
represent alveolar models. For instance, Karakaplan et al. (1980) propose an alveolar
model discretized by triangular planar finite elements that combines the elastic prop-
erties of the alveolar wall and the surface tension of the pulmonary surfactants. In the
same fashion, Kowe et al. (1986) add the triangular planar surface tension elements to
the earlier model of Dale et al. (1980) who use elastic pin-joined bar elements to build
a 3D alveolus model approximated by a truncated octahedron consisting of fibers only.
The single alveolus model of Kowe et al. (1986) is extended by Denny and Schroter
(1995, 1997) to an alveolar model constructed by an assembly of 36 truncated octahe-
dra. Denny and Schroter (2000, 2006) modify the earlier work of Denny and Schroter
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Freure 9.37: Liquid film expansion/compression (AL model): Influence of a-b)

K1, c-d) kg, e-f) m; and g-h) mgo. Left: Surface tension 7 vs. surface area change

J and right: Normalized interfacial surfactants concentration ¢ vs. surface area
change J. The loop orientation is clockwise.

(1995, 1997) by using the dynamic surface tension model of Otis et al. (1994) instead
of the quasi-static exponential model of surface tension. Wiechert et al. (2009) and
Wiechert (2011) also use the dynamic model of Otis et al. (1994) to add the interfacial
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energy of the surfactants layer to the surface of the alveolar wall modeled by finite
solid elements.

Figs. 9.38.a-c shows the inflated alveoli at V' = 1.15V. The hexagonal and square
faces of each alveolus are meshed by 2 and 1 quadratic NURBS-based elements, respec-
tively. The maximum distance between two opposite faces of the reference truncated
octahedron is 60 pm. The thickness of the alveolar wall is assumed to be 8 pm.
For the surfactant layer, the material parameters are set according to the case 1 in
Tab. 9.5. As discussed by Alonso et al. (2004) and Hermans et al. (2015), in addition
to the adsorption/desorption mechanisms, surface viscosity also contributes to the in-
terfacial behavior of pulmonary surfactants. Thus, here the surface viscosity is taken
as 7 = 1 mNs/m. For the solid membrane wall, the material constants are 1 = 1 kPa,
ki = 13.5 kPa, k» = 76.5 and k = 1/3 implies that the fiber distribution is isotropic.
Further, the volume constraint formulation of Sauer et al. (2014) is used to control
the volume, which is cyclically changed as

V(t) = Vo + AVyuxsin 27 t/T) (9.8)

where T' = 1 s and Vyux = 0.15 V) here. Fig. 9.38.d shows the volume-pressure loop

0.95}
,’, 2 --1 Alveolus
0.9} ,f'”,/” 0 9 Alveoli
i v 36 Alveoli
0.85 g : : ‘
(C) 0 0.2 0.4 0.6 0.8 1

Pressure [E]
F1GURE 9.38: Alveolar tissue simulation: The inflated configurations for a) 1 alve-

olus, b) 9 alveoli and ¢) 35 alveoli. d) The corresponding volume-pressure curves.
The loop orientation is counter-clockwise.
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after 4 cycles. The pressure is normalized by a Young modulus defined as F = 3 [i.
As expected, a hysteresis effect is observed due to the interracial properties of the
surfactant layer. Being in agreement with the experiments, at a given volume, the
required pressure for inflation is bigger than the corresponding one in deflation.
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Chapter 10

Conclusion

This works presents different membrane and rotation-free shell formulations to model
thin structures composed of soft biological materials. The formulation is designed
for large deformations and allows for geometrical and material nonlinearities, which
makes it very suitable for the modeling of soft tissues. The formulation is based on
the Kirchhoff-Love hypothesis; thus, it needs only displacement degrees of freedom.
This is the main benefit of the presented model as it considerably reduces the number
of degrees of freedom compared to the usual 3D solid finite element discretization.
As it is illustrated by various numerical examples, the membrane and shell models
can accurately predict the material response with a much lower computational cost
compared to the existing models. Following an isogeometric approach, NURBS-based
finite elements are used for the FE discretization and the FE solution, which satisfies
the necessary C'-continuity of solution for rotation-free shells. However, for a mem-
brane, where C°-continuity is sufficient, Lagrange finite elements can also be used
(Sauer et al., 2014 and Roohbakhshan et al., 2016).

Different approaches for constitutive projection of the existing 3D material models
onto the surface of membranes and thin shells are presented. In addition to the mem-
brane model, three different approaches to model thin shells are introduced: The
numerically-projected (NP) shell model is the most general formulation, which allows
any material nonlinearities. However, it is computationally more expensive since it
uses numerical integration through the shell thickness. Furthermore, the analytically-
projected (AP) and directly-decoupled (DD) shell models are developed, which do not
need any numerical through-the-thickness integration. For anisotropic constitutive
laws like the Gasser-Ogden—Holzapfel material model (Gasser et al., 2006), the NP
shell model can be very expensive as one may need many quadrature points across
the shell thickness to capture discontinuities of the stress across the thickness. Alter-
natively, the AP shell model, which is computationally more feasible, can be used. If
the shell thickness is considerably smaller than the in-plane dimensions or the radii of
curvature, for an initially-planar or an initially-curved shell, receptively, the NP and
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AP shell models perform similarly. Furthermore, the DD shell model is presented,
which is directly defined on a 2D manifold. This formulation assumes that the ma-
terial properties and the constitutive law are symmetric w.r.t. the shell mid-surface.
Apart from this restriction, the DD shell model is the most efficient approach.

It is generally assumed that collagen fibers bear no compressive force and they only
contribute to tension. Therefore, they should be exclude from the mechanical response
if being compressed. Accordingly, the exclusion of compressed fibers is considered
for the presented membrane and shell models. As shown by different examples, the
introduced compression/tension switch works very well for both the NP and AP shell
models. The DD shell model, however, cannot capture the effect of the switch if the
bending forces are dominant.

Moreover, the models are extended to the laminated composite shells following the
equivalent single layer (ESL) theory. Beside the Kirchhoff-Love assumptions, it is as-
sumed that: (1) the layers are perfectly bonded together, (2) each layer is of uniform
thickness, (3) the material can have any desired nonlinear isotropic or anisotropic con-
stitution and (4) the strains and deformations can be arbitrarily large. The presented
shell models can be used to analyze any composite arrangement and material behavior
of the layers,

The introduced membrane and shell models are specifically derived for different isotropic
and anisotropic material models, which are commonly used for soft biological mate-
rials. For both the isotropic and anisotropic models, two types of strain energy den-
sity function are examined: Polynomial forms (i.e. Neo-Hooke, Mooney—Rivlin, and
anisotropic Mooney—-Rivlin material models) and exponential forms (i.e. Fung and
Gasser—Ogden—Holzapfel material models). The procedure can be easily applied to
other material models, which are not discussed here.

The robustness and accuracy of the presented shell models is demonstrated by different
examples. Many benchmark tests for shell formulations are conducted. The membrane
model is even compared successfully with the analytical solution. Further, different
numerical examples are performed, which examine pure membrane, pure bending
and mixed modes of the shell deformation. In particular, the formulation is applied
to contact problems, i.e. the indentation of a sheet under a rigid spherical indenter
and an angioplasty example that involves contact between two deformable bodies.
The formulation is also used for the modeling of arteries, which are constructed from
different layers and the liquid layer lining the lung alveolar tissue, where the interfacial
forces are important.

Altogether, the presented formulations can be characterized by increased computa-
tional efficiency and algorithmic complexity. Accordingly, an appropriate formulation
should be chosen specifically by a trade-off between efficiency and complexity depend-
ing on the application, structure and constituent.
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The presented formulation can be improved in different aspects. For instance, many
soft tissues have viscoelastic characteristics (Holzapfel et al., 2002a), which can be
easily incorporated in the current formulation. Biological membranes are able to
grow and adapt to the mechanical changes in the environment (Rausch and Kuhl,
2014). Therefore, the presented formulation can be modified to allow for the growth
and remodeling of soft tissues. Further, residual stresses have a very important role
in the mechanical response of many tissues, in particular, arterial wall mechanics
(Ogden, 2003). Similar to Rausch and Kuhl (2013), the residual stresses and strains
can also be included in our shell and membrane models. The current formulation
assumes that the laminated layers are perfectly bonded. In the future, one can also
account for delamination and inter-layer contact. Further, the model can be modified
according to layer-wise and higher order shear deformation theories to analyze thicker
shells or plates.
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Appendix A

Variation and Linearization of
Kinematical Variables

This appendix summarizes the variation of surface objects, such as metric and cur-
vature tensor, and kinematical variables of a shell defined from a 3D perspective.
Further, the 3D kinematical variables are linearized w.r.t. the through-the-thickness
coordinate ¢ as it is required for the AP shell model.

A.1 Variation of surface objects

Here, the variation of main surface variables are listed. For more details on derivation,
see Sauer et al. (2014) and Sauer and Duong (2017). From Eq. (2.2), da, = dx ,,
which gives

0aap = 0Qy - Qg + Ay - 0ap . (A1)

The variation of the surface normal and curvature tensor are, respectively
on=—(a*®@n)da, , (A.2)

Obap = (0@as —Tlgday) - n (A.3)
where da, 3 = 0T 5.

As shown by Sauer et al. (2014) and Sauer and Duong (2017), 6a®® = a7 §a.s,

where P,
o 1
gob =4 2 (ao‘“’aﬁ‘s + ao“sam) (A.4)
aa,yg
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and 6P = pbre days — a®Pro 0b,s, where

af
o =2H (aaﬁaw + aamé) - (aa6b75 -+ ba6a75) : (A.5)

bP9 =
8@75

Besides, da = a a®” §a,g , which gives (Sauer et al., 2014)

0] = %aaﬁ daas - (A.6)

Further, the variation of the mean and Gaussian curvatures are

H H
0H = a—éaaﬂ + a_(;bozﬁ )
8%5 abag A
oK oK (A7)
5K == o a1 af
8@,15 Gaf * abag o
with
oOH _ _lbaﬂ OH _ lao‘ﬂ
8aa6 2 ’ 8(?&5 2 ’
K oK - (A8)
= —K b8 | = p*P
aaa@» 0baﬁ
Here, the co-factor of curvature is defined as
bP =2 Ha* — b8 . (A.9)

A.2 Variation of kinematic variables

Following the approach of Sauer and Duong (2017), Duong et al. (2017) and Roohbakhshan
and Sauer (2017), the variation of 3D kinematic variables on S are expressed in terms

of danp, which captures the stretching deformations, and db,g, which captures the
bending deformations. These variations are used in Chap. 4 to derive the stress and
tangent tensors.

From Eq. (4.6), the variation of g,z is

§gag = 5%5 — 255[)&5 (AlO)
and since [¢*] = [gas] 1,
59°% = g*P10 5.5 | (A.11)
with 5408
o 1
apys . g — _ (g8 + as By . A12
g B0 5 (979" + g*°¢™) (A-12)
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Similar to the surface counterpart, it can be proven that

*

5J = %gaﬂ 0Gap - (A.13)

The variation of the first invariant of the right Cauchy-Green tensor is
0Ly = 61y 42 Xs 60X = 61, + 2 A3 6 | (A.14)
where the in-plane components are

5T, = A% Sang

. (A.15)
6 = G%6gas -
Similarly, the variation of the other invariants can be found as
6L, = N2OI +2J6J + 211 A30)s
Ce e (A.16)
= N0 +2J6J + 211 A36)3
and ~
03 = 2X3T6J + 22303,

(A.17)

233760+ 2.2 3 ks

A.3 Out-of-plane linearization of kinematic vari-
ables

In this section, on the shell mid-surface, the kinematical variables are linearized w.r.t.
€. From Eq. (4.6), we have

agaﬁ

g3 = — —9b, . A18
Jos = ~pe 8 (A.18)
Combining Egs. (A.11) and (A.18) gives
ap _ 09" o
gy = = —2g°F b5 . (A.19)

It can be shown that g®#° bys = —b*P if £ = 0. Thus, on the shell mid-surface,

g%ﬁ = <g%ﬁ)g—o =207 (A.20)
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Similar quantities can be derived for G5 and G in the reference configuration.
Plugging Eq. (A.18) into Eq. (A.13), we have

*

* aJ *
Jg = i J (G°° Bog — g*% bag) (A.21)

which gives
Jyo= (J,3>£:O =2 (Hy— H) (A.22)

on the shell mid-surface. In a similar fashion, the first invariant of the right Cauchy-
Green tensor is linearized as

; o1 . i
s = <3_§1)§0 — 9 (g B — bog A) . (A.23)

The Green-Lagrange strain tensor can also be linearized across the shell thickness.
From Eq. (4.58)

* 1
Eaps = 5 (9aps — Gass) ; (A.24)
therefore,
Eaﬁ = <Ea5,3)£_0 = Bag —bap = —Kap - (A.25)
Further, from Eq. (6.33),
EY = E53GGP 4 E5G% GP 4 £, GV G (A.26)

Thus, plugging Egs. (A.25) and (A.20) into Eq. (A.26), at £ = 0 we get
B = (BY) = B A AP 4 2,5 B A% 12 B 5 A B
=0 (A.27)
= K 2By (BT AR 4 AT B )

From Eq. (6.30), one can obtain

<8trE

5 ) =2B" By — A Koy = —tr K + 2B B . (A.28)
£=0

A.4 First-order compression/tension switch for fibers

For the principal directions of anisotropic materials, it can be shown that

. oLe?
ief .= ( i ) —9roLf, A.29
4,3 86 £=0 1 4,3 ( )
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where Lf'y 1= BB Lg and L := L;- A,. Thus, on the mid-surface, we have

. ol .
Ii3:= (—4)50 = —2bas LY + ap LYY . (A.30)

Using a first order Taylor expansion, on a shell layer at &, L’i can be related to the
similar quantity I} on the mid-surface as

L=Ii+¢l, (A.31)

which gives & = &i(x), where I} = [i = 123 as

11
&= ——. (A.32)

Ti
I 4,3

Then, T} and T¢ are defined according to the algorithm shown in Tab. A.1.

fo< G <h<y 2 <6
Ii;>0] T = —g, Ti = g Ti=¢h, Ti= g N.A.
Iis <0 N.A. Ti = —g, Ti=¢ | Ti = —g, Ti = g
Ii>1 Ii<1
Iis= Ti = —g, Ti = g N.A.

TABLE A.1: Algorithm to find [T7, T3], where I} > 1.

Furthermore, for the material tangents of Sec. 4.3.2.2.2, one needs to linearize T} and
Ty as

oT? T
Uﬁﬁ = aal Y U;ﬁ = a 2 Y
of o A.33
Y Obag T Obag

23 Here, it is assumed that Lf’3 = L33 =0 (see Remark 6.5)
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which depend on

(A.34)

a & 5 \ 27 ra i\ 7o
Y, = Wjﬁ = - <I4,3) [[4,3 Liﬁ + (1 - 1) ng] ;
&l A\ "2 .
z = gt =2 (1) =L
as shown in Tab. A.2.
T T T T
__ — << = —
S < 5 7 < o 5 5 < o
af _ yraB af __
U{liﬁ — Vf;ﬁ =0 Uy = Yéaﬁ’ Viim =
12,3 >0 ‘ N.A.
Uy =V =0 Uyl = V" =0
fi <0 NA U =V =0 P =i =0
43 < L. U;{ﬂ _ Yaﬂ ‘/294,8 _ o B
' éaé ' Uy =Vy =0
I >1 Ii<1
Ii,=0] U=V =U =V =0 N.A.

TABLE A.2: Algorithm to linearize T} and T3.
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FE Force Vectors and Tangents

Here, the FE force vector and tangent matrices are summarized. For more details
on derivation and efficient implementation see Sauer et al. (2014) and Duong et al.
(2017).

B.1 FE force vectors

Plugging Eqgs. (8.17) and (8.18) into Eq. (8.20), we get

fe

int = finer + £ (B.1)
where the contribution of the membrane stress 7*# and the bending moment MZ?” are,
respectively
fe, = / T N agdA (B.2)
Qs ’
and
firnr = /Q My NG gndA . (B.3)
0

Here the symmetry of 7%? has been exploited.

Considering a dead loading of f, i.e. f = f,/J + pextn, the external virtual work
follows as (Sauer et al., 2014; Sauer and Duong, 2017)

e
Gext

- 5X6T (feext(] + fe

extp

+ feextt + feextm) ’ (B4)
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where the external FE force vectors are

feextO = NT fO dA )
Q5
fop = N pnda,
¥ (B.5)
fe.. = NTtds,
0 Q2e
£, = — NL v*m,nds .
OmQe
B.2 FE tangent matrices
The linearization of Gf,, yields (Duong et al., 2017)
AGS, = 0x, (K5, + ko + Ky + Koy + K+ k) Axe (B.6)

with the material stiffness matrices

kiT = / Ca’BWS NFE[ (CL/B X CLW) N’(; dA s
Qs '
ke, = / @ N (a5 ® 1) Ny dA |

% (B.7)
ke, = / e PPNT (@ a,)NydA |

2%
Ky = | fP°NL;(n@n)N,sdA

2

and the geometric stiffness matrices

k¢ = [ NL7%NgdA,
T (B.8)
ki = ki ki + (k?\m)T )
with
kS, = —/ bas M57 a* NT (n@n)N;dA
% (B.9)
Ky = — . M§PNT (n®a”) NggdA .
0

The tangent matrices associated with the external force vectors can be found in Sauer
et al. (2014) and Duong et al. (2017).
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Nomenclature

doz,B’yé

identity tensor in R?

determinant of matrix [a,g]

determinant of matrix [Aa.gs]

co-variant tangent vectors of surface S at point ; o = 1,2
co-variant tangent vectors of surface Sy at point X; oo = 1,2
parametric derivative of a, w.r.t. £&°

co-variant derivative of a, w.r.t. £?

co-variant metric tensor components of surface S at point x
co-variant metric tensor components of surface Sy at point X
contra-variant components of the derivative of a®® w.r.t. s
determinant of matrix [b,g]

determinant of matrix [Bags]

curvature tensor of surface § at point x

curvature tensor of surface Sy at point X

left Cauchy-Green tensor of the shell mid-surface

co-variant curvature tensor components of surface S at point x
co-variant curvature tensor components of surface Sy at point X
matrix of the coefficients of the Bernstein polynomials for element 2¢
surface tension

bending stiffness

contra-variant components of the derivative of 7% w.r.t. a,s
right Cauchy-Green tensor of the shell mid-surface

right Cauchy-Green tensor of a 3D continuum

right Cauchy-Green tensor of a shell layer

Bézier extraction operator for finite element €2¢

shell director vector

contra-variant components of the derivative of 7% w.r.t. bys
variation of ...
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Nomenclature

s

eaﬁ’y&

Gext
Gint
F’Y

DRNRA A S S S s NS oy

S,

=E > >

T E
o
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penalty parameter

kinematic surface viscosity

Green-Lagrange strain tensor of the shell mid-surface
contra-variant components of the derivative of M” w.r.t. s
prescribed surface loads

in-plane components of f

contra-variant components of the derivative of M” w.r.t. bys
discretized finite element force vector

deformation gradient of the shell mid-surface

deformation gradient of a 3D continuum

determinant of matrix [gas]

determinant of matrix [G.g]

current tangent and normal vectors of a shell layer; a =1, 2
reference tangent vectors and normal of a shell layer; o = 1,2
G'-continuity and symmetry constraints

co-variant components of the metric tensor of S*

co-variant components of the metric tensor of S;

external virtual work

internal virtual work

Christoffel symbols of the second kind

mean curvature of surface S at «

mean curvature of surface Sp at X

identity tensor in &

identity tensor in Sy

first invariant of C

first invariant of C

surface area change

volume change of a 3D continuum

Jacobian of the mapping P — S

Jacobian of the mapping P — Sy

finite element tangent matrices

Gaussian curvature of surface S at x

pull-back of the curvature tensor b

relative curvature tensor

bulk modulus of 3D continua

patch boundary on which edge rotation conditions are prescribed

Lagrange multiplier for the continuity constraint
principal stretches of surface S at x

surface shear modulus

shear modulus of 3D continua

moment tensor in the reference configuration
moment tensor in the current configuration
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oS

contra-variant bending moment components

surface normals of § at x

surface normals of Sy at X

array of NURBS-based shape functions

array of B-spline basis functions in terms of the Bernstein polynomials
B-spline basis function of the A™ control point; A =1, ..., n
total, contra-variant components of o

unit normal on 9S8

out-of-plane coordinate

in-plane coordinates; a = 1, 2

external pressure

parametric domain spanned by &' and &2

shell material point

potential of the constraint used to enforce edge rotation conditions
deformation map of surface S

areal density of surface S

current configuration of the shell surface

reference configuration of the shell surface

current configuration of a shell layer

reference configuration of a shell layer

boundary of §

second Piola-Kirchhoff stress tensor of the shell

second Piola-Kirchhoff stress tensor of a 3D continuum
contra-variant, out-of-plane shear stress components

Cauchy stress tensor of the shell

Cauchy stress tensor of a 3D continuum

stretch related, contra-variant components of o

current shell thickness

reference shell thickness

traction acting on a cut dS normal to v

traction acting on a cut dS normal to a®

unit direction along a surface boundary

Kirchhoff stress tensor of a 3D continuum

contra-variant components of the Kirchhoff stress tensor of the shell
in-plane components of 7

velocity, i.e. the material time derivative of @

space for admissible variations dx

NURBS weight of the A™ control point (= FE node); A =1, ..., n
strain energy density function per reference area

strain energy density function per reference volume

current position of a surface point on S

initial position of @ on the reference surface S
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current position of a material point of a 3D continuum
reference position of a material point of a 3D continuum
array of all nodal positions for finite element €2¢

array of all nodal positions for finite element €2f

current configuration of finite element e

reference configuration of finite element e
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