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It will be difficult.
But the difficulty really is psychological
and exists in the perpetual torment that results from your saying to yourself,

‘But how can it be like that?’

which is a reflection of uncontrolled but utterly vain desire
to see it in terms of something familiar.

—Richard P. Feynman—






Summary

In this thesis, the dynamics of generic open quantum systems is studied at the interface of
quantum information and statistical field theory. Taking advantage of their synergies, we
put the dynamical correlations that such systems develop with their effective environment
on center stage: The key step to access the latter is a reformulation of the open system’s
dynamics as derived from nontrivial microscopic models in terms of Kraus operator-sums.
This decomposition into physical processes conditional on measurements performed on the
effective environment enables progress on three interrelated questions.

How do quantum (non-)Markovian systems affect their environment?

The common notion of a Markovian process entails an environment that loosely speaking re-
tains no ‘memory’ of its previous interactions with the system. More precisely, the dynamics
is insensitive to a division at intermediate times at which the environment is reinitialized.
We provide some new physical intuition for different divisibility criteria by explicitly deter-
mining the dynamics of the effective environment for a tunnel-coupled resonant level without
interactions. From the time-dependence of transport currents and observable measures of
information exchange between the system and its environment, we find that the details of
the reinitialization matter even in this simple model. Obtaining this complete picture of
the open system’s dynamics not only requires an exact treatment of the problem, but also a
combination of various approaches —including the Kraus operator-sum.

How does periodic driving of the environment modify Markovian systems?

For any but the simplest models, a detailed analysis such as the above is out of reach due to the
necessity of employing approximations. The paradigmatic Born-Markov approzimation is the
prime example that manages to maintain a consistent yet intuitive operational understanding
of the dynamics even in the presence of fast time-periodic driving. We illustrate for quantum
optical systems how such time-periodic driving influences the dynamical system-environment
correlations and leads to driven-dissipative phase transitions which reflect a memory-effect
within this originally Markovian setup. A hallmark feature of this transition is the temporary
suppression of effective dissipation rates that gives rise to long-lived metastable states and
interesting time-periodic steady states. We develop a new formalism for efficiently computing
these periodic steady states without the need to integrate over the full transient approach.

How can approximations beyond the Markovian limit be formulated?

Beyond these Markovian approximations, little is known regarding the preservation of even
the most fundamental properties of a reduced system state, namely its positivity and trace-
normalization. Here, we focus on the stronger notion of completely positive dynamics and re-
organize the real-time diagrammatic series into an operational framework of a Kraus operator-
sum in which each term makes this property explicit and has a transparent physical meaning.
Based on these principles, we establish for the first time the fundamental structure of the
Nakajima-Zwanzig memory-kernel that guarantees the solution of a time-nonlocal quantum
master equation to be completely positive. This is a crucial step towards non-Markovian
approximation schemes that do not violate fundamental dynamical properties.



Zusammenfassung

In dieser Arbeit wird die Dynamik generischer offener Quantensysteme an der Schnittstelle
zwischen der Quanteninformations- und statistischen Feldtheorie untersucht. Unter Aus-
nutzung von Synergien stellen wir die dynamischen Korrelationen, die solche Systeme mit
ihren effektiven Umgebungen entwickeln, in den Mittelpunkt: Der wesentliche Schritt fiir den
Zugang zu Letzteren ist die Reformulierung der Dynamik eines offenen Systems, hergeleitet
aus nicht-trivialen mikroskopischen Modellen, im Sinne von Kraus Operator-Summen. Diese
Zerlegung in physikalische Prozesse, die von Messungen der effektiven Umgebung abhangig
sind, ermoglicht Fortschritte in drei zusammenhangenden Fragestellungen.

Wie beeinflussen (nicht-)Markov’sche Quantensysteme ihre Umgebung?

Die iibliche Vorstellung eines Markov’schen Prozesses beinhaltet eine Umgebung, die kein
Gedéchtnis iiber ihre vorherigen Interaktionen mit dem System hat. Genauer gesagt ist die
Dynamik unempfindlich gegeniiber einer Aufteilung zu Zwischenzeiten, an denen die Umge-
bung neu initialisiert wird. Wir entwickeln einige neue physikalische Intuition verschiedener
Aufteilungskriterien, indem wir explizit die Dynamik der effektiven Umgebung eines tunnel-
gekoppelten Resonant-Levels ohne Wechselwirkungen bestimmen. Aus der Zeitabhéngigkeit
von Transportstromen und messbaren Groflen fiir den Informationsaustausch zwischen Sys-
tem und Umgebung schliefen wir, dass die Details der Neuinitialisierung selbst in diesem
einfachen Modell von Bedeutung sind. Dieses vollstandige Bild der Dynamik des offenen
Quantensystems erfordert nicht nur eine exakte Behandlung des Problems, sondern auch die
Kombination verschiedener Herangehensweisen —die Kraus Operator-Summe eingeschlossen.

Wie modifiziert periodische Modulation der Umgebung Markov’sche Systeme?

Eine detaillierte Analyse wie die obige ist aufgrund der Notwendigkeit von Néherungen
fiir alle Modelle aufler den einfachsten nicht moglich. Die paradigmatische Born-Markov-
Approximation ist das Musterbeispiel einer Naherung, welche es schafft ein konsistentes und
dennoch intuitives operatives Verstdndnis der Dynamik sogar in Anwesenheit schneller pe-
riodischer Modulation zu erhalten. Wir illustrieren fiir quantenoptische Systeme, wie solch
eine periodische Modulation die dynamischen Korrelationen zwischen System und Umge-
bung beeinflusst und zu getrieben-dissipativen Phasentibergingen fiihrt, die ein Gedachtnis
in diesem eigentlich Markov’schen Szenario widerspiegeln. Ein charakteristisches Merkmal
dieser Phaseniibergéinge ist die temporéare Unterdriickung effektiver Dissipationsraten, was
zu langlebigen metastabilen und interessanten periodisch-stationaren Zustanden fithrt. Wir
entwickeln einen neuen Formalismus, der es erlaubt letztere Zustédnde numerisch effizient zu
berechnen, ohne iiber die volle transiente Zeitentwicklung zu integrieren.

Wie konnen Niherungen jenseits des Markov’schen Limits formuliert werden?

Jenseits dieser Markov’schen Naherungen ist wenig iiber die Erhaltung selbst der fundamen-
talsten Eigenschaften eines reduzierten Systemzustands bekannt, namlich seiner Positivitat
und Spurnormalisierung. Hier konzentrieren wir uns auf den stiarkeren Begriff der vollstdndig-
positiven Dynamik und reorganisieren die Echtzeit-Diagrammreihe zu einer Kraus Operator-
Summe, in der jeder Term diese Eigenschaft explizit werden ldsst und eine transparente
physikalische Bedeutung hat. Darauf basierend etablieren wir zum ersten Mal die fundamen-

vi



Zusammenfassung vii

tale Struktur des Nakajima-Zwanzig Kernels, welche die vollstandige Positivitat der Losung
einer nicht-zeitlokalen Quantenmastergleichung garantiert. Dies ist ein entscheidender Schritt
hin zu nicht-Markov’schen Naherungsverfahren, die diese fundamentalen dynamischen Eigen-
schaften nicht verletzen.
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1| Introduction

It from bit symbolizes the idea that every item of the physical world has at bottom

—at a very deep bottom, in most instances— an immaterial source and explanation; that
what we call reality arises in the last analysis from the posing of yes-no questions and
the registering of equipment-evoked responses; in short, that all things physical are
information-theoretic in origin and this is a participatory universe.

—John A. Wheeler [1]

This thesis discusses the dynamics of open quantum systems from two complementary per-
spectives: quantum information theory and statistical physics. It first and foremost aims at
connecting the quite distinct formalisms that have developed in both communities in order to
further stimulate an exchange of ideas and techniques. The emergence of quantum informa-
tion theory over the past two decades prompted an increasing appreciation of the ‘It-from-bit’
idea put forward by Wheeler [1] and the memorable phrase by Landauer [2] that ‘informa-
tion is physical’. Both recognized the special, overarching role of information that goes way
beyond the thermodynamic and mathematical considerations that led to the development of
classical information theory in the midst of the 20th century. Throughout this thesis, we
will adopt well-established concepts of quantum information theory as a guiding principle
for the analysis of correlations and their dynamics in open many-body systems. A particu-
lar focus is put on the physical role of information for the properties of complete positivity
and Markovianity as introduced below. Interested readers from both quantum information
and statistical physics communities should be able to equally benefit from the presented
results: the former by deepening the understanding of sophisticated non-equilibrium many-
body methods and their connection to well-established quantum-information theorems; the
latter by further appreciating the benefits of these theorems in a formulation that interfaces
existing methods and allows to improve them or devise new ones through a clear operational
understanding of the dynamics.

Open systems have historically been investigated in the context of thermodynamics and
statistical physics where a microscopic treatment in terms of canonical or grand-canonical
ensembles is inherent to describing a system’s exchange of energy and particles with its en-
vironment. Already the early works by Boltzmann and Gibbs around 1865 on these subjects
formalized Clausius’ thermodynamic concept of entropy [3] as a statistical measure for an
observer’s ignorance about the micro state of the system given its statistical macro state.
It was further extended with the formulation of quantum theory by von Neumann [4] but
it wasn’t until the consideration of classical information theory on a more abstract level by
Shannon [5] that established entropy as a fundamental measure of information. With his work
the paradigm has shifted from the microscopic details of thermodynamic processes of open
systems to questions focusing on the feasibility of processes formulated as communication
protocols. Consequently, many powerful theorems on reliable communication and manipu-
lation of information under the influence of a noisy environment have been formulated and
prompted increased efforts towards the physical implementation of such protocols, eventually
enabling the computer and information age we are living in.

These advances have not been restricted to classical information theory but have led to
the emergence of quantum information theory as an independent field of research concerned
with the feasibility and realization of quantum computation and communication. Quantum



2 1 Introduction

computers are surmised to be far more powerful than their classical counterparts because the
fundamental information carrier is a quantum superposition, a so called qubit, of the classical
binary states represented by values 0 or 1 that can be coherently manipulated and controlled.
Indeed, the age of quantum computation has already begun with physical realizations com-
mercially available and major corporations heavily investing into research. This research is
still exploring various implementations of quantum computation on a fundamental level, in-
cluding different physical platforms based on trapped atoms [6], superconducting circuits [7, 8]
or mesoscopic quantum-dot devices [9, 10], as well as different computing paradigms such as
quantum annealing [11] or quantum walks [12]. However, also engineering issues become
increasingly important in the strive to scale to more powerful quantum computers that are
capable of solving complex problems encountered not only in physics but across many other
disciplines, see Ref. [13] for a discussion.

The way towards these implementations of quantum computation has been paved by
the appreciation of entanglement in quantum error-correction schemes to mitigate the noisy
influence of the environment on an open quantum system: Shor [14] and Steane [15] inde-
pendently showed that this can be dynamically corrected for by encoding multiple entangled
physical qubits into a robust logical qubit such that a set of projective measurements and
subsequent local operations conditional on the measurement outcomes can ‘undo’ the effect
of the environment. This is different from classical bits for which mere redundancy, i.e., hav-
ing multiple copies of the same bit of information, can already effectively mitigate the noise
introduced by the environment'. One can think of these quantum error-correction schemes
as procedures that effectively monitor the undesired system-environment correlations as to
be able to correct for their influence without revealing and thereby destroying the quantum
information of interest. These quantum computation and communication-inspired ideas thus
provide a new view on correlations and entanglement in physical open many-body systems.

Indeed, the remarkable theoretical insights about information and entanglement started
to feed back into the statistical physics community, see for example Ref. [17] for a review of
its impact in quantum thermodynamics. Perhaps one of the most remarkable insights about
correlations and entanglement in many-body systems is related to the area law [18]: Under
fairly general physical assumptions, the entanglement across any bipartition of a system
only scales with the surface area of the partition instead of the volume. Consequently, the
many-body state of numerous systems is restricted to an exponentially small subspace of
the vast Hilbert space which allows for an efficient parametrization in terms of so called
tensor network states, such as matrix product states (MPS), projected entangled pair states
(PEPS) and multi-scale entanglement renormalization ansatz (MERA) states, see Ref. [19]
for a recent review. Modern numerical techniques like the density matrix renormalization
group (DMRG) explicitly make use of this structure to simulate ever larger system sizes or to
reach time-scales of the transient dynamics that are otherwise not achievable. Despite recent
efforts to generalize the discrete nature of tensor networks to the continuous case [20], such
methods have so far proven most useful for low-dimensional lattice problems and reaching
the thermodynamic limit is in general difficult.

In this thesis, we will instead be interested in transport-impurity models where a small,
local system exchanges particles with its continuous environment comprised of one or more
large reservoirs each in a thermodynamic equilibrium state. In this continuous setup, the

!The reason that this is not possible in the case of qubits is not the no-cloning theorem [16] which holds
for any (quantum or classical) dynamical stochastic mapping from an in- to an output, but primarily their
inherent continuous superposition of binary states.



environment is effectively modeled in terms of its thermodynamic parameters (temperature
and chemical potential) and spectral properties (possibly energy-dependent coupling param-
eters), in contrast to lattice models where the full microscopic details of the environment are
taken into account. The rationale behind this is to arrive at an effective description of the
local impurity system in terms of quantum master equations (QME) for the reduced quantum
state that incorporates many details of its surroundings while emphasizing the role of the
system-environment coupling. For these impurity models, much less is known about the gen-
eral structure of entanglement and correlations particularly between system and environment.
The key difference to quantum information theory is that the noisy influence of the environ-
ment on the open system’s continuous evolution is explicitly parametrized by time instead of
considering discrete step-wise processes. The transient dynamics of system-environment mod-
els has continued to attract interest and proven to be a formidable theoretical challenge that
is relevant not only in the context of quantum computation, e.g., using mesoscopic quantum
dot devices [21, 22], but also in molecular transport [23, 24], photosynthetic complexes [25-27]
and driven-dissipative quantum-optical systems [28-30], to name but a few.

One of the main issues in the theoretical description of such systems is concerned with
the nontrivial backaction of the environment onto the system. Due to a finite time-span
of correlations with the environment the latter does not act as a mere source of decoher-
ence and dissipation. These correlations provide a memory for previous interactions of the
system with the environment and may significantly alter the system’s dynamics depending
on its past. Such non-Markovian dynamics is one of the central issues addressed within
this thesis and we will especially focus on its observable implications from an information
perspective much of which can be illustrated using a surprisingly simple impurity model.
The issues surrounding non-Markovianity become more pressing when an exact treatment
of the impurity model in terms of QMEs is no longer feasible. This is the case for all but
the most simple problems. Consistent approximation schemes that capture non-Markovian
effects are notoriously difficult to formulate for several reasons: Most master equation ap-
proaches, e.g. Bloch-Redfield [31], are based on a leading-order perturbative expansion in
the system-environment coupling which work well in the Markovian regime when memory
effects are negligible. However, including higher-order terms in the expansion or taking into
account the finite memory-time of the environment may result in unphysical reduced density
operators p(t) that are not positive-semidefinite? in certain parameter regimes. More subtly,
ill-defined cases may appear even when the reduced system state itself is physical but derives
from an unphysical joint state. To resolve this issue, it turns out to be necessary to consider
the stronger notion of complete positivity and combine the tools provided by the quantum
information community with statistical physics methods as pioneered by van Wonderen and
Suttorp [32-34]. A key contribution of this thesis is to explicitly show how the perturba-
tion series expressed in Keldysh real-time diagrams can be systematically reorganized into a
Kraus operator-sum that allows for a clear operational understanding of system-environment
interaction processes conditional on measurements performed on the environment. When
respecting this structure, the reduced density operator is guaranteed to be physical at all
times. Moreover, we can gain information about the nontrivial dynamical footprint of the
system-environment interaction left in the environment, even though it was integrated out.

Motivated by these fundamental considerations that seem to have so far been overlooked
in field-theoretical treatments, the primary objective of this thesis is to develop the formal-
ism and illustrate it in a simple case study. This will provide crucial guidance for addressing

2We will simply refer to this as positivity (of the eigenvalues) of the reduced density operator, p > 0.
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more realistic models that are relevant to experimental realizations of open quantum systems.
Importantly, although we had no opportunity to illustrate the impact of local interactions
on the system in this work, the developed toolbox can fully account for them and applies to
interacting problems without modification but at the expense of simplicity. To make further
progress, one could think of combining the reorganized perturbation series with renormal-
ization group (RG) methods [35-37] which take as a starting point the noninteracting limit.
The significance of this work is thus first of all that it provides the statistical physics commu-
nity with new starting points for consistently approximating open-system dynamics in full
compliance with quantum information insights. However, our simple case studies already
reveal interesting phenomena in non-Markovian dynamics that seem broadly applicable even
in more complicated models. We therefore hope that the developed methods for continuous
time-evolution and their applications will also be of interest to the quantum information
community to continue the long tradition of synergies.

Such synergies have in fact already spawned many interesting ideas to implement quantum
computation and communication in physical many-body systems. For instance, instead of dy-
namically correcting for the decoherence introduced by the environment via error-correction
schemes, it has been recognized that dissipation can also be beneficial, e.g., in assisting the
formation of topologically protected qubits [38]. Especially non-Markovian dynamics has been
discussed as a resource for interesting and technologically useful phenomena in open quan-
tum systems: For quantum metrology purposes, it has been shown that non-Markovianity
can boost the precision limits of measurements [39]. It can also speed up or facilitate the
formation of entangled steady states [40] which may be used for computation and communi-
cation purposes. These ideas rely on the formation of either long-lived metastable states in
(almost) decoherence free subspaces [41], or bistable behavior where the true steady state of
the system is not unique and can be controlled by external parameters [42, 43].

In hope of finding more exotic nonequilibrium steady states, this emerging field of reser-
voir engineering is nowadays often complemented with Floquet engineering where system
parameters are periodically driven time. Motivation for such exotic steady states can al-
ready be found in the classical case: The most famous example is Kapitza’s pendulum [44]
which develops a stable steady state pointing opposite to the gravitational force upon peri-
odic driving of the suspension point. The natural context of such driven-dissipative oscillator
systems is quantum optics where the periodic high-frequency driving of an external laser
together with the dissipation caused by the spontaneous emission of photons by an atom
or an imperfect cavity have led to remarkable effects like electromagnetically induced trans-
parency (EIT) of an opaque atom gas [45, 46]. Periodic modulation of system parameters
has also been achieved in mesoscopic quantum-dot devices which have been demonstrated
as on-demand single-electron [47, 48] and also two-electron emitters [49, 50]. The fideli-
ties of qubits and their manipulation have been drastically enhanced by use of dynamical
decoupling schemes [51] which employ time-dependent control pulses to compensate the de-
coherence or reduce gate operation times. Moreover, topological phases can be induced by
periodic parameter-modulation in systems which otherwise show trivial behavior [52, 53]. All
these efforts open up exciting possibilities for finding novel nonequilibrium states that are
not even found in more complex static systems. These interesting possibilities can in par-
ticular be investigated in simpler Markovian situations where the well-behaved leading-order
expansion of the time-evolution in the system-environment coupling is sufficient.

The above mentioned aspects of open quantum systems and their dynamics only represent
a fraction of the vast literature available on this subject. The following sections therefore
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provide a more detailed introduction into those issues most relevant to this thesis. We first
clearly define the problem at hand and point out an apparent misconception in the definition
of the dynamical map that seems to be the origin of a long-lasting debate about the necessity
of requiring complete positivity. With the main assumptions and restrictions clarified, the
dilemma involved in defining ‘Markovian’ dynamics is depicted and two prominent descrip-
tions in terms of time-local and nonlocal QMEs in the Markovian and non-Markovian regime
are reviewed. Afterwards, we discuss alternatives to QME approaches with a focus on recent
advances in numerical methods that might also benefit from or connect to our results.

1.1 Are all dynamical maps completely positive?

Any rigorous investigation of open-system evolution should start with a precise clarification
of the dynamical map. Interestingly, this issue keeps on requiring a reconsideration of es-
tablished open-system concepts, see in particular Ref. [54] for a recent review. In general,
the open nature of the system S of interest is considered to arise from a total closed sys-
tem that is governed by a unitary evolution U(t) of a system and its environment E. An
effective description of the system alone in terms of its reduced density operator p(t) is then
obtained by discarding all information about the environment and amounts to tracing out
the environment degrees of freedom. This is assumed to define the dynamical map I1(t),

plt) = T1(t)p(0) = TrU ()™ (0)U (1)", (1.1)

which propagates any initial reduced system density operator p(0) := Trg p°¥(0) to that at
an arbitrary later time p(¢). This step already involves a very subtle issue that we return
to below. Assuming this for now, the dynamical map must as such preserve the statistical
properties of any initial system state it acts on in the sense that the output’s eigenvalues
must represent the probability distribution of finding the system in one of the eigenstates of
p(t). For this to be the case, the eigenvalues must be non-negative, p(t) > 0, and sum up to
unity, Trg p(t) = 1. We will refer to the corresponding properties of the dynamical map as
positivity-preservation (PP) and trace-preservation (TP).

The property of complete positivity (CP) has a more subtle physical origin and its signifi-
cance has long been debated. It is best illustrated with Pechukas’ notion of a ‘blind and dead’
witness [55]: Consider a case where the system is initially entangled with external degrees
of freedom P that neither interact with the system and environment (blind) nor evolve in
time (dead). An example of this situation is encountered when sharing a pair of entangled
photons between a local noisy laboratory SE and a satellite P orbiting earth as has recently
been achieved within the QUESS collaboration for establishing secure long-range quantum
communication channels [56], see Fig. 1.1. Clearly, within the scope of the laboratory there is
no way of acknowledging the existence of these external degrees of freedom and the dynamical
map describing the local dynamics should not depend on them because this would essentially
require the whole universe to be taken into account. The notion of positivity-preservation is
not sufficient to consistently treat such situations. This becomes apparent when monitoring
the combined evolution of system and witness under the dynamical map II(¢): Denoting with
T the identity operation on the witness P, the operator p5F' () = [[I(¢) ® Z]p°F(0) is positive
and hence a valid density operator for all possible dimensions of P only if the dynamical map
is completely positive. A prime example of a positive but not completely positive dynamical
map is the transpose operation [57]. In this thesis, we will however also encounter cases where
both properties coincide due to simplifying features of the model.
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P

Figure 1.1: In the collaborative effort Quantum Ezperiments at Space Scale (QUESS) [56]
a secure long-range quantum channel for quantum key distribution is established by sharing
entangled photons (red) between ground stations (SE) located in Graz, Nanshan and Xinglong
via the Micius satellite (P). Complete positivity of the dynamics not only ensures that local
operations in noisy laboratories of the ground stations result in a physical reduced state
p(t) > 0 of the system S, but that furthermore the entanglement with the satellite P is
correctly accounted for, i.e., that also the state pSF (t) = [TI(t) ® Z]pST (0) > 0 is physical.

The above intuitive argument for the physical necessity of the CP property has triggered
a decade long debate famously initiated by Pechukas and Alicki [55, 58, 59]: How could
it be that a blind and dead witness generically forces the dynamical map to be CP rather
than PP? Pechukas argued that this was an ‘artifact’ of considering initially uncorrelated
system-environment states p>®(0) = p(0) ® p¥ for which it is straightforward to prove that
the dynamical map is indeed CP. On the other hand, no rigorous proof exists for arbitrary
correlated initial conditions of the total system-environment state and instances of the dy-
namical map being negative or not a map at all have been reported. Consequently, much
effort was put into characterizing the classes of initial conditions that do lead to CP dynamical
maps [60-62]. There, the lack of initial quantum correlations in form of a vanishing quantum
discord was thought to be a necessary and sufficient condition for CP dynamical maps [63]
but was soon after shown to be a mistake [60, 64] leaving a full characterization still unsolved.
More recently, in Ref. [65], the notion of admissible unitary dynamics and initial conditions
was introduced to rule out the unphysical cases, whereas Ref. [66] proposed an operational
point of view that instead parametrizes the CP dynamics in terms of the preparation and
measurement operations performed in experimental setups.

What quantum information theory makes particularly clear are the drastic consequences
of non-CP dynamics and the importance of accounting for entanglement: The assumption of
CP dynamical maps is for instance inherent to many proposals of quantum error correction
schemes [67] but recent studies suggest that an extension to PP dynamical maps is still con-
ceptually possible [68]. More critical is the connection of CP to the validity of fundamental
bounds: The Holevo bound on the accessible information about a quantum state has been
shown to be violated if the CP property is dropped [69]. Also, there is a one-to-one corre-
spondence [70] between complete positivity and the validity of the quantum data-processing
inequality [71], which prohibits the increase of a quantum state’s information content by local
post-processing. However, no experimental indication for a violation of these inequalities ex-
ists. All this highlights the importance of CP over PP dynamical maps and further motivates
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the clear-cut introduction of this physical assumption that is intimately tied to the deep and
difficult implications of entanglement. For instance, it should be noted that every PP map
detects some entangled states of bipartite systems [72, 73]. A full mathematical characteriza-
tion of such PP maps is equivalent to solving the bipartite entanglement problem [74] which
is unknown as of now in contrast to the characterization of CP maps, see below. The study of
non-CP maps is therefore by itself an interesting issue of ongoing research, see e.g. Ref. [75].

Recent work by Schmid et al. [54] pointed out a misconception in the definition of a
dynamical map that clarifies much of the ongoing debate by showing that similar difficulties
are not restricted to the quantum case but also arise in classical systems. The misconception
is related to how variability of the initial state p(0) is introduced such that the dynamical map
I1(¢) is valid for any input: For an initially factorizing system-environment state variability is
trivially obtained by tracing out the environment degrees of freedom from the total state, but
it requires more careful treatment in the case of initial correlations. Schmid et al. argue that
in order to properly define the dynamical map, one should separate the common cause due
to the total initial state pSF(0) from the cause-effect relation between the system’s in- and
output. The conventional description of open-system dynamics has failed to do so because
it introduced variability of the input state by considering sets of system-environment states
pSE(0) with differing marginal states p(0) = Trg p°®(0). Thereby, one has however also
introduced variability in the dynamics itself. As a result, one obtains multiple inference
maps as lookup-tables connecting the in- and output states, each governed by a different
dynamics due to the common cause. Incorrectly combining these maps to a single universal
dynamical map may then not even be possible or leads to the reported cases of non-CP
and non-linear maps. It is interesting to note that this issue of inference and causation is
also relevant to machine- and deep-learning algorithms [76, 77]: In order to create genuine
artificial intelligence, such algorithms not only need to detect correlations in huge data sets
but also infer their cause —a task for which a quantum advantage has been shown [78], see
also Ref. [79] for a recent review of quantum machine learning.

All these recent insights further strengthened the physical importance and implications of
completely positive open-system dynamics. In this work, we do not aim at further contribut-
ing to this ongoing debate but take a more practical stance and restrict ourselves to the case
of initially factorizing states p>F(0) = p(0) ® p¥ for which the dynamics is always CP. This in
particular allows for the application of many powerful theorems on open system dynamics that
rely on CP and not on PP maps. For example, Stinespring’s dilation theorem [80] states that
any CP-TP dynamical map on a system can be considered to arise from an enlarged, effective
microscopic model of the type (1.1) where the initial state factorizes p>(0) — p(0) ® |0) (0|
into an effective pure environment. Such purification concepts are ubiquitous in quantum
information theory and have also proven useful in statistical physics, for example in efficiently
simulating finite temperature effects within the DMRG framework [81]. The credo of ‘enter-
ing the church of purification’ turns out to be equally crucial for developing a CP Keldysh
real-time formalism as we do in this thesis. This formalism additionally benefits from the
Kraus’ operator-sum representation theorem developed by Sudarshan, Mathews, Rau [82]
and Kraus [83], cf. Ref. [84]. This result fixes the form of a CP-TP dynamical map to be

L(t)p(0) = Y K*(£)p(0) K (1)1, (1.2)

where the so-called Kraus operators K¢(t) obey the sum-rule Y, K¢(t)TK¢(t) = 1. It should
be stressed again that in contrast to this, the general form of PP maps is unknown. This is a
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crucial practical reason for working with CP maps besides the above-mentioned fundamental
ones. A direct microscopic derivation of the explicit time-dependence of these Kraus operators
has been a long-standing issue in open-system dynamics and we make progress on this by
generalizing and unifying seemingly distinct recent approaches along these lines [32, 85].

1.2 How can quantum Markovianity be understood?

As pointed out above, the issue of non-Markovian dynamics arising from memory-effects
and the backaction of the environment onto the system has increasingly picked up interest
in the quantum information community, as indicated by the recent topical reviews on this
matter [86-88]. On a fundamental level, the question arises how the classical notion of
a stochastic Markov process may be consistently generalized to the quantum realm. In
classical probability theory, the Markov condition for a time-dependent stochastic process for
an observable X (t) is characterized by the relation

p(xi, tilri—1, tiz1s .. 5 w0, to) = (@i, tilwi—1,ti—1) (1.3)

for the conditional probabilities p(z;, t;|x;—1,t;—1) of finding the value z; at time ¢; given that
it had the value x;_1 at an earlier time ¢;_1, see Fig. 1.2(a). A classical Markov process does
not retain a memory of the full history of previous events but only depends on the two-point
transition probabilities which form a semigroup due to the Chapman-Kolmogorov equation

plistilw, t5) = > plwi tileg, t) p(eg, telaj, t5). (1.4)
Tk

This feature significantly simplifies the mathematical structure of classical Markov processes
and one would hope that an analogous description in the quantum realm is feasible.

How should however the conditional probabilities p(z;, t;|zi—1,ti—1;...;x0,to) be under-
stood in the non-commutative quantum theory? To obtain an event {z;,t;}, a measurement
of the system is required which will in general disturb the subsequent statistics. A stochas-
tic quantum process may furthermore depend on the details of the measurement operation
itself. Physically, the definition of what ‘memory’ refers to in the quantum case is not as
clear-cut as in the classical case. These issues render it unlikely that a quantum analogue
to Eq. (1.3) exists. Therefore, efforts in defining quantum Markov processes have focused on
instead extending the Chapman-Kolmogorov equation (1.4) in form of divisibility properties
of the dynamical map II(t), see Fig. 1.2(b).

Two major mathematical distinctions of Markovianity have emerged from these consid-
erations [87, 88]: The ‘truly Markovian’ semigroup-divisibility II(¢) = II(¢ — ¢')II(¢’) is the
oldest [89, 90] and arguably the most direct generalization of the Chapman-Kolmogorov equa-
tion to quantum dynamical maps. It entails the possibility of decomposing the evolution into
a repeated action of the same map over different time-intervals. Such semigroup-divisible
dynamics is highly restricted in its form and has a simple exponential solution that is con-
veniently represented in terms of QMEs with time-independent generators. This is in fact
quite similar to the classical case but generalizes it by accounting for off-diagonal elements
of the density operator. Only recently [91, 92], the more subtle notion of CP-divisibility
I1(t) = II(¢, ¢)II(¢') was identified where the divisor map II(¢,t') is required to be CP-TP but
may be different from II(¢). This represents a rather loose generalization of the Chapman-
Kolmogorov equation (1.4). Regarding CP-divisibility as a hallmark feature for generic ‘quan-
tum Markovian’ processes is motivated by the fact that the divisor map II(¢,¢') may still be
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Figure 1.2: Markovian processes are commonly understood to retain no ‘memory’ of pre-
vious interactions of the system with its environment. (a) In the classical case, the notion
of memory is well-defined: In a stochastic Markov process (from right to left), the dynamics
between subsequent measurements {z;,t;} of the system is fully characterized by the two-
point conditional probabilities p(z,t|2’,t"). These obey the Chapman-Kolmogorov equation
(1.4) and arise from noise introduced by the environment E which is reinitialized (trash-
can) to the same state after each measurement. (b) In the quantum case, memory is not
as straightforwardly understood since measurements may disturb the subsequent dynamics.
One may nevertheless interrupt the dynamics at intermediate times I1(¢) = TI(¢, ¢)II(¢') by
resetting the environment E without changing the reduced system’s final state at time ¢. In
the semigroup-divisible case I1(¢,¢') = II(¢t —t') and the environment is reset to the same state
as in the classical case. However, resetting it to different states, or changing the subsequent
evolution is also possible in the quantum case and referred to as CP-divisibility.

considered to arise from a microscopic albeit different physical model due to Stinespring’s
dilation theorem [80]. However, such dynamics does in general not admit a simple exponen-
tial solution but requires a nontrivial time-ordering because the corresponding QMEs have
time-dependent generators. Correspondingly, CP-divisible dynamics is much more intricate
to deal with than semigroup-divisible dynamics but in any case provides a helpful further
characterization of interesting dynamics beyond a simple exponential behavior. Finally, it
should be stressed that the dynamical map II(¢) is, as long as it is invertible®, always math-
ematically divisible if the CP requirement on the divisor II(¢,¢’) is dropped. In that case,
there exists no valid physical picture for the divisor since Stinespring’s dilation theorem does
not apply and we can refer to such dynamics as ‘truly non-Markovian’.

There are numerous other distinctions of quantum Markovianity that instead focus on
its observable impact on the dynamics and its useful implications for purposes in quantum
metrology [39] and steady-state entanglement [40] mentioned earlier. One prominent distinc-
tion instead starts by defining ‘memory’ retained in the environment as motivated by the
unproblematic classical Markov notion. Several quantitative measures of such memory in
terms of an information flow from the environment back to the system have been proposed
as an indicator of non-Markovianity. For instance, Breuer et al. [87] proposed the distin-

3Note that the inverse TI(t) ™" cannot be a CP-TP dynamical map unless II(t) itself is unitary.
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guishability of quantum states as a hallmark feature which should monotonously decrease
during a Markovian process where the information flow is unidirectional from the system to
the environment. A different approach is followed by Rivas et al. [93] who argue from the
CP-divisibility criterion and instead propose the monotonicity of entropic quantities such as
the entanglement entropy, quantum mutual information or quantum Fisher information as a
decisive feature of Markovian dynamics. All these statistical measures have the advantage
that they can be experimentally accessed as has recently been demonstrated in all-optical
setups [94] and ion-trap experiments [95]. Yet, it is not always possible to reconcile the ob-
servable measures with the divisibility criteria and this has triggered a lively debate about the
meaningfulness of the latter [96]. In this thesis, we further contribute to this discussion by
exhaustively analyzing the observable impact of the divisibility criteria for a simple, exactly
solvable impurity model. In line with previous studies, we find that a loss of the semigroup-
divisibility has the most pronounced oberservable consequences. However, also the transition
from CP-divisible dynamics to the ‘truly’ non-Markovian regime exhibits measurable features.

Understanding quantum Markovianity is also an issue from a practical point of view:
For any but the simplest impurity models, a rigorous derivation of the dynamical map II(¢)
from Eq. (1.1) calls for approximate treatments of the time-evolution. In the open-system
setup, these have typically been based on a perturbative expansion in the system-environment
coupling to derive tractable QMEs from the von Neumann equation for the total system. The
following sections review a few commonly used descriptions in terms of (approximate) QMEs
and their relation to the divisibility criteria. With this we also identify the methodological
roadblocks for consistently describing non-Markovian dynamics that we aim to overcome.

1.2.1 Divisibility in time-local QMEs

The above discussion of memory being the source of non-Markovian features in practice often
goes hand in hand with the Born-Markov approzimation [97] as the prime example leading
to semigroup-divisible dynamics: It entails a leading order perturbation expansion in the
system-environment coupling on the level of the QME (Born) and the notion that relevant
time-scales of the environment are much faster than those of the system (Markov) such that
it instantaneously recovers its equilibrium state after each elementary interaction with the
system. The memory-timescale of the environment is thus effectively set to zero. Despite these
rather strict requirements, the Born-Markov approximation works surprisingly well in a broad
range of problems. This is especially true for many quantum optical systems due to a natural
separation of time-scales but also for transport problems in quantum-dot devices where the
system-environment coupling can be tuned into the weak-coupling regime. In parts of this
thesis, we will also exploit the simplifications of the Born-Markov approximation for driven-
dissipative quantum optical systems to investigate the influence of a periodic parameter-
modulation on the emergence of metastable and nonequilibrium steady states.

The main reason for the popularity of the Born-Markov approximation is associated with
the special form of the resulting time-local QME?*

iholt) = (=L + So(t)
= —ilH.p() + 3 i [up(8) ] = 5 (L Ji ()] (15)

that renders an analytic treatment particularly easy: Due to the time-independence of the

4Units of & = kp = |e| = 1 are used throughout the thesis.
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generator, the dynamical map is given by a simple exponential II(t) = elTLAENE thereby
revealing its semigroup-divisibility. Here, the Liouvillian L = [H, e] represents the coherent
evolution of the reduced system in terms of the commutator [A, B] = AB — BA with an
effective Hamiltonian H, whereas the dissipative influence of the environment is captured
by the jump operators J; appearing in the incoherent part ¥ = >, v;[J; @ JJ - %{J;Ji, o}
Crucially, it was shown by Gorini, Kossakowski and Sudarshan [89] as well as Lindblad [90]
that a semigroup-divisible dynamical map is CP-TP if and only if it is governed by a QME of
such a GKSL form named after its authors. In particular, the CP property is ensured by the
requirement that the constant decay rates v; > 0 acting as probabilities for the occurrence
of quantum jumps J; are non-negative. The inclusion of the anti-commutator {4, B} =
AB+ BA with the jump operators ensures the TP property. This powerful theoretical insight
has led to its widespread use in particular in a phenomenological modeling of open-system
dynamics where a rigorous microscopic description is often difficult.

The generalization of the time-local QME (1.5) to an explicitly time-dependent generator
has also been important in the context of CP-divisible dynamical maps:

dip(t) = [iL(t) + 3(1)]p(t)
= —i[H(t), p(t)] + Z%(t) [Ji(t>p(t)Ji(t)T — 3 {iOT i), p(D)}] - (1.6)

Without further assumptions, any dynamics must have a generator of this form just by the
requirements of trace and hermiticity preservation. However, applying the original proof by
Gorini, Kossakowski, Sudarshan and Lindblad, to the divisor II(¢,¢'), one can additionally
show that the corresponding dynamical map is CP-divisible if and only if the time-dependent
decay rates ;(t) > 0 happen to be non-negative at all times [87, 98]. One should carefully note
that temporarily negative decay rates indicate a breakdown of the CP-divisibility property
but make no statement about CP. Clearly, such QMEs are less straightforward to solve due
to the nontrivial time-ordering involved and in general do not give rise to an exponential
solution. Also, in contrast to the semigroup-divisible case obtained from the Born-Markov
approximation, little is known about how CP-divisible dynamical maps can be obtained in
approximate treatments: So far, time-dependent GKSL generators have either been used on
a phenomenological level or have been extracted from ezact microscopic open-system models
for which we provide another example in Ch. 3. There, we study the resonant level model
with the aim of assessing in detail the observable impact of the divisibility properties. We
also develop some understanding of how the divisibility properties manifest themselves in the
details of the model and are affected by commonly made approximations. Furthermore, our
exact results provide a means to benchmark more advanced approximation schemes while
explicitly keeping track of the CP and divisibility properties.

1.2.2 Relation to time-nonlocal QMEs

When it comes to actually devising novel approximation schemes for the perturbation ex-
pansion in the system-environment coupling that are valid beyond the Born-Markov limit,
commonly employed methods are often either derived from or equivalent to the Nakajima-
Zwanzig formalism [99, 100]. These generically lead to time-nonlocal QMEs:

olt) = ~ilH.p(0)] + [ a¥S(e.)olt), (L.7)



12 1 Introduction

Only in the Born-Markov approximation this readily simplifies to the time-local QME (1.5).
The strong-coupling regime where the Born approximation typically fails and non-Markovian
effects incorporated in the time-nonlocal kernel X(¢,¢') become important [101] is however
ubiquitous in molecular quantum dots [24] and nowadays also experimentally accessible in on-
chip quantum optical systems [102-104] as well as semiconductor nanostructures [105, 106].
In quantum dot devices, also the backaction of the measurement apparatus onto the system
has been found to lead to effects that are not fully captured by GKSL master equations [107].
These systems require more sophisticated approximation schemes that start from Eq. (1.7)
and systematically go beyond the semigroup-divisible limit, see, e.g., Refs. [108, 109].

Unfortunately, the Born-Markov approximation is one of the scarce examples that man-
ages to preserve the fundamental CP-TP property of dynamical maps, in contrast to higher-
order expansions in the system-environment coupling where, as we will show, especially the
CP (and possibly even PP) property can be lost depending on the parameters. To the best
of the author’s knowledge the impact of higher-order approximations on the divisibility prop-
erties has not been systematically investigated so far. These concerns raise the following
pressing questions:

e What is the explicit relation between time-nonlocal QMEs of the type (1.7) and time-
local QMEs of the type (1.6)7

e How do the CP and CP-divisibility theorems for the latter translate into the properties
of the memory-kernel ¥(t,t") featuring in the former?

e Do existing approximations preserve these properties? If not, can one improve them or
devise novel schemes to consistently account for CP and CP-divisibility?

The first question has been addressed in the context of the time-convolutionless (TCL) ap-
proach to QMEs [110-113]. While it is straightforward to see that for the two QMEs to be
equivalent the relation X(t) := fot dt'S(t, #")II(#")IT~ () must hold, the occurrence of the in-
verse dynamical map has led to a debate about the general validity of TCL descriptions, see,
e.g., Ref. [114]. In this thesis, we further contribute to this discussion with an explicit com-
parison of both QMEs for an exactly solvable model that shows no inconsistencies between
them for any of the model parameters. The primary concern of this thesis is however the
second question: We present a reorganization of the time-nonlocal Keldysh real-time pertur-
bation series [115] that reveals the CP structure of the memory-kernel 3(¢,¢’) and explicitly
fixes each order to result in a CP dynamical map. Importantly, these advances are only
possible by combining methods from both the quantum information and statistical physics
communities building upon earlier studies [32-34]. How these findings translate into TCL
approaches and also the final question regarding actual approximation schemes is mostly left
for future research but we will be able to provide concrete guidance for further investigations
in this largely unexplored direction.

1.3 How can open-system dynamics be efficiently simulated?

The above considerations of QME approaches to open-system dynamics reflect the trade-off
between analytical insights enabled by powerful mathematical theorems and the necessity to
perform approximations to be able to treat microscopic models with continuous environments.
Of course, these considerations can be complemented with efficient numerical techniques.
Although this is beyond the scope of the present work, it is nevertheless instructive to give
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an overview of recent numerical advances that might benefit from our results and vice versa.
They can be classified according to two different paradigms.

Hierarchical approaches are closely related to the QME methods employed within this
thesis. Direct numerical integration in particular of time-nonlocal QMEs but also of time-
local ones with explicitly time-dependent generators scales unfavorably with the simulation
time which makes it difficult to reach the steady state of many open systems. In order to
alleviate this issue, it may thus be useful to decompose the QME into a coupled hierarchy of
equations that can either be more efficiently solved exactly or truncated in a controlled man-
ner. Interestingly, our reorganization of the perturbation series presented in Ch. 5 naturally
generates a hierarchy of CP dynamical maps. Understanding its relation to existing numer-
ical techniques constitutes an interesting follow-up to this work. Two numerical methods
appear particularly relevant in this regard:

The exact hierarchical quantum master equation (HQME) approach first developed by
Tanimura and Kubo [116] and later on refined, e.g. by Jin [117] and Hértle [118, 119], is based
on a path-integral formulation in terms of the Feynman-Vernon influence functional. The tiers
of this infinite hierarchy are obtained from an expansion of the environmental correlation
functions into sets of exponential terms. This simplifies the evaluation of appearing time-
derivatives in nested commutators of the density operator with the coupling Hamiltonian and
enables a closed representation. Fast convergence of this nontrivial perturbative expansion is
typically restricted to high temperatures of the environment where taking into account the
first few tiers is already sufficient. The HQME approach is thus well-suited for simulating
the long-time dynamics at relatively high temperatures and due to its blackbox formulation
can be applied to quite complex systems [120].

A different approach is taken in the transfer tensor method (TTM) [121-123] which ex-
ploits the fact that the memory-kernel 3(¢, ') may decay on rather short time-scales [124, 125].
It also acts as a blackbox method to efficiently simulate the long-time dynamics in terms of a
hierarchy of transfer tensors that take the short-time information about the memory-kernel
as an input. The latter can be inferred either from stochastic approaches which can efficiently
simulate the short-time evolution, see below, or from experimental data using quantum pro-
cess tomography [57, 126]. The limiting aspect of this technique is not the achievable time-
scale but rather the memory time-scale of the environment which determines the number of
transfer tensors required, see also Ref. [127] for a detailed analysis of its limitations.

Stochastic approaches form a complementary alternative to obtaining the dynamical
map by evolving pure system states under stochastic processes modeled as sequences of projec-
tive measurements on the environment, so-called quantum jumps [128]. Such a measurement
picture provides a clear physical intuition that can even be experimentally probed [129, 130].
This raises the question how the conditional processes introduced in Ch. 5 are related to such
quantum jump ideas. Because pure states are evolved instead of density operators, issues con-
cerning the CP property are not encountered and initial system-environment correlations do
not complicate matters. However, due to the inherent stochastic sampling, these approaches
are typically restricted to short-time dynamics. Again, we mention two particular concepts:

On a more phenomenological level, stochastic Schrodinger equations have long been con-
sidered in various representations, see Ref. [88] for an overview. The underlying principle
is to consider the open system in terms of a closed system Schrédinger equation and com-
plement it by jump operators that can stochastically add or remove excitations. Sampling
over multiple trajectories under this stochastic influence then results in an estimate for the
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true evolution of the open system which works particularly well at short times and connects
back to QME descriptions. Stochastic Schrodinger equations can also be derived for impu-
rity models beyond the Born-Markov approximation [131]. These non-Markovian versions
however have their own distinct problems as they typically result in nonlinear equations that
are difficult to integrate. Also, the occurrence of negative probabilities for quantum jumps
hinders a physical understanding of the processes.

Applying quantum Monte Carlo (QMC) techniques to open-system dynamics has long suf-
fered from what is known as the dynamical sign problem [132] due to the oscillatory behavior
of the unitary evolution operator and the quantum interference of competing processes. The
recently proposed ‘inchworm’ QMC method alleviates this issue by “iteratively reusing infor-
mation from shorter time propagation to obtain results for longer times” [133]. It is based
on a stochastic sampling of diagrammatic contributions to the real-time perturbation series
and might therefore be interesting for the diagrammatic method presented in this thesis.

1.4 Outline of the main results

The structure of this thesis is designed as to address the main issues outlined in Sec. 1.2. We
focus on introducing and comparing analytical methods to understand open quantum system
dynamics and exploiting the information-theoretic perspective. We are particularly concerned
with measurements on the environment and the information encoded in the correlations with
the system. The methods are illustrated by rather simple models in order to highlight these
specific aspects without loosing focus in technically complicated calculations. We hope to
provide sufficient guidance for follow-up work that investigates more realistic interacting
models to further connect with experiments.

We present a navigation through the main results of the thesis:

e Ch. 2. First, the open-system setup we have in mind throughout the thesis is clearly
defined as to avoid the pitfalls mentioned in Sec. 1.1. The information-theoretic back-
ground that is central to the developed techniques is introduced and compared with
the main concepts of statistical physics. In particular, we point out a complementarity
in their approaches to open-system dynamics that is hard to avoid and connect it to
a duality between complete positivity and trace preservation. This allows us to ex-
ploit the synergies of these different methods. More specialized concepts of statistical
physics are instead deferred to the main chapters 3-5 each of which is intended to be a
self-contained discussion highlighting the aspects outlined in this introduction. While
this may repeat a few concepts, it adapts these to the needs of each chapter. We hope
this provides a coherent overview of quantum information theory from an open-system
perspective that is more relevant and accessible for the statistical physics community.

e Ch. 3, published in Ref. [134]. The observable impact of the divisibility criteria is
analyzed for a noninteracting resonant level coupled arbitrarily strongly to a fermionic
reservoir at arbitrary temperature and chemical potential. In the wideband-limit, this
model is exactly solvable and enables us to analytically keep track not only of the
CP but also the divisibility properties of the dynamical map. The latter strongly
depend on the model parameters such that all discussed types of divisibility can be
probed. We find that a single approach is not sufficient to do so: A combination
of several methods is required to fully explore the dynamical map. In this context, a
Heisenberg equation of motion (EOM) approach is employed to obtain a time-local QME
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description most suitable for the analysis of divisibility properties. A superfermion
approach in Liouville space instead results in a time-nonlocal QME and allows for a
detailed comparison with the time-local form. It also provides crucial guidance for
formulating approximation schemes that are relevant beyond this model. We give an
example of a nonperturbative Markovian approximation that is capable of preserving
the CP-TP property while retaining the exact steady state. These approaches are then
complemented with an explicit derivation of the canonical Kraus operator-sum in order
to investigate the dynamics of entropic measures quantifying the nontrivial footprint
the system leaves in its effective environment. Finally, the analysis of the spectral
properties of the dynamical map and particularly its time-dependent fixed-points reveals
an interesting reentrant behavior of observables outside the semigroup-divisible regime.

Ch. 4, published in Ref. [135]. A diametrically opposed approach is followed
for studying the influence of a periodic parameter modulation on nonequilibrium
metastable and steady states of more sophisticated quantum optical systems. Here
we make use of the Born-Markov approximation which even in this case enables a
reduction to QMEs with explicitly time-dependent GKSL generators. Reaching suffi-
ciently long times to probe these states can be numerically demanding and we develop
a method to efficiently evaluate them by integrating over a single period of the pa-
rameter modulation only. This method can in fact be generalized to generic time-local
QMEs with periodic generators. Applying this method to three different systems —
two- and three-level models as well as a driven Kerr nonlinear cavity — we propose peri-
odic modulation protocols of parameters leading to a temporary suppression of effective
dissipation rates, and study the arising nonadiabatic features in the response of these
systems. For the paradigmatic Kerr nonlinearity model we find that the emergence of
long-lived metastable states causes a nonadiabatic, hysteretic behavior in the system-
occupation which can be linked to the gap-closure of the Liouvillian superoperator.

Ch. 5, published in Refs. [136, 137]. A novel Keldysh real-time diagrammatic
approach is established that explicitly enforces the CP property of the dynamical map
even beyond the Born-Markov limit. This is achieved by casting the reorganized pertur-
bation series into the form of a Kraus operator-sum. It thereby brings together on the
most general level the methods used in the quantum information theory and statistical
physics communities. The explicit diagrammatic structure of the memory-kernel 3(¢, t')
in terms of CP building blocks is derived which forms a convenient starting point for
devising new and comparing with existing diagrammatic approximations. Concerning
CP-TP approximation schemes, we find that a rigorous, simultaneous preservation of
both complete positivity and trace cannot be based on diagram selection alone but
requires nontrivial additional steps [32-34].

Ch. 6 Finally, we present the take-away messages for both communities addressed in
this thesis and conclude with a discussion of the impact for future research, while more
in-depth summaries can be found at the end of each chapter [Secs. 3.8, 4.7 and 5.6].
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2| Complementary views
on open-system dynamics

In this chapter we first review two formulations of generic open quantum system dynam-
ics based on a quantum-information and field-theory approach, respectively. Already here
fundamental differences in their scopes become evident: The former in a sense provides a
bird’s-eye view arguing in an input-output scheme how entanglement between the system
and its environment are unitarily transformed and how information is encoded in these corre-
lations. Primary interest of this quantum-information perspective is thus the environment’s
global effect on the open system where continuous time plays no explicit role. The latter
instead focuses on the details within this input-output scheme and inquires how the system-
environment coupling microscopically generates the dynamics in infinitesimal time steps.
The corresponding field-theoretical approaches are therefore concerned with the cause of the
environment’s effect on the open system. As we will see, this simple complementarity of
approaches to open-system dynamics translates into deep formal and practical differences.

The setup we have in mind is that of a nonequilibrium impurity or transport model where
an arbitrary finite quantum system S with a discrete spectrum is coupled to one or more
noninteracting reservoirs with continuous spectra. Each of these reservoirs is in a different
thermodynamic equilibrium state and together they constitute the environment E. The large
dimensions of the reservoirs rule out a direct treatment of the total system that is assumed
to be closed and therefore evolves unitarily. Instead, the environment degrees of freedom are
‘traced out’ to arrive at a simpler effective description of the reduced density operator for the
local system of interest as given in Eq. (1.1) and repeated here for convenience:

p(t) =1(1)p(0) = Tr U (t)[p(0) ® PEOIU M. (2.1)

It is essentially this discarding of information about the environment that causes an ‘irre-
versible’ duality between the quantum information and statistical field-theory approaches as
we point out below. In Eq. (2.1) the initial total state is assumed to factorize pSF(0) =
p(0) ® p®(0). As explained in Sec. 1.1, the dynamical map TI(¢) is in this case completely
positive (CP) and trace-preserving (TP). Under these assumptions, we inquire about general
physical characteristics of such an evolution: First from the bird’s-eye view of quantum infor-
mation theory focusing on useful information measures for the system and its environment.
Then we take the complementary close-up view of statistical physics suitable for practically
calculating the explicit time-dependence of these measures in transport models.

Publications and acknowledgments. Parts of this chapter (including the adapted figures)
have been published in V. Reimer, and M. R. Wegewijs, SciPost Physics 7, 012 (2019) [CC BY
4.0 License], see Ref. [137], and V. Reimer, M. R. Wegewijs, K. Nestmann, and M. Pletyukhov, The
Journal of Chemical Physics 151, 044101 (2019) [Copyright 2019 by the American Institute of Physics],
see Ref. [134]. While the general concepts of purification and the effective environment are well-known
in the quantum information community, the specific derivations presented here are better adapted to
the discussions in this thesis as compared to standard textbook presentations [57, 71] which have no
interest in mixed environments or continuous dynamics.
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18 2 Complementary views on open-system dynamics

2.1 A bird’s-eye view of open-system dynamics

We start with the quantum-information perspective and investigate how much can be learned
about the dynamics without access to the ‘internal’ specifics of the joint unitary evolution
U(t) of the system and its environment. This is very much the setup of a quantum process
tomography [57] for experimentally characterizing the dynamical map. Also there, the only
accessible turning knobs are the initialization procedure and the measurement of the final
system at time ¢.

2.1.1 Purification

As a first step, we consider how the initial states of both the system p%(0) and its environment
p®(0) may be prepared in principle!. Clearly, pure states may be prepared by any local
projective measurement on each subsystem that causes a collapse onto the (nondegenerate)
eigenstate to the measured eigenvalue. But how can an arbitrary mixed state that not
necessarily derives from a thermodynamic equilibrium be experimentally prepared?

An answer to this question is provided by the purification [57]: One can consider mixed
states to arise as the marginal of a pure entangled state on an enlarged Hilbert space. Take as
an example the pure but entangled two-qubit Bell state |1/5Fs) = %(\OS>®\OP5>+HS>®|1PS>).
From this, we can create a mixed state by performing a complete local measurement on
the ‘purifying’ qubit labeled by Pg. Discarding the measurement outcome right away, we
effectively marginalize the Bell state [1)Ts) over Pg since we only know that the measured
qubit will be in one of its eigenstates but not in which one. Correspondingly, the other
qubit S has now been prepared in the unbiased mixed state p° = Trpg [1)5Ts) (p5Fs| =
$(105) (05 4 |15) (18]). Thus, the measured and then discarded qubit Pg acts as an auxiliary
preparing system for the remaining qubit S. In this sense, the purification encodes the
information content of the randomness of a mixed state in entanglement with the preparing
system. Note that the specific choice of a purification is irrelevant as long as it produces
the same reduced state. The limit of a pure state p5(0) is also included: The total state
[SPs) = |4pS) @ [1Ps) then trivially factorizes and discarding Ps does not affect S in any
way. Importantly, it can be shown [71] that a preparing system of the same dimension
dim Pg = dim S as the system of interest is sufficient to purify any mixed state of S.

Applying this individually to both the system S’ = S ® Pg as well as to its environment
E' = E®Pg leaves us with four subsystems. It is of interest to keep track of all of these during
the evolution as they provide information about how correlations encoded by entanglement
with the other subsystems are being transformed. This evolution is depicted in Fig. 2.1 as
a quantum circuit with time running from right to left, i.e., in the same order of writing
expressions. Notably, only the subsystems S and E participate in the unitary evolution while
the preparing systems Pg and Pg do not evolve: They form the blind and dead witness [55]
discussed in Sec. 1.1. The fact that the total system was initially purified into |¢/5® (0)) =
115 (0)) @ |9 (0)) is beneficial because this state stays pure under the unitary dynamics:

WS (1)) = Ut) @ 1P |45 (0)) . (2:2)

The joint evolution of system and environment generates entanglement between S’ and E’
causing their initial factorization to break down. The key insight is illustrated in Fig. 2.1 and

To clearly distinguish the introduced subsystems, it is useful to deviate from the standard notation used
throughout the thesis and explicitly label the reduced density operator p — ps in this chapter.
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Figure 2.1: Dynamics p°(t) = TrgU(t)[p°(0) @ p®(0)]U ()" with mized initial states for
both system and environment. The extensions by the purifications Pg and Py account for
this mixing as initial entanglement of pure systems S’ and E’, respectively. The trashcan
indicates the point in time where a system has become inaccessible (is traced out). An
equality such as pS(O) = pPs(0) indicates that the spectra of the reduced density matrices of
two complementary subsystems are the same, while the operators act on different subsystem
spaces S and P. The red product state only holds for a pure initial state pS(O). Reprinted
figure (adapted) with permission from J. Chem. Phys. 151, 044101 (2019), see Ref. [134].
Copyright 2019 by the American Institute of Physics.

follows from the Schmidt decomposition theorem [57]: Because the joint state stays pure,
the spectra of marginal states obtained by tracing out any pair of complementary subsystems
are all equal. Each marginal spectrum contains the full nonlocal information about the
entanglement across the corresponding bipartition and allows one to investigate not only
properties of the system S but also the footprint it leaves in the other subsystems:

A = T 1S () W () (2.32)
= Tr [T 0) 0T ) (2:3b)
)= T W5 (0) @ )] (2:3¢)

The above three subsystems are of particular interest for the following discussions.

2.1.2 Kraus operator-sum representation

The primary object of interest is the reduced system density operator (2.3a) obtained by
tracing out all other subsystems. This tracing out can be done in a way that gives rise to a
particularly useful representation of the open-system dynamics depicted in Fig. 2.2(a) without
the preparation system Pg which is irrelevant to the following consideration: First, we purify
the environment p¥ (0) = |0) (0] in terms of its initial eigenbasis p®(0) := > P n) (n| with

0) = \/pk In®) @ |n""). (2.4)

Next, the purified environment is completely absorbed into a mapping WE .S - S®F of the
initial system state to a joint state of system and purified environment. Due to the unitarity
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WE (t) WE(t)
(a) @ ® [0)(0] (b) 92 ® [0)¢0]
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p5(t) = T1(t)p°(0) ——— 2500 K (®)pS(0)K°(1)! < p°(0)

Figure 2.2: Quantum circuits corresponding to the operator sum (2.6) and its individual
terms. (a) Reduced evolution: The evolved state is averaged over all possible outcomes e
of measurements on the purified environment indicated by the trashcan. (b) Conditional
evolution: Classical communication of a specific outcome e of a measurement results in a
state update described by a single Kraus operator. Reprinted figure (adapted) under CC BY
4.0 License from SciPost Phys. 7, 012 (2019), see Ref. [137].

of U(t), the map defined by W (¢) := (U(t)®17®) |0) is an isometric map? with the defining
property WETWE = 15, As a result, we have switched from the unitary evolution of the
system and its environment to an equivalent isometric description of the open system,

P (t) =T0(t)p°(0) = gWE'(t)pS(O)WE/ Ol (2.5)

where its effective environment is initialized into the pure state |0) as shown in Fig. 2.2(a).

The above re-expression of the dynamics is essentially a manifestation of Stinespring’s
dilation theorem [80]: Any completely positive and trace-preserving (CP-TP) map II(¢) can
be considered to arise from a joint unitary evolution with an initially uncorrelated pure
environment that is eventually discarded. Note that representations with mizred environments
—such as the one we started out with— may also exist, but only if certain additional conditions
hold, see, e.g., the appendix ‘Mized-state measurement models and extreme operations’ in
Ref. [139]. The CP-TP property becomes explicit when we expand the effective-environment
trace featuring in Eq. (2.5) in terms of some orthonormal basis {|e)} for E’ to arrive at the
Kraus operator-sum representation of the form (1.2):

() =Y K°(t) e K1),  K°(t) = (e| W (t) = (e| U(t) ® 17" |0).. (2.6)

Here, the Kraus operators K¢(t) act on the system only because of the final projection onto
the effective-environment states |e). This projection also reveals a freedom in the operator-
sum that is related to a rotation of the chosen measurement basis in the effective environment:
Any two Kraus-operator sets are unitarily related [57, 140] as K¢(t) = 3, K¢ (t)Uey.(t) where
U may be padded with additional zeros as to change the size of the Kraus operator-set. This
becomes particularly important in Ch. 5 where an infinitely large set of Kraus operators
K*(t) is derived for which it is difficult to find a unitary that can reduce the size of the set.
That the quadratic form (2.6) ensures the complete positivity follows from again taking into
account the preparation space: Any joint state pSPS (t) remains positive under the action
of (K¢(t) e K¢(t)T) ® IFs = K¢(t) ® 1Fs @ K¢(t)T @ 1Ps. The trace-preservation is instead
enforced by the sum-rule 3=, K¢(t)TK¢(t) = 15 as easily verified from the isometry W (¢).

Besides the elegant mathematical framework that the Kraus operator-sum (2.6) provides,

20One can in general extend WE/(t) — (U(t)® 17 + X (t)) |0) to be unitary [57, 138]. However, the additional
term obeys the property X (¢)|0) = 0 and thus drops out of all physical quantities.
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the specific purification (2.4) establishes a useful physical intuition about the dynamics: The
Kraus operator-sum (2.6) represents a decomposition of the unitary (isometric) evolution
WE () = > K¢(t) ® |e) (0] into physical processes on the system that are conditional to
a change of the effective environment. The initial purity of the effective environment is
important as it allows for a clean ‘count’ of the entanglement generated by the coupling
with the system. When a measurement on the effective environment does not find it in its
original state, |e) # |0), this directly probes the entanglement generated between the system
S and the original environment E. Accordingly, the system evolution conditional on this
outcome is K¢(t)p>(0)K¢(t)! as shown in Fig. 2.2(b). We stress that the system-environment
entanglement cannot be inferred from the original environment E due to its generally mixed
nature (e.g. thermal noise) represented by entanglement with the preparing space Pg. As in
a quantum process tomography, the initialization into a pure state is important.

2.1.3 Information measures

This physical intuition of open-system dynamics being conditional on measurements on the
effective environment highlights the importance of also keeping track of the state pE/(t) ob-
tained from Eq. (2.3b). Tracing out the purified system S’ defines the so-called complementary
quantum channel associated with II(¢) which maps the initial system state to the final envi-
ronment state. It plays a key role in the transmission of quantum information [71, 141] and
measurement-information tradeoff [142]. The resulting effective-environment state

Z\ (T KO K 0)) (€'l (2.7)

can be represented by a matrix which features the individual Kraus operators —not just their
sum- and the initial system state p5(0). While the specific basis states |e) are generally un-
known, the spectrum is independent of the choice of the particular purification, and therefore
provides intrinsic information about the interaction of the system with any initially pure
effective environment [57]. The same holds for the state p (¢) including the preparation Pg
obtained from Eq. (2.3c) because it shares the same spectrum [cf. Sec. 2.1. 1] Knowledge
of the density matrices for both system pS(t) and effective environment p (¢) allows the
computation of information measures based on the quantum entropy S(z) := —Trxlogy x
and enables a quantitative analysis of the information stored in the entanglement with the
effective environment [84, 86, 143-145].

The negative conditional entropy of S’ = S ® Pg given S defines the so-called coherent
information [71, 146]. It can be computed using the entropy of the effective environment:

Io(t) == = [S(0% (1)) = S(p3 ()] = S(p°(1)) — S (™ (1)) (2.8)

From its definition in (2.8) one can show [141, 147, 148] that S and Pg are entangled if I.(t) >
0, i.e., the positive coherent information quantifies how well the ‘preparation-entanglement’
between S and Pg is preserved during the time-evolution. As illustrated in Fig. 2.3, it is a
measure for the competition between the time-evolution’s action, which continuously converts
the entanglement between S and Pg into entanglement with the effective environment E’, and
its backaction that entangles E' with the preparation Pg thereby affecting the system.

Action and backaction only differ when there is initial entanglement with the prepar-
ing system Pg, i.e., when p5(0) is mixed. For initially pure states p%(0), there is no such
entanglement and I.(¢) = 0 for all ¢ > 0 as illustrated in red in Fig. 2.1: In this case, the pu-
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po(t) < S
S(p°()) I S(p°(0)) >
{ Pg

Figure 2.3: Equivalent representation of the dynamics indicating the effective environment
E’ that is initially pure and uncorrelated (®) with the system S, cf. Figs. 2.1 and 2.2(a).
During the unitary joint evolution U’(t) = U(t) @ 17, the entanglement of the system S with
its initial preparation system Pg (red) is transformed into entanglement of E' with both the
system (blue) and the preparation (green) until it is fully consumed in the stationary limit,
cf. Eq. (2.12). The coherent information I.(t) [Eq. (2.8)] describes the competition between
the first two through the difference of their entanglement entropies. A strictly zero (positive)
mismatch S(p(0)) — I.(t) is known [71, 146] to quantify the (in)ability to recover the state of
the preparing system P by processing only the output p(t). Reprinted figure (adapted) with
permission from J. Chem. Phys. 151, 044101 (2019), see Ref. [134]. Copyright 2019 by the
American Institute of Physics.

rification p% (0) = p5(0) ® pP$(0) is necessarily a tensor product of pure states (entanglement
monogamy [57]), and stays a tensor product for all times p° (t) = p°(t) ® p'$(0) because the
extension Pg does not evolve in time [Eq. (2.2)]. Consequently, as S(p"s(t)) = S(p"s(0)) = 0,
the entropy of S’ arises from the system itself and not its preparation, S(p% (t)) = S(p5(t)) for
t > 0, causing the coherent information I, to vanish identically. Due to the second equality
in Eq. (2.8), this in particular implies the equality of the spectra of E' and S for all ¢ > 0.

Another related information measure is the mismatch of the coherent information with
the initial system entropy,

S(p°(0)) — Ie(t) = S(p¥ (1)) = [S(p°(2)) — S(p™ (1)] (2.9a)
= S(p™(1) = [S(°(1)) = S(P°(0))], (2.9b)

which describes the competition of entropy productions in the system and effective envi-
ronment with S(p® (0)) = 0, again exploiting the equivalence of spectra. The form (2.9a)
follows from p''s (t) = pP's(0) and shows that first, the mismatch is nonnegative by the Araki-
Lieb [149] triangle inequality |S(p™) — S(p®)| < S(p*B), and that second, it is less than twice
the initial entropy by the subadditivity [57] upper bound, S(p*B) < S(p?) + S(p®):

0 < SE%0)-IL(t) < 25(°0)). (2.10)

This implies that the entropy produced in the effective environment must always be larger
than the entropy produced in the system if the latter is positive. It reaches the maximal value
25(p%(0)) in the stationary limit indicating that the entanglement between S and Pg has been
fully broken in favor of entanglement between E and S, and separately Pg, cf. Fig. 2.3.

The last statement generically follows for any evolution with a unique stationary state
p3(t — 00) that is independent of the initial state p5(0) of the system: In the stationary limit
the dynamical map IT(o0) is found to have the form of an entanglement-breaking map [71, 141]
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which can be conveniently written in terms of a Kraus operator-sum determined by the
spectrum of the stationary state p°(co) alone:

lI(00) = p*(c0) Tre = ZK” o KT, KV =/{jlpS(c0) |j) 1) (il (2.11)

Denoting with |j) and |i) the eigenbases of p°(co) and p°(0), respectively, we find from
Eq. (2.7) that the stationary effective environment state is the tensor product

(ij] o™ (00) Ii'5") = (il p2(0) i) (5| p5(00) 15} 50350 = (isi] p5(0) @ p®(00) |¢'5") (2.12)

of the initial and stationary system states. The subadditivity upper bound in Eq. (2.10)
corresponds to S(p™ (t)) < S(p3(t))+S(p5(0)), and we consequently see from Eq. (2.12) that
this bound is reached in the stationary limit as S(p® (c0)) = S(p°(0)) + S(p°(c0)). From a
physical perspective, this indicates that in the stationary limit the preparation entanglement
between S and Pg has been entirely broken and converted into entanglement between the
system and its effective environment. A state tomography of the effective environment in
principle allows one to extract the initial and final data of the system evolution. The initial
state is not lost but can be found explicitly in the effective environment. Again, only the
effective environment keeps a ‘clean’ count of the system’s interaction with the outside world.

2.2 A close-up view of open-system dynamics

The deep insights from the bird’s-eye view of quantum information theory highlight the
importance of the effective environment and raise the question how to practically calculate
it: An explicit calculation of its spectrum from Eq. (2.7) requires access to individual Kraus
operators in the operator-sum (2.6) as a function of time. To achieve this, we now take the
view of statistical physics and look into the details of the underlying unitary evolution U (t)
that enables an infinitesimal view on the dynamics in terms of quantum master equations.

In the typical quantum-information setup of finite-dimensional systems, directly working
with U(t) may be feasible but in the transport models with continuous spectra that we have in
mind, field-theoretical methods must be employed to obtain the Kraus operators in practice.
In this section, we review the foundations of methods based on a perturbative expansion
of the unitary evolution in the system-environment coupling and the exploitation of Wick’s
theorem. In particular, the real-time diagrammatic technique [115] is introduced that will
be adapted and modified in Ch. 5 to diagrammatically calculate Kraus operators within an
approximate treatment without upsetting the CP property. This is crucial for the information
measures introduced above to be well-defined as they all rely on complete positivity.

2.2.1 Normal-ordering

The main difficulties in the explicit calculation of the Kraus operator-sum (2.6) are related to
evaluating the projection onto the effective-environment states |e), or equivalently evaluating
the environment-trace in either Eq. (2.1) or (2.5). To prepare for the following discussions,
we first explain how this is done in field-theoretical methods. The standard approach is to
iteratively reduce strings of field operators X7 ... X, that appear as a result of an expansion of
the unitary U(t) = T exp(—i [ H**(r)dr) into pair-contractions X1X, = (X, X5). Here, the
average (o) = Trg e p® is considered to be evaluated with respect to the initial environment
state p® that is mized. While we are mostly interested in grand-canonical equilibrium states
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of noninteracting fermionic or bosonic environments, it should be noted that the following
considerations can as well be generalized to interacting environments [150, 151].

The reduction into pair-contractions relative to the average ( ) involves a normal-
ordering of field-operator strings X ... X, indicated by : : Assuming a vanishing field
average (X;) = 0, one recursively defines?

X1 =:Xy: (2.13a)
|
X1Xo =: X1 X0:+X1 X9 (213b)
— — —
X1 Xo X3 =: X1 XoX3:+X1X0: X35:+X1:X0: X3+ :X1: Xo X3 (213C)

and so on, and inductively verifies that the average of : X ... X,: is zero for each ¢. As a
result, averaging over Eq. (2.13) reproduces the standard Wick’s theorem that re-expresses
any average as the sum over all possible products of pair-contractions only. Moreover, each
partial average is zero, for example, :m 3: = 0. For this to work in the case of fermions, the
partial contractions must include a sign for disentangling the fields, X :X5: X5 = —XTX PED.CH

The sole purpose of normal-ordering is to reorganize the way contractions of Xj ... X,
are performed: Operators within a normal-ordered sequence can only be contracted with
operators from a different sequence. Thus, averages such as (: X ... Xg: :Y7...Y,:) are eval-
uated by Wick’s theorem in the usual way except that the normal-ordering restricts all pair
contractions to be of the form (X;Y}). Importantly, such an average does not require the ex-
plicit calculation of the operators : X ... X,: and :Y7...Y;:. In Ch. 5 and the accompanying
App. E, this property of normal-ordering is used to decompose any operator A,, acting only
on a definite set of environment modes m = my ... m; into its environment-average plus all
its mormal-ordered partial contractions which account for all possible fluctuations:

A = (A + :<Am +3 Afn): . (2.14)

ICm

Here the shorthand notation I C m denotes a subset of modes on which the remaining
uncontracted fields in AL, act and we implicitly sum over all possible subsets excluding I = 0.
This will turn out to be the key step to connect to the quantum-information approach.

2.2.2 Real-time diagrammatic series

Returning to the time-evolution problem, the Keldysh real-time diagrammatic approach [115]
is based on formally expanding the unitary U(t) = Texp | — zfg drV(7)] in the system-
environment coupling V on both sides of Eq. (2.1) and then explicitly tracing out the en-
vironment degrees of freedom in terms of pair-contractions using Wick’s theorem. To this
end, it is useful to work in the interaction-picture V (t) = Ug (t)VUy(t) with respect to the

—i(H+HE)t

free, uncoupled evolution Uy(t) = e of the system and its environment that is only

indicated by the explicit time-argument?.

3For (X;) # 0 the construction must be extended by substituting X; — X; — (X;)1 together with :1: = 0.
4Extension to an explicitly time-dependent Hamiltonian generating the unitary evolution is straightforwardly
possible but requires a clear notational distinction of the interaction-picture time-argument.
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Figure 2.4: Two equivalent ways of drawing Keldysh real-time diagrams. (a) Nonstandard
left-right form: time runs outward from the center. This is useful for later on identifying
the operator-sum form of the real-time expansion in Ch. 5. (b) Standard forward-backward
form, obtained by bending the right branch in (a) backward: Time runs from right to left
to agree with the order of writing expressions. This form is advantageous for identifying the
diagrammatically irreducible components (green) of the time-evolution that constitute the
memory kernel Y(¢,t') of the Dyson equation (2.16) that also features in the time-nonlocal
quantum master equation. For fermions, the sign of the contribution of a diagram is given
by (—1)"¢ where n. is the number of crossings of the environment contraction lines, which
is the same for (a) and (b). We note that it is common to denote the adjoint U(t)T =
U(—t) the ‘backward’ evolution, imagining to traverse the contour first forward along the
upper branch, then across the dashed connector ‘backward’ on the lower branch. Here, this
is misleading: Time always runs in the forward direction, also on the lower contour. (c)
The trace-preservation is easily checked from the diagrammatic contributions based on the
cyclicity of the full trace, cf. Eq. (2.17). The trace over pairs of diagrams where the latest
(leftmost) vertex is on the upper respectively lower branch vanishes identically, leaving only
the free interaction-picture evolution which trivially preserves the trace. Reprinted figure
(adapted) under CC BY 4.0 License from SciPost Phys. 7, 012 (2019), see Ref. [137].

Each contribution to the Wick-averaged perturbation series for the dynamical map

II(t) = Trz / [—iV (1)) ... [~V (11)] @ @p" Z / [V (r)]... V()] (2.15a)

Tn>...2>T1 o > >
w221

YDy / T V() e o V)] (2.15h)

k diagrams th..Zh

is represented by real-time Keldysh diagrams shown in Fig. 2.4: These keep track of whether
a coupling term V represented by a vertex stems from the evolution U(t) [left of p¥ in (a),
upper branch of the Keldysh time-contour in (b)] or from the adjoint evolution U ()" [right
of p¥, lower branch of the contour]. As indicated in the caption, the two ways of drawing the
same diagram have distinct advantages needed later on. Wick’s theorem then expresses the
environment trace as the sum of products of pair-contractions of environment field operators
appearing in the different V’s. These are drawn as connecting lines in Fig. 2.4 for the example
of a bilinear coupling. In doing this, we assumed that the operator V has been normal-
ordered® with respect to the initial environment state. Thus, any partial contraction of fields
appearing in the same vertex V' gives zero. Any nonzero environment average of the coupling

5Normal-ordering of the coupling V' does not imply that the unitary U that it generates is normal-ordered: A
sequence of normal-ordered V’s contributing to U still allows for nonzero partial contractions.
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is thereby absorbed into the definition H+ (V) — H of the system Hamiltonian. Explicit rules
for translating diagrams to expressions are summarized in App. F.1 but the considerations
of Ch. 5 do not require these details, the diagrammatic representations suffice. More model-
specific diagrammatic rules [152—-156] and their equivalent formulations in Liouville-space [35,
36, 157, 158] that we employ in Ch. 3 make this a very efficient technique for higher-order
calculations [153-156, 159-163]. In particular, the change from separate time-ordering of
U(t) and U(t)! in Eq. (2.15a) to a two-branch time-ordered integral in Eq. (2.15b) allows the
transition to a Laplace frequency conjugate to the physical time in II(t). This is of practical
use in calculations and crucial for formulating renormalization-group schemes [35, 164—167]
where the Laplace frequency features as a flow parameter.

To make the connection to the time-nonlocal quantum master equation (1.7) one employs
standard field-theoretical considerations to first infer the self-consistent Dyson equation from
the resulting diagrammatic series:

T0(t) = 7(t) + [+ B+ T (£) = 7(t) + /O ir /0 " (t— )5 (). (2.16)

Here [Ax B|(t) = fg drA(t,7)B(T,0) denotes a time-convolution that concatenates the action
of two maps at a time 7 to be integrated from an initial time ¢ = 0 to a final time ¢. In
the Dyson equation, the coherent uncoupled evolution [k = 0 in Eq. (2.15b)] is represented
by the dynamical map 7(t,7) = 7(t — 7) = e (1) o ¢iH(E=1) where the environment is
trivially traced out and which simplifies to the identity operation Z in the interaction-picture.
The self-energy or memory-kernel X(¢,¢') is defined by the sum of two-branch-irreducible
diagrams [152] and therefore incorporates the dissipative effect of the environment. For this
distinction one needs to draw Keldysh real-time diagrams in the standard form shown in
Fig. 2.4(b): Such a diagram is (ir)reducible when it can(not) be split up by a vertical cut
without hitting a contraction line. The time-nonlocal QME (1.7) then follows from taking
the time-derivative of the Dyson equation (2.16).

The self-consistent form of the Dyson equation or its infinitesimal QME version are useful
because they allow one to explicitly scrutinize the trace-preservation of the open-system
dynamics in terms of the diagrammatic contributions to the memory-kernel (¢, ¢') generating
it. This is illustrated in Fig. 2.4(c): When taking the system trace, pairs of irreducible
diagrams with the latest (leftmost) vertex V' appearing on opposite branches of the Keldysh
contour exactly cancel with other terms in the series due to the cyclicity of the total trace:

[ta [t Tl vt =~ [ dedt T o iV EEV(6)

t;,<tn

- / dtodtl e [V ()] -iV ()]s (217)

', >tn

Here e denotes the initial state as well as all earlier vertices from the n-th and n/-th order
terms of U(t) and U(t)T, respectively. The resulting terms are already contained in different
orders (n+1,n' F1) of the double expansion in powers of V' up to an opposite sign. Thus, all
terms cancel pairwise except the zeroth order term = (t) [first diagram in Fig. 2.4(c)] which
guarantees that Trg II(¢) = Trg holds order-by-order in the coupling-expansion.

Clearly, a summation of all diagrammatic contributions to the memory-kernel X (¢,t)
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virtually always requires an approximate treatment of the system-environment perturbation
series. Even in the resonant level model discussed in Ch. 3, a summation based on the above
real-time diagrammatics on the Keldysh contour is not apparent although possible [153]. An
ingenious reformulation of the diagrammatic series in terms of so-called Liouville-space su-
perfermions [36, 157] facilitates this by revealing a two-stage procedure that exactly sums
up the series. A detailed review of this reformulation is presented in Sec. 3.4. What mat-
ters at this point are the implications for the CP property of the dynamical map when the
perturbation series is naively truncated: Without a deeper understanding of the underlying
structure, approximations based on omitting diagrammatic contributions to the series for the
dynamical map II(¢) or its time-nonlocal memory-kernel 3(t,t') are perilous as one might
neglect contributions that are essential for the operator-sum structure (2.6) to guarantee a
completely positive evolution. Reconciling the two quite distinct views presented above is
crucial to make progress on this issue.

2.3 How to reconcile the complementary views?

Confronting the complementary views immediately raises the central question how individual
diagrams are related to terms in the Kraus operator-sum (2.6). For instance, is it possible to
develop an equivalent physical intuition in terms of a conditional evolution for the irreducible
diagrams constituting the memory kernel X(¢,¢')? If so, the diagrammatic expressions should
have some (possibly different) operator-sum representation and it would be desirable to have
an explicit diagrammatic representation of the individual Kraus operators. This would enable
one to track the CP property in each step of an approximation. However, the diagrammatic
series as expressed above does not explicitly exhibit such a structure even though it is clear
that the full series represents a CP-TP time-evolution and therefore must be related to an
operator-sum. In Ch. 5 we present a reorganization of the Keldysh real-time diagrammatic
series that addresses all these issues.

2.3.1 Complete positivity versus trace preservation

It is interesting that already at this point —before the detailed discussion of Ch. 5— there
seems to be a fundamental duality in the CP and TP properties as represented by either
the Kraus operator-sum (2.6) or the real-time diagrammatic series in form of the Dyson
equation (2.16). This duality impedes an easy verification of both properties in either one of
these representations and indicates that the relation we seek is not a matter of semantics or
(re)definitions. Just as in the Kraus operator-sum (2.6) the complete positivity is preserved
process-by-process via the quadratic form of each term reflecting a conditional evolution, the
real-time diagrammatic series (2.16) allows one to scrutinize the trace preservation order-
by-order in the system-environment coupling from the diagrammatic contributions to the
memory-kernel 3(¢,¢'). The respective other property is instead difficult to check in practice:
In the operator-sum form, trace preservation is encoded in nonlinear relations Y, K¢()TK*¢(t)
between all Kraus operators. Similarly, complete positivity can neither be inferred by in-
specting just a few terms in the standard real-time diagrammatic series nor be guaranteed
order-by-order in the system-environment coupling V', as will become clearer in Ch. 5. The
duality fundamentally arises from discarding (tracing out) all information about the environ-
ment because the underlying unitary evolution U(t) as well as the environment state p™ are
then no longer explicitly available. With access to this discarded information, both properties
are trivially checked to be consequences of the unitary evolution but it becomes difficult to
do so after taking the trace. Each form of the dynamical map II(¢) is tailored to highlight
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only one of these properties, meanwhile obscuring the other [57, 97, 140, 168|.

This duality between the CP and TP constraints has already been noted in Ref. [169] and
can also be understood on a general level. While the discussion in Ch. 5 instead focuses on
pin-pointing the microscopic origin of this duality in the individual Keldysh diagrammatic
contributions, the general translation between both forms is provided by the well-known
de Pillis-Jamiolkowski-Choi map [170-172]. It sets up a one-to-one correspondence between
the superoperator 11(t) and an operator on the doubled Hilbert space:

choi[TI(t)] := (LI ® Z"8) [157s) (15Fs]. (2.18)

This Choi-operator represents a special case of the purified system state (2.3c) introduced
in Sec. 2.1.1 where the initially purified (unnormalized) state |157s) = S, |£5) @ |kPS) of
the extended system S ® Pg is mazimally entangled. It can be shown [57] that testing the
positivity of the Choi-operator is the ‘worst-case’ scenario regarding a violation of the CP
property, i.e., it has a nonnegative spectrum choi[ll(¢)] > 0 if and only if the dynamical
map is CP. Starting from the superoperator form (2.16) of II(¢), we will now show how the
correspondence I <+ choi[II] simplifies the task of scrutinizing the CP property at the expense
of obscuring the TP property.

Dyson form. First consider the diagrammatic perturbation series in the form of the self-
consistent Dyson equation (2.16) and its formal solution II(t) = 7(¢) + > o0, [(7 * Sx)kn](2)
written in terms of the trivially CP-TP uncoupled evolution 7(¢) and the memory-kernel
X(t,t"). Due to TrsX(t,t') = 0 [cf. Eq. (2.17)], II(¢) inherits the TP property from 7 (¢).
However, the CP constraint is nontrivially passed on to II(t) because its Choi-operator
choi[II(t)] = choi[r(t)] + 352, choi[[(m * x)*7](t)] contains multiple terms, not all of which
necessarily have a nonnegative spectrum as to ensure the complete positivity of II(¢): Indeed,
only choi[n(t)] > 0 is known due to the complete positivity of 7(¢) but it is unclear how the
remaining terms conspire to result in choi[II(¢)] > 0. Unraveling this structure is the main
advance reported in Ch. 5.

Spectral form. The duality can similarly be illustrated by the spectral decomposition
of the superoperator II(¢). For this, we employ a convenient notation for Liouville-space
superoperators |A) (B| that are represented by d? x d? matrices with d = dimS. Here, the
action (B|e := TrgBe on operators [A) = A —represented as supervectors of dimension
d?>- is defined in terms of the Hilbert-Schmidt scalar product (B|A) = TrsBTA, by close
analogy to operators and vectors in the usual Hilbert space. Since the dynamical map II(¢)
is a non-normal superoperator®, it has distinct right eigenvectors |my(t)) (modes) and left
eigenvectors (ag(t)| (amplitudes) to the same eigenvalue Il;(t). The TP property can be
naturally considered as a left eigenvector equation (ai|II(t) = 1- (a;|, where the dual right
eigenvector II(t) |m1) = |mq) is a (generally time-dependent) fized-point of the evolution that
corresponds to the stationary state as ¢ — oo. We will make explicit use of this in the
discussion of the resonant level model in Ch. 3. Also here, the CP property is nontrivially
encoded in all eigenvectors and eigenvalues.

Operator-sum form. The above situation is reversed when switching to the Choi-
operator (2.18): Diagonalizing it and normalizing the eigenvectors to their nonnegative eigen-

5The dynamical map does not satisfy II(¢)" - II(¢) = II(¢) - II(¢)" and can thus not be diagonalized by a unitary
transformation but only by a similarity transformation.
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values (K¢|K¢) = A\¢d.s leads to an operator-sum,

choi[II(t)] = Z |KC(t)) (K(¢)], (2.19)

where the finite” set of so-called canonical Kraus operators is identified by comparison of
Eq. (2.18) with |K¢(t)) = (K¢(t) ® 1) [15Ps). This also elucidates the label of the state |0)
in Eq. (2.4): It corresponds to the index of the single initial Kraus operator K¢(0) = .15
which is the identity because of choi[IT(0)] = |15Fs) (15Fs|, cf. Eq. (2.18). The CP property is
now apparent on a term-by-term basis because the statistical mixing of individual pure states
|K€(t)) (K°(t)| always leads to a positive state choi[II(¢)] > 0, see the discussion following
Eq. (2.6). This step however mixes up both the eigenvectors and eigenvalues of II(t) even
further such that the TP property can no longer be related to a single eigenvector of the
diagonalized Choi-operator. One verifies that II(¢) is a TP superoperator if and only if the
partial trace of its Choi-operator over the subspace S yields the identity on the subspace Pg:

Ts‘rchoi[H(t)]:]lPS = ) K()K(t) =15 (2.20)

Physically speaking, this requires that the Choi-operator has the maximally mixed state 17s
(up to normalization) as a marginal state, i.e., Eq. (2.20) constrains the correlations on the
bipartite system. This is clearly a nontrivial property to enforce on the decomposition (2.19)
into pure states and translates into the nonlinear relation between all Kraus operators shown
on the right of Eq. (2.20) which must hold at all times.

2.3.2 Real-time diagrammatic series for Kraus operators

The duality demonstrated above makes clear that the views of quantum information and
statistical field theory are complementary for deep physical reasons. Reconciling these views
is thus not a task of semantics and definitions but relates to real problems, for example when
considering approximations beyond the Born-Markov limit where the GKSL theorem cannot
be applied to preserve the fundamental CP-TP property. Ideally, one would like to make use
of the strength of each approach and switch back and forth between the operator-sum (2.6)
and the Dyson or QME forms (2.16) whenever necessary.

This is exactly the strategy pursued in Ch. 5: There not only the state of the environment
is purified as above in Sec. 2.1.1 but also® the unitary evolution U(t). This will reveal an
internal structure based on normal-ordering that allows for a reorganization of the Keldysh
real-time diagrammatic series into groups of diagrams that describe evolution conditional on
partial measurements of the open system’s effective environment. As a result, a diagram-
matic expansion of (the operators underlying) the Kraus operators in terms of the microscopic
system-environment coupling is obtained which enables one to exploit field-theoretical meth-
ods in the setting of quantum information theory. It should be stressed from the start that the
diagrammatic reorganization does not fully mitigate the CP-TP duality: From the ‘vertex-
flipping’ rule (2.17), the trace preservation is easily inferred but we will see that this connects
all groups of Keldysh diagrams that are related to different Kraus operators. This raises
the question how consistent CP-TP approximation schemes based on these results may be

"The size of this set, rank[choi[II(t)]] < d® = dimS ® Ps, is minimal relative to any other unitarily related
operator-sum, cf. the discussion following Eq. (2.6).
8Such purifications of the dynamics are known as dilations introduced by Stinespring [80].
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formulated and we will address this challenging issue in detail in Ch. 5.

In conclusion, the formalism we will develop fills in a gap in the appreciation of purifica-
tion ideas in open-system dynamics and clarifies the precise operational meaning of Keldysh
real-time diagrams. This way the vague notions of (tunneling) ‘processes’ and ‘consistent’
approximations are made precise while remaining physically transparent —an important step
for aligning our physical intuition about nonequilibrium systems with the complex tools nec-
essary to describe them. It is remarkable that the technical advantages of purification and
entanglement have been long recognized in many-body approaches such as DMRG [173-175]
and tensor networks [176-178] but seem to have been hardly explored for statistical field-
theoretical approaches to, e.g., nonequilibrium transport problems. Although our analysis
focuses on the reduced density-operator method, it also relates to similar developments in
nonequilibrium Green’s functions [179] going back to quantum-field theory [180]. The only
prior work we are aware of concerns two apparently distinct approaches that aim at di-
rectly obtaining a Kraus operator-sum from a projective, respectively perturbative approach
to open-system dynamics: Ref. [85] put forward a projection technique for computing the
square root 1/p(t) of the state to guarantee CP of the dynamics for all ¢t. Refs. [32-34]
instead extended earlier work [181, 182] to microscopically derive the CP dynamics in an
explicit Kraus operator-sum for bosonic reservoirs. While their concrete formulations seem
quite distinct at first glance, we will show how the formalism developed in Ch. 5 in fact
generalizes and encompasses both these works.



3| Quantum Markovianity:
An exact case study

Before we turn to developing the real-time formalism in great generality, we first investi-
gate the Markovianity issues raised in the introduction for an exactly solvable noninteracting
fermionic model. As a case study featuring several types of divisible dynamics, we examine
a tunable resonant level coupled arbitrarily strongly to a fermionic bath at arbitrary tem-
perature in the wideband limit. To quantify the nonzero footprint left by the system in its
effective environment, we determine the exact time-dependent state of the latter and related
information measures such as entropy, exchange entropy and coherent information. In par-
ticular, the observable impact of divisibility on the time-dependence of the level occupation is
investigated. We compare this with Markovian approximations to develop an understanding
of how to go beyond the Markovian limit while maintaining complete positivity and trace.

Even for this simple model, overcoming the CP-TP duality requires several representations
of the exact dynamical map (2.1) to be derived in Secs. 3.3-3.6 which are then compared in
Sec. 3.7: In general, both the equations of motion [Sec. 3.3] and real-time approach [Sec. 3.4]
prove to be advantageous for obtaining the exact dynamical map in a Liouville-space super-
operator form. This form is suitable for studying the eigenmodes of II(¢) as presented in
Sec. 3.7 and elucidates the TP property even without explicitly diagonalizing II(¢). On the
other hand, the CP property is in general not directly related to the eigenspectrum of II(¢)
itself. Instead, it is associated to the spectrum of the Choi-operator that nontrivially mixes
up both the eigenvectors and eigenvalues of II(¢) such that the TP property can no longer
be related to a single eigenvector of the Choi operator. As shown in the previous Ch. 2,
diagonalization of the Choi-operator (2.18) leads to the dynamical map in the operator-sum
form (2.6) in which the CP property is apparent from the quadratic form. Each term in the
finite set of Kraus operators depends on the physical parameters of the model as well as on
time. In contrast, the TP property has become complicated to check and now involves the
nontrivial relation (2.20) because of the mixing of eigenvectors and eigenvalues involved with
the Choi mapping pointed out above. More generally, the structure of the spectral decompo-
sition of II(¢) remains hidden in nonlinear relations of this type, even for our simple model,
see Sec. 3.7 and App. A.3. Combining these forms unlocks a full characterization not only of
the open system but also of its effective environment. Knowledge of the latter is crucial to
not only calculate but also understand the physical implications of the information measures
introduced in the previous chapter.

Publications and acknowledgments. Parts of this chapter and the associated appendices A—
C (including the adapted figures) have been published in V. Reimer, M. R. Wegewijs, K. Nestmann,
and M. Pletyukhov, The Journal of Chemical Physics 151, 044101 (2019) [Copyright 2019 by the
American Institute of Physics], see Ref. [134]. V. Reimer worked out the superfermion solution of the
resonant level model, in particular its exponential representation, and acknowledges useful discussions
with R. Saptsov in this regard. Motivated by discussions with S. Maniscalco, he also calculated
the information measures to quantify the physical footprint left in the environment. The equivalent
Heisenberg equations of motion were pointed out by M. Pletyukhov which highlighted the relation
of time-local and nonlocal quantum master equations worked out in detail in collaboration with K.
Nestmann. The fixed points of the dynamical map and its time-(non)local generator were noted by
M. R. Wegewijs which revealed the reentrant behavior of system observables as a decisive feature of
non-semigroup-divisible dynamics.
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II(¢, ¢) x II(t')
; —0)(0] — —0)(0] E
g e o ||

p(t) — p(0)

Figure 3.1: Interrupting the evolution by a complete measurement of the effective envi-
ronment at an intermediate time ¢’ and subsequently discarding the outcomes disrupts the
system. If the evolution is CP-divisible, it is nevertheless possible to reach the uninterrupted
final state p(t) by unitary interaction with a new effective environment which is again dis-
carded. The evolution cannot be the same as the original unless the evolution has the stronger
property of being semigroup-divisible. Compare this with the classical Markovianity notion
in Fig. 1.2(a). Reprinted figure (adapted) with permission from J. Chem. Phys. 151, 044101
(2019), see Ref. [134]. Copyright 2019 by the American Institute of Physics.

3.1 Introduction

As pointed out in Sec. 1.2, the problem of extending the classical notion of Markovianity has
received a lot of interest [87], in particular its relation to the divisibility,

(t) = (¢, ¢') (') forallt >t >0. (3.1)

Analogous to the classical case, one may define Markovianity as a factorization of the dy-
namics at any intermediate time 0 < ¢ < ¢ into a repeated action II(¢) = II(¢ — ¢')II(¢') of the
same CP-TP evolution over different time-intervals. This semigroup property implies that
the dynamics is insensitive to a reinitialization of the effective environment at any time ¢,
and the splitting is always physically meaningful because II(t — t') is CP-TP for all ¢ > ¢'.
Evolutions that fail to be a semigroup, may however still be considered Markovian in a weaker
sense: A factorization II(t) = II(¢,¢")II(¢") of the CP-TP map II(t) into two different evolu-
tions at any time 0 < ¢’ < ¢ is still physically meaningful if we explicitly require the divisor
I1(¢,¢') to be CP-TP as well, cf. Fig. 1.2. This CP-diwisibility [92, 98] then implies according
to Kraus’ theorem [Sec. 2.1.2] that the dynamics is also insensitive to a reinitialization of
the effective environment, but now either to a different environment state or with a different
unitary evolution U’(¢,t) which parametrically depends on the time t', see Fig. 3.1. If the
divisor TI(¢, ") is not CP-TP, this argument breaks down and divisibility becomes meaning-
less: Whenever II(¢) is invertible, it is also divisible without further constraining the divisor.
We will explicitly illustrate this for our model [Eq. (3.17b)] whose dynamics fails to fulfill
both the semigroup-divisibility and the CP-divisibility criterion in broad parameter regimes.
In Sec. 3.7 we will see that whereas the loss of the semigroup-divisibility is clearly reflected
in observables, the loss of CP-divisibility is more subtle to detect.

Despite the clear characterizations of CP-divisibility in terms of information mea-
sures [169], it is still under debate whether it can be considered a meaningful extension of
Markovianity to the quantum case [96]. Here, we are chiefly interested in understanding the
physical implications of the divisibility properties in a simple setting. In doing so one encoun-
ters the problem that these distinctions typically become pronounced for systems strongly
coupled to continuous environments. As a result, rigorously investigating their measurable
implications is often hindered by the practical necessity of making approximations in the
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microscopic derivation of the dynamics, in particular for strongly interacting open systems
with finite-temperature environments. Whereas weak-coupling approximations typically lead
to semigroup dynamics II(¢,¢') = II(t — ¢') governed by a time-independent GKSL [89, 90]
quantum master equation (QME), microscopic derivations [183-185] may also give rise to
more general time-dependent GKSL equations of the type (1.6):

dip(t) = —ilH (1), p(t)] + Z%(t) [Ji(t)p(t)Ji(t)T — 3{iOT i), p(D)}] - (3-2)

In both cases, the divisibility properties can be easily assessed from the constituents of this
QME: The coefficients 7;(t) of the jump operators J;(t) should be either nonnegative [92] for
all times t (CP-divisibility), or both the nonnegative coefficients and the jump operators are
time-independent [89, 90] (semigroup-divisibility). The exponential solution allows one to
construct the Kraus operators in either case [186-188]. It should be stressed what a failure
of these conditions implies: While a time-independent GKSL form with negative coefficients
~; < 0 indicates a breakdown of the CP property, no general statement about CP can be made
in the case of temporarily negative time-dependent coefficients 7;(¢) < 0. This situation is
encountered even in our simple model. The dynamics may then still be CP (and it is) but to
explicitly see this, one has to rely on model-specific forms which reveal this property [Sec. 3.4]
or construct an operator-sum [Sec. 3.5] for II(¢). Moreover, our explicit construction of the
divisor II(¢, ') allows to investigate what happens when CP-divisibility fails.

The recent generalizations [32, 85] mentioned at the end of Sec. 2.3.2 and also the real-
time formalism to be presented in Ch. 5 apply beyond QMEs of the GKSL type (3.2), but it
is unclear how they reflect divisibility properties. Therefore, exact solutions of microscopic
models where these issues can be understood analytically are of interest. In search of solvable
examples with interesting dynamics, much attention has been given to systems coupled to
bosonic environments, such as the spin-boson and dissipative Jaynes-Cummings [33, 189-192]
model. Here, we turn to fermionic models appearing in quantum transport problems, such as
strongly coupled quantum dots. These offer rich non-equilibrium dynamics due to a variety of
many-body effects [21, 23, 24, 193]. Somewhat surprisingly, a single fermionic mode coupled
arbitrarily strongly to a noninteracting fermionic reservoir at arbitrary temperature already
features several types of divisible dynamics in different parameter regimes. It therefore serves
as an ideal playground to investigate the above mentioned questions. The full characterization
of its divisibility properties calls for explicit construction of both the dynamical map II(¢) as
well as the divisor II(¢,¢) which seems not to have been discussed despite the known [194]
exact solvability of the model. To achieve this, it turns out to be important to approach the
exact solution from several angles in a consistent way. The overall goal of this chapter is to
exhaustively investigate the impact of CP and divisibility on measurable properties of this
exactly solvable model and illustrate how these are affected by approximations.

The chapter is organized as follows. We start in Sec. 3.2 by introducing the model and
discussing the simplifying features that enable its exact solution. In Sec. 3.3 we first obtain
the dynamical map II(¢) using Heisenberg equations of motion [88, 195, 196] (EOM) for
observables. Sec. 3.4 derives this result from the complementary perspective of state evolution
using the real-time [35, 152, 158, 159] superfermion approach [36, 157, 197] revealing further
properties and physical insights. In Sec. 3.5 we then construct the Kraus operator-sum from
these solutions in order to compute information measures [Sec. 2.1.3] quantifying the system-
environment backaction. In Sec. 3.6 the three representations are then used to construct two
exact quantum master equations, one time-local (TCL) and one time-nonlocal (Nakajima-
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Zwanzig) which are more suitable for discussing the impact of approximations. Finally, in
Sec. 3.7 we construct the exact eigenvectors of the dynamical map II(¢) as function of time
and bring together the insights from all discussed approaches. We analyze the detailed time-
development of the level occupation in dependence of the model parameters.

3.2 Resonant level model

The model that we consider describes a single, noninteracting fermionic mode (field operator
d at energy ¢) in tunneling contact with a continuous reservoir of fermions (field operator b,
at energy w), all without spin:

T
H* = edfd + / dw w bl,b., + \/: / dw(d'b,, + bl,d). (3.3)
s

As often, the environment is coupled with an w-independent tunneling rate I' > 0 and con-
stitutes a reservoir in thermal equilibrium at temperature T and chemical potential u repre-
sented by the density operator pP = exp ( — (HR — uNR)/ T) /Z in terms of H®, the second
term in Eq. (3.3), and the particle-number operator N® := J dw bI,bw. Concerning notation,
it is convenient to label field operators with a particle/hole index n = +,

dn = ! * ) bnw = b 5 (34)
d 77 = — bw 7] = —
and denote 7 = —n such that dj, = dj. Furthermore, we do not set 1 = 0 as this may later

on lead to a confusion of ¢ with the level detuning € := ¢ — p, cf. Eq. (3.38).

The key observable of the model is the transient transport of fermions into the reservoir,
i.e., the time-dependent level occupation n = d'd or its parity (—1)" := ™ = 1 — 2n. Phys-
ically, we expect that a finite temperature T < oo leads to memory effects! since excitations
created in the environment propagate on a finite time-scale 7~! before coupling back to the
system. Explicitly following this fact in the derivations of the dynamical map II(¢) is both
instructive and technically advantageous, also for more complicated systems [36, 157, 197].
In particular, the infinite-temperature semigroup limit of the model plays a central role.

It is useful to briefly consider the translation of our model into spin language with S* =
dy, S = d'd —1/2 = —(=1)"/2 and analogous definitions for the environment. In this
picture one may identify the average parity ((—1)") and field (d) with the longitudinal and
transverse components of the spin (Bloch vector) describing diagonal and off-diagonal density-
matrix elements, respectively. In fermionic systems, the field amplitude (d(¢)) vanishes at all
times due to the fermion-parity superselection [200, 201] and we will make this assumption
throughout. However, in the spin formulation it makes sense to consider (d(t)) # 0 and we
will comment on this. Considered as a spin-model, Eq. (3.3) is somewhat unconventional:

r
H®t :55Z+/dwwsgi+\/;/dw(SJrS;*‘SIS_)' (3.5)
7T

It corresponds to purely transverse exchange (spin-flip) interaction between a local spin in a
magnetic field of strength € and a reservoir of spins in magnetic fields of varying strength and

! Additional memory effects appear when lifting the assumption of infinite reservoir bandwidth (unrestricted
w integral) and w-independent coupling I, see page 8 of Ref. [36] and also, e.g., Refs. [198, 199].
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direction w. In this language, the model can be compared with the spin-boson model [189]
of a two-level system exchanging energy with a bosonic thermal bath. This model has been
solved exactly in a rotating-wave-approximation (RWA) and at zero temperature of the bath
leading to the semigroup Wigner-Weisskopf theory [202] but recent extensions included also
finite-temperature effects going beyond the RWA [191, 192]. The same holds [190] for the
more complicated setup of the dissipative Jaynes-Cummings model [203] where the two-level
system exchanges energy with a radiation field via a single bosonic cavity mode. An exact
treatment is quite complicated in both cases and often restricted to a description in terms of
quantum master equations, see however the Kraus operator-sum treatment of Ref. [33].

3.3 Equation of motion approach

We start the discussion of the exact solution from the Heisenberg equations of motion (EOM)
for a set of observable operators. This is familiar, e.g., from Green’s function techniques [194,
204-207] or input-output formalisms in quantum optics [88, 195, 196, 208], and corresponds to
computing the super-adjoint evolution H(t)T in contrast to the real-time approach discussed
in Sec. 3.4 to directly obtain the system state evolution II(¢) in superoperator form. Often,
the approach is used in conjunction with various approximations and/or limits [135, 196, 209).
However, in this case we can follow it through exactly due to the wideband-limit [194].

Employing the Liouville-space supervector notation introduced in Sec. 2.3.1, the action
of dynamical map (2.1) on the system-operator argument e can be expanded as

I(t) = ZA: |A) (A|TI(t)e = ZA:A’ST‘E ATU(t) (e @ pP)U (1)1
= EA: ATy U)TATU () (15 @ pF)e

= " ATH{(A()) P} (3.6)
A

in terms of a complete orthogonal set Z =" , |A) (4| of system-operators A = |A) normal-
ized as (A|A) = TrsATA = 1. Here, (0)F = Trg o (15 ® p®) denotes the environment average
that reduces the system-environment Heisenberg-picture operators A(t) = U(t)TAU(t) to
system-only operators. Their expectation values (A(t)) := Trg(A(t))¥p(0) are obtained by
additionally averaging with respect to the initial system state. Note that within this EOM ap-
proach, the CP-TP duality [Sec. 2.3.1] manifests itself in the nontrivial CP property reflected
in the positivity of the Choi-operator (2.18) involving all ‘Green’s functions’ (A(t)' B),

choi[TI(t)] = (TI(t) ® %) [1575) (157s| = Y "(A(t)'B) - A® B* > 0, (3.7)
AB

and the trivial TP property reflected in the evolution of the observable (1(¢))¥ = 1 for all
t > 0 ensuring (1|II(¢) = (1]. The second equality in Eq. (3.7) follows from the identity
X®1|1) =1 XT|1) for the action on a maximally entangled state |1) = 3", |k) @ |k).

The calculation of the dynamical map II(¢) thus boils down to taking partial averages
(A(t))" of Heisenberg-picture operators governed by the EOMs

iAW) = i[H™ (1), A)]. (3.8)
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Here, we choose the orthogonal system operator basis {d4,d_,1,(—1)"} which simplifies
matters in two ways: First, the dynamics (1(¢))* = 1 of the identity is trivial and second,
the parity plays a crucial role in fermionic systems which becomes explicit in the superfermion
method of Sec. 3.4. There, the fermion-parity superselection is exploited and allows an ap-
plication even to interacting multi-level models [22, 197, 210, 211]. To close the equations
of motion, it suffices to add the environment fields b,,, which are conveniently chosen [157]
to anticommute with system fields: [d,/, by.]+ = 0, see App. A.1.1 for a detailed derivation.
Importantly, taking the partial averages before integrating these equations simplifies mat-
ters since by Wick’s theorem terms containing an odd number of environment fields vanish,
<b,7w>E = 0, and pairs of environment fields correspond to Fermi-distribution functions

1 _
(b by = 8,y 6(W' — w) [2 + gtanh (sz,u)} . (3.9)

The splitting into parts symmetric and anti-symmetric in w is convenient because it corre-
sponds to time-local and time-nonlocal contributions to the evolution, cf. Sec. 3.4.

3.3.1 Exact solution and divisibility

The environment-averaged system operators are governed [cf. App. A.1.1] by the EOMs

%(dn(t))E = in (¢ + iniT) (d,(£))F (3.10a)

d (=1)"(t))F = —T((=1)"(t))® + Th(t) 1. (3.10b)

dt
In Eq. (3.10b), the inhomogeneous term is determined by

h(t) ::/0 dse_gsv(s), (3.11)

which involves the Keldysh correlation function

v(s) == i/dw cos [(w — €)s] tanh <w2—T,u> (3.12a)
B sin [es]
=T (3.12b)

depending on the relative time s = ¢t —t > 0 only, see App. B.1 for a derivation of the
latter representation. It stems from the anti-symmetric part of the Fermi function (3.9)
and accounts for the time-nonlocal effects due to propagation in the thermal environment at
the energy of the resonant level. Thus, all temperature dependence is incorporated in this
function and only the level detuning € = ¢ — pu with respect to the chemical potential enters.

Integrating the equations of motion (3.10) with initial values (d,(0))® = d, and

(—=1)™(0))E = (—1)" gives

(dy(1)F = enEtinzlt g, (3.13a)
(=1)"(@0)F = e (1) + (1 — e )g(t)1. (3.13b)

The extraction of the conventional factor (1 —e~I*) in Eq. (3.13b) is physically motivated,
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since it isolates the dimensionless function
I ¢ T(t
9(t) = T /0 dre TE=p (1), (3.14)

which reduces to the expectation value of the parity in the stationary limit:

((=1)"(c0)) = g(o0). (3.15)

The nontrivial time-dependence of the solution is thus fully determined by the functions
(3.11) and (3.14) deriving from the Keldysh correlation function (3.12). In Fig. 3.2(a) and
(b), we show how the oscillatory behavior of the correlation function is translated into both
h(t) and g(t). The detuning sets the sign sgne = sgn h(t) = sgng(t) for all ¢ > 0.

Substituting Eq. (3.13) into (3.6) and normalizing the operators gives the dynamical map
in superoperator form:

II(¢) = Z dI] Tsr [e(ins_g)tdn o } (3.16a)
n
3T [0 ] + H1 T [ - e g e e T (- 1) |
_ Ze(me%mt ’d%) <de ‘ (3.16b)
n

+ e (=1 (1) = 90) (1] + 3 11) + ) |1 | (2.

The TP property TrgII(¢) = Trg is explicit through the second term in Eq. (3.16a) as all other
terms produce traceless operators. Indeed, all further eigen-supervectors of the dynamics
are easily derived from this form by simple reorganization of the terms into Eq. (3.16b).
This spectral decomposition will be used in Sec. 3.7 to discuss the detailed time-dependence
of observables. In contrast, the CP property is unclear from this representation and this
motivates the complementary treatments in Secs. 3.4-3.5.

Postponing the issue of CP to Sec. 3.4, we may nevertheless inquire about the divisibility
of the evolution into two factors as in Eq. (3.1). To this end, we integrate Eq. (3.10) from ¢/
onward. The result for the divisor II(¢,#) can be obtained from Eq. (3.16a) by replacing

(1—eTg(t) —» (1 — e Tg(t,¢) (3.17a)

and adjusting the time-interval to [t,¢'] in all other terms. The function

T t
dre " (1) (3.17b)

N .—
g(t’t ) o 1 — e Tt=?] v

interpolates between ¢(¢,0) = g¢(t) and g(¢,t) = h(t) and therefore shares many of their
features, see Fig. 3.2(c). The evolution II(¢) is thus always divisible and because the divisor
II(¢,t') has the same structure (3.16a) it is always a TP map. To distinguish meaningful
types divisibility one has to investigate the properties of g(t,t’).
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Figure 3.2: Time-dependent functions of the dynamics for 2¢/7 = 20T and 77T = 1073-T'/2.
(a) Reservoir correlation function v(s) [Eq. (3.12)] describing the time-nonlocal ‘mem-
ory’ effects. (b) The oscillatory behavior of 7(s), while still present in the function h(t)
[Eq. (3.11), green] appearing in the time-local EOM (3.10), is smoothed out in the function
g(t) [Eq. (3.14), blue] which describes the cumulative nontrivial time-dependence of the EOM
solution (3.13). In the semigroup limits of small [Eq. (3.18)] and large [Eq. (3.19)] detuning,
both these functions instantly reduce to constant values of 0 and 1, respectively, as indicated
by arrows. (c¢) Time-dependent function g(¢,¢') [Eq. (3.17b)] determining the dynamics of
the divisor II(¢,¢"). As a function of the division ratio o = t'/t, it interpolates between the
functions g(t) at « = 0 and h(t) at « = 1. In contrast to g(t), it may exceed the value of
1 indicated by the contour, cf. the discussion in Sec. 3.3.2. Reprinted figure (adapted) with
permission from J. Chem. Phys. 151, 044101 (2019), see Ref. [134]. Copyright 2019 by the
American Institute of Physics.

3.3.2 Physical properties

The important functions 7(s), h(t), g(t) and g(t,t') incorporate the nontrivial time-
dependence of the evolution and its divisor. Each function can in principle be expressed
in terms of Digamma and Lerch functions reported before, see Ref. [157] and references
therein. Their physical properties however rely on different representations which are derived
in App. B and summarized below.

Semigroup-divisible limits. When the system is thermally close to resonance, |¢| < T', the
correlation function v(s) shows exponential decay with memory time 7~! and thus vanishes

lim s)= lim h(t)= lim t)=20 3.18
T/|e\—>oory ) T/|e|—o0 () T/\e\—wog() ( )
in the infinite-temperature limit suppressing both h(t) and g(¢) as a consequence. Far off
resonance, |e| > T, the correlation function instead shows oscillating power-law decay with
time-scale |¢|~! and becomes time-local in the infinite-detuning limit

lim ~(t—t)=6(t—1t), 3.19a
(- 1) =50 1) (3.190)
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noting that the relevant d-function is normalized on the real half-line fg dt'o(t —t') = 1 since
we solve an initial-value problem. In this limit, A(t) and g(t) still coincide,

li h(t) = i t) = 0(t), 3.19b
Jlim b= Hmg(t) = sn(e) o) (3.190)
and reduce independently of 7" and I" to a step function with #(0) := 0. Although both limits
lack memory for different physical reasons, they share the semigroup property that g(¢) —but
not the parity ((—1)"(¢))- is instantly stationary.

Generic behavior. In all other cases of finite temperatures or level detunings, the functions
differ as shown in Fig. 3.2(b). The deviations are already pronounced at small times [App. B.4]
as h(t) starts out with double the slope:

2e
= —1.

h(t) ~ 2g(1) (3.20)

T
Whereas h(t) is always nonmonotonic, the function ¢(¢) is nonmonotonic only for I'/2 > 7T,
cf. App. B.3. This is due to the fact that the latter is obtained by an integration [Eq. (3.14)]
which smoothens the oscillations of h(t). However, both approach the same stationary limit

2 1 5+ie
g(00) = h(o0) = ;Innb (2 + 227TT ) (3.21)

expressed in terms of the imaginary part of the Digamma function 1, cf. Eq. (B.5a).

Physical bounds. The function g(t) is bounded for any time and any set of parameters as
lg(t)] < 1. (3.22)

That this condition holds for our model can be seen in two steps. First, the function never
exceeds its asymptotic value |g(t)] < |g(oco)|. This fact is not obvious and seems to rely
on model-specific details [App. B.3]. Second, due to its relation (3.15) to the stationary
expectation value of the parity, it is physically clear that g(co) becomes maximal in the
off-resonant semigroup limit |¢| > T where the stationary state is pure:

gloc)| < T [((—1)"(00))] = L. (3.23)

T e|/T—00

Divisibility. In contrast, h(t) is not bounded by its asymptote: It may significantly
overshoot it and more strongly |h(t)| > 1 for certain parameter regimes [App. B.2| as seen in
Fig. 3.2(b). This behavior translates into the function g(t,t'). Specifically, the equivalence

lgit,t)| <1lfort>t >0 < |h(t)|<1fort>0 (3.24)

holds as one verifies as follows: Assuming first the left-hand side, this particularly includes
lg(t,t)] = |h(t)] < 1 for all £ > 0 by Eq. (3.17b). Conversely, the right-hand side implies
in Eq. (3.17b) that |g(¢,¢')| < 1 for any ¢ > ' > 0 as the integral is normalized to one. In
contrast to g(t), there is no physical reason why values g(¢,¢) > 1 should not occur and in
Fig. 3.2(c) they indeed occur (red). The observable implications of the criterion

lg(t,t)| >1 < |h(t)| > 1 (3.25)
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marked red in Fig. 3.2(b) are discussed in Sec. 3.7.

3.3.3 (Complete) positivity

A physical reason why the bound (3.22) must necessarily hold, may be sought in the preser-
vation of the positivity (PP) of the state under evolution, i.e., the property II(¢)p(0) > 0 for
every p(0) > 0. In the following we verify that the condition (3.22) is indeed equivalent to
PP and furthermore comment on whether the CP property can be deduced from this or not.

For this, we consider any initial state irrespective of whether the fermion-parity superse-
lection is obeyed and inquire the positivity of the reduced state

p(t) = 3 [1+ (=1 () (—1)"] + D (dy (1)) d, (3.26)

explicitly taking into account the field (d,(t)). Expressed in terms of the Bloch-vector mag-
nitude [b(t)|? := [((—=1)"(t))|> + |2(d(t))|?, the PP property for this model requires that
1b(t)|?> < 1 for all [b(0)|> < 1. Eliminating |2(d(0))| we can consider the parity and the Bloch-
vector magnitude as independent variables up to the constraint |((—1)"(0))| < [b(0)| < 1.
Inserting the expectation values (A(t)) := Trg(A(t))¥p(0) of the EOM solutions (3.13),

(dy (1)) = el D" (d,(0)) (3.27a)
(=1)™(6)) = e TH(=1)™(0)) + (1 — e )g(8), (3.27b)

one can rewrite the explicit PP constraint as

0<1— (B =1+ (1 — e e [(—1)"(0) = g(8)] = (1 = ) [g(t)]2 = T p(0)]2

(3.28)

We minimize over all states p(0) by first setting |6(0)| = 1 in the last term and then varying
[{((=1)™(0))| < 1. In the case |g(t)| < 1, the minimum of the quadratic term in (3.28) is
achievable for a physically allowed value ((—1)"(0)) = g(¢) and equals (1 — e~ 1)1 — g(¢)?]
which is positive if and only if |g(¢)] < 1. Note that the minimum occurs for a mixed
state with a nonzero [(d(0))| = /1 — |g(t)|?/2. In the other case |g(t)| > 1, the minimal
achievable value of (3.28) occurs for ((—1)™(0)) = sgng(t) (and |[(d(0))] = 0) and equals
(1 — e (1 — g1 + et + (1 — e~ TY)|g(t)]] < 0 which is always negative. Thus II(t)
is PP if and only if |g(t)] < 1 as claimed above. This condition is also equivalent to the
positivity of the probabilities for states obeying superselection, |[(d(0))| = 0. In this case,
the restriction on the eigenvalues of the state (3.26), A, = $[1 +n((—1)"(t))] < 1, requires
max [{((—1)"(¢))| = e T+ (1 — e T?)|g(t)| < 1 at time t which is equivalent to |g(¢)| < 1. The
maximal value of Eq. (3.27b) is achieved for an initially pure state with ((—1)™(0)) = sgn g(¢).

Finally, we stress that for our model the PP condition is incidentally equivalent with
the CP condition (3.22). Although CP implies PP, the converse does not hold in general
since the PP restriction ignores the entanglement with the auxiliary system P required to
prepare initial mixed system states, cf. Sec. 2.1. Also, CP is the more relevant condition
because of its useful consequences which are not implied by PP. Verification of the stronger
CP property is not possible from the EOM result (3.16) and requires either conversion to
a Kraus operator-sum [Sec. 3.5] or —for our specific model- conversion to the exponential
form obtained in the real-time approach [Sec. 3.4]. We stress that CP cannot be inferred
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from by the spectral decomposition (3.16b), because the positivity of fixed points follows
from II(t) being PP-TP, see the discussion Sec. 3.7. It also cannot be inferred from the
time-local QME discussed in Sec. 3.6 for any set of model parameters: Even in the present
model its form remains inconclusive in non-CP-divisible parameter regimes where |h(t)| > 1,
but nevertheless |g(t)| < 1, see Egs. (3.2) and (3.44).

3.4 Real-time superfermion approach

Although the EOM approach has a straightforward derivation and identifies the relevant time-
dependent functions, the form (3.16) no longer reflects that the evolution (2.1) is actually
CP. As pointed out above, it is a coincidence that in the present model both PP and CP
happen to be equivalent to the bound (3.22), a property some other models also exhibit, see
Refs. [108, 212]. Likewise, the bound (3.24) happens to be equivalent to CP-divisibility, but
neither property is clear from the EOM approach itself. To further investigate this, we turn
to a real-time approach equivalent to the one introduced in Sec. 2.2.2 that also facilitates
the exact solution but naturally leads to a representation of the dynamics II(¢) which avoids
these issues. It focuses on the evolution of the state rather than observables.

3.4.1 Renormalized perturbation theory

A naive expansion of U(t) = ="' in Eq. (2.1) in the coupling H = \/T/27 [ dw 2 b
as in the Keldysh real-time approach [Sec. 2.2.2] does not lead to an obviously summable series
for the state evolution I1(¢), even for quadratic fermionic models. Such a summable series can
however be obtained when abandoning the Hamiltonian formulation and using an intrinsically
dissipative reference for the expansion. This emerges naturally when using Liouville-space
methods developed in Ref. [35] and can be formulated elegantly [157] in terms of fermionic
superfields outlined below. This equivalent formulation importantly reveals the existence
of two fundamental expansion ‘parameters’ in the wideband limit: the retarded reservoir
correlation function capturing the time-local effects of the physical infinite-temperature limit,
and the Keldysh correlation function ~(s) [Eq. (3.12)] incorporating the time-nonlocal finite-
temperature corrections. Exploiting this structure results in a renormalized perturbation
theory that remarkably stops at finite order for quadratic models [157].

Superfermions. We collapse the two branches of the Keldysh-contour by directly express-
ing the time-evolution (2.1) as II(t) = Trg{e ~"""*(e @ p¥)} in terms of the total Liouvillian
superoperator L' := [H'* o]_. It acts on the fermionic Liouville-Fock space and allows for
a ‘second quantization’ representation

I‘ _
Lot :ZH[EG;G% + /dwa,LJm} +) 4/ %/def{wG% (3:29)
,,77q

n

that is analogous to the Hilbert-Fock space but takes into account mized states and superop-
erators [187, 213-217]. The fermionic creation (¢ = +) and annihilation (¢ = —) superfields

= J5(dye L +g(~1)" e (—1)"d,) (3.30a)
JL, = L (b o 1+ g(—1)™" o (—=1)""by,) (3.30b)

nw 2

for system and reservoir, respectively, obey the anti-commutation relations [G%I/,G%]J'_ =
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Oy i Ot g and [Jg,/w,, Jhsl+ = 6y 504,70(w —w). Contrary to the EOM approach, maximal

simplicity is achieved with the convention [35, 157] of commuting system and environment
fields, [d,y, by,]— = 0, which translates to [GZ,, Jh]- =0.

Through the parity-check in Eq. (3.30), both the fermionic superselection as well as the
Pauli principle are incorporated [157]. The latter is expressed by the identity

[GF2=0 (3.31)

and indicates that the particle/hole index 7 [Eq. (3.4)] takes on the new formal role of a
quantum number which cannot be ‘doubly filled’. A second key feature of this method was
overlooked in its previous applications: Bilinear products of superfields

GG ==Y L, > nGrGE=> "L, (3.32a)
n n n n

introduced by pair contractions correspond to superoperators of GKSL-form
Ly :=dyed;— %[dsdy, .Lr’ (3.32b)

The Pauli principle (3.31) thereby implies the nonlinear relation [}, nLy)? = 0 between these
generators. For the reservoir, the parity-check reveals that only two (out of four) types of
pair-contractions contribute:

E
(Tt = by bl — ) (3.330)
_ _\E W=
<Jn/w/e]nw> = ’)7677/77—76((,()/ — (,d) tanh <21_1> . (333b)

These respectively correspond to the symmetric and anti-symmetric part of the Fermi func-
tion (3.9). The algebraic structure thus automatically separates time-local (memoryless)
contributions (3.33a) that remain at infinite temperature from the time-nonlocal (memory)
contributions (3.33b) accounting for the finite-temperature corrections.

Renormalized perturbation theory. With these insights, we can identify two stages in the
naive expansion of II(t) in powers of the coupling Liouvillian LY = Zn,q VI/2r [ deng%,
see App. A.2.1 for details. Using Wick’s theorem, each term in the series is decomposed [35,
157, 158] into products of reservoir pair-contractions

(LY (1LY (#)E = =55 [6(r — =) = (e — )] Loy, (3.34)
n

where the time-dependence of LY (1) = R A again denotes the interaction-picture
with respect to the free evolution L? = >, nleGr Gy +7f dww ], 5] As anticipated in the
EOM approach, each pair-contraction has a time-local [0, Eq. (3.19a)] and time-nonlocal con-
tribution [y, Eq. (3.12)]. Importantly, these contributions are now distinguished by their alge-
braic superoperator structure Eq. (3.32a): In contrast to the time-local term Zn L,~GtG~
combining creation and annihilation superfields, the time-nonlocal term Zn nL, ~ GTG+
exclusively features creation superfields such that any higher power vanishes by Eq. (3.31).

The perturbation series can thus be summed exactly in a two-stage procedure: First, the
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time-local infinite-temperature contributions from Eq. (3.34) sum to the exponential
oo (t) = e Lt et Xy Lo (3.35)

due to the ensuing geometric series. For the second stage, this semigroup limit is used as
the reference of a renormalized perturbation series featuring only creation superfields G*
implying that it exactly terminates after a single correction due to Eq. (3.31):

T(t) = Tao(t) — 3 (1= e ™) g(t) Y 0L, (3.36a)
n
— oLt 5t 3, 1=ng(H)]Ly (3.36b)

It is also the Pauli-exclusion principle that suggests to re-exponentiate the correction to
obtain the elegant exponential form (3.36b). This can be done [App. A.2.1] using the Baker-
Campbell-Hausdorff formula since the algebra of operators is closed. The appearance of the
function ¢(t) [Eq. (3.14)] already indicates that both expressions coincide with the EOM
solution as one verifies using the supervector representation (A.9) of the GKSL generator.

3.4.2 Complete positivity and divisibility

The form (3.36b) reveals the CP and divisibility properties of the dynamical map II(¢) without
taking recourse to operator-sums [Sec. 3.5] or quantum master equations [Sec. 3.6].

Complete positivity. Its exponential form suggests to consider an auxiliary dynamics
%X()\) = AX(\) with X(\)[x=0 = Z: At a fized time ¢, the physical map (3.36b) is equivalent
to the formal solution II(¢) = X(A)|a=1 of the auxiliary dynamics evaluated at the flow
parameter A = 1. This allows for the application of the GKSL theorem [89, 90] because the
auxiliary generator given by A = —iLt + Lt >y (L —ng(t)] £, has a A-independent GKSL
form?. Thus, X ()\) is CP-TP if and only if the coefficients of the jump operators are positive,
i.e., |g(t)] <1, which clarifies that the bound (3.22) on the function ¢(¢) found in the EOM
approach is actually the condition for CP which must hold for each ¢t. The PP property thus
happens to coincide with CP. We can extend this result to resolve the question of divisibility.

Divisibility. First, in the two semigroup limits where g(¢) = g(o0) for ¢ > 0 [Egs. (3.18) and
(3.19)], the time-linear exponent in Eq. (3.36b) indeed implies a Markovian semigroup II(t) =
II(t — ¢)II(¢'). In all other cases, the dynamics is not a Markovian semigroup but we can
explicitly construct the divisor T1(t,t") to analyze the CP-divisibility condition. Analogous
to the EOM approach, it is obtained by setting g(¢) — g(¢,t') and adjusting the time interval
to [t,t'] in TI(¢) as given by Eq. (3.36b), see App. A.2.1 for the justification:

(L, ') = e~ L=+ 5t 2, Lng(tt))Ly (3.37)

Applying the same argument as in the discussion of the complete positivity of I1(¢) establishes
that the divisor is CP-TP if and only if |g(¢,¢)] < 1 for all ¢ > ¢ > 0, which we showed
earlier [Eq. (3.24)] to be equivalent to the bound |h(t)| < 1. If this condition fails to hold
[Eq. (3.25)] —as it does for a wide range of parameters in our model- the division of the
evolution is no longer physically meaningful in the sense described in Sec. 3.1. The dynamics
then exhibits ‘truly’ non-Markovian behavior which is neither semigroup- nor CP-divisible.

2One cannot apply the GKSL semigroup or CP-divisibility theorem (5.41) to the physical evolution because
neither theorem is conclusive for many model parameters, see Sec. 3.6.
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As a criterion, this is equivalent to Eq. (3.2) based on QMEs as we show in Sec. 3.6. However,
the single function g(¢,t") completely characterizes the explicit divisor I1(t,t') and its behavior
is explored in Sec. 3.7.

3.5 Kraus operator-sum representation

From the exact solution II(¢) in the form (3.16) or (3.36), we can construct the Kraus operator-
sum. This also reveals the CP restriction |g(¢)| < 1 just found in Sec. 3.4.2, but it furthermore
gives access to the effective environment and information measures quantifying the system-
environment interaction, see Sec. 2.1.3. The latter issue is clearly beyond the previously
discussed methods. Our exact expressions for the Kraus operators provide a benchmark for
approaches that aim at directly deriving them [32-34, 85, 137] in order to produce CP maps
even under approximations. For instance, the T' — oo limit of the result reported below can
also be obtained from the real-time formalism developed in Ch. 5 but in that framework it
remains unclear how finite-temperature contributions can be summed up directly, cf. Sec. 5.5.

The Kraus operator-sum follows from diagonalizing the Choi-operator (2.19) which is
explicitly carried out in App. A.3 to obtain a set of d> = 4 nonzero Kraus operators for
generic parameters €, u, I' and T

=Y ) Kkt)e K1)l (3.38a)

k=0,1n=+
Due to the block-diagonal structure of choi[lI(¢)], these four Kraus operators separate into
two groups k = {0,1} with (—1)* being their fermion parity.
For k = 0, we have

V) dd" + reietdid
! VATl

KD (t) = /X0(t) , (3.38D)

where both the Choi eigenvalues )\g(t) as well as the Choi eigenvectors determined by the
single function r(t) enter:

L4 e e T4 (31— e T g(0))2 (3.38¢)

) =
r(t) = e2! [%(1 — e M)g(t) +yfe T+ (31— e TOg ) . (3.38)

Note the separate dependence on the level position e: It drops out only in the spectrum of
p(t) which depends on the level detuning € = e — p through g¢(¢) [Eq. (3.14)]. The operators
Kg (t) evolve the system conditional on no net fermion transfer having occurred with the
n-index reflecting a nontrivial relative phase between an occupied and an unoccupied system.
As pointed out in Sec. 2.1.3, only a single Kraus operator Kg(()) = 0y,4 1 proportional to the
identity operator remains at the initial time.

For k = 1, the time-dependence of the Kraus operators enters only through )\}7 (t):

K (t) = /AL(t) dyy (3.38¢)
A1) = 5(1= e[ = ng(®)]. (3.38f)
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These operators correspond to a conditional evolution in which a fermion has been effectively
added to (n = +) or removed from (7 = —) the system up to the finite time ¢. In accordance
with this, both these Kraus operators initially vanish, K,/(0) = 0. Similarly, in the limit of
large detuning (|e| > T') where |g(t)| = |g(c0)| = 1 [Eq. (3.19)], tunneling into (¢ > 0) or out
of (e < 0) the system becomes impossible for all times. This is reflected by the vanishing of
two of the four Choi eigenvalues and their corresponding Kraus operators.

It is admittedly a disadvantage of the operator-sum (3.38) that represents the dynamics as
an intricate competition between exponentially decaying terms depending only on I' and the
nontrivial evolution of g(¢) depending on all parameters I', 7" and €. This is easier analyzed
using the spectral decomposition of II(¢) as obtained from the EOM in Sec. 3.7. Here, we
merely note that the eigenvectors of II(¢) are fully determined by sum-rules for the Kraus
operators —similar to the TP condition (2.20)— given in App. A.3. Clearly, the CP property
of the dynamical map II(¢) is easily inferred from the Choi eigenvalues )\,’;(t) > 0 and is
equivalent to |g(¢)| <1 [Eq. (3.22)], independently confirming the result of Sec. 3.4.2.

System density matriz. The key advantage is that the Kraus operators give access to
the spectra of both the system and effective environment state required for computing the
information measures introduced in Sec. 2.1.3. In case of the system, the spectrum is how-
ever also easily expressed in terms of the parity evolution (3.27b) which due to the parity-
superselection® fully determines the system state (3.26). Its eigenvalues,

Ag(t) = 5 [1+n((=1)" ()], (3.39)

are positive due to the CP condition |g(t)] < 1 [cf. Sec. 3.3.3] and enter into the binary
entropy S(p(t)) = — >, Ay(t)logy Ay (t) of the system.

Effective environment density matriz. The density matrix of the effective environment
can be constructed from Eq. (2.7): pEl(t)fﬁ’;f = TrSK,’;(t)p(O)KS,/(t)T, see App. C.1. Due to
parity-superselection [Sec. 3.2], the state decomposes into parity blocks and can therefore be
considered as the mixed state of a two-fermion? effective environment E':

PP (1)00 0

PE, (t) = 0 pE’ 1] (3.40)

These blocks are not independent: One finds that the effective environment factorizes for all
times t > 0 into two independent fermion modes, p* (t) = p® +(t) ® p™ ~(¢). The eigenvalues
of their states p A (t) for A = + read

AN (f) = % - 77\/[0(15) (=D 0)g@F - [1 - g(tc);])[i—f(—ﬂ)"(o))?] +ACED)™0) 9@ |

where the shorthand-notation c¢(t) := coth(I't/2) has been used. These reveal the generic
short- and long-time behavior discussed in Sec. 2.1.3: Initially AS/A(O) = 1149 =6+, Le.,
each mode is pure as it should be by construction. In the stationary limit, the factorization
(2.12) is recovered as one effective mode acquires the spectrum of p(0) and the other that of

3Within the spin formulation (3.5), the lack of parity-superselection complicates the structure of both system
and effective environment density matrices but leaves their positivity properties unaffected, cf. App. C.3.

4Since the effective environment has finite dimension 4, it can always be considered as consisting of two
qubits [57]. However, because the joint state is block-diagonal by the superselection property of the dynamics,
it is consistent to consider the environment as two fermions.
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p(0), see App. C.2 for details.

Information measures. Due to the factorization of the effective environment state, its
entropy is a sum S(p® (t)) = o S(pPAt)) = — DA ASIA(t) log, ASI/\(t) of binary entropies
of the two effective modes. This fact simplifies the coherent information I, [Eq. (2.8)] in
two interesting cases: For a pure initial system state [((—1)"(0)) = %1], the spectra of the
effective environment and the system generally coincide for all times, see Sec. 2.1.3. One
of the modes AE,’\(t) is then fixed to the pure initial system state p(0) with zero entropy
whereas the other has the spectrum of p(t). Consequently, the entropies of the effective
environment and the system match exactly, causing I.(t) = 0 as it should. This is different
for the pure stationary system state [g(co) = o0 = £1] obtained in the off-resonant semigroup
limit (3.19) with g(¢t) = 6(t)o, where one mode instantly acquires the pure spectrum of
p(00). The coherent information does not vanish in this case but reduces to the difference
I(t) = S(p(t)) — S(p'?(t)) of just two binary entropies because the other mode evolves
different from p(t). Remarkably, this other mode starts in the stationary system state and
converges to the initial system state p(0) as t — oo to reproduce the stationary factorization
(2.12). Finally, we note that the positivity of the coherent information mismatch (2.9) cannot
be understood by a cancellation of S(p(t)) with the entropy of one of these effective modes,
see Eq. (C.7) and Fig. 3.6. Its correct long-time limit 25(p(0)) [Eq. (2.10)] is however evident.

3.6 Exact quantum master equations

The exact dynamics in the form of Egs. (3.16), (3.36), or (3.38) is the solution of two different
quantum master equations. These are more suitable for formulating approximations and
discussing their impact [218].

3.6.1 Time-nonlocal QME (Nakajima-Zwanzig)

In the real-time approach of Sec. 3.4, it is natural to consider the time-nonlocal QME (1.7):

d t
G1(t) = —iLII(r) + / st — )L, (3.42a)
0
Here, the Liouvillian L = [5de, e|_ accounts for the uncoupled system whereas the

(Nakajima-Zwanzig) memory-kernel describes its interaction with the environment. This
QME is obtained from the Dyson equation (2.16) similarly to Eq. (3.36) by considering ir-
reducible contributions to the perturbation series, see App. A.2.2 for details. As before, the
time-local infinite-temperature result is separated from the time-nonlocal corrections of the
correlation function v [Eq. (3.34)] in the memory-kernel

S(s) = £ 3 [06s) = e~ 5(9)| £, (3.42b)
n

which is time-translationally invariant since it depends on the relative time s = ¢t — ¢ only.

Although clear from its solution (3.36), it is difficult to analyze the CP property of this
time-nonlocal QME because the GKSL theorem (3.2) only applies to the time-local form
discussed later on. In fact, the explicit structure of the memory kernel 3(s) ensuring CP
will be determined in Ch. 5. However, this structure is quite complicated and even here
not easily identified due to the finite-temperature effects introduced by v(s). In contrast,
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semigroup-divisibility is readily identified and corresponds to a time-local Keldysh corre-
lation function v(s) — 4&(s), which is only the case for the on-resonant [Eq. (3.18)] and
off-resonant [Eq. (3.19)] limits. A further distinction of CP-divisibility is not obvious outside
these semigroup-limits (0 < € < 00): The frequency-dependence of the Laplace-transform

Y(z) = /0 dte™' (t) Z 1+ zf Z U ( ;(;Txe)>

computed in App. A.2.2 does not seem to suggest any further qualitative difference, in par-
ticular, concerning the CP-divisibility property [Eq. (3.24)]. Thus, the time-nonlocal QME
is less suited for discussing the CP and CP-divisibility properties of the dynamics. Nev-
ertheless, the frequency-representation is a crucial starting point for advanced approxima-
tions [23, 35, 158, 165] because the Laplace variable z represents the physical energy.

L, (3.43)

3.6.2 Time-local QME (TCL)

The evolution is equivalently described by an exact time-local or time-convolutionless (TCL)
quantum master equation [110, 111, 206, 219, 220]

d

() = [—iL + STCL ()] TI(t). (3.44a)

In our case, we can directly construct the generator either by taking the time-derivative of
the exponential form (3.36b), by superfermion considerations [App. A.2.3], or by explicitly
inverting the EOM result (3.16) to calculate [%H(t)]ﬂ(t)_l [App. A.1.2]. Either way we find
that the time-local generator

ST = 5> [ —nh(t)] £, (3.44b)
n

is composed of constant GKSL superoperators with time-dependent coefficients involving
the function h(t) discussed earlier [Eq. (3.11)]. Different from the time-nonlocal QME, the
structure of (3.44) clearly distinguishes both types of Markovian evolution occurring in our
model: In the semigroup-divisible limits where h(t) = h(o0) is constant, the GKSL version of
Eq. (3.2) applies and we obtain the necessary and sufficient condition |h(co)| = |g(c0)| < 1
for CP in agreement with the real-time approach [Eq. (3.36)] and the time-nonlocal QME
discussed above. If h(t) is time-dependent, the CP-divisibility version of Eq. (3.2) requires
|h(t)] < 1 for all ¢ > 0 for the evolution to be CP-divisible, recovering the result from the
real-time approach [Sec. 3.4.2]. If |h(t)| > 1 for some ¢, the GKSL coefficients are temporarily
negative and we conclude that the evolution is not CP-divisible. In contrast to the real-time
solution (3.36), the latter does not make any general statement about CP.

Finally, we note that despite the simplicity of the model, solving the QME (3.44a) to
obtain the solution [Egs. (3.16), (3.36), or (3.38)] requires time-ordering since the time-
local generator (3.44b) does not commute [STCH(t), BTN (#)]_ # 0 with itself at different
times [169]. Nevertheless, the relation between the time-local generator and the time-nonlocal
memory-kernel involves no time-ordering but due to Eq. (3.11) a simple integration,

»TCE (1) = /0 ds ¥(s). (3.45a)
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This is remarkable in the light of the general relation
t
STCL(p) = / St — ¢TI (1), (3.45D)
0

The reason that both relations are valid for this model is not that X(s) is time-local —
which it is not— or that we approximated II(t) = II(¢') —which we did not. That Eq. (3.45)
indeed holds for this model, is easy to see in the real-time approach [App. A.2.3] and is also
confirmed by an explicit calculation [App. A.1.3] revealing that the superoperator identity
Y(t — HIL(HIT1(t) = B(t — t') holds for all ¢, t' even though II(¢")II~1(t) # .

3.6.3 (Born-)Markov approximate QMEs

We can now investigate the impact of some approximations formulated on the level of the
QMEs [108]. Based on the semigroup-divisible limits discussed in Sec. 3.3.2, we first discuss
an obvious approximation® obtained by setting h(t) ~ h(co) [Eq. (3.21)] which amounts to
replacing the generator in the time-local QME (3.44) by its exact stationary value:

ST (t) ~ 2T (00) = 5 [1 = nh(o0)] £, = B(i0T). (3.46)
n

The resulting approximate dynamics is governed by a GKSL equation with constant operators
and coefficients, the latter being automatically positive since |h(00)| = |g(o0)| < 1 [Eq. (3.23)].
The approximation (3.46) thus strictly respects both CP and TP.

By construction, the approximation reproduces the ezact stationary state [Sec. 3.7] which
is possible because (3.46) is nonperturbative in the parameters I', T, and ¢, in contrast to
the T'-linear Born-Markov approximation discussed below. Despite this, it does not capture
the interesting reentrant behavior discussed in Sec. 3.7 since the nontrivial time-dependence
of the functions 7(s), h(t) and g(¢) has been dropped. Only in the semigroup limits, close
to resonance (le] < T) and far off resonance (|e|] > T), also the transient dynamics is
exact. Whereas the first case forms the starting point for the renormalized perturbation
theory [Sec. 3.4] around the infinite-temperature limit, the second case relates to infinite-bias
approximations [223-229]. The approximation (3.46) may be called ‘Markov-only’ since we
obtain the same approximation in the time-nonlocal QME from an ‘exact coarse-graining’
procedure X(t —t') ~ %(i07) 6(t — t') where only the zero Laplace-frequency component z —
i0" of the ezact memory kernel (3.43) is retained. Note carefully that the zero-frequency and
long-time approximations relate to different objects which are not simply related by a time-
energy uncertainty relation: (z) is not the Laplace transform of XTCY(¢), note the upper
integration limit Eq. (3.45a). Also note that the approximation can as well be implemented
on the level of individual Kraus operators by replacing g(¢) — g(c0). An interesting open
question is how this can be effected in a direct microscopic calculation of Kraus operators [32—
34] at finite 7. Furthermore, the equivalence in Eq. (3.46) of the zero-frequency memory-
kernel ¥(i0%) and the stationary TCL generator T (c0) raises the question on which of
these objects a Markov approximation should in general be imposed, and we will further
comment on this issue in the final chapter 6.

5In the ‘initial slip’ approach [221, 222] one also replaces the time-local QME by another time-constant QME
which has the same stationary state as the original equation. To further improve this approximation one
additionally modifies the initial condition, see Ref. [108]. Importantly, a constant initial slip will never recover
the interesting reentrant behavior discussed in Sec. 3.7 because the dynamical map remains a semigroup.
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Finally, we note that the combined Born-Markov approximation recovers the well-known
Golden-Rule result ©T¢(00) = ¥(i0%) =~ T >, f(ne/T)Ly in GKSL form where f(z) =
[e”+1]~! is the Fermi function. For this, one additionally expands the time-local generator up
to linear order in I (Born) which implies a zeroth-order approximation for hA(c0) in Eq. (3.21):

h(co) = 2Imp (5 + 5257) = 1 — 2f(e/T). (3.47)

This approximation still respects TP as well as CP since |f(¢/T)| < 1 independent of T, i.e.,
even for I' values where it is inapplicable. In this respect, Born-Markov GKSL equations
may be deceptive as the CP-TP property does not indicate a good approximation. Including
higher order corrections changes this. Then, too large values of I' definitely lead to loss of CP
signaling an inconsistency in the calculation, which is a good thing. The presented expressions
can be used as a benchmark to study how systematic higher-order approximations [155, 156,
230, 231] in I' improve upon the Born-Markov results with respect to the CP, semigroup-
and CP-divisibility properties. We note that the real-time renormalization group [35, 158]
already obtains the exact solution for this model in the one-loop approximation [36, 232] and
is in fact equivalent [157] to our derivation in Sec. 3.4.

3.7 Impact on observable dynamics

We now combine the insights of all approaches to study the observable impact of the divis-
ibility criteria. We analyze in detail the time-evolution of the level occupation through the
parity ((—=1)"(¢)) = 1 — 2(n(t)) determining the system state and the information measures
introduced in Sec. 2.1.3.

3.7.1 Spectral decomposition

It is useful to start from the spectral decomposition (3.16b) obtained in the EOM approach
from a simple rearrangement of terms. In the parity-basis the dynamical map is diagonal,

(t) = ) k(@) [me(t)) (ar(t)], (3.48)

NE

k=1

with the right eigenvectors |mg(t)) (modes) and left eigenvectors (ag(t)| (amplitudes) to the
common eigenvalue T () as listed in Table 3.1. Explicit calculation shows that these eigen-
vectors are indeed properly normalized with respect to the Hilbert-Schmidt scalar product
(A|B) = TrgATB, cf. Sec. 2.3.1. Similarly, the time-local generator (3.44b) is diagonalized
[App. A.1.2] after converting to braket-form:

4
ST = SF ImfR (1) (af T ()] - (3.49)

k=1
Remarkably, the eigenvalues of the time-local generator are time-constant and related to
the evolution eigenvalues as Il (t) = eZECLt, a form suggestive of a Markovian semigroup
where time-ordering is not an issue, cf. Eq. (3.45a). Also, the evolution eigenvalues always
decay in time, irrespective of the restrictions imposed by CP [Eq. (3.22)] or CP-divisibility
[Eq. (3.24)]. These restrictions are thus entirely incorporated in the eigenvectors in Table 3.1.
In particular, only the first mode vector (k = 1) and last amplitude covector (k = 4) feature
a nontrivial time-dependence in terms of the functions g(¢) and h(t), which prevents the
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11(t)

k Amplitude Eigenvalue Mode
1 (1] 1 sHD) +g@) [(-1)") ]
% djy‘ 6(7;7]67%1—‘)15 Fd17>
4] 3[(=D)" - g(t) (1] e (="

STCL (1)
k Amplitude Eigenvalue Mode
1 (1] 0 s[ID) + ) (1)) ]
2 (dii‘ ine — 1 ﬁii,)
4| 5[((=0)" —ht) 1]] —T [(=1)")

Table 3.1: Time-dependent eigenvectors and eigenvalues of the evolution II(¢) and its
time-local generator Y TCL(¢). The mode-operators m;(t) and m] L (t) are trace-normalized
and positive if and only if |g(¢)| < 1 and |h(t)| < 1, respectively. The subsets k = 1,4 and
k = 2,3 of the eigenvectors do not correspond to the subsets of Kraus operators in Eq. (3.38).
Reprinted table (adapted) with permission from J. Chem. Phys. 151, 044101 (2019), see
Ref. [134]. Copyright 2019 by the American Institute of Physics.

generator Y TCL(¢) from commuting with itself at different times. As noted in Sec. 3.6.2 the
latter complicates the solution of the time-local QME and the corresponding summation of
the perturbation expansion. For the following discussion, we therefore focus on the nontrivial
dynamics of these modes.

3.7.2 Fixed point of II(t) — Reentrant states

The time-independent eigenvalue II;(¢) = 1 corresponds to a fized point II(t)|mi(t)) =
|mi(t)) at finite time t. Its existence is guaranteed by the trace preservation of the evo-
lution [Sec. 2.3.1] and should be clearly distinguished from the stationary state

p(00) = I1(20)p(0) = ma(o0), (3.50)

which is reached independently of the initial state p(0). The fixed point mq(t) is guaranteed
to be a physical state if the condition |g(¢)] < 1 holds, which is in agreement with general
fixed-point theorems, see Ch. 6. of Ref. [233]: These state first that any continuous PP-
TP map from the set of finite-dimensional density operators into that set has at least one
fixed point density operator. Second, this set of fixed points is linearly spanned by a finite
set of fixed-point density operators. In our case, the left and right eigen-supervectors for
eigenvalue II; = 1, are positive operators if |g(¢)] < 1 as mentioned in the caption of Table
3.1. Consequently, |g(¢)| > 1 excludes the map II(t) to be PP-TP and thereby also CP-TP
due to their coincidental equivalence in this model, see the discussion at the end of Sec. 3.3.3.

As we show below, preparing the system in such a state, p(0) = mq(¢") with some pa-
rameter t", will force the evolution II(¢) to exactly recover it at least once at time ¢ = ¢".
This distinct reentrant behavior cannot arise within semigroup limits or approximations and
is therefore an indicator for the loss of semigroup-divisible dynamics. In terms of particle
transport, it implies a reversal of the time-dependent particle current to the environment —a
pronounced effect that can equivalently be seen in the parity of the fermionic level given by
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Figure 3.3: (a) Reentrance (dot) of the parity ((—1)"(¢)) (red) at time ¢" for 2¢/m = 4T
and 77 = 10-T'/2. Asymptotically the parity approaches the function g(¢) (blue). Note that
the minimum implied by the reentrance occurs precisely when the parity crosses the function
h(t) (green), cf. Eq. (3.54). The reentrant behavior is not captured by the non-perturbative
‘Markov-only’ approximation (3.46) to the parity (red dashed). (b) Parity evolution for
different initial conditions and 2¢/m = 4T and 77 = 1073 - I'/2. When initialized in the
range [0, g(c0)) (gray shade) the parity shows reentrant behavior (red curve, dot). For a
fixed initial value, the reentrant time (green shade) scales as t' ~ /e with the level detuning
€ = £ — . In this window, the deviation from the leading exponential behavior e~'* (dashed
lines) sets in. For reentrant dynamics, this causes the parity to reverse while for non-reentrant
dynamics it speeds up the approach to the stationary state from below. Neither effect is
captured by the ‘Markov-only’ semigroup approximation (3.46) (not shown). Reprinted figure
(adapted) with permission from J. Chem. Phys. 151, 044101 (2019), see Ref. [134]. Copyright
2019 by the American Institute of Physics.

Eq. (3.27b) and repeated here for convenience:
(=1)" (1) = e " {(=1)"(0)) + (1 = e"")g(t). (3.51)

Fig. 3.3(a) illustrates that the parity (red curve) is dominated at short times ¢ ~ I'"!
by the exponentially decaying first term. This decay is however soon counteracted with the
nonlinear time-dependence introduced by g¢(t) (blue curve) in the second term which sets in
on an independent time-scale ¢ ~ /e determined by the level detuning e, cf. Eq. (3.20). As
shown in Fig. 3.3(b) for € > 0, their competition causes the parity evolution to display two
qualitatively different types of behavior depending on the initial parity value ((—1)™(0)):

(i) If the initial parity lies within the range of g(t), i.e., within [0, g(c0)) for € > 0 and
(9(0), 0] for € < 0, see the discussion after Eq. (3.14), one can find a parameter ¢* such
that ((—1)"(0)) = g(¢"). The evolution then revisits this parity value at ¢ = ¢ (red):

(=1)"(#)) = (=1)"(0)) = g(t"). (3.52)

In cases where g¢(t) is nonmonotonic, the parity may revisit the initial value several
times whenever g¢(t) revisits it (not shown). It is remarkable that the initial decay
with e~ (red dashed line in Fig. 3.3(b)) goes in the ‘wrong’ direction, away from the
stationary value. Thus, if the level is initially prepared as being ‘too empty’ relative to
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the stationary value, it first becomes significantly more empty before filling up again.
This behavior can be controlled with the level detuning e = e—p and the effects are most
pronounced in between the two Markovian semigroup limits: For |¢| < T, the range
of reentrant initial values (gray vertical range in Fig. 3.3(b)) shrinks because g(t) — 0
[Eq. (3.18)]. For |e| > T, instead the time-scale for revisiting the initial value (green
horizontal range) shrinks because g(t) — 6(t) [Eq. (3.19)]. The reentrant behavior at
low temperatures is most pronounced when |e| ~ T' > T, i.e., when p is positioned on
the flank of the I'-broadened resonance at . Note that even with all these parameters
fixed, the time-scale t* for reentrance still depends on the initial condition in the range
of g(t) and can thus be chosen independently.

(ii) No reentrance occurs if the initial value of ((—1)™(0)) lies outside the range of g(t). The
parity then decays to its stationary value g(co) either from above or below (gray curves
in Fig. 3.3(b)). The approach from above may still be nonmonotonic, in particular for
le| > T when the stationary state is nearly pure and ((—1)"(c0)) = |g(c0)| — 1.

3.7.3 Fixed point of XTCL(¢) — Local stationary states

The reentrant behavior of the parity implies by continuity that it must have gone through an
extremum (minimum) at some earlier time ¢t < ¢*. We thus turn to analyzing its time-local
behavior reflected by the derivative

F(=D)M) = ~T(=1)"(1)) — h(t)|, (3.53)

and more generally by the eigenvectors of the time-local generator ¥ TC(¢) which differ from
those of II(t) only by the replacement g(t) — h(t), see Table 3.1. The existence of a time-
dependent zero-mode |m{“%(t)) is implied by the trace-preservation. In contrast to |m(t)),
this mode is not a physical state unless |h(t)| < 1 holds at a fized time ¢t. Therefore, the parity

cannot have an extremum® at instants where |h(t)| > 1, irrespective of the initial parity.

We stress that the condition for an extremum at time ¢ is weaker than the CP-divisibility
criterion (3.24) demanding |h(t)| < 1 for all times t > 0 of the evolution. In this simple
system, CP-divisibility can be studied by families of occupation evolutions with varying initial
conditions: The evolution is CP-divisible, if this family reveals the existence of extrema in
any time-interval as shown in Fig. 3.4(a) by the corresponding transport current. The loss
of CP-divisibility is instead accompanied by the emergence of time-intervals without extrema
as shown in Fig. 3.4(b) for a lower temperature. Within the time-intervals where extrema do
occur, |h(t")] < 1, and the dynamical map factorizes as II(t) = II(¢,#)II(¢) into two CP-TP
maps [Eq. (3.37)]. It thus makes sense to denote the dynamics as locally CP-divisible at time
t'. Physically, this means the dynamics is still insensitive to reinitializing the environment but
only in restricted time-intervals which are observable quantifiers of non-semigroup dynamics.

Nature of extrema. Let us now focus on the nature of extremal points ¢¢ which occur when
the physical zero-mode is visited, p(t¢) = mT " (¢¢) during some evolution. At such points,
the evolution temporarily comes to a complete halt, %p(te) = 0, before speeding up again
towards the stationary state. As noticed above, this halting is equivalent to an extremum of

5This argument fails for more complicated systems where a single scalar observable is not sufficient to describe
the system density operator [Eq. (3.26)]: The physical zero-mode is only visited if all observables spanning
an orthonormal operator-basis are extremal at the same time.
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Figure 3.4: A family of parity evolutions is obtained by varying the initial conditions
((=1)™(0)) € [—1,1]. Plotted are the corresponding transport currents for 2¢/m = 4I'. (a)
At high temperature 77 = 20 - I'/2, we have CP-divisible evolution characterized by the
occurrence of current-reversals at any time. (b) At low temperature 77 = 1073 - I'/2, we
have non-CP-divisible evolution, as a current-reversal is prohibited in broad time-intervals
(red shade), irrespective of the initial condition. In the complementary intervals, the dynam-
ics is still locally CP-divisible, see discussion in the text. Reprinted figure (adapted) with
permission from J. Chem. Phys. 151, 044101 (2019), see Ref. [134]. Copyright 2019 by the
American Institute of Physics.

the parity and by Eq. (3.53) requires
(=1)"(t%)) = h(t%). (3.54)

In App. B.4, we show that for I'/2 > 7T, any fixed initial condition ((—1)"(0)) € [—1,1]
satisfies Eq. (3.54) for infinitely many times t°. This means that the parity keeps on oscillating
although with ever decreasing amplitude. For I'/2 < 7T, there exist initial parity conditions
which never satisfy the condition for any ¢ and their evolutions show no extrema at all.
However, there is always a range of initial parities that does satisfy it for some ¢ and it is in
this range that the reentrant behavior occurs.

The halting %p(te) = 0 does not imply that higher time-derivatives are zero at t® as it
does in the stationary limit. The curvature at an extremal point,

L0(t) = [FETOM)] p(°) = S(t°)p(1°), (3.55)

is determined due to Eq. (3.45a) by the memory-kernel of the time-nonlocal QME. Although
p(t®) = mTCE(t°) is never a zero eigenvector of ¥(°), the curvature may still vanish. This
happens at times tP where the memory-kernel (3.42b) itself vanishes

YP) =0 o =10 (=12, .. (3.56)
€

and coincides with the zeros of the correlation function (3.12). Since %h(t) = efgtfy(t)
[Eq. (3.11)], the function h(t) equivalently becomes extremal at the time tP. Thus, if the
parity ((—1)"(t)) crosses h(t) at one of its extremal points ¢P, its curvature

L ((~1)"(t)) = T [L((~1)"(t)) — Lh(t)] (3.57)
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Figure 3.5: (a) Local stationary state: The level occupation parity (red) can develop a
plateau (circle) when it crosses with h(t) (green) at t? = {7 /e [Eq. (3.56)] for any £ =1,2,.. ..
Here ¢ = 2 and we have taken low temperature 77" = 1073-T'/2 for which the curvature (3.57)
is negligibly small. The time-width of the plateau scales as e~ with the level-detuning since
€ = € — pu determines the inverse slope of v(¢P) [Eq. (3.12)], here 2¢/m = 2I". We note that the
value (3.57) is only exactly zero for a specific, much higher temperature where the dynamics
is very close to a featureless semigroup. (b) Local stationarity at reentrance: The reentrant
point (dot) of the parity (red) can coincide with a plateau (circle) only at one of the touching
points of g(t) (blue) and h(t) (green) located at the minima t? = ¢r/e for £ = 0,2,4,.. ..
These curves first touch exactly for I'/2 = 7T and are generic also for lower temperatures: It
requires very large level-detunings € to significantly pull the green curve below the blue one.
Here 2¢/m = 4T" and ¢ = 2. Reprinted figure (adapted) with permission from J. Chem. Phys.
151, 044101 (2019), see Ref. [134]. Copyright 2019 by the American Institute of Physics.

vanishes exactly. Moreover, around points where t¢ =~ P, the parity can also develop a
pronounced approzimate plateau as illustrated in Fig. 3.5(a). The state may be called locally
stationary close to such points.

Local stationarity at reentrance. As seen in Table 3.1, the eigenvectors of the evolution and
its time-local generator are in general different. However, there are special cases where they
coincide, namely at the crossing points t* of the functions g(t) and h(t). The initial condition
can thus be chosen as ((—1)"(0)) = g(t*) = h(t") = ((—1)™(¢")) such that the reentrant point
[Eq. (3.52)] is also an extremum (" = t°). This is always possible for I'/2 > 7T, where the
reentrant point is either a maximum or a minimum. For I'/2 = 7T it is instead a saddle
point [App. B.4] and the parity shows a plateau at the reentrant point (¢* = ¢P). The system
then not only recovers the initial state but even becomes locally stationary at reentrance as
is illustrated in Fig. 3.5(b). For I'/2 < #T such a situation can never arise.

3.7.4 Information measures

Above we have distinguished the initial from the reentrant state by following the time-
evolution between ¢ = 0 and ¢t = t'. If one instead measures the system only at these
two times, one cannot distinguish these states. Information measures [Sec. 2.1.3] do allow for
such a distinction and furthermore quantify the system’s backaction on its environment.

In Fig. 3.6 we plot the respective entropies of the system and the effective environment
for the three different initially mixed states of Fig. 3.3(b). For zero initial parity (green), the
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Figure 3.6: (a) System entropy for the middle three parity evolutions of Fig. 3.3(b) (same
color coding). The system entropies may initially differ (mixture of preparation) but con-
verge to the same stationary value. For the reentrant dynamics (red), we compare with the
‘Markov-only’ approximation (3.46) (light red). (b) The corresponding effective environment
entropies are initially the same (by purification) but converge to different stationary values
(backaction on the effective environment). (c¢) Decomposition of (b) into entropies of the effec-
tive environment modes, S(p® (t)) = Do S(p¥'A(t)), see Eq. (3.41). One mode (solid, A = +)
captures the smooth large variations while the other (dashed, A\ = —) adds smaller oscillatory
behavior. Consistent with Eq. (2.12), the former mode converges to the spectrum of p(oo)
and the latter to that of p(0). (d) Coherent-information mismatch [Eq. (2.9)]. In this quan-
tity the ‘Markov-only’ approximation deviates only very little. Reprinted figure (adapted)
with permission from J. Chem. Phys. 151, 044101 (2019), see Ref. [134]. Copyright 2019 by
the American Institute of Physics.

system entropy in Fig. 3.6(a) decreases from its maximal value. For the evolution without
reentrance (blue), the system entropy first increases until it reaches the maximal entropy
state of one bit before decreasing again. In this case, the nonmonotonic behavior is solely
due to the fact that the system entropy cannot distinguish the sign of the parity which has
to pass through zero to reach the stationary value of opposite sign. Because of the fermionic
superselection, this reversal can only be achieved via the maximal entropy state, i.e., the
corresponding Bloch vector must shrink to zero in order to reverse, and is also captured by
the ‘Markov-only’ semigroup approximation (not shown). This behavior should be clearly
distinguished from the reentrant dynamics (red) where the system entropy also increases
initially but never reaches the maximal value: The system initially evolves in the ‘wrong’
direction before turning around towards the stationary state —a behavior not present in the
‘Markov-only’ approximation (light red).

The effective environment entropy in Fig. 3.6(b) also depends on the initial system state.
Unlike the system entropy this dependence remains in the stationary limit where it converges
to S(p(0)) [Eq. (2.12), Sec. 2.1.3]. At large times it therefore does not distinguish between
the reentrant and non-reentrant evolutions starting from opposite parity signs (blue and red
curves merge at large times). However, at short times it distinguishes these particularly
clearly: The reentrant and non-reentrant evolutions have a distinct backaction, the former
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having a smaller —but still sizable— entropy footprint in the effective environment. This shows
that the state of the environment is definitely different at the reentrant point ¢* although the
system state is recovered exactly. The splitting between the blue and red curves does not arise
in the t-linear regime where both evolutions speed towards the maximally mixed state and
their effective-environment entropies still coincide. They only split up when the nonlinearity
caused by g¢(t) kicks in which is precisely what distinguishes the two parity evolutions in
Fig. 3.3(b): It is responsible for the reversal of the parity evolution in the reentrant case, and
its speed-up in the non-reentrant one.

The contributions of the individual effective environment modes pEI’\(t) discussed at the
end of Sec. 3.5 are shown in Fig. 3.6(c). Remarkably, these modes separate the oscillatory
behavior of the effective environment entropy (pE/_, dashed curves) from the dominant evolu-
tion (pE/Jr, solid curves). The ‘Markov-only’” approximation (light red) significantly deviates
from the former but nearly perfectly reproduces the latter.

Finally, in Fig. 3.6(d) we show the corresponding coherent-information mismatch
S(p(0)) — I.(t). Its dominating increase underscores that the initial entanglement with the
auxiliary system Pg, involved in the preparation of the mixture p(0) [Sec. 2.1.3], is continu-
ously being converted into entanglement with the effective environment E’ until all entangle-
ment is broken in the stationary state, cf. Fig. 2.3. This happens irrespective of the reentrant
behavior of the level occupation and the corresponding reversals of the particle current. The
curves in Fig. 3.6(d) evolve in groups split according to whether the magnitude of the initial
parity is small (green) or large (blue, red). The sign of the initial parity —decisive for the oc-
currance of reentrant behavior— causes only a small splitting (blue, red). One further notices
that modulations on the timescale /e —clearly present in the individual entropies— are absent
in the (mismatch of the) coherent information. This highlights a m-phase-shift between the
modulations of the two entropies which may be easily overlooked in Fig. 3.6(a) and (b). In
fact, only in the limit of large detuning e > I'/2 > 7T, one can find nonmonotonic behavior
on time-scales where the stationary state is far from reached. Still, both S(p(t)) and S(p™ (t))
show oscillations in this case long after the oscillations in I.(t) have died out.

3.8 Summary

We addressed a number of recent questions regarding open quantum systems by considering
the exact analytic solution of a resonant level with arbitrary coupling I' to a thermal reservoir
at arbitrary temperature T'. Our analysis relied on different approaches to the exact dynamics
which provided complementary insights to overcome the fundamental CP-TP duality outlined
in Sec. 2.3.1. In particular, the Kraus operator-sum enabled an exact analysis in terms of a
strongly correlated system of one fermion coupled to an effective two-fermion environment.
The presented exact expressions may also prove useful as benchmarks, in particular for general
methods that aim at directly computing Kraus operators for open quantum systems in novel
CP approximations [32-34, 85, 137]. This idea will be further pursued in Ch. 5.

To evaluate the impact of approximations, it proved useful to also discuss two exact quan-
tum master equations for the same dynamics, one time-local and one time-nonlocal. Notably,
we found an example of a ‘Markov-only’ semigroup approximation that is non-perturbative
in all parameters, yet simultaneously completely positive (CP) and trace-preserving (TP).
The fact that this approximation relies only on the exact value of stationary occupation
(n(o0)) = %[1 — g(o0)] may be relevant for TD-DFT approaches to interacting open sys-
tems [234] based on a mapping to the noninteracting limit studied here.
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Despite its simplicity, this model displays both semigroup- and CP-divisible behavior as
well as dynamics that is neither of these, i.e., truly non-Markovian. Physical parameters
allow one to tune between these three regimes, in particular the level-detuning ¢ and the
competition between thermal (7') and quantum fluctuations (I'). We explored how these
distinctions are reflected in the transient dynamics of the level occupation when varying the
initial condition. We found that the loss of semigroup-divisibility is the most pronounced
distinction, see also the recent discussion in Ref. [96]. Counter to intuition, the system
occupation may temporarily increase significantly in order to reach a stationary state with
smaller occupation. This measurable behavior occurs for a wide range of parameters and
a finite, sharp range of initial conditions. It derives from the time-dependent fixed point of
the dynamical map: For semigroup dynamics, this continuous family of fixed points collapses
onto the stationary state but is clearly distinct in the other two regimes.

We also found that the occupation dynamics can come to a halt at several extrema before
continuing towards the unique global stationary state. For I'/2 > #«T', this generically happens
irrespective of the initial state, whereas in the opposite case a definite window of initial states
is required. Additionally, the extrema can turn into locally stationary states where even the
evolution curvature is strongly suppressed. From this analysis, we found that CP-divisibility
can be observed in this system by studying families of occupation measurements with varying
initial conditions: Whereas the loss of semigroup-divisibility is accompanied by the appearance
of extrema in such families, the loss of CP-divisibility is instead associated with the loss of
extrema. The dynamics may however still be locally CP-divisible in definite time-windows —a
distinction that allows for a more fine-grained characterization of non-Markovianity. Thus,
CP-divisibility provides an interesting quantitative guide to the more subtle features of the
dynamics beyond the semigroup limit.
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4| Periodic driving within
the Markovian limit

In this chapter the rationale of the previous investigation is inverted: Instead of considering
the non-Markovian dynamics of an ezxactly solvable model, we now turn to the well-known
Markovian approximation encountered in many quantum-optical setups and investigate the
effect of periodic driving on the open system’s dynamics. The periodic modulation of param-
eters causes the dynamics to lag behind the instantaneous, fixed-parameter evolution, and
generates non-Markovian memory-effects in the sense that the dynamics becomes CP-divisible
within this originally semigroup-divisible Markovian setting.

We focus on periodic modulation protocols for driven-dissipative systems coupled to a
transmission line (and more generally, to a reservoir) where the dissipation rates ;(t) of the
explicitly time-dependent GKSL quantum master equation (1.6) are temporarily suppressed.
As mentioned in the introduction, such a suppression of the so-called Liouvillian dissipation
gap is a decisive feature of systems undergoing driven-dissipative phase transitions, e.g., in the
open Rabi model [235], which give rise to interesting long-lived metastable [236] and periodic
steady states. Later in Sec. 4.6, we will investigate the Kerr nonlinearity model, which has
already been solved analytically in the time-independent stationary case by Drummond and
Walls [237] and recently experienced a revival of interest in the driven setting in theoretical
studies [30, 238-240] as well as experimentally. For example, the bistable behavior of Kerr
nonlinearities has been experimentally exploited to confine the manifold of available states
in superconducting qubits to coherent states under special two-photon driving schemes [43].

From a methodical point of view, numerically accessing such metastable and periodic
steady states is notoriously unstable and time-consuming due to the fact that the differen-
tial equations governing the dynamics have to be integrated over long periods of time. To
overcome this issue, we reformulate the generic time-local quantum master equation (QME)
using Floquet’s theorem such that integration over a single period of driving is sufficient for
calculating the exact periodic steady state. On this basis we also provide a systematic expan-
sion in both the adiabatic and high-frequency regime. Importantly, the method applies to any
time-local QME with a periodic-in-time generator, not only to the GKSL equation consid-
ered in the applications of this chapter. Applied to our prolem, we show how memory-effects
manifest themselves in a nonadiabatic behavior of system-observables even for relatively slow
driving frequencies.

Publications and acknowledgments. This chapter and the accompanying App. D (including
the adapted figures) have been published in V. Reimer, K. G. L. Pedersen, N. Tanger, M. Pletyukhov,
and V. Gritsev, Physical Review A 97, 043851 (2018) [Copyright 2018 by the American Physical
Society], see Ref. [135]. The steady-state formalism has been developed by M. Pletyukhov and K. G.
L. Pedersen while its numerical implementation was performed by V. Reimer. We acknowledge useful
discussions with D. Krimer concerning this numerical implementation and with M. R. Wegewijs on
issues surrounding the adiabatic expansion.
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4.1 Introduction

Classical Floquet theory [241] gave long-standing inspiration for studies of a variety of time-
periodic processes in nature and has found a huge domain of applicability in fields rang-
ing from dynamical system’s theory to technology. In quantum mechanics, Bloch’s theo-
rem for crystals [242] represents the momentum-space analog of Floquet’s seminal work,
while in the time domain the concept of quasienergy was introduced only in the 1960s by
Zel’dovich [243]. Periodic time-dependent processes are natural in quantum optics where the
input laser field provides a fast periodic driving of the system. To the best of our knowledge,
it was Shirley [244] who first applied a Floquet formalism in quantum optics. He clarified the
connection between a semiclassical external field drive and its strong, quantized, resonant
single-mode field counterpart applied to an N-level atom based on general considerations
using Floquet’s theorem. Various extensions of this work, which focused on the semiclas-
sical picture suggested by the strong-intensity nature of laser fields, have been reviewed
in Refs. [245-247]. In the quantum regime, studies of periodically driven-dissipative (open)
quantum systems have led to a whole new class of physics inaccessible in equilibrium systems.
Most of the earlier developments are reviewed in Refs. [28, 248], including the paradigmatic
two-level systems, tunneling problems and spin-boson models. More recent examples with the
earlier mentioned potential for technological applications cover the emergence of topological
phases —the so-called Floquet topological insulators [52]— nonthermal steady states exhibiting
localization [249] and artificial gauge systems [250].

A particularly useful approach for studying driven-dissipative systems is the so-called
Floquet-Liouville approach [251] which reduces to a GKSL master equation (1.5) under the
Markov approximation [252]. We note that there is a subtlety concerning different proce-
dures of performing the Markovian approximation. In general, the Markovian approximation
for the eigenenergy spectrum performed on the level of the undriven Hamiltonian differs
from performing it on the level of the driven Floquet quasienergy spectrum. Applications
of such approaches, which have been shown to capture some interesting features of periodi-
cally driven-dissipative quantum systems, range from transport problems such as electronic
pumping [50] to dynamical decoupling schemes for qubit control [253]; see also Ref. [29] for
a review. However, due to the large separation of system and driving time scales —a regime
where the Markovian approximation is very well valid— it has been most widely applied in
the context of quantum optics; see, e.g., Refs. [254-261].

Analytical investigations employing the Floquet-Liouville approach are in practice re-
stricted to either adiabatic or high-frequency limits, and only for few problems [262, 263] it is
feasible to derive closed systems of equations. Whereas for closed systems the high-frequency
Magnus expansion is typically —and successfully— used [264], the complex eigenenergies char-
acteristic for open systems prohibit any truncation of the Magnus series because it typically
yields exponentially increasing (i.e., unphysical) terms. On the other hand, an adiabatic ap-
proximation may be invalid even for slow driving frequencies if the effective dissipation rate
is (temporarily) suppressed. This will be the case for models discussed in this chapter and we
show that nonadiabatic effects become prominent even when the modulation is slow compared
with bare dissipation rates. Here, we establish a general framework for studying the periodic
steady state in the long-time regime of periodically driven-dissipative quantum systems that
is capable of systematically addressing both slow and fast modulations. It extends the previ-
ously developed scattering formalism [265], allowing us to capture multiphoton processes via
the equation of motion approach. The latter is designed in such a way that an integration
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Figure 4.1: Driven-dissipative waveguide model: A local system is coupled to a transmis-
sion line supporting left- and right-propagating modes. Either the system’s parameters or
its coupling to the transmission line is periodically modulated. The input pulse into the
transmission line is given by a coherent state |¥) in the right-propagating mode wp. The
pulse’s intensity is characterized by the photonic flux f. Reprinted figure with permission
from Phys. Rev. A 97, 043851 (2018), see Ref. [135]. Copyright 2018 by the American
Physical Society.

is required over a single period of modulation only. The adiabatic and high-frequency lim-
its can therefore be efficiently benchmarked against exact numerical results. We apply our
framework to investigate nonadiabatic effects which in general arise due to a nearly vanishing
Liouvillian gap and can appear useful for implementing adiabatic quantum computation with
superconducting qubits [266], and various dynamical decoupling schemes [267].

The chapter is organized as follows. First, the generic quantum-optical setup of driven-
dissipative systems is introduced in Sec. 4.2. In Sec. 4.3 we then develop the steady state
formalism which is applied to three quantum optical systems exhibiting a critical suppression
of the smallest dissipation rate. In Sec. 4.4, a two-level system with a periodically driven
coupling to the transmission line is considered. This model exhibits the striking feature
of alternating in time between bunching and antibunching statistical behavior of reflected
photons. In Sec. 4.5 we show that similar nonadiabatic effects can be realized with a three-
level A-system when the drive field intensity is periodically modulated. Finally, in section 4.6
we consider the Kerr-nonlinearity model where the system’s response to changing parameters
across the region of the dissipative phase transition is studied. There, the emergence of the
hysteretic behavior recently predicted [240] and experimentally observed [30] is of interest.

4.2 Driven-dissipative waveguide models

The models considered within this chapter all share the notion of a quantum system described
by the local Hamiltonian H,(t) which is driven via a coupled transmission line, or waveguide,
by a coherent pulse |¥() characterized in terms of the photonic flux f, as shown in Fig. 4.1.
The whole setup is described by the Hamiltonian

H(t) = Hy(t) + Hy + Hc(t), (4.1)
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with the waveguide contribution Hy,, =Y, [ dw(wo + w)a&waaw written in terms of left- and
a right-propagating fields labeled by mode (w) and direction (o = L, R) indices. We either
assume a time-dependent coupling strength! g(t) in the coupling Hamiltonian

Z/ {\[ al,, 0+ h.c } (4.2)

where O is some operator of the local system, or a periodic modulation of some parameters
of the local quantum system Hamiltonian H,(t) itself.

The form of H,, implies the general assumption that the dispersion of the transmission
line can be linearized around a working frequency wy, such that wy = v(k — ko) + wo, where v
is the group velocity. For convenience, we employ units in which v = A = 1 holds. Extending
the linearized dispersion to the full spectrum is known as the wideband approximation and
is valid if the working frequency wy is large compared with all other energy scales, including
the driving frequency, wg > (), and nearly resonant with a transition in the local system
described by the operator O. Note that this also falls in line with neglecting counter-rotating
terms in the rotating wave approximation (RWA) leading to the coupling Hamiltonian (4.2)
and effectively constitutes the Markovian limit which holds even in the case of time-periodic
modulation as is shown in App. D. Time dynamics of the system’s reduced density matrix is
then governed by the GKSL master equation

& plt) = i [Hea(t), (1)) + 7(1YD 0] p(1), (130)

with a time-dependent dissipation rate v(t) = m|g(t)|?, and

Hen(t) = Hy(t) + /7 fg(t)O + /7 fg*( (4.3b)

DIO]o(t) = o,o<t>oT — S010p(t) ~ L plt >0To (4.30

4.3 Periodic steady-state formalism

The aim of this section is to set up a formalism, which allows us to directly access the periodic
steady-state solution of Eq. (4.3) in the long-time limit by using Floquet’s theorem in the
time representation. Traditionally (see, e.g., Ref. [236], for a recent application), Floquet’s
theorem is employed to get rid of an explicit time dependence of periodic Hamiltonians or
Liouvillians by switching to the Fourier representation. The problem is thereby reduced to
a static eigenvalue problem for the so-called Floquet quasienergies and modes in an enlarged
Hilbert space. While this procedure is in principle always possible, it introduces certain
difficulties for practical numerical calculations, since it necessitates a truncation of the infinite
number of Floquet modes. This is especially perilous if an additional cut-off, e.g., in the Fock
basis, is required, such as, for example, in the case of the Kerr nonlinearity model considered
in Sec. 4.6. For this reason, we prefer a formulation in terms of differential equations for
periodic steady states which can be solved on a single period of modulation.

!The coupling strength g(t) used in this chapter should not be confused with the function g(t) of Ch. 3.
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The starting point of our consideration is the generic time-local QME,

9 p(t) = ~iL(1)p(1), (44)

for the reduced density operator p(t) of the local system generated by some periodic-in-
time Liouvillian superoperator L(t), generalizing the one in Eq. (4.3). In spite of the
time-dependence, it must have a zero eigenvalue, as dictated by the trace-preservation, cf.
Sec. 2.3.1. It is convenient to explicitly split off the corresponding zero-eigenmode of L(t).
To do so, we fix some matrix representation of p(¢) and express the occupation probability of
the ground state by poo(t) =1 — Zf\sl pii(t), where N is the number of states in the system.
In the vectorized form, i.e., by restacking the columns of the matrix representation of p(t)
into an N2-dimensional vector (pgo,5)”, the master equation (4.4) turns into

i) - L] 45)

—iLoo(t) CT(t)

dt ct)  —iL(t)

As a result, all information has been encoded in the (N2 — 1)-dimensional state vector p(t)
governed by the differential equation

— —

—i(t) = [-C(t) ® ET —iL(1)|p(t) + C(t) = A@)(t) + C(8), (4.6)

where E consists of ones (zeros) in the positions of the diagonal (off-diagonal) elements of 7.

For a time-independent Liouvillian, Eq. (4.6) allows for a direct calculation of the true
stationary state ps = —A~1C. In the case of a time-periodic driving, time translational
invariance is lost even in the long-time limit and the time-periodic steady state pps(t) will
essentially follow the persistent external modulation after some transient time regime in which
the influence of the initial state gradually decays. We are interested in this long-time limit
and take the initial time {0 = —MyT — —oo to be in the far past, where we assume without
loss of generality that it is back by a large integer multiple My > 1 of the driving period T'.
The split structure of Eq. (4.6) is reflected in the ansatz

p(t) = lim O(t)p(to) + Pps(t) (4.7)

to——o0
which gives a clear physical interpretation of the appearing vectors and matrices.

The matrix O(t) describes the gradual decay of the initial conditions in the far past and
is solely governed by the periodic matrix A(t),
d
ﬁO(t) = A(t)O(t), 0(0) = 1. (4.8)
Note that the reference time has been shifted from ¢y to zero which is possible here due to
the periodic nature of A(t). According to Floquet’s theorem, the solution of this differential
equation can be represented as

O(t) = P(t)eB, (4.9)

where P(t) = P(t+T) is a periodic matrix function with the initial condition P(0) = 1. The
constant matrix B, which is obtained from the monodromy matrix O(T) = P(T)eP? = BT
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has eigenvalues with negative real parts such that lim;_,~, O(¢) = 0 holds, and all information
about initial conditions in Eq. (4.7) is lost as required.

After the initial conditions have fully decayed, only the periodic steady-state vector pps(t)
remains. It is governed by the differential equation

d . = S

aPPS(t) = A(t)pps(t) + C(t), tog@oo Pps(to) = 0, (4.10)
where unlike in the case of O(t) the reference time ¢y remains unaltered to account for the
fact that we are interested in the long-time limit. The differential equation (4.10) can be
formally integrated to

t

Fu(t) = O(1) / oL ()G, (4.11)

—oo
The periodicity of this solution is straightforwardly seen from Eq. (4.9) and the periodicity
of P(t) and C(t), and therefore it is sufficient to study its behavior on the finite interval
7. € [0,T]. To further evaluate Eq. (4.11), we first split the integration range into two
intervals [—o0, 0] and [0, 7¢],

0 —
ﬁpS(TC) = O(7e) /_ dt/O_l(t/)C(t/) + c(7e), (4.12a)
where
(re) = O(e) / " d'O0~ ()T (') (4.12b)
0

is defined in analogy with Eq. (4.11) with the reference time shifted to zero. We note that
instead of inverting the large matrix O(t) appearing in Eq. (4.12b), it is more favourable to
instead numerically solve the differential equation

d . 5 -

%c(t) = A(t)c(t) + C(t), é0) = 0. (4.13)
Next, the interval [—oo,0] is split into an infinite number of intervals [—(n + 1)T, —nT],
n € Np. Using the periodicity of P(t), we represent the first term of Eq. (4.12a) by a
geometric progression with the factor e?7. Resumming it, we obtain

Pos(1e) = O(1e) (1 — O(T) AT + (7). (4.14)

Thus, to evaluate pps(t), it is sufficient to solve the set of equations (4.8) and (4.13) on the
finite interval 0 < 7. < T'. In fact, the solution (4.14) obeys the differential equation (4.10)
with periodic boundary conditions rather than the initial condition therein.

4.3.1 Adiabatic expansion

In the adiabatic limit, the external driving of parameters is sufficiently slow such that the
state can instantaneously adapt to its new environment, pps(t) &~ —A~1(t)C(t) = pinst(t). To
consistently compute adiabatic corrections to the instantaneous solution pinst(t), we insert
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the relation O~1(t) = —2[0~1(t)]A~1(¢) into Eq. (4.11). Integrating it by parts we obtain

t

ﬁps(t) = Pinst (t) - O(t)/ dt,O_l(t/)%pinst (t/)' (415)

—00

Iterating this procedure leads to a geometric series that can be resummed to

1 L L _ o
4 Pinst (t) ~ Pinst (t) + A 1(t)%pinst (t) (416)

Pps(t) = m

We note that convergence of this series relies on some sort of an adiabaticity condition. If
such a condition is violated or generally not provided, the expansion (4.16) breaks down.

4.3.2 High-frequency expansion

The Magnus expansion is frequently used for analyzing high-frequency processes in driven
quantum optical systems. Note, however, that it is originally designed for applications in
closed systems where the evolution is unitary. For driven-dissipative systems with Liouvillian
dynamics, it often produces —according to our experience— exponentially growing, unphysical
terms already in the first order of expansion. Instead of the Magnus expansion, we perform a
straightforward high-frequency expansion of the master equation (4.6) in the following way:
Since in the long-time limit A(t), C(t), and j(t) are all periodic functions of time, let us
explicitly split off the constant zero-frequency component for each of these objects:

o~ —_ 1 /T
X(t)=X + X(1), X—T/O dt' X (t). (4.17)

Here X (t) is a periodic function with zero time average. Then, omitting the vector notation
in the following, we rewrite the master equation (4.6), which must also hold in the long-time
limit with periodic boundary conditions, as

%ﬁ(t) = (Z + E(t)) P+ (E + E(t)) p(t)+C +C(t). (4.18)

The constant average p can be expressed in terms of the periodic part p if one integrates
Eq. (4.18) over one period,

N e
=-A" <C + T/ dt’A(t’)p(t’)) : (4.19)
0
Now, we expand p(t) in powers of the inverse modulation frequency Q = 27/T"
o o0
1 1
— — 4.2
"= 2o 1=l (420
The hierarchy of differential equations resulting from this ansatz,

C‘Zt“ﬂ)(t) A)p +C(), (4.21a)
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d n A4\ =(n— A — A n—
=) = AWp D + AV (1) + AW ()

1T
-7 / d'AYP VY n>2 (4.21b)
0

can be iteratively solved as follows. First, we extract from Eq. (4.19) the leading order of the
expansion for the constant average

p0 = _—A71C, (4.22)

with which we can formally solve Eq. (4.21a):

() = — (/Otdt’ﬁ(t’) - ;,/OTdt /Otdt’l(t’)> ATIC + /Otdt’é(t’) - % /OTdt /Otdt’é(t’).
(4.23)

Knowing p(!)(t), we can then also extract (1) from Eq. (4.19):

T ~
p =271 [ arApe), (4.24)
0

The higher-order contributions are obtained by an analogous iterative procedure.

4.4 Driven two-level system

We first apply the Floquet formalism developed above to a setup in which the local quantum
system has two levels (a qubit) and the coupling to the transmission line is periodically
modulated. This setup has recently been discussed in the regime of weak intensities f < v of
the coherent input pulse using Floquet scattering theory [265]. The present approach allows
us to extend these results to larger input powers f > ~.

The Hamiltonian (4.1) of this system is specified by Hs(t) = weoyo_ and O = o_. Going
to the co-rotating frame, we find that the master equation (4.6) for the reduced state-vector
p(t) — 5(t) = (5(t)) = [(6.(1)), (5_(1)), (1 + 0.(t))]" uses the matrix

—i6 —(t)/2 0 —iV/T fg(t)
A(t) = 0 i —~(t))2 ivafe(t) |, (4.25a)
=2i/mfg*(t) 2ivmfg(t)  —~(t)

and the vector

. T

C(t) = [iv/rFg(t), —iv/mfg"(1).0] - (4.25b)
Here we introduced the detuning parameter § = wo—w, as well as (54 (t)) = (o (t))eFwolt=to),
Importantly, in a broad range of f, the smallest dissipation rate is solely determined by the
coupling strength ¢(¢), and temporarily quenching ¢(f) — 0 will cause a critical slowing
down of the system’s Liouvillian dynamics. We exploit this property to design a modulation
protocol aiming to achieve time-intervals where the modulation frequency Q = 27 /T exceeds
the scale set by the smallest dissipation rate, > ~yin(t). Within these time intervals, we
expect the system’s response to be nonadiabatic such that the expansion (4.16) breaks down.
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Figure 4.2: Reflection off the qubit on resonance, § = 0, for the time-modulated coupling
g(t) = gocosQt with (a) slow Q = 0.1y and (b) fast Q = 10y modulation frequencies, in
units of v = wg2. (a) The adiabatic approximation (dashed line) obtained from Eq. (4.16)
deviates from the numerical solution in the vicinities of time instants when the coupling is
quenched. For all values of f, the reflection is suppressed at these points. At large f, the
reflection is completely suppressed because of the qubit’s saturation. (b) The high-frequency
modulation suppresses the reflection for any input power f. The numerical result (solid lines)
is well approximated by the high-frequency result (dashed line) obtained from Eqs. (4.22)-
(4.24). Reprinted figure (adapted) with permission from Phys. Rev. A 97, 043851 (2018),
see Ref. [135]. Copyright 2018 by the American Physical Society.

4.4.1 Reflection and transmission

Applying the standard input-output relations (cf. App. D), we find that the reflection and
transmission amplitudes solely depend on the second component of the vector 5(t):

_<aL0ut(t)> . [T s a
Rt = T — iy Lol (4.260)

T(t) = %’; 01‘:((:)); =14+7R(). (4.26b)

The numerically obtained reflection |R|?(7.) in the periodic steady state with a cosinusoidal
modulation of ¢(t) is shown in Fig. 4.2 for different input powers f on a single period T.
The results for weak input powers are equivalent to those obtained by the Floquet scattering
approach in Ref. [265]. This is confirmed analytically by perturbatively evaluating Eq. (4.11)
in the weak power limit f < | — d|. Doing so, we obtain

t
Sps,2(t) = —i\/ﬂfeF(t)/ dt'e” ™) g* (1), (4.27)

with F (¢ fo dt'[y(t")—i0(t')] and reproduce the reflection amplitude in Eq. (34) of Ref. [265].

We note that, for the modulation protocol g(t) = gg cos Qt, where the coupling periodi-
cally switches its sign, the period of the steady-state reflection (shown in Fig. 4.2) is exactly
half of the modulation period T'. Moreover, reflection goes to zero not only at the quench
times when ¢(t) = 0 but also at some intermediate times. While this feature has already been
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noticed previously in Ref. [265] for weak input powers, we now see that this also persists with
increasing f. These are first indications of a memory-effect in this Markovian setup which
will become more pronounced later on in Sec. 4.4.3 when looking at the photon-statistics.
Remarkably, the adiabaticity is violated around the quench points even at sufficiently slow
modulation, as one can conclude in Fig. 4.2(a) from the comparison of the numerical solution
(solid line) for f = v = wg3 with the corresponding adiabatic approximation of Sec. 4.3.1
(dashed line). In the beginning (7. ~ 0), in the middle (7, ~ 7/2), and in the end (7. = T')
of the modulation period, the instantaneous relaxation rate «(t) is larger than €, and the
adiabatic approximation approaches the numerical result. The overall decrease of the reflec-
tion with increasing f is naturally associated with the qubit’s saturation. In contrast to the
adiabatic approximation, the high-frequency approximation at fast modulations, introduced
in Sec. 4.3.2, is most accurate in the vicinities of the quench points, as follows from its com-
parison (dashed line) with the numerical solution (solid lines) in Fig. 4.2(b). In general, fast
modulation tends to suppress the reflection for any value of the input power f.

4.4.2 Power spectrum

The power spectrum is related to the correlation function of outgoing photons

g (7, 70) = <ag7out(fc + Daaout(Te)) = 00,107 fR*(Te + T)R(7e) (4.284)
+ (5a7Rei“’°Tf7'* (te +7)T (7c) (4.28Db)
+ einTﬂg* (te + 7)9(70)G1 (T, 70), (4.28¢)

where the terms (4.28a) and (4.28b) give rise to the elastic contribution to the power spec-
trum for reflected and transmitted photons, respectively, while the common term (4.28¢)
constitutes the inelastic contribution. A proper definition of the power spectrum requires
time-translational invariance, which can be restored in the periodic steady state by aver-
aging the variable 7. € [0,7] over a period of modulation. With the Fourier expansion
R(1.) =, RUMe ™7 of the steady-state reflection (and, equivalently, transmission) am-
plitude, we hence obtain for the elastic contribution

1 [ 17 »
Spaw) = 5 /_ _dr [T /0 dregy')\ (7, TC)] e = fimj IR 2 §(w — wy — mR), (4.29)
which peaks not only at the working frequency wq, but also at frequencies shifted from wq by
integer multiples of 2. An analogous expression holds for Sg e(w) of the transmitted photons
with the replacement R — 7.

Evaluation of the inelastic contribution (4.28¢) to the power spectrum requires knowledge
of the vector G(7,7c) = (3(70 +7)32(7.)) — Sps(Te +T)Sps 2(7c) in the long-time limit. We note
that only its first component is required, which has the property Gi(—|7|,7c) = Gi(|7|, 7c)*.
It is thus sufficient to find an equation for é(T, Tc.) by means of the quantum regression
theorem for 7 > 0 only. It reads

dié(r, Te) = A(1e + T)é(T, Te), (4.30)
-

and its solution can be expressed in terms of O(t) governed by the same periodic matrix A(t):

—

G(r,7e) = O(1 + 7.) O~ 1) GO (7). (4.31)
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Figure 4.3: Inelastic power spectra of the qubit strongly driven (f = 2007) on resonance
(6 = 0) for (a) the sign-change protocol g = gocos2t and (b) the on-off protocol g(t) =
2 (1+cos Q) for various modulation frequencies €2. The Mollow triplet for the corresponding
stationary case at coupling g = gg is shown for comparison in gray. Additional broadened
peaks consistent with the Floquet spectrum arise due to the periodic modulation and may
destructively interfere as seen, for example, in the missing main peak in the case of the sign-
change protocol (a). Similar features in the power spectrum have been reported in Ref. [268]
for a qubit subject to a pulsed excitation. Reprinted figure (adapted) with permission from
Phys. Rev. A 97, 043851 (2018), see Ref. [135]. Copyright 2018 by the American Physical
Society.

As the initial condition G(0,7.) = G()(7.), we use the periodic steady-state values of Sps(Te):

. %Sps,?)(TC) - |5ps,2(7'0)’2
GO)(7,) = —s25(7e) . (4.32)

—5ps,3(7e) Sps,2(Te)

From the representation O(t) = P(t)eP! we find for the inelastic contribution

() (1,7.) = we“TO(T)Vy (1o +7) - B V(1)

ga,inel
*

+ me0TO(—7) |Vi(re)e BT Vo(re +7) (4.33)

with the periodic vector functions

Vi(r) = g* (1) P71, (4.34)
‘7()(76) = g(TC)P_l(TC)é(O) (7—0)7 (4'35)

and 717 = (1,0,0)7. We insert the Fourier expansions ‘74,70(7—0) => . ‘_/’ffé)e_immc for the
periodic vectors to evaluate the 7.-average over a single period of modulation to restore time-

translational invariance. Additionally, it is useful to express the matrix B = Z?:l b; >2$? )®)Zl(j)

in terms of its eigenvalues b; and the corresponding biorthonormal left and right eigenvectors

obeying )Zl(j ). )2.7(;' ) = d;5. This gives direct analytical access to resonance positions wy, ; =
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wo +m +Imb; and widths 0; = —Reb; in the inelastic power spectrum

1 > 1 —iWwT
Sa,inel(w) = % dT |:T/0 dre g((x 1)nel(7-7 7—c):| e

Yy Re |G ™)

e i(w—wy —mQ —Imbj) — Reb,

(4.36)

This result indicates equidistant additional resonances introduced by the periodic modulation
which can be understood from a dressed state picture: The periodic modulation further splits
the dressed states of the qubit driven through the transmission line into m equidistant Floquet
modes. Numerical results shown in Fig. 4.3 confirm this behavior but also show that, for the
modulation protocol g(t) = gocos 2, some of the resonances are suppressed and the main
peak splits into two side peaks. This behavior can in principle be used for frequency shifting
and engineering correlated states of light.

As a final consistency check, we confirm the power conservation, i.e., that the output

(1)

photon fluxes fo(7c) = ga’(0,7.) average over one period of modulation to give the input
flux f = fr, + fr. In the formal expression, we need to prove the identity

| T
- % /0 dre [f1(7e) + fr(7e)]
1 T 3
=/- 2T/0 dre ; A3 (7e)8ps,j(Te) + C3(7e)

I
= f - 2T/0 dr. 3ps,3(7'c)7 (437)

which is indeed fulfilled due to the periodicity of s 3(7c).

4.4.3 Second-order coherence function

We finally turn to analyzing the statistical properties of the scattered photons with help of
the second-order coherence function

2) <aL,out(TC) Naout (Te + T) Ga,out (Te))

a7 7e) = Falr + 70l 39

Here ng out = GL,outaa,out is the outgoing photon number in channel a. Also this function has
been studied earlier in the context of Floquet scattering theory [265] for weak input powers
f, but within this framework we can extend those results to larger values of f for which the
scattering theory becomes impractical. Similar to the procedure for the power spectrum, the
quantum regression theorem allows us to write the functions (4.38) in terms of the vector

1

§3ps,3(7c)§ps(7— + Tc)a (4'39)

—

J(7,7e) = (51(7e) (T + 7¢)82(7e)) —
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Figure 4.4: (a) Second-order coherence function gg-z(T, Tc) for the sign-change protocol

g(t) = gocos(Qt) of the moderately driven (f = 10v) qubit on resonance (§ = 0) at fast
modulation frequency €2 = 5v. The oscillations decay with the delay time 7 at the rate
~ as can be seen, e.g., along the vertical cut at 7. = T/4 shown in the inset. Thus, this
rapidly changing behavior takes place only for sufficiently fast modulations. (b) The strong
oscillations in time 7, between bunching and antibunching behavior reported in Ref. [265]
become less pronounced with increasing input power f as the qubit becomes saturated. The
delay time 7 is fixed at the value 37'/4, which corresponds to the horizontal cut in (a).
Reprinted figure (adapted) with permission from Phys. Rev. A 97, 043851 (2018), see
Ref. [135]. Copyright 2018 by the American Physical Society.

obeying the same differential equation (4.30) in the variable 7 as é(T, T.) obeys, but with the

initial conditions J© (7,) = — 3 5ps,3(7¢) Sps(7c). We find
@)y o 2Rels(re)vs(T + 1) J3(7, )]
9ro(Tme) =1+ ol fe () (4.40a)
(2) 1 2Rem(r)#(r 4 1) - J(7, 7)) | 2Relva(re) (T + 7e) - Glr, 7e)]
Ipr(T,7e) =1+ Frr + 7)) - FCEsye ., (4.40b)

where #(t) = (0,0, 2v(¢))T — C*(t) is a modification of the vector (4.25b).

As shown in Fig. 4.4, the oscillations between strong bunching and antibunching behavior
observed in Ref. [265] become less pronounced as the input power f is increased, see panel (b)
of this figure, corresponding to the horizontal (dashed gray) cut in panel (a). This behavior
can again be attributed to the qubit’s saturation. For sufficiently fast modulation frequencies
(©Q = ), the bunching peaks remain sizable on the range of several T in the delay time 7
even for the moderate input power f = 107; see the inset of Fig. 4.4(a) corresponding to
the vertical (dashed gray) cut of the contour plot. Thus, the rapid bunching-to-antibunching
changes in behavior of the ¢(® function, which result from the system’s nonadiabatic response
to an external modulation due to memory-effects and which have been predicted in Ref. [265]
for weak input powers, appear to persist in a broad range of f. We observe that the positions
of the bunching peaks remain insensitive to the input power, and only their heights gradually
go down with increasing f.
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4.5 Driven A-system

Next, we consider a three-level system in the A-scheme where a direct transition from the
ground state |g) to an intermediate metastable state |s) is forbidden. Such systems are known
to exhibit electromagnetically induced transparency (EIT), an effect which was first observed
in atomic vapors [45, 46]. This phenomenon has also been demonstrated in superconducting
circuits [269], paving the way for potential applications in quantum information processing.
The drive field at frequency wg, which is nearly resonant with frequency (we — ws) of the
transition |s) — |e) to the excited state, is conventionally treated classically. Our interest
lies in a time modulation of the drive amplitude F'(¢) causing a periodic switching between
opaque and transparent behavior of this system upon irradiation of the coherent probe field
|Wy) at frequency wg, which is nearly resonant with frequency we of the transition |g) — |e).
This model is described by the Hamiltonian

H(t) = wele)(e| + ws|s)(s| + [F(t)e ™ |e)(s| + h.c.] + Hy + Z/dw [ )(e] + h.c.

g 1
ﬂaaw’g
(4.41)

In the following, we show that this system exhibits nonadibatic effects similar to those of the
two-level system with a modulated coupling strength. Simultaneously, the A-scheme with a
periodically modulated drive field is more feasible for an experimental realization. Dissipative
dynamics of the A-system in the corotating frame is governed by the QME (4.6) with

- 0 —iv /2 A2 —iF(t) iF* (1) 0 0
0 0 0 0 iF(t) —iF*(t) 0 0
—2i\/vf/2  —i/Af/2  —i(81 —iv/2) 0 0 0 iF*(t) 0
A(t) = 2i\/vf/2 i/~vf/2 0 i(81 + iv/2) 0 0 0 —iF(t)
( ) - —iF*(t) iF* () 0 0 —i(8y — iv/2) 0 0 iv/Af/2 |
iF(t) —iF(t) 0 0 0 i(8a + iv/2) —i/~F/2 0
0 0 iF(t) 0 0 —i/7f/2 —i(81 — 83) 0
0 0 0 —iF*(t) i/~f/2 0 0 i(861 — 62)
= . . T
C = [0,0,iv7 /2. ~iv/f72,0,0,0,0] ", (4.42)

which are written in the basis

Here, P. = le)(e], Py = |s)(s], 0¥ = |g)(e|, o = [s)(e|, o) = |g)(s], o{*") = (a1,
and the tildes indicate expectation values to be evaluated in the corotating frame analogous
to the two-level system. Additionally, we have defined the detunings é; = wy — we and
82 = wg — (we — ws), and the bare dissipation rate v = 7|g|?. Note that for a computation of
the transmission amplitude 7 one can use Egs. (4.26a) and (4.26b) with (6_) — (&@). Unlike
in the two-level system, dissipation rates of the A-system depend on multiple parameters. At
fixed ~y, the smallest dissipation rate ymin has a nearly quadratic parametric dependence on
the drive amplitude F', as shown in Fig. 4.5. This indicates that we can push the system into
the nonadiabatic regime with €2 > vy, by sweeping the values of F' towards zero. Note that
Ymin Shows little sensitivity to the intensity f of the probe field.

In the EIT model with constant F' # 0, the system is fully transparent on resonance
81 = 63 = 0 leading to |T|?> = 1. When F is momentarily quenched, the metastable state
|s) is decoupled for a short while, and the remaining two-level system {|g),|e)} tends to
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Figure 4.5: Smallest dissipation rate ymin
of the A-system as a function of the clas-
sical drive field amplitude F. Instead of
directly modulating the coupling strength
g, the three-level A-system allows tuning of
~Ymin by means of F. The input power f
of the probe field has little effect on this
behavior. Reprinted figure with permission
from Phys. Rev. A 97, 043851 (2018), see
Ref. [135]. Copyright 2018 by the American
Physical Society.
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Figure 4.6: Transmission through the A-
system driven on resonance (§; = d = 0)
by both probe and drive pulses. The drive
field has a periodically modulated amplitude
F(t) = 107 [14+cos Q] at @ = 0.1y. The adi-
abatic approximation (dashed line) is only
valid far from the critical region defined by
Q > Ymin (cf. Fig. 4.5). In the time window
where it breaks down, the system responds
nonadiabatically as memory-effects kick in.
At large powers f of the probe field, these ef-

fects are washed out because of the system’s
saturation. Reprinted figure with permission
from Phys. Rev. A 97, 043851 (2018), see
Ref. [135]. Copyright 2018 by the American
Physical Society.

develop full reflection (and, hence, zero transmission), provided that the probe field does not
saturate the system. In the next time instant, the state |s) is recoupled again, which leads to
nonadiabatic changes in transmission properties. Changing F' periodically in time, e.g., by
F(t) = 10v[1 4 cos Qt] can thus result in a periodic steady-state behavior of the transmission
with large deviations from unity on a single period of modulation. This is illustrated in
Fig. 4.6. Switching between opaqueness and transparency closely resembles the behavior of
the two-level system where the modulated coupling effectively performs the function similar to
that of F', although with the reciprocal effect. As is seen from the comparison of the adiabatic
approximation (dashed line) with the numerical solution (solid line) at f = =, the system’s
response is nonadiabatic during a large part of the period for rather slow modulation frequency
Q) = 0.1y. This behavior is due to the modulation protocol of F' which deeply penetrates
into the critical region defined by € > ~pn (cf. Fig. 4.5). In the high-frequency regime of
modulation (not shown), the regular EIT effect with unit transmission on resonance is again
restored as long as the time average F' # 0. For F = 0 we obtain an effective decoupling of
the metastable state |s), reproducing the transmission of the unmodulated two-level system.
These conclusions are also supported by the high-frequency expansion (4.20).
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Figure 4.7: (a) Smallest dissipation rate vy of the undriven Kerr nonlinearity model as
a function of detuning § for U = —v/2 and f = 16v. Similar to the two- and three-level
systems, the smallest dissipation rate is significantly suppressed within the critical region,
although it remains finite. (b) One of the important signatures of the driven-dissipative
phase transition this system undergoes is a prominent increase in the stationary occupation
number (bb) which peaks at the same parameter value for which the minimal dissipation
rate is reached. In the following, the periodic modulation of ¢ is considered across the whole
critical region with modulation frequency {2 < 7. Reprinted figure with permission from
Phys. Rev. A 97, 043851 (2018), see Ref. [135]. Copyright 2018 by the American Physical
Society.

4.6 Driven Kerr-nonlinearity system

In the third application of our formalism, we consider the driven Kerr-nonlinearity model. It
consists of a single cavity mode b with an effective local photon-photon interaction U, which
is coupled to the transmission line. Its dissipative dynamics in the co-rotating frame is again
governed by the GKSL master equation (4.3a) with O = b and

Heg(t) = —6(t)b'b + %bTbTbb + /v f(b+ D). (4.43)
The modulation-parameter to be considered in the following is the detuning § = wy — w, of

the driving field wg with respect to the cavity frequency we.

Before turning to the time-dependent case, let us revisit the results obtained by Drum-
mond and Walls [237] and recently extended to include two-photon driving [240] in the time-
independent stationary case. The dissipative phase transition that this system exhibits for
large f > v and small |U| < 7 has numerous manifestations. Experimentally, the most fea-
sible quantity is the stationary occupation (b'b). Sweeping the detuning & over the bistability
critical region, i.e., where the corresponding semiclassical solution has multiple solutions, one
can observe a strong enhancement in the occupation number (shown in Fig. 4.7, bottom).
Away from this region, (b'b) decays to small values. The peak value rapidly grows with in-
creasing ratio f/U2. This behavior goes hand in hand with the entropy of the cavity: Outside
of the critical region, the state is a pure coherent state corresponding to zero entropy, but
becomes a complicated mixed state within the critical region. This critical behavior can again
be attributed to the smallest dissipation rate i, being significantly suppressed (shown in
Fig. 4.7, top), a phenomenon which is also known as the critical slowing down. In fact, the
Liouvillian gap does not completely close. The minimal value of the dissipation is reached at
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Figure 4.8: (a) Periodic steady-state occupation (b'd)(t) of the Kerr nonlinearity model
under periodic modulation of detuning 6(¢) = —15y[1 + cos ¢] for various modulation fre-
quencies 2. (b) The same dependence in the parametric representation. For moderate
modulation frequencies, the occupation is strongly enhanced compared with the true sta-
tionary state shown in the lower panel of Fig. 4.7. The adiabatic approximation based on
Eq. (4.16) is given by the light brown curve (note that in the parametric representation it lies
very close to the stationary state result). The numerical results for rather small frequency
Q = 0.002v (brown) still drastically deviate from the corresponding adiabatic approximation
(light brown). As discussed by Casteels et al. [239], the dynamical hysteresis seen in the
parametric plot is directly related to the breakdown of adiabaticity in the critical region, and
the hysteresis area depends on the width of the parameter range where € > ynin. Reprinted
figure (adapted) with permission from Phys. Rev. A 97, 043851 (2018), see Ref. [135].
Copyright 2018 by the American Physical Society.

& where also the occupation number peaks.

Of particular interest is a periodic modulation of parameters which drives the system in
and out of the critical region. Recently, it has been proposed [239] that in this way one can
dynamically simulate a hysteretic behavior in the Kerr model, which has been experimentally
observed [30] in the corresponding setup soon after. Interestingly, the hysteresis-like behavior
follows the stable branches of the semiclassical mean-field solution rather than the exact
stationary quantum solution. An explanation of this property has been provided in the
context of the driven-dissipative Rabi model [236] where it has been shown that long-lived
metastable states with a small effective decay rate prevent reaching the true stationary state.
As pointed out in Ref. [239], this goes together with a breakdown of adiabaticity, which we
have also seen in the previously discussed models. These studies give strong indications that
such behavior seems to be common for all systems featuring dissipative phase transitions. In
contrast to modulating f as discussed in Ref. [239], we choose to vary in time the parameter
6. This is advantageous since one can sweep in and out of the critical region in the positive
and negative sweep directions, starting on both sides from noncritical regions characterized
by zero values of entropy. In particular, we have found that it is hard to ensure this when
sweeping f at fixed §. Our modulation protocol is designed to cover the whole critical region;
namely, §(t) = —157[1 + cos Qt] for the parameters U = —v/2 and f = 167.

The periodic steady-state occupation over a single period and its parametric dependence
on the parameter § is shown in Fig. 4.8. The left panel of Fig. 4.8 reveals a clear rise in
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occupation whenever § is deep inside the critical region, which is followed by an exponential
drop. Note that, in comparison with the time-independent stationary state, the occupation
is significantly enhanced for intermediate modulation frequency 2 = 0.2 (dotted line). A
further increase of {2 up to the value 2y does not further enhance the occupancy (solid line);
moreover, hysteretic properties are no longer seen in the parametric representation of the
right panel of Fig. 4.8. For slow modulation, the periodic steady-state solution does not
converge to the adiabatic approximation based on Eq. (4.16) (light brown curve) even for
Q) = 0.002v. This points towards the nonadiabatic system’s response when its parameters
are driven across the region of bistability.

4.7 Summary

Based on Floquet’s theorem, we have derived a representation for the periodic steady state
density operator of a periodically driven-dissipative open quantum system. We have estab-
lished both adiabatic and high-frequency expansions in a systematic way. Importantly, the
corresponding approximations can be efficiently benchmarked against numerical results which
are achieved by integration over a single period of modulation. A breakdown of the adiabatic
approximation signals the system’s nonadiabatic response when it enters the regime of critical
slowing down. These represent interesting memory-effects in this originally Markovian setup.

We applied the developed formalism to three different models with periodically time-
dependent parameters, which all exhibit a temporary suppression of the smallest dissipation
rate. For the two-level system, a modulation of the coupling strength to the transmission line
causes significant changes in transmission properties, power spectra, and statistical properties
of scattered photons. For the three-level A-system, a modulation of the classical driving of
the metastable state can lead to considerable modifications of the phenomenon of electro-
magnetically induced transparency (EIT). In the driven Kerr-nonlinearity model, we have
studied periodic sweeping of the detuning § across the parameter region featuring the driven
dissipative phase transition. We have found that, even for apparently slow modulation fre-
quencies, nonadiabatic effects may still dominate, indicating that adiabatic expansions will
generally fail in the critical parameter regimes of such systems.
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the Markovian limit

We now pursue the strategy outlined in Sec. 2.3.2 and combine the insights from quantum-
information and statistical field theory to establish the explicit operational structure of
the real-time diagrammatic series that ensures the complete positivity (CP) and trace-
preservation (TP) of the dynamical map (2.1). Importantly, this operational approach can
be implemented in the existing Keldysh real-time technique and allows approximations for
general time-nonlocal quantum master equations beyond the Born-Markov limit to be sys-
tematically compared and developed while keeping the CP and TP structure explicit.

To find a diagrammatic expansion of the Kraus operators (2.6) themselves, we exploit a
fundamental two-stage structure of the coupling expansion: Whereas the first stage naturally
defines the dissipative timescales of the system —before having integrated out the environ-
ment completely— the second stage sums up elementary physical processes, each described
by a CP superoperator. We illustrate the physically different roles of the two emerging
coupling-expansion parameters for the infinite-temperature limit of the resonant level model
discussed in Ch. 3. This two-stage structure allows us to establish the highly nontrivial func-
tional relation between the (Nakajima-Zwanzig) memory-kernel superoperator %(t,t") for the
reduced density operator in Eq. (1.7) and novel memory-kernel operators o(t,t') that gen-
erate the Kraus operators of an operator-sum. Our considerations build on the result that
a Kraus operator for a physical measurement process on the environment can be obtained
by ‘cutting’ a group of Keldysh real-time diagrams ‘in half’. This naturally leads to Kraus
operators [lifted to the system plus environment which have a diagrammatic expansion in
terms of time-nonlocal memory-kernel operators. These lifted Kraus operators obey coupled
time-evolution equations which constitute an unraveling of the original Schrodinger equation
for system plus environment. Whereas both equations lead to the same reduced dynamics,
only the former explicitly encodes the operator-sum structure of the coupling expansion.

Publications and acknowledgments. Sections 5.1-5.3 of this chapter have emerged from the
author’s Master thesis [136] where the general idea of a diagrammatic representation of conditional
dynamical maps based on Kraus operators has already been formulated. Several significant refinements
of that work were necessary to rigorously establish the explicit diagrammatic structure of the memory-
kernel that enabled the results of Secs. 5.4 and 5.5. In particular, the notion of dynamics conditional on
measurements on the effective environment, and the corresponding hierarchy equations that represent
an unraveling of the full Schrodinger equation have been refined by V. Reimer. This work (including
the adapted figures) has been published in V. Reimer, and M. R. Wegewijs, SciPost Physics 7, 012
(2019) [CC BY 4.0 License], see Ref. [137]. We acknowledge useful discussions with B. Criger, D. P.
DiVincenzo, M. Pletyukhov, R. Saptsov, H. Schoeller and N. Schuch as well as R. van Leeuwen for a
discussion of the related Ref. [179] during a visit at the University of Jyvéskyla.
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5.1 Introduction

To motivate this most technical chapter, we briefly recall the strategy outlined in Sec. 2.3.2 for
approximate treatments of open-system dynamics beyond the Born-Markov limit, and present
a more in-depth discussion of the immediate consequences in the light of the CP-TP duality
introduced earlier [Sec. 2.3.1]. The necessity of going beyond the well-known Born-Markov
limit is clearly prompted by the experimental importance of effects due to strong coupling and
non-Markovianity —both of which are tied together [101]- in particular in quantum transport
situations. However, a key challenge is to ensure that such extensions do not uproot the CP
and TP properties of the reduced dynamics while simultaneously maintaining a clear view on
microscopic contributions to physical processes. In this chapter, we make a further [32, 85]
step towards clarifying this challenging issue in a general setting by employing the Keldysh
real-time diagrammatic series [Sec. 2.2.2] and complementing it with the operational picture
of Kraus operator-sums [Sec. 2.1.2].

The latter express the reduced-state evolution as a sum of conditional evolutions
p(t) = K ()p(0)K(t)T, (5.1)
e

that corresponds to an averaging over all outcomes e of possible measurements on the inac-
cessible environment. The quadratic form manifests the CP property whereas TP is enforced
by the sum rule 3" K¢(t)TK¢(t) = 1. Although it is well-known how the Kraus operators
K¢(t) —acting only on the system— can be expressed in the joint unitary U(t) and the ini-
tial environment state p, the direct evaluation of these quantities soon becomes intractable
when dealing with microscopic models with a continuous environment and local interactions.
To solve such models (approximately), statistical theories such as the Nakajima-Zwanzig
projection technique [99, 100] or the equivalently derived [112, 156] Keldysh real-time ap-
proach [115], which we focus on here, have been developed. In these approaches one instead
considers general Dyson equations (2.16) or equivalent time-nonlocal QMEs (1.7) also called
kinetic equations of the form

¢
holt) = =) + [ AS(EO0) = 0] + 2500, (652)
The time-nonlocal nature of the self-energy or memory-kernel superoperator 3(¢,¢') and the
time-convolution * in Eq. (5.2) underscore the non-Markovian nature of the general dynam-
ics. What makes the practical evaluation feasible is the exploitation of Wick factorization of
environment correlations in the cases of practical interest where the environment is noninter-
acting and initially in a mixed thermal state. Noting that Wick’s theorem can be generalized
(cf. Sec. 2.2.1 and Ref. [151]), we stress that the kinetic method is in general on equal footing
with the operator-sum approach.

It must thus be possible to express the dynamical map p(t) = II(¢)p(0) which solves
Eq. (5.2) in the form of an operator-sum (5.1). How to actually do this on the level of the
microscopic coupling V' (¢) has remained unclear until recently. In this chapter we will find
the explicit nontrivial relation between the two fundamental equations (5.1) and (5.2), in par-
ticular between (¢, ') and K¢(t), at every step linking the two complementary approaches.
Following up work in this direction [32, 85] we develop a transparent set of diagrammatic
rules by which all of this can be achieved. This allows for a microscopic understanding of
the CP-TP structure of the reduced evolution II(¢) and its memory kernel X(¢,t') in terms
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of quantities that are relevant in practical calculations for open systems with continuous en-
vironments. This is a crucial prerequisite for an improved understanding of approximations,
particularly in light of the CP-TP duality pointed out in Sec. 2.3.

TP approximations. As it turns out, most approximations formulated in terms of the
memory kernel X(¢,t¢") of the kinetic equation (5.2) have no problem with guaranteeing the
trace-preservation but impose no restrictions at all to ensure complete positivity. For such
TP approximations one cannot be sure that complete positivity is not lost, implying that
negative density operators may come out depending on the input!. This may be fatal for
a calculation: Actual loss of positivity of the state implies that the results cannot even be
taken as a ‘rough indication’ of what is going on since negative probabilities are meaningless.
Such loss of positivity is sometimes related to the quality of the approximation indicating
that ‘not enough processes were taken into account’. However, we will make explicit that
this failure instead indicates that what one is actually summing up in such approximations
are not physical processes but rather partial mathematical contributions to such processes.
These issues tie in with the current interest from the side of statistical physics and quantum
thermodynamics to formulate approximation schemes which guarantee meaningful results for
entropic quantities, cf. Sec. 2.1.3. In this context the Keldysh approach has already proven
useful by its extension to ‘parallel-worlds’ [163] to compute Renyi entropies. Our operator-
sum formulation of the Keldysh approach identifies a variety of approximations that give
meaningful entropic quantities, including also the exchange entropy [138, 146] associated
with the environment [134] which requires the evolution II(t) to be completely positive.

CP approximations. Indeed, we will find it is not difficult characterize large families of
approximations which strictly guarantee complete positivity independent of the details —and
thus of the quality— of the approximation. Although they are harder to evaluate and have
not been explored much, they also have the advantage of a bounded quantitative measure
for the TP error related to probabilities of physical processes? unaccounted for. Importantly,
the characterization of CP approximations also provides a guide for less ambitious strategies
motivated by practical concerns. It indicates how in TP-approximations one can systemati-
cally ‘improve towards complete positivity’ by identifying which diagrams should be added to
give a better partial account of a physical process without insisting on strict CP. It must be
stressed that failure of CP approximations to guarantee TP can be fatal, too: Although per-
haps less important for short-time dynamics, TP ensures that dissipative dynamics achieves
a stationary state at large times, cf. Sec. 2.3.1. Such approximations guaranteeing com-
plete positivity connect to the interests of quantum information theory where this property
is essential to maintain the connection to several fundamental theorems as pointed out in
Sec. 1.1. Our approach is therefore centered around the time-evolution of (operators un-
derlying the) Kraus operators and provides a systematic way for going beyond the limited
GKSL approach (1.5) without giving up CP. Importantly, we show how this can be done by
exploiting known statistical physics techniques.

CP-TP duality. Thus, neither route is without challenges and the problems encountered
in the two approximation strategies are in fact fundamentally tied together, cf. Sec. 2.3.
Here, we will identify the microscopic origin of the noticed duality in terms of elementary

LAs pointed out in the introduction, we focus here on complete positivity (CP) instead of positivity-
preservation (PP) which may still produce positive outputs for any input but which has neither an intuitive
operational understanding nor a simple mathematical characterization.

2Since such terms represent partial measurements of the system’s environment, there is an interesting analogy
to syndrome measurements in quantum-error correction.
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diagrammatic contributions to the real-time expansion. We will show that in some approxi-
mation schemes based on selection of diagrams CP and TP cannot be achieved simultaneously.
Approximations that are both CP and TP require more sophisticated schemes that addition-
ally manipulate integration boundaries. The Born-Markov is a well-known example of this
but extensions have also been recently explored in Refs. [32-34, 85, 181, 182]. We will also
comment on this approach and indicate its relation to our formalism which focuses on the
prerequisites for a clearer understanding of all the above mentioned approximation schemes.
This is of common interest to both research fields: Although our encompassing formalism
remains geared towards applications —by its formulation in terms of microscopic couplings
and Keldysh diagrams of Eq. (5.2)— it is firmly rooted in the operator-sum (5.1) and defined
operationally in terms of quantum circuits.

The chapter is organized as follows. Sec. 5.2 first extends the concept of purification
to the wnitary evolution U(t) to identify its internal structure related to Wick normal-
ordering. These physically motivated steps reveal clearly how measurements condition the
time-evolution and connect the CP structure with Wick’s theorem. In Sec. 5.3 we then con-
nect the obtained operator-sum representation with Keldysh real-time diagrams which allows
us to identify groups of diagrams associated with a physical process conditioned on a mea-
surement outcome. Each such process also corresponds to a Keldysh operator acting on both
system and environment which is obtained by ‘cutting’ the group of Keldysh diagrams ‘in
halves’ and summing them. These are the central objects of interest from which the corre-
sponding Kraus operators can be obtained as normal-ordered environment matrix-elements.
Sec. 5.4 builds on this partial ‘undoing’ of the environment trace which is a convenient way to
see the connection between microscopic Keldysh diagrams and Kraus operators. Focusing on
the generators of infinitesimal evolution in either approach, we derive two equivalent hierar-
chies of time-nonlocal evolution equations. The hierarchy for the Keldysh operators presents
a useful exact unraveling of the original Schrodinger equation for system plus environment.
It explicitly encodes the operator-sum structure of the reduced dynamics before tracing out
the environment. The result of this analysis is the explicit functional dependence of the mem-
ory kernel superoperator ¥ = Y ¥,,[00,...,0n] in Eq. (5.2) on the self-energy operators
00, - - - , O generating the Keldysh operators in Eq. (5.1). It expresses the operator-sum theo-
rem for general infinitesimal reduced evolutions and reveals at the deepest level that CP and
TP appear as incompatible constraints because of the difference between time-ordering of
the microscopic couplings on one and on two branches of the Keldysh real-time contour. The
formalism is finally illustrated in Sec. 5.5 for the infinite-temperature limit of the resonant
level model discussed in Ch. 3. This Markovian example only serves to highlight the inner
workings of the approach and physical principles involved, delegating the technically much
more demanding applications to future work.

5.2 Quantum-information approach to reduced dynamics

Mimicking the discussion in Ch. 2, we again start with the quantum-information bird’s-eye
view and show how extensions of their techniques can guide calculations of Eq. (2.1) that
address the challenging cases where the environment consists of reservoirs with a continuum
of modes in mized thermal states and where particles strongly interact on the system. Micro-
scopic models of this type lead to interesting quantum many-body and transport phenomena
which preclude direct evaluation of the dynamical map II(¢) and require advanced methods
to obtain good approximations. Starting point for the following considerations is the purified
system-environment evolution depicted in Fig. 2.2. There, we already purified the environ-
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Figure 5.1: Quantum circuits corresponding to the refined operator-sum (5.6) and its terms.
The auxiliary meter M keeps track of which modes m of the environment have interacted
with the system. (a) Reduced evolution: neither the outcomes of possible measurements on
the purified environment, e, nor those on the auxiliary meter, m, are communicated. (b)
Conditioned evolution: the list of modes m that have interacted with the system and the
measured states |e) are communicated. Reprinted figure (adapted) under CC BY 4.0 License
from SciPost Phys. 7, 012 (2019), see Ref. [137].

ment degrees of freedom and expressed the dynamical map in terms of an isometry W (1),
cf. Eq. (2.6). The central idea is to explicitly keep track of the dynamical correlations the
coupling V'(t) generates between system and effective environment. A computational ap-
proach which makes this explicit at each step will manifestly guarantee the CP property as
we work out in detail for the Keldysh diagrammatic approach in Sec. 5.3.

5.2.1 Purification of the evolution operator

To achieve this, the picture of the measurement-conditioned evolution needs to be further re-
fined by additionally purifying the (interaction-picture) unitary U(t) = T exp [—i fg dTV(T)].
In Eq. (2.6), the states |e) of the purified environment do not account for the internal struc-
ture of the evolution U relative to the environment state p®. Only when expanding the
unitary into normal-ordered components as discussed in App. E,

Ut) =ko(t) + Y thm(t): (5.3)

m#0

this structure becomes apparent. Here, m refers to modes of the environment in light of the
later application to noninteracting environments, noting that it can similarly be applied to
interacting ones as well. By construction, the operator ko(t) is exceptional in that it acts
trivially on the environment as all modes have been fully contracted. The normal-ordering ::
[cf. Sec. 2.2.1] of the remaining terms with uncontracted modes m # 0 needs not be evaluated
in the end but continues to play a simplifying role: It ensures that the trace

TEr T ()T ke (8): pF X Oy (5.4)

gives a nonzero system operator only if the modes m and m’ match.

We can exploit the structure (5.3) from the start by explicitly keeping track of the labels
of the environment modes m using a superoperator WEM . § 5 S®E ®M which stores
these in a register |m) in an auxiliary meter space M. This leaves the original evolution (2.1)
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Figure 5.2: Partially conditioned evolution (5.8b): The list of modes m that interacted with
the system is communicated (not the measurement outcomes). The key result Eq. (5.11b)
demonstrates that this circuit corresponds to the indicated Keldysh diagrams with fixed
modes on the red contractions summed over all possible blue contractions, cf. Fig. 5.3.
Reprinted figure (adapted) under CC BY 4.0 License from SciPost Phys. 7, 012 (2019), see
Ref. [137).

unaltered if we additionally trace out the meter-space:

I(t) = ET,&WE'M@) o WEM®, WEM@E) = (thm(t): @17E) [0) @ Im) . (5.5)
m

Due to the normal-ordering (5.4), the new map is also an isometry, WEMpEM _ 18
and can thus be regarded as an additional purification of the map (2.6) that extends the
isometry WE — WEM  This amounts to altering Fig. 2.2 to Fig. 5.1 without changing
the input-output relation of the circuit: Purifying the environment to an entangled state |0)
(to eliminate thermal noise) and purifying the unitary U(t) to an isometry WEM(t) (using
normal-ordering) thus results in the refined operator-sum

M) =Y K@) e Kn®),  Kp(t) = (e| ® (m| WPM(1) = (e] sk (8): @177 0),  (5.6)

where measuring the meter’s register picks out the normal-ordered component :k,,:(t) of the
evolution. The trace over the purified environment M and the meter E’ instead corresponds to
discarding the measurement outcomes m (mode labels) and e (state of purified environment)
by summing over them. Here, the Keldysh® operators k,,(t) are still operators on system
and environment, in contrast to the Kraus operators K¢,(t) which act on the system only.
By construction, the Keldysh operator ko(t) = KJ(t) ® 1¥ factorizes and gives rise to the
environment-average of the unitary U (),

K5(t) = (€]0) TETU(t)pE = de0(U(t)" (5.7)

as the only remaining Kraus operator for m = 0. Keeping explicit information about the
environment E via the Keldysh operators k,,(t) is at first a technical trick to avoid writing
out matrix elements. Later on in Sec. 5.4.2 it will however allow for an interesting unraveling
of the Schrodinger equation of system plus environment.

3This nomenclature will be motivated in Sec. 5.3.
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Importantly, we can choose the level of refinement and write the time-evolution as
() = TrU(t)| e @p" | UM = Tr thn(t): | 0 @p"| k() (5.82)
m

by only resolving the trace over the meter-space M. This is the key relation of this chapter: In
Sec. 5.3 we show that this exactly corresponds to calculations employing Keldysh real-time
diagrams and Wick’s theorem. There the Keldysh operators ky,(t) (acting on the system
and environment) are uniquely represented by groups of Keldysh diagrams for a conditional
propagator (acting on the system only),

Mo (t) = Tr ki (1) [. ®pE} Jom(D)F: (5.8b)

depending on the measurement outcome m. This corresponds precisely to the modified
quantum circuit as shown in Fig. 5.2 and explicitly ensures that II,, is a CP superoperator.
It is these objects that one should calculate while formally keeping track of m in order to
obtain a CP result for IT =" 1II,,

Finally, we remark that the above purification approach can be completely avoided
by directly working in Hilbert-Schmidt or Liouville-space which is useful for, e.g., deriv-
ing projection-based approaches that guarantee CP evolution [85]. The above quantum-
information approach, however, emphasizes the clear operational test: If a complicated math-
ematical expression can be expressed as a physically implementable quantum circuit without
initial system-environment correlations, then it must be a CP superoperator.

5.2.2 Trace preservation (I): State-evolution correspondence

So far we have focused on the CP property which is almost trivialized in the quantum-
information approach: When II(¢) is written in the operator-sum form it can be verified
term-by-term. We however noted earlier [Sec. 2.3.1] that this implies the opposite for the TP
property of the evolution: It requires a nontrivial sum of quadratic operator expressions

ZKe )T Ke (t) = 15, (5.9a)

to match the system identity operator at all times ¢. This translates to the condition
Tr ik (1)1 2K (15 I (¢ .9b
ST )0 (1% 9 5) = 2 (5.9b)

for the Keldysh operators and implies that the conditional propagators II,,(t) are trace-
nonincreasing (TNI) superoperators, TrII,, < Tr. Keeping in mind applications with con-
tinuous environments these are highly nontrivial conditions to check or guarantee. In this
respect, the relation of ky,(t) to the Keldysh real-time expansion announced at Eq. (5.8) is
an intriguing way to microscopically understand, and possibly overcome, the CP-TP duality
explained on a general level in Sec. 2.3: The above relation may still be difficult to check
and the conditional propagators IL,, in that regard are not more advantageous than II itself.
But on the level of diagrammatic contributions we have an explicit means to scrutinize the
trace-preservation with the flipping-rule (2.17) and we will return to this issue in Sec. 5.3.3
after providing the diagrammatic rules that allow the construction of the maps II,,
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5.3 Field-theory approach to reduced dynamics

The considerations of the previous section hold generally —noting the key assumption of
an initially uncorrelated system and environment. In the following, we will focus on the
Keldysh real-time diagrammatic technique introduced in Sec. 2.2.2 which is a powerful tool
for calculating density-operator evolutions beyond the weak-coupling limit [154-156, 159]
for noninteracting, continuous reservoirs of fermions or bosons in thermal states. We note,
however, that most of our conclusions can be generalized. Our aim is to reorganize this
well-established diagrammatic expansion such that one can easily identify the Keldysh- and
Kraus operators in terms of practical Wick-averages. This makes our approach of immediate
relevance for various approximation schemes [152, 161, 162, 231] in terms of such diagrams.

5.3.1 Reorganized Keldysh real-time expansion: Cutting and pasting rules

The diagrammatic series can be reorganized as guided by the quantum-information consider-
ations of the previous Sec. 5.2 and allows us to identify which groups of diagrams rigorously
correspond to physical measurement processes. To this end, we write the normal-ordering
expansion (5.3) as

U(t) = ko(t +Z > kmgem () (5.10)

g=1mgq..m1

which is constructed in App. E in detail. Here, Kp,. .m, () is the evolution U(t) partially
contracted such that only the modes labeled by m = mg...m; remain. We ignore the
ordering of the modes, i.e., k.., is invariant under mode permutations and the summation
mg ... my is restricted so as not to double count terms. As noted earlier [cf. Eq. (5.7)], the
special case ko(t) denotes the part of U(¢) in which no environment operators are left, i.e.,
the environment average ko(t) := (U(t))¥. Our central formula (5.8) explicitly ensures that
the CP-TP evolution of interest,

=> Z qu g (1), (5.11a)

q=0mgq...

decomposes into superoperators
| P— (t) = 1};1" 1kmq...m1(t)i [o ®pE} :kmqmml(t)T: (5.11b)

which are CP-TNI because they are conditional evolutions depending on measurement out-
comes myg ... mp indicating which environment modes the system has interacted with. In
Fig. 5.3 we explain how each Il . m, corresponds to a precise group of Keldysh diagrams. In
(a)-(b) we first sketch how the standard Keldysh expansion is obtained using the now more
pertinent left-right form of diagrams introduced in Fig. 2.4(a). In Fig. 5.3(c) we show how
the diagrammatic elimination of the environment E (stage 1) and the meter M (stage 2) cor-
responds to Wick-contracting [Eq. (5.11b)] and summing over modes m, ... m1 [Eq. (5.11a)],
respectively. Thus, the elementary physical processes contained in the standard real-time
expansion for the propagator I1(¢) when computed in terms of Wick contractions are the con-
ditional propagators Il,,. m,(t). However, once the mode-sums for these contractions have
been performed the CP property is hidden and approximations may inadvertently break up
the CP structure. We now discuss the two computational stages that the above implies.
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Figure 5.3: Reorganization of the standard real-time expansion in terms of left-right Keldysh
diagrams [cf. Fig. 2.4]: (a) Expansion of the unitary U [UT] into vertices —iV in red [+iV/
in blue]. (b) Evaluation of the trace gives both inter- and intra-branch contractions (c¢) Two-
stage reorganization of (b). Stage 1: Sum up all intra-branch contractions separately (round
brackets), but restrict the number of inter-branch contractions to ¢ = 0,1,2,... fields and
fix their modes my ...m1. Stage 2: Sum up all contributions from modes m, ...m; for all q.
Reprinted figure under CC BY 4.0 License from SciPost Phys. 7, 012 (2019), see Ref. [137].

Stage 1, Eq. (5.11b) First, the conditional propagator II,, needs to be computed by
eliminating E. This can be done in two equivalent ways:

(A) Compute Il,,,..m, directly. An advantage of our approach as compared to Refs. [32-
34, 85] is that it does not necessarily require a fundamentally new formulation. The
standard rules [see App. F.1] of the existing Keldysh approach merely have to be com-
plemented with a diagrammatic CP-rule which instructs one to keep track of m, ... mq:

Rule for the conditional propagator Mpy.my * Sum all diagrams that have a fixed number
q of contractions between the different branches of the Keldysh contour with a fixed set
of mode indices mq ... my assigned to these lines in every possible order. This includes
summing all possible intra-branch contractions separately and summing over the mode
indices of these contractions. Perform all two-branch ordered time integrations.

Note that this rule requires both reducible and irreducible diagrams in the two-branch sense to
be summed. In Fig. 5.4(a) we illustrate why this is technically important and make explicit
the intricate difficulty of relating time-ordering on one and two branches of the Keldysh
contour. To obtain II,,, we sum up terms on the right which are single functions of the
final time ¢ obtained by two-branch time-ordered integrations. If the CP-rule is obeyed, this
sum is able to produce a single term that factorizes® into two separate functions of time,
Trg ki (t):(® ® p¥) :ky (t)T:. Here, the time-integrations are performed independently inside
k., on each branch separately. Note that this ‘completing of the square’ of ordered time-
integrations is not possible when summing two-branch irreducible diagrams only, and the
latter can therefore never correspond to physical processes [Eq. (5.17)].

(B1) Compute Mgy from Kp, o, - Alternatively, one can evaluate the right-hand side
of Eq. (5.11b). The required Keldysh operators can be obtained from the value of a
Keldysh diagram that is cut in half, i.e., from a single time-branch.

4Such factorization brings computational speed up in higher-order perturbative calculations [156] and is also
necessary to simplify the noninteracting limit, see also page 19 of Ref. [157].
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Figure 5.4: Cutting and pasting rules for Keldysh diagrams to test and guarantee CP,
respectively. (a) Time-ordering: Factorization into separate one-branch time-ordered ex-
pressions (left) —dictated by the operator-sum form- requires both two-branch reducible and
irreducible Keldysh diagrams to be summed (right). (b) Cutting: Given a selection of di-
agrams on the right-hand side, one can verify it has an operator-sum form by first cutting
horizontally and summing up the halves. Pasting: Subsequently pasting the halves back
together should recover the selection. Leaving out, for example, the center two diagrams on
the right-hand side, this test of ‘completing the square’ will fail. When directly selecting
half-diagrams on the left-hand side, every possible approximation (select only green, only
blue or select both) by construction produces one of the three groups indicated by dashed
lines and shading on the right, each of which is a CP superoperator. Reprinted figure under
CC BY 4.0 License from SciPost Phys. 7, 012 (2019), see Ref. [137].

Cutting rule for km,..m,: Sum all half-diagrams that have q external fields acting on
a fixed set of environment modes mgy ... m1 over which we symmetrize. This includes
summing over all possible intra-branch contractions and their mode indices. Perform
all one-branch time-ordered integrations, including the times of the external vertices.

(B2) The full diagrammatic rules for calculating the Keldysh are summarized in App. F.2
and are conveniently similar to the standard Keldysh rules [App. F.1]. The required
value for Il ..., is then obtained by pasting two halves together as follows:

Pasting rule for Iy, m1 Fully contract the external vertices appearing on both sides
of Trg :kmy..m; (t):(® ® p )-kmq...ml( )2 in all possible ways.

We note that the normal-ordering in Eq. (5.11b) is only an instruction to simplify the eval-
uation by discarding all internal Wick contractions of k,, and k:;rn This is in contrast to
the Kraus operators K¢, (t) = (e| (:ky,(t): ®17®) |0) for which the normal-ordering has to be
explicitly evaluated®. It should also be noted that when using Wick contractions, the most
elementary physical process II,, is never described by a single or even a finite number of
Keldysh real-time diagrams. Typically, guaranteeing CP in approximate dynamics calls for
methods that are nonperturbative in the system-environment coupling.

Stage 2, Eq. (5.11a) It remains to sum the computed II,, over the modes® m, ... m; and
their number ¢ = 0,1,... in order to eliminate the meter-space M. Our example in Sec. 5.5

5In Refs. [32—-34] Kraus operators are considered which depend on the internal times of the coupling vertices.
In our Kraus operators K;, we instead perform all internal time-integrations and directly work with the
underlying Keldysh operators k., which are not yet restricted by normal-ordering.

5This list may include repetitions, e.g., for an environment with three modes, m = (112333) is included.
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will illustrate that truncating ¢, the number of modes, in stage 2 correlates with the time
to reach the stationary state relative to the time-scale that is set by the time-dependence
of Ily,...m, (t) obtained in stage 1 [Eq. (5.39)]. Because the expansion index my...m1 is
physically motivated, the truncation of stage 2 never jeopardizes CP.

5.3.2 CP approximations

The above transparent rules translate the operator-sum theorem to the framework of the
standard real-time expansions on one and two branches of the Keldysh time-contour. Above
all, this provides explicit means for translating problems and solutions between the very
different formulations employed in quantum information theory and statistical physics on the
microscopic level of the system-environment coupling V.

As expected, evaluating the objects obtained by these simple rules is by no means easy.
The importance of our general framework is that at least the large variety of existing approx-
imations can be formulated, compared and systematically improved. In Sec. 5.4 we make a
further step towards practical applications by deriving useful self-consistent and infinitesimal
evolution equations. The reorganized expansion [Eq. (5.11), Fig. 5.3] already shows how CP
approximations can be constructed generically. Fig. 5.4(b) illustrates this for approximations
based on selecting complete Keldysh diagrams’. In order to guarantee CP, such a selection
must pass the test of horizontally cutting the Keldysh diagrams using their standard represen-
tation [Fig. 2.4(b)] and summing up their halves to obtain k,, [left hand side in Fig. 5.4(b)].
By the pasting rule, one can check that k,, reproduces the groups of two-branch diagrams
originally selected [right-hand side in Fig. 5.4(b)]. This amounts to checking that one can
diagrammatically ‘complete the square’ to the operator-sum (5.11b).

Clearly, directly selecting groups of two-branch diagrams, each group corresponding to one
conditional propagator II,,, passes this test. This amounts to selecting physical processes,
i.e., possible measurements performed on the meter M, and therefore preserves CP. This
is illustrated by the example later on [Eq. (5.41)]. The approximate propagator is a TNI
superoperator [Eq. (5.9)] expressing that probability was lost by omitting physical processes.
A more advanced scheme is to select complete one-branch diagrams for the Keldysh operators
kn, directly [left-hand side in Fig. 5.4(b)]. One can then infer which distinct two-branch
diagrams they generate and equivalently select only these in the standard Keldysh expansion.
This amounts to a modification of the propagator II,, by selecting a subset of diagrams
from that group. Because this is done without breaking the CP operator-sum structure,
the modified contribution still corresponds to a physical process occurring with a positive
probability, cf. Sec. 5.3.4, provided the superoperators are TNI which is not automatic®.

5.3.3 Trace-preservation (II): Microscopic state-evolution correspondence

We now address the constraints imposed by TP to continue the discussion initiated in
Sec. 5.2.2. There we pointed out that the decomposition into CP-TNI superoperators by
itself does not mitigate the CP-TP duality issue. Within the reorganized Keldysh expan-
sion, the diagrammatic cutting and pasting rules of the previous section however allow one to
explicitly track both CP and TP properties on the microscopic level of the coupling V': the for-
mer by the two-stage decomposition (5.11), the latter by the diagrammatic rule (2.17). This

"We note that this is not the only way to construct CP approximations: The pasting rule can be modified as
to ensure both CP and TP. This is effectively what is done in Ref. [33, 34], see discussion in Sec. 5.3.4.
8For Sap:=TrgA(p® pE)AT we have TrSap < Tr(Sa + Sg)p but TrSap can exceed TrSa4pp for B = —A.
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Figure 5.5: (a) Standard real-time expansion: Trace-preservation is guaranteed by the
vertex flipping rule (2.17). (b) Reorganized expansion: Brackets indicate groups of diagrams
that belong to the same physical process generated by one Keldysh operator k,,,. Applying the
simple rule of (a) reveals a nontrivial network of cancellations between diagrams in different
brackets corresponding to different Keldysh operators. This shows that CP and TP cannot
be ensured simultaneously by selection of complete II,,-groups of diagrams. Reprinted figure
under CC BY 4.0 License from SciPost Phys. 7, 012 (2019), see Ref. [137].

vertex-flipping [Fig. 5.5(a)] reveals the nontrivial interrelation of the Keldysh (and Kraus)
operators that is implied by the nonlinear constraint (5.9b) involving all Keldysh operators:

Z > Tr ki, ()T kg my (0): (15 @ o) . (5.12)

qg=0mgq..m1

In Fig. 5.5(b) we sketch a group of two-branch diagrams for some process Moy (indicated
by the middle bracket). Consider the two possible situations for the latest (leftmost) vertex
indicated in red. This vertex is either already contracted within the same branch (green);
then, the TP rule (2.17) demands that we also take into account a corresponding diagram
whose latest vertex lies on the opposite branch and thus contributes to a process Il ;.. .m,
with one additional external vertex (right bracket). Otherwise, the vertex is contracted with
the opposite branch (blue); then, the TP rule (2.17) requires a term in the process I, _;..m,
with one less external vertex (left bracket). This implies that the TP condition for the
Keldysh operators making up each process is guaranteed by the pairwise contribution of
coupling vertices to ‘adjacent’ operators, schematically

Emg_1..m1 < kmg..mi < Kmgy1.mi- (5.13)

Thus, the TP condition on the Keldysh and Kraus operators that appears nontrivial
[Eq. (5.9)] is microscopically clear. These pair cancellations do not form a simple chain but
rather a network correlating? all terms in the operator-sum I1 = Y Trg k(e ® p®) kb

The CP structure requires one to include all possible two-branch time-orderings of the
individual vertices [cf. Fig. 5.4(a)]. In particular, we must include both terms in the middle
bracket in Fig. 5.5(b) which then rigidly connects two independent TP constraints (2.17).
Because this applies to every pair of diagrams in the middle bracket, all groups of diagrams
connected to it by a TP constraint must be included as well. Continuing this argument to
these other groups one finds that eventually all diagrams have to be included. This is the
ultimate microscopic ground for the CP-TP duality as it appears in practical approximations,
complementing the general considerations of Sec. 2.3. We stress that this does not rule out
the possibility of CP-TP approximations by diagram selection as we discuss below.

In terms of the state-evolution correspondence this network realizes the correlations within the Choi-state
choi[IT] which ensure that its partial state is maximally mixed, see the requirement (2.20) in Sec. 2.3.
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5.3.4 CP versus TP approximations

Having understood the conflicting demands of CP and TP microscopically, consider again
the first CP approximation scheme discussed in Sec. 5.3.2. Let the approximated propagator
Hge = g‘:g‘ qu_._ml I, ...m, be obtained by discarding terms with more than gpay inter-
branch contractions. The TP error for such a truncation is quantified by the trace distance

|15 —1mf  (19)] (5.14)
of the operator-constraint (5.9b) computed from the adjoint of the approximated evolution.
This error will be monotonically reduced by increasing gmax since the added terms are CP-
TNI operators. Physically, this means we account for more modes that have interacted with
the system up to the considered time ¢. One expects that more modes are required when
the system interacts longer with the environment. We stress that this truncation is not a
naive short-time expansion'? of II(#): The time-dependence of II,,(t), obtained in stage 1,
defines a cutoff on the number of modes to be kept in the stage 2 expansion depending on
the evolution time ¢. This will be illustrated for a simple example in Sec. 5.5.

This should be compared with the situation encountered in the frequently used TP ap-
proximations. Under the TP constraint, discarding diagrams without further precautions will
uproot the operator-sum structure of the expansion, and thus violate CP. If one has computed
the evolution map II(¢) (not the evolution of a specific initial state or only the stationary
state) one can check this by explicitly calculating the associated Choi-operator (2.18) as we
did for the exact dynamical map in Ch. 3. A CP-violation is then detected by negative eigen-
values of this operator but this is hardly ever discussed for TP approximations. Also, check-
ing the evolved state p(t) for all possible inputs p(0) only establishes positivity-preservation
which we noted in the introduction and in Sec. 2.1 lacks a clear operational understanding.
Additionally, there seems to be no way of systematically ‘improving towards CP’ in TP ap-
proximations —see however Eq. (5.26) below— other than numerically approximating the exact
result better. It is now clear that this breakdown of CP in TP approximations is not due to
‘missing physics’ but instead indicates that one has uprooted the statistical structure: One
is not summing up physical processes but mathematical contributions.

The above indicates that approximations which simultaneously guarantee TP and CP
require schemes more sophisticated than the diagram selections considered so far. The
difficulty of ensuring TP in CP-approximations was noted in Refs. [85, 169]. Building on
Refs. [32, 181, 182], very recent work constructed systematic CP-TP approximations for a
broad class of systems [33, 34]. There it is noted that the CP constraint is trivially satisfied,
but the TP constraint requires an ingenious truncation of environment correlation functions
and the detailed proof of TP is nontrivial. It can be shown that this truncation on the level
of the Kraus operators used in Refs. [33, 34] corresponds to a selection of Keldysh real-time
diagrams for II(#) which allow TP to be verified more easily using the rule (2.17), illustrating
its usefulness. The novel feature of this diagram selection is that it entails a modification of
the pasting rule (5.11b) which we kept fixed in our above considerations.

'9This should be contrasted with Refs. [32-34] which introduces an expansion around the long-time limit:
Whereas the leading order is exact in this limit, next-to-leading order corrections are only required to access
times t < oo where non-Markovian effects are important.
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Figure 5.6: Hierarchies for propagators (a) on the double-branch and (b) on a single branch
of the Keldysh contour. Each tier of the hierarchy corresponds to a physical process. The
tier index (5.16) indicates the modes of the contracted lines in (a) and external uncontracted
lines in (b). Horizontally cutting the II,, diagrams in (a) produces the corresponding ky,
diagrams in (b) and the converse is given by Eq. (5.11b). Cutting the self-energy diagrams
Y in (a) produces the diagrams o, in (b) when discarding one-branch reducible fragments.
The nontrivial converse construction of ¥,,[0¢...%,,] is described in Sec. 5.4.3. This figure
shows examples for bilinear coupling, but all considerations also hold for multilinear coupling.
Reprinted figure under CC BY 4.0 License from SciPost Phys. 7, 012 (2019), see Ref. [137].

5.4 Hierarchies of self-consistent and kinetic equations

With so much room for approximations, it is of practical interest to have equivalent self-
consistent and infinitesimal formulations of the measurement-conditioned evolution. In
Sec. 5.4.1 we show how to compute II,, directly from memory-kernels ¥,,. This approach is
closely related to well-developed techniques in statistical physics and is therefore discussed
first. It avoids all use of the Keldysh operators k,, (and Kraus operators) and instead
implements stage 1 through the task of computing the self-energy superoperators X,,. In
Sec. 5.4.2 we address the calculation of the Keldysh operators k,, and by analogy introduce
their memory-kernels o,, which is possible since the k,, are closely related to the II,, due
to the cutting rule. This instead implements stage 1 through the task of computing the
self-energies o, —operators on system and environment.

The two approaches are graphically summarized in Fig. 5.6 and are equivalent, being
related by II,,, = Trg :ky,:(e @ p*) :k;fn:. In both approaches it remains to perform stage 2, the
sum over modes m, collecting all CP contributions IT = ) 1I,,. The equations also share
the same forward-feeding hierarchical structure which makes them of practical importance
in view of the success of numerical methods [119] based on similar hierarchical formulations.
However, the approaches are dual in that the relative difficulty of guaranteeing CP and TP
are opposite. These two hierarchies allow us in Sec. 5.4.3 to derive an infinitesimal form
of the operator-sum theorem by explicitly determining the functional relation between the
families of memory-kernels ¥, and o,,.

5.4.1 Hierarchy for conditional evolutions II,,

We start from the unraveling (5.11a) where each CP-TNI conditional evolution superop-
erator II,, is represented by the sum of all diagrams with ¢ fixed contractions involving
modes m = mg...m;1 between opposite branches. Their irreducible counterparts X, can
be correspondingly introduced by restricting all contractions to be two-contour irreducible
[Fig. 2.4(b)]. The full self-energy ¥ in the standard Dyson equation (2.16) —the sum over
all two-branch irreducible diagrams— is then obtained by summing over all modes m of these
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conditional self-energy superoperators Y,:

() =Y My(t), S(tt) =) Sa(tt). (5.15)

m

In the following we use simplified notation for the labels of the environment modes:

0 = (no modes), 1=mq, 2=momy, .... (5.16)

As sketched in Fig. 5.6, the expansion (5.15) unravels the Dyson equation (2.16) into a
hierarchy of equations that is physically motivated: Each tier is labeled by the measurement
outcome m, listing the environment modes that interacted with the system in the process
I1,,. In the lowest tier of the hierarchy, ¢ = 0, no modes interacted with system. We obtain
an independent self-consistent equation

Iy = 7+ 7 * Xg * I, (5.17a)

where 7w denotes the free system propagator which reduces to # = Z in the interaction picture
and we omit the explicit time-arguments of the convolutions * in the following. Importantly,
this is the only self-consistent step in the hierarchy. Its solution Iy = 7 + 7 > ;o (X0 * 7)!
amounts to a renormalization of the free system propagator 7, giving a CP-TNI superopera-
tor, see Eq. (5.21) below. This should be contrasted with the standard Dyson equation (2.16)
which produces a solution II based on 7, both of which are CP-TP, see Sec. 2.3. Although
Yo involves all orders of the microscopic coupling V', it does not contain all diagrams of the
standard ¥ in Eq. (2.16). The solution of the zeroth tier (5.17a) enters the following tiers
with a simpler, forward-feeding structure:

IT; =11 = X1 = I (5.17b)

IIo =TIy % Yo « IIg + IIg % 21 x I * X1 x I (5.17¢)

IIs =11 % X3 * IIg + I % 2o x IIg % X1 * IIg + IIg * X1 * IIg % 21 * IIg % X7 = Il (5.17d)
+ Il * X7 * Il % X9 * I

This enables an iterative solution of Ily, IIy, Ils, ..., given the conditional self-energies ¥,
21, X9, ... and allows one to systematically implement approximation strategies discussed in
Sec. 5.3.1. One checks that summing Eqs.(5.17) gives back the self-consistent equation (2.16).
In the hierarchy (5.17) it is implicitly understood that one symmetrizes the mode indices
appearing on the right-hand side, i.e., in equation (5.17c¢) the indices on the two 3;’s occurring
in the second term on the right hand side of IIy = Il,;,, 1, = Il,m, should be considered
as independent variables: 3q * Iy % X1 = 3., * [Ig x X,,, + (m1 <> mg). Also note that on
the right-hand side individual contributions —or partial sums of them— do not correspond to
a physical process: Only their full sum makes up IL,,, which is CP-TNI due to its operator-
sum form (5.11b). Moreover, these terms consist of sequences of irreducible blocks ¥, and
IIp and are thus reducible. This goes against the widespread intuition that contributions to
irreducible kernels such as 3 (and its components ¥,,) correspond to physical processes.

To further highlight how the physical processes II,, influence each other in time, we
cast the self-consistent hierarchy (5.17) into an equivalent hierarchy of time-nonlocal kinetic
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equations for infinitesimal conditional evolutions. These read in the interaction picture,

I, S 0 0 0 0 I,

L Y X 0 0 0 - I
i Hg — 22 21 Eo 0 0 - * HQ , (518)
dt |11, Y3 Yo X %o 0 - I,

with initial conditions IIp(0) = Z and II,,,(0) = 0 for m # 0. Each column of the matrix of
self-energy superoperators sums to the standard self-energy ¥ = )" ¥,,, and by summing
the column-entries of Eq. (5.18) to obtain IT = )" 1II,,, we reproduce the standard kinetic
equation (5.2), %H = X x II, in the interaction picture. Thus, the hierarchy presents an
unraveling of the time-nonlocal kinetic equation (5.2). The lower-triangular form of the
matrix ensures that the coupled kinetic equations feed forward and can be iteratively solved
for IIp, IIy, ..., the formal solution being given by Eq. (5.17).

An advantage of the hierarchies over the standard (kinetic) equation Eq. (2.16) [Eq. (5.2)]
is that both TP and CP have become explicit, even though the duality of their constraints
persists [Sec. 5.2.2, 5.3.3]. The individual conditional self-energies do not preserve the trace,
i.e., Tr3,, # 0 because the II,,, are TNI, but we can still see that II is TP: Summing the
elements in each column of the matrix appearing in Eq. (5.18) and taking the trace gives
TrY =) Tr¥,, = 0 because contributions from subsequent X,, cancel pairwise by our
earlier arguments'!. As we know, CP is guaranteed for each II,, separately by Eq. (5.11a).
In both hierarchies this is expressed by the forward-feeding structure which ensures that
neglecting complete higher tiers (corresponding to larger number of modes my ... m1) does
not affect the lower tiers: If the latter are solved using the required finite set of exact X,,, the
solutions are guaranteed to be CP. Thus, although there are no Kraus operators to be seen
in Eq. (5.17)-(5.18), we can fully exploit the implications of the operator-sum theorem by
unraveling the standard approach of statistical physics based on Eq. (5.2). At the same time,
we can take advantage of the diagrammatic technique to compute the required (sub)set of
conditional self-energies 3, using rules which are very similar to the standard ones [App. F.1].

5.4.2 Hierarchy for Keldysh operators k,,

To set up more refined CP approximations one may consider additionally modifying the X,
but doing so without uprooting CP is more complicated. In Sec. 5.3.2 we discussed a second
approximation scheme which achieves this more easily by selecting one-branch diagrams for
the Keldysh operators k,,. Because the Keldysh operators k,, are constructed from the II,, by
the cutting rule [Sec. 5.3] they obey an analogous hierarchy of equations (5.19) illustrated in
Fig. 5.6(b). We start from the unraveling (5.10) of the unitary evolution U = ko+3_,, 2o :km:
into its average kg and operators which are explicitly normal-ordered. By analogy with the
decomposition (5.15), we introduce oy, as the sum of all one-branch irreducible Keldysh half-
diagrams representing k,,, i.e., irreducibility is understood with respect to the time-ordering
on the upper branch of the Keldysh time-contour only. The Keldysh operators k,, are then

HTP is preserved through cancellation of pairs of diagrams appearing in different conditional evolutions:
Eq. (5.13) implies that terms in I, .m, cancel with those in ‘adjacent’ Ty, ,...m,. Since the argument
leading to Eq. (5.13) also holds when removing IIy at the latest time, we find that contributions to the
irreducible block qu,_,m] cancel with those in other blocks quilu-ml’
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generated by the self-energy operators o,, through the hierarchy

ko =u+ux*op* kg (5.19a)
ki =koxo1 *xko (5.19b)
ko =kg* o9 x kg + ko * 01 % kg * 01 * kg (5.19c¢)
ks =kg*xo3xkg+--- (5.19d)

that inherits its structure from Eq. (5.17). Here u is the free evolution of system and envi-
ronment'2 which reduces to v = 15 @ 1F in the interaction picture. As before, we symmetrize
over the mode indices on the right-hand side [Eq. (5.17)]. We note that the sum of Egs. (5.19)
results in the self-consistent equation

kE=u+uxoxk (5.20)

for the operator k(t) := " kn(t) with o(t,t') :== > om(t,t'). Importantly, this is not the
self-consistent form of the Schrodinger equation due to the lack of normal-ordering relative to
Eq. (5.10). Ouly after explicitly normal-ordering the hierarchy equations, the Schrédinger-
Dyson equation, U = u+ux* (—iV)U, with a time-local coupling V' is recovered, as it should.
This nontrivial consistency check is worked out in App. E.2.

The zeroth tier Eq. (5.19a) is again an independent self-consistent equation. In this case,
the self-energy oy sums up all one-branch irreducible contractions without external fields and
therefore acts trivially on the environment just as kg. The solution kg = u+u Z;’il(*ao * u)l
of Eq. (5.19a) can then be related to the solution of Eq. (5.17a),

Io(t) = Kg(t) e K§ (1), (5.21)

noting that the zeroth operator [Eq. (5.7)] factorizes, kg = K§ ® 1¥ = (U)® @ 1¥, and that
the free system evolution is 7 = Trg u(e ® pE)uT. Although this separates the evolution into
operators on the left and right, in general K, 8 (t) is not generated by an effective nonhermitian
Hamiltonian because oq(t,t’) is in general a time-nonlocal operator [cf. Eq. (5.31)]. Higher
tiers determine the k,, which act nontrivially on several modes m of the environment. When
one has solved the hierarchy for these operators one obtains the conditional propagators
I1,, by the pasting formula (5.11b). The Kraus operators K¢ (t) = (e| :ky(t): @1FE |0) are
determined by the solutions for k,,(t) obtained from Eq. (5.19).

Taking the time-derivative of (5.19) we obtain a hierarchy of time-nonlocal kinetic equa-
tions for the Keldysh operators in the interaction picture,

]C[) (o)) 0 0 0 0 ... k‘o
J k1 o o9 0 0 O ... k1
— kz — |02 01 Oy 0 0o ... * kg , (5‘22)
dt ks o3 o9 o1 og 0 ... ks

2Refs. [32-34] derive a hierarchy for Kraus operators acting only on the system. Here we instead have a
hierarchy of Keldysh operators which still act on the environment. Moreover, the hierarchy is expressed in
terms of self-energy generators o, which provides some advantages.
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with initial conditions kq(0) = 1 and k,,(0) = 0 for m # 0. As before, these equations enable
an iterative solution of the Keldysh operators kg, k1, ko, ..., given the conditional self-energy
operators og, o1, 02, .... lmportantly, this allows one to implement the second kind of
approximation strategy discussed in Sec. 5.3.2. We note that summing the column-entries of
Eq. (5.22) gives a single time-nonlocal evolution equation,

%k =ox*k, (5.23)
which is the differential formulation of Eq. (5.20), but not the Schrédinger equation due to
the lack of normal-ordering in the quantity k. Accounting for the normal-ordering, Eq. (5.22)
[Eq. (5.19)] constitutes a time-nonlocal unraveling of the (Dyson) Schrédinger equation for
system plus environment which has the advantage that it can be solved step-by-step. An
advantage relative to Eq. (5.18) [Eq. (5.17)] is that the difficulty of guaranteeing CP and TP
has been reversed. Indeed, in Eq. (5.19)-(5.22) we are free to formulate any approximation in
terms of the generators o, without ever compromising CP because they feed into the Keldysh
operators ky, constituting the CP operator-sum. Importantly, such k,,-approximations will
not only select conditional evolutions II,, but also modify them [cf. Sec. 5.3.2]. Such a
one-branch diagrammatic selection does however not guarantee TP because the network
of pairwise cancellations between different Keldysh operators [Eq. (5.13), Fig. 5.5] implies
constraints that tie all o, together. This makes TP harder to implement than in the two-
branch propagator hierarchy (5.18).

5.4.3 Operator-sum theorem for the time-nonlocal memory-kernel

The formal solutions of the hierarchies in Sec. 5.4.1 and Sec. 5.4.2 are related by our key
relation (5.11b), II,,, = Trg :ky:(e ® pF) :k},:. The operator equations (5.22) [(5.19)] thus
constitute an exact purification of the hierarchy of superoperator equations (5.18) [(5.17)].
This implements the state-evolution correspondence [Sec. 2.3] while explicitly separating out
the normal-ordering procedure. The nontrivial reversal of the difficulty of imposing the con-
straints of CP and TP —despite the structural similarities of the two types of hierarchies—
results from this duality and will now be traced microscopically to the difference in irreducibil-
ity and time-ordering on one and two time-branches: Whereas the self-energy superoperators
Y. were constructed from two-branch irreducible diagrams, the self-energy operators o, are
irreducible on a single branch, ignorant of time variables on the opposite branch!3.

To clarify this, we explicitly construct >, from the o, by working out the nontrivial
time-ordering constraints in the Kraus operator-sum theorem (for finite time-evolution) in
order to transpose it to the level of the Nakajima-Zwanzig memory-kernel (for infinitesimal
evolution). Note that this time-ordering issue goes unnoticed in semigroup limits where one
can easily apply the operator-sum theorem directly to II(t 4 dt) = II(dt)II(t) leading to the
GKSL form of the quantum master equation [233]. Here we go beyond such simple limits
where our diagrammatic approach shows its advantage: The functional form of the self-
energies ¥,,[00...0m,] can be precisely determined starting from the prescription provided
by the irreducible version of the pasting —or purification— equation (5.11b):

Ymlog...om] = r_]gr ki |Om ... o0): [ @ ®pE} kI (ol ag]: . (5.24)

irred

!3This is a fundamental difference between the Liouville-von Neumann and Schrédinger equation which by
our considerations ties in with the state-evolution correspondence.
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Figure 5.7: Conditional components 3, of the memory-kernel 3 as explicit functional (5.26)
of the Keldysh- and Kraus operator memory-kernels o,,. The bold black lines indicate the
full conditional propagator kg with no external vertex. (a) For ¥y, two-branch irreducibility
can only be ensured by alternating sequences of o [O'(T]] on opposite branches, cf. Eq. (5.25).
(b) For the remaining ¥,,, a dressed expansion can be set up in terms of the generators o,,
following the rules (i)-(v) in the main text. This includes summation over all two-branch
time-orderings of the self-energies o,,(7,7') [cf. Fig. 5.4(a)]. A construction of X9 is provided
in App. F.3. The irreducible fragments A,, obtained in step (iii) can be complemented by the
generalization Ag(ty,t_,t" ,t" ) of Eq. (5.26a) to a four-time object, see rule (iv). Reprinted
figure under CC BY 4.0 License from SciPost Phys. 7, 012 (2019), see Ref. [137].

Inserting k|00 ...0p) in terms of its generators, it remains to work out the two-branch
irreducibility constraints on the one-branch time-integrations hidden inside k,, and k::n We
now show that this amounts to a ‘dressed’ real-time expansion on the Keldysh contour in
terms of effective vertices og, 01, ... with an intricate internal time-ordering structure.

In Fig. 5.7(a) we sketch the case for ¥y where the two-branch irreducibility can be achieved
in only two ways using one-branch irreducible building blocks. Either a generator o (green)
spans over a whole branch (first diagram); then the time-integrations on the other branch
remain unrestricted and the full one-branch propagator ko appears (bold line). Otherwise,
the two-branch irreducibility can only be maintained by an alternating sequence of generators
oo on the upper and U(Jg on the lower branch with temporal overlaps, filled up with k(]; resp.
ko propagations in between (further diagrams). We see that the basic blocks of the memory-
kernel on two branches are four-time superoperators'® describing irreducible time-evolution
from time ¢/, to ¢4 on the upper and reducible evolution from ¢ to t_ on the lower branch,

Aa_(t—l-v i, tl-s—a t/—) = UO(t—H til—) b kg)(t—> t/—)a (5253)
with ¢ty >t_ >t >t/ and conversely
Ag (ta o ) = kot ) @ ad(t— 1), (5.25b)

with t_ > t; > t/, >t/ . Two-branch irreducibility is enforced by letting the one-branch

irreducible generator g (ag) start earlier and end later than their reducible counterparts kg;

(ko) on the opposite branch. In terms of these auxiliary objects the functional form of ¥
can be written down explicitly:

= Z Z [Ag * NP % *A(()_p)ni1 (t,t,t',t). (5.26a)

n=1p==%

14Similar objects are considered in Refs. [32-34].
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Here, the two-branch convolution

ty t_

[Ag*Ag} (tp,t ty 1)) ::/ dry | dro AJ (bt o T ) AG (i, ot t)
t, 2

accounts for independent one-branch convolutions imposing the two-branch time-ordering.

Once X has been constructed in this way, the remaining tiers of the self-energy ¥,,, can be
obtained from a dressed expansion governed by the following diagrammatic rules illustrated
in Fig. 5.7(b). We start from a Keldysh contour where each branch, running from the external
times t’ to t, is dressed to the Keldysh operator kg [k:[];] To obtain Xy, (t,1') for fixed
modes my ... m1 perform the following steps:

(i) Distribute in all possible ways the ¢ external vertices acting on the fixed set of modes
my ... my among self-energy blocks o, [oL] with g # 0 on the upper [lower| branch.

(ii) Integrate over all internal time-arguments of these blocks, but restrict them to definite
two-branch time-orderings, see the first three contributions in Fig. 5.7(b). Let the ear-
liest (latest) self-energy block start (end) at ¢’ (¢). Note that a single block may extend
over a whole branch. Sum over the finite number of possibilities of such orderings.

(iii) Contract the external vertices in all possible ways to obtain two-branch irreducible
fragments A, (t4,t—,t,t") as shown for the first three contributions in Fig. 5.7(b).
Analogous to Eq. (5.25), the four time-arguments indicate propagation times on the
upper and lower contour respectively .

(iv) Insert the four-time generalization of Eq. (5.26a), Ag(t4,t—,t/,,t"), at all positions
where the two-branch irreducibility is not yet ensured. Such cases only occur for tiers
with more than one mode (¢ > 2), see App. F.3. This enforces two-branch irreducibility.

(v) Add all irreducible extensions of the constructed diagrams by attaching Ag on the left
or on the right or on both sides as shown in the last contributions of Fig. 5.7(b).

Due to this generic structure, the two-branch irreducible fragments A,[oq...op] form yet
another hierarchy for the conditional self-energy superoperators,

S1(t,t) = [(A+Ag) x Ay x (A + Ag)] (¢, ¢, 1) (5.26b)
So(t,t) = [(A+Ag)*Agx (A+Ag)](t,t,t,t)
+ [(A + Ao) * Ay *Ag* A * (A + A())] (t, t, t/, t/), (5260)

where the two-branch convolution takes care of the intricate time-ordering required for CP.
Here A(ty,t_,t/ ,t" ) = 6(t4 —t/)6(t— —t_) is a shorthand for ‘no insertion’. Except for
the A’s, ¥, inherits a structure similar to that of the hierarchy (5.17) for II,,. Also here
symmetrization over the mode labels is understood implicitly.

The above diagrammatic rules allow different terms of the functional to be explicitly
written down as illustrated in App. F.3 for a nontrivial example in second order of the dressed
expansion. Importantly, it is again only the zeroth tier ¥y that requires summation over an
infinite set of diagram contributions via the relation (5.26a). The remaining contributions
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—dressed up by the so obtained ¥g— represent a finite number of terms to evaluate. As
of course expected for this general problem, evaluating these terms is challenging. In the
limits where the GKSL form (1.5) applies the arising complications disappear and the jump
operators J; automatically emerge from the conditional self-energies o,,(¢,t") of the Keldysh
operators with external fields (m # 0) as the example in the following Sec. 5.5 illustrates.

The functional form (5.26) precisely encodes the nontrivial structure of the memory-
kernel of the Nakajima-Zwanzig quantum master equation imposed by the Kraus operator-
sum theorem. This means that whatever (approximated) o, one uses, a memory kernel
Yy (or ¥ =3 ¥,,) with the functional form (5.26) will generate a CP evolution II,,, (II)
through the kinetic equation (5.18) [Eq. (5.2)]. It is this structure of the kernel —enforced by
Eq. (5.24)- that guarantees that the solution can be expressed as Il,,, = Trg :kp: (e ® p*) .
The general importance of the nontrivial functional (5.26) is that it establishes a microscopic
framework for approximations that go beyond the restrictive limits of the GKSL approach
without giving up CP. This is by no means easy, but non-Markovian examples for which
the time-independent GKSL form does not apply, e.g. the resonant level model of Ch. 3 or
the examples presented in Refs. [33, 85] should nevertheless be solvable with our approach.
Knowing the explicit structure (5.26) of the self-energy is also a prerequisite for setting up
functional renormalization-group (RG) approaches. It may thus provide a starting point for
connecting the ezact hierarchies of RG equations formulated on one [270] and two [35, 158]
branches of the Keldysh contour while explicitly preserving the CP structure of the density-
operator evolution. This would allow one to assess the implications for CP of truncation
schemes for such RG hierarchies. Interestingly, some RG approaches [35, 36, 158] also entail
a two-stage approach similar in spirit to ours but based on an RG flow starting from the
Markovian infinite-temperature limit [36, 157] that we study next in Sec. 5.5. We stress that
the functional (5.26) is also relevant for less ambitious efforts. Consider, for example, a TP-
approximation based on a selection of complete diagrams [152, 161, 162, 228, 229, 271] such
that it breaks CP [Sec. 5.3.4]. Then the functional (5.26) allows one to systematically identify
which groups of diagrams are missing, what their time-ordering structure is, and provides a
guide for adding some —but not all- terms to improve towards'® a complete operator-sum
form. This amounts to partially ‘completing the square’ of the solution II(t), while working
directly on the level of the self-energy of the kinetic equation.

5.5 Simple example: Resonant level at infinite temperature

In this final section, we illustrate the developed ideas on a simple example for which all
calculations can be explicitly followed, both on the level of the Keldysh operators k,, and
the conditional propagators II,,. The aim is to illustrate how CP is guaranteed explicitly by
the dual hierarchies when systematically constructing the self-energies and then solving each
of their tiers. For this we return to the wideband resonant level model thoroughly analyzed
in Ch. 3, but restrict ourselves to its Markovian infinite-temperature 7' — oo limit which is
already sufficient to highlight the intricate difficulties of the formalism.

Recall the total Hamiltonian (3.3) of this model

/[T
HtOt:HO—}—V:Ede—i-/Wbwa‘i‘ 2/(dwa+bI;d>7 (527)
Y

5The improvement can be monitored via the Choi-operator (2.18) associated with TI(t) [Sec. 5.3.4, Sec. 2.3].
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ko= —+—1—+11r +...= (a)
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Figure 5.8: Hierarchy of the Keldysh-operators (left) and conditional propagators (right)
for the model (5.27). The combined infinite-temperature and wideband limit forces all con-
tractions to be instantaneous in time (drawn as vertical) suppressing all vertex correction
diagrams. In combination with the bilinearity of the coupling V' this causes all self-energies
om and X, of tier m > 2 to vanish identically, but only after integrating over the environment
mode energies w;, thereby partially performing stage 2. Reprinted figure under CC BY 4.0
License from SciPost Phys. 7, 012 (2019), see Ref. [137].

where the system (field d) is bilinearly coupled to the modes of the environment (field b,,) by
tunnel rates I' that are independent of their energy w (wideband limit) denoting fw = ffooo dw.
The particle-hole index 7 indicates a creation (7 = +) or annihilation (n = —) operator where
the convention of anticommuting system and reservoir fields requires the inclusion of a fermion

sign 71 in the coupling term V = — Zm fw1 %md%l by,w, - In this example, the modes of
the environment are thus labeled by particle-hole indices and continuous energies:

(mg...m1) = (Ngwq - .. Mw1). (5.28)

The combined infinite-temperature and wideband limit leads to simplifications whenever
we contract'® environment modes and sum the mode energy, cf. Eq. (3.9):

2T

T . , T-
/ —(bye” M TTp, NV = 700 - L. (5.29)

This limit therefore causes strictly Markovian semi-group dynamics and renders the model
easily solvable. We note upfront that the 7" — oo and wideband limit needs to be taken
twice: Once, when we compute the conditional propagator 11, in stage 1 by summing one-
branch-diagrams to obtain k,, which is then pasted together with kin using Eq. (5.11b); we
take the limit a second time in stage 2 where we integrate over the environment energy
w contained in the mode index m = nw. Importantly, the pasting result (5.11b) of stage
1 cannot be simplified without this stage 2 energy-integration. As a result, the stage 1-2
distinction is easily blurred when simplifying expressions. We will first illustrate this for k,,
in Sec. 5.5.1. This becomes a more prominent issue when computing 11, directly —without
the use of Keldysh operators— which we illustrate in Sec. 5.5.2.

5.5.1 Omne-branch hierarchy for £k,

Starting with the lowest tier of the hierarchy Eq. (5.19), we first have to compute the gen-
erators for the Keldysh operators. Only the single bubble-diagram depicted in Fig. 5.8(a)

6Note that N dr'8(t — ') = 1 is adapted to working with time-convolutions, cf Eq. (3.19a).
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contributes which in the Schrodinger picture translates to
oo(r,7') = <61H0T (—iV) e tHO(r=7") (—iV) 671H07/>E & e—HE(T—7")

T CHE I
= —45(7—7')%:%(1_”@6 HE(r=r) = —15(7—7')]18@]1? (5.30)

In contrast to the general case [Eq. (5.21) fI.], the time-locality of this generator gives rise to a
simple power series in the iteration of the zeroth tier self-consistent equation (5.19a) that can
be resummed into an exponential with a nonhermitian Hamiltonian H?, := H° — ig]ls Q1E
for system and environment:

ko(t) = e —iH% /dT/ dr'e—1H" (t= T)O'()(T,T,)ko(T/)

. . r i
= ¢ tH +/ dr e~ H(t=7) [_4]18 @ ]IE} ko(7) = e "t (5.31)
0

For the next tier of self-energy operators we explicitly write the mode index 1 = (nmw1)
and see in Fig. 5.8(b) that it is basically the bare vertex:

- I
T (T, ) =id(r — T/)H o 1d O - (5.32)

We can then evaluate Eq. (5.19b) for the Keldysh operator without the need for iteration:

Ky (1) :/ dT/ dr’ ko(t — 7) 0y (T, 7 )ko (T")

:2171\/ /dTe““(w1 )T ity th s - (5.33)

For higher tiers ¢ > 2, the self-energies vanish oy,,,.m, = 0 because the T' — oo and wide-
band limit suppresses all one-branch vertex corrections. Thus, only repeated convolutions of
k1 remain for the ¢g-th tier equation and we obtain

I & A L
Fengwg.men (t) = aH (mj o /0 drjei (@5 €>Ta>e ot @Y by - - b by (5.34)
13

with implicit symmetrization over the mode-indices. The time-ordering on the integrals has
been lifted with the prefactor 1/¢! accounting for the corresponding double-counting. We
see that the decay rate I' inside the exponential (5.31) appearing in Eq. (5.34) is generated
initially when solving the lowest hierarchy-tier for ko(¢). Through the hierarchy it sets the
timescale for all higher k,,(t) before we have integrated out the meter M by performing the
sum over m. We stress that to further simplify the results for II,, in stage 1 we must partially
perform stage 2, > 1II,,, in order to exploit the 7" — oo and wideband limit for a second
time: Only when integrating II,,, = Trg :k,,:(e ® p%) ket over the mode-energies w; (leaving
the 7; untouched), can the time-integrations in Eq. (5.34) be further reduced to d-functions.
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[P =\ + = |+]

Figure 5.9: Energy-integrated functional ¥i[0g,01], cf. Fig. 5.7(b). Due to the energy
integration, the two-branch convolution reduces to a d-function in time. Reprinted figure
under CC BY 4.0 License from SciPost Phys. 7, 012 (2019), see Ref. [137].

5.5.2 Two-branch hierarchy for II,,

First, the zeroth tier conditional propagator is obtained directly from the pasting rule,
Iy(t) = r_[ér ko(t)[® @ pPlko(t)T = eiHoot o ikt Ko(t) ® Ko(t)T, (5.35)

inheriting the effective Hamiltonian Hu, := edfd — ig]ls from the Keldysh operator (5.31).
Alternatively, one computes ¥ from (5.26a),

-
Yo(r,7') :i=o00(r,7) e+ @ U[T)(T, ) = —5(5(7 — T')]ls ® 1F, (5.36)

where due to the time-locality only the first type of diagram in Fig. 5.7(a) contributes.

For the next tier, we can again proceed in two equivalent ways. The direct approach in-
serts Eq. (5.33) into the pasting formula Iy = Trg :k1:(e® p®) :k:I: to obtain Eq. (5.38) below.
Alternatively, one can bypass computing k; altogether by computing 3; and then generat-
ing II; through the two-branch hierarchy. Using our general functional (5.26b) to compute
Y1 [o0,01], only the single pair of diagrams shown in Fig. 5.9 contributes. Its construction
from ko [Eq. (5.31)] and o1 [Eq. (5.32)] is straightforward with the two-branch convolution:

/27710-’1 (t’ t/) = / |:(0-771°J1 b kg) * (k;() b O-Iylwl) + (ko i Uj]lwl) * (0-7710-11 hd kg) (t’ t? tl? t,)

w1 w1

-
= 50(t - t)dl, e dy,. (5.37)

As pointed out above, we are now forced to integrate over the mode energies to exploit
the ' — oo and wideband limit a second time. This causes the general functional (5.26)
to vastly simplify due to the time-locality of the contractions between the opposite time-
branches. Equivalent manipulations are also required in the evaluation of the direct approach.
Analogous to Eq. (5.33), we can then evaluate the first tier equation (5.17b) without iteration
for the conditional propagator:

/Hmw1 (t) =g * /Emm * Il (t) = gte_iH“’td;l o d, etHt, (5.38)
w1 w1
Importantly, the time-convolution produced the linear factor ¢ with a time-scale g ~ 3.

All higher self-energies identically vanish only when integrated over mode energies
qu._.wl Yimg..m; = 0 for ¢ > 2 because the T' — oo and wideband limits suppress vertex
corrections generated by contractions between two branches. For the ¢-th tier equation inte-
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grated over the energies, only repeated convolutions of ¥; remain,

Iy () == / ywq...mwr (t) = o * /anwq Il % ... % /Emwl « I1o(t)

Wq.. W1 wq w1

= /anwq %% /HW1 (t) = Kpymp (t) o K (1), (5.39)

wq w1

where we used Iy * X1 % I[Ij = II; and inserted Eq. (5.38). This agrees with the direct
approach which pastes k,, [Eq. (5.34)] to obtain II,,. For each set of modes integrated over
their frequencies, we get a single Kraus operator:

T
(3t)e

) —jedtd—L
Ky (t) = - el A=)t gt . df . (5.40)

Note that the conditional propagator (5.39) is symmetric in the mode-indices as required,
whereas the Kraus operators (5.40) themselves are not: Possible signs from permuting the
fermionic fields d;,, in the Kraus operators exactly cancel when plugged into the propagator.
The prefactor (gt)q/q! is generated only in Eq. (5.39) where we integrate over the mode-
energies of the inter-branch contractions, i.e., we partially evaluated stage 2. Doing so results
in the J-functions (second wideband limit), and the time-ordered integral reduces to t/q!.
As we noted at Eq. (5.34), this cannot be seen in k,, or II,, obtained in stage 1.

Different from the exact study of this model in Ch. 3, we end up with an infinite set of
Kraus operators (5.40) which in this specific case can be reduced to the finite set (3.38). For
this one needs to complete stage 2 by summing over the particle-hole indices n;:

= = (gt)q Lt —ietdtd t + +ietdtd Lt
Z Z Wy = Z Z Te 2% dy, ---dy, ®dy, .. dpe =~ (5.41)
q=0"nq...Mm q=0 ng...m ’

The Kraus operators can then be read of by splitting the strings of field operators d,, into
even and odd contributions in ¢ and employing the Pauli principle. In the present infinite-
temperature limit, the series can be explicitly resummed into an exponential with the GKSL
generator £ = —i[ed'd, o]+ 5 py (— %[dnd:g, o+, dy edy). Although we could have derived
this GKSL master equation 0:p(t) = Lp(t) —which is exact for this model, cf. Eq. (3.35)- to
more easily obtain the result (5.41), all steps and physical arguments that we discussed can
also be applied for general evolutions —for which no GKSL equation can be derived. Clearly,
in the latter case the evaluation steps will be technically more difficult.

Discussion. The two distinct occurrences of the coupling constant I' in the simple results
for the time-dependence of the Keldysh operator (5.34) and the Kraus operator (5.40) illus-
trate the two fundamental stages of the real-time expansion. As we anticipated in Sec. 5.3.2,
the physically motivated hierarchy index m = nw (measurement outcomes) ‘counts the pow-
ers’ in stage 2 of the expansion. This yields the series in powers ¢ of the prefactor L in

2
Eq. (5.41) which is CP order-by-order.

The g in the exponential is instead generated in stage 1 and controls how many terms
in stage 2 should be kept for a good approximate result. Truncating terms beyond ¢ = gmax
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introduces a bounded TP error [cf. Sec. 5.3.4],

Qmax E q
( 2 t) -L

031—2 q!

q=0

b<, (5.42)

which quantifies the neglected process in which more than ¢,,x interactions with the reservoir
took place. The contribution of the ¢-th order process is maximal for times gt = ¢q. Due
to the complete positivity of this approximation, the error (5.42) monotonically decreases as
(max 18 increased. The required value of gmax for the TP error to be negligible depends on
the time scale of interest: For I't < 1 a small gy suffices, while for I't > 1 a large qmax
is required. This is expected since TP guarantees that the II(¢) has a stationary state. In

contrast, CP tends to be more critical at short times, see the discussion in Sec. 5.1.

Finally, we note that the above illustrates how easily limiting procedures —even in an ex-
actly solvable problem— can hide the CP structure (5.11) of the real-time expansion. We stress
that even though the energy integrations —partially accomplishing stage 2— were necessary
to analytically solve the problem, they were never needed to reveal CP: In our formulation,
the conditional propagators have the operator-sum form at each step. Note that Eq. (5.39)
written without energy integrations requires the higher self energies 3,,, to recover the explicit
operator sum II,,, = Trg :km:(o®pE) :kin:. Then, even in this simple model, vertex corrections
are relevant and the X,, are not zero for m # 0, 1.

5.6 Summary

Measurement-conditioned evolution. In this chapter we studied the dynamics of the reduced
density operator p(t) = II(¢)p(0) by combing the operator-sum representation — ubiquitous
in quantum-information theory — with the Keldysh real-time expansion of the statistical field
theory. We decomposed the reduced evolution II into elementary conditional evolutions II,,
which are completely positive because they correspond to possible measurement outcomes m
in a quantum circuit [Fig. 5.1]. This way we recovered the standard real-time expansion in a
crucially reorganized two-stage form, revealing it actually consists of two intertwined expan-
sions [Eq. (5.11)]. Based only on fundamental operational principles of measurements, this
extends the idea of an expansion in alternating ‘life-time broadened evolution’ and ‘quantum-
jumps’ to general CP-TP dynamics (2.1), in particular to dynamics that cannot be described
by GKSL quantum master equations or its generalizations.

Cutting diagrams — unraveling the Schrédinger equation. By cutting the II,, super-
operator diagrams on the Keldysh double-time contour into halves we obtained what we
called Keldysh operators k,, on a single time branch. These ‘lift’ the Kraus operators
KE (t) = {e|: kpm(t): @172 |0) to act on both system and environment, encoding their time-
evolution [Eq. (5.6)] and the Wick normal-ordering. From the obtained diagrammatic expan-
sion we inferred memory-kernels for these quantities and derived a hierarchy of self-consistent
evolution equations for the Keldysh operators [Eq. (5.19)] . This hierarchy generates time-
nonlocal, non-Hamiltonian dynamics on one time branch. The corresponding hierarchy of
kinetic equations for the Keldysh operators [Eq. (5.22)] constitutes a time-nonlocal unrav-
eling of the Schrodinger equation conditioned on the measurements m. The advantage over
the original Schrodinger equation is that these one-branch kinetic equations already explicitly
encode the operator-sum decomposition that guarantees CP before having integrated out the
environment completely.
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Pasting diagrams — unraveling the quantum master equation. By pasting the obtained
Keldysh / Kraus operator diagrams back together —reconnecting the time branches— we ob-
tained an equivalent self-consistent hierarchy [Eq. (5.17)]. This expresses the operator-sum
theorem on the Keldysh real-time contour of statistical field theory. The corresponding hi-
erarchy of kinetic equations [Eq. (5.18)] unravels the general (Nakajima-Zwanzig) quantum
master equation. We expressed its two-time-branch memory-kernel superoperator explicitly
in terms of the one-time-branch memory-kernels of the Keldysh operators that also deter-
mine the Kraus operators [Eq. (5.26)]. Irrespective of which approximations to the latter are
inserted, a Nakajima-Zwanzig memory-kernel with this functional form generates solutions
which are guaranteed to be CP. This puts the celebrated GKSL characterization of time-
evolution generators on a more general footing. The tiers of our hierarchies are labeled by
a physical quantity, the modes which have interacted with the system as determined by a
possible measurement on the environment, and this guarantees CP order-by-order. We have
illustrated how this hierarchy can be truncated based on the dissipative time-scale generated
at an earlier stage [Eq. (5.40)]. It is no surprise that our simple rules in general lead to
quantities that are difficult to calculate. However, the merit of the approach is that it indi-
cates new routes to systematically address the open problems of devising and comparing CP
approximations, improving positivity in existing TP approximations, and further exploring
the most challenging issue of CP-TP approximations [32-34, 85]. The very recent advances
reported in Ref. [33, 34] indicate that there is still room for further progress.

The role of time. A recurring theme has been the complementarity between the ap-
proaches from quantum-information and statistical field theory that we combined. This was
not entirely unexpected given the celebrated correspondence between reduced quantum evolu-
tions and bipartite quantum states [170-172]. However, we showed how this entails a duality
in approximating reduced time-evolutions —strictly fixing CP tends to uproot TP and wice
versa— and our two types of self-consistent and kinetic equations explicitly encode this. By
descending to the level of the microscopic coupling V' (¢) —instead of staying on the formal

level of the joint unitary U(t) = Te~iJo V() we exposed the crucial role of time as the
common thread parametrizing both evolution operators and superoperators. The correspond-
ing difference between time-ordering on one and two branches of the Keldysh contour led to
two notable mutual insights: On the one hand, the operational (input-output) approach of
quantum information theory ignores time and hides the one-branch time-ordering inherited
from the unitary U inside the Kraus operators. This trivializes the CP structure through
the operator-sum theorem, but makes TP seem a nontrivial ‘global’ constraint in practice.
In contrast, the statistical physics approach, formulated on the two branches of the Keldysh
contour, trivializes the TP structure because the trace connects the two branches, but thereby
makes CP seem a nontrivial ‘global’ constraint. On the microscopic level of the coupling V' we
found that these two approaches resolve each other’s enigmas: The nontrivial TP constraint
for Kraus / Keldysh operators living on one time branch is achieved by pairwise cancellations
[Eq. (5.13), Fig. 5.5] when considering the double time-branch. Likewise, the nontrivial CP
constraint on Keldysh diagrams is achieved by grouping their two-branch diagrams according
to one-branch time-ordering [Eq. (5.11), Fig. 5.4(b)].
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6| Conclusions and perspectives

The central theme of this work has been the extensive analysis of open-system dynamics as
derived from microscopic impurity models and guided by crucial insights from the operational
blackbox understanding of quantum information theory. To conclude the thesis we focus on
highlighting the important synergies between quantum information and statistical field theory
that have enabled our advances, referring the reader to the summaries in Secs. 3.8, 4.7 and 5.6
for more specific aspects.

6.1 Quantum information concepts in statistical field theory

Throughout the thesis quantum master equations have reappeared in various forms as the
most common practical tool to describe the effective evolution of an open quantum system’s
reduced density operator within a field-theoretical treatment. One of the main objectives
set out in the introduction has been a deepening of the understanding of quantum master
equations beyond the paradigmatic Born-Markov regime governed by the semigroup-divisible
GKSL form (1.5). Our efforts in this regard have been threefold:

e Ch. 3: To get a clear idea of the issues involved, we studied the noninteracting resonant
level model as an instance of an exactly solvable model that features semigroup- and
CP-divisible as well as ‘truly’ non-Markovian dynamics. This allowed us to gain detailed
insights into how typical Born-Markov approximations affect the divisibility properties.
A surprisingly simple integral relation between the time-nonlocal (Nakajima-Zwanzig)
quantum master equation and its time-local (TCL) counterpart was identified. Since
the divisibility properties are best analyzed using the latter equation while approxima-
tion schemes are more conveniently formulated in the former, this poses an interesting
problem for future work: Do similar relations hold in more complicated settings, for
example, when multiple reservoirs or local interactions are included? If so, these may
be useful for extending the scope of the Born-Markov approximation while preserv-
ing complete positivity and trace. Follow-up work by K. Nestmann has very recently
confirmed this and we will further comment on this below.

e Ch. 4: Going beyond the semigroup-divisible GKSL form can even be relevant in situ-
ations where the Born-Markov approximation is generally applicable. For example, an
explicit time-dependence due to a modulation of system parameters may also render the
dynamics CP-divisible instead of semigroup-divisible. We encountered this situation for
periodically driven-dissipative quantum optical systems and developed a formalism that
allows for an efficient calculation of the time-periodic steady state. Although we focused
on time-local GKSL master equations, the formalism can also be applied to arbitrary
time-local master equations with a periodic-in-time generator. Here, an interesting av-
enue to pursue in future research is the limit of static or ultra-slow modulation beyond
GKSL-type time-local master equations. The developed formalism may then serve as
a starting point to devise approximation schemes that expand around the steady state.

e Ch. 5: To investigate the role of complete positivity in time-nonlocal master equations,
we reorganized the real-time diagrammatic perturbation series into a hierarchy of self-
consistent Dyson equations that enabled a perturbative diagrammatic calculation of
Kraus operators. This inherently enforces the complete positivity of the dynamical
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map. Even more, we established the very intricate CP structure of the time-nonlocal
memory-kernel in terms of time-nonlocal generators of the Kraus operators. This work
provides a novel paradigm for developing CP approximation schemes and allows one to
improve or compare with existing ones , see further below in Sec. 6.2.

In these diverse analyses, two fundamental concepts of quantum information theory provided
crucial guidance which we believe can also be beneficial for future research along these lines:

The concept of purification in the broad sense [Sec. 2.1.1] and Stinespring’s dilation
theorem [80] as a particular instance [Sec. 2.1.2] have proven to be invaluable tools. It un-
derscores the importance of accounting for how states are physically prepared, namely by
local unitary operations on parts of globally pure states in larger Hilbert spaces. However,
within the information-theoretic formulation, it is not immediately clear how these concepts
can be of any use in the computational setting of statistical physics. The previously men-
tioned DMRG extensions to finite temperatures [81] show that purification ideas can indeed
facilitate the numerical analysis of microscopic impurity models. Our work shows that such
concepts may also provide crucial analytical insights. One example of this is the case-study of
the noninteracting resonant level model in Ch. 3 where the purification of the system and its
environment proved to be useful for gaining an intuitive understanding of quantum Marko-
vianity in terms of the divisibility properties of the dynamical map: A physical division is
only possible if the effective environment can be reinitialized to a pure reference state with-
out disturbing the entanglement between the system and its auxiliary preparation system.
This is in close correspondence with being able to recover the initial state of the preparation
system by post-processing only the reduced system state [71, 146] —the central problem of
quantum communication and error correction schemes where rapid progress is being made.
Also the two-stage reorganization of the real-time diagrammatic series in Ch. 5 required a
purification not only of the mixed-state environment but also of the dynamical map. The
former is achieved by disentangling thermal correlations initially present in the environment
from those correlations that develop over time as a consequence of the system-environment
coupling. Keeping track of the latter correlations turned out to be a crucial step in the purifi-
cation of the dynamics and automatically identified groups of real-time diagrams as physical
processes that are conditional on measurements performed in the effective environment.

Such conditional system dynamics forms the second recurring quantum-information
concept of this thesis and provides an intuitive understanding of completely positive dynam-
ical maps: Each Kraus operator corresponds exactly to the effective evolution of the open
system given the initial and final state of its environment. The converse point is much less
appreciated: Knowledge of individual Kraus operators reveals information also about the
environment even though it has been traced out. The ignorance of the environment state
is reflected in the statistical average of these processes in the Kraus operator-sum. The
new real-time diagrammatic formulation of Ch. 5 explicitly keeps track of this conditional
evolution at each step of the field theoretical calculation. As a result, we not only find di-
agrammatic representations of Kraus operators as Keldysh real-time diagrams cut in half
horizontally. We also derive diagrammatic rules to construct them from a hierarchy of time-
nonlocal elementary building blocks that specify their time-dependence. By considering the
conditional dynamics as a function of ¢ime we have thus uncovered a deeper structure of the
Kraus operators that is not prominently featured in quantum information theory.
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6.2

Consistent approximations beyond Born-Markov

The general formalism developed in Ch. 5 has established a new foundation for devising ap-
proximations beyond Born-Markov that are consistent with the complete positivity property.
Preserving this property is central to quantum information theory and allows one to apply its
techniques to open-system dynamics which our case study in Ch. 3 demonstrated to lead to
interesting new insights. To achieve this also for the models of primary interest in statistical
physics that are not exactly solvable, numerous further questions need to be addressed. Here,
we collect these issues, some of which have already been mentioned earlier:

(a)

For instance, we have only considered the case of initially factorizing system-
environment states that guarantee the complete positivity of the dynamical map, cf. the
discussion in Sec. 1.1. Other methods exist that also take into account correlated ini-
tial states while maintaining this important property. In this regard, the superchannel
formalism [66, 168] is an interesting avenue which similarly focuses on the operational
understanding of the dynamics by taking into account the preparation, control, and
measurement apparatus in experimental realizations of open systems. It is however not
yet clear how field-theoretical methods similar to those of Ch. 5 can be used within this
formalism or how it relates to Refs. [32-34, 85].

A detailed case study of more realistic impurity models that either involve interacting
levels or multiple reservoirs could further elucidate the impact of approximations on di-
visibility properties. For instance, how do nonequilibrium stationary states supporting
finite transport currents influence the divisibility? The investigation of local interac-
tions can be accomplished with real-time renormalization group (RT-RG) techniques
that take the noninteracting limit as a reference solution. An intriguing question is
how the exact RT-RG hierarchy encodes the complete positivity of the dynamics. Un-
raveling this requires a nontrivial translation of double-branch Keldysh diagrams to
single-branch Liouville-space diagrams.

In our applications, we employed the wideband-limit which leads to drastic simplifi-
cations especially for fermionic systems. It is known that in this limit there exists a
fermionic duality [197] which relates the left and right eigenvectors of the dynamical
map by parity-conjugation and an inversion of energy-parameters. Very recent results
by V. Bruch for the resonant level model of Ch. 3 indicate that this ‘symmetry’ can
also be identified on the level of the time-local generators and the Kraus operators.
Yet, an interesting open question is how the duality is reflected in the real-time Kraus
operator formalism we developed in Ch. 5. To see this, the wideband-limit needs to be
explicitly evaluated in this new formulation. If this can be achieved, it will also make
this formalism more effective in applications since many diagrammatic contributions
can then be discarded from scratch as known from the double-branch formulation.

Although Ch. 5 pinned down the issue of preserving complete positivity in approxi-
mations, it did not yet address the divisibility criteria we have been concerned with
in Ch. 3. This requires a conversion of the insights about the CP structure of the
time-nonlocal memory-kernel to general properties of the time-local generator in or-
der to make use of the semigroup- and CP-divisibility results. Establishing a relation
to time-dependent GKSL quantum master equations would also be of great practi-
cal interest. For example, the ‘Markov-only’ approximation that we identified strictly
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produces a completely positive and trace-preserving dynamical map, despite its non-
perturbative nature in the coupling. An expansion around this approximation could
be attempted to incorporate non-Markovian effects, but it is unclear whether such an
expansion is most easily formulated on the level of the time-local TCL generator or
the time-nonlocal Nakajima-Zwanzig memory-kernel. This is because the equivalence
of the stationary-state time-local kernel and the zero-frequency time-nonlocal kernel
noticed in the resonant level model of Ch. 3 does not hold in general. Despite their
generally nontrivial relation [272], it has very recently been shown by K. Nestmann that
their zero right-eigenvectors always coincide and that one can devise an expansion of
the much more complicated time-local kernel in terms of the time-nonlocal one which
explicitly preserves the correct stationary state. If this can be translated into a Keldysh
diagrammatic expansion, then the insights of Ch. 3 can also be applied to this problem.

(e) For the above efforts, a better understanding of the CP-TP duality encountered in
Sec. 2.3.1 and that repeatedly appeared in Ch. 5 will be helpful: Within our framework,
fixing the complete positivity of the dynamical map seems incompatible with simulta-
neously fixing trace-preservation. That this is in general not a dead end, is already
clear from the Born-Markov approximation that manages to preserve both properties.
Here, the key observation is that the Born-Markov approximation involves more than a
first-order expansion in the system-environment coupling: The Markov approximation
requires one to also modify integration boundaries in the time-nonlocal master equa-
tions. Instead, our considerations of approximation schemes were so far solely based
on real-time diagram selection without such modifications. If this fact is overlooked,
one would conclude that our results are inconsistent with the recent, closely related
formalism that actually rigorously fixes both CP and TP within a perturbative treat-
ment [32-34]. There, an equivalent hierarchy of CP dynamical maps is presented but
the proposed approximation scheme involves an ingenious new type of ‘factorization’ of
the dynamical map. An immediate question to follow up on is how this factorization
scheme can be employed diagrammatically to rigorously fix not only complete positivity
but also trace-preservation. For this one must allow for both a diagrammatic selection
as well as a modification of the functional form of the perturbation series by relaxing
the diagram rules.

A final remark should be made about a common misconception about formulating such
advanced approximation schemes that arises from the different priorities in quantum infor-
mation and statistical field theory: The former is interested in consistent approximations and
has accordingly developed many techniques that focus on the fundamental physical properties
of the dynamical map such as time-local quantum master equations of GKSL form and the
Kraus operator-sum. In doing so, the details of a microscopic model are often neglected or
oversimplified for the sake of making general statements. In contrast, the latter is first and
foremost interested in accurate approximations that correctly reproduce certain observables,
and their methods are geared towards achieving this in a systematic way, for instance in
terms of time-nonlocal Nakajima-Zwanzig quantum master equations. The accuracy however
often depends on the specific observable in mind and might lead to inconsistent results for
others. In this sense, quantum information and statistical field theory employ complementary
approximation paradigms, each with its own challenges. The CP-TP duality is a manifes-
tation of the fact that the ideal scenario of consistent and accurate approximations where
both views coincide is generically difficult to formulate but has been constructively proven
possible [32-34]. The key virtue of combining the complementary views is that well-defined
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physical quantities of quantum information theory become accurately accessible in a field-
theoretical analysis without sacrificing model details as we practically demonstrated in Ch. 3

for a simple case study.
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A| Derivations of the
resonant-level solution

In this appendix, we collect the explicit derivations of the dynamical map II(¢) for the resonant
level model of Ch. 3, where we employ three different approaches —Heisenberg equations of
motion [Sec. 3.3], real-time superfermions [Sec. 3.4] and the Kraus operator-sum [Sec. 3.5]—
each highlighting a different aspect of the open system’s dynamics.

Publications and acknowledgments. This appendix collects substantial parts of the Apps. B
[A.1], D [A.2], and E [A.3] published in V. Reimer, M. R. Wegewijs, K. Nestmann, and M. Pletyukhov,
The Journal of Chemical Physics 151, 044101 (2019) [Copyright 2019 by the American Institute of
Physics|, see Ref. [134], while other parts have been absorbed into the main Ch. 3 to better adapt to
the thesis.

A.1 Equations of motion approach

A.1.1 Derivation

We first discuss the steps leading to the exact EOMs (3.10) for the environment-averaged
system-observables constituting the dynamical map II(¢), highlighting the correspondence to
the real-time superfermion approach of Sec. 3.4. In particular, the specific superoperator
structure of the latter approach clearly separates the steps in the derivation that need to be
applied repeatedly in the EOM calculation.

Field evolution. The equation of motion for Heisenberg operators (distinguished only by
the time-argument) for the reservoir fields,

blt) = imbyt) + z’n@dnu), (A.1)

couples to the system fields via the second inhomogeneous term. The exact solvability follows
from the linearity of this coupling, in contrast to the real-time approach where this is seen
only at the end in form of the superfermion property (3.31). Integration of Eq. (A.1) expresses
the field dynamics as free, time-local evolution in the system superposed with time-nonlocal
dynamics resulting from tunneling at time 7 and subsequent free evolution in the reservoir:

t
by (1) = €7%b,, +im/% /O dre™ =), (7). (A.2)

However, inserting this into the EOM for the system fields gives a time-local equation,

%dn(t) — inedy (1) + m\/i / deobr (8) (A.3)

r /T 4
= ZT/ <€ + 1772) dn(t) + ZT] % / dwem“tbnw,

since the energy-integration in the last term yielded a factor % X 270(t — 7) due to the wide-
band limit, noting that the time integrations run over the real half-axis, cf. the discussion
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after Eq. (3.19a). As before, we can integrate this differential equation to

. r t ) .
dy(t) = e D, iy / duw / drele=5)=7) ginty, (A4)
T 0

Relative to the free case, the system fields have acquired a dissipative renormalization g in
the exponent which corresponds to the solution of the infinite-temperature limit in the first
stage of the real-time approach. Partial averaging over the initial reservoir state, we get rid

of the reservoir part and obtain the time-local EOM (3.10a) for the field:

(0" = (ine — 3T) (dn (1) (4.5)

Note that no temperature-dependence has arisen yet even though we averaged over the equi-
librium reservoir. Furthermore, the initial superselection, (d,(0)) = 0, is preserved by the
dynamics. This does however not mean that the field amplitudes can be eliminated from the

r
beginning: They are crucial for obtaining the dissipative renormalization factors e~ 2.

Occupations, parity and identity. To complete the operator-basis in the decomposition
(3.6), we need two additional system operators. Their EOMs (3.10b) however do not require
new equations because they follow by applying the product rule to the EOMs (A.3) and
partially averaging only afterwards. A common choice —when using Green’s functions— is to
take the orthogonal system particle- and hole-occupation operators:

Oy (0)y (1)) = % [ (0] dn(t) + (1) Ly (1) (A6)

= —I'd,( \/ /dw ine1w= 8Jr”72)tb wi —i—hc)
—i—/dw/dw / dt oin(w—etil )(tft/)ein(mfw/t/)bnwbﬁw/—|—h_c,>]l

Partial-averaging causes all terms with a single reservoir field to vanish identically and due
to Eq. (3.9) only a single energy-integral over w = w’ remains:

%Mn(t)dﬁ(t»E = —T(d, (t)ds(t))® + g / dw /0 dt'e 20 fw) cos [(w+ p — &) (t — )] 1

= —T{d,(t)dz(t))® — L1 - 77/0 dre= 3y (1 — )1, (A7)

Only at this step finite temperature effects have been accounted for through the second
term containing the reservoir distribution function f(nw) = (e™/7 +1)~1 =1 -1 7 tanh (55)
which we decomposed as in Eq. (3.9). This is similar to the second stage of summlng the
renormalized perturbation series in the real-time approach in Sec. 3.4. Finally, by taking the
difference of Eq. (A.7) for n = F, one obtains the EOM (3.10b) given in the main text for
the parity (—1)" = — Zn ndyds. Summing Eq. (A.7) over n = £ verifies that the dynamics
is trace-preserving (1(¢))¥ = 1.

A.1.2 Time-local quantum master equation

We noted that for our model the EOM approach naturally leads to time-local equations.
In the above derivation, Eq. (A.5) and (A.7) are already time-local, in particular because
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in Eq. (A.6) and Eq. (A.7) the operator 1 is t’-independent. To derive a corresponding
time-local QME (3.44) for p(t) we need compute the inverse appearing in the generator
—iL + XT8N (#) = [LTI(#)]TI(t) L. Both the derivative and the inverse are easily constructed
from the spectral decomposition (3.16b) of the EOM solution:

L+ ST () = Y (ine = B |af) (af] - Sl [0 -aw @] (A)

This is equivalent to the spectral decomposition (3.49) given in the main text, while the
representation (3.44b) of the generator, YTk () = gzn [1 —nh(t)] Ly, is obtained from

Ly = dy o dy = 3dndy, ol = =53 S |db) (db |+ 10 [0 +m (1] oo (a9)

n

A.1.3 Relation to the time-nonlocal quantum master equation

Finally, we show how the general expression (3.45b) for the time-local generator ST (¢) in
terms of the time-nonlocal memory-kernel X(¢ — t’) is consistent with the relation (3.45a):

TCL ;) _ ! / Y, NTT-1(4) % ! s3(s).
> (t)—/oth(t YT (1) /OdE()

This relation surprisingly holds for our model despite II(#)II(¢) # Z. Using the spectral
decomposition (3.16b) one finds

Nrr—1 ! Hk’(t/) / /
(T (1) = (0 | (8)) (ane (8) [ (£)) (an(t))]
k=1
4
= > () (ar (@) + e M 3lg(t) — g(t)] [ma(t)) (ar (1)) - (A.10)
k=1

This superoperator would map the right eigenvectors at time ¢ to those at time ¢’ if the second
term of Eq. (A.10) were not present. However, when the memory kernel (3.42b), rewritten
in supervector form using Eq. (A.9),

L
2

z<s>=—g{[;ld2) (af] + 11" (1)1 8() = e 2%(5) |(=1)") <n|}, (A11)

acts on this term from the left, it has no effect: The first term in X(¢ — ¢’) nullifies it due to
§(t —t') and so does the second term because of (aj|my) = 1k, see Table 3.1. For the same
reasons, we can set ¢t = t’ also in the first term of Eq. (A.10), reducing it to the identity since
Sor_y Imi(t)) (an(t)] = Z. We thus find S(t — ¢ )II(#)IT-'(t) = X(¢t —t') for all ¢, ¢’ as claimed

in the main text, see also App. A.2.3.
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A.2 Real-time superfermion approach

A.2.1 Derivation

We now discuss the direct summation of the perturbation series in two stages using the su-
perfermion formalism employed in Sec. 3.4.1. This Liouville-space formulation is in principle
equivalent to the Keldysh real-time diagrammatic series of Sec. 2.2.2 but differs in so far as
that II(t) = Trg{e *""*(e @ p¥)} is exppressed in terms of the Liouvillian superoperator
L% .= [H'° e]_ given by Eq. (3.29). Its expansion in the system-environment coupling,

1(t) = <Te—ifJLV<s>>E - i <[(z s (—iLV) )k I] (t)>E, (A.12)

thus collapses the two branches of the Keldysh contour, each representing the separate expan-
sion [Eq. (2.15a)] of the unitary U (t) = e =" and its adjoint U(t)T, onto a single branch. As
usual, time-convolutions are denoted by [Ax* B](t fo drA(t—7)B(7) and (0)F = Trgo p"
evaluated by Wick contractions. The free uncoupled evolutlon 7(t) = Z reduces to the iden-
tity superoperator in the interaction picture LY (1) := LT [V e=iLT which we only indicate
by time-arguments throughout this appendix. For this noninteracting model, the coupling
Liouvillian LY = > — LV4 acquires a mere phase factor from the interaction picture,

LVa(r Z\/ /dwe “r E)TJq Gq (A.13)

and the Wick contractions (3.34) can be written as:

(LVH () LVa(r")E = Z T —7)0q— + (T — 7)8q.+ ] G G (A.14)

Stage one. For Iy (t) := limz_,o II() only contractions between pairs of different cou-
pling components LY+ oc Gt and LY~ o G~ —in this order— are nonzero in Eq. (A.12). Since
these are time-local, all convolutions trivialize to products, leaving an ordinary power series

My (t) =T — /dtgdtl (LYH() LV (7 )E 4. =T+ St + ... = >t (A.15)
t>t2>t120
with the equal-time correlator So = —g En G,? G5 as the basic building block. It useful

to note that N' = Py GrG5 counts the number of superfermions of its argument and with
G G Tl (t) = G;f G5 due to the Pauli principle (3.31) gives rise to the relations

GHLo ()G = e 3G G () = € 2'G G (A.16a)
(GG =e —”G;G;nw(t): —“G;G;;. (A.16b)

Stage two. For finite temperatures T the expansion (A.12) contains additional time-
nonlocal contractions between pairs of couplings of the same type LVT o Gt. In between
these pairs, the time-local infinite-temperature contributions already summed up in Il (t)
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may still appear but these produce a simple decaying term due to the relations (A.16). More
importantly, the Pauli principle (3.31) causes all contributions beyond first order in the time-
nonlocal contraction to vanish identically:

(t) = Moo (t) _/dthtlnoo(t_tQ) (LVF (to) o (ty — t1) LY T (41)) P o (t1) + ... (A.17a)

t>to>t12>0
ST () - / dtadtre-TE=0) [V (1) e 5Bt [V+ (1) E (A.17b)
t>t2>t12>0
= Tl (t) — / dtadtye T2 Dy gy ) D nGrGE (A.17¢c)
t>to>t12>0 n
=To(t) — 5(1— e ™)g(t) Y GGy, (A.17d)
n

In the final step we identified the function g(¢) from Egs. (3.14) and (3.11). The renormalized
series thus terminates as claimed in the main text. Reverting to the Schrodinger picture we
obtain Eq. (3.36a). The exponential form (3.36b) then follows from employing Eq. (A.16) to
write the finite-temperature term in Eq. (A.17d) as a factor:

M(t) = [T - 31— ™)g(t) D nGy G | Too(t) = 7207 IO X0mEn Ext (7 180)
n

Ly

— et 2y l=n9(O)]Ly (A.18Db)

Written as an exponential it can be merged with I, (t) = e* <! using the Baker-Campbell-
Hausdorff identity eXe¥ = ¥ ¢/ (1=e™")X for operators obeying [X,Y]_ = ¢X which results
in Eq. (A.18b). Transformation to Schrédinger picture I1(t) — e **TI(¢) gives Eq. (3.36b) of
the main text due the identity [L, G} Gy]— = 0.

We finally show how the divisor II(¢,t’) follows from this approach. To this end, we
determine a function «(t,t") such that the divisor retains the same form as II(¢):

(t,t') = oo (t — ') + alt, t') Y nGl G (A.19)
n

Inserting this ansatz into the divisor equation II(¢) = II(¢,¢')II(¢') and using the Pauli prin-
ciple (3.31) as well as Eq. (A.16), one finds a unique solution by comparing coefficients:

aft,t') = 5(1—eT)g(t) = 5(1 — e )g(t)e ")

t
= / dse TE9p(s) = (1 — e T g (e, t). (A.20)
tl

Here, the integral relation (3.14) allows one to merge the two terms to recover the EOM
result (3.17) for g(¢,t'). This justifies the explicit construction (3.37) of the divisor within
the real-time approach.

A.2.2 Time-nonlocal quantum master equation

To derive the time-nonlocal QME (3.42a) within the real-time approach, we note that both
stages can be written as self-consistent Dyson equations of the type (2.16). First, the infinite-
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temperature limit (A.15) can be expressed in terms of a Dyson equation with a time-local
memory-kernel,

Moo (t) =T + [T % Soo + o] (2) (A.21)
Seo(t = t) = —(LVT W)LY~ () = =5t — )Y GHGy,
n
which features the equal-time correlator o, = —g py GGy introduced earlier. The infinite-

temperature limit then feeds into the self-consistent form of Eq. (A.17a) where the memory-
kernel is time-nonlocal:
II(t) = oo (t) + [ * AX * II](¢) (A.22)
S
AS(t = 1) = —(LV (O (t = )LV (V)" = —e 20 Ea(t = 1) Y 0Gr Gy
n

To get to Eq. (A.22) we used that higher orders [AY x I %]* = 0 for k = 2,3,... are zero
in our model by the Pauli principle (3.31) and may thus be added on the right hand side to
complete [T (¢) to II(¢). This argument may be repeated to simplify the two coupled QMEs
obtained as the time-derivatives of the above Dyson equations and combine them into the
single time-nonlocal QME

S =T +10(t),  B(t) = Boo(t) + AB(L). (A.23)

The memory-kernel ¥(¢) is thus given by the sum of the time-local infinite-temperature
kernel of (A.21) and the time-nonlocal finite-temperature kernel of (A.22). Converted to
the Schrédinger picture, this is Eq. (3.42) of the main text. The Laplace transform ¥(z) =
Jo© dte™*'(t) discussed in Eq. (3.43) of the main text

D) =53 [ dset [s) — ne B0,

F .
r .M 1 5 —i(z— xe)
= - 1 — — e
DY HWX;EW <2+ 7T

n
is obtained by an integration analogous to the one performed in the derivation (B.10) of the
closed form of the function g(¢):

/ dseizse—gs,y(s) — 9T Z ZX/ dse—[7rT(2n+1)+g+i(X5—z)]s
0

0 x=xn=0

Lo, (A.24)

i (3]
Yy (829
Xx=tn=0n + b) + ZT

A.2.3 Relation to the time-local quantum master equation

We conclude with the conversion of the time-nonlocal QME (A.23) to the time-local QME
(3.44) in the main text, avoiding an explicit calculation of the inverse II(¢)~! that is required
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in the EOM approach [App. A.1.2]:

LT0(t) = /Ot dtS(t — () = [/Ot dt'S(t — t’)} II(t) = RTCL () II(¢). (A.26)

As stressed in the main text [Eq. (3.45a) ff.] this is an ezact relation for our model as
Y(t — t)II(¢') = (¢t — ¢')II(t). We can directly see this by splitting off the corrections A
to the infinite-temperature limit in both the propagator II(t) = Il (¢) + AIL(t) and the
memory-kernel 3(t) = Yoo (t) + AX(t). These are proportional to 3° 7G;r G} which causes
the t’-dependence of TI(t') to completely drop out: In the infinite-temperature terms, the
time-argument is irrelevant due to the time-locality,

Yoot — () = oo (t — t)II(1), (A.27a)

whereas for the finite-temperature corrections, the relations (A.16) together with the Pauli
principle (3.31) cause the time-dependence to drop out:

AS(t — I (t') = AS(t — '), AX(t —t)AIL(Y) = 0. (A.27b)

A.3 Kraus operator-sum representation

To derive the Kraus operator sum (3.38) of the main text it is instructive to start from the
spectral decomposition (3.16b) in super-braket notation repeated here for clarity:

T(t) = Ze(ma—%”t b ) (df] (A.284)
+e =1 [(1)"] = g (1 (A.28b)
+ [+ et 1M ] . (A.28¢)

As noted in Sec. 2.3.1, the Choi-operator (2.18) mixes up the elements of this spectral de-
composition. Already the preparatory conversion of these three terms into a left-right action,

)=e Z[ o) (o ) 41 (A.200)
+ (cosh 5 —ng(t) sinh 51 [n) (n| & [n) (n| (A.29D)
+ (1 = ng(t)sinh ) |n) (7] ® 7)) (n] |, (A.29¢)

by representing the fields d,, = |n) (77| and d,dy = |n) (1| in terms of ordinary brakets, mixes
the different spectral components of II(¢). In particular, Eq. (A.28b)-(A.28c) together produce
the third term (A.29c). The Choi-operator is constructed from this form by replacing basis
superoperators with corresponding basis operators, choi[|n) (7| e |x) (X|] = Inn’) (x"x|, which
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[Kg(t)TKf;(t) + K;(t)TKj,(t)] -1 S KSdl KO (1) = T2
(KoK + Ky OK ()] =1+ (1 - gt (-1)" fK )l K (1) = e/,
5 (KoKW - Ko@) K (0)] =0 Z Ko (1) =0
i (KA KO+ KO K (0] = (1= e )1 Z Ky (®)dy Ky () =0

Table A.1: Sum-rules satisfied by the Kraus operators (3.38). Reprinted table (adapted)
with permission from J. Chem. Phys. 151, 044101 (2019), see Ref. [134]. Copyright 2019 by
the American Institute of Physics.

act on states [nn') = |n) @ |n’) of a doubled Hilbert space:

choi[Il(t)] = e_%”{ coshH¥1®1 (A.30a)
> [ ) (77| — g () sinb 5 ) G | (A.30D)
+ Z |1 = ng(t) sinh %] lni) G - (A.30c)

The term (A.30c) coming from Eq. (A.29c) requires no diagonalization and gives rise to the
eigenvalues (3.38f) given in the main text. In contrast, the diagonalization of terms (A.30a)
and (A.30b) results in the eigenvalues (3.38c) and further mixes all spectral components
(A.28). The Kraus operators (3.38b) and (3.38¢) themselves follow from the Choi eigenvectors

URVA )" =) + ﬁeﬂlet [++)

K (1) = /A%() (A.31a)
A /T' t + @
(K, (1) = /AL [n7) (A.31Db)

by using the identities [nn) = d,dz @1 |1), |n7) = d, ®1|1) and choi[ Ko e K] = | Kpm) (Kpm)-
The mixing of spectral components is now nontrivially encoded in all of these Kraus operators.
More specifically, the eigenvectors of II(¢) for our model follow from the quadratic sum-rules
listed in Table A.1 together with the fact that the Kraus operators have a definite fermion-

parity (—1)"K(t)(=1)" = (=1)* K5 (2).



B| Properties of the
time-dependent functions

The dynamics of the resonant level model in Ch. 3 is fully determined by the three functions
whose key properties we derive in this appendix.

Publications and acknowledgments. This appendix is presented in App. B of the publication
V. Reimer, M. R. Wegewijs, K. Nestmann, and M. Pletyukhov, The Journal of Chemical Physics 151,
044101 (2019) [Copyright 2019 by the American Institute of Physics], see Ref. [134].

B.1 ~(t) — Time-nonlocal memory-kernel

The time-dependent Keldysh correlation function v(s) [Eq. (3.12)] with the relative time-
argument s = t — ¢’ > 0 forms the basis of all three functions and appears explicitly in the
time-nonlocal QME (3.42). It involves an energy integration which can be explicitly carried
out by inserting tanh(z) = Y°° [z +im(n+1/2)]7! and closing the integration contour in

the upper (lower) complex plane to pick up half of its poles in the residue theorem for the
n =+ (n = —) summand:

- Y. Yo [
(B.1)
e < 2m /2T) +in(n+1/2)
— 49T —7mT(2n+1)s —ines _ op sin(es) .
! nz:o ‘ 277: e sinh(77's)

From this representation we can read of its zeros v(t¢) = 0 at times t® = ¢ /e for £ =1,2,...
that lead to observable effects [Eq. (3.56) ff.]. The sign of this correlation function in the
first interval, sgny(s) = sgne for all s € (0,7/¢], determines the sign of h(t) and g(t) for all
t > 0. We will restrict attention to the case € > 0 unless stated otherwise.

B.2 h(t) — Time-local generator

The function h(¢ fo dse™2 *v(s) [Eq. (3.11)] appears in the EOM (3.10b) for the parity-
evolution as Well as in the time-local QME (3.44) of the main text. By integrating the
decaying oscillations of the correlation function v(s) with a nonnegative, decaying envelope,
h(t) has a finite stationary limit h(co) = g(co) [Eq. (3.21)] which coincides with that of
g(t) and is explicitly derived below, cf. Eqs. (B.5a) and (B.7). It inherits the correlation
function’s nonmonotonic behavior and has extrema at every of its zeros since dh(t)/dt =

e‘gt’y(t). These are either local maxima at t = (2¢ — 1)7/e or local minima at t = 2¢r /e

for £ =1,2,.. The global maximum always exceeds the stationary value h(oo) since in the
sum h(m/e) — ( =>, f;fﬂ”:/: ds e T%/2~(s) > 0 each integral is positive. Moreover,

the value h(mw/e) = foﬂ/ “ds e T%/2~(s) can significantly exceed 1 for € # 0 and reaches its
maximal value in the limit

1 ) = 2Gj(7) ~ 1.1 1= 1 B.2
T%rgoh(f) ”Sl(ﬂ) > Tlrrgoh() (B.2)

119
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which can be seen from the final representation in Eq. (B.1) and the fact that the sign of
~(s) does not change in the first interval. Depending on parameters, several subsequent local
maxima may also exceed 1 as seen in Fig. 3.2. This leads to loss of CP-divisibility and the
physically observable effects discussed in Sec. 3.7.

B.3 ¢(t) — Dynamical map

The function g(t) directly determines the parity evolution (3.13b), the exponent of the dy-
namical map (3.36) and the Kraus operators (3.38). By convoluting h(t) with a nonnegative
decaying envelope, the oscillations from the correlation function (s) are further smoothed
out which causes g(¢) to be monotonous for a wide range of parameters as we show below.
The key steps to understanding the properties of g(¢) are first the conversion to a single
time-integral over ~y(s),

t  sinh[L(t— ¢
g(t) —/0 ds’M’Y(S"), (B.3)

sinh [gt]

by factorizing the double-integral obtained when inserting h(7) into the definition (3.14):
This is achieved by changing to relative s’ = 7 — s and cumulative time-variables § = 7 + s
the latter of which can be directly evaluated. Then performing the relative-time integration
(s') after interchanging it with the energy-integration (w) inside v [Eq. (3.12)] results in a
sum of contributions from all reservoir modes:

! w+e r/2 cosh(I't/2) — cos(wt)
9 =2 / dmanh( oT ) (T/2)2 +w?  smh(Tt/2) (B-4a)

(et g o () e ()

(B.4b)

In the second line, we explicitly split off the stationary value,

g(o0) = 1/dwtanh <“’+E) L/2 (B.5a)

s 2T ) (T/2)? + w?
< 611)1209(00) = 71r/dw(F/21;£2+w2 =1, (B.5b)

which is upper bounded by the off-resonant limit where ¢(t) instantaneously reaches its
stationary value of 1 [Eq. (3.19)]. Inspection of Eq. (B.4b) shows that this is in fact the
upper bound of g(¢): There the prefactor of g(co) is upper bounded by 1 and the second
term is always negative by symmetry of the integrand. Including the signs, we obtain the
bound (3.22) given in the main text:

l9()] < [g(o0)] < lim [g(o0)] < 1. (B.6)

T |el—=oo
Evaluating the integral (B.5a) analogous to the calculation (A.25) yields the representation

1 F/Z—i—ie)

g(c0) = 2Im <2 + = (B.7)

given in the main text [Eq. (3.21)] in terms of the Digamma function ¢ which reduces to
the odd part tanh[e/(27")] of the Fermi-distribution function (3.9) in the weak-coupling limit
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I' = 0. Finite I" broadens this step around € = 0 as reflected by the linearization

€1 (3 + 547) :{

2T

el < T < T

, B.8
el < T < T (B8)

g(o0) ~

ISR N
Sl e

using v1(2) := di)(z)/dz and 11(1/2) = 72/2. The representation (B.7) furthermore shows
that the stationary value approaches the upperbound (B.5b) as function of € with a powerlaw
due to the asymptotic behavior ¢ (z) ~ In z:

r
lg(c0)| &1 — — lef >T,T. (B.9)

Finally, we express ¢(t) in terms of special functions by inserting the series-representation of
sinh in the denominator of Eq. (B.1) and express the numerator in terms of exponentials:

T 7]
g(t): Z 1le 3t Z/ dse~ [=T( 2n+1)+n2+zxe]s

ot smh
Z iTenst . e [mT@nt)+ng+ixedt _ q
= - nx-— .
yazs sinh (5] = rT(2n+1) + nS +ixe
B Z mz e~ [T +ielt ,—2n7Tt 617%15
_77 i7rsnr1h n + ayr(T,€)
“zijnlnleWT+“”Q5032”T51sanr)4-€"2‘¢(anr) (B.10)
- . F . .
— 7 sinh [§t]
In the final result we identified the imaginary parts of the Lerch transcendent function
Im®(z;s;0) := ImD> 7, (nf;) and the Digamma function Im¢(a) := —Im ) m of
the complex variable a,r = + 771“2/3;516' Note that the poles of the Lerch and Digamma

functions for a_p cancel exactly in Eq. (B.10), as has also been noted in Ref. [157].

B.4 dg(t)/dt — Extremal points

Using Eq. (3.14) one finds a useful expression for the time-derivative of ¢g(¢) in terms of the
correlation function that is similar to Eq. (B.3):

Lt sinhj T (' sinh}
Lg(t) = / dSLZSQ'y(s) = 2/ ds ?m 2% Sines (B.11a)
2 Jo (sinh gt) (sinh gt) o sinh7Ts
T
= T o=re [h(t) — 9(1)]. (B.11b)

The form (B. 11b) gives a Simple proof that g(t) and h(t) have the same stationary limit
g(00) = h(oo) = [;° dse™ 3 *v(s) as claimed in Eq. (3.21). The latter integral agrees with
result (B. 5a) but is simpler to evaluate than the t — oo limit of Eq. (B.3). It also shows that
g(t) is nonmonotonous if and only if h(t) and g(t) cross, a fact used in Sec. 3.7.3. Instead,
Eq. (B.11a) gives direct access to the short-time behavior (3.20) of both functions determined
by the Keldysh correlation function, h(t) = 2g(t) ~ v(07)t = 2¢/nt. Furthermore, it enables
the investigation of parameter regimes in which crossings of h(t) and g(t) appear:
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9(1%) + € (1) — (t%)

t® [27/€] t® [27 /€] 8 [27 /€]

Figure B.1: Right hand side of condition (B.13) for ¢ = 7’ and (a) 77 = 0.01 - I'/2,
(b) 7T =T/2 and (c¢) 71" = 1.5 -I'/2. Reprinted figure (adapted) with permission from J.
Chem. Phys. 151, 044101 (2019), see Ref. [134]. Copyright 2019 by the American Institute
of Physics.

e If I'/2 = 7T, the remaining s-integration is simple and results in

%g(t) _I'T 11— cos(et) (B.12)

e [sinh(T'¢/2)]?’
showing that crossings of g(t) and h(t) occur at times ¢t = 2/% for £ = 0,1,2,...
which coincide with the minima of h(t). Consequently, h(t) > g(t) and g(t) develops a
plateau at times t© where it touches h(t) at its minimum before continuing towards its
stationary value that is in this case asymptotically reached as dg(t)/dt o e '

e For I'/2 < 7T, the monotonously decreasing exponential envelope in the integrand
Eq. (B.11a) ensures the integral is strictly positive and thus h(t) > g(¢) for all times.
Here, the derivative dg(t)/dt decays faster than et

e For I'/2 > 7T the envelope is monotonously increasing, allowing positive contributions
to the integral (B.11a) to be overcompensated by later negative ones. As a consequence,
h(t) < g(t) is possible and crossings occur in the vicinity of the minima of h(t). Here,
the derivative dg(t)/dt decays slower than e %

Finally, also the condition ((—1)"(t¢)) = h(t®) for the appearance of a parity extremum at
time t¢ [Eq. (3.54)] can be analyzed using Eq. (B.11). Inserting the parity-evolution (3.51)
into this condition leads to a requirement for the initial parity:

e 4T t  sinhLls
—-1)™(0)) = g(t° T (0) — g(t9)] = g(t° /dQ' . B.13
(1) (O) = gt) + e () ~ 9(t)] = 9(t°) + [ e | ds iR Esines. (B13)
The right-hand side is plotted in Fig. B.1 and —just as the monotonicity of g(t)— qualitatively
changes with the temperature / coupling ratio:

(a) For 7T < T'/2, the second term in Eq. (B.13) is an oscillating function of ¢¢ whose
envelope exponentially diverges after an initial decay. Consequently, any fixed initial
condition ((—1)"(0)) € [—1,1] satisfies Eq. (B.13) for infinitely many times ¢° indicated
by dark green in Fig. B.1. The converging parity thus keeps on oscillating.
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(b) For 7T =T'/2, this is possible only when the initial parity exceeds a threshold gy, just
below 1 as indicated in Fig. B.1. Below this threshold there are either a few t® solutions
for [0, gn) (at least one due to parity reentrance) as indicated in light green, or the
condition is never satisfied for [—1, 0] (no parity extrema at all) as indicated in red.

(¢) For nT > T'/2, the right-hand side of Eq. (B.13) converges to a value exceeding 1 in an
oscillating fashion: The condition is satisfied only a finite number of times for an initial
parity in [0, 1] and never for [—1,0).
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C| Effective-environment state

We present the explicit construction of the effective-environment state (3.40) in the resonant
level model and its factorization (3.41) into independent fermion.

Publications and acknowledgments. This appendix is presented in App. E of the publication
V. Reimer, M. R. Wegewijs, K. Nestmann, and M. Pletyukhov, The Journal of Chemical Physics 151,
044101 (2019) [Copyright 2019 by the American Institute of Physics], see Ref. [134].

C.1 Effective environment density matrix

First, we construct the density matrix pEl(t)f]];; = TrsKg(t)p(O)K,’;,/ (t)T of the effective envi-
ronment and for now focus on the odd- and even-parity diagonal blocks k = k’ that remain
when the initial system state p(0) obeys superselection. The odd block (k = 1),

P () = Gy A (C.1a)
AFT = I @[+ i1 o)), (C.1b)
is already diagonal in this basis with the Choi eigenvalues (3.38f). The even block (k = 0) is

however nondiagonal and has to be explicitly diagonalized. Using Egs. (3.38¢) and (3.38d)
we obtain for the matrix elements and eigenvalues:

P () =% lkg(t) [1+nP(t;0)] 65 — (=1)"(0)) 01’ (C.2a)

AL () [1 - ((—1)(0))?]
(55, A0 1+ P(:0))

APy =1 [ZAg,, )1 +7"Pt; 0)]] xi|1+n |1- (C.2b)

Here, the notation P(t;0) := ((—1)™(0)) - [r(t) — %]/[r(t) + %] is used as a shorthand.
This result shows that the effective environment density matrix depends on both the Choi
eigenvalues /\9] (t) and the Choi eigenvectors through r(t), in addition to the initial state p(0)
through ((—1)™(0)). In particular, each eigenvalue is positive if and only if the initial state

is positive, [((—=1)"(0))| < 1, and the evolution II(¢) is CP, |g(t)| < 1.

C.2 Factorization into independent fermion modes

The eigenvalues (C.1b) and (C.2b) are already products of positive factors but the dynamics
of the effective environment is easier analyzed in terms of the factorization

AEO(t) = ABH (1) - AP (1) (C.3a)
ALty = AEF () - AE (1) (C.3b)

used in the main text [Eq. (3.41)]. These factors AE/)‘ > 0 are additionally normalized as
py Ag/)‘(t) = 1 and therefore represent probabilities. By taking different sums of Eq. (C.3)
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we find from this ansatz that the expression
AP = ATO(t) + AY (1) with n A==+ (C.4)

holds. Substituting back into Eq. (C.3) and using the normalization Zk:O,l As/k = 1 leads to

a nontrivial condition on the eigenvalues of the two diagonal blocks in Eq. (3.40): AE/OA?O =

AZTAET One verifies using Eqs. (C.1b) and (C.2b) that this indeed holds true independent
of the physical parameters. Thus, the eigenvalues of the parity-blocks £ = 0 and k& = 1
in Eq. (3.40) are not independent: Even though the effective two-fermion environment is
coupled to the system, its state (3.40) always factorizes into two uncorrelated fermion modes.
To obtain the representation Eq. (3.41) given in the main text, we insert Egs. (C.1b) and
(C.2b) into Eq. (C.4) and use the shorthand notation c(t) := coth(I't/2):

V() +(=1)"(0))g(®)]* — [1 — g®)?][1 — {(=1)"(0))] + A((=1)"(0)) — g(t)]}

/ 1

c(t)+1
(C.5a)
_1 [1 L VI {(=D)"(0)) + g(®)]? + [1 — e(®)?][1 - ((=1)"(0))%] + A[((=1)"(0)) — g(t)w
oL o(t)+1
(C.5D)

The n-index corresponds to the ordering 0 < AE'A(¢) < AJEFI)‘(t) < 1 and the second line shows
that system-state eigenvalues, written as

[e(t) = 1]{(=1)"(0)) + 29(t) (C.6)

Ay(t) =31
n(t) =3z |1+n FOES ’

are not bounded by only one of the effective mode’s eigenvalues but by both in a crossed way:

AEM 1) < Ay < AT (C.7)

Based on the representations (C.5), one can identify the two simple special cases discussed
in Sec. 3.5: For pure initial system states with ((—1)"(0)) = o = %, the eigenvalues of the
effective environment modes reduce to

A7 () = 31+ 0 1] = gy 0) (C3)

— 1o +2g9(t)7
c(t)+1 = Agn(1)-

APy =1140- n[c(t)

Comparing with Eq. (C.6), one sees that in this case one of the effective modes is locked to the
spectrum of the pure initial system state p(0) whereas the other mode has exactly the same
spectrum as the system state. Consequently, the factorization (2.12) is trivially recovered in
the stationary limit as p(t) — p(cc). Pure stationary system states are only reached in the
off-resonant semigroup limit (3.19) where g(t) = 6(¢)g(oco) instantly jumps to its stationary
value g(00) = 0 = %+ while p(t) still evolves in time. In this case, the modes then reduce to

AE? (1) = 31+ 0 1] = Agy(00) (C9)

2
o) =11+ 200N Ly

AFo)y =11
n () =31+ () + 1

Correspondingly, one of the effective environment modes instantly attains the stationary sys-
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tem spectrum of p(oco) while the spectrum of the other mode evolves different from p(t),
converging to the initial system spectrum: Agla(oo) = 21+ o - n{(—=1)"(0))] = Au.y(0).
Finally, we note that the stationary limit (2.12) of the effective environment is reached ir-
respective of these special cases, as it should. Which mode takes on the role of the initial,
respectively stationary system spectrum depends on both the initial ((—1)™(0)) and station-
ary state ((—1)"(00)) = g(o0) through the sign o = sgn[{(—1)"(0)) + ((—1)"(o0))]:

AE7(00) = 11+ 0 - 1{(=1)"(0))] = Aguy(0) (C.10)
A7 (00) = L[1+ 0 p((=1)"(50)}] = Aguy(o0)-

C.3 Pseudo-spin model without superselection

Above and in the main text [Eq. (3.40)] we claimed that the off-diagonal blocks of p¥ (t) are
zero for all ¢ > 0 if p(0) obeys superselection, i.e., (d(0)) = 0. Indeed, the off-diagonal blocks

P (08 = () 0) G T e (1)

do not couple to the diagonal blocks which explicitly confirms that the dynamics preserves
superselection. As mentioned in Sec. 3.2, the model may however also be considered as an
unconventional but valid spin problem, cf. Eq. (3.5). In this case there is no superselection
constraint such that the effective environment state has no special block structure:

, E/ ()00 B/ ()01
pe () = ZE’Egm ZE’Egll : (C.12)

Consequently, it cannot be considered as two fermions but only as two pseudo-spins. Allowing
for transverse initial pseudo-spin, (d(0)) # 0, the nonzero parity-off-diagonal blocks make it
harder to explicitly see the positivity of the state (3.26). It is equivalent to the positivity of
any one of its diagonal blocks, say ,0]131/(15) > 0, and its Schur complement [273],

1
Ok

Thus, without superselection it is not sufficient that the other block pE/(zﬁ)O0 > 0 is positive.
Explicitly verifying this and the other general facts discussed above from Egs. (C.1), (C.2)
and (C.11) is possible but cumbersome.

P ()% — ¥ ()" P ()" = 0. (C.13)
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D GKSL master equation
within the RWA

In this appendix, we show how the Lindblad master equation (4.3a) can be derived from the
microscopic model defined by the total Hamiltonian (4.1) and the coupling to the reser-
voir (4.2) within the rotating-wave approximation (RWA) even in the presence of time-
dependent modulation.

Publications and acknowledgments. This appendix has been published in V. Reimer, K.
G. L. Pedersen, N. Tanger, M. Pletyukhov, and V. Gritsev, Physical Review A 97, 043851 (2018)
[Copyright 2018 by the American Physical Society], see Ref. [135].

The derivation requires similar steps as those performed for the derivation of the resonant
level model solution in App A.1.1: Consider first the Heisenberg equation of motion for the
reservoir field operators

%aaw(t) = —i(wo + w)aaw(t) = —=g(t)O(t) (D.1)

and formally integrate them to obtain

t
\[ t dt'e i(wo+w)(t’ —t)g( )O(t/) (DQ)
0

The reservoir degrees of freedom can now be eliminated by inserting it into the Heisenberg
equations of motion for the system operators e;,, = |I)(m/| and averaging over the initial state
of the reservoir. In fact, the energy integration appearing in

%elm(t) = —i[em, Hs(t)] () — 'Lg(\/;) (%:/dwa};w(t) [etm, O] (ﬂ)
g (t
—i7 \/(i ) ([elm,of] (t)%: / dwaaw(t)> (D.3)

can also be performed within the RWA to give a §-function in time,

/dwaaw(t) :/dwe i(wo+w)(t— to) o(to) — \f/d“’/ dt! et wotw) (¥ _t)g(t )O(t/)
to

i

=V 27raa,in(t) - ﬁg(wo(t)v (D'4)
making explicit the Markovianity of this approximation even in the presence of periodic
driving. In the last step, we defined the input field as the Fourier-transform of the bare
reservoir field in the far past. Analogously, we can also define the output field corresponding
to the reservoir field in the far future,

Ao (t) = e Hwotw)(t—to)g wo(to) —

- —i(wo+w)(t—t1) — . _
Ao out(t) = tllgnoo m/dwe Gaw(t1) = aa,in(t) — iv/mg(t)O(t), (D.5)

which is needed for the calculation of reflection and transmission observables.
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The reservoir-average can be calculated from the action of the input field (D.4) on the
initial reservoir state. This state is considered to be a right-moving coherent wavepacket of
width d with a mean number of photons N corresponding to a photonic flux f = N/d. Tt

N vl . . .
can be defined as |¥() = e~ N/2¢VNby, |0) in terms of the action on the reservoir vacuum state
|0) of normalizable wave-packet operators

d/2
ba dx aq(z,t —iwor D.6
et s

obtained from the Heisenberg coordinate representation aq(x, t) f dwae,(t)e iwz /V27m. The
commutation relations with the wave-packet operator,

a2
[aaw,b};] = 5a7R/ e’(wo_‘“)x/\/ 2md, (D.7)
—d/2

imply the action of the input field on the initial state |¥p) to be
Qa,in (1) Wo) = Sa,r/f © (d/2 — |t — to]) [Wo). (D.8)

With this, the Heisenberg equations of motion (D.3), when averaged over the initially factor-
izing state piot(to) = p(to) @ |¥o)(¥ol, become

i (et () = Tr [Gewn(t) prot(to)] = (m| — i[Her(t), p(t)] + () D[O]p(t)|1), (D.9)

where the effective Hamiltonian Heg(f) and the Lindblad dissipator D[O] are specified by
Egs. (4.3b) and (4.3c), respectively, and follow from switching back to the Schrodinger picture.
The GKSL master equation (4.3a) can be directly identified by the matrix elements p,,; =
(e1m) of the reduced density operator.



E| Derivation of the
Keldysh operators

The key idea that enables the reorganization of the Keldysh real-time diagrammatic series in
Ch. 5 is the purification of the unitary evolution operator U(t,t') in addition to that of the
initial environment [Sec. 2.1.1]. This gives rise to the Keldysh operators k,(t) in Eq. (5.10)
that we derive in some detail in this appendix.

Publications and acknowledgments. This appendix is presented in App. B of the publication
V. Reimer, and M. R. Wegewijs, SciPost Physics 7, 012 (2019) [CC BY 4.0 License], see Ref. [137].

E.1 Decomposition into average plus fluctuations

The unitary evolution operator U (¢,t') = T exp[—i ftt, dr H**'(1)] is governed by the total (pos-
sibly time-dependent) Hamiltonian H*t(t) = H°(t) + V (t) where the uncoupled system plus
environment Hamiltonian H° generates the free evolution u(t,t') = T exp[—i ftf drHO(7)].
The coupling is assumed to be normal-ordered, V' = :V:, [cf. Sec. 2.2.1] and can be expanded
as V(t) = >, .0 Vm(t) into normal-ordered terms V,;, = :V,,: acting only on environment
modes m since V!, = 0 and Vy = (V) = 0 in Eq. (2.14). Omitting the explicit time-argument
in the following, we first expand the unitary in powers of the couplings V' and then expand
each coupling into its mode contributions,

U=u+ux*(—iV)u+ux(—iV)ux (—iV)u+ ...

=u+ Z u* (—iVy,)u + Z wx (—iVy)ux (—iV,)u+ ...
p#0 W u#0

=Uo+ > Uni+ > Ungmy+-..=>_ Un, (E.1)
m1 m

mami

where u * Vu = ft'i dru(t, 7)V(m)u(r,t') is a partially factorized convolution. In the last line
we collected into U, (¢, ') all strings of repeated couplings which together act on the definite
set! of environment modes m = myg ... mi. We do not distinguish the order of modes, i.e.,
Unm,...m, 18 symmmetric. Next, we decompose? U by expanding each component

Up = (Up) + :(Um + Y U,:;L’): (E.2)

into its average plus fluctuations [Eq. (2.14)]. Inserting into Eq. (E.1), we collect all terms
with the fixed set of modes m originating from supersets m’ O m in the expansion (E.2) and

!The discussion applies to any normal-ordered coupling V. Only for the special case of bilinear coupling, does
the number of modes count the coupling power, Up, = u* Vip,u, Umgm; = w* Viyu x Vi u, and so on.
If V is instead biquadratic as, for example, in Appelbaum-Schrieffer-Wolf Hamiltonians describing Kondo
physics, then Up,,m, may be of first order in the coupling V.

?We are not normal-ordering U, i.e., altering U — :U:. In Eq. (E.3) we merely add and subtract canceling
partial contractions in the real-time expansion of U to separate out different kinds of fluctuations.

131



132 E  Derivation of the Keldysh operators

obtain the decomposition (5.10) into Keldysh operators k,, given in the main text:

U=> Un=ko+ Y thm: . (E.3)

m#0

The special case denoted by m = 0 is the part of U in which no environment operators are
left. It collects the full contraction of U, i.e., its environment average. Instead the Keldysh
operator k,, is defined for m # 0 as the partially contracted evolution operator U such that
only environment modes m C m’ remain:

ko= (Un)=(U), km=Un+ > Um . (E.4)

m m/DOm

We note that the Keldysh operators are themselves not normal-ordered: k,, # :kn,:, i.e., kp,
has nonzero partial contractions for m # 0 while kg = (ko) ® 1g and :ko: = 0. Yet, partial
contractions of these objects never appear in the theory because the pasting rule (5.11b)
explicitly normal-orders the Keldysh operators.

E.2 Consistency with the Schrodinger equation

The main text noted that summing the hierarchy (5.19) results in a self-consistent equation,

[e.o]

kEk0+k1+k2+...:ko+k02[*(0’1+0’2+...)*k0]l (E.5a)
=1

o)
:u+u2[*(00—|—01+02+...)*u]l:u—l—u*a*k (E.5b)
1=0

with the sum of all self-energies ¢ = ), 0y,. Importantly, this is not the self-consistent
form of Schrodinger equation because of the lack of explicit normal-ordering, k(t) # U(t) and
also o(t,t') # —iV(t)6(t — t'). To check that the hierarchy (5.19), when properly normal-
ordered, indeed unravels the Schrodinger equation, we must decompose k = ko + (k — ko)
and separately consider the operator k — kg acting nontrivially on the environment. From
Eq. (E.5a) we find that k also obeys the self-consistent equation

k:ko—l—ko*(()’—o‘o)*k. (Eﬁ)

Subtracting kg, we rewrite the right-hand side by inserting the zeroth hierarchy equation
(5.19a), ko = u + u * 0g * ko, and again substitute Eq. (E.6) in the resulting term:

k‘—k’o:k‘o*(a—ao)*k
=ux(0c—o0g)xk+u*xog*xkyx(oc—og)xk
=ux*x(0c—o0g)xk+uxog*(k—ky) = ux(o*xk—og=xkp). (E.7)

From this one can reproduce the self-consistent form of Schrédinger equation as follows.
Starting from its right-hand side, insert U = ko + :k — ko: [cf. Eq. (E.3)]. Next, decompose
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the result into its average plus normal-ordered expressions:

utux (VYU =u+ux*(—iV) (ko + :k — ko:)

=u+uxogxky+ux:oxk: (E.8a)
=ko+k—ko:=ko+ Y ki =U. (E.8b)
m#£0

As a result of the hierarchy equations this is consistent with the decomposition (E.3): to
obtain Eq. (E.8b) we used kg = u + u % 0g * ko again and inserted the normal-ordering
of Eq. (E.7), noting that :0¢9 * ko: = 0. Thus, kg together with the normal-ordering of
> m0 km as determined by the hierarchy (5.19) are equivalent to the self-consistent form of
the Schrodinger equation.

The step leading to Eq. (E.8a) involves a nontrivial reorganization of terms,

(V) (ko + :k — ko) = 3 (~iVi) (ko +3 :km:) (E.92)

n#0 m7#0

= S (=iV ki [Z > (<iVi ik } (E.9b)
n#0 m [Cnm

=og*x ko +: [Zanm/*Zk u]:—ao*ko—i— o x ke, (E.9¢)

which involves the following detailed diagrammatic observations:

e First, the expansion (2.14) is applied to Eq. (E.9a). The first term in Eq. (E.9b) is the
average which sums up all full contractions of fields in V,, = :V,: with those in :kj,:.
The corresponding diagrams can be factorized into two parts. One factor is irreducibly
contracted in some time interval [¢,#'] such that summing all contributions to it gives
the self-energy component oo(t,t'). The remaining factor for the time interval [¢',0]
contains all possible contributions without external modes and therefore sums up to
ko(t'). Since in ky(t) we integrate over all internal times, we also integrate over ¢ and
obtain the convolution in the first term in Eq. (E.9¢c).

e The second term in Eq. (E.9b) involves® (—iV}, :ky,:)! where a subset I C nm of modes
in Vj, and :k,,: remains uncontracted. Denote by ¢ the —possibly empty? — subset ¢ C n
of modes in V,, that are contracted with a corresponding subset ¢ C m of modes in ky,.
Again the diagrams factorize. One factor contains all diagrams irreducibly connected
to V,, in some time-interval [t,?'] leaving modes n’ from V;, and modes m’ from k,,
uncontracted. Summing over all modes ¢, we get by definition o,/ (t,t") representing
all such irreducible contributions. The factor at earlier times [¢', 0] contains all possible
contributions with further uncontracted modes m” from k,, and therefore sums up
to kv (t'). Thus, we have decomposed the modes in V,, as n = nc and in k,, as
m = cm'm” such that the uncontracted modes n’m’ and m” are attributed to the
irreducible and reducible factors of each diagram, respectively. In total, the modes
Il = n’m’m” thereby remain uncontracted. Independently summing over the modes

3The first term (—iV)ko in Eq. (E.9a) is included through the term m = 0 of Eq. (E.9b).
4For ¢ = 0 (no contractions) we have n’ = n and m” = m and m’ = 0 and obtain —iV,,é as a contribution to
the self-energy o,,/,,y = o, convoluted with the reducible part k,,» = kun,.
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n'm’ and m” —including the empty sets— we obtain o xk [Eq. (E.5)] for the second term
in Eq. (E.9¢c), completing the derivation.



F| Real-time diagrammatic rules

This appendix collects the modifications to the standard Keldysh real-time diagrammatic
rules [Sec. 2.2.2]. These allow for a diagrammatic representation of conditional dynamical
maps II,, and Keldysh operators k,, in Eq. (5.11), as well as of the CP structure of the
memory-kernels ¥, in terms of the single-branch self-energies o, in Sec. 5.4.3.

Publications and acknowledgments. This appendix collects the Apps. D [F.1], E [F.2], and
F [F.3] published in V. Reimer, and M. R. Wegewijs, SciPost Physics 7, 012 (2019) [CC BY 4.0
License|, see Ref. [137].

F.1 Rules for conditional propagators II,,

In the main text we focused on the reorganization Eq. (5.11) of the standard Keldysh expan-
sion (2.15b) in the interaction-picture, repeated below for clarity:

Trz / SV (). V()] e @pE S / VD] V()] (Fla)

/
o> >
w221

—ZZ /Tr V()] e @ iV (L)]. ... (F.1b)

k dlagramst > >4

Here, we provide explicit diagrammatic rules for these contributions and how they should be
adapted to obtain the conditional maps II,,, and their generators X,,

(a) Distribute n [n'] vertices on the left (right) in all possible ways over the k = n + n/
ordered times t; > ... > t; and sum over these diagrams.

(b) Pairwise contract all fields appearing in the vertices V' and sum over all possible contrac-
tions. The sum over all modes is included in the vertices themselves, V =3 ., V.
For fermions, the sign of each term is given by the parity (—1)" of the number n. of
crossing contraction lines.

(c) Perform the ordered time integrations.

(d) To obtain the conditional propagator Il,,. .m,, restrict in (b) the g inter-branch contrac-
tions to a definite set of modes m, ... m; while summing over all modes of intra-branch
contractions. For Y, i, restrict this to two-contour irreducible diagrams.

In practice, to compute the superoperators represented by the diagrams one needs to exploit
the known energy eigenbases of H and HY, the system and environment Hamiltonians, re-
spectively. It is then convenient to revert to the Schrodinger picture which only changes the
translation rules for the diagrams by inserting the free evolution

7T(t7 t/) — Te—i ftt/ dTH(T) ° Tle—l-i ftt/ dTH(T) (FQ)

with formal (anti)time-ordering T' (T") between every two consecutive occurences of vertices
at times t > t' —irrespective of the branch they occur on.

We remark a few peculiarities concerning the above rules to avoid confusion:
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e The times t; label vertices on either contour: In the Keldysh technique each two-branch
time-ordered integral is explicitly represented by a separate diagram which has several
useful implications noted in Sec. 2.2.2.

e In the density-operator technique, the Keldysh contour is not drawn closed at latest
time [cf. Fig. 2.4(b)], in contrast to the Keldysh contour for Green’s functions [179]
where this closure indicates an additional system-trace to obtain correlation functions.

e For the environments of interest here, the modes are labeled by discrete indices (particle
type, electron spin, etc.) and a continuous orbital index or equivalent energy [35,
158], see Eq. (5.28). Thus in the above rules, the CP structure requires suspending
integrations over the continuous environment energies for the inter-branch contractions
but performing them for intra-branch contractions, see the application in Sec. 5.5.

F.2 Rules for Keldysh operators &,

A key result of Sec. 5.3.1 is that the conditional propagator Il,,,....m, , determined by the rules
in App. F.1, can be ‘cut into two halves’, representing the Keldysh operator kp,,..m, and
its adjoint, respectively. The Keldysh operators can therefore be obtained directly from a
diagrammatic ‘cutting and pasting’ based on similar rules.

F.2.1 Cutting rules

The contributions to the Keldysh operator kp,,..m, (t) are obtained from the formal expansion

ZTEr / dry ... dr [V (1)] ... [=iV (1)) p" (F.3)

Tn>...2>T1
of a ‘cut’ single-branch auxiliary operator using the following rules:
(a) Pairwise contract all fields appearing in the vertices V' and sum over all possible con-
tractions, leaving ¢ fields with a definite set of mode indices my . .. m1 uncontracted. For

fermions, the number of crossing contraction lines nc intra introduces a sign (—1)"eintra,
where the crossings with the external contraction lines must be included.

(b) Assign ordered times 7, > ... > 71 to the uncontracted vertices and integrate over them.
(c) Independently sum over all orderings of the mode indices my ... m; to symmetrize the

indices of the the Keldysh operator kp,..m,(t). The self-energies oy,,..m; are then
obtained by restricting to one-branch irreducible diagrams.

These Keldysh operators k,, and their self-energies o, are the central objects of the developed
formalism. Actual Kraus operators are subsequently derived from them:

KSlq...ml = <€| :kmq...mll g |0> = %I‘é kaq_“ml: \/pE.

Here, |e) = ), €ij|i) ® [j) denotes any desired basis of bipartite vectors for the purified
environment E' and é = Zij eij 1) (j| is a corresponding basis of operators acting on E.
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Figure F.1: Contributions to 32 based on the diagrammatic rules (i)-(v) in Sec. 5.4.3. The

bold lines indicate a renormalized propagation kg [kg] on the upper (lower) branch. Each
diagram represents a definite two-branch time-ordering, i.e., the time-integrations over the
internal times 74,7} [7—,7’] on the upper [lower] branch are restricted as to not overtake
each other. The colored boxes group the different distributions of the external vertices over
generators o, by rule (i). The first three diagrams are build up from reducible diagrams
which are forced to be irreducible by inserting fragments Ag (gray) by rule (iv). Reprinted
figure under CC BY 4.0 License from SciPost Phys. 7, 012 (2019), see Ref. [137].

F.2.2 Pasting rules

The Keldysh real-time diagrams for Il . m, are constructed from the above Keldysh oper-
ators kp,...m, by ‘pasting’ them together with the vertically flipped diagrams corresponding

to kjnq,__ml. This diagrammatic pasting entails the following rules:

(a) Contract in all possible ways the external vertices of ky,,...m; With those of k;rnq,,,ml
having the same mode index, remembering that m, . .. m; may contain repetitions of the
same mode index. For fermions, the number of crossing inter-branch contraction lines
Ne,inter iNtroduces an additional sign (—1)"einter. Consequently, the correct fermionic
sign in App. F.1 is recovered since n¢ = Nc intra + Nc,inter-

(b) Assign ordered times 7o, > ... > 71 to the 2¢ consecutive external vertices —irrespective
of the branch they occur on— and integrate over them. This produces the two-branch
time-ordering in App. F.1 and yields My -

(c) Sum over all modes my ... m; of the inter-branch contractions to obtain II.

F.3 Rules for self-energies ¥, and o,

The general rules (i)-(v) of Sec. 5.4.3 for constructing the conditional self-energies ¥, from
the memory-kernels o,, are illustrated using Fig. F.1. As pointed out in the main text, the
functional form (5.26a) for X is the only contribution requiring an infinite set of diagrams
to be summed up. All following tiers require only a finite set of dressed diagrams constructed
from 4. Here we explicitly discuss the next-to-leading order Yo which covers all difficulties
to be encountered when applying the rules to these higher orders.
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(i)

(iii)

(iv)

We first distribute in all possible ways the external vertices among generators o, with
1 # 0 on each branch. In Fig. F.1, the colored boxes group the three possible distri-
butions for ¥y: The first group (red) has two o1 blocks on each branch. The second
group (blue) has two o1 blocks on one branch but a single o2 on the opposite branch.
The final possibility (violet) has a single o9 on each branch.

Within each of these groups, we sum over diagrams with definite two-branch time-
ordering and integrate over all internal time-arguments. We stress that the number of
such orderings is finite, although we refrain from providing all contributions for .

We contract the individual generators o, in all possible ways between the branches,
including ‘exchange’ diagrams that are explicitly shown only in the first (red) group.

To proceed, we have to distinguish two types of diagrams that we have constructed so
far. Two-branch reducible contributions [first three diagrams in Fig. F.1] are constructed
from multiple two-branch irreducible fragments A, (t4,t_,t',,t") ‘glued’ together to en-
force the two-branch irreducibility. This is achieved using the four-time generalization,
Ao(t4,t—, 1/, t"), of the self-energy 3o (¢, ') [cf. Eq. (5.26a)] indicated in gray. Together
with the two-branch convolution *, we obtain terms of the form

Yo(t,t') ~ [A1 % Ag % A1] (¢, ¢, 1) (F.4)

for these contributions. The remaining irreducible contributions shown in Fig. F.1 are
made up of already irreducible fragments and require no such ‘fixing’:

So(t, t") ~ Ao(t, t, ¢/, t). (F.5)

Finally, all constructed diagrams have to be complemented by their possible extensions
with Ag blocks on either side or both, as discussed in the main text [Eq. (5.26)]. These
are not shown in Fig. F.1.
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