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Chapter 1

Introduction

The vulnerability of Global Navigation Satellite Systems (GNSSs) to jamming has been

a major concern for military applications. However, it has not been getting enough

attention from the civilian community until recent years. This attitude changed due to

the increasing availability of mobile jamming devices targeting GNSS and their grow-

ing popularity among civilians. Although the broadcast of non-satellite signals in the

GNSS frequency bands is prohibited in many countries, the infrastructure to detect

and prevent GNSS interference does not exist. Countermeasures on the receiver side

are absolutely necessary to ensure the future use of GNSS for safety-critical applica-

tions.

In case of a single-antenna receiver, adaptive filter methods in the frequency/time

domain can be used to mitigate frequency-limited or time-limited interference sig-

nals. Notch filters are, for example, suitable for suppressing narrow-band interference,

whereas pulse blanking is an efficient method against pulsed interference. However,

these methods are ineffective against wide-band interference. This kind of interfer-

ence can efficiently be detected and mitigated in the spatial domain, i.e. using array-

antennas and spatial signal processing. Furthermore, the spatial degrees of freedom

of an array-antenna provide also an increased potential for multipath mitigation com-

pared to the single-antenna receiver.

The price one has to pay for this increased potential is (aside from the bigger size

of the antenna) an increased complexity of the algorithms used for multidimensional

signal analysis and signal processing. Consequently, high-performance digital hard-

ware platforms are required instead of the conventional hardware, in order to fulfill

the real-time requirements. Associated higher costs and higher power consumption

are in contradiction with the requirements of the mass-market. Hence, low-complexity

solutions for spatial signal processing are essential for array-antenna GNSS receivers
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to make the step to the mass-market.

The first aim of this thesis is to find efficient, easy-to-implement, and low-cost signal

processing techniques for array-antenna GNSS receivers. The thesis focuses primarily

on interference mitigation but it strives for an adequate multipath rejection perfor-

mance as well. The first step is the review of the existing techniques and a careful

consideration of their costs and benefits. Since the choice of the word lengths for the

input signals and for the filter coefficients are directly linked to the hardware cost of

a digital signal processing technique, special attention is to be given to quantization

effects.

A low-complexity 2-step adaptive beamformer based on the Minimum Mean-Square

Error Beamformer (MMSE) is the major outcome of the thesis. The two steps of the

proposed method are (a) the pre-correlation interference mitigation and (b) the post-

correlation multipath mitigation. Like the conventional MMSE, the presented 2-step

beamformer is a blind approach: It does not require the knowledge about the antenna

geometry, signal directions, or any kind of calibration, which makes it relatively sim-

ple compared to many other spatial processing techniques (such as the deterministic

beamformer, the Minimum Variance Distortionless Beamformer (MVDR), or paramet-

ric spatial processing methods). On the downside, the MMSE in its conventional form

is susceptible to multipath-induced errors. Therefore, it was refined in the proposed

2-step beamformer to give the beamformer a multipath-rejective character.

Later in the thesis, the presented 2-step beamformer will be combined with tempo-

ral filtering (with a bank of notch filters in particular) to form a spatiotemporal filter.

The advantage of the combined filter is that it can mitigate an increased number of

interference signals by making use of the spatial as well as the temporal characteristics

of the received signal.

The thesis is structured as following: Chapter 2 introduces the signal models for

the satellite signals. In addition, this chapter describes multipath reception and Radio

Frequency (RF) interference and discusses their effect on the navigation performance

by referencing real-life incidents. Chapter 3 presents the general structure of a GNSS

receiver including the antenna, the analog front-end, and the digital baseband pro-

cessing. Besides providing the basics, detailed information is given on the Analog to

Digital Conversion (ADC) and its influence on the post-correlation SNR.

Chapter 4 focuses on beamforming as the core subject of the thesis. First, it gives

an overview of the existing spatial processing techniques and highlights the advan-

tages of the MMSE. In addition, this chapter analyzes the effect of quantization on

the beamforming performance and provides two formulas that can serve as a general
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rule-of-thumb for the choice of the word lengths in a beamformer. The second half

of the chapter is dedicated to developing and optimizing the proposed 2-step beam-

forming technique. The last section in the chapter points to the promising concept

of combining the vector tracking loops with beamforming for a continuous and stable

positioning even under harshest interference conditions. Finally, the extension of the 2-

step beamformer to a spatial-temporal filter with an improved interference mitigation

performance is presented in Chapter 5.





Chapter 2

Signals

To prepare for the following chapters, this chapter gives an overview of the signals that

are relevant for the rest of the thesis. Since Global Positioning System (GPS) is currently

the only fully functional GNSS in global use, the interference and multipath mitigation

techniques are discussed based on GPS signals throughout the thesis. However, these

techniques can be applied to other GNSS signals (such as GLONASS, Galileo or Bei-

dou) after minor modifications. A summary of the main characteristics of the GPS

satellite signal is given in Section 2.1. Section 2.2 addresses the interference issue refer-

encing real life incidents. Section 2.3 describes the multipath reception and its effects

on GNSS-based positioning.

2.1 Satellite Signal

GPS satellite signals are Right-Hand Circularly Polarized (RHCP) signals. The type of

spread spectrum employed by GPS is known as binary phase shift keying direct sequence

spread spectrum (BPSK DSSS) signal [1].

Signal model

The received GPS satellite signal can be modeled as follows:

sRF(t) =
√

2PR · cos(2π(fRF + fD)t+ θR)
︸ ︷︷ ︸

carrier

sD+c(t)
︷ ︸︸ ︷

D(t− τ)
︸ ︷︷ ︸

data

cN,p(t− τ)
︸ ︷︷ ︸

(spreading) code

.

Here, PR is the received signal power, D(t) is the navigation data, and the cosine term is

the RF carrier. cN,p(t) is the spread spectrum signal with the code length N , where the
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Figure 2.1: ACF ϕ∞
c∞c∞(τ) and the PSD Φc∞c∞(f) of an ideal infinite random sequence

c∞(t)

letter p denotes the periodicity of the signal. τ is the time the satellite signal requires

to travel from the satellite to the receiver. The travel time causes a delay in the code

and the data signal. fD is the Doppler shift of the carrier due to the movement of the

satellite relative to the receiver.

The spread spectrum signal cN,p(t) is ideally an infinite (N → ∞) random sequence

c∞(t) of rectangular code-chips with a chip duration of Tc:

c∞(t) =
∞∑

n=−∞

cn · rect
(

t

Tc
− n

)

with cn ∈ {−1; 1} .

The Auto-Correlation Function (ACF) of c∞(t),

ϕ∞
c∞c∞(τ) := lim

T→∞

1

T

∫ T/2

−T/2

c∗∞(t)c∞(t+ τ) dt =
1

Tc
rect

(
τ

Tc

)

∗ rect
(

τ

Tc

)

,

is a perfect triangle as illustrated in Figure 2.1 (left). The main task of the receiver in

the baseband is to generate a local replica of the satellite signal and to synchronize it

with the received satellite signal. For this purpose, the receiver computes the cross-

correlation between these two signals, which is equal to the ACF from Figure 2.1, and

maximizes the correlation value by adjusting the parameters of the local signal replica.

Further details on this tracking procedure are given in Appendix A.

The Power Spectral Density (PSD) of c∞, i.e. the Fourier transform of its ACF ϕ∞
cc (τ),

Φc∞c∞(f) = F{ϕ∞
c∞c∞(τ)} =

1

Tc
|Tc · sinc(πfTc)|2, (2.1)

is a sinc-square-function, which is also illustrated in Figure 2.1 (right). Finally, Figure

2.2 shows the PSD of the data-free code signal modulated onto the carrier. The one-

sided noise equivalent bandwidth of this signal is BN = 1/Tc.
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In contrast to the infinite random code sequence, a real spread spectrum code se-

quence cN(t) has a finite length (N < ∞) and a finite duration of NTc:

cN(t) =
N−1∑

n=0

cn · rect
(

t

Tc
− n

)

= rect

(
t

Tc

)

∗
N−1∑

n=0

cn · δ (t− nTc) .

The continuous spread spectrum signal

cN,p(t) =
∞∑

k=−∞

cN(t− kNTc) =
∞∑

n=−∞

cn · rect
(

t

Tc
− n

)

with cn+N = cn

consists of the periodical repetitions of the code sequence. With the frequency spec-

trum of one code sequence of length N

CN(f) = F {cN(t)} = Tc · sinc(πfTc) ·
N−1∑

n=0

cne
−j2πfnTc

the PSD of the spreading signal cN,p is given by

ΦcN,pcN,p
(f) =

1

NTc
|CN(f)|2 ·

∞∑

n=−∞

δ

(

f − n

NTc

)

(2.2)

=

dominant
︷ ︸︸ ︷

Tc · sinc2(πfTc)
︸ ︷︷ ︸

=Φc∞c∞ (f)

·

fine structure
︷ ︸︸ ︷

1

N
·
∣
∣
∣
∣
∣

N−1∑

n=0

cne
−j2πfnTc

∣
∣
∣
∣
∣

2

︸ ︷︷ ︸

=:|Ccode(f)|2

·
∞∑

n=−∞

δ

(

f − n

NTc

)

. (2.3)

The first term in (2.3) is equal to the PSD of an infinite random sequence given by

(2.1). It is the dominant term in (2.3) and gives ΦcN,pcN,p
(f) its main shape. The second

term, the limit of which is 1 for N → ∞, is the fine structure of ΦcN,pcN,p
(f) [2]. This term

and the effect of the data signal D(t) on the PSD can be neglected for most purposes.

Figure 2.2: PSD of an infinite random sequence modulated onto the carrier signal:

sRF(t) =
√
2PR · c∞(t− τ) cos(2π(fRF + fD)t+ θR)
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the similarities of their autocorrelation and crosscorrelation properties to truly random

code sequences, they are called PseudoRandom Noise (PRN) codes.

More precisely speaking, the GPS PRN codes are a selected group of so-called Gold

codes, that are formed from a carefully chosen pair of maximum-length linear shift register

sequences (m-sequences) of length N = 1023. They can be generated using two linear

feedback shift registers of length n = 10 (with N = 2n − 1 = 1023 non-zero regis-

ter states)[2]. Autocorrelation and crosscorrelation values of the Gold codes are well

defined as

ϕ
c
(k)
N,p,c

(l)
N,p

(iTc) ∈
{

1,
−1

N
,
−β(n)

N
,
−β(n)− 2

N

}

with β(n) = 1 + 2⌊(n+2)/2⌋;

in particular,

ϕ
c
(k)
N,p,c

(l)
N,p

(iTc) ∈ {1,−1/1023,−65/1023,−63/1023}

holds for the GPS-C/A-codes [2]. ϕ
c
(k)
N,p,c

(l)
N,p

(iTc) becomes 1 only for k = l and τ = 0.

Characteristics of the GPS-L1-C/A signals are summarized in Table 2.1. In addition

to the fixed values in Table 2.1, the maximum Doppler frequency of the carrier for a

stationary user on Earth is approximately 4 kHz, corresponding to a maximum line-of-

sight velocity of 800 m/s [3]. The Doppler frequency may approach values as high as

10 kHz in case of very high user velocities [4].

Data rate fB = 50 Hz (bps)

Bit duration TB = 1/fB = 20 ms (6000 km)

Chipping rate fc = 1.023 MHz

Bandwidth (null-to-null) B = 2fc = 2.046 MHz

Chip duration Tc = 1/fc ≈ 1 µs (300 m)

Code length N = 1023

Code duration NTc = 1 ms

Carrier frequency fRF = fL1 = 1575.42 MHz

Carrier period TRF = 1/fL1 = 0.635 ns (19 cm)

Table 2.1: Characteristics of the GPS-L1-C/A signal
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Signal Power

The signal power PR received by an antenna with a unit gain GR = 1 is given by

PR =

power spatial density
︷ ︸︸ ︷

PT ·GT

LA
· 1

4πR2
︸ ︷︷ ︸

path loss

· λ2

4π
︸︷︷︸

effective
receiver
antenna

area

. (2.5)

PT is the power at transmitter antenna input, GT is the transmitter antenna gain, and

LA the atmospheric loss. The second term in the equation is the path loss due to the

distance R the signal travels from the satellite to the receiver. The last term is the

effective area of the receiver antenna with λ being the wavelength of the satellite signal.

According to the interface control document (ICD) GPS [5], the guaranteed signal

power on the Earth’s surface for the GPS-L1-C/A signal is PR = 10−16W = −160dBW =

−130dBm. This means for the PSD of the satellite signal in Figure 2.2 a maximum value

of PR/(2BN) = −193 dBm/Hz. Further, the received signal power is approximately

proportional to the sine-square of the elevation angle of the satellite [6].

At room temperature (absolute temperature T = 290 K), the (two-sided) thermal

noise spectral density is
N0,thermal

2
= kT

2
=̂ − 177 dBm/Hz, where k = 1.38 · 10−23 J/K is

the Boltzmann’s constant. Note that the PSD of satellite signal with a maximum of

−193 dBm/Hz is 16 dB below the thermal noise floor.

2.2 Interference

GNSS signals are very weak (even weaker than the thermal noise floor as presented

in Section 2.1) when received by users. They can easily be overwhelmed by a nearby

device transmitting at neighboring frequencies [7]. Strong signals interfering with the

GNSS frequency bands may reduce the reception quality or even completely “block” a

GNSS receiver. For that reason, the broadcast of any non-GNSS signal at or near GNSS

frequencies is prohibited in many countries. Nonetheless, Radio Frequency Interfer-

ence (RFI) is a growing concern for safety-critical GNSS applications.

Until recently, most detected incidents involved unintended or accidental inter-

ference [7]. [8] reported, for example, that the Moss Landing Harbor was heavily

jammed. Three commercially available VHF/UHF television antennas with built-in

pre-amplifiers were identified to be the source of the Continuous Wave (CW) interfer-

ence. In [9] a “GNSS repeater”, that was used to check the functionality of the GPS
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equipment on airplanes within a hangar at a German airport, was identified as the

source of the interference. The repeater signal leaked outside the hanger because the

repeater transmit power was set too high. The interference signal was received even

from the sky by several aircrafts using that airport [7].

Unlike previously, recent observations suggest the increasing intentional use of il-

legal portable jamming devices. The usage of GNSS jammers may be motivated by

criminal intention such as disabling a vehicle theft-protection system, a fraud attempt

against a distance-based road-user charging system or a distance-based vehicle insur-

ance. A further reason is by privacy concerns. The popular alias “personal privacy de-

vice” (PPD) used for GNSS-jammers stresses their use for this purpose, as the primary

market for these devices consists of people who fear being tracked or monitored by

GNSS in their vehicles [10]. Such devices can, nowadays, be easily purchased through

a number of websites and online entities. Their cost ranges from a few tens of dollars

to several hundred and they are offered in different shapes; some designed to fit in

the cigarette lighter of automobiles and some disguised as cell phones with an internal

battery [11, 12].

Actually, a user who buys a PPD intents and expects to block tracking devices

merely in his or her own vehicle. Contrary to the user’s assumption, the effective

range of a jamming device is significantly larger than the volume of one vehicle; it may

reach up to several kilometers [7, 11].

PPDs are already sufficiently common on highways as to present a significant threat

to safety-critical GNSS users that must operate in proximity to busy roadways [7]. RFI

affecting the reference receivers of the Ground Based Augmentation System (GBAS) at

the Newark Liberty International Airport was traced back to a PPD used by a truck

driver who passed the airport each day [13]. The driver was arrested and charged.

[14] also reported RFI affecting the reference station of the Wide Area Augmentation

System (WAAS) in Leesburg, Virginia. In Britain, two truck thieves were jailed for 16

years, because they used GPS jammers to prevent the trucks from being tracked after

the thefts. In Germany, some truck drivers have been using jammers to evade the coun-

try’s GPS-based road-toll system [11]. Both presumably intentional and unintentional

interference was detected at the KHH airport in Taiwan. Interference mostly occurred

during the work hours [15].

Signal model

There are many types of RFI including CW, chirp signals, pulses, narrowband noise,

and broadband noise [11]. In general an interference signal s(t) is a cosine function
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with a frequency change over time and a baseband component sBB(t):

s(t) =
√

2PR · cos
(

2π

∫ t

t′=0

f(t′) dt′ + θ

)

· sBB(t).

The simplest form of interference is CW interference, which is a single tone signal

with a constant frequency f(t) = f0 (sBB(t) = 1). This kind of interference is more likely

to be unintentional, e.g. caused by the harmonics of electronic equipments [15]. Single

tone signals whose instantaneous frequency changes linearly over time (f(t) = f0+k ·t)
are called chirp or swept frequency signals.

Chirp signal is the most common signal type transmitted by commercial GNSS jam-

mers. In [11, 10] authors purchased some jammers offered online in order to analyse

their signal characteristics in a laboratory environment and in open-field tests. The

first results showed that the majority of low-cost in-car jammers transmit a chirp sig-

nal with a bandwidth between 9.4 to 44.9 MHz in the E1/L1 band (other frequency

bands were not considered in these works). The sweep period of the jammers is about

9 µs on average [11]. Among the examined jammers, there were also CW oscillators

with a 3 dB-bandwidth of around 0.92 kHz and have a temperature-dependent center

frequency around the Galileo/GPS center frequency.

Noise interference is the case, if the baseband component sBB(t) of s(t) is a noise-like

signal with small temporal correlations. The descriptions narrowband and broadband

refer to the bandwidth of sBB relative to the chipping rate fc of the satellite signals.

While CW or chirp interference with slow frequency variations can be mitigated by

means of temporal filtering, e.g. using notch filters, temporal processing is not suitable

for mitigating chirp signals with fast frequency changes or broadband noise signals.

Chirp signals with fast frequency changes are hard to track; and broadband noise sig-

nals show no temporal correlation at all. Instead, the receiver may take advantage of

the spatial signal characteristics (which are determined by the signal direction) in order

to mitigate these types of interference. In Chapter 4, the use of multi-antennas along

with different beamforming techniques is discussed. The mitigation performance can

be improved by combining spatial processing with temporal processing. Accordingly,

Chapter 5 presents a combined spatio-temporal filter and provides a comparison to the

spatial-only filter.

Devices with a baseband component sBB(t) equal to a satellite’s code signal are

called spoofers. If cleverly designed, these devices may deceive a GNSS receiver by

mimicking satellite signals instead of blocking the receiver’s signal reception. Spoof-

ing attacks can be detected and combated, e.g. at post-correlation stage by determining

the arrival directions of the received satellite signals and comparing them with the ex-
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pected satellite constellation. Spoofing is not subject of this thesis, instead, the thesis

focuses exclusively on incoherent RFI.

2.3 Multipath

MultiPath (MP) is the reception of reflected or diffracted replicas of the desired Line-

Of-Sight (LOS) satellite signal. Since GNSS positioning relies on LOS range and ve-

locity measurements between the receiver and the satellite, MP reception may distort

these measurements and thus is unfavorable for GNSS positioning.

While most system inherent errors of GNSS (such as satellite clock errors, ephemeris

errors, or atmospheric errors) can be significantly reduced by techniques like precise

modeling, dual-frequency reception, and differential GPS, MP remains to be an impor-

tant error source to GNSS positioning. In the complex terrain and urban environments,

the ranging error caused by MP can be up to tens of meters [16].

Techniques for multipath mitigation at antenna level are discussed in Section 3.1.

Later in Section 4.3.3, a digital adaptive beamforming algorithm is presented to reduce

multipath effects in an array-antenna receiver.

Signal model

A simple way to model multipath reception is to represent it as a set of M discrete

specular reflections:

sMP(t) =
M∑

m=1

sRF,m(t)

sRF,m(t) =
√

2αmPR · cos(2π(fRF + fD +∆fD,m)t+ θR,m)cN,p(t− τ −∆τm).

αm is the multipath-to-direct ratio (i.e. the signal attenuation due to reflection) of the

m-th multipath, ∆τm is the relative delay, and ∆fD,m is the relative Doppler frequency.

The navigation data is omitted for the sake of simplicity.

Since the path traveled by a reflection is always longer than the direct path, multi-

path signals are delayed relative to the direct signal (∆τ > 0). When the delay is more

than twice the code chip duration (∆τ > 2Tc), the correlation between the reflected

signal and the direct signal is negligible. In this case, reflected path can be perfectly

distinguished from the direct path. As long as the receiver tracks the direct path, such
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long-delay multipaths have little effect on positioning performance. However, multi-

path signals caused by nearby objects have a shorter delay. Such short-delay reflections

are strongly correlated with the direct signal. Hence, their reception distorts the corre-

lation function between the received code signal and the local code replica. They also

distort the composite phase of the received signal, introducing errors in pseudorange

and carrier phase measurements [3]. Unfortunately, objects close to the antenna cause

the strongest multipath in general [17].

The relative motion between the satellite’s reflection on a surface and the receiver is

different from the relative motion between the actual satellite and the receiver. Thus, in

general, the reflected signal has a different Doppler shift than the direct signal. How-

ever, if the Doppler difference ∆fD is significantly large (larger than the reciprocal of

the coherent integration time in the correlator), the multipath signal is essentially un-

correlated with the direct path [3]. Like in case of long-delay multipath, multipath

signals with large relative Doppler shifts practically do not influence the range mea-

surements.

In fact, truly specular reflections require the existence of large (significantly larger

than the carrier wavelength λ = c/fL ≈ 19 cm) and smooth reflecting surfaces. This is

the case, for example, for a receiver, that is placed on an airplane and receives reflected

signals from the wings and the tail, or for multipath reception due to a smooth sea

surface. However, multipath environments are in general more complex and diverse.

Some more realistic channel models (e.g. [18, 19]) exist, which can be used for an

accurate evaluation of different multipath mitigation techniques. Nonetheless, they

give little insight into the underlying issues and characteristics [3].

Two-path channel model (direct signal and one reflection) is indeed the most com-

monly used model for examining multipath and corresponding mitigation techniques

for GNSS applications. The two-path scenario with a strong specular reflection is a

more challenging scenario compared to diffuse multipath. According to [3], it is suf-

ficient for a GNSS receiver, although it may not be necessary, to perform well under

these simple conditions.

Hence, the two-path channel model is used in this thesis to evaluate the adaptive

beamformer in Section 4.3.3 with regard to multipath mitigation performance. The

focus here is on short-delay multipath with a Doppler shift close to the Doppler shift

of the direct signal.



Chapter 3

Receiver

Figure 3.1: Signal processing chain of a GNSS receiver

This chapter gives an insight into the general structure of a GNSS receiver. In ac-

cordance to the signal flow illustrated in Figure 3.1, the chapter starts presenting the

antenna in Section 3.1 including introductory information on phased array antennas

and adaptive beamforming. It continues with the conditioning of the RF signal using

analog hardware in Section 3.2. This section pays close attention to the ADC of the

RF signal and its effects on the SNR. Section 3.3 describes finally the digital baseband

processing, i.e. the correlator channels, that are usually realized in digital hardware

(excluding software defined radio receivers). Control of the correlator channels and

computation of the Position, Velocity and Time (PVT) are included in the appendix.

3.1 Antenna

The antenna is the first element of a GNSS receiver. Due to their low aerodynamic pro-

file, ease of construction and low cost, microstrip patch antennas are the most common

antenna type used for GNSS signal reception. Helix antennas are also widely used [20].

Fundamental parameters that are associated with the antenna are its frequency,

bandwidth, polarization, and gain pattern [4]. These parameters should match with





3.1. ANTENNA 27

the antenna center and to the different antenna elements. Hence, individual elements

of the antenna receive the signal with different delays. As a result, the carrier signals

received by different elements are phase-shifted relative to one another. This phase

shift is a function of the signal direction.

In particular, the phase-shift at the k-th antenna element compared to a predefined

antenna center is

∆θk = 2π
∆ρ

λRF
= 2π

~rk · ~esat

λRF
, (3.1)

where ~esat is the unit vector pointing from the satellite to the antenna center, ~rk is the

vector from the antenna center to the k-th antenna element, and λRF is the wavelength

of the RF carrier signal. Since ∆ρ is small compared to the length c0Tc of one code chip

the code delay differences between the array elements can be neglected. Thus, we can

assume that individual elements receive identical code signals but a phase difference

in the carrier exists.

Beamforming is the name of weighting, phase-shifting and combining the outputs

of individual antenna elements in such a way that desired signals from particular di-

rections are amplified (constructive) while others like interferences are attenuated (de-

structive). This can be done at different stages of signal processing: In analog or in

digital domain; at pre-correlation, at post-correlation, or in multiple distributed steps.

The challenge here is to adapt the beamforming weights to the signal and noise envi-

ronment. Further details on beamforming are discussed in Chapter 4.

Until recent years, the use of multi-antennas was limited to military applications

[22, 17], but lately this approach attracts great interest also in the research community.

[25, 26] present a 2×2-array of microstrip patch antennas with a patch side length of

approximately 50 mm and a nearly λ/2 (95 mm) center-to-center element spacing. The

elements of the array are designed to receive signals in the L1-band and to reject out-

of-band interference. An active 2×2-array-antenna with λ/2 element spacing is also

presented in [27].

In [25, 26], a calibration signal is generated digitally, upconverted, and injected into

the receiver path via directional coupling in order to measure the signal distortions

caused by the front-end. The calibration signal is basically a reserved PRN sequence

modulated onto the carrier. A dedicated tracking channel estimates the parameters of

the calibration signal, in order to use this information later, e.g. for direction of arrival

estimation or for computing the beamforming weights. A compact array antenna based

on the same principle with a λ/4 (47.5mm) spacing is presented in [28]. In order to cope

with the mutual antenna coupling due to the reduced element separation, [28] employs

a decoupling and matching network between the antenna array and the calibration
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integrated into the antenna. Such an antenna is called an active antenna. The addition

of preselection filtering, burnout protection and associated losses result in an overall

noise figure of 3-4 dB [1].

The LNA is followed by an RF BandPass Filter (BPF) in order to suppress out-of-

band interference. Usually a surface acoustic wave (SAW) filter is used for this pur-

pose. At the mixer stage, the signal is mixed with a Local Oscillator (LO) signal

sLO(t) = exp(j(2πfLOt+ θLO)) with fLO = fIF − fRF,

in order to downconvert the RF signal to an intermediate frequency (IF). The IF is typ-

ically one hundredth to one thousandth of the RF. Higher front-end bandwidths and

correspondingly high IFs are required if the receiver uses a narrow correlator spac-

ing (less than 1-chip) [3], which is advantageous against multipath. The RF BPF must

greatly attenuate any signals at the so-called image frequencies before downconversion.

Image frequencies are those located at ±(fRF − 2fIF). These frequencies are moved to

fIF as a side effect of downconversion.

In practice, downconversion is usually carried out in multiple stages (typically in

two), i.e. in a chain of mixer and filter stages. This is to prevent self-jamming and

the requirement of filters with extremely high quality-factors (Q-factor). Self-jamming

is the phenomenon that occurs if the required total gain is applied directly at the RF

frequency in a single step. In this case, strong output of the amplifier can leak back to

the input and cause oscillations in the receiver front-end. The Q-factor is defined as

the ratio between the center frequency and the bandwidth of a filter. High Q-factors,

i.e. narrow-band filters at high frequencies, are in general hard to implement [4].

The analog satellite signal after conditioning (and prior to ADC) is given by

s(l)(t) =
√
C(l) · exp(j2πf (l) · t+ θ)D(l)(t− τ (l))c(l)(t− τ (l)) (3.2)

with f (l) = fIF + f
(l)
D the carrier frequency of the satellite signal at IF and C(l) the signal

power. Disregarding multipath and RFI, the total signal

x(t) =
∑

l

s(l)(t) + n(t) (3.3)

is the superimposition of the received satellite signals s(l)(t) and a white Gaussian noise

n(t). The real part Re{x(t)} is called the in-phase (I) and the imaginary part Im{x(t)}
quadrature-phase (Q) components of the signal.

In case of a multi-antenna receiver, identical front-ends are used after each antenna

element. These front-ends share the same LO signal for frequency downconversion
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and the ADC in all front-ends should take place synchronously. The multi-antenna

signal after analog signal conditioning is

x(t) =
∑

l

a(l)s(l)(t) + n(t) with a
(l)
k = exp

(

j2π ·∆θ
(l)
k

)

, (3.4)

where a(l) =
[

a
(l)
1 , a

(l)
2 , . . . , a

(l)
Nant

]T

is called the steering vector of the l-th satellite signal.

The steering vector represents the phase shifts ∆θ
(l)
k each antenna element experiences

relative to the antenna center as given in (3.1). n(t) is a multivariate white Gaussian

noise . The noise in the different antenna channels is assumed to be uncorrelated, i.e.

the noise covariance matrix is Rnn = E
{
n · nH

}
= σ2

n · I, where I is the unit matrix.

In reality, additional phase shifts and signal distortions arise due to the variations

between the antenna channels (e.g. different cable lengths between the antenna ele-

ments and their front-ends, variations in the front-ends etc.). Deterministic beamform-

ing algorithms or algorithms estimating the Direction Of Arrival (DOA) of the satellite

signals require the exact knowledge of these additional phase shifts, i.e. the antenna

needs to be calibrated as discussed in Section 3.1.1. As this thesis focuses on blind al-

gorithms that do not require any information about the antenna geometry or front-end

induced phase shifts, these phase shifts are omitted in (3.4).

3.2.1 Signal power to noise density ratio

Signal power CLNA at the input of the LNA is

CLNA =
PRGR

LR
,

where PR from (2.5) is the maximum available signal power, GR (. 1, except for low

elevations) is the gain of the receiver antenna, and LR stands for the losses from the pas-

sive components prior to the LNA. For a typical antenna CLNA = −162.5 · · ·−154.5dBW

[2].

The signal to noise density ratio after analog signal conditioning is

C

N0

=
CLNA

k(TA + TR)
with TR = T0(FR(T0)− 1),

where TA is the effective noise temperature of external noise received by the antenna

such as the noise from natural sources outside of the receiver, signals from other GNSS

satellites, and other man-made signals. Typically, TA = 75 · · · 100 K [2]. This yields an
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overall effective noise temperature TE = TA + TR = 363 · · · 538K. TR is the receiver’s ef-

fective noise temperature caused by internal noise sources (dominated by the noise per-

formance of the first few stages). FR(T0) stands for the noise figure given for the refer-

ence input noise temperature T0 (usually T0 = 290K “room temperature”). Typical val-

ues for the noise figure are FR(T0) = 3 · · · 4 dB [1]. Altogether, C/N0 = 39 · · · 48 dB/Hz

can be expected. When the (one-sided) noise equivalent bandwidth of the front-end is

equal to the null-to-null bandwidth of the satellite signal, i.e. BN = 2.046 MHz, typical

values for the SNR before correlation are SNR = C/Pn = C/(N0BN) = −24 · · · − 15 dB.

3.2.2 Analog-to-Digital Conversion

Final stage of the front-end is the analog-to-digital converter (ADC). At this stage the

quantization and sampling of the analog signal takes place. Below, the effect of the front-

end bandwidth B and the quantization word length on the SNR is discussed in detail.

Figure 3.4: Mid-rise uniform quantizer

Figure 3.4 illustrates the quantization function q{x} of a mid-rise uniform quantizer

for a scalar real input value x. Uniform means that the decision levels xi at the input

and the quantizing levels qi at the output of the quantizer are equally spaced. The step

sizes between the levels are

∆x =
qmax − qmin

2nbits − 2
and ∆q =

2xthr

2nbits − 1
.

The number of available discrete values at the output is 2nbits with nbits the word length

of the quantizer output. [−xthr, xthr] is the analog input range. Input values exceeding

the clipping thresholds ±xthr are assigned to the maximum available output value qmax

or to the minimum available value qmin of the quantizer respectively.
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clipping threshold xthr is adapted to the standard deviation σI = σQ of the input signal.

Optimum thresholds, that minimize the SNR loss, can be identified from Figure 3.5a.

The values here are conform to those given in [33] universally for uniform quantiz-

ers. Optimum threshold and the minimum possible SNR loss [34] for different word

lengths are listed in Table 3.1.

Number of bits Optimum

threshold [33]

Pre-correlation

SNR loss

Post-correlation

SNR loss

xthr/σI in dB [34] in dB

1 (no AGC) 0 1.961 1.23

2 (typical) 0.996 0.550 0.30

3 1.758 0.166 0.09

4 2.346 0.050 0.03

5 2.822 0.015 0.01

Table 3.1: Quantization loss for very low SNR

It can be concluded that the SNR (and consequently the range estimation accuracy)

does not significantly improve for more than 3 bits [35]. Further, it is known that

the performance gap between the uniform and the non-uniform quantization is also

insignificant [35]. Note that in order to achieve the optimum SNR values given in

Table 3.1, some form of automatic gain control (AGC) must be implemented in the front-

end to adaptively control the clipping thresholds of the quantizer. RFI is not taken

into account yet. Actually quantization with such short word lengths is vulnerable to

interference [36]. This topic is discussed in Section 4.2.

In Table 3.1, the estimate of the SNR after correlating the received signal x(t) with

the local satellite signal replica ŝ(t) is included as well. Given that there is no RFI or

multipath and the noise n(t) is unbiased, the SNR of the I-component PI = Re{P} of

the “prompt” correlator is

SNRPI
=

E{PI}2

E
{
|PI − E{PI}|2

} .

Further details on correlation are discussed in Section 3.3.

Maximum available SNR at this stage (for nbits → ∞ and B → ∞) is

SNRPI,max =
1

2T

C

N0

with T the pre-detection integration time. As stated in [37], SNR loss observed after

correlation is slightly smaller than the SNR measured before correlation. This can be
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explained by the fact that the quantization error, which is usually modeled as an addi-

tive white noise, is actually correlated with the satellite signal.

Figure 3.5b shows how the final bandwidth after analog signal conditioning affects

the SNR (measured after correlation) in combination with the quantization. SNR for

different word lengths as well as its theoretical maximum (given by (3.7) and (3.8))

are plotted. With regard to SNR, there is no significant advantage in increasing the

bandwidth beyond the null-to-null bandwidth (2.046 MHz) of the satellite signal. In

[38] even a decrease in the SNR is claimed, if the bandwidth in increased. However,

this decrease does not occur in Figure 3.5b, if the sampling frequency is increased pro-

portional to the bandwidth. The observation in [38] is probably due to the constant

sampling frequency and increasing aliasing for higher bandwidths.

If we account for RFI, wider bandwidths can indeed become disadvantageous. In

case of CW and swept CW interference, for example, narrower bandwidths may po-

tentially eliminate a portion of the interference power. In [39], after testing several re-

ceivers, the authors come accordingly to the conclusion that the front-end bandwidth

has a greater impact on the tracking performance than the RFI signal type. However,

narrow bandwidths broaden and flatten the correlation function at the same time [3].

With regard to multipath, this makes it harder to distinguish multipath from direct sig-

nals. The correlator spacing of the narrow early-late-discriminator, for example, should

not be set less than the chip rate fc divided by the front-end bandwidth B as a rule of

thumb [3]. Since the maximum multipath error of the discriminator is proportional to

the correlator spacing, front-end bandwidth is linked to the multipath mitigation per-

formance of a receiver. Larger bandwidths are required to reduce multipath-induced

biases [40] (Figure 4.18 and Figure 4.20 later in Section 4.3.3 provide a quantitative

comparison of the front-end bandwidths 2 MHz and 4 MHz with regard to multipath

induced ranging errors.).

If the received RF signal is downconverted to the baseband (fIF = 0) before ADC,

the sampling frequency fs must fulfill the Nyquist criterion fs ≥ 2fUP with fUP the

cutoff frequency (baseband sampling). However, most typically the RF signal is down-

converted to an intermediate frequency. In this case, bandpass sampling may be applied:

fs = 2fUP/m with m ∈ Z and m ≤ ⌊fUP/B⌋ .

In case of GNSS applications, it is crucial not to use sampling frequencies, that are

a multiple of the chip rate fc. If the satellite’s code signal is sampled with a multiple

of the chip rate fc, several phases of the code have the same value of cross correlation

[41]. Hence, the correlation triangle deforms to a step function, which leads to a dis-

torted code phase discrimination function as a result. Further details on this topic are
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discussed in [42].

3.3 Baseband Processing

Computation of the user position in a GNSS receiver is based on the estimated carrier

frequencies and code delays of the different received satellite signals. In order to esti-

mate and keep track of the code delay τ , the carrier frequency f , and the carrier phase

θ of a satellite signal, the receiver generates a local replica

ŝ(t; f̂ , θ̂, τ̂) = exp(j(2πf̂t+ θ̂))
︸ ︷︷ ︸

carrier

· c(t− τ̂)
︸ ︷︷ ︸

code

of the satellite signal and computes the correlation

ϕT
ŝx(t; f̂ , θ̂, δτ) = 〈ŝ∗(t; f̂ , θ̂, τ̂ − δτ) · x(t)〉T =

1

T
·
∫ t

t−T

ŝ∗(t′; f̂ , θ̂, τ̂ − δτ) · x(t′) dt′

(3.5)

between this local replica signal and the received signal x(t) for Ncorr different code

delays δτ , where T is the observation time. Correlation function in its discrete form is

ϕK
ŝx(k; f̂ , θ̂, δτ) = 〈ŝ∗(kTs; f̂ , θ̂, τ̂ − δτ) · x(kTs)〉K

=
1

K
·

k∑

k′=k−K+1

ŝ∗(kTs; f̂ , θ̂, τ̂ − δτ) · x(kTs) with K = ⌊T/Ts⌋.

(3.6)

Ideally the local signal replica is synchronized with the received satellite signal, i.e.

f̂ = f , θ̂ = θ, τ̂ = τ . In following chapters, a parameter is omitted if it is synchronous

with the received signal. In the case of an ideal synchronization, for example, the short

notation ŝ(t) = ŝ(t; f̂ = f, θ̂ = θ, τ̂ = τ) is used. Also the alias “prompt” correlator is

used for P = ϕT
ŝx(t; δτ = 0), i.e. for the correlation of x(t) with the “prompt” signal

replica ŝ∗(t; f̂ , θ̂, τ̂).

The “carrier-synchronized” correlation function ϕT
ŝx(t, δτ) over δτ has a triangle

shape with a peak value at δτ = 0 as shown in Figure 2.3 in the previous chapter.

Furthermore,

|ϕT
ŝx(t, f̂)|2 = |sinc(πT · (f − f̂))|2

holds for the “code-synchronized” correlation function ϕT
ŝx(t, f̂) over f̂ , which has its

peak value at f̂ = f (Figure 3.6). Put in short terms, the task of the baseband processing
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Figure 3.6: “Code-synchronized” correlation function ϕT
ŝx(t, f̂) over frequency esti-

mate f̂

is to continuously maximize these two functions. See Appendix A for further details

on this so called tracking procedure.

The correlation is divided into carrier wipe-off and code wipe-off. Carrier wipe-off is

the process of mixing the complex input signal x(t) with the carrier of the local signal

replica in order to downconvert the satellite signal to the baseband. Code wipe-off is the

process of mixing the input signal with the local code signal and integrating over time.

Figure 3.7 illustrates the PSD of noise and the satellite signal after these different stages

of correlation.

With (2.3) and neglecting the quantization loss and the fine structure of the PSD,

the signal power after correlation is

Ps = E{P}2 = C · Tc

∫ B/2

−B/2

|sinc(πfTc)|2 df (3.7)

with B the front-end bandwidth. C is the the signal power after analog signal condi-

tioning. Ps = C for B → ∞. The noise power after correlation is

Pn = E
{
|P − E{P}|2

}
=

N0

T
, (3.8)

as 1/T is the two-sided noise equivalent bandwidth of an integrator filter over the

period T and 1/T << B. N0/2 is the noise power density. Not the total noise power

N0B before correlation but the noise power density N0/2 and the integration time T

determine the SNR = Ps/Pn after correlation.

The block diagram in Figure 3.8 illustrates the implementation of the correlation

process in hardware. The correlator channel computes the correlation values for an

odd number of Ncorr equidistant code delays. Different code delays in the local signal

are realized using a shift register. Two numerically controlled oscillators (NCO) gen-

erate the carrier frequency and the chipping rate. While the carrier values are read out

from a Look-Up-Table (LUT), the code is generated using feedback linear shift registers

as mentioned in Section 2.1.
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Figure 3.7: Baseband Processing
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Figure 3.8: Single-antenna correlator channel

Combinational Registers Total

Carrier NCO 80 96 176

Code NCO 86 91 177

Code Generator 66 94 160

Code & Carrier Wipe-Off 242 192 434 ∝ Ncorr ·Nant

Other 182 192 374 ∝ Nant

Total 656 665 1321

Table 3.2: Number of LCs (Ncorr = 3, nx = nc = 2)

In Table 3.2 the synthesis results of one correlator channel are given, if the corre-

lator channel is synthesized on a Cyclone V Altera FPGA (5CSEMA4U23C6) [43]. A

distinction is made between LCs that are used for combinational logic and LCs that are

used as registers. While the local replica generation consisting of the carrier NCO, code

NCO and the code generator is required once per channel, the implementation cost of

the code wipe-off path is nearly proportional to the number of computed correlation

values Ncorr. In case of multi-antenna reception, the input signal x(t) of the correlation

channel is a vector of size Nant. This translates into one code & carrier wipe-off chain

for each additional antenna.



Chapter 4

Beamforming

In the case of a single-antenna receiver, narrowband interference can be mitigated in

the frequency or time domain. Broadband interference, however, can effectively be

dealt with in the spatial domain using multi-antenna receivers. Adaptive beamforming

is the process of combining the signals from different antenna-elements (decoupled

from the tracking loops) in order to form beams and zeros in the gain pattern of the

multi-antenna. The objective is to adapt the gain pattern to the signal environment, so

that interference and multipath signals are rejected and direct signals from the satellites

are amplified.

Beamforming can take place at various stages of the signal processing chain: In the

analog hardware, or in the digital domain (hardware or software); before correlation

[44] or after correlation [20], or split into multiple steps distributed between the dif-

ferent stages as in [28]. In contrast to beamforming in analog hardware, digital beam-

forming allows for independent array gain patterns in different correlation channels.

This has the advantage that a different gain pattern can be generated in each channel,

each of which is adjusted for optimum reception of a specific satellite signal [45].

Beamforming approaches can be grouped into three different categories. Beam-

formers in the first category are those, that compute the steering vectors of the satellite

signals and thereafter the beamforming coefficients based on the satellite positions.

The satellite positions are indeed known by the receiver, as the ephemeris are included

in the navigation messages. In addition to the satellite positions, however, the receiver

must accurately estimate or be provided with the antenna orientation in order to de-

termine the DOAs relative to the antenna. For that reason, this type of beamforming

is not practical for dynamic stand alone operation [31]. The second category includes

beamformers such as the ones in [45, 46], which are supported by DOA estimation al-

gorithms like ESPRIT [47] or MUSIC [48]. These algorithms provide an estimate of the
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signal directions relative to the antenna. A further estimation of the antenna orienta-

tion is not required.

The deterministic beamformer, the Minimum Variance Distortionless Beamformer

(MVDR) and the Minimum Power Distortionless Beamformer (MPDR) from Section

4.1 can be used for both of these two categories. A modified version of the MPDR

employing several overlapping sub-arrays is proposed in [49, 50]. This beamformer is

designed to reject reflected signals to deal with multipath reception. Among other ad-

ditional computations it requires a pre-filtering stage, computation of two covariance

matrices (one before and one after pre-filtering) instead of one and the Eigenvalue

EigenVector Decomposition (EVD) of the covariance matrix. Hence, its computational

cost (in hardware and software) is significantly higher than the conventional MPDR.

The Linearly Constrained Minimum Variance Beamformer (LCMV) can be used

for the second category. In addition to the DOAs of the satellite signals, the LCMV

can take the estimated DOAs of the interference and multipath also into account and

purposefully put zeros into the adaptive gain pattern in order to suppress undesired

signal directions. The LCMV presented in [51] is slightly simplified. It does not re-

quire the estimation of the interference and multipath directions, but suppresses low

elevations in general to reject ground interference and ground multipath. The result is

similar to the antenna techniques presented in Section 3.1. The Iterative Adaptive Ap-

proach (IAA) in [52] is also worth mentioning, that combines the DOA estimation and

the beamforming into one iterative algorithm. It defines a scanning grid of directions,

computes iteratively beamforming weights looking into one direction and suppressing

all others. Finally, the weight vector of the grid direction is selected, that corresponds

to the assumed DOA.

Beamformers mentioned in the first two categories so far must exactly reproduce

the steering vector observed after analog signal conditioning for all possible signal di-

rections. The steering vector is not only determined by the signal direction and the

antenna geometry, but also by the antenna radiation pattern and the front-end char-

acteristics in reality as discussed in Section 3.2. Therefore, a calibration procedure is

required to measure and model the true steering vectors for different DOAs. For this

purpose, [31] uses recorded data for calibration. [20, 25, 26] use a calibration signal

injected into the signal path for online calibration (see Section 3.1.1). Further, [51]

proposes the use of a calibration matrix to model the antenna coupling effects. The

calibration matrix is measured in advance and taken into account for corrections in the

beamforming algorithm.

The last category is the category of blind beamformers, that do not require any

knowledge about the antenna geometry or signal directions or any kind of calibration.
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The MMSE requires only the waveform of the desired signal to be known as it is the

case for GNSS. The MMSE is susceptible to multipath, since it may combine multipath

signal with the direct signal in order to increase the total signal power. [53] applies a

weighted linear combination of the MVDR and the MMSE to improve this behavior.

However, because of the use of the MVDR, this approach cannot be described as blind

any more. Instead, this thesis presents a slightly modified version of the MMSE in Sec-

tion 4.3.3, which is more immune against multipath. Power Minimization (PM) filter

[54], that ignores the desired signal directions as a disadvantage and only suppresses

strong interference, can also be counted to the blind beamformers.

As an alternative to the beamforming techniques, also parametric methods exist.

These methods exploit the underlying signal model as in (3.4) and estimate the un-

known parameters of the received satellite signals such as the code delay and the car-

rier frequency together with the DOA. That requires a complex multi-dimensional

search to find the estimates [55]. The Space Alternating Generalized Expectation Max-

imization (SAGE) algorithm [56] is one of the most common algorithms applied for

this purpose. It computes the maximum likelihood estimates of the desired signal pa-

rameters. [45] compares SAGE against LCMV and MMSE and concludes that SAGE

is indeed more robust against multipath. However, due to its computational cost and

memory requirements, SAGE is hard to implement for real time operation [57]. With a

purpose of reducing the computational complexity, [57] applies SAGE after correlation.

The SAGE algorithm also requires antenna/front-end calibration.

This thesis focuses on blind beamformers due to their computational efficiency and

ease of implementation. It differentiates from previous work by putting special atten-

tion on quantization. It discusses how quantization influences the performance and

the implementation cost of digital beamforming.

After giving a brief overview of the different beamformers in Section 4.1, the re-

lation between quantization precision and the Signal-to-Noise-plus-Interference-Ratio

(SNIR) after correlation is discussed in Section 4.2. Section 4.3 presents a 2-step beam-

forming approach. In particular, Subsection 4.3.1 answers the question, where to real-

ize beamforming in the processing chain in order to reduce the implementation cost.

The considerations justify the 2-step approach with pre-correlation interference mit-

igation as presented in Subsection 4.3.2 and post-correlation multipath mitigation as

presented in Subsection 4.3.3. Finally, Section 4.4 addresses the potential of combining

beamforming techniques with Vector Tracking Loops (VTL).
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4.1 Beamformers

With x being the complex Nant-dimensional output of analog signal conditioning given

by (3.4), the output of a beamformer is defined as

z = wH · x,

where w is the complex beamforming vector. In general, beamforming provides a max-

imum gain factor of Nant in the Signal-to-Noise-Ratio (SNR) relative to single-antenna

reception.

Different optimization criteria result in different beamformers. An overview of

those are given in the following subsections. The deterministic beamformer, the MVDR

and the MPDR (Sections 4.1.1, 4.1.2, 4.1.3) are well-suited to situations with known

DOAs and antenna response but unknown reference signal waveforms. The LCMV

(Section 4.1.4) may additionally take interference directions into account, in case they

are known or estimated. The performance of these beamformers are negatively im-

pacted by channel errors, line biases, or unmodeled antenna effects [58]. The MMSE

(Section 4.1.5) is convenient if the reference waveforms, i.e. satellite signals in case of

GNSS, are known but DOAs are not. It does not require any knowledge about the an-

tenna response. The projection matrix introduced in Subsection 4.1.6 is a replacement

for the inverse of the auto-covariance matrix Rxx of the input signal x. It can be used

in all mentioned beamformers instead of R−1
xx in case of strong interference. The PM

(Section 4.1.7) approach requires neither the DOAs nor the reference waveforms. Its

exclusive task is to minimize the signal power in order to suppress the interference

signals.

4.1.1 Deterministic Beamformer

The deterministic beamformer (also known as the conventional or the Bartlett beam-

former [59]) maximizes the power from a given signal direction while keeping the

noise power constant, if the noise is assumed to be spatially white. This constraint

about the noise means |wdet| = 1 for the beamforming vector wdet. With a being the

steering vector of the desired signal, the beamforming vector is given by [55]

wdet =
a√
aHa

. (4.1)

Since the deterministic beamformer focuses only on maximizing the power of the

desired signal, it does not control sidelobes and nulls in the beam pattern. Thus, it may

not adequately suppress interference or multipath [58].
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4.1.2 MVDR: Minimum Variance Distortionless Beamformer

The minimum variance distortionless (MVDR) beamformer (also known as the Capon’s

beamformer [60]) attempts to minimize the power contributed by noise and any signals

coming from other directions than a particular single look direction. As a constraint,

it maintains a fixed unity gain in the look direction (wH
MVDR · a = 1) [55]. The MDVR

beamformer maximizes the SINR and hence the array gain [61].

In case the desired signal and the interference signals are uncorrelated and the noise

is spatially white,

Rxx = E
{
x · xH

}
= a · σ2

s · aH +
∑

i

bi · σ2
i · bH

i + σ2
n · I

︸ ︷︷ ︸

=RN+I

applies to the auto-covariance matrix Rxx, where a is the steering vector of the desired

signal, bi are the steering vectors and σ2
i the powers of the interference signals, and

σ2
n is the noise power. RN+I is the auto-covariance matrix resulting exclusively from

the interference signal and the noise (excluding the satellite signal). The beamforming

vector of the MVDR beamformer is

wMVDR = µ ·R−1
N+I · a with µ =

1

aH ·R−1
N+I · a

. (4.2)

A recursive way to compute wMVDR is to add the correction vector

∆wMVDR = γ · (µ · a−RN+I ·wMVDR)

to it at the end of each update period, where γ > 0 is the step size parameter controlling

the convergence speed of the algorithm [62].

The MVDR requires the exact knowledge of the steering vector of the satellite signal

of interest. In the presence of signal direction mismatch or antenna/front-end model-

ing errors, the SNIR gain of the MVDR is dramatically degraded [63, 64].

Not only for the mentioned criterion but for a wide class of criteria the optimum

beamformer is an MVDR beamformer followed by a scalar depending on the criterion.

For instance, under the assumption that the noise is a circular complex Gaussian ran-

dom vector the maximum likelihood estimate of the source signal is identical to the

output of the MVDR beamformer [61]. The MPDR and the MMSE from the following

two subsections are theoretically also equal to the MVDR. Differences arise in practice

due to e.g. steering vector mismatch or numerical approximations in the implementa-

tion.
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4.1.3 MPDR: Minimum Power Distortionless Beamformer

The attempt to minimize the total output power, while maintaining a fixed gain in the

look direction, results in the minimum power distortionless (MPDR) beamformer. The

beamforming vector of the MPDR beamformer is also given by (4.2) if RN+I is replaced

by Rxx:

wMPDR = µ ·R−1
xx · a with µ =

1

aHR−1
xxa

. (4.3)

Due to their close similarity, the MPDR is also referred to as MVDR in the majority

of the literature [61], e.g. in [55], [58].

MVDR and MPDR are equivalent as long as there is no mismatch between the esti-

mated steering vector and the true steering vector. However, in case of a steering vector

mismatch the MVDR beamformer outperforms the MPDR beamformer in general. The

differences are insignificant for GNSS applications, as the effect of the satellite signals

on the auto-covariance matrix is negligible because of their relatively low power, i.e.

RN+I ⋍ Rxx.

4.1.4 LCMV: Linearly Constrained Minimum Variance Beamformer

The linearly constrained minimum variance (LCMV) beamformer is an extended ver-

sion of the MPDR in the sense that it extends the constraints from one signal direction

to multiple signal directions (here L). The beamforming vector of the LCMV beam-

former is subject to the linear constraint

wH
LCMV ·A = gH with A =

[

a1 · · · aL

]

,

where A contains steering vectors ai for the different directions (i = 1, · · · , L) and g

specifies the desired antenna gain for each direction. A may contain both desired signal

directions and undesired interference directions. A reasonable choice for g would be

to set its corresponding elements equal to one for a distortionless reception in desired

directions and to set its remaining elements equal to zero for suppressing undesired

directions. The beamforming vector of the LCMV is given by

wLCMV = R−1
xxA

(
AHR−1

xxA
)−1

g.

Arrival directions of the satellite signal can be computed deterministically based

on ephemeris data in the navigation message and the antenna orientation provided by

e.g. an external compass. In contrast, interference directions cannot be determined in

a similar way. If they are taken into account by the LCMV, they must be necessarily

estimated by a separate DOA estimation algorithm.
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4.1.5 MMSE: Minimum Mean-Square Error Beamformer

The MMSE minimizes the mean square difference between a desired reference signal

and the beamformer output. The reference signal in case of GNSS is the satellite signal,

the waveform of which is precisely known by the receiver. The beamforming vector of

the MMSE is given by

wMMSE = R−1
xx · E{ŝ∗ · x} , (4.4)

where ŝ is the locally generated reference satellite signal replica. ŝ is synchronized with

the received satellite signal by the tracking procedure.

The expectation value E{ŝ∗ · x} in (4.4) is equal to the steering vector of the satellite

signal in case there is no multipath or any other coherent interference. An approxima-

tion of this term is

E{ŝ∗ · x} ≈ ϕT
ŝx(t; δτ = 0),

where ϕT
ŝx is the correlation between the local signal replica ŝ and the front-end output

x as defined by (3.5). ϕT
ŝx is already computed in the correlation module as part of the

tracking procedure and can be used also for beamforming.

A recursive way to compute wMMSE is to add the correction vector

∆wMMSE = γ · (E{ŝ∗ · x} −Rxx ·wMMSE) = γ · (E{ŝ∗ · x} −Rxz)

to it at the end of each update period [62], where γ is the step size parameter of the

algorithm.

In contrast to the previously presented beamformers, MMSE does not require any

knowledge about the DOAs or the antenna/front-end response. In this sense, it is a

blind beamformer. It yields SINRs that are only a few tenths of a dB less than those

given using the MPDR beamformer [65]. However, MMSE may be susceptible to

multipath-induced errors, since it tends to constructively combine multipath signals

with the direct signal [57, 58].

An extended version of the MMSE, which is more immune to multipath, is pre-

sented in Section 4.3.3. To distinguish the MMSE from its extended version, the MMSE

is denoted also as the Minimum Mean-Square Signal Error Beamformer (MMSSE). The

name stresses the optimization criterion to minimize the differences between two “sig-

nals”, the reference satellite signal and the beamformer’s output signal.
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4.1.6 Projection

GNSS signals are weak compared to the noise power. Hence, their effect on the co-

variance matrix Rxx is negligible. The following holds for the eigenvalue/eigenvector

decomposition (EVD) of Rxx if strong interference (interference power ≫ noise power

σ2
n) is present:

Rxx = U ·Λ ·UH ≈ RN+I =
[

UI UN

]

















λ̃1 0

. . .

λ̃NI

0 0









+ σ2
n · I









[

UH
I

UH
N

]

.

The columns of UI are eigenvectors of Rxx that span the interference subspace. Among

all eigenvectors of Rxx they can be identified by comparing their corresponding eigen-

values λi = λ̃i + σ2
n with a threshold value λthr & σ2

n. If NI uncorrelated interference

signals from distinct directions are received, NI eigenvectors belong to the interference

subspace, i.e. UI has NI columns. The columns of UN are the remaining (Nant − NI)

eigenvectors that belong to the noise subspace.

The inverse of the covariance matrix Rxx, which is used in all presented beamform-

ers so far, can be computed as

R−1
xx = U ·Λ−1 ·UH = U ·







1/λ1 0

. . .

0 1/λNant






·UH

based on the EVD of Rxx. In case that the interference signals are very strong compared

to the noise (λi ≫ σ2
n),

Λ−1 ≈ 1

σ2
n

· S =
1

σ2
n

·







S11 0

. . .

0 SNantNant







with Sii =

{

0 if λi > λthr

1 if λi ≤ λthr

(4.5)

applies, where S is a diagonal “selection matrix”. S lets eigenvectors with a small

corresponding eigenvalue λi (noise eigenvectors) through while zeroing others (inter-

ference eigenvectors). Consequently, R−1
xx can be approximated as follows:

R−1
xx ≈ 1

σ2
n

P⊥ = U · S ·UH =
1

σ2
n

UN ·UH
N =

1

σ2
n

(
I−UI ·UH

I

)
. (4.6)

P⊥ is called a projection matrix. The signal

y⊥ = P⊥ · x



4.1. BEAMFORMERS 47

is the projection of the input signal x onto the interference-free noise subspace.

The use of the projection matrix P⊥ for interference mitigation in place of R−1
xx is

proposed, e.g., in [28, 66, 67, 68, 69, 70]. However, one should keep in mind, that P⊥

approximates R−1
xx if and only if interference is strong compared to noise. R−1

xx or P⊥ are

both responsible for generating notches in the adaptive gain pattern in the directions

of the interference signals. When the DOA of a satellite signal is close to an interference

direction, its reception power is also affected by the attenuation of a notch [67]. While

the “depth” of the notches generated by R−1
xx is limited (> 0) and adapted to the power

of the interference signals, P⊥ generates absolute zeros in the gain pattern regardless

how strong the interference is. Hence, in the presence of weak interference signals, the

projection approach is disadvantageous compared to using R−1
xx [71].

4.1.7 PM: Power Minimization

GNSS signals are below the noise floor as discussed in Section 3.2, i.e. the input signal

x of the beamformer is dominated by noise, if there is no strong interference. In this

case (and if the noise is assumed to be spatially white) the elements of x are nearly

uncorrelated and, thus, the non-diagonal elements of Rxx are nearly zero.

Spatial correlations in x indicate the presence of interference with distinct signal

directions. Therefore, removing any spatial correlation from the input signal by spatial

filtering and minimizing the power E{|z|2} at the filter output down to the noise floor

results in the removal of strong interference signals. The PM filter [54, 72] used for this

purpose is a special case of the MPDR beamformer. The beamforming vector wPM of

the PM filter is given by (4.3), if the steering vector a is replaced by δ, which is a zero

vector except for the iref-th element (reference) δiref
= 1. wPM is the iref-th column of R−1

xx

divided by the diagonal element [R−1
xx ]iref,iref

.

The disadvantage of the PM filter is that it does not exploit any information on

the satellite directions. Furthermore, it does not explicitly exploit the fact that each

interferer arrives as a plane wave at a single discrete angle [54]. The PM filter blindly

removes any significant spatial correlation detected in the input signal x. In constrast to

previously presented beamformers, it does not “care” about the effect of beamforming

on the satellite signals. In that sence, it is a blind but sub-optimum beamformer.

The most important advantage of the PM beamformer is its simple formulation
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based on

z = yiref
= xiref

︸︷︷︸

“reference”

+
∑

i,i 6=iref

w∗
i xi

︸ ︷︷ ︸

“estimate”

, (4.7)

where xi are the elements of x and wi the elements of wPM. iref-th element of the antenna

is chosen as the reference element and its output may be interpreted as the “reference

signal”. An estimate of the desired “reference signal” is formed from the auxiliary

antenna-elements and subtracted from the reference signal in order to remove spa-

tially correlated interference. The mean square difference between the estimate and

the reference needs to be minimized in order to minimize the power of the output

signal z.

This formulation leads to the following LMS based algorithm for adapting the

weights on a continual basis:

wPM(k) = wPM(k −K) + ∆wPM(k) with ∆wi(k) = −µ · ϕK
xiz

(k; δτ = 0). (4.8)

The weighting vector wPM is periodically updated with a period of K samples by

adding a correction term ∆wPM. The elements of ∆w are derived from the correla-

tion ϕK
xiz

between the input signal x and the output signal z as defined by (3.6). µ is the

step size parameter, which determines the convergence speed of the LMS algorithm.

According to [73], convergence of a gradient-based filter adaptation is guaranteed if

the step-size parameter µ satisfies

0 < µ < 2/input-power (4.9)

with

input-power = E
{
|x|2
}
≈ 〈|x(k)|2〉K .

The LMS based algorithm eliminates the computationally intensive inversion of the

covariance matrix Rxx.

Section 3.2 concluded that a relatively coarse signal resolution (2-3 bits) is sufficient

for quantizing the GNSS signals before digital processing. This is not the case if strong

interference is present in the input signal x (see Section 4.2 for further details). As PM

suppresses interference signals to the noise level, we are allowed to reduce the resolu-

tion of the beamformer’s output y immediately after PM to its normal levels as if there

was no interference existent but only noise. Consequently, like in all following process-

ing stages, we can replace z(k) in the computation of the correlation value ϕK
xiz

by its



4.2. QUANTIZATION 49

coarsely quantized version q{z(k)} in order to reduce the computational complexity of

the correlation. If done so (4.8) becomes

∆wi(k) ≈ ∆̃wi(k) = −µ̃ · ϕK
xiq{z}

= −µ̃ · 〈x∗
i (k) · q{z(k)}〉K (4.10)

with the modified step size

µ̃ =
σz

σq

· µ =

√

〈|z(k)|2〉K
σq

· µ.

This way the use of the high precision signal z(k) in (4.8) is avoided. However, the

computation of the standard deviation σz of z(k) is required. The standard deviation

σq of q{z(k)} is a constant value (determined by the word length of the quantizer and

qmax and qmin as defined in Figure 3.4) and it does not need to be computed explicitly.

4.2 Quantization

Analogous to the discussion in Section 3.2.2 for the single-antenna receiver, this sec-

tion discusses the effect of the quantization on the beamforming performance. While

Section 4.2.1 studies the quantization of the input signal in the presence of strong in-

terference, Section 4.2.2 analyses the quantization of the beamforming coefficients.

4.2.1 Quantization of the input signal

In Section 3.2, it was shown for the single antenna receiver that a small number of bits is

sufficient to digitize the received signal, provided that there is no interference. There is

practically no use in increasing the word length above 3 bits as the SNR loss cannot be

further reduced by improving the quantization precision. However, this does not hold

for a multi-antenna receiver in the presence of strong interference. The effectiveness of

beamforming against interference depends significantly on the signal resolution before

beamforming.

To demonstrate the relation between the quantization of the input signal and the

beamforming performance, the two-dimensional scenario as illustrated in Figure 4.1 is

examined in this section. A satellite signal (C/N0 = 45.7 dBHz) arriving from zenith

and a strong broadband noise interference with a power density of I0 from horizon are

received by a 2-element antenna with a λ/2-element-spacing.
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Figure 4.1: Experimental constellation

The steering vector a of the satellite signal and the steering vector b of the interfer-

ence signal,

a = [1, 1]T and b = [1,−1]T ,

are orthogonal in this case. Hence, the deterministic beamforming vector wdet given

by (4.1) perfectly suppresses the interference signal, i.e. wH
det · b = 0, if the input signal

x is not quantized. In this case, the SNIR after beamforming

SNIR =
E{s∗ · q{z}}2

E
{
|s|2
}
· E
{
|q{z}|2

} with z = wH
det · x

reaches its maximum possible value

SNIRmax = SNRmax = Nant ·
1

B
· C

N0

= Nant · SNRmax,1-ant,

where B is the signal bandwidth after analog conditioning (Nyquist-sampling: fs =

B).

Quantization reduces the resolution of the input signal x and causes an SNIR loss

(SNIRmax/SNIR > 1). In Figure 4.2a the SNIR loss due to quantization is plotted for a

constant Interference-to-Noise Ratio (INR) of I0/N0 = 68 dB and for different quantiza-

tion word lengths nbits as a function of the clipping threshold qthr. Figure 4.2a is to be

compared with Figure 3.5a, where the SNR loss is given for the interference-free (noise-

only) case. In contrast to the noise-only case in Figure 3.5a, here, the word length has a

drastic effect on the SNIR after beamforming.

Figure 4.2a shows furthermore, that each word length nbits has a different optimum

clipping threshold, which minimizes the SNIR loss. The optimum clipping thresholds

depend on the input power 2σ2
I , i.e. some form of AGC is needed in order to adapt

the clipping threshold of the quantizer to the signal power and achieve the best SNIR.
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where n(t) is an additive spatially white noise with a power of σ2
n. The INR of x(t) is

INRmax = σ2
s/σ

2
n. Here, the projection matrix defined by (4.6) becomes

P⊥ = P⊥(b) = 1− bbH

|b|2 = 1− bbH

Nant

and perfectly eliminates the interference signal:

y⊥(t) = P⊥ · x(t) =
interference
︷ ︸︸ ︷

P⊥ · b
︸ ︷︷ ︸

=0

·s(t)+
noise

︷ ︸︸ ︷

P⊥ · n(t) = P⊥ · n(t),

i.e. y⊥(t) contains only a spatially colored noise.

However, if we replace P⊥ by its quantized version q
{
P⊥
}

, a portion of the inter-

ference power

P̃s = E
{
|q
{
P⊥
}
· b · s|2

}
= σ2

s · E
{
|q
{
P⊥
}
· b|2

}
> 0 (4.11)

“escapes” the projection on average, because q
{
P⊥
}
· b 6= 0. E{·} is here the average

over all possible signal directions. The noise power after projection can be computed

as follows:

P̃n = E
{
|q
{
P⊥
}
· n|2

}
= σ2

n ·
∑

i,j

|q{pij} |2, (4.12)

where q{pij} are the elements of the quantized projection matrix q
{
P⊥
}

. Finally, the

INR after beamforming is

˜INR = P̃s/P̃n

with P̃s and P̃n from (4.11) and (4.12).

If P⊥ without quantization is used for projection, ˜INR → −∞, as P̃s = 0. That

is, projection yields an infinite reduction in the INR. However, in contrast to P⊥ its

quantized version q
{
P⊥
}

does not completely eliminate the interference but achieves a

limited reduction in the INR (P̃s > 0). The average reduction ∆INR = ˜INR/INRmax < 1

was numerically computed and is plotted in Figure 4.3 (dotted lines) for different word

lengths and different number of antennas.

The INR can also be analytically computed if the quantization is modeled as

q
{
P⊥
}
= P⊥ +Nq, (4.13)

where the quantization noise is modeled as an additive noise matrix Nq. Furthermore,

we make the assumption that the elements of Nq are uncorrelated (E{[Nq]i1j1 · [Nq]i2j2} =

0 if i1 6= i2 or j1 6= j2), which leads to

E
{
NH

q ·Nq

}
= Nant · σ2

q · I. (4.14)
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4.3 2-Step Spatial Processing

This section presents a 2-step adaptive beamforming approach. It starts with a com-

prehensive discussion of the different implementation options for a beamformer with

regard to the implementation cost. The discussion in Subsection 4.3.1 reveals the ad-

vantage of a 2-step approach, that consists of an interference mitigation filter at pre-

correlation stage and a multipath mitigation filter at post-correlation stage. Subsequent

two subsections explain these two separate steps more in detail.

4.3.1 Cost comparison

Since both correlation and beamforming are linear operations, they can theoretically

be done in either order [58]. However, the order makes a significant difference from

the implementation point of view. Although an interference-free signal may be quan-

tized with a small number of bits (Section 3.2), a higher precision is required in the

presence of strong interference to cope with the potentially high dynamic range of the

interference signal (Section 4.2). That means that a high signal resolution is required in

the signal processing chain until beamforming takes place and suppresses strong in-

terference signals. After beamforming (interference mitigation), the resolution may be

reduced by re-quantizing the beamformer’s output. All stages that follow the beam-

forming operate based on the significantly reduced signal resolution. Hence, the place

of beamforming in the processing chain significantly changes the computational com-

plexity of the entire baseband processing.

This subsection discusses the computational cost and the memory requirement in

relation with the order of the computational stages in the signal processing chain. The

final conclusion will be that a two-step approach is an efficient option that reduces the

hardware requirements. These two-steps are the spatial interference mitigation filter at

pre-correlation stage and the beamformer at post-correlation stage. While white blocks

in the block diagrams hereafter represent computations in dedicated hardware, gray

blocks stand for computations in software.

The following options for the order are mainly available:

1. Power minimization (Section 4.1.7) before correlation (Figure 4.4):

In the processing chain, the input vector x is multiplied by a weighting vector

wPM (y = wH
PM ·x) in order to mitigate interference right after analogue signal con-

ditioning and digitizing. PM suppresses interference signals prior to correlation
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Figure 4.4: Power minimization before correlation

and reduces the signal’s dimension from Nant to one. From this point on, the sig-

nal is supposed to be interference-free. Hence, the signal’s wordlength may be re-

duced to 2-3 bits immediately after PM at this very early stage (re-quantization).

The correlation process, that follows the re-quantization, is computationally the

same as in a single-antenna receiver w/o interference protection.

Application of the PM filter is the dot product of two vectors with Nant complex

elements. The computational complexity of this operation is

Cfilt,1 =Nant · Ccmul(nw, nx)

+ (Nant − 1) · Ccadd(nw + nx + 1 + ⌊log2(
√

Nant)⌋)

in full-adders. Here, Ccmul(n1, n2) is the computational cost of the multiplication

of two complex numbers with word lengths n1 and n2. nw is the word length of

the weighting vector wPM and nx is the word length of the input signal x. Ccadd(n)

is the computational cost of the addition of two complex numbers with a word

length of n.

The computation of the filter coefficients wPM based on (4.10) requires the com-

putation of the covariance between the input vector x and the quantized filter

output q{y}. This computation is composed of Nant complex multiply and accu-

mulate (mac) operations at each clock cycle. Hence, its cost in full-adders is

Ccov,1 = Nant · Ccmac(nx, nq).

If complex numbers with word lengths n1 and n2 are multiplied and accumulated

the computational cost of one mac-operation is

Ccmac(n1, n2) = Ccmul(n1, n2) + Ccadd(n1 + n2 + 1 +∆n),

where ∆n = ⌊log2(K)⌋ is the bit growth in case a maximum of K products are

summed. A register of size (in bits)

Mcmac(n1, n2) = 2 · (n1 + n2 + 1 +∆n)



56 4. BEAMFORMING

is needed to save the result of a mac-operation. In total, this makes

Mcov,1 = Nant ·Mcmac(nx, nq)

bits for all filter coefficients.

The variance of the filter output y needs to be computed as well in order to set

the clipping thresholds of the re-quantizer properly after spatial filtering. Com-

putation of the variance is the accumulation of the squared absolute values. The

cost for this computation is

Cvar,1 = Cvar(ny) = Ccsqr(ny) + Cadd(2 · ny + 1 +∆n)

with ny the word length of the filter output y, where Ccsqr(n) is the cost of squaring

and accumulating numbers with a word length of n. The result is stored in a

register of size

Mvar,1 = Mvar(ny) = 2 · ny + 1 +∆n.

The carrier and code wipe-off path of all Nsat correlation channels cost

Ccorr,1 = Nsat · Ccorr(nq)

with

Ccorr(nq) = Ccmul(nc, nq) +Ncorr · Ccadd(nc + nq + 1 +∆n)

being the cost for one channel, where nc is the word length of the local carrier

signal and nq is the reduced word length of y after re-quantization. Ncorr complex

correlation values are stored in registers, i.e.

Mcorr(nq) = Ncorr · 2 · (nc + nq + 1 +∆n)

bits per correlation channel. In total, this makes

Mcorr,1 = Nsat ·Mcorr(nq)

for all Nsat channels.

2. Beamforming before correlation (Figure 4.5):

Beamforming is applied to the input signal x before correlation like, e.g. in [44].

In contrast to the PM method, the beamforming vector is different for each satel-

lite channel. Hence, application of the spatial filter costs Nsat times the application

of the PM filter:

Cfilt,2 = Nsat · Cfilt,1.
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Figure 4.5: Beamforming before correlation

Computation of the filter coeffiecients of the MMSE beamformer as given in (4.4)

requires computation of the auto-covariance matrix Rxx. Since Rxx is a hermitian

matrix, it is sufficient to compute only half of its non-diagonal elements. The

computational cost of Rxx is

Ccov,2 =
(Nant − 1) ·Nant

2
· Ccmac(nx, nx)

︸ ︷︷ ︸

non-diagonal

+Nant · Cvar(nx)
︸ ︷︷ ︸

diagonal

and the memory required to store Rxx is

Mcov,2 = N2
ant ·Mvar(nx).

It is taken into account, that the diagonal elements of Rxx are real numbers and

the non-diagonal elements are complex numbers.

The variance of the filter output is computed for each satellite channel with the

aim of adapting the clipping thresholds of the quantizers. The cost and the stor-

age requirement of the variance computation are

Cvar,2 = Nsat · Cvar(ny) and Mvar,2 = Nsat ·Mvar(ny).

Estimation of the steering vector requires the computation of the correlation ϕT
ŝ(l)x

(0)

between the input signal vector x and the local signal replica ŝ(l) for all Nsat satel-
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lites as defined in (3.6):

Cste,2 = Nsat ·Nant · [Ccmul(nc, nx) + Ccadd(nc + nx + 1 +∆n)]

Mste,2 = Nsat ·Nant · 2 · (nc + nx + 1 +∆n)

The computational cost and the storage requirement for correlation are the same

as in the case of the PM filter:

Ccorr,2 = Ccorr,1 and Mcorr,2 = Mcorr,1.

3. Beamforming after correlation (Figure 4.6):

Figure 4.6: Beamforming after correlation

Beamforming is applied after correlating the input signal vector x with the local

satellite signal replicas ŝ like in [20]. The filtering is carried out once per correla-

tion period by multiplying the multidimensional correlation output ϕT
ŝ(l)x

(i · δτ)
with the beamforming weights w(l) of the individual satellite channels. Hence,

unlike the previous options, implementation of a spatial filter in hardware is not

necessary for this option.

Computation of the auto-covariance matrix Rxx is still required in order to esti-

mate the beamforming weights:

Ccov,3 =Ccov,2

Mcov,3 =Mcov,2

In contrast to the previous two beamforming variants, here, the input signal of

the correlation is the high-resolution vector x (with a word length of nx). The cost
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and the storage required for computing the correlation values ϕT
ŝ(l)x

(i · δτ) are

Ccorr,3 = Nsat ·Nant · Ccorr(nx)

Mcorr,3 = Nsat ·Nant ·Mcorr(nx).

4. Two-step beamforming:

[28, 68, 69, 70] propose a two-step processing. A subspace orthogonal projection

filter P⊥ is applied to the input signal vector x to mitigate interference signals

before correlation. After interference mitigation, the signal can be re-quantized

in order to reduce its word length before computing its correlation with the local

signal replica. An adaptive beamforming vector w
(l)
post is applied to the correlation

values separately for each satellite to form the beams towards the satellites after

correlation. The two-step beamforming is further described in Subsection 4.3.2.

Here, the focus is on the implementation cost.

The computational cost of the interference mitigation filtering before correlations

(y = P⊥ · x) is

Cfilt,4 = Nant · Cfilt,1.

P⊥ is derived from the auto-covariance matrix Rxx. Computation of Rxx using

digital hardware requires

Ccov,4 = Ccov,2 = Ccov,3

full-adders and

Mcov,4 = Mcov,2 = Mcov,3.

bits of memory. The cost for computing the variance of y at the filter output is

Cvar,4 =Nant · Cvar(ny)

Mvar,4 =Nant ·Mvar(ny).

Finally, correlating the coarse-resolution multi-dimensional signal q{y} with the

local replica signal ŝ(l) costs

Ccorr,4 = Nant · Ccorr,1

Mcorr,4 = Nant ·Mcorr,1.

Figure 4.7 shows the computational cost and the memory requirement of the differ-

ent approaches under the following conditions:
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• the input/output word length of the spatial filter nx = ny = 14 as in [20, 70]

• the output word length of the re-quantizer nq = 2

• the word length of the local carrier signal nc = 2

• the sampling frequency fs = 2 MHz and the integration time T = 1 ms, which

means an accumulation over K = 2 · 103 samples

• the number of antennas Nant = 4, the number of correlation channels Nsat = 16

• and the number of discrete code delays, for which the correlation values are com-

puted, Ncorr = 5 (as required by the ∆∆-discriminator used for code tracking).
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Figure 4.7: Computational complexity and memory requirement of the different beam-

forming options

As expected, the PM approach (1) is the most cost-efficient method among all. It is

the most simplistic approach at the same time. It suppresses interference signals but

does not explicitly form a beam towards the satellite’s direction. It does not provide

any protection against multipath either.

Compared to the beamforming at post-correlation stage (3) and the two-step ap-

proach (4), beamforming at pre-correlation stage (2) is the most computationally ex-

pensive method. The computational complexity of this approach is 2.5× the computa-

tional cost of the former two. The application of the spatial filter to the high resolution

input signal x dominates the computational cost. The correlation constitutes a small
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portion of the total cost. The memory requirement is the smallest after the PM ap-

proach (1).

Post-correlation beamforming (3) eliminates the implementation of the spatial filter

in hardware. This comes at expense of an increased computational complexity and

an increased memory requirement of the correlation process. However, the overall

computational cost of post-correlation beamforming is significantly lower compared to

the pre-correlation beamforming (2). The overall memory requirement is significantly

higher due to the memory requirement of the correlation in particular.

The two-step processing (4) has a balanced distribution of the computational cost

between the spatial filter and the correlation. In total, its computational complexity

is nearly equal to the computational complexity of the post-correlation beamforming.

The memory requirement of the two-step approach is also 40% lower than the memory

requirement of the post-correlation beamforming (3). Furthermore, in the following

section an optimized version of the two-step approach (4’) is presented, that reduces

its computational cost by 18%.

4.3.2 Pre-correlation Interference Mitigation

Figure 4.8: Non-recursive interference mitigation at pre-correlation stage

The block diagram of the interference mitigation filter at pre-correlation from [70]

is given in Figure 4.8. The input vector x ∈ C
Nant×1 contains the down-converted and

digitized complex outputs of the antenna-array elements with Nant being the number

of the array elements. For interference suppression, the input vector x is multiplied by

the projector filter P⊥ ∈ C
Nant×Nant . This is a projection of the input samples onto an
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interference-free subspace as defined by (4.6). The projection matrix is derived from

the spatial auto-covariance matrix Rxx of the input samples by EVD.

The raw signal x is quantized with a high precision (14 bits) in order to cover the

high dynamic range between weak satellite signals and potentially very strong inter-

ference signals. However, the interference-free signal vector y = P⊥ ·x after projection

can be quantized with a coarse precision without practically losing accuracy in the

code delay estimation and correspondingly in the user position (see Section 3.2).

This re-quantization step significantly reduces the word length of y and, hence, the

hardware complexity of computing the correlation values ϕT
ŝ(l)q

(t; δτ) between y and

the local replicas ŝ(l) as defined by (3.6).

Re-quantization of y can be modeled as

q = q{y} = α ·V−1/2(y) ·P⊥ · x
︸ ︷︷ ︸

=y

+σq · nq, with V(y) =







σ2
y1

0

. . .

0 σ2
yNant






, (4.16)

where σy1 , . . . , σyNant
are variances of the elements of y, and nq with the auto-covariance

E
{
nq · nH

q

}
= I is an additive Gaussian random vector modeling the quantization error.

While projection suppresses strong interference signals at pre-correlation, the 2nd

step of the spatial processing takes place at post-correlation stage separately for each

satellite in order to steer a beam towards the satellites.

If multipath is ignored at the first place, the MMSE from Section 4.1.5 is the per-

fect beamformer with the desired feature of being blind, i.e. it does not require any

knowledge about the antenna geometry or the signal directions. Multipath is adressed

later in Section 4.3.3. The aim at this point is to find post-correlation beamforming

weights, that realize the MMSE if combined with the first step of the spatial processing

at pre-correlation stage.

In case the outputs of the array-antenna have nearly equal signal amplifications

and noise figures, σy1 ≈ · · · ≈ σyNant
= σy and hence V(y) ≈ σ2

y · I. Further with (4.16),

P⊥ · P⊥ = P⊥ and with the approximation in (4.6), the beamforming weights of the
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MMSE in (4.4) become

wMMSE ≈ 1

σ2
n

·P⊥ · E{ŝ∗ · x} =
1

σ2
n

·P⊥ · E






ŝ∗ ·P⊥ · x
︸ ︷︷ ︸

=y







≈ 1

σ2
n

P⊥ · E
{

ŝ∗ · 1
α
V1/2 · q

}

=
1

α

σy

σ2
n

︸︷︷︸
=α̃

·P⊥ · E{ŝ∗ · q}
︸ ︷︷ ︸

≈ϕŝq(δτ=0)

Multiplication of the input signal x with P⊥ is realized by the interference mitigation

filter at pre-correlation stage as the first step of the spatial processing. The 2nd step of

spatial filtering

1

α̃
ϕŝz(δτ) = wH

post · ϕŝq(δτ) with wpost = ϕŝq(0). (4.17)

is applied at post-correlation stage in software.

Jacobi-Algorithm

In [70], the cyclic Jacobi-Algorithm [74] is used for the EVD of the spatial covariance

matrix. This algorithm transforms an initially Hermitian matrix Λ0 = Rxx to a di-

agonal matrix Λ containing the eigenvalues. For this purpose, the non-diagonal ele-

ments [Rxx]ij (i 6= j) of the covariance matrix are annihilated one by one using Givens-

rotations. Applying the same Givens-rotations concurrently to an initially identity ma-

trix U0 = I produces the eigenvector matrix U. A complete cycle through all non-

diagonal elements is called a sweep. Because elements being zeroed are filled in again

during the zeroing of another element, multiple sweeps are required for a complete di-

agonalization of Rxx. The fixed-point implementation of the Jacobi-algorithm in [70],

which is used for the real-time operation of the receiver, requires 6 complete sweeps

per EVD.

Here, a threshold method is applied instead of a cyclic processing of all non-diagonal

elements in a sweep, in order to prevent unnecessary Givens-rotations and to deter-

mine the minimum necessary number of Givens-rotations per EVD. Accordingly, the

Givens-rotation related to a non-diagonal element [Rxx]ij is carried out unless

β · [Rxx]ii · [Rxx]jj > |[Rxx]ij|2 ,

i.e. unless this element is small enough compared to the corresponding diagonal el-

ements. β is set to 2−8 based on simulations, so that no Givens-rotations are carried

out for the interference-free case and the precision in the presence of interference is not

degraded compared to the cyclic Jacobi-algorithm.
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Conversion to a loop

The interference mitigation filter given in Figure 4.8 is non-recursive. It makes no use

of the previously computed eigenvectors and eigenvalues. The initialization of the

Jacobi-algorithm with the identity matrix I is a clear indicator for that. It starts from the

scratch to decompose the covariance matrix Rxx into its eigenvalues and eigenvectors,

every time a new projection matrix P⊥ is computed.

The intention in [71] was first to reduce the computational complexity of the Jacobi-

algorithm by introducing a feedback mechanism into the interference mitigation filter

in Figure 4.8. The simplest feedback would be to initialize the Jacobi-algorithm with

the previously computed eigenvalues

U0 = Uk−1

and with a modified version of the covariance matrix

Λ0 = Rỹỹ = UH ·Rxx ·U (4.18)

instead of the “raw” covariance matrix Rxx. If Rxx slowly changes over time, Rỹỹ is al-

ready nearly diagonal and a significantly low number of Givens-rotations are required

to diagonalize it. However, the computation of Rỹỹ from Rxx requires two additional

complex matrix-multiplications.

A better alternative of feed-back would be using the projected signals y = P⊥ · x
themselves for adaptively “correcting” the eigenvalues and the eigenvectors. The ad-

vantage of such an approach is that the projected signals are quantized with a sig-

nificantly reduced number of bits compared to the high precision quantization before

projection. However, the problem with the proposed projector in (4.6) is that it elim-

inates entire subspaces by a threshold decision. Hence, the projected signals do not

provide any information about the interference-subspaces.

From (4.18) it can be derived that instead of y,

ỹ = UH · x

is required in order to compute the initialization matrix Rỹỹ for the Jacobi-algorithm. ỹ

is given as an intermediate result of projection if the projection matrix in (4.6) is broken

down into multiple steps:

y = P⊥ · x = U · S ·UH · x
︸ ︷︷ ︸

=ỹ

. (4.19)
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Figure 4.9: Recursive interference mitigation at pre-correlation stage [71]

Let accordingly the computation of ỹ be the first step of the interference mitiga-

tion filter as illustrated in Figure 4.9. ỹ is the decomposition of the input signal x

into its orthogonal one-dimensional subspaces. If NI uncorrelated interference signals

with distinct directions are received, NI of these orthogonal subspaces include interfer-

ence signals (The interference subspaces cannot be assigned to individual interference

sources.). The remaining subspaces are interference-free. Thus, the word length of

these subspaces can be reduced to 2-3 bits without practically causing an SNR loss. At

this point, the effect of re-quantization on the interference subspaces can be ignored,

as these subspaces are eliminated by the “selection matrix” S later.

After orthogonal decomposition by the eigenvector matrix U, the resulting signal

ỹ is re-quantized:

q̃ = q{ỹ} = α ·V−1/2(ỹ) · ỹ + σq · nq.

Here, the computation of the variances of the elements of ỹ is necessary to determine

the thresholds of the quantizers.

Instead of computing the auto-covariance matrix Rỹỹ based on the high-resolution

signal ỹ, its approximation

Rỹỹ ≈ E
{
(α ·V1/2(ỹ) · q̃) · (α ·V1/2(ỹ) · q̃)H

}

= α2 ·V1/2(ỹ) · E
{
q̃ · q̃H

}
· α2 ·V1/2(ỹ)

= α2 ·V1/2(ỹ) ·Rq̃q̃ ·V1/2(ỹ)

can be computed based on the low-resolution signal q̃. Due to the reduced word length

of q̃, computation of Rq̃q̃ is significantly less complex than computation of Rỹỹ. The re-

maining steps of (4.19), i.e. multiplication with U ·S (composition), can be implemented

either in digital hardware before correlation or in software after correlation (with a
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drastically reduced computation rate and cost). The order can be chosen arbitrarily,

since correlation and matrix-multiplication are both linear operations.

The projection matrix P⊥ replaced R−1
xx in the MMSE beamformer under the as-

sumption that the interference signal is significantly stronger than the noise and the

satellite signals. In [71], it is shown by means of simulations that the projection filter

at pre-correlation stage is a suboptimal solution, if this assumption does not hold. In

the presence of weak (but still detectable) interference, the signal attenuation of the

projection filter in the direction of the interference signal is unnecessarily strong. Fur-

thermore, in case of a small number of array-antenna elements, the signal cancellation

cannot be focused in a narrow direction. The projection filter strongly affects satellite

signals coming from close directions while canceling even a weak interference signal.

Replacing S by the unit matrix I, i.e. P⊥ by

P = U ·V−1/2(ỹ) ·UH

︸ ︷︷ ︸

=P̃

= R−1/2
xx

significantly corrects this behavior of the interference mitigation filter. Instead of re-

moving entire subspaces, P suppresses the power of the interference subspace down

to noise level. In case of weak interference, the attenuation of P towards the interfer-

ence direction is correspondingly weak.

Remark: P = R
−1/2
xx and P̃ are both whitening matrices [75]. P is the Mahalanobis

whitening (or the “zero-phase component analysis” whitening) and P̃ is a whitening trans-

formation based on scaled principle component analysis [76]. With other words, the in-

terference mitigation filter at pre-correlation stage is a pre-whitening step before quan-

tizing the input signal x.

Neglecting the quantization noise, we can show that the entire chain of decom-

posing x by UH, then re-quantizing and finally beamforming by wpost = E{ŝ · q̃} at

post-correlation stage is equal to the MMSE beamformer:

z = wH
post · q̃

=< ŝ∗ · q̃ >H ·q̃
=< ŝ · xH ·U ·V−1/2(ỹ) > ·V−1/2(ỹ) ·UH · x
=< ŝ · xH > U ·V−1(ỹ) ·UH

︸ ︷︷ ︸

R
−1
xx

·x

= wH
MMSE · x (Q.E.D.)
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of the non-recursive filter can be observed every time a pulse appears and disappears.

The recursive method shows here a clear advantage over the non-recursive method.

While it behaves similar to the non-recursive filter for the first few pulses, it gets less

and less affected by the following pulses. The reason for that is the step-by-step adap-

tation of the recursive filter to the interference direction with each pulse. For the eigen-

vectors, this means that they slowly converge to their final values determined by the

constant interference direction. The appearance and disappearance of the pulses ef-

fect only a change of the corresponding eigenvalue, but the decomposition matrix U

remains unchanged, as no (or just very few) Givens-rotations are executed after con-

vergence. Once convergence takes place, the decomposition step of the recursive filter

successfully isolates the interference subspace from the noise subspace. This separa-

tion is maintained independent from the presence of a pulse.

Multi-dimensional Power Minimization

The power minimization filter with a single output from Section 4.1.7 can be extended

to a filter with a multidimensional output, which is called the multi-dimensional power

minimization (MPM) filter in this thesis. As an alternative to the EVD-based filters, this

MPM filter can be employed as the first step in a two-step filter structure to mitigate

interference signals before correlation. While the PM filter is well-known, its extension

to MPM is first proposed in this thesis.

The MPM filter combines Nant single-output PM filters. Each PM filter takes a dif-

ferent array element’s output as its reference. That means that for example the first PM

filter interprets the first element’s output as the desired “reference” signal (iref = 1).

The filter attempts to form a copy of the reference signal combining all other antenna

outputs. The copy signal is then subtracted from the reference signal to minimize the

power at the filter output. The second PM filter takes the second element’s output as

its reference and so on.

With regard to the computation of the filter coefficients in software, the MPM is a

cost-efficient method compared to the EVD-based recursive and non-recursive meth-

ods. The filter coefficients of the MPM can be computed by means of the LMS based

algorithm in (4.8), which is composed of only N2
ant complex additions. In hardware,

the MPM requires cross-covariance Rxy between the input vector x and the output

vector y, whose elements y1, . . . , yNant are defined by (4.7). Rxq = Rxq{y}, i.e. the

cross-covariance between the input x and the quantized output q{y} in order to re-

duce the computational cost. As the computation of Rxq is more costly relative to Rq̃q̃

(which is required by the recursive EVD-based filter), the hardware requirement of
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coefficients owing to the shorter integration time. Altogether, the MPM is inferior to

the recursive EVD-based decomposition filter with regard to interference mitigation

performance.

4.3.3 Post-Correlation Multipath Mitigation

The MMSE (as presented so far) tends to constructively combine the direct signal and

the multipath components in order to maximize the received signal power. In GNSS

applications, multipath reception is, however, undesirable as it distorts the range mea-

surement between the satellite and the receiver. An extended version of the MMSE,

which is less prone to multipath, is presented in this section.

In a single-antenna receiver, correlator techniques or temporal filtering may be used

at baseband for the purpose of reducing multipath induced ranging errors. [77] com-

pares some of the different correlator techniques, i.a. the standard (wide) correlator,

the narrow correlator [78], the double delta (∆∆) correlator (also known as the “High

Resolution Correlator” [79]). Eventually, the ∆∆-correlator shows the best overall per-

formance.

The use of an equalizer filter in the temporal domain is proposed in [40, 16] as a

counter measure against multipath effects. In case of multipath reception, the corre-

lation function ϕŝx (of the front-end signal x and local signal replica ŝ) is the super-

position of the main correlation triangle with its delayed copies. The equalizer filter

combines time shifted samples of the input signal in such a way, that all delayed corre-

lation triangles in the correlation function are suppressed. After equalization, only the

main triangle belonging to the direct path remains.

In general, broader front-end bandwidths and shorter correlator spacings are re-

quired in order to resolve the correlation function accurately in the temporal domain.

That is necessary to decompose the received signal into its LOS and multipath com-

ponents, in particular, if short-delay multipath is present. Conversely, the front-end

bandwidth must be kept limited to avoid the reception of interference signals from

adjacent frequencies. However, limiting the front-end bandwidth flattens the peak of

the correlation triangle. This causes that the direct signal’s correlation triangle merges

with the correlation triangles belonging to short-delay multipath signals. Under this

circumstances, a separation is not available in the temporal domain. However, it may

be potentially possible in the spatial domain, if the directions of the direct signal and

the reflected signals clearly differ from each other.

Accordingly, this thesis proposes a novel beamformer, which is the spatial counter-
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part of an equalizer filter in the temporal domain. It combines signals from different

antenna elements to suppress the correlation triangles belonging to reflected signals.

The principle is illustrated in Figure 4.16 for a 2-element antenna, where the steering

vector of the direct signal is aT = [1, 1] and the steering vector of the reflected signal is

bT = [1,−1].

Figure 4.16: Multipath mitigation in spatial domain

In Figure 4.16, the Nant×Ncorr-matrix

Ξ =
[

ϕŝq(−⌊Ncorr

2
− 1⌋ · δτ) · · · ϕŝq(⌊Ncorr

2
− 1⌋ · δτ) ϕŝq(⌊Ncorr

2
⌋ · δτ)

]

is the output of a multi-dimensional correlator bank that computes discrete values of

the correlation function between the local replica signal ŝ and the multi-dimensional

quantized signal q = q{y} (after interference mitigation). wpost is the post-correlation

beamforming vector, and

ϕd =
1

ϕŝs(0)
·
[

ϕŝs(−⌊Ncorr

2
− 1⌋ · δτ) · · · ϕŝs(⌊Ncorr

2
− 1⌋ · δτ) ϕŝs(⌊Ncorr

2
⌋ · δτ)

]

contains the desired correlation values after beamforming. δτ is the correlator spacing

(dEL = 2 · δτ · Tc the early-late-spacing in code chips). ϕd contains discrete values if the

correlation function ϕŝs between the local signal replica ŝ(t) and the satellite signal s(t)

after analog signal conditioning. It can be determined during an interference-free and

multipath-free signal reception and be saved for later use. An online computation is

also possible based on a calibration signal, if such a signal is provided by the antenna

as in [25, 26]. The use of a correlator bank is also proposed in [80]. However, unlike

the proposed beamforming technique here, [80] applies the SAGE algorithm at the

output of the correlator bank, which is hard to implement in practice because of its

computational complexity.

The beamforming vector wpost can be computed by solving the equation

wH
post ·Ξ = ϕd. (4.20)
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In Figure 4.16, the solution would be wT = [1, 1]/
√

(2). In general, the Least Mean

Square (LMS) solution of (4.20) is

wH
post = ϕd ·R−1 ·ΞH ·

(
Ξ ·R−1 ·ΞH

)−1
,

where the elements of the auto-covariance matrix

R = E
{
(Ξ− E{Ξ})H · (Ξ− E{Ξ})

}

can be computed as

[R]i,j =







1− |i− j| · δτ
Tc

if Tc > |i− j|
0 otherwise.

A recursive way to compute the beamforming vector wpost using a gradient-based

LMS algorithm is

wpost(k) = wpost(k −K) + ∆wpost(k) (4.21)

∆wH
post(k) = −µ

(

wH
post(k −K) · Ξ̃(k −K)−ϕd

)

·R−1 · Ξ̃H
(k −K) (4.22)

with

Ξ̃(k) =
Ξ(k)

∣
∣wH

post(k) ·ϕŝq(0)
∣
∣

and µ the step size parameter controlling the convergence speed of the algorithm. If

the composition step of the interference mitigation filter from Section 4.3.2 is not carried

out at pre-correlation stage, it can be taken into account in (4.22) as follows:

∆wH
post = −µ

(

wH
post ·U · Ξ̃−ϕd

)

·R−1 · Ξ̃H ·UH.

In the absence of multipath, the rows of Ξ are not linearly independent. Hence, the

solution of (4.20) is ambiguous. For example, if no reflected signal is present in Figure

4.16 (aT = [1, 1], bT = [0, 0]), all vectors wpost with real elements and a unit length

(|wpost| = 1) are possible solutions. However, the optimum solution with regard to the

SNR is the MMSE beamformer, i.e. wpost = aH = [1, 1]/
√
2. In general, the elements

of the beamforming vector wpost should have similar magnitudes (|w1| ≈ |w2| ≈ · · · ≈
|wNant |) if signals from different antenna elements have nearly equal magnitudes, i.e.

|a1| = |a2| = · · · = |aNant |, and SNRs. To push the solution of the recursive computation

in (4.21) towards a vector wpost with preferably a well-balanced weighting of the array

elements, one can include the following scaling step after computing (4.21):

w̃i = wi ·
(

1 +
λ

|wi|

)

(0 < λ <
1√
Nant

),
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where λ is the predefined lower bound for the absolute value of an element wi of wpost.

The presented algorithm attempts to minimize the mean square difference between

the actual correlation function and the ideal correlation function ϕd. Hence, it is named

the Minimum Mean-Square Correlation-Error Beamformer (MMSCE) in this thesis. As

of now, the MMSE beamformer from Section 4.1.5 will be called the Minimum Mean-

Square Signal-Error Beamformer (MMSSE), to emphasize that it minimizes the mean

square difference between the desired temporal signal sequence and the beamformer’s

output signal.

Simulation Results

Error envelope plots are frequently used to analyze ranging errors caused by multipath

and to compare different mitigation techniques. These plots are based on the two-path

reception model. In this model, the ranging error is at its highest if the reflected signal’s

carrier is in phase with the direct signal or if its phase is exactly 180◦ shifted relative to

the direct signal’s phase. All other phase relations result in an error between these two

extreme cases, which define the error envelopes. The error envelopes in this section

were determined by means of simulations, where the reflected signal has a constant

carrier frequency that is slightly different from the direct signal’s carrier frequency.

This way, all possible relative carrier phases occur during the simulation. The error

envelopes can then be determined as the maximum positive and minimum negative

value of the ranging error for a certain multipath delay.

Figure 4.17a and Figure 4.19a show the error envelopes of a single-antenna receiver

using the ∆∆-discriminator. Figure 4.17b and Figure 4.19b show the error envelopes

of a 2×2-array antenna receiver using different beamformers in combination with the

∆∆-discriminator after beamforming. Two variants of the MMSCE beamformer are

included, one using Ncorr = 5 and another one Ncorr = 7 correlation values. Besides the

MMSSE and the MMSCE beamformers, the deterministic beamformer from Section

4.1.1 is also considered. Here, since there is no RFI (Rxx ≈ σ2
n · I), the deterministic

beamformer is equal to MVDR. Figure 4.18 and Figure 4.20 show the RMS ranging

error.

In contrast to the MMSSE and the MMSCE, the deterministic beamformer is not a

blind beamformer, i.e. it requires calibration of the antenna and knowledge (or estima-

tion) of the satellite signal’s direction and antenna orientation. The estimation of the

signal directions -especially in case of multipath reception- is a challenge in itself and

is not the focus of this thesis. Here, the known steering vector from the simulation was

used for the deterministic beamformer.
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The first observation is that the array-antenna combined with beamforming pro-

vides a significant improvement compared to the single antenna reception (compare

Figure 4.17a with Figure 4.17b or Figure 4.19a with 4.19b). Increasing the front-end

bandwidth from 2 MHz to 4 MHz while shortening the early-late correlator spacing

dEL from 0.5 to 0.25 code chips also reduces the ranging errors in general. Reducing the

correlator spacing δτ below 1
Tc·B

(with Tc the chip duration and B the signal bandwidth

after analog signal conditioning) does not improve the result.

Multipath reception does not affect the ranging performance, if the front-end band-

width is 2 MHz and the reflected signal’s relative delay is greater than 2 code chips (or

greater than 1.5 code chips in case of a front-end bandwidth of 4 MHz). In this region,

the ranging error is unbiased and exclusively determined by noise. It increases when

the correlator spacing is reduced, e.g. from dEL = 0.5 to dEL = 0.25 code chips in Figure

4.20.

The errors of the deterministic beamformer and the MMSSE overlap if the relative

delay is longer than 0.8 code chips. Their ranging error may increase up to 4 meters

in case of a front-end bandwidth of 2 MHz and up to 2 meters in case of 4 MHz. The

MMSCE entirely removes the error induced by multipath, if the relative delay is greater

than 0.8 code chips. Only noise-induced errors remain. The difference between the

MMSCE using Ncorr = 5 and using Ncorr = 7 values is insignificant. For comparison,

[80] uses a correlator bank with Ncorr = 2/δτ + 1 ≥ 2 · B · Tc + 1 to compute the input

values of the SAGE algorithm.

As shown in Figure 4.18, the MSSCE beamformer achieves the best performance for

multipath relative delays less than 0.8 code chips, except for very short relative delays

(less than 0.3 code chips). When it comes to very short relative delays, the deterministic

beamformer yields lower ranging errors than the MSSCE. If the front-end bandwidth

is 4 MHz (Figure 4.19b and in Figure 4.20), the interval where the deterministic beam-

former performs better than the MSSCE is even narrower (limited to relative delays

less than 0.2 code chips). Very-short-delay multipath is problematic for the MMSCE,

as in this case the correlation triangles of the reflected signal and the direct signal can-

not be clearly separated from each other. Otherwise, the MSSCE beamformer manages

to remove the multipath effects, so that only noise induced errors remain in the range

estimation.

Figure 4.21 shows the adaptive gain patterns resulting from the different beam-

formers. The gain of the MMSSE beamformer in the LOS direction is not as strong as

the gains provided by the other two beamformers. Instead of forming a distinct beam

in the LOS direction, the MMSSE beamformer is more likely to combine the direct sig-

nal and the reflected signal in a constructive way in order to maximize the received















Chapter 5

Space-Time Processing

The previous chapter presented the possibility of mitigating interference signals in a

multi-antenna receiver using beamforming, i.e. spatial-only processing. Regardless

of the waveform of the interference, spatial processing is an effective method against

interference, as long as the interference signal has a distinct signal direction.

Broadband noise interference, in particular, does not show any temporal correla-

tions. Hence, it cannot be suppressed in the temporal domain and must inevitably

be dealt with in the spatial domain. Narrowband interference, on the contrary, shows

spatial as well as temporal correlations. It can be mitigated both in the spatial or in

the temporal domain. Nevertheless, the potential of the temporal domain should be

exploited before making use of the spatial domain. That is because the spatial degrees

of freedom, i.e. the maximum number of interference directions that can be canceled,

are already limited by the typically small number of antenna elements. Therefore, they

should be saved for mitigating broadband interference. Furthermore, a spatial filter

with limited degrees of freedom does not enable a sharp separation of the signal direc-

tions. Thus, the mitigation of an interference signal in the spatial domain may poten-

tially blot out an angular sector where a satellite signal lies [81]. If possible, temporal

processing is to be preferred over spatial processing also from this point of view. (It

can be mentioned at this point, that besides interference mitigation temporal filtering

can be employed to alter the temporal characteristics of the input signals in general. In

[82], for example, it is used for sub-carrier shaping of BOC signals to remove the side

lobes in the auto-correlation function.)

Spatial degrees of freedom can be combined with temporal degrees of freedom to

realize a Space-Time Adaptive Processing (STAP) filter, that can efficiently mitigate

different types of interference at the same time [83, 84]. Altering the input signal in the

temporal domain can thereby cause a distortion of the correlation triangle and may
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produce bias errors in the code and carrier phase measurements (Antenna induced

biases discussed, e.g., in [85] are neglected in this thesis.). Although pointing out the

potential distortions caused by the temporal filtering, [86] does not investigate this

phenomenon in detail. Instead, the authors suggest the use of a detection unit, in

order to turn off temporal filtering when interference is not present. The STAP filter in

[49] employs tapped delay lines with taps distributed over multiple code periods. By

exploiting the periodicity of the GNSS signals, [49] choses the filter coefficients under

the constraint, that the STAP does not induce any distortions to the GNSS signals.

Nevertheless, this method ends up in very long tapped delay lines. [87] proposes

the use of an LCMV spatial-temporal filter with a constraint to ensure that at least

the correlation peak is not shifted by the filtering. (This does not guarantee that the

symmetry of the correlation function is preserved, which is actually crucial for the

code tracking loop to function properly.) Both filters from [49] and [87] are not blind,

i.e. they require knowledge of the antenna/front-end response, antenna orientation

and DOAs of the GNSS signals.

The main disadvantage of STAP relative to space-only processing is the large di-

mensionality of the space-time correlation matrix relative to the spatial correlation ma-

trix. Large number of taps are required in the STAP to form sharp ’point-nulls’ at the

angle-frequency coordinates of an interferer and thereby minimize the signal distor-

tions [88]. This translates into increased computational complexity of the filter and

slower convergence of gradient-based filter adaptation algorithms [81]. For this pur-

pose, [81, 88] present a space-time preprocessor based on the multistage nested Wiener

filter to reduce the dimensionality of the filter.

This thesis presents a STAP with decoupled temporal and spatial components. De-

coupled means in this context that the spatial and temporal filter coefficients are com-

puted independently from each other [89]. The filter consists of three stages [90, 91]: a

Notch Filter (NF), a spatial filter and an EQualizer Filter (EQ). The NF at the first stage

is realized as a bank of Finite Impulse Response (FIR) filters and suppresses temporally

correlated (narrowband) interference in the temporal domain. Previously mentioned

methods avoid phase biases and signal distortions by applying constraints to the filter

coefficients and by increasing the number of taps, i.e. the dimensionality of the filter.

In contrast, the NFs here are allowed to distort the signals in the first place. The spatial

filter at the second stage suppresses wideband interference, which gets through the

first stage. The last filter stage is required to reverse the distortions induced by the

NFs. As a result, this filter structure avoids GNSS signal distortions without necessar-

ily increasing the dimensionality of the STAP filter.

This chapter is structured as following: In Sections 5.1 and 5.2, the temporal filter
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components are presented. In Section 5.3, these filter components will be combined

with the recursive EVD-based spatial filter from the previous chapter to form a spatial-

temporal filter. Section 5.4 discusses the implementation aspect. Section 5.5 shows sim-

ulation results that reveal the advantages of the STAP over the spatial-only processing.

Finally, Section 5.6 provides a brief comparison between the presented decoupled filter

and the joint filter approach.

5.1 Notch Filters

In spread spectrum communication systems, the use of NFs for interference cancella-

tion often results in a large improvement, if the interference is narrowband relative to

the bandwidth of the desired signal. In particular, an adaptive FIR filter can be used

to predict the interference and subtract it from the received signal [92]. The LMS algo-

rithm is commonly used for adjusting the filter coefficients.

Since, in general, FIR filters require longer tapped delay-lines compared to the IIR

filters, the use of IIR filters for suppression of narrow-band interference is also pro-

posed [93]. [86] applies this approach to GNSS for mitigating CW interference. In

[94, 95], the use of the notch filter is extended to swept frequency interference. The

technique used in [86, 94, 95] for filter adaptation minimizes the output power based

on the iterative LMS algorithm.

Besides the time-domain filtering, transform domain filtering techniques also exist

[93]. These algorithms transform the received signal into spectral domain using tech-

niques like the short-time DFT [96, 97], the Gabor [98] or the wavelet transform [99].

The spectral domain is used to either directly attenuate interference by blanking the

corresponding frequency bins or to extract interference parameters for adapting a sep-

arate notch filter. For equal computational complexity (equal number of spatial and

temporal degrees of freedom) space-time processing slightly outperforms the space-

frequency processing [58, 65].

This thesis focuses on the direct form of the FIR filter structure. The primary goal

is to demonstrate the potential of using a combined spatial-temporal filter for interfer-

ence mitigation. Although the implementation aspect is discussed in Section 5.4, this

will not be the main focus. Hence, the direct form of the FIR filter over IIR was chosen

to simplify the analysis and to avoid stability issues. The structure of the FIR-filter of

the order M is given in Figure 5.1.

The PM approach, which was introduced in Section 4.1 in the context of spatial

processing, can be applied also here to compute the adaptation of the tap-weight vector
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Figure 5.1: Notch filter realized as FIR filter

bT = [b0, b2, · · · , bM ] of the NF. Analogous to (4.7), here, the filter output

y =
M−1∑

m=0

bm · x(k −m)

is composed of the delayed samples of the input signal x(k). The filter coefficients can

be computed iteratively using an LMS based algorithm. The coefficients are updated

after every K samples according to

b(k) = b(k −K) + ∆b(k).

The update value ∆bm(k), by which the coefficient bm is changed, is given by

∆bm(k) = −µ(k) · 1

K

k−1∑

k′=k−K

y(k′) · x∗(k′ −m). (5.1)

Note that this is the cross-correlation between the input signal x and the output signal

y of the NF. µ(k) is the step size parameter, that must be chosen as

0 < µ(k) < 2/tap-input-power

with

tap-input-power =
M−1∑

m=0

E
{
|x(k −m)|2

}
= M · E

{
|x(k)|2

}
,

in order to guarantee convergence of the algorithm [73].

Like in Section 4.1.7, y can be replaced by its re-quantized value q = q{y}, and µ by

µ̃ =
σy

σq

· µ

in (5.1) to reduce the computational complexity of (5.1) in full-adders.
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where

B =









b0 b1 · · · bM−1 0

b0 b1 · · · bM−1

b0 b1 · · · bM−1

0
. . . . . .









is a band-matrix composed of the shifted copies of b and

d =
[

0 . . . 0 1 0 . . . 0
]

is the desired combined impulse response of the NF and the EQ. d indicates that all

copies of the correlation triangles have to be zeroed but one. A gradient-based algo-

rithm to find the solution iteratively is given by

bi
EQ(k) = b

(i−1)
EQ (k) + µEQ · (d− b

(i−1)
EQ (k) ·B) ·BH

with the initiation b0
EQ(k) = bI

EQ(k − K). Since the tap-weight vector b of the NF is

changed slowly by the gradient-based algorithm given in Section 5.1, few iterations

are required after each update of b to adapt bEQ to the updated value b(k).

5.3 Combined Filtering

Figure 5.3 shows the spatial-temporal filter that combines the recursive spatial filter

described in Section 4.3.2 and the temporal filter described in Section 5.1. White blocks

represent computations realized as dedicated hardware blocks, while gray blocks are

software tasks mapped to the embedded processor.

The first stage of the combined filter is a bank of Nant NFs to suppress temporally

correlated interference. The NFs are followed by the decomposition of the temporally

filtered signal into its orthogonal spatial components.

Estimation of the spatial and the temporal filter coefficients are decoupled from

each other. The spatial coefficients of the filter are derived from the spatial covariance

matrix of the quantized output. If the filter coefficients are adapted correctly, narrow-

band interference is mitigated by the NFs and only wideband interference is detectable

in the spatial covariance matrix. In other words, the spatial filter ignores narrowband

interferers in the steady state. The coefficients of the NFs are determined based on the

cross-correlation between the quantized filter output and the filter input signal. It is

a justifiable assumption, that an interferer is received by all antenna elements and the

same temporal interference characteristics can be observed for all antennas. Therefore,
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Figure 5.3: Combined Spatial-Temporal Filter [90]

it is sufficient to compute the cross-correlation for one antenna and use one common

tap-weight vector for the NFs.

Here, the composition step, which was shifted to the post-correlation stage in [71],

is necessarily computed at the pre-correlation stage. Otherwise, the carrier phase ambi-

guity induced by the decomposition step interferes with the estimation of the temporal

filter coefficients. Computation of the variance at the output of the NF (see Figure 5.1)

can be omitted, because the mean variance after decomposition is equal to the mean

variance before decomposition.

Simulations showed that the interference mitigation performance of the combined

filter was improved if the tap-weight vector b was normalized by its Euclidean norm

after each coefficient update. However, if b is normalized, it does not converge back

to the default vector b0 = [1, 0, · · · , 0], after interference signals disappear. Since the

EQ realized as an FIR is not capable of perfectly suppressing the echoes for all possible

values of b, the “normalized power minimization algorithm” may slightly degrade the

SNR in the absence of interference. To avoid an unnecessary generation of echoes, b

needs to be slowly forced towards b0 if interference is not present. The presence of

narrowband interference can be checked by comparing the signal power at the input

and at the output of the NFs. If there is no narrowband interference, the input and the

output powers are nearly equal.
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5.4 Implementation

In [91], the VHDL implementation of the STAP filter in Figure 5.3 using fixed-point

arithmetic was presented. Generic parameters of the implementation are

• the number N of the antenna elements,

• the order M of the NFs, MEQ of the EQs,

• the word length nx of the input signals, nSF of the coefficients of the spatial filter,

nNF of coefficients of the NFs, nEQ of the coefficients of the EQs, and

• the observation time K in samples (only powers of two are allowed).

The word length growth due to the arithmetical operations is allowed inside the

computational blocks. A final word length of

nx + nNF + 1 + ⌊log2(M + 1)⌋

is, for example, reached inside the NFs. Provided that the tap-weight vectors and

the columns of the decomposition matrix are normalized by their Euclidean norm,

the word length at the output of the filter blocks can be reduced to the original data

word length w/o causing overflows. Thus, a constant data word length of nx is pre-

served between the computational blocks until re-quantization takes place. After re-

quantization, signals are represented with 2 bits, one sign and one magnitude bit. The

following filter blocks operate with this simplified number representation and have

correspondingly lower hardware requirements.

Adopting the input word length nx = 14 bit and the coefficient word lengths nSF =

nNF = nEQ = 16 bit used in [70], the VHDL model of the filter was synthesized for

an Altera Cyclone V FPGA (5CSEMA4U23C6) [43]. In Figure 5.4, the resulting total

number of LCs used for combinational logic, and their distribution to the spatial and

temporal filter components are plotted. On the left plot, the order of the NFs and the

EQs is kept constant (M = MEQ = 4) and the number of antenna elements is varied.

While the number of LCs required by the temporal filter components grows linearly

with the number of antenna elements, the number of LCs required by the spatial filter

components grows quadratically. In case of five antennas, temporal and spatial filter

components require approximately the same amount of LCs. This means that using

the proposed spatial-temporal filter instead of the spatial-only filter in [71] doubles the

hardware cost for interference mitigation. If the number of the antenna elements is

higher than five, the hardware cost for spatial filtering dominates the hardware cost
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for temporal filtering. On the right plot in Figure 5.4, the number of antennas is kept

constant (Nant = 4), and the order of the NFs and the EQs is changed concurrently.

The number of the LCs required by the temporal filter components grows linearly with

the order of the filters. When the filter order is three, the number of LCs required by

the temporal filter components is approximately equal to the number of LCs required

by the spatial filter components. If the filter order is higher, the hardware cost for

temporal filtering dominates the hardware cost for spatial filtering. In Figure 5.5 the

number of LCs used as registers is provided similar to Figure 5.4. The different scaling

of the different figures is to be noted.

As stated before, the hardware cost of the computational blocks after re-quantization

is lower than the ones before re-quantization. The LC requirement of the EQs is nearly

one fourth of the NFs for the same filter order. Analogously, the LC requirement of the

composition filter is one fourth of the decomposition filter.

5.5 Simulation Results

Functionality of the proposed filter as well as its VHDL implementation was verified

using a Matlab/ModelSim based co-simulation. Matlab was used to generate syn-

thetic signals for the simulation, to simulate the floating-point models of the differ-

ent filters and to compute the filter coefficients. For the simulation of the fixed-point

VHDL model, Matlab exports the synthetically generated signals into an external file

and starts the ModelSim simulation. ModelSim reads the signals and exports the cross-

correlation, the spatial covariance matrix, and the variances after simulating the filter

for one observation time. After computing the new filter coefficients, Matlab exports

the next portion of data and the new filter coefficients, which are read by ModelSim.

ModelSim simulates the filter for the next observation time and so on. Continuity of

the simulation is provided by the checkpoint/restore commands of ModelSim to save

and restore the simulator state.

The single-antenna receiver (1-ant), the single-antenna receiver with temporal-only

filtering (1-ant + tf), the 2x2-array-antenna receiver with spatial-only filtering (2x2-

ant + sf), and with combined spatial-temporal filtering (2x2 ant sf + tf) using double-

precision floating-point arithmetic were modeled and simulated using Matlab. The

VHDL implementation of the spatial-temporal filter using fixed-point arithmetic (2x2

ant sf + tf (vhdl)) was simulated using ModelSim. The element spacing of the array-

antenna is λ/2. Antenna-signals are down-converted to baseband and sampled at a

rate of 2.047 MHz prior to interference mitigation. The NFs and the EQs have an
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For instance, if the filter suppresses a CW interference, the corresponding frequency

is removed by the NFs prior to the spatial filter stage. Entire spatial domain, i.e. all

signal directions, are affected by the temporal filter stage. The decoupled approach

is not capable of selectively suppressing the interference frequency in the direction of

the interference. This requires a joint spatial-temporal processing. This is, however,

computationally more complex compared to the decoupled approach. In this section,

a brief comparison of the decoupled and the joint approach will be provided by means

of a simulation.

The input vector x̌(k) of the joint spatial-temporal filter is defined as

x̌(k) =









x(k)

x(k − 1)
...

x(k −M + 1)









and contains all signal taps from all array elements. x(k) is the array output at time

k · Ts as defined in (3.4). Analogous to the spatial-only filter in Figure 4.8, the spatio-

temporal interference mitigation before re-quantization is

y̌ = P̌ · x̌,

where

Rx̌x̌ = E
{
x̌ · x̌H

}

is the spatio-temporal covariance matrix of the input vector x̌, and P̌ is the first Nant

rows of R
−1/2
x̌x̌ . As discussed in Section 5.2, a tap-spacing greater than 2×code-chip-

duration should be used to avoid a distortion of the correlation function, that results

from an overlap of the “echo-triangles” with the main correlation triangle.

The spatio-temporal covariance matrix Rx̌x̌ has a relatively larger number of ele-

ments compared to the spatial-only covariance matrix Rxx (M2N2
ant vs. N2

ant). Thus, the

complexity of computing the coefficients of the joint filter (e.g. based on the EVD of

Rx̌x̌) is significantly higher than computing the spatial and temporal filter coefficients

in a decoupled sense (based on the two separate covariance matrices with smaller di-

mensions). Furthermore, application of the joint filter in hardware is also an expensive

task compared to the decoupled application of the NFs and the spatial decomposition

in Figure 5.3. The first requires MN2
ant complex multiplications, whereas the second

requires MNant complex multiplications for the NFs and N2
ant for the decomposition

filter. If, for example, Nant = 4 array elements and M = 5 taps are employed, using the

joint filter in place of the decoupled filter doubles the number of the multiplications.
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even less effective than spatial-only filter, as it is the case in the presence of four inter-

ferers in Figure 5.9 (0.4 s - 0.5 s).

To conclude, the joint filter requires a significantly higher computing power com-

pared to the decoupled approach. Its recursive implementation is also problematic

because of the slow convergence speed, which is caused by the increased dimension of

the signal space. Although the joint filter yields better SNIR values in steady state, the

decoupled filter provides a reasonable trade-off between the computational complex-

ity and the interference suppression capability.



Chapter 6

Conclusion

The main aim of this thesis was to find an easy-to-implement, low-complexity, and ef-

ficient solution for interference and multipath mitigation in an array-antenna receiver.

For this purpose, the Minimum Mean-Square Error Beamformer (MMSE) was cho-

sen to be the starting point for further optimizations and algorithmic improvements.

The argument for this choice was the blind character of the MMSE. “Blind” means in

this context that this beamformer does not require any knowledge about the antenna

geometry, the signal directions, or any kind of calibration, which makes it relatively

simple compared e.g. to the Minimum Variance Distortionless Beamformer (MVDR)

or parametric methods.

In the first place, the thesis asked the question where in the signal processing chain

to execute beamforming. Since beamforming and correlation are linear operations,

their execution order does not make a difference, if the computations could be realized

with an infinite precision. However, in case of a digital implementation, the order and

the chosen word lengths are directly linked with the implementation cost of the base-

band signal processing. Thus, the thesis thoroughly studied the effect of quantization

on the resulting SNIR. The outcome of this analysis was two formulas that can serve as

a general rule-of-thumb for the choice of the word lengths in a beamformer. The next

step was the estimation of the computational cost and the memory requirements of the

digital beamforming by taking quantization into account. We assumed a word length

of 14 bit for the input signal, a coefficient word length of 16 bit and a word length of

2 bit for the interference-free signal. The comparison proved an MMSE-based 2-step

approach to be the most resource efficient option.

First step of the proposed 2-step beamformer is the pre-correlation interference mit-

igation filter. This is an adaptive pre-whitening filter, whose coefficients are computed

based on the EVD of the covariance matrix of the input signal. While computation
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of the covariance matrix and the filtering of the signal is realized in dedicated dig-

ital hardware, the EVD is computed in software by means of the Jacobi-Algorithm.

In particular, the thesis presented a recursive form of this pre-whitening filter. For a

minor loss in the dynamic performance, the recursive form of the filter offers signif-

icant resource savings both in hardware and in software in comparison to the non-

recursive implementation. Besides reducing the hardware cost by 18%, the main ben-

efit is the drastically reduced number of Givens-rotations, that are required by the

Jacobi-Algorithm to compute the EVD. Furthermore, the recursive filter shows an im-

proved mitigation performance in case of pulsed jamming.

Second step of the proposed 2-step beamformer is the post-correlation multipath

mitigation filter. The thesis presented a revised version of the MMSE to achieve an

improved multipath rejection at this stage. This beamformer (the MMSCE) can be

seen as the counter part of an equalizer in the spatial domain. Overall, it achieves

the best multipath mitigation performance in comparison to the deterministic beam-

former, MVDR, and the conventional MMSE. While the deterministic and the MVDR

(which are equivalent in the interference-free case) form a beam towards the satellite

signal ignoring multipath, the conventional MMSE tends to constructively combine

multipath and direct signal in order to maximize the signal power. In contrast, the

MMSCE forms a beam towards the satellite while purposefully suppressing multipath

signals. The thesis also showed the potential of using the VTL in combination with

beamforming in order to overcome signal outages caused by interference mitigation.

In the final chapter, the 2-step beamformer from the previous chapter was com-

bined with a bank of Notch Filters (NFs) to form a spatial-temporal filter. A bank of

equalizers are employed at the output of the filter to compensate the signal distortions

caused by the NFs. The presented filter belongs to the category of decoupled Space-

Time Adaptive Processing (STAP), i.e. the temporal and spatial filter coefficients of the

filter are computed separately. The thesis demonstrated the performance improvement

of STAP relative to the spatial-only filtering by means of simulations using synthetic as

well as real data. The benefit of STAP became clear especially in scenarios with a high

number of interferers, if the interference signals are partly narrow-band and can, thus,

be suppressed in the temporal domain. On the other hand, the disadvantage of STAP is

its relatively higher resource requirement. In case of a 4-element antenna, for example,

the temporal filter components dominate the hardware cost already for filter orders

greater than 3. The question, whether this is a justified cost, can only be answered

by extensive monitoring of the GNSS bands, assessment of the present interference

situation and definition of realistic scenarios.

To sum up, the thesis provides an overview of a wide range of spatial processing
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techniques for array-antenna receivers and differentiates from previous work by care-

fully considering the implementation aspects. The thesis proposes a novel adaptive

spatial processing approach for array-antenna receivers. All things considered, it is

safe to say, that the presented approach is a very powerful and cost-efficient method

against interference and multipath, which can be implemented on currently available

digital hardware platforms.





Appendix A

Tracking

In a GNSS receiver, the PVT is computed based on the travel times of the satellite sig-

nals from the satellites to the receiver and the Doppler frequencies of the different satel-

lite signals. The travel time and the Doppler frequency can directly be derived from the

code phase and carrier frequency of the received satellite signal. In order to determine

these signal parameters, the receiver generates local replicas of the satellite signals, cor-

relates them with the received signal in the baseband and tries to synchronize the local

replicas with the received satellite signals. This process of synchronization is called

signal tracking. While correlation is typically computed in dedicated hardware as de-

scribed in Section 3.3, control of the correlation channels, i.e. tracking, is carried out in

software.

Conventionally, tracking is realized by scalar control loops, that adjust the signal

parameters separately for each satellite channel. Although there is also a direct link

between the signal parameters and the satellite’s and the receiver’s positions and ve-

locities, this relation is not used in the scalar tracking loops. As an alternative to the

scalar loops, the VTL combine the two tasks of tracking and PVT computation into one

overall algorithm. They compute the control values for the correlation channels based

on a universal signal reception model, that describes the relationship between the sig-

nal parameters of all satellites and the positions and velocities of the satellites and the

receiver.

The following two sections give a brief summary of the conventional tracking loops

and the VTL.
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A.1 Conventional Tracking Loops

Conventionally, the code delay and the carrier frequency of the satellite signal are

tracked in separate scalar loops, the Delay-Locked Loop (DLL) and the Frequency-

Locked Loop (FLL). Coherent code tracking requires the use of a Phase-Locked Loop

(PLL) in addition. For the sake of simplicity, however, this and the following sections

present incoherent code tracking.

The general structure of a scalar tracking loop is shown in Figure A.1 .

Figure A.1: Conventional tracking loop

The discriminators estimate the variance of the local signal replica’s code delay τ̂

from the received satellite signal’s code delay τ , as well as the variance of the locally

generated carrier frequency f̂ from the carrier frequency f of the received signal (∆τ =

τ − τ̂ , ∆f = f − f̂ ). The discriminators are based on discrete values of the correlation

function:

“very early” Ev = ϕŝq(−2 · δτ)
“early” E = ϕŝq(−δτ)

“prompt” P = ϕŝq(0)

“late” L = ϕŝq(+δτ)

“very late” Lv = ϕŝq(+2 · δτ)
The Early-minus-Late discriminator (here in its incoherent form)

∆τ̂EL = (1− δτ

Tc
) · |E| − |L|

|E|+ |L| · Tc,

where Tc is the the code duration, is the most commonly used estimator in the DLL to

estimate ∆τ . The variance at the output of this estimator is (if the so-called “squaring

loss” is neglected)

σ2
τ,EL = E

{
|∆τ̂EL|2

}
≈ δτ · Tc

SNR
, (A.1)
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where

SNR =
E{P}

E
{
|P − E{P}|2

} =
1

T · C/N0

is the signal-to-noise ratio after correlation. C/N0 is the signal-to-noise-density ratio of

the satellite signal.

The double-delta-correlator (∆∆-correlator) computes five correlation values in or-

der to estimate ∆τ

∆τ̂∆∆ =
E − L − (Ev − Lv)/2

P
based on these five correlation values. The ∆∆-correlator is immune against reflected

signals with relative code delays greater than 2 · δτ . This is true only if the satellite sig-

nal is received with an unlimited front-end bandwidth, so that the correlation function

is an ideal correlation triangle. Reducing the front-end bandwidth flattens the corre-

lation triangle and there is no use in reducing the correlator spacing to less than the

spreading code rate divided by the front-end bandwidth [3, 101]. Decreasing the cor-

relator spacing below this limit will only decrease the linear range of the discriminator

[102].The variance at the output of the ∆∆-correlator is

σ2
τ,∆∆

= E
{
|∆τ̂∆∆|2

}
≈ 2 · δτ · Tc

SNR
. (A.2)

In the FLL, e.g. the Cross-discriminator

∆f̂ =
1

2πT
· Re {P−1} · Im {P} −Re {P} · Im {P−1}

|P−1| · |P|

can be used to estimate ∆f , where P−1 is the output of the “prompt”-correlator from

the previous observation period. The variance of this discriminator can approximated

as [2]

σ2
f = E

{∣
∣
∣∆f̂

∣
∣
∣

2
}

≈ 1

SNR
·
(

1 +
1

2 · SNR

)

· 1

(2πT )2
. (A.3)

The loop filter in Figure A.1 is used to reduce the measurement noise. In the sim-

plest case, a filter of the first order is applied, which multiplies the measured value

∆m = ∆τ̂ of the discriminator with a factor 0 < ω0T < 1

∆m̃ = ω0T∆m, (A.4)

where T is the observation time from (3.5). The equivalent noise bandwidth of this loop

filter is Bn = ω0/4. The bandwidth Bn is a design parameter, that must be chosen as
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small as possible to suppress the measurement noise. At the same time, the bandwidth

of the filter must be broad enough to cope with the dynamics of the signal parameters

(that result from the satellite and user movements and the drift of the user clock).

In practice, the code phase of the local signal replica is not directly controlled by

the tracking loops but indirectly via the chip rate fc.That means that instead of directly

changing the code phase by ∆τ̃ , the chip rate is increased by ∆f̃c = ∆τ̃ /T for the next

integration period. This way, the local code generator is accelerated (or slowed down)

during the next integration period T , in order to catch up the detected delay in the

code phase of the local signal relative to the received satellite signal.

Carrier Aiding There is a proportional relation fc,D/fc,0 = fD/f0 between the Doppler

shift fc,D of the chip rate and fD of the carrier frequency, where fc,0 and f0 are the

chip rate and the carrier frequency transmitted by the receiver. Because the carrier

frequency tracking is by orders of magnitude less noisy than the code tracking, it makes

sense to derive the Doppler shift of the code signal from the estimated carrier frequency

f̂ and consider this value in the code tracking loop [3]. For the estimation of the chip

rate, this means

f̂c = fc,0 ·
(

1 +
f̂ − fIF

f0

)

+∆f̃c, (A.5)

where fIF is the intermediate frequency.

A.2 Vektor Tracking Loops

In contrast to the conventionally used scalar loops, the VTL combine the signal param-

eters from all satellites, the satellite positions, the user positions, and their velocities

into a universal reception model. They jointly process all discriminator outputs and

jointly control all signal parameters of all visible satellites. The principle is illustrated

in Figure A.2.

The VTL have i.a. the following advantages (+) and disadvantages (−) [103]:

+ The VTL are able to track a satellite signal even in case of a total signal outage,

as they are able to estimate the signal parameters based on the visible satellites.

This way they overcome not only shadowing effects but also a short-term spatial

nulling towards a satellite due to interference mitigation (see Section 4.4).
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Figure A.2: Vector tracking loops (VTL)

+ The VTL can in general track satellites with lower signal to noise density ratios

C/N0.

+ The VTL can be designed to cope with the same dynamics as the scalar loops

but produce less noise at the filter output. This again leads to less noisy PVT

estimates.

− The VTL require significantly higher computing power than the scalar loops.

− Errors in a satellite channel may affect all channels, that are controlled by the

VTL. An undetected larger error may cause instability in the filter, which may

lead the VTL to loose track of all satellite signals.

The loop filter used in the VTL is an extended Kalman filter, that jointly processes

all measurements ∆τ (l) and ∆f (l). The measurements are merged to a measurement

vector

∆m =
[

∆τ̂ (l) . . . ∆τ̂ (l) ∆f̂ (l) . . . ∆f̂ (l)
]T

.

Internally, the filter estimates the change of the user position x of the user velocity v,

the clock bias δt (b = c0 · δt), and the clock drift δṫ (ḃ = c0 · δṫ) (where c0 is the speed of

light). These estimates form the state vector

∆z =








∆x

∆v

∆b

∆ḃ







.

The non-linear observation equation ∆m = h(∆z) + n defines the relationship be-

tween the state vector ∆z and the measurement vector ∆m, where n is the measure-

ment noise.

Below, the update procedure of the Kalman filter is described [104]:
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1. Prediction of the state vector ∆ẑ for the current time k based on the previous

estimate ∆ẑ+k−1 of the state vector (time update):

∆ẑ−k = Φ ·∆ẑ+k−1. (A.6)

The upper index (−) indicates, that the current measurement ∆mk in (A.6) is not

taken into account yet. The transition matrix Φ defines the expected change in

the state vector ∆z after one update period T :

Φ =








I3×3 T · I3×3 03×1 03×1

03×3 I3×3 03×1 03×1

01×3 01×3 1 T

01×3 01×3 0 1







,

where IM×M is the unit matrix of size M ×M and 0M×N is the zero matrix of size

M ×N .

With other words Φ, models the linear relationship between the user position

and the user velocity

∆xk = ∆xk−1 + T ·∆vk−1,

as well as the linear relationship between the clock offset and the clock drift

∆bk = ∆bk−1 + T ·∆ḃk−1.

2. Prediction of the error covariance matrix

P = E{(z− ẑ) · (z− ẑ)T}

for the current time k based on the previous estimate P+
k−1 (time update):

P−
k = Φ ·P+

k−1 ·ΦT +Q

Q is the system covariance matrix and stands for the system noise. It models the

errors in the estimated states and their growth over time due to the noise sources

in the system. The noise sources in the system are e.g. unmodeled dynamics as

well as errors of the measurement devices. Generally, Q is diagonal and constant.

3. Computation of the covariance matrix

R = E{n · nT}

of the measurement noise. R is also a diagonal matrix and consists of the vari-

ances of the different discriminators. These variances can be derived from the

SNR by the equations (A.1) and (A.3).
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4. Computation of the observation matrix H. The observation matrix results from the

linearization of the observation equation:

h(∆z) ≈ Hk ·∆z

with

H =














h
(1)
τ

...

h
(L)
τ

h
(1)
f
...

h
(L)
f














.

Here,

h(l)
τ =

1

Tcc0

[

e(l)
T

01×3 −1 0
]

is a row of H, that translates a change in the state vector ∆z to a change in the

code phase ∆τ (l) of the l-th satellite. Analogously,

h
(l)
f =

f0
c0

[

01×3 e(l)
T

0 −1
]

is a row of H, that translates a change in the state vector ∆z to a change in the car-

rier frequency ∆f (l) of the l-th satellite. e(l) is the direction vector of unit length,

that points from the user position to the l-th satellite.

5. Computation of the Kalman matrix K:

Kk = P−
k ·HT

k · (Hk ·P−
k ·HT

k +Rk)
−1. (A.7)

6. Correction of the state vector considering the latest measurements ∆mk (measure-

ment update)

∆ẑ+k = ∆ẑ−k +Kk ·∆mk,

where ∆ẑ−k is computed by (A.6);

computation of the correction values for the signal parameters

∆m̃k = Hk ·Kk ·∆mk, (A.8)

that are applied to the local replica generation in the next observation period. The

Kalman matrix K is responsible for the proper weighting of the measurements

depending on their "‘quality"’ (SNR).
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7. Correction of the error covariance matrix considering the latest measurements

(measurement update):

P̂+
k = P−

k −Kk ·Hk ·P−
k .

A real-time capable implementation of the Kalman filter based VTL on an embed-

ded platform is presented in [105].
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Position, Velocity, Time Computation

This appendix presents a conventional algorithm, that is used for computing the PVT

of the receiver based on the measured travel times and the Doppler-frequencies of the

received satellite signals. An efficient implementation of this algorithm in software

using block floating point arithmetic is presented in [106]. In addition, [107] presents,

how to apply interpolation to reduce the processing power required for the computa-

tion of the satellite positions and the atmospheric corrections.

The measured pseudorange ρ(l) of the l-th satellite is computed as the difference

between the (uncorrected) transmission time t− τ (l) and the reception time t:

ρ(l) = c0 · (reception time − transmission) = c0 · τ (l),

where τ (l) is the signal travel time and c0 is the speed of light.

The expected pseudorange ρ̂(l) for a known user position x and the user clock bias

δt is given by

ρ̂(l)(x, b) = ‖x(l) − x‖+ b− c0 · δt(l) + c0 · (δτ (l)iono + δτ
(l)
trop).

Here, x(l) = x(l)(t− τ (l)) is the position of the k-th satellite and δt(l) = δt(l)(t− τ (l)) is the

offset of the satellite’s clock at transmission time t − τ (l). x = x(t) is the user position

and b = c0 · δt with δt = δt(t) is the offset of the user’s clock at reception time t.

The objective of the PVT algorithm is to find an estimate (x, b) of the user position

and time, which minimizes the mean square difference ‖∆ρ(x, b)‖2

∆ρ(x, b) =







∆ρ(1)(x, b)
...

∆ρ(K)(x, b)






=







ρ̂(1)(x, δt)− ρ(1)

...

ρ̂(K)(x, δt)− ρ(K)







(B.1)
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between expected and measured pseudoranges.

The solution can be found iteratively by means of the Newton’s method
[

xi+1

bi+1

]

=

[

xi

bi

]

+ (GT ·W ·G)−1 ·GT ·W ·∆ρ(xi, bi).

W is, here, a diagonal weighting matrix, e.g. with the diagonal elements

wl,l = sin2(elevation of the l-th satellite),

for taking the reduced quality of the satellite signals coming from lower elevations.

The matrix

G =







e(1)
T −1

...

e(K)T −1







is referred as the geometry matrix and contains the direction vectors

e(l) =
x(l) − x

‖x(l) − x‖ ,

pointing from the user position to the satellite positions.

The velocity v and clock drift δṫ of the receiver can be computed similarly.

The measured range rate

ρ̇(l) = c0 ·
−f

(l)
D

f0
(B.2)

is be computed from the Doppler shift f
(l)
D of the the carrier frequency.

Analogous to the position computation, the objective is to minimize the difference

∆ρ̇(v, ḃ) =







∆ρ̇(1)(x, b)
...

∆ρ̇(K)(x, b)






=







ˆ̇ρ(1)(v, ḃ)− ρ̇(1)

...
ˆ̇ρ(K)(v, ḃ)− ρ̇(K)







(B.3)

between the expected range-rates

ˆ̇ρ(l)(v, ḃ) = e(l)
T ·
(
v(l) − v

)
+ ḃ mit ḃ = c0 · δṫ

and the measured range-rates from (B.2) [2].

The solution can be computed iteratively:
[

vi+1

ḃi+1

]

=

[

vi

ḃi

]

+ (GT ·W ·G)−1 ·GT ·W ·∆ρ̇(vi, ḃi).
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