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Abstract

Magnetic interactions underpin a plethora of magnetic states of matter, hence playing a central role
both in fundamental physics and for future spintronic and quantum computation devices. The
Dzyaloshinskii-Moriya interaction, D;; - (S; x §;), being chiral and driven by relativistic effects, leads
to the stabilization of highly-noncollinear spin textures such as skyrmions, which thanks to their
topological nature are promising building blocks for magnetic data storage and processing elements.
Here, we reveal and study a new chiral pair interaction, C;; - (S; x $;)(S; - S;), whichis the
biquadratic equivalent of the DMI. First, we derive this interaction and its guiding principles from a
microscopic model, and we connect the atomistic form to the micromagnetic one. Second, we study
its properties in the simplest prototypical systems, magnetic 3d transition metal dimers deposited on
the Pt(111), Pt(100), Ir(111), and Re(0001) surfaces, resorting to systematic first-principles
calculations. Lastly, we discuss its importance and implications not only for magnetic dimers but also
for extended systems, namely one-dimensional spin spirals and complex two-dimensional magnetic
structures, such as a nanoskyrmion lattice found in an Fe monolayer on Ir(111).

1. Introduction

Starting from the seminal work of Heisenberg [ 1], magnetic materials are often described by bilinear isotropic
magnetic interactions, J; S; - S;. However, a wealth of complex spin-textures were discovered over the last century
that called for the enrichment of the original Heisenberg model with various other types of interactions (see e.g.
[2-11]). The magnetism of *He is a striking example, being dominated by higher-order isotropic interactions [ 12]
which can be derived from the Hubbard model at half-filling [ 13—16] or from Kondo-lattice models [17-19]. These
interactions, such as the isotropic biquadratic interaction B;;(S; - S;)? and the related three- and four-site
interactions, introduce nonlinear effects into the Heisenberg model. An important consequence is that different
spin spirals, characterized by a wavevector Q, can be combined into lower-energy multiple-Q-states, as the higher-
order interactions invalidate the superposition principle. Prominent examples are the antiferromagnetic uudd-
state (a 2Q-state) [20, 21] and the 3Q-state [22]. Interestingly, this 3Q-state (also magnetic skyrmions [23, 24] and
bobbers [25, 26]) is a noncoplanar magnetic state that hosts interesting Berry-phase physics arising from its non-
vanishing scalar spin chirality S; - (S; x Sy), such as topological orbital ferromagnetism and Hall effects [27-31].
The concept of vector spin chirality is embodied by the antisymmetric bilinear Dzyaloshinskii-Moriya
interaction (DMI), D;; - (S; X §)) [3, 4], which arises due to the combination of spin—orbit coupling and absence of
spatial inversion symmetry. The DMI lifts the energy degeneracy of magnetic spirals with opposite vector spin
chirality, §; x S, thus stabilizing magnetic structures of well-defined rotational sense, such as chiral spin spirals
[32, 33] and magnetic skyrmions [23, 24]. The competition between the DMI and the symmetric anisotropic
exchange was recently found to explain the magnetic stability of decorated Fe trimers on the Pt(111) surface [34]. The
intricate interplay of higher-order and anisotropic bilinear magnetic interactions generates various magnetic states:
conical spin spirals [35] and more complex magnetic structures [31, 36, 37], such as an intricate nanoskyrmion lattice
for amonolayer of Fe on the Ir(111) surface [38].
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In this work, we utilize a microscopic model combined with first-principles calculations to introduce and
characterize a new kind of spin—orbit-driven magnetic pair interaction, the chiral biquadratic interaction (CBI). It
has the form C;; - (S; x S))(S; - S;). Like the DMI, this is a unidirectional interaction which is linear in the spin—
orbit coupling, and so it is governed by the magnitude and orientation of the CBI vector C;;. We demonstrate that
this vector obeys the same symmetry rules as the DMI [4, 39—41], and derive its micromagnetic limit. Like the
isotropic biquadratic interaction, the CBI couples twice the same pair of magnetic moments. Noteworthy, the CBI
is not chiral on its own, but supports a definite chirality based on the nature of the non-chiral bilinear exchange
interaction, being ferromagnetic or antiferromagnetic, and the chiral DMI. After systematic investigations on
magnetic dimers made of 3d elements on various surfaces with strong spin—orbit coupling, namely Pt(111),
Pt(001), Ir(111) and Re(0001) surfaces, we find that the CBI can be comparable in magnitude to the DMI. Lastly,
we explore the implications of the CBI for magnetic structures in one and two dimensions.

2. Methods

2.1. Density functional theory

We performed systematic density functional theory calculations with the full-potential Korringa—Kohn—Rostoker
(KKR) Green function method [42]. Exchange and correlation effects are treated in the local spin density
approximation as parametrized by Vosko et al[43], and spin—orbit coupling is added to the scalar-relativistic
approximation [44]. The pristine surfaces are modeled by a slab of 22 layers (except for Pt(111) for which 40 layers
were used) with the experimental lattice constants with open boundary conditions in the stacking direction, and
surrounded by two vacuum regions. No relaxation of the surface layer of the pristine surface is considered, as it was
shown to be negligible [45]. We use 150 x 150 k-points in the two-dimensional Brillouin zone, and the angular
momentum expansions for the scattering problem are carried out up to ¢,.x = 3. In the next step, we utilize an
embedding method to place each dimer on the fcc-like threefold hollow position of Pt(111) and Ir(111), on the
fourfold hollow sites on the Pt(001) surface, and on the hcp-like threefold hollow site of Re(0001). The embedding
region consists of a spherical cluster around each magnetic adatom including nearest-neighbor surface atoms.

We found this to be sufficient to adequately capture the indirect contribution to the magnetic interactions
arising from the induced spin polarization of the surface atoms. The appropriate structural relaxations of each
dimer towards the surface were obtained with the plane-wave code Quantum Espresso [46], using ultrasoft
scalar relativistic pseudopotentials [47] with the PBEsol functional [48], and consideringa 4 x 4 supercell with 5
substrate layers (more details and structural information are given in appendix A). All calculations were
performed on the supercomputer JURECA at the Forschungszentrum Jiilich [49].

2.2.Mapping DFT to an atomistic spin model—the torque method

To map the first-principles calculations to an atomistic spin model we adopted the method of constraining fields
[50]. The net magnetic moment for each atom in the dimer is defined by averaging the spin magnetization
density over its atomic cell, m; = f dr m;(r). The orientations of the magnetic moments S; = m;/|m;| play the
role of emergent degrees of freedom that can be used to define an atomistic spin model,

Eppr[{S} = Y > K{7sis) + — sz(yﬂsasﬂ (1)

i a8 ij afB

To determine the energy of a target magnetic configuration, the total energy functional is augmented by a
Zeeman term enforcing the constraint,

Ecort[{81] = Eper[{S}] — by - [dr my(x). @

The constraining magnetic field is transverse to the orientation of the local magnetic moment, b; - S; = 0,and it
opposes the magnetic force that acts on it if the magnetic structure is not a stationary point of the total energy functional,

OEprr[{S}] _ OEprr[{S}]
0S; 0S;

The induced moments in the surface atoms are allowed to relax without any constraint. The model parameters are
then determined by linear least-squares fitting the constraining fields obtained for a set of self-consistent magnetic
configurations to the form of the magnetic force supplied by the atomistic spin model. The magnetic configurations
for the dimers have been chosen using a Lebedev grid [51] containing 14 directions for each atom, which is well-suited
to describe spherical harmonics up to £ = 2, resulting in a total of 14> = 196 configurations, which using symmetry
arguments (time-reversal invariance of the magnetic energy plus the spatial symmetries that apply on different
surfaces) the number of configurations can be further reduced to 56 for (111) and (0001) surfaces and to 36 for (001)
surfaces.

b; |m;| = 0. 3




10P Publishing

NewJ. Phys. 21 (2019) 083015 S Brinker et al

3. Results

3.1. Systematic microscopic derivation of higher-order interactions

The benefits of studying the properties of the magnetic interactions starting from a microscopic model are well-
illustrated by the case of the DMI. Although phenomenological arguments completely determine the form and
symmetry properties of the DMI [3], the microscopic analysis of Moriya [4] and later on the intuitive picture
proposed by Fert and Lévy [39, 40] have clarified the main ingredients that underpin this interaction. We thus
begin by introducing a generic model of the electronic structure of the magnetic material, and then outline how
one can systematically extract all kinds of magnetic interactions from the electronic grand potential.

3.1.1. Microscopic model

The microscopic hamiltonian that we consider has three contributions: H = H° + H™& + H*°¢, Here H°
contains all spin-independent contributions, H™¢ = >_, U; S; - o is thelocal exchange coupling of strength U;
between the direction of the magnetic moment S; on site i and the electronic spin 0,and H* = 3> A\, L, - o is
the atomic spin—orbit coupling of strength A, on site a between the electron spin and its atomic orbital angular
momentum L,. Grouping the spin-dependent terms into AH = H™8 + H°, itis straightforward to derive a
formal power series for the electronic grand potential (see appendix B),

o=q0_ 1 Imde FE WS L TriAH GUEP
m P

P
p/2
= Q0 4 Qo 4 37 N QPR[{S)]. 4)
p k=1

Here Q°is the contribution to the grand-canonical potential from the spin-independent °, and

G°(E) = (E — H"% lis the corresponding retarded Green function. The contributions arising solely from spin—
orbit coupling are collected in £2°°¢, and the terms that depend on the magnetic moments are given by
QP2K[{S;}]. The Fermi-Dirac distribution for energy E and chemical potential y. is given by f(E; 1), and the trace
is over all sites, orbitals and spin degrees of freedom. We reiterate that this expansion is a formal power series, so
neither the magnetic hamiltonian, 7™, nor the spin—orbit coupling part, H*°¢, have to be considered as
perturbations. Our goal is to systematically uncover the simplest contributions that generate a magnetic
interaction of a given form, not to compute its microscopic value from this model, so the non-perturbative
nature of the expansion poses no difficulties.

3.1.2. Diagrammatic rules

Only a subset of the terms contained in Q72*[{S;}]are of interest for the purpose of identifying the possible
types of magnetic interactions. As detailed in appendix B, these can be represented by prototypical diagrams for
all kinds of magnetic interactions, from magnetocrystalline anisotropies to pair interactions or many-site
interactions. Each diagram contain p vertices connected by p lines. The vertices in a prototypical diagram must
correspond to spatially distinct sites, and the lines represent connections between the sites through G°. Each
diagram contains 2k magnetic sites and p—2k spin—orbit sites. A link between two magnetic sites is denoted by a
solid line, while a link between a magnetic site and a spin—orbit site is marked by a dashed line. A magnetic site
cannot appear consecutively (i.e. a line cannot close on itself), and two consecutive spin—orbit sites (distinct or
not) are also excluded. In this work we focus on interactions involving two magnetic sites, and the corresponding
prototypical diagrams up to fourth order in the magnetic sites and first order in spin—orbit coupling are shown
in figures 1(a)—(d).

3.1.3. Prototypical diagrams

Itis a simple matter to extract the form of the magnetic interactions from each prototypical diagram, by using
the properties of traces of Pauli matrices. The derivations and the forms of the coupling coefficients can be found
in appendix B. The first and simplest diagram is given in figure 1(a) and translates into the isotropic bilinear
exchange interaction %Z iJi Si - Sj. Attaching one spin—orbit site to the diagram of figure 1(a) results in the

diagram shown in figure 1(b). This generates the DMI, %Z iDi (S; x S;). The structure of this diagram is
identical to the third-order perturbation theory developed by Fert and Lévy [39, 40]. The DMI vector is
determined by the properties and geometrical arrangement of the spin—orbit sites, D; = >~ Dj; ,. Due to the
cross product form, it favors magnetic structures with a definite vector chirality. The next diagram is shown in
figure 1(c) and leads to the isotropic biquadratic interaction, %Z iBi(Si - $;)%. The diagrams with the same
number of lines but connecting either three or four different magnetic sites lead to the isotropic 4-spin 3-site and
4-spin 4-site interactions, respectively (see appendix B). Lastly, we find a new kind of magnetic interaction from
the prototypical diagram shown in figure 1(d):

3
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Figure 1. Feynman diagrams and symmetry operations used for the microscopic derivation of the magnetic interactions. (a)—(d)
Prototypical diagrams for pair interactions up to fourth order in the magnetic hamiltonian and first order in the spin—orbit
hamiltonian. Green functions connecting sites are represented by solid lines if both sites are magnetic and by dashed lines if one is a
spin—orbit site. The five different symmetry operations being illustrated are: (e) inversion center in-between the two magnetic sites;
(f) mirror plane perpendicular to their bond; (g) two-fold rotation perpendicular to their bond; (h) mirror plane containing both
magnetic sites; and (i) n-fold rotation axis containing both magnetic sites. The unit vectors fi represent either the rotation axis or the
normal to the mirror plane.

(ld) — %Z C,‘j . (Si X S]-)(S,- . Sj). (5)
if

We name it the CBI, as it is an antisymmetric 4-spin 2-site interaction generated by an additional spin—orbit site.
It thus combines the isotropic scalar product S; - S; with the chiral coupling C;; - (S; x S;) defined by the CBI
vector C;; = -, Cjj 5, which is generated by the spin—orbit sites. This is our main quantity of interest and its
properties will be discussed in detail in this paper. The diagrams with the same number of lines but connecting
either three or four different magnetic sites lead to the chiral 4-spin 3-site and 4-spin 4-site interactions,
respectively (see appendix B).

3.1.4. Symmetry rules

We next study what are the properties of the newly-found CBI vector, Cj;, by comparison with those of the DMI
vector, Dj;. Given a pair of magnetic sites i and j connected with the vector Rj;, there are five relevant symmetries,
which are illustrated in figures 1(e)—(i). Within the picture of the prototypical diagrams, these symmetry operations
are combinations of local transformations at each site (e.g. a rotation or a mirroring) and permutations of the sites.
Importantly, symmetry dictates what is the spatial arrangement of the spin—orbit sites around the pair of magnetic
sites. One can then relate the diagrams connecting the pair of magnetic sites to each spin—orbit site, noting that the
orbital angular momentum operator transforms as a pseudovector, and from this derive the symmetry rules for
each magnetic interaction. For the DMI vector, these symmetries lead to the so-called Moriya’s rules [4, 40, 41].
These rules are, for each symmetry operation shown in figures 1(e)—(i): (¢) D;; = 0, (f) 77‘]‘3 D; = 0,(g) ’P‘,‘i D; = 0,
(h) PﬁDij = 0,and (i) PﬁDij = 0 (see appendix C). The vanishing components of the DMI vector are those either
parallel or perpendicular to fi, which represents either the rotation axis or the normal to the mirror plane. It follows
naturally from comparing the structure of the prototypical diagrams for the DMI and the CBI that precisely the same
rules apply to the CBI vector, C;;. The two vectors do not have to be collinear, notably if the only applicable symmetry
isa mirror plane perpendicular to the bond direction.

3.1.5. Connection to a phenomenological model
Another advantage of our approach is apparent if we consider the appropriate phenomenological model for the
magnetic interactions. To illustrate this point, we consider the most general spin model containing only bilinear
and biquadratic pair interactions:
Hpar = % DTS+ % > 2 ByTsis]ss). (6)
ij B ij 8,706
The bilinear interactions are described by a rank-2 cartesian tensor J. i;"ﬂ (9 parameters), which contains the isotropic
pair interaction given by Jj; S; - S; (1 parameter), the DMIgiven by D;; - (S; X §;) (3 parameters), and the remaining
five parameters describe the symmetric bilinear pair anisotropy. The biquadratic interactions are described by a rank-4
cartesian tensor B;‘ﬂ 7® (81 parameters), and are not straightforward to classify. The number of independent elements
of the biquadratic tensor is reduced to 25 by noting that B;ﬁ e — B,-;-’“@ b — Bi;-l‘%/ﬁ = B/ %25 and that excluding terms
which are independent of the spin orientation requires ), Bl;” R 3 Bi?ﬁw = 0. The same conclusion as to the
number of independent parameters can be arrived at via the spin cluster expansion of the magnetic energy [52, 53]

4
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(see appendix D). Making use of the prototypical diagrams, we already recovered the isotropic biquadratic interaction
B;;(S; - Sj)2 (1 parameter), and we uncovered the CBI given by C;; - (S; x $;)(S; - S;) (3 parameters). Considering
prototypical diagrams with more spin—orbit sites is a constructive approach to populate the rest of the BUCYJ 7 tensor,
from which the form of the magnetic interactions will also follow. If spin—orbit coupling is weak, we then also obtain a
natural classification of the various magnetic interactions in powers of this small parameter. This would justify
considering only the isotropic biquadratic and the CBI as the most important interactions among all biquadratic ones.
We note that in the upcoming sections discussing the ab initio based simulations, we do not make any assumption
concerning the strength of the spin—orbit coupling.

3.1.6. Connection to a micromagnetic model
Since micromagnetic models are often used to describe magnetic properties of materials, it is useful to find the
micromagnetic form of the CBI. As derived in appendix E, the new term in the micromagnetic energy density reads:

EPNr) = Y Capy - (S() X 0uS(1))(58(r)) - (,8(x)). @)

By

The explicit indices pertain to spatial derivatives, while vector components are handled by the standard notation
for dot and cross products. Interestingly, other forms of higher-order interactions have been previously
proposed [54]. We note, however, that ours is distinct and motivated by the microscopic derivation.

3.2. Magnetic interactions of dimers on various surfaces

In order to quantify the properties and significance of the CBI in relation to the other magnetic interactions, we
present a systematic study of a series of prototypical systems: magnetic dimers on several surfaces where spin—
orbit effects are expected to be significant. To do so, we construct a complete magnetic model containing all
relevant interactions up to four-spin couplings by defining a mapping from a set of self-consistent constrained
DFT calculations, as explained in section 2 and appendix D. The parametrizations of the complete magnetic
model for all considered systems are given in appendix F.

3.2.1. Simplified magnetic model

We focus on the following interactions: the isotropic bilinear interaction J S; - S,,the DMID - (S; x S,), the
isotropic biquadratic interaction B(S; - S,)?,andthe CBI C - (S; x $,)(S; - S,). These are defined in terms of
the unit vectors S, representing the orientation of the spin magnetic moment of the ith atom in the dimer. The
axis of the dimer is chosen as the x-axis, while the normal to the surface is chosen as the z-axis, as shown in
figure 2(a). Symmetry then restricts the DMI and CBI vectors to lie in the yz-plane for (111) and (0001) surfaces,
illustrated in figure 2(b), or to lie along the y-axis for the (001) surface. In all cases the y-component is the
dominant one (see appendix F). To understand the interplay between the different interactions, we consider the
simplified model obtained from equation (6) by confining the magnetic moments to the xz-plane and keeping
only the mentioned interactions:

E(a)z]cosa—l—Dysina—i—Bcosza—i—Cysinacosa. (8)

Here o = 6, — 6, is the opening angle between the two magnetic moments. The angle that minimizes the energy
can be written as v, = o + A, where ap = 0°if] < 0 (ferromagnetic) or 180°ifJ > 0 (antiferromagnetic),
and A« is the canting induced by the remaining magnetic interactions. The energy can then be expanded as

A 2
E«%m)zzxmof<%nUMb4—qua+«Urfzm£—§l

180° sgn(J)D, — C

o A = 180 800D — & ©)
m Il — 2B

where the last line gives an approximation to the canting angle. The canting angles obtained from the full magnetic

parametrization are reported in appendix F. The main additional ingredient is the magnetic anisotropy, which in

most cases leads to a small correction to the canting angles unless its magnitude is comparable to the DML

3.2.2. Magnetic dimers on Pt(111)

We first compare the magnetic properties of five different homoatomic dimers on the Pt(111) surface, with the
corresponding data collected in table 1. All dimers except Ni possess large spin magnetic moments, which
depend very weakly on the various imposed magnetic structures. Comparing the CBI to the DMI, we see that the
magnitude of C, is around 20%-30% of the one of D, even reaching 60% for Ni. For most dimers, Bis similar in
magnitude to the CBI, and is even stronger than the DMI for Cr and Ni. According to ], which is the dominant
interaction, Cr and Mn are antiferromagnetic, while Fe, Co and Ni are ferromagnetic. Considering only Jand D,
leads to a canting of the magnetic structure given by Aa”*in table 1, while considering also Band C, we obtain

5
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Figure 2. [llustration of the chiral interactions in a magnetic dimer. (a) Geometry: the dimer axis is along the x-direction, the surface
normal defines the z-axis, and the mirror plane (gray) perpendicular to the bond is also shown. The atoms are represented by red
spheres and their spin magnetic moments by solid arrows. Neighboring surface atoms are represented by gray spheres. (b) The CBI
(blue) and DMI (green) vectors are shown as possibly noncollinear, and the dimer magnetic structures that they favor is also indicated.
The plane containing the magnetic structure is characterized by its dihedral angle S with the xy-plane. (c) Dihedral angle 3 between the
plane generated by the CBI or DMI vectors and the xy-plane for the Cr, Mn, Fe, Co and Ni dimers deposited on Pt(111).

Table 1. Spin moments, magnetic interaction parameters and opening angles of the magnetic ground state for Cr, Mn, Fe, Co and Ni
dimers deposited on Pt(111). M is the spin magnetic moment of one atom in the dimer. The CBI and the DMI are represented by
their dominant vector component C, and D,, respectively. The biquadratic and bilinear isotropic interactions are given by Band J,
respectively. All interaction values are in meV. The canting angles are found by minimizing equation (8) with all the interactions
(Aa™) or keeping only J and D, (Aa™). The sign of Aarepresents the sign of ($; x S),, the vector chirality of the magnetic ground
state. For comparison, we also list the effective bilinear interactions defined by Dyeff = D, — sgn(J)C, and f=7-2 sgn(/)B.

Dimer M (up) C, D, B J Ac®  Aa* Dgt Je
Py(111) Cr 3.26 25 85  —117 358 —13° —6° 6.0 59.2
Mn 4.05 ~0.6 ~33 0.8 58.5 3° 3° 27 56.9
Fe 3.32 2.6 -7.3 —22 430 10° 6° —47 474
Co 2.12 ~1.6 7.1 0.8  —7638 —5° —4° 55 752
Ni 0.62 0.5 0.8 ~11 ~5.4 -8 —10° 1.3 ~7.6
P(001) Cr 2.53 2.5 11.2 —97  -353  —18°  —14° 137 547
Fe 3.24 —0.2 -9.5 ~15 15.0 32° 28° -9.3 12.0
Ir(111) Cr 3.02 3.2 107 —121 295 —20° -8° 7.5 53.7
Fe 3.06 13 —146 36  —163 42° 32° -133  -233
Re(0001) Cr 2.18 04  —181 34 —164 48° 40° 177 -232
Fe 2.29 0.3 0.5 0.1 23 -12° -1 0.8 -25

Aa*®. The difference between these values is the largest for Cr and Fe, so these are the dimers for which the
biquadratic interactions are most important. Lastly, we also include the values of the effective bilinear
interactions defined by the coefficients of A and (Aa)?/2in equation (9). These correspond to

Jf =) — 2sgn(J) Band D;ff = D, — sgn(J)C,. The vector chirality of the magnetic ground state is set by the
combination of the DMI and CBI vectors. These can be parallel, antiparallel, or substantially noncollinear
(shown in figure 2(c)), in particular for the Co dimer. This shows that the CBI has not only the potential to
impose the opposite vector spin chirality to the one favored by the DMI (A« changing sign in equation (9)), but
also to tilt in away from the direction defined by the DMI vector.

3.2.3. Crand Fe dimers on other surfaces
The Crand Fe dimers on Pt(111) were found to have the most important contributions from the CBI. To
ascertain whether this is particular to the Pt(111) surface, we placed these dimers on other surfaces with strong

6
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Figure 3. Relation between the magnetic interactions and the electronic structure of Cr and Fe dimers on Pt(111). (a) Energy dependence
of the magnetic interactions in an energy window around the Fermi level for a Cr and an Fe dimer deposited on the Pt(111) surface.

(b) Local density of states for an atom of the Cr and Fe dimers deposited on the Pt(111) surface. The local density of states of the Pt surface
is shown as a gray background. The majority spin contribution is shown as positive and the minority as negative values.

spin—orbit coupling, namely Pt(001), Ir(111) and Re(0001). We see from table I that the CBI is generally a
sizeable fraction of the DMI. On the Pt(001) and Ir(111) surfaces, the two dimers display a very large DMI, even
comparable to the isotropic bilinear interaction J, leading to a strong canting of the magnetic structure. This
canting is substantially modified when the biquadratic interactions are accounted for. The same behavior is
found for the Cr dimer on Re(0001), while for the Fe dimer on this surface the interactions are found to be
surprisingly weak, but still support a strongly noncollinear magnetic structure.

3.2.4. Electronic origin of the magnetic interactions

The origin of the different magnetic interactions can be further understood by comparing their dependence on the
filling of the electronic states with the corresponding density of states of each dimer. This is shown in figure 3 for the
Crand Fe dimers on Pt(111). D, is largest in the energy range of the Pt d-states, which shows that the DMI is strongly
enhanced by hybridization of the magnetic d-states of the dimer with the d-states of the Pt surface. Band C, (and also
J) have their largest values in the small energy range of the minority d-states of the Fe dimer, which suggests that the
biquadratic interactions require less hybridization with Pt and so more localized magnetic d-states in the dimer. This
can be understood from the microscopic theory. According to the prototypical diagrams in figures 1(a), (c), the
isotropic interactions are direct interactions between the dimer atoms, resulting in a strong dependence on the Fe
d-states. The prototypical diagram of figure 1(b) shows that the DMl is an interaction mediated by a spin—orbit site,
which are supplied by the Pt surface atoms, and so this interaction is strongly dependent on the Pt d-states. The CBI
involves both a direct exchange between the magnetic sites and an excursion through a spin—orbit site, figure 1(d), so
it can be amplified in those two ways, leading to a more complicated dependence.

3.3. Implications of the CBI

The CBI has different important implications for a broad class of noncollinear magnetic nanostructures. For a
magnetic dimer, we already found that the CBI influences the opening angle and the vector spin chirality of the
magnetic structure. To gain further understanding, we return to the previous example of a CBI vector in the y-
direction, for which the interaction energy has the form Ecp;(ar) = C, sin a cos o (see equation (8)). The cos «
term comes fromthe S, - S, part of the interaction, while the sin o terms comes from (S, X S,),, with o the
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Figure 4. Magnetic ground states of a dimer and of an infinite chain stabilized by the isotropic bilinear interaction J, the DMI D, and
the CBI C,. The magnetic ground state is characterized by the opening angle o between two neighboring magnetic moments, obtained

by minimizing equation (8), which for an infinite chain defines a spin spiral with wavevector Q = «//a (a being the nearest-neighbor
distance). C, is chosen to be positive.

opening angle. As the dot product is isotropic, the opening is favored in the plane perpendicular to the CBI vector.
Fixing C, > 0 for definiteness, there are two energy minima for apni, € {—45°, 135°}, and two maxima for

Qmax € {45°, —135°}. Strikingly, the two values of vy, have opposite signs, which means that the sign of their
vector spin chirality (projected on the y-axis) is also opposite. Thus, and in contrast to the DMI, the CBI favors both
possible rotational senses at once (although with different opening angles). In other words, the CBI is not chiral on its
own, but supports a definite chirality in the presence of other interactions. This is irrespective of whether those
interactions are chiral, such as DMI, or not, such as the bilinear isotropic exchange. Starting from a ferromagnetic or
antiferromagnetic structure (set by J), the DMI will induce a canting of the same rotational sense for both cases, while
the CBI will favor cantings for each structure which have opposite rotational senses.

3.3.1. From a dimer to an infinite chain

Next we relate the magnetic ground state of a dimer to that of an infinite chain, assuming that the interactions
present are J, D, and C, being nearest-neighbor interactions for the chain. We take B = 0 for simplicity, as
typically |B] < |J]and so it makes a small correction to the opening angle, see equation (9). The energy as a
function of the opening angle for the dimer is given by equation (8), and the same form applies for the energy of a
spiral magnetic structure on an infinite chain, with S; = sin(Qx;)S, + cos(Qx;)S,, by setting Q = «/a(ais the
nearest-neighbor distance). The canting angle/spiral wavevector that minimizes the energy is shown for
different values of D,,/C,and J/C, in figure 4. The sharp transition in the sign of o found along ] = D, is driven
by C,, and signals a change in the sign of the vector spin chirality. At the edges of the diagram we recover well-
known magnetic structures (o« = 0°, 180° are the ferromagnetic and antiferromagnetic structures for J-only,
respectively,and o = +90° pertain to D,-only).

3.3.2. Impact of the CBI on complex 2D magnetic structures

As a final example, we consider two-dimensional magnetic systems. Since higher-order isotropic interactions can
help stabilizing complex magnetic structures called multiple-Q-states [20—22, 38], we address the potential role of
the CBI, choosing the Fe monolayer on Ir(111) by way of example [38]. The ground state is a nanoskyrmion lattice,
which is a type of 2Q-state made of two symmetry-related wavevectors Q; and Q,. Other combinations lead to
further noncollinear states which were calculated to have a similar energy: single-Q spin spirals, the Q,,,-star and
Q,,-vortex states, and the nanovortex lattice. These magnetic structures are visualized in figures 5(a)—(f), with the
triangular Néel state included for comparison. To show how different magnetic interactions affect these states, we
write each energy contribution as E; = NII', where N is the number of atoms in the magnetic unit cell, I = { D, B, C}
is the interaction strength, and I';is a factor determined by the lattice and the magnetic structure.

This factor encodes either the relative angles between the magnetic moments (for the isotropic biquadratic
interaction) or the alignment of the vector chiralities with the directions defined by the DMI and CBL. Since our goal
is to identify which magnetic states are favored or unfavoured by each interaction, the actual interaction strength I'is
not relevant. Figure 5(g) plots the I'; factors computed assuming nearest-neighbor pair interactions following Cs,
symmetry. We do not discuss the contribution of ], as this interaction is complex and long-ranged for this system
[38]. Interestingly, the contribution of the isotropic biquadratic interaction Bis similar for every structure, none
being particularly favored. On the other hand, both the DMI as well as the CBI do favor certain magnetic structures.
The DMI favors almost equally the single-Q spiral and the nanoskyrmion lattice, while the CBI clearly favors the
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Figure 5. Contributions from different magnetic interactions to the energy of various magnetic structures. The considered magnetic structures
are: single-Q spin spirals for the (a) Q;-vector and (d) and for the K-vector (Néel state); the 2Q-states (b) Q,,,-star and (c) Q,,,~vortex; and the
two noncollinear states forming (¢) a nanoskyrmion lattice and (f) a nanovortex lattice. () The I'; factors describe how the contribution to the
energy from different interactions varies among the several magnetic structures (see main text for discussion). The considered interactions are
the DMI D, the isotropic biquadratic interaction B and the CBI C. The factors are normalized with respect to the nanoskyrmion lattice. These
magnetic structures were discussed in connection to the magnetic ground state of an Fe monolayer on Ir(111) in [38].

nanoskyrmion lattice (2Q state) over the spin spirals. This shows that the CBI can play a deciding role in stabilizing
noncoplanar multiple-Q-states, which have a non-vanishing scalar spin chirality.

4. Discussion

We presented a comprehensive analysis of a new chiral higher-order magnetic pair interaction, the CBI. Beside
providing its atomistic form we derived its expression in the micromagnetic limit. Using a microscopic model and a
systematic expansion of the electronic grand-potential, we identified the prototypical diagrams behind all kinds of
magnetic interactions. This led us to uncover a new chiral interaction, the CBI, which is linear in the spin—orbit
coupling and is the biquadratic equivalent of the DM], following the same symmetry rules obeyed by the latter
interaction. In its most general form, this interaction couples four distinct magnetic sites, and consists of terms of the
form Cjy - (S; X $))(Sx - Sp). In micromagnetic form, itbecomes 3, 5 WCG gy - (8(r) x 9,8(r))(958(x) - 0,5(x)).
We note that two recent studies have found signatures of higher-order interactions in magnetic chains on the Re(0001)
surface [55] and in bulk MnGe [56]. We proved the existence and quantified the importance of this new interaction in
relation to other well-known ones by performing systematic first-principles calculations for prototypical systems,
magnetic dimers on surfaces with strong spin—orbit coupling. For these dimers, the CBI is typically around 20%-30%
of the DM], reaching 60% for a Ni dimer deposited on Pt(111). Furthermore, we contrasted the properties of the CBI
with those of the DMI, revealing that the CBI can simultaneously favor structures with opposite vector spin chiralities
(canted ferromagnetic versus canted antiferromagnetic structure), and that the CBI vector is not necessarily parallel to
the DMI one. Insight into the electronic origin of the CBI and the other magnetic interactions was obtained via their
dependence on the filling of the electronic states, supporting the proposed mechanism derived from the microscopic
model. We related the magnetic phase diagram of a dimer to that of an infinite chain, and surveyed the implications of
the CBI for magnetic monolayers. Considering several magnetic structures relevant for an Fe monolayer on Ir(111), we
showed that the CBI can play a deciding role in favoring a noncoplanar nanoskyrmion lattice over other possible
structures. We thus conclude that the CBI can influence simultaneously the vector and the scalar spin chirality,
opening new avenues for stabilizing and engineering complex magnetic textures with both fundamental and
technological interest. We also expect that there should be a non-trivial impact on the related dynamics, transport and
topological properties, which should motivate future investigations.
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Appendix A. Structural relaxations

The structural relaxations are performed using the density functional theory package Quantum Espresso [46].
Exchange and correlation effects are treated in the generalized gradient approximation using the PBEsol
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Table Al. Relaxations of the adatoms towards the surfaces relative to the interlayer distances
obtained from Quantum Espresso calculations. Shown are the reduction r of the mean vertical
distance d between the adatom and the first surface layer, according to d = (1 — r)d, dy being
the bulk interlayer distance. No value is provided when Ni was found to be nonmagnetic at its
equilibrium geometry. The last column lists the relaxations used to set up the geometry for the
KKR calculations. When multiple values are given, the one which is closest to the QE result was
used for the corresponding element.

Cr Mn Fe Co Ni KKR geometry
Pt(111) 19.4% 17.9% 25.9% 27.5% 25.2% 20%
Pt(001) 34.4% 33.3% 32.2% 30.4% —_ 30%
Ir(111) 11.5% 11.7% 17.9% 20.6% — 15%
Re(0001) 16.1% 12.7% 18.6% 21.8% — 15/20%

functional [48] with ultrasoft pseudopotentials in the scalar relativistic approximation [47]. The different
surfaces are modeled bya4 x 4 supercell with 5 layers and a vacuum region corresponding to 5 interlayer
distances using2 x 2 x 1 k-points in the Monkhorst—Packgrid. The theoretical lattice constants were obtained
from bulk calculationswitha8 x 8 x 8 k-point mesh. Test calculations showed that the dimers have similar
structural relaxations to those of the adatoms, so for simplicity we considered the latter. The different adatoms
are placed in the threefold hollow positions on the hexagonal surfaces—fcc-like for Pt(111) and Ir(111) and hcp-
like for Re(0001)—, and on the fourfold hollow position for Pt(001). The adatom as well as the atoms in the first
surface layer are allowed to relax. Table A1 shows the obtained relaxations towards the surfaces for the different
adatoms on the different surfaces in terms of the bulk inter-layer distances and the relaxations which are used to
set up the geometry for the KKR-based calculations.

Appendix B. Diagrammatic expansion of the grand potential

Starting from o “o s = 6m300 + i€, By0 7, we obtain useful relations from which all possible forms of the
magnetic interactions can be extracted:

1
ETr o’ = 6,5, (B.1)
1 S " .
ETr 0% "0 =1 €8y (B.2)
1 o
ETT 0°0P010° = 643615 — Sy O35 + 637005 (B.3)
1 5 .
5 Tr 0% ool = (06 €agy + 0ap vy + Oar €asy + Oy €asn)s (B.4)

1 o
E Tr 0%cPc0lco¢ = 6(1(3 6’y§ 67]( - 6&7 6&5 67}{ + 6/37 6&6 67]( — €EapyEon¢ — 6&/3 677] 56()
+ 604(1 6{‘517 57{ - 6(}") (5[17] 6{‘){ + (Sn,qv 5(57] 6{1{ - éﬂw (Sm] 6{‘){ + 66’)/ 6677 50,{ . (B5)

In the following derivations, two different Green functions will be employed, according to the following
partition of the electronic hamiltonian (the parts will be specified later):

H=H'+AH = GE)=E-H)"', GYE) =(E-H)" (B.6)
For a given energy E, the two Green functions are connected by the Dyson equation
G(E) = GY(E) + GY(E)AH G(E). (B.7)

The electronic grand potential €2 is given by
Q= —% f dE In(1 + eP—5) fdr Tr p(x, 1; E). (B.8)
— 00

Here 3 = 1/kgT with kg the Boltzmann constant and T the temperature, and p is the chemical potential. The
position integral is over the whole volume of the system, and the trace is over the spin components. The spectral
density matrix p(r, '; E)isa2 x 2 matrix in spin space, and can be expressed in terms of the single-particle
Green function by

G@, 1} E —i0) — G(r, t'; E + i0)
27 '

p(r, t'; E) = 1 Im G(r, t'; E) = (B.9)
T
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For simplicity, the spatial dependence is omitted in the following. By recursively inserting the Dyson equation,
equation (B.7), into the expression for {2 we find

Q= —% Im foo dE In(1 + e%“=E)Tr | GOE) + GO(E)i [AH G*(E)JP
e =

=00+ > Q. (B.10)
p=1

This is a formal power series that can be used to develop a diagrammatic expansion of the grand potential. Using
the relation

Tr G*(E)[AH GY(E))F = 1 % Tr [AH G°(E))P (B.11)
p

and integrating by parts with respect to the energy, we find

0r = —Lim f Y dEf(B; X Tr [AH GUE)P, (B.12)
s —00 p

where f(E; p) is the Fermi distribution function. If one inserts the spectral representation of the Green function,

GYE) =) , (B.13)

itis straightforward to verify that the formal power series corresponds to infinite-order perturbation theory,
regarding H° as the unperturbed system and A as the perturbation.
The electronic hamiltonian can be written as the sum of three parts,

H = HO + H™s 4 o, (B.14)

For illustration purposes, these terms will be represented using real Wannier-like basis functions. The non-spin-
dependent terms are collected into

HY = Z Z Z Crtlps tmp,nu Crvss (B.15)

mn v s

where the atomic sites are labeled by m and n, the orbital character of the Wannier-like basis functions by (s and
v, and the spin components by s. Here ¢ and care creation and annihilation operators for electrons in the
Wannier-like basis. The magnetic part of the hamiltonian is taken to be of the form

Hmag — Z H?‘ag, (B.16)

HP =33 ¢ Ui Sii - G Civg. (B.17)
v s,s’
The magnetic sites are labeled m = 1,7, ... to be distinguishable from other non-magnetic or spin—orbit sites,
with S; the orientation of the magnetic moment on site i. The final term is the atomic spin—orbit coupling,
Hsoc — Z H;OC’ (B.18)
a
HY =33 chs Aa L+ O Carst (B.19)
v s’
with the local orbital angular momentum operator L. As done for the magnetic sites, we label the spin—orbit sites
byadifferent variable, m = a, b,.... Wehavethat t,,,,, ,, = ts, mu> Uy = Uy and L, = —L,,,, assuming that
the angular part of the Wannier-like basis functions correspond to real spherical harmonics centered on
each site.
Returning to the formal power series for the electronic grand potential, we now identify
AH = H™8 + %<, so that we have a double expansion in magnetic and spin—orbit terms It follows that Qf
can be further split into contributions QP* which contain H™8 k-times and ¢ (p—k)-times, forallk = 0, 1,
..., p- We wish to construct an effective magnetic model by taking the orientations of the magnetic moments S;
asindependent variables. From the basic requirement of time-reversal invariance of the magnetic energy, only
the contributions Q% for which k is an even number (i.e. we have an even number of S;’s in the final expression)
should be give a finite contribution. We can then write

p/2
Q= Q0 4 Qe 4 37 37 QPE[{S]], (B.20)
p k=1

where all contributions arising solely from spin—orbit (k = 0) are collected in {2°°°.
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The p = 2k terms generate all possible isotropic magnetic interactions. The p = 2 term is (no restrictions on
the sum)

022 — %E 022, (B.21)
L]
which leads to the isotropic bilinear interaction (2-spin 2-site)
0 = —% m [ O; dE f (B; 1) Tr HI 8 GL(EYH™ GY(E)
= —% Im foo dE f (E; 1) Tr U;GJ(E)U;G(E)(S; - Sj 00 + i(Si X ) - &)
=J3*Si-S;, (B.22)

by considering the trace over spin indices. The i = jpart corresponds to a contribution to the energy from the
local exchange splitting. The p = 4 term is

1 4
Q44 — n Z Qg"kl’ (B.23)
ikl

where

1 o0
bt = - Im f dE f (B; ) Tr H™8G(EYH] " G(E)Hy " G (E)H"* G (E)

= Jii ((Si - $)(Sk - S — (Si - SV(S; - S + (Si - SN(S; - S)- (B.24)

Thus Q%2 does not depend on the magnetic orientations, ] o S - S; contributes to the isotropic bilinear
interaction (2-spin 2-site), Qg-’i]‘-‘ o 2(S; - Sj)2 — 1 contributes to the isotropic biquadratic interaction (4-spin
2-site), Qgﬁ o< 2(S; - $))(S; - S — S; - S gives an isotropic 4-spin 3-site interaction and a correction to the
bilinear one, and Q%}j is the general form of the isotropic 4-spin 4-site interaction. It is clear from all these
examples that terms that contain the same magnetic site consecutively (e.g. itkk or 7ikl in the previous expression)
will not lead to new forms of the magnetic interaction than simpler expressions (e.g. ij’z), so they can be
excluded from the search for new forms of the magnetic interaction.

Next, consider the terms that contain both H™?8 and H*°°. The lowest-order term is

1
032 — 3 z QZ"Z’ (B.25)
ij

and gives the first contribution to the bilinear DMI,

1 0 m: . SOC
Q%’Z:—;Im f_m dE f (E; 11)3 3 Tr HIEGR(EYHI ™S GY, () Hi G(E)

1 oo .
= Im [ dE f(E; 16 i Tr Gu(E)U;GJ(E)UiGR(E)A, L - (S; x S))

3 3
= EZ D}’ (Si x §) = 7 D}’ - (S x §)). (B.26)

The factor of 3 on the first line is due to the three different places where H*°¢ can be inserted, which are all
equivalent due to the cyclic properties of the trace. On the second line the factor of 6 is a result of the spin trace,
with the remaining trace being over the orbital indices. The final prefactor of 3/2 is for consistency with the
overall total prefactor of 1/2 for the 2-site magnetic interactions. The DMI vector is then given explicitly as a sum
of contributions arising from different spin—orbit sites, in analogy to the model of Lévy and Fert.

The next contribution to the bilinear interactions is given by

1
4,2 __ 4,2
22 = - > 0. (B.27)
L]

There are six ways of combining ™ and H**“ for this, which can be grouped into two contributions by
exploiting the cyclic property of the trace. We find
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oo
2= —Lim f dE f(E; 11)4 Y. Tr HISGI(E)HIS G (EYHL GY, (EYHi GUY(E)
™ —00 a,b

1 o0
- = Im f dE f(E; )2 Tr Hi8 G (EYH G (E)YHT 8 G, (E) Hy Gy (E)
% a,b
=208 -Sj+Si- Dj? - S; + ;- AP? - S)). (B.28)

There is a contribution to the isotropic bilinear interaction

1 o0
Ji? = ——Im f dEf(B a3 T UiG(E) UG (E) Ao L* Gy (E) Ay L* G (E)

[} ] a
ab o
1 o0
+—Im [ EfE 02Y YT UGHE) AL GY(E) UG (E) AL G (E), (B.29)
- ab o

and another contribution to the DMI (in matrix form, with & = x, y, z)

pp2t = Ly f dE f (Es )4 " Tr U;GY(E) U GAy(B) \a L2\, LYG(E)
s —0 ab

~Lim f dEf(E; 1)4Y " Tr U;GJ(E) UG}, (E) Ay LGy (E) Ay L*G i (E). (B.30)
™ —00 ab

The first contribution to the anisotropic symmetric bilinear interaction is given by

1 % §
AP = ——tm [ dE [ )2 ) Tr UGHE) AL GYE) UGB ML GH(E)
- a,b

- %Im foc dE f (E; )2 Tr UGy (E) A LPG3(E) U; G}, (E) Ay L*Gi (), (B.31)
%0 a,b

and arises when the two magnetic sites are connected through a spin—orbit site. In the case of i = jitbecomesa
contribution to the on-site magnetic anisotropy. We see that the terms containing G, (E), i.e. consecutive
scattering from two spin—orbit sites, generate corrections to the interactions found already at lower orders in the
expansion, so they can be excluded from the search for new forms of the magnetic interaction. The new kind of
interaction found at this order is the anisotropic symmetric bilinear interaction.

The first kind of anisotropic higher-order interaction arises from

1
05t — 2 Z Q;S]é (B.32)

S5 ikl

It generates a DMI-like 4-spin 4-site interaction:
5,4 1 Oo
Qg =——TIm j:oo dE f (E; 1)

x 5% Tr Hi"8GJ(EYH " Gy (E)Hy " G(E) H™ G (EY 3 Gy (E)
a

5
=3 C?jfl “((Si - 88k X § — (Si - Sp)S; X § + (Si - S)S; X S
+(S; - SIS x 8 — (S; - SPS;i x S + (Sk - SS; X ). (B.33)

There is a perfect parallel with the case of the previously-discussed isotropic 4-spin interaction. Q2% does not
depend on the magnetic orientations, Q?{k“l o § x S contributes to the bilinear DMI interaction (2-spin
2-site), QZ; x 2(S; - §))S; x S; contributes to the CBI (4-spin 2-site), ij’f o 2(S; - $))S; X 8 — S; X S gives
an chiral 4-spin 3-site interaction and a correction to the bilinear DMI, and Qf}’k‘f is the general form of the chiral
4-spin 4-site interaction.

The goal is to identify the simplest contributions to the electronic grand potential that potentially generate a
magnetic interaction of a given type, if allowed by symmetry. Such contributions can be conveniently encoded
into Feynman-like diagrams which contain the building blocks of the expansion of the grand potential, namely
the Green functions of the unperturbed system and the magnetic and spin—orbit interactions at given sites. The
following rules were identified from the previous case studies. A diagram that serves as a prototype for a given
type of magnetic interaction is composed of:

(i) p vertices, of which 2k are magnetic sites (representing H™*) and p—2k are spin—orbit sites (H**),
connected by p lines (representing G°(E)).

(ii) The same magnetic site cannot appear consecutively (G5 (E) is not allowed—see analysis of Q%)’ but can

4,4

appear repeatedly (e.g. Qi)
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(iii) Two spin—orbit sites cannot appear consecutively (GJ,(E) is not allowed—see analysis of Q%’z), but can
appear repeatedly.

(iv) The form of the magnetic interaction is obtained by taking the spin trace of the ordered product of the
constituents of the diagram.

The interest is in the form of the interaction and not on the precise value of the coupling coefficient. If the latter is
required the appropriate prefactor has to be determined, as shown for the discussed case studies. A diagram
constructed according to these rules will give rise to a 2k-spin interaction on n-sites (1 < n < 2k).Ifp — 2kis
an odd number (the spin—orbit coupling appears an odd number of times) the interaction is chiral (i.e. contains
S; x §; dotted with a pseudovector, as in the DMI), otherwise it represents a symmetric anisotropic interaction
(or isotropic, for p = 2k). The n = 1 diagrams contribute to the on-site magnetic anisotropy, then = 2
diagrams to the pairwise magnetic interactions, and so on.

Appendix C. Symmetry rules for the prototypical diagrams

Given a pair of magnetic sites i and j connected with the vector Rj;, the relevant spatial symmetries are the
following: (a) inversion center in-between iand j; (b) mirror plane with fi||R;;; (c) two-fold rotation along an axis
fiL Rjj, (d) mirror plane with fi_L Ry, (e) n-fold rotation along fi||R;; with n > 2. All the symmetries are
illustrated in figures 1(e)—(i) of the main text. The global symmetry operations can be defined as a combination
oflocal transformations at each site (e.g. a rotation or a mirroring) and a permutation of the sites. For the pair
interactions two different classes of symmetry operations can be distinguished. The first class describes global
symmetry operations which permute i and j, whereas the second class describes symmetry operations which
leave i and j invariant. The operations (a)—(c) fall in the first class and (d) and (e) in the second class. In terms of
the diagrams a permutation of i and j corresponds to the same diagram (with labeled vertices), but with opposite
direction of the Green functions. Since the local symmetry operations affect the spatial dependence of all the
integration variables at the same time, those effects are not important. However, the effect of the local symmetry
operation on the angular momentum operator has to be considered. The orbital angular momentum operator
transforms as a pseudovector under the considered spatial symmetry operations,

IL=1L, (C.1)
ML =PlL - PiL, (C.2)
Ra(@)L = PLL + cosa P4L + sina(h x L), (C.3)

where we used the inversion operator Z, the mirror operator My mirroring on the plane normal to fi, the
rotation operator R 4(«v) describinga rotation by o around the axis i, and the vector projections parallel and
perpendicular to f, ’P!l L = (f - L)fiand PfL = L — (fi - L)A, respectively. Using these expressions it is easy
to derive the so-called Moriya rules, which are the symmetry rules for the DMI vector. In total, one finds the
following rules for the different symmetry operations [4, 40, 41]: (a) D;; = 0, (b) 73!3 D; = 0,(c) P‘,l»l D; =0,
(d) PéDij = 0,and (e) PﬁDij = 0, which s valid for the usual bilinear DMI vector Dj;, as well as the CBI vector C;;.

We illustrate the derivation of the symmetry rules by analyzing the prototypical diagram that generates the
DMI in the presence of a symmetry of type (b). Such a diagram connects two magnetic sites i and j to a spin—orbit
site a, and this connection can be done in two ways, as illustrated in figures C1(a), (b). The mirror plane ensures
the existence of another spin—orbit site b = My a,located at the mirror position of a. This generates another
pair of diagrams, as shown in figures C1(c), (d). Omitting the energy dependence, the corresponding integration
and other details, we can represent the structure of these diagrams as follows:

(la) = Tr Gy, U; Gy U; G, AL - (Si X S, (C.4)
(Ib) — Tr Gy U; G} U; Gy A, L - (S X Sp), (C.5)
(1c) = Tr Gy U; Gj Ui Gi Ay L - (Sj x S)), (C.6)
(1d) — Tr Gy, U; G U; Gy, Ay L - (Si x S)). (C.7)

The orientations of the magnetic moments, and soalso S; x S, are kept fixed for all diagrams. From the
geometry alone, and with My representing the spatial mirror operator in our chosen Wannier-like basis, we
have My Gl?Mﬁ_l = Gﬁ, M; G]%Mﬁ_1 = G),and My GAM; ' = Gl?j, among other relations. We can then
rewrite

(1) — Tr My GoM; ' Uy My GIMG Uy My GiMz '\, L - (S X S)) (C.8)
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Figure C1. Symmetry-related prototypical diagrams. As an example, we select the diagram generating the DMI in a system where a
mirror plane perpendicular to the bond is present. This ensures that there is a spin—orbit site b = Ma, that is, located at the mirrored
position of a. The two magnetic sites i and j and the spin—orbit site a can be connected in the ways shown in (a) and (b). Likewise, the
two magnetic sites i and jand the spin—orbit site b can be connected in the ways shown in (c) and (d). We show that (a) can be related to
(c) and that (b) can be related to (d).

= Tr G3; U G} Uj G§, \a(Mg 'L Mz) - (S % S)) (C.9)
=Tr G U; Gj U Gj, \a(Py L — PlL) - (S x S), (C.10)

where we used that U; = M UMa, \g = My '\ M3 and equation (C.2). Combining this result with the one

for (1a) and using L = PAL + PU& L, we arrive at the final expression

(1a) + (1c) = 2 Tr Gy, U G U; G}, Ao(PEL) - (Si X S))
~ PiDj - (S; x S)). (C.11)

This corresponds precisely to Moriya’s rule (b) 79!1 D;; = 0,and asimilar conclusion can be reached by
combining diagrams (1b) and (1d). Following similar steps for each kind of symmetry (i.e. identifying all
symmetry-related spin—orbit sites, and combining the related prototypical diagrams using the transformation
properties of L) it is straightforward to derive all of Moriya’s rules and to show that no further effort is required
to conclude that they also apply to the CBI vector.

Appendix D. Relation between the spin cluster expansion and the generalized Heisenberg
model

To analyze our DFT data, we make use of the spin cluster expansion [52, 53]. Each spin magnetic moment is
represented by a classical unit vector S; = (cos ¢, sin ¥, sin ¢, sin?¥;, cos ;). The energy of a magnetic system
with pair interactions can then be parametrized using a systematic expansion in terms of real spherical
harmonics Y,(¥;, ¢;) as

) 1 L.
ICIED DI R ACKIEEDIDY T YL ) Y05, ), (D.1)
i Li=0 ij Li=0
iij Lj¢0

where L; = (¢}, m;) is a combined spherical harmonic index. Since the total energy has to be even under time-

reversal (which inverts the orientation of the magnetic moments), only coefficients with even total £ =, £ are
allowed. This means that #; has to be even for the on-site anisotropy coefficients K l-L" ,and that the sum ;47 has
to be even for the pair interaction coefficients ]; *¥i, The bilinear magnetic interaction is given by the Z; = ¢; = 1

elements of ]I-JL"LJ', whereas the biquadratic magnetic interaction is given by the £; = #; = 2 ones. In agreement
with our discussion in the main text, the biquadratic interaction is thus determined by at most5 x 5 = 25
independent variables.

In the main text, we discuss the different magnetic interactions using the more conventional representation
in terms of cartesian unit vector components,
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Eprr[{S} = Y. S Ks08P + — ZZ J30ss) + — Z > Bi0siSIs]s. (D.2)

i af ij a0 ij 8,70

This representation has a simple relation to the spherical harmonic expansion used in the spin cluster expansion.
We first express the components of the unit vectors in terms of spherical harmonics,

S¥ = x“/r = J4r/3 Yo (¥, p)withL™ = (1,1),L” = (1, — 1)and L* = (1,0). We then use Gaunt coefficients
to rewrite the product of two spherical harmonics for the same direction in terms of a single one,

/ 4
§089 = fz CL,YL (0, ¢). (D.3)
L

The Gaunt coefficients obey the basic properties: £ + #” + #mustbeeven, |£* — 29| < ¢ < ¢ + ¢°
(triangle inequality), and C[,, ; = C[;,... In this way we find a connection between the two representatlons The
onsite anisotropy coefficients are related by

1

. 4 . 2
Kkri= - 3 CLLX_'"L_,; K2, (D.4)
o, !

the bilinear interaction coefficients by

]l]x ] = 1] > (DS)
and the biquadratic interaction coefficients by

2

LiL Am ,

Bl = (?) S BYChCl (D.6)
afyd

Appendix E. Micromagnetic form of the CBI

To arrive at the micromagnetic form of the interactions discussed in this work, consider the following coarse-
graining procedure. We first consider all the magnetic sites connected to a reference site i, to define its
contribution to the magnetic energy. We can then find the value of the micromagnetic energy at the point R; by
calculating the magnetic energy in the spin model:

ER) = ZU’J S; - Sj + D,‘j - (§; X Sj) + B,‘j(si . Sj)z + C,‘j - (S; X Sj)(S,- . S])) (E.1)
j

The orientation of the lattice spins is obtained from a smoothly varying spin field which is approximated by its
average direction and its gradient at the point R, with R;; = R; — R,

1

Sj ~S; + Z Rij)a(‘?asi + E Z Rij,aRij,ﬁ &ﬁgS,; (E.2)

@ o,

Then

1

S; S ~Si S+ > RijaSi-0Si+ =Y RiaRii3Si- 0,058 (E.3)
«@ a3
1
=1-3 > RijaRij,5(0aS)) - (958, (E.4)
o,

where the last line applies if the spin field is a unit vector field: S; - S; = 1 = S; - (9,03S;)) = —(0,S)) - (955)).
Similarly,

S,’ X Sj = Z Rij,a S,’ X 8aSi. (E5)

«

We then find:
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(i) The exchange stiffness,

a,B

1
D JiSit 8 = > Ji+ ZI—Z RijoRij 3 Lj](aasi) - (0381
j j 25 (E.6)

]i + ZAi{(yﬂ(aasi) . (QgS,),
a,3

where the stiffness tensor is symmetric, A/ . = A/ s> and expresses the spatial anisotropy of the material.

(ii) The micromagnetic DMI,

Y.Dj - (Six )= ZlE Rija Da] +(8i X (9a$1)
i j

a

=3 "D7, - (Si x (0.8)). (E.7)

Here ’Dfa is the spiralization tensor, which is contracted with the usual Lifshitz invar-
iants Ly, = 5,(0aS,) — S,(0aS,)

(iii) The contribution of the isotropic biquadratic interaction to the exchange stiffness, plus a new term with
four derivatives,

> Bi(Si-$)>=>_Bj + Z[—Z RiioRjj s Bij](aasi) - (0581
j j B j

1
+ >0 (0.8 - (8ﬂsi)[ZZRij,aRij,ﬁ Rij 1R s Bij](awsi) - (05S7)

a,(3,7,0 J

=Bi+ > Al 5(0:S) - (958)
B

+ > (0aSi) - (9580 Biapys(0S) - (IS)). (E.8)
a,(,7,0

(iv) The contribution of the CBI to the total micromagnetic DMI, plus a new term with three derivatives,

Y Ci- (Six $)(Si-S)= le Rij o Cij] < (Si X (0aS))
j j

«

1
+ > l—gz Ri; oRij gRij 4 Cij] - (Si X (0a8i))(05S) - (0,5

B,y ]
= Z Dga : (Sl X 8asi)
o

+ 3 Ciagy - (Si X 9u8)(93S) - (0,S)). (E.9)

a, B,y

All the interaction tensors are invariant under arbitrary permutations of the indices o, 3, 7, 6. Assuming that the
material is sufficiently isotropic, so that the micromagnetic parameters become independent of position, the
complete micromagnetic energy for an arbitrary point in the magnetic material can then be expressed as
(omitting the previously found constants and collecting all terms of the same form)

E®) =3 Aas(@S(®) - (958()) + D Do+ (S(r) X IpS(1))

a,3 «

+ Z (6as(r)) : (aﬁs(r))Baﬂyé(a'yS(r)) : (868(1'))
a,B3,7,0

+ > Capy - (8(1) X 9uS(1))(FpS(Y)) - (9,5(x)). (E.10)
08y
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The total micromagnetic energy is then given by forming the corresponding energy density (dividing by the
volume per magnetic site, Vo, = V/N)and integrating over the volume of the material,

Emicro - de g(l‘), g(r) - % (Ell)

0
The micromagnetic parameters must also be divided by V4, for consistency. For a simple cubic lattice with the
lattice constant a and nearest-neighbor interactions (J; = — Jand B;; = B, and the vectors D;; and C;; along the
nearest-neighbor directions and with magnitude D and C, respectively), the general forms of the micromagnetic
interaction densities simplify further.

(i) For the exchange stiffness one finds,
. J—2B[(osY  (osY . (osY
g :_(—) [ +(—) . E12
® a l Ox dy 0z (=12

(ii) For the micromagnetic DMI one finds,

2D+ 0O
aZ

EPMIr) S(r) - (V x S(r)). (E.13)

(iii) For the micromagnetic isotropic biquadratic interaction one finds,
= Ba[(osY  (os) , (0s)

) == (—) +| = +(—) . E.14

® 2 l Ox Oy 0z 19

(iv) Last, for the micromagnetic CBI one finds using the Lifshitz invariants,

EPN) = —CD (S X 025)a(00S) - (3S))

8S \’ asY (35)2
——c|L 2] + 22| vz 2] | E.15
[ y(@x) (6)/) "\ 9z ( )

Appendix F. Parametrization of the magnetic hamiltonian for dimers on Pt(111), Ir(111),
Pt(001) and Re(0001)

The torques for the different non-collinear configurations were used to fully parametrize the dimers on the
different surfaces. For the (111) facet of Pt and Ir, and the Re(0001) surface, the dimers are placed along the x-
axis with a mirror plane spanned by yz-plane as depicted in figure 2. The on-site anisotropy matrix of the first
atom is related to that of the second atom by K, = M, K; M,, where M, is the mirror operator for a mirror
plane perpendicular to the x-axis. Since the trace of the on-site anisotropy matrix yields a constant energy shift,
we set K = 0. For the bilinear exchange matrix one finds J;; = M,J,; M, = M,J;5 M., which restricts the
DM vector to Dy, = (0, D/, D) and the only off-diagonal component of the symmetric exchange is J{; . For
the biquadratic exchange one finds B3 = (—1)™B/3*®, where N, is the number of times x appears in a 5 6.
In case of the Pt(001) surface, there is one additional mirror plane resulting in further constraints due to M,, the
mirror operator for a mirror plane perpendicular to the y-axis. The on-site anisotropies fulfill alocal symmetry
Ky = M, Ki M, yielding K = K”* = 0. The pair interactions fulfill the same symmetry J;, = M, J;i; M,
yielding D” as the only finite off-diagonal component. For the biquadratic tensor the additional constrain
follows from B3 = (—=1)M B4"% where N, is the number of times y appears in o 3 ¢. The irreducible
components for the different surfaces are shown in tables F1-F4.
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Table F1. Independent exchange parameters of the Cr, Mn, Fe, Co and Ni dimers
on the Pt(111) surface in (meV) and the canting angles using the full

parametrization, Aol or different combinations of the isotropic bilinear

interaction J, the isotropic biquadratic interaction B and the y-components of the

DMIDand CBIC.

Pt(111) Cr Mn Fe Co Ni
K —1.23 —0.49 0.14 3.14 0.60
K —0.24 0.13 0.23 0.34 0.02
K~ —0.18 0.15 0.42 0.17 —0.01
K —2.24 0.02 1.27 3.66 0.64
K)* 0.08 —0.23 —0.06 0.01 —0.04
i 36.30 59.02 —43.65 —76.89 —5.36
7 34.94 58.63 —41.80 —76.96 —5.28
)5 36.23 57.94 —43.45 —76.52 —5.59
T 0.26 0.42 —0.33 —1.11 —0.11
D/, 8.54 —3.30 —7.27 7.06 0.75
Dj 1.85 —0.13 0.30 —3.57 —0.37
B —8.99 0.56 —1.57 0.61 —0.87
BSY —0.08 —0.02 —0.05 —0.09 —0.08
B35 —1.28 0.31 —1.28 0.82 —0.22
B —6.83 0.43 —1.40 0.67 —0.67
B —0.00 0.00 —0.01 0.08 —0.01
BE5= —6.72 0.42 —1.06 0.26 —0.65
B 4.47 —0.31 1.01 —0.53 0.44
BY* 0.03 —0.01 —0.03 —0.06 0.01
B —0.04 —0.03 —0.02 —0.14 —0.08
B} —0.59 0.15 —0.67 0.39 —0.11
BYY —0.01 0.00 0.00 —0.01 0.00
BY# 0.00 —0.02 —0.02 —0.02 —0.04
B —8.90 0.66 —1.95 0.74 —0.90
BY* —0.02 —0.00 0.04 0.03 —0.01
BY* —6.66 0.56 —1.24 0.35 —0.64
Aa/full —3° 3° 7° —4° —8°
AaJ+P —13° 3° 10° —5° —8°
Aa)+P+C —10° 3° 6° —4° —13°
A/ +P+C+B —6° 3° 6° —4° —10°

S Brinker et al

Additionally, the canting angles obtained from minimizing a Heisenberg model containing the full
parametrizations, Aa™", and the canting angles obtained from a simplified model containing different

combinations of pair interactions (see equation (9)) are shown in the tables F1-F4. The canting angles A«

full

should be closest to the realistic values, since they include the effect of the magnetic anisotropy, which in
particular becomes relevant if max(|JK®’|) > |D|, |C|. For example for the Co dimer on Re(0001) the anisotropy

dominates the canting angles resulting in A«

full _

—63° for the full parametrization, while all the pair

interactions result in A/ *P+C+B = 20°. For most of the other considered dimer the effect of the anisotropy is

small.
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Table F2. Independent exchange parameters of the Cr, Mn, Fe and Co dimers
on the Pt(001) surface in (meV) and the canting angles using the full
parametrization, Aot or different combinations of the isotropic bilinear
interaction J, the isotropic biquadratic interaction B and the y-components of
the DMI D and CBI C.

Pt(001) Cr Mn Fe Co
K™ —0.40 —1.48 0.45 —0.03
K —0.21 0.40 —0.18 —0.08
K —0.84 —2.08 0.50 0.75
5 —34.56 52.92 13.78 —46.67
/4 —35.67 52.31 15.61 —48.48
iz —35.60 50.52 15.61 —43.77
D}, 11.22 —2.52 —9.57 4.50
Bi5 —7.47 1.27 —~1.13 —1.55
B —1.22 0.05 0.12 —0.21
BSY —5.62 0.90 —0.82 —1.20
BE5# —5.61 1.02 —0.84 —~1.10
B 3.76 —0.62 0.49 0.84
BY* —0.62 0.02 0.06 —0.13
BY” —7.44 1.26 —1.06 —1.57
BY* —5.44 0.96 —0.90 —~1.10
Agful —14° 0° 28° 0°
AdJ+P —18° 3° 32° —6°
AdJ+D+C —-21° 3° 32° —6°
A TPFCHB —14° 3° 28° —6°

Table F3. Independent exchange parameters of the Cr, Mn, Fe and Co dimers
onthe Ir(111) surface in (meV) and the canting angles using the full
parametrization, Aafill or different combinations of the isotropic bilinear
interaction J, the isotropic biquadratic interaction B and the y-components of
the DMI D and CBI C.

Ir(111) Cr Mn Fe Co
K™ —0.12 —3.07 —2.44 0.07
K —0.24 —0.22 0.47 0.26
K© —0.08 —0.14 —0.13 —0.11
K —0.66 —3.26 —0.92 1.13
K* 0.40 0.46 —0.37 —0.21
s 29.81 55.57 —16.33 —60.76
4 28.51 55.32 —15.38 —60.69
£ 30.08 54.80 —17.15 —60.21
5 —0.09 0.22 —0.03 —-0.13
DY) —10.71 1.74 14.65 3.00
Df —0.48 0.07 —0.17 -1.77
B —9.29 1.08 —2.94 0.71
B 0.29 —0.03 0.03 0.08
B 1.62 0.19 0.71 0.01
B —7.02 0.55 —2.14 0.56
B 0.01 —0.12 —0.01 0.00
B5# —6.89 0.91 -2.21 0.51
BYY 4.75 —0.46 141 —0.38
BY¥ —0.01 0.21 —0.02 0.00
B 0.31 0.03 0.04 0.06
BY” 0.78 0.05 0.32 0.03
BY¥ —0.01 —0.05 0.01 —0.03
BY* 0.17 0.04 0.03 0.04
B —9.43 0.73 -2.71 0.61
BY” 0.01 —0.14 0.01 0.00
BY* —6.97 0.83 —2.01 0.43
Aol —6° 0° 27° 4°
Aa)+P —20° 2° 42° 3°
AJ+P+¢ —15° 2° 41° 3°
Ag)FP+CHB —8° 2° 32° 3°

S Brinker et al
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Table F4. Independent exchange parameters of the Cr, Mn, Fe and
Co dimers on the Re(0001) surface in (meV) and the canting angles
using the full parametrization, Aol or different combinations of
the isotropic bilinear interaction J, the isotropic biquadratic
interaction Band the y-components of the DMI D and CBI C.

Re(0001) Cr Mn Fe Co
K™ 2.48 1.31 —0.39 —2.44
K 0.42 0.05 0.08 —0.90
K~ —0.15 0.29 -0.07 —2.17
K 2.18 0.90 —0.93 0.56
K* —1.44 —0.65 —0.08 —1.06
s —16.31 —16.05 —2.35 —0.05
7y —17.56 —18.67 —2.43 —4.47
15 —15.40 —15.81 —2.02 —3.71
T —0.44 —1.10 0.01 0.32
DY, 18.06 15.55 —0.50 —1.05
Dj 2.97 3.09 —0.78 —1.20
B —2.67 —2.24 0.06 0.00
BSY —0.02 0.10 —0.14 —1.26
B35 0.10 —0.43 0.16 —0.80
B —2.03 —1.62 0.04 —0.09
B3 —0.11 —0.00 0.01 —0.02
B5= —1.88 —1.63 0.07 —0.12
BYY 1.42 1.10 —0.01 —0.00
By 0.04 —0.05 —0.03 0.34
By 0.01 0.08 —0.14 —0.31
BY”* 0.13 —0.18 0.09 0.43
BY¥ —0.09 0.00 —0.01 —0.13
BY* 0.02 0.05 —0.05 0.00
BY” —2.67 —2.10 0.07 0.00
B —0.00 0.01 0.01 —0.18
BY* —1.88 —1.60 0.04 0.21
Aafull 33° 30° —17° —63°
AaJ+P 48° 41° —12° 20°
Ao/ +P+C 48° 41° —18° 22°
A/ +P+C+B 40° 35° —19° 22°
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