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Motivation

Thermal ablation treatments in cancer therapy heat a target volume, enough to cause it
to burn, but leave healthy tissue and neighboring sensitive structures undamaged. Per-
forming such treatments involves the placement of one or multiple heat sources within the
target volume and the power control of each heat source. Since the final placement of the
heat sources and tissue parameter estimates are only possible during treatment, real-time
updates of the heat source powers are very relevant. Optimizing the power of each heat
source involves the solution of optimal control problems governed by parametrized elliptic
partial differential equations with non-affine source terms. We employ the reduced basis
method to derive a reliable and real-time efficient surrogate model. We work on extending
[3] and [4] in order to derive error bounds for the ensuing problem.

Optimal Control Problem

The optimal power for each heat source is determined by solving the following parametrized
optimal control problem, given µ = (k, c, p1, · · · , pnu) ∈ P ⊂ RnP , solve

min
(ye,u)∈Ye×U

J(ye, u;µ) =
1

2
∥ye − yd∥2L2(Ωt)

+
λ

2
∥u∥2U ,

s.t. (ye, u) ∈ Ye × U : = H1(Ω)× Rnu

satisfies a(ye, v;µ) = ⟨B(µ)u, v⟩Y ′
e ,Ye

:=

nu∑
i=1

bi(v;µ)ui, ∀v ∈ Ye

(1)

The PDE constraint represents the weak formulation of the bioheat equation [6], a(·, ·;µ) :
Ye × Ye → R is affine parameter dependent, continuous and coercive bilinear form and
bi(·;µ) : Ye → R, 1 ≤ i ≤ nu are non-affinely decomposable continuous linear forms, given
by

a(ye, v;µ) =

∫
Ω

k∇ye∇v +
∫
Ω

cyev +

∫
Γ

hyev, ∀ye, v ∈ Ye

bi(v;µ) = bi(v; g(x, µ)) =

∫
Ω

vgi(x;µ), ∀v ∈ Ye.
(2)

where ye = ye(µ) ∈ Ye is the tissue temperature, k is the tissue thermal conductivity, c is the
perfusion parameter, and h is the Biot number. Furthermore u = u(µ) = [u1, · · · , unu] ∈
U ⊂ Rnu represents the power control of each heat source gi(·;µ), p1, · · · , pnu are the
position parameters of each heat source, and gi(·;µ) ∈ L∞(P) for all 1 ≤ i ≤ nu. Finally
Ωt ⊂ Ω denotes the target volume.

Figure 1: Heat source consisting of u1g1(x;µ) +
u2g

2(x;µ) = u1g(x, p
1) + u2g(x, p

2).
Figure 2: Resulting temperature in ◦C and tissue damage
indication isolines 62◦C (red) and 47◦C (green).

For the numerical solution of problem (1) we use a finite element space Y ⊂ Ye spanned by
piecewise linear continuous basis functions. By employing the Lagrangian formulation and
deriving the first order optimality conditions, the unique solution to (1) can be determined by
solving the following system of the state, adjoint and optimality equations. Given µ ∈ P,
the optimal solution (y∗, p∗, u∗) ∈ Y × Y × U satisfies

a(y∗, ϕ;µ) =
⟨
B(µ)u∗, ϕ

⟩
Y ′,Y

∀ϕ ∈ Y,

a(φ, p∗;µ) =
(
yd(µ)− y∗, φ

)
L2(Ωt)

∀φ ∈ Y,(
λ(u∗ − ud), ψ

)
U
−

⟨
B(µ)ψ, p∗

⟩
Y ′,Y

= 0 ∀ψ ∈ U

(3)

Empirical Interpolation Method

We approximate the heat source g(.;µ) using the empirical interpolation method
(EIM) [1] We construct the collateral reduced basis space W g

M := span{ĝ1(x) =
g(x, µ1), · · · , ĝM(x) = g(x, µM)}, where µ1, · · · , µM ∈ P and W g

M ⊂ {g(.;µ) |µ ∈
P} ⊂ L∞(Ω). Then we define the approximation gM(x;µ) to g(x;µ) by

g(.;µ) ≈ gM(., µ) =

M∑
m=1

ωm(µ)ĝ
m(x), (4)

and the corresponding interpolation error

εgM(µ) := ∥g(.;µ)− gM(.;µ)∥L∞(Ω) ≤ δgM(µ) (5)

where δgM(µ) denotes either the next point based error estimate presented in detail in [5],
or the rigorous error bound from [2].
Finally define biM(·;µ) : Y → R, 1 ≤ i ≤ nu, s.t. biM(v;µ) = b(v; giM(x;µ)), and

⟨BM(µ)u, v⟩Y ′,Y =

nu∑
i=1

biM(v;µ)ui (6)

Reduced Basis Method

Given an ‘integraded’ reduced basis space

YN = span{ζn, 1 ≤ n ≤ N} = span
{
y∗(µn), p∗(µn)1 ≤ n ≤ N

2

}
, 1 ≤ N

2
≤ Nmax

2
, (7)

where the ζn, 1 ≤ n ≤ N , are pairwise (·, ·)Y -orthogonal basis functions and N and Nmax

are even.
The reduced basis optimal control problem is given by

min
yM,N∈YN ,uM,N∈U

J(yM,N , uM,N), s.t. (yM,N , uM,N) ∈ YN × U solves

a(yM,N , v;µ) =
⟨
BM(µ)uM,N , v

⟩
Y ′,Y

, ∀v ∈ YN .
(8)

Given µ ∈ P, the solution (y∗M,N , p
∗
M,N , u

∗
M,N) ∈ YN × YN × U to the associated reduced

basis optimality system satisfies
a(y∗M,N , ϕ;µ) =

⟨
BM(µ)u∗M,N , ϕ

⟩
Y ′,Y

∀ϕ ∈ YN ,

a(φ, p∗M,N ;µ) =
(
yd(µ)− y∗M,N , φ

)
L2(Ωt)

∀φ ∈ YN ,(
λ(u∗M,N − ud), ψ

)
U
−

⟨
BM(µ)ψ, p∗M,N

⟩
Y ′,Y

= 0 ∀ψ ∈ U

(9)

Define the optimality error for the state, adjoint and control to be
ey,∗ = y∗(u∗)− y∗M,N(u

∗
M,N)

ep,∗ = p∗(y∗(u∗))− p∗M,N(y
∗
M,N(u

∗
M,N))

eu,∗ = u∗ − u∗M,N .

(10)

The challenge in the derivation of the error bounds for this problem is in the error residuals
ry(ϕ;µ) = a(ey,∗, ϕ;µ)−

⟨
B(µ)u∗, ϕ

⟩
Y ′,Y

−
⟨
BM(µ)u∗M,N , ϕ

⟩
Y ′,Y

∀ϕ ∈ Y, ∀µP,

rp(φ;µ) = a(φ, ep,∗;µ) +
(
ey,∗, φ

)
L2(Ωt)

∀φ ∈ Y, ∀µP,

ru(ψ;µ) =
(
λeu,∗, ψ

)
−

⟨
B⋆(µ)ψ, p∗

⟩
Y ′,Y

−
⟨
B⋆
M(µ)ψ, p∗M,N

⟩
Y ′,Y

∀ψ ∈ U, ∀µP.

(11)

Outlook and Future Work

• Derive error bounds for the above problem
• Apply to the numerical example motivated by ablation treatments
• Extend to parabolic optimal control problems
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