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Abstract
Magnetic interactions underpin a plethora ofmagnetic states ofmatter, hence playing a central role
both in fundamental physics and for future spintronic and quantumcomputation devices. The
Dzyaloshinskii–Moriya interaction, D S Sij i j´· ( ), being chiral and driven by relativistic effects, leads
to the stabilization of highly-noncollinear spin textures such as skyrmions, which thanks to their
topological nature are promising building blocks formagnetic data storage and processing elements.
Here, we reveal and study a new chiral pair interaction, C S S S Sij i j i j´· ( )( · ), which is the
biquadratic equivalent of theDMI. First, we derive this interaction and its guiding principles from a
microscopicmodel, andwe connect the atomistic form to themicromagnetic one. Second, we study
its properties in the simplest prototypical systems,magnetic 3d transitionmetal dimers deposited on
the Pt(111), Pt(100), Ir(111), andRe(0001) surfaces, resorting to systematicfirst-principles
calculations. Lastly, we discuss its importance and implications not only formagnetic dimers but also
for extended systems, namely one-dimensional spin spirals and complex two-dimensionalmagnetic
structures, such as a nanoskyrmion lattice found in an Femonolayer on Ir(111).

1. Introduction

Starting from the seminalworkofHeisenberg [1],magneticmaterials are oftendescribed bybilinear isotropic
magnetic interactions, J S Sij i j· . However, awealth of complex spin-textureswere discovered over the last century
that called for the enrichment of the originalHeisenbergmodelwith various other types of interactions (see e.g.
[2–11]). Themagnetismof 3He is a striking example, being dominated byhigher-order isotropic interactions [12]
which canbederived from theHubbardmodel at half-filling [13–16]or fromKondo-latticemodels [17–19]. These
interactions, such as the isotropic biquadratic interaction B S Sij i j

2( · ) and the related three- and four-site
interactions, introduce nonlinear effects into theHeisenbergmodel. An important consequence is that different
spin spirals, characterized by awavevector Q, canbe combined into lower-energymultiple-Q-states, as the higher-
order interactions invalidate the superpositionprinciple. Prominent examples are the antiferromagneticuudd-
state (a 2Q-state) [20, 21] and the 3Q-state [22]. Interestingly, this 3Q-state (alsomagnetic skyrmions [23, 24] and
bobbers [25, 26]) is a noncoplanarmagnetic state that hosts interestingBerry-phase physics arising from its non-
vanishing scalar spin chirality S S Si j k´· ( ), such as topological orbital ferromagnetism andHall effects [27–31].

The concept of vector spin chirality is embodiedby the antisymmetric bilinearDzyaloshinskii–Moriya
interaction (DMI), D S Sij i j´· ( ) [3, 4],which arises due to the combinationof spin–orbit coupling and absence of
spatial inversion symmetry. TheDMI lifts the energydegeneracy ofmagnetic spiralswithopposite vector spin
chirality, S Si j´ , thus stabilizingmagnetic structures ofwell-defined rotational sense, such as chiral spin spirals
[32, 33] andmagnetic skyrmions [23, 24]. The competitionbetween theDMIand the symmetric anisotropic
exchangewas recently found to explain themagnetic stability of decoratedFe trimers on thePt(111) surface [34]. The
intricate interplay of higher-order and anisotropic bilinearmagnetic interactions generates variousmagnetic states:
conical spin spirals [35] andmore complexmagnetic structures [31, 36, 37], such as an intricate nanoskyrmion lattice
for amonolayer of Fe on the Ir(111) surface [38].
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In thiswork,weutilize amicroscopicmodel combinedwithfirst-principles calculations to introduce and
characterize a newkind of spin–orbit-drivenmagnetic pair interaction, the chiral biquadratic interaction (CBI). It
has the form C S S S Sij i j i j´· ( )( · ). Like theDMI, this is a unidirectional interactionwhich is linear in the spin–
orbit coupling, and so it is governedby themagnitude andorientation of theCBI vector Cij.Wedemonstrate that
this vector obeys the same symmetry rules as theDMI [4, 39–41], and derive itsmicromagnetic limit. Like the
isotropic biquadratic interaction, theCBI couples twice the samepair ofmagneticmoments.Noteworthy, theCBI
is not chiral on its own, but supports a definite chirality based on thenature of the non-chiral bilinear exchange
interaction, being ferromagnetic or antiferromagnetic, and the chiralDMI. After systematic investigations on
magnetic dimersmadeof 3d elements on various surfaceswith strong spin–orbit coupling, namelyPt(111),
Pt(001), Ir(111) andRe(0001) surfaces,wefind that theCBI canbe comparable inmagnitude to theDMI. Lastly,
we explore the implications of theCBI formagnetic structures in one and twodimensions.

2.Methods

2.1.Density functional theory
Weperformed systematic density functional theory calculationswith the full-potential Korringa–Kohn–Rostoker
(KKR)Green functionmethod [42]. Exchange and correlation effects are treated in the local spin density
approximation as parametrized byVosko et al [43], and spin–orbit coupling is added to the scalar-relativistic
approximation [44]. Thepristine surfaces aremodeled by a slab of 22 layers (except for Pt(111) forwhich 40 layers
wereused)with the experimental lattice constantswith openboundary conditions in the stacking direction, and
surrounded by twovacuumregions.No relaxation of the surface layer of thepristine surface is considered, as itwas
shown to benegligible [45].Weuse 150×150 k-points in the two-dimensional Brillouin zone, and the angular
momentumexpansions for the scattering problemare carried out up toℓmax=3. In the next step,weutilize an
embeddingmethod to place each dimer on the fcc-like threefold hollowposition of Pt(111) and Ir(111), on the
fourfoldhollow sites on thePt(001) surface, and on the hcp-like threefoldhollow site ofRe(0001). The embedding
region consists of a spherical cluster around eachmagnetic adatom including nearest-neighbor surface atoms.

We found this to be sufficient to adequately capture the indirect contribution to themagnetic interactions
arising from the induced spin polarization of the surface atoms. The appropriate structural relaxations of each
dimer towards the surfacewere obtainedwith the plane-wave codeQuantumEspresso [46], using ultrasoft
scalar relativistic pseudopotentials [47]with the PBEsol functional [48], and considering a 4× 4 supercell with 5
substrate layers (more details and structural information are given in appendix A). All calculations were
performed on the supercomputer JURECA at the Forschungszentrum Jülich [49].

2.2.MappingDFT to an atomistic spinmodel—the torquemethod
Tomap thefirst-principles calculations to an atomistic spinmodel we adopted themethod of constraining fields
[50]. The netmagneticmoment for each atom in the dimer is defined by averaging the spinmagnetization
density over its atomic cell, m r m rdi iò= ( ). The orientations of themagneticmoments S m mi i i= ∣ ∣play the
role of emergent degrees of freedom that can be used to define an atomistic spinmodel,
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Todetermine the energy of a targetmagnetic configuration, the total energy functional is augmented by a
Zeeman term enforcing the constraint,
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Theconstrainingmagneticfield is transverse to theorientationof the localmagneticmoment, b S 0i i =· , and it
opposes themagnetic force that acts on it if themagnetic structure isnot a stationarypoint of the total energy functional,
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The inducedmoments in the surface atoms are allowed to relaxwithout any constraint. Themodel parameters are
thendeterminedby linear least-squaresfitting the constrainingfields obtained for a set of self-consistentmagnetic
configurations to the formof themagnetic force suppliedby the atomistic spinmodel. Themagnetic configurations
for thedimers havebeen chosenusing aLebedev grid [51] containing 14directions for each atom,which iswell-suited
to describe spherical harmonics up toℓ= 2, resulting in a total of 142= 196 configurations,whichusing symmetry
arguments (time-reversal invariance of themagnetic energy plus the spatial symmetries that apply ondifferent
surfaces) thenumber of configurations canbe further reduced to 56 for (111) and (0001) surfaces and to36 for (001)
surfaces.
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3. Results

3.1. Systematicmicroscopic derivation of higher-order interactions
The benefits of studying the properties of themagnetic interactions starting fromamicroscopicmodel arewell-
illustrated by the case of theDMI. Although phenomenological arguments completely determine the form and
symmetry properties of theDMI [3], themicroscopic analysis ofMoriya [4] and later on the intuitive picture
proposed by Fert and Lévy [39, 40] have clarified themain ingredients that underpin this interaction.We thus
begin by introducing a genericmodel of the electronic structure of themagneticmaterial, and then outline how
one can systematically extract all kinds ofmagnetic interactions from the electronic grand potential.

3.1.1.Microscopicmodel
Themicroscopic hamiltonian thatwe consider has three contributions: .0 mag soc   = + + Here 0
contains all spin-independent contributions, U Si i i

mag s= å · is the local exchange coupling of strengthUi

between the direction of themagneticmoment Si on site i and the electronic spin s, and La a a
soc sl= å · is

the atomic spin–orbit coupling of strengthλa on site a between the electron spin and its atomic orbital angular
momentum La. Grouping the spin-dependent terms into mag soc  D = + , it is straightforward to derive a
formal power series for the electronic grand potential (see appendix B),
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HereΩ0 is the contribution to the grand-canonical potential from the spin-independent 0 , and
G E E0 0 1= - -( ) ( ) is the corresponding retardedGreen function. The contributions arising solely from spin–
orbit coupling are collected inΩsoc, and the terms that depend on themagneticmoments are given by

Sp k
i

,2W [{ }]. The Fermi–Dirac distribution for energy E and chemical potentialμ is given by f (E;μ), and the trace
is over all sites, orbitals and spin degrees of freedom.We reiterate that this expansion is a formal power series, so
neither themagnetic hamiltonian, mag , nor the spin–orbit coupling part, soc , have to be considered as
perturbations. Our goal is to systematically uncover the simplest contributions that generate amagnetic
interaction of a given form, not to compute itsmicroscopic value from thismodel, so the non-perturbative
nature of the expansion poses no difficulties.

3.1.2. Diagrammatic rules
Only a subset of the terms contained in Sp k

i
,2W [{ }]are of interest for the purpose of identifying the possible

types ofmagnetic interactions. As detailed in appendix B, these can be represented by prototypical diagrams for
all kinds ofmagnetic interactions, frommagnetocrystalline anisotropies to pair interactions ormany-site
interactions. Each diagram contain p vertices connected by p lines. The vertices in a prototypical diagrammust
correspond to spatially distinct sites, and the lines represent connections between the sites throughG0. Each
diagram contains 2kmagnetic sites and p–2k spin–orbit sites. A link between twomagnetic sites is denoted by a
solid line, while a link between amagnetic site and a spin–orbit site ismarked by a dashed line. Amagnetic site
cannot appear consecutively (i.e. a line cannot close on itself), and two consecutive spin–orbit sites (distinct or
not) are also excluded. In this workwe focus on interactions involving twomagnetic sites, and the corresponding
prototypical diagrams up to fourth order in themagnetic sites and first order in spin–orbit coupling are shown
infigures 1(a)–(d).

3.1.3. Prototypical diagrams
It is a simplematter to extract the formof themagnetic interactions from each prototypical diagram, by using
the properties of traces of Paulimatrices. The derivations and the forms of the coupling coefficients can be found
in appendix B. Thefirst and simplest diagram is given infigure 1(a) and translates into the isotropic bilinear
exchange interaction J S Si j ij i j

1

2 ,å · . Attaching one spin–orbit site to the diagramoffigure 1(a) results in the

diagram shown infigure 1(b). This generates theDMI, D S Si j ij i j
1

2 ,å ´· ( ). The structure of this diagram is

identical to the third-order perturbation theory developed by Fert and Lévy [39, 40]. TheDMI vector is
determined by the properties and geometrical arrangement of the spin–orbit sites, D Dij a ij a,= å . Due to the
cross product form, it favorsmagnetic structures with a definite vector chirality. The next diagram is shown in
figure 1(c) and leads to the isotropic biquadratic interaction, B S Si j ij i j

1

2 ,
2å ( · ) . The diagramswith the same

number of lines but connecting either three or four differentmagnetic sites lead to the isotropic 4-spin 3-site and
4-spin 4-site interactions, respectively (see appendix B). Lastly, wefind a new kind ofmagnetic interaction from
the prototypical diagram shown infigure 1(d):
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Wename it the CBI, as it is an antisymmetric 4-spin 2-site interaction generated by an additional spin–orbit site.
It thus combines the isotropic scalar product S Si j· with the chiral coupling C S Sij i j´· ( ) defined by theCBI
vector C Cij a ij a,= å , which is generated by the spin–orbit sites. This is ourmain quantity of interest and its
properties will be discussed in detail in this paper. The diagramswith the same number of lines but connecting
either three or four differentmagnetic sites lead to the chiral 4-spin 3-site and 4-spin 4-site interactions,
respectively (see appendix B).

3.1.4. Symmetry rules
Wenext studywhat are the properties of the newly-foundCBI vector, Cij, by comparisonwith those of theDMI
vector, Dij. Given a pair ofmagnetic sites i and j connectedwith the vector Rij, there arefive relevant symmetries,
which are illustrated infigures 1(e)–(i).Within thepicture of theprototypical diagrams, these symmetry operations
are combinations of local transformations at each site (e.g. a rotationor amirroring) andpermutations of the sites.
Importantly, symmetry dictateswhat is the spatial arrangement of the spin–orbit sites around thepair ofmagnetic
sites.One can then relate thediagrams connecting the pair ofmagnetic sites to each spin–orbit site, noting that the
orbital angularmomentumoperator transforms as a pseudovector, and from this derive the symmetry rules for
eachmagnetic interaction. For theDMIvector, these symmetries lead to the so-calledMoriya’s rules [4, 40, 41].
These rules are, for each symmetry operation shown infigures 1(e)–(i): (e) D 0ij = , (f) D 0ijn =

ˆ , (g) D 0ijn =
ˆ ,

(h) D 0ijn =^
ˆ , and (i) D 0ijn =^

ˆ (see appendixC). The vanishing components of theDMIvector are those either
parallel or perpendicular to n̂, which represents either the rotation axis or thenormal to themirrorplane. It follows
naturally fromcomparing the structureof theprototypical diagrams for theDMIand theCBI that precisely the same
rules apply to theCBI vector, Cij. The twovectors donot have tobe collinear, notably if the only applicable symmetry
is amirror planeperpendicular to the bonddirection.

3.1.5. Connection to a phenomenological model
Another advantage of our approach is apparent if we consider the appropriate phenomenologicalmodel for the
magnetic interactions. To illustrate this point, we consider themost general spinmodel containing only bilinear
and biquadratic pair interactions:

J S S B S S S S
1

2

1

2
. 6

i j
ij i j

i j
ij i j i j

pair

, , , , , ,

 åå å å= +
a b

ab a b

a b g d

abgd a b g d ( )

Thebilinear interactions aredescribedbya rank-2 cartesian tensor Jij
ab (9parameters),which contains the isotropic

pair interactiongivenby J S Sij i j· (1parameter), theDMIgivenby D S Sij i j´· ( ) (3parameters), and the remaining
fiveparameters describe the symmetric bilinearpair anisotropy.Thebiquadratic interactions aredescribedby a rank-4
cartesian tensor Bij

abgd (81parameters), andarenot straightforward to classify. Thenumberof independent elements

of thebiquadratic tensor is reduced to25bynoting that B B B Bij ij ij ij= = =abgd gbad adgb gdab and that excluding terms

which are independentof the spinorientation requires B B 0ij ijå = å =a
abad

b
abgb . The sameconclusion as to the

numberof independentparameters canbe arrived at via the spin cluster expansionof themagnetic energy [52, 53]

Figure 1. Feynman diagrams and symmetry operations used for themicroscopic derivation of themagnetic interactions. (a)–(d)
Prototypical diagrams for pair interactions up to fourth order in themagnetic hamiltonian and first order in the spin–orbit
hamiltonian. Green functions connecting sites are represented by solid lines if both sites aremagnetic and by dashed lines if one is a
spin–orbit site. The five different symmetry operations being illustrated are: (e) inversion center in-between the twomagnetic sites;
(f)mirror plane perpendicular to their bond; (g) two-fold rotation perpendicular to their bond; (h)mirror plane containing both
magnetic sites; and (i) n-fold rotation axis containing bothmagnetic sites. The unit vectors n̂ represent either the rotation axis or the
normal to themirror plane.
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(see appendixD).Makinguseof theprototypical diagrams,we already recovered the isotropic biquadratic interaction
B S Sij i j

2( · ) (1parameter), andweuncovered theCBIgivenby C S S S Sij i j i j´· ( )( · ) (3parameters). Considering
prototypical diagramswithmore spin–orbit sites is a constructive approach topopulate the rest of the Bij

abgd tensor,
fromwhich the formof themagnetic interactionswill also follow. If spin–orbit coupling isweak,we thenalsoobtain a
natural classificationof the variousmagnetic interactions inpowersof this small parameter.Thiswould justify
consideringonly the isotropic biquadratic and theCBI as themost important interactions among all biquadratic ones.
Wenote that in theupcoming sectionsdiscussing theab initiobased simulations,wedonotmake any assumption
concerning the strengthof the spin–orbit coupling.

3.1.6. Connection to amicromagneticmodel
Sincemicromagneticmodels are oftenused todescribemagnetic properties ofmaterials, it is useful tofind the
micromagnetic formof theCBI.Asderived in appendix E, thenew term in themicromagnetic energy density reads:

r S r S r S r S r . 7CBI

, ,

 å= ´ ¶ ¶ ¶
a b g

abg a b g( ) · ( ( ) ( ))( ( )) · ( ( )) ( )

The explicit indices pertain to spatial derivatives, while vector components are handled by the standard notation
for dot and cross products. Interestingly, other forms of higher-order interactions have been previously
proposed [54].We note, however, that ours is distinct andmotivated by themicroscopic derivation.

3.2.Magnetic interactions of dimers on various surfaces
In order to quantify the properties and significance of theCBI in relation to the othermagnetic interactions, we
present a systematic study of a series of prototypical systems:magnetic dimers on several surfaces where spin–
orbit effects are expected to be significant. To do so, we construct a completemagneticmodel containing all
relevant interactions up to four-spin couplings by defining amapping from a set of self-consistent constrained
DFT calculations, as explained in section 2 and appendixD. The parametrizations of the completemagnetic
model for all considered systems are given in appendix F.

3.2.1. Simplifiedmagneticmodel
We focus on the following interactions: the isotropic bilinear interaction J S S1 2· , theDMI D S S1 2´· ( ), the
isotropic biquadratic interaction B S S1 2

2( · ) , and theCBI C S S S S1 2 1 2´· ( )( · ). These are defined in terms of
the unit vectors Si representing the orientation of the spinmagneticmoment of the ith atom in the dimer. The
axis of the dimer is chosen as the x-axis, while the normal to the surface is chosen as the z-axis, as shown in
figure 2(a). Symmetry then restricts theDMI andCBI vectors to lie in the yz-plane for (111) and (0001) surfaces,
illustrated infigure 2(b), or to lie along the y-axis for the (001) surface. In all cases the y-component is the
dominant one (see appendix F). To understand the interplay between the different interactions, we consider the
simplifiedmodel obtained from equation (6) by confining themagneticmoments to the xz-plane and keeping
only thementioned interactions:

E J D B Ccos sin cos sin cos . 8y y
2a a a a a a= + + +( ) ( )

Hereα=θ2− θ1 is the opening angle between the twomagneticmoments. The angle thatminimizes the energy
can bewritten asαmin=αJ+Δα, where 0Ja =  if J<0 (ferromagnetic) or 180° if J>0 (antiferromagnetic),
andΔα is the canting induced by the remainingmagnetic interactions. The energy can then be expanded as

E E J D C J B

J D C
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2
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( )
∣ ∣

( )

where the last line gives an approximation to the canting angle. The canting angles obtained from the fullmagnetic
parametrization are reported in appendix F. Themain additional ingredient is themagnetic anisotropy,which in
most cases leads to a small correction to the canting angles unless itsmagnitude is comparable to theDMI.

3.2.2.Magnetic dimers on Pt(111)
Wefirst compare themagnetic properties offive different homoatomic dimers on the Pt(111) surface, with the
corresponding data collected in table 1. All dimers exceptNi possess large spinmagneticmoments, which
depend veryweakly on the various imposedmagnetic structures. Comparing theCBI to theDMI, we see that the
magnitude ofCy is around 20%–30%of the one ofDy, even reaching 60% forNi. Formost dimers,B is similar in
magnitude to theCBI, and is even stronger than theDMI for Cr andNi. According to J, which is the dominant
interaction, Cr andMn are antiferromagnetic, while Fe, Co andNi are ferromagnetic. Considering only J andDy

leads to a canting of themagnetic structure given byΔα2 s in table 1, while considering alsoB andCywe obtain
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Δα4 s. The difference between these values is the largest for Cr and Fe, so these are the dimers for which the
biquadratic interactions aremost important. Lastly, we also include the values of the effective bilinear
interactions defined by the coefficients ofΔα and (Δα)2/2 in equation (9). These correspond to
Jeff=J−2 sgn(J)B and D D J Csgny y y

eff = - ( ) . The vector chirality of themagnetic ground state is set by the
combination of theDMI andCBI vectors. These can be parallel, antiparallel, or substantially noncollinear
(shown infigure 2(c)), in particular for theCo dimer. This shows that the CBI has not only the potential to
impose the opposite vector spin chirality to the one favored by theDMI (Δα changing sign in equation (9)), but
also to tilt in away from the direction defined by theDMI vector.

3.2.3. Cr and Fe dimers on other surfaces
TheCr and Fe dimers on Pt(111)were found to have themost important contributions from theCBI. To
ascertainwhether this is particular to the Pt(111) surface, we placed these dimers on other surfaces with strong

Figure 2. Illustration of the chiral interactions in amagnetic dimer. (a)Geometry: the dimer axis is along the x-direction, the surface
normal defines the z-axis, and themirror plane (gray) perpendicular to the bond is also shown. The atoms are represented by red
spheres and their spinmagneticmoments by solid arrows.Neighboring surface atoms are represented by gray spheres. (b)TheCBI
(blue) andDMI (green) vectors are shown as possibly noncollinear, and the dimermagnetic structures that they favor is also indicated.
The plane containing themagnetic structure is characterized by its dihedral angleβwith the xy-plane. (c)Dihedral angleβ between the
plane generated by theCBI orDMI vectors and the xy-plane for theCr,Mn, Fe, Co andNi dimers deposited on Pt(111).

Table 1. Spinmoments,magnetic interaction parameters and opening angles of themagnetic ground state for Cr,Mn, Fe, Co andNi
dimers deposited onPt(111).M is the spinmagneticmoment of one atom in the dimer. TheCBI and theDMI are represented by
their dominant vector componentCy andDy, respectively. The biquadratic and bilinear isotropic interactions are given byB and J,
respectively. All interaction values are inmeV. The canting angles are found byminimizing equation (8)with all the interactions
(Δα4s) or keeping only J andDy (Δα2s). The sign ofΔαrepresents the sign of S S y1 2´( ) , the vector chirality of themagnetic ground
state. For comparison, we also list the effective bilinear interactions defined by D D J Csgny y y

eff = - ( ) and Jeff=J−2 sgn(J)B.

Dimer M (μB) Cy Dy B J Δα2s Δα4s Dy
eff Jeff

Pt(111) Cr 3.26 2.5 8.5 −11.7 35.8 −13° −6° 6.0 59.2

Mn 4.05 −0.6 −3.3 0.8 58.5 3° 3° −2.7 56.9

Fe 3.32 2.6 −7.3 −2.2 −43.0 10° 6° −4.7 −47.4

Co 2.12 −1.6 7.1 0.8 −76.8 −5° −4° 5.5 −75.2

Ni 0.62 0.5 0.8 −1.1 −5.4 −8° −10° 1.3 −7.6

Pt(001) Cr 2.53 2.5 11.2 −9.7 −35.3 −18° −14° 13.7 −54.7

Fe 3.24 −0.2 −9.5 −1.5 15.0 32° 28° −9.3 12.0

Ir(111) Cr 3.02 3.2 10.7 −12.1 29.5 −20° −8° 7.5 53.7

Fe 3.06 1.3 −14.6 −3.6 −16.3 42° 32° −13.3 −23.3

Re(0001) Cr 2.18 0.4 −18.1 −3.4 −16.4 48° 40° −17.7 −23.2

Fe 2.29 0.3 0.5 0.1 −2.3 −12° −19° 0.8 −2.5
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spin–orbit coupling, namely Pt(001), Ir(111) andRe(0001).We see from table 1 that the CBI is generally a
sizeable fraction of theDMI.On the Pt(001) and Ir(111) surfaces, the two dimers display a very largeDMI, even
comparable to the isotropic bilinear interaction J, leading to a strong canting of themagnetic structure. This
canting is substantiallymodifiedwhen the biquadratic interactions are accounted for. The same behavior is
found for theCr dimer onRe(0001), while for the Fe dimer on this surface the interactions are found to be
surprisingly weak, but still support a strongly noncollinearmagnetic structure.

3.2.4. Electronic origin of themagnetic interactions
Theorigin of thedifferentmagnetic interactions canbe further understoodby comparing their dependenceon the
filling of the electronic stateswith the correspondingdensity of states of eachdimer. This is shown infigure 3 for the
Cr andFedimers onPt(111).Dy is largest in the energy rangeof thePtd-states,which shows that theDMI is strongly
enhancedbyhybridizationof themagneticd-states of the dimerwith thed-states of thePt surface.B andCy (and also
J)have their largest values in the small energy rangeof theminorityd-states of the Fedimer,which suggests that the
biquadratic interactions require less hybridizationwithPt and somore localizedmagneticd-states in the dimer. This
canbeunderstood from themicroscopic theory.According to theprototypical diagrams infigures 1(a), (c), the
isotropic interactions are direct interactions between thedimer atoms, resulting in a strongdependenceon theFe
d-states. Theprototypical diagramoffigure 1(b) shows that theDMI is an interactionmediatedby a spin–orbit site,
which are supplied by thePt surface atoms, and so this interaction is strongly dependent on thePtd-states. TheCBI
involves both adirect exchange between themagnetic sites and an excursion through a spin–orbit site,figure 1(d), so
it canbe amplified in those twoways, leading to amore complicated dependence.

3.3. Implications of theCBI
TheCBIhas different important implications for a broad class of noncollinearmagnetic nanostructures. For a
magnetic dimer,we already found that theCBI influences the opening angle and the vector spin chirality of the
magnetic structure. Togain further understanding,we return to theprevious example of aCBI vector in the y-
direction, forwhich the interaction energyhas the form E C sin cosyCBI a a a=( ) (see equation (8)). The cosa
termcomes from the S S1 2· part of the interaction,while the sina terms comes from S S y1 2´( ) , withα the

Figure 3.Relation between themagnetic interactions and the electronic structure ofCr andFedimers onPt(111). (a)Energydependence
of themagnetic interactions in an energywindowaround the Fermi level for aCr and anFedimer deposited on the Pt(111) surface.
(b)Local density of states for an atomof theCr andFedimers deposited on thePt(111) surface. The local density of states of the Pt surface
is shown as a gray background. Themajority spin contribution is shown as positive and theminority as negative values.
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opening angle. As thedot product is isotropic, the opening is favored in theplaneperpendicular to theCBI vector.
FixingCy>0 for definiteness, there are twoenergyminima for 45 , 135mina Î -  { }, and twomaxima for

45 , 135maxa Î  - { }. Strikingly, the twovalues ofαmin have opposite signs,whichmeans that the signof their
vector spin chirality (projected on the y-axis) is also opposite. Thus, and in contrast to theDMI, theCBI favors both
possible rotational senses at once (althoughwithdifferent opening angles). In otherwords, theCBI is not chiral on its
own, but supports a definite chirality in the presence of other interactions. This is irrespective ofwhether those
interactions are chiral, such asDMI, or not, such as the bilinear isotropic exchange. Starting froma ferromagnetic or
antiferromagnetic structure (set by J), theDMIwill induce a cantingof the same rotational sense for both cases,while
theCBIwill favor cantings for each structurewhichhaveopposite rotational senses.

3.3.1. From a dimer to an infinite chain
Nextwe relate themagnetic ground state of a dimer to that of an infinite chain, assuming that the interactions
present are J,Dy andCy being nearest-neighbor interactions for the chain.We takeB=0 for simplicity, as
typically B J∣ ∣ ∣ ∣and so itmakes a small correction to the opening angle, see equation (9). The energy as a
function of the opening angle for the dimer is given by equation (8), and the same form applies for the energy of a
spiralmagnetic structure on an infinite chain, with Qx QxS S Ssin cosi i x i z= +( ) ( ) , by settingQ=α/a (a is the
nearest-neighbor distance). The canting angle/spiral wavevector thatminimizes the energy is shown for
different values ofDy/Cy and J/Cy infigure 4. The sharp transition in the sign ofα found along J=Dy is driven
byCy, and signals a change in the sign of the vector spin chirality. At the edges of the diagramwe recover well-
knownmagnetic structures ( 0 , 180a =   are the ferromagnetic and antiferromagnetic structures for J-only,
respectively, and 90a =   pertain toDy-only).

3.3.2. Impact of the CBI on complex 2Dmagnetic structures
Asafinal example,we consider two-dimensionalmagnetic systems. Since higher-order isotropic interactions can
help stabilizing complexmagnetic structures calledmultiple-Q-states [20–22, 38], we address thepotential role of
theCBI, choosing theFemonolayer on Ir(111) byway of example [38]. The ground state is a nanoskyrmion lattice,
which is a type of 2Q-statemade of two symmetry-relatedwavevectors Q1 and Q2. Other combinations lead to
further noncollinear stateswhichwere calculated tohave a similar energy: single-Q spin spirals, the Qm-star and
Qm-vortex states, and thenanovortex lattice. Thesemagnetic structures are visualized infigures 5(a)–(f), with the
triangularNéel state included for comparison. To showhowdifferentmagnetic interactions affect these states, we
write each energy contribution asEI=NIΓI,whereN is thenumber of atoms in themagnetic unit cell, I= {D,B,C}
is the interaction strength, andΓI is a factor determinedby the lattice and themagnetic structure.

This factor encodes either the relative angles between themagneticmoments (for the isotropic biquadratic
interaction)or the alignment of the vector chiralitieswith thedirections definedby theDMIandCBI. Since our goal
is to identifywhichmagnetic states are favoredorunfavouredby each interaction, the actual interaction strength I is
not relevant. Figure 5(g)plots theΓI factors computed assumingnearest-neighborpair interactions followingC3v

symmetry.Wedonot discuss the contributionof J, as this interaction is complex and long-ranged for this system
[38]. Interestingly, the contributionof the isotropic biquadratic interactionB is similar for every structure, none
beingparticularly favored.On theother hand, both theDMIaswell as theCBIdo favor certainmagnetic structures.
TheDMI favors almost equally the single-Q spiral and thenanoskyrmion lattice,while theCBI clearly favors the

Figure 4.Magnetic ground states of a dimer and of an infinite chain stabilized by the isotropic bilinear interaction J, theDMIDy and
the CBICy. Themagnetic ground state is characterized by the opening angleα between two neighboringmagneticmoments, obtained
byminimizing equation (8), which for an infinite chain defines a spin spiral withwavevectorQ=α/a (a being the nearest-neighbor
distance).Cy is chosen to be positive.
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nanoskyrmion lattice (2Q state)over the spin spirals. This shows that theCBI canplay a deciding role in stabilizing
noncoplanarmultiple-Q-states,whichhave anon-vanishing scalar spin chirality.

4.Discussion

Wepresented a comprehensive analysis of anewchiral higher-ordermagnetic pair interaction, theCBI.Beside
providing its atomistic formwederived its expression in themicromagnetic limit.Using amicroscopicmodel anda
systematic expansionof the electronic grand-potential,we identified theprototypical diagramsbehindall kindsof
magnetic interactions.This ledus touncover anewchiral interaction, theCBI,which is linear in the spin–orbit
coupling and is thebiquadratic equivalent of theDMI, following the same symmetry rules obeyedby the latter
interaction. In itsmost general form, this interaction couples fourdistinctmagnetic sites, andconsists of termsof the
form C S S S Sijkl i j k l´· ( )( · ). Inmicromagnetic form, it becomes S r S r S r S r, , å ´ ¶ ¶ ¶a b g abg a b g· ( ( ) ( ))( ( ) · ( )).
Wenote that two recent studieshave found signatures of higher-order interactions inmagnetic chainson theRe(0001)
surface [55] and inbulkMnGe [56].Weproved the existence andquantified the importanceof this new interaction in
relation tootherwell-knownonesbyperforming systematicfirst-principles calculations forprototypical systems,
magnetic dimerson surfaceswith strong spin–orbit coupling. For thesedimers, theCBI is typically around20%–30%
of theDMI, reaching60%for aNidimerdepositedonPt(111). Furthermore,we contrasted theproperties of theCBI
with thoseof theDMI, revealing that theCBI can simultaneously favor structureswithopposite vector spin chiralities
(canted ferromagnetic versus canted antiferromagnetic structure), and that theCBIvector is notnecessarily parallel to
theDMIone. Insight into the electronic originof theCBI and theothermagnetic interactionswasobtainedvia their
dependenceon thefillingof the electronic states, supporting theproposedmechanismderived fromthemicroscopic
model.We related themagnetic phasediagramof adimer to that of an infinite chain, and surveyed the implicationsof
theCBI formagneticmonolayers.Considering severalmagnetic structures relevant for anFemonolayer on Ir(111),we
showed that theCBI canplay adeciding role in favoring anoncoplanarnanoskyrmion lattice over otherpossible
structures.We thus conclude that theCBI can influence simultaneously thevector and the scalar spin chirality,
openingnewavenues for stabilizing andengineering complexmagnetic textureswithboth fundamental and
technological interest.Wealso expect that there shouldbe anon-trivial impact on the relateddynamics, transport and
topological properties,which shouldmotivate future investigations.
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AppendixA. Structural relaxations

The structural relaxations are performed using the density functional theory packageQuantumEspresso [46].
Exchange and correlation effects are treated in the generalized gradient approximation using the PBEsol

Figure 5.Contributions fromdifferentmagnetic interactions to theenergyof variousmagnetic structures.Theconsideredmagnetic structures
are: single-Q spin spirals for the (a)Q1-vector and (d) and for theK-vector (Néel state); the 2Q-states (b)Qm-star and (c)Qm-vortex; and the
twononcollinear states forming (e) ananoskyrmion lattice and (f) ananovortex lattice. (g)TheΓI factors describehow the contribution to the
energy fromdifferent interactions varies among the severalmagnetic structures (seemain text fordiscussion). The considered interactions are
theDMID, the isotropicbiquadratic interactionB and theCBIC. The factors arenormalizedwith respect to thenanoskyrmion lattice.These
magnetic structureswerediscussed in connection to themagnetic ground stateof anFemonolayeron Ir(111) in [38].
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functional [48]with ultrasoft pseudopotentials in the scalar relativistic approximation [47]. The different
surfaces aremodeled by a 4×4 supercell with 5 layers and a vacuum region corresponding to 5 interlayer
distances using 2×2×1 k-points in theMonkhorst–Packgrid. The theoretical lattice constants were obtained
frombulk calculationswith a 8×8×8 k-pointmesh. Test calculations showed that the dimers have similar
structural relaxations to those of the adatoms, so for simplicity we considered the latter. The different adatoms
are placed in the threefold hollow positions on the hexagonal surfaces—fcc-like for Pt(111) and Ir(111) and hcp-
like for Re(0001)—, and on the fourfold hollow position for Pt(001). The adatom aswell as the atoms in the first
surface layer are allowed to relax. Table A1 shows the obtained relaxations towards the surfaces for the different
adatoms on the different surfaces in terms of the bulk inter-layer distances and the relaxationswhich are used to
set up the geometry for theKKR-based calculations.

Appendix B.Diagrammatic expansion of the grand potential

Starting fromσασβ=δαβσ
0+iòαβγσ

γ, we obtain useful relations fromwhich all possible forms of the
magnetic interactions can be extracted:

1

2
Tr , B.1s s d=a b
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In the following derivations, two different Green functionswill be employed, according to the following
partition of the electronic hamiltonian (the parts will be specified later):

G E E G E E, . B.60 1 0 0 1    = + D  = - = -- -( ) ( ) ( ) ( ) ( )
For a given energy E, the twoGreen functions are connected by theDyson equation

G E G E G E G E . B.70 0 = + D( ) ( ) ( ) ( ) ( )
The electronic grand potentialΩ is given by

E Er r r
1

d ln 1 e d Tr , ; . B.8Eò òb
rW = - + b m

-¥

¥
-( ) ( ) ( )( )

Hereβ=1/kBTwith kB the Boltzmann constant andT the temperature, andμ is the chemical potential. The
position integral is over thewhole volume of the system, and the trace is over the spin components. The spectral
densitymatrix Er r, ;r ¢( ) is a 2×2matrix in spin space, and can be expressed in terms of the single-particle
Green function by

E G E
G E G E

r r r r
r r r r

, ;
1

Im , ;
, ; i0 , ; i0

2 i
. B.9r

p p
¢ = - ¢ =
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TableA1.Relaxations of the adatoms towards the surfaces relative to the interlayer distances
obtained fromQuantumEspresso calculations. Shown are the reduction r of themean vertical
distance d between the adatom and the first surface layer, according to d r d1 0= -( ) , d0 being
the bulk interlayer distance.No value is providedwhenNiwas found to be nonmagnetic at its
equilibriumgeometry. The last column lists the relaxations used to set up the geometry for the
KKR calculations.Whenmultiple values are given, the onewhich is closest to theQE result was
used for the corresponding element.

Cr Mn Fe Co Ni KKRgeometry

Pt(111) 19.4% 17.9% 25.9% 27.5% 25.2% 20%

Pt(001) 34.4% 33.3% 32.2% 30.4% — 30%

Ir(111) 11.5% 11.7% 17.9% 20.6% — 15%

Re(0001) 16.1% 12.7% 18.6% 21.8% — 15/20%
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For simplicity, the spatial dependence is omitted in the following. By recursively inserting theDyson equation,
equation (B.7), into the expression forΩwe find

E e G E G E G E
1

Im d ln 1 Tr

. B.10
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This is a formal power series that can be used to develop a diagrammatic expansion of the grand potential. Using
the relation

G E G E
p E
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and integrating by parts with respect to the energy, we find
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where f (E;μ) is the Fermi distribution function. If one inserts the spectral representation of theGreen function,

G E
E E

, B.130 å
l l

=
ñá
-l l
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it is straightforward to verify that the formal power series corresponds to infinite-order perturbation theory,
regarding 0 as the unperturbed system and D as the perturbation.

The electronic hamiltonian can bewritten as the sumof three parts,

. B.140 mag soc   = + + ( )

For illustration purposes, these termswill be represented using realWannier-like basis functions. The non-spin-
dependent terms are collected into

c t c , B.15
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, ,
, ååå=
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where the atomic sites are labeled bym and n, the orbital character of theWannier-like basis functions byμ and
ν, and the spin components by s. Here c† and c are creation and annihilation operators for electrons in the
Wannier-like basis. Themagnetic part of the hamiltonian is taken to be of the form

, B.16
i

i
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Themagnetic sites are labeledm=i, j,K to be distinguishable fromother non-magnetic or spin–orbit sites,
with Si the orientation of themagneticmoment on site i. Thefinal term is the atomic spin–orbit coupling,

, B.18
a

a
soc soc å= ( )

c cL , B.19a
s s

a s a ss a s
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with the local orbital angularmomentumoperator L. As done for themagnetic sites, we label the spin–orbit sites
by a different variable, m a b, ,= ¼.We have that t tm n n m, ,=m n n m,U Ui i=mn nm and L L= -mn nm, assuming that
the angular part of theWannier-like basis functions correspond to real spherical harmonics centered on
each site.

Returning to the formal power series for the electronic grand potential, we now identify
mag soc  D = + , so that we have a double expansion inmagnetic and spin–orbit terms It follows thatΩp

can be further split into contributions p k,W which contain mag k-times and soc (p–k)-times, for all k=0, 1,
K, p.Wewish to construct an effectivemagneticmodel by taking the orientations of themagneticmoments Si

as independent variables. From the basic requirement of time-reversal invariance of themagnetic energy, only
the contributionsΩp,k for which k is an even number (i.e. we have an even number of Siʼs in the final expression)
should be give afinite contribution.We can thenwrite

S , B.20
p k

p
p k0 soc

1

2
,2ååW = W + W + W

=

[{ }] ( )

where all contributions arising solely from spin–orbit (k= 0) are collected inΩsoc.
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The p=2k terms generate all possible isotropicmagnetic interactions. The p=2 term is (no restrictions on
the sum)
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which leads to the isotropic bilinear interaction (2-spin 2-site)
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by considering the trace over spin indices. The i=j part corresponds to a contribution to the energy from the
local exchange splitting. The p=4 term is
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Thus iikk
4,4W does not depend on themagnetic orientations, S Siikl k l

4,4W µ · contributes to the isotropic bilinear
interaction (2-spin 2-site), S S2 1ijij i j

4,4 2W µ -( · ) contributes to the isotropic biquadratic interaction (4-spin
2-site), S S S S S S2ijil i j i l j l

4,4W µ -( · )( · ) · gives an isotropic 4-spin 3-site interaction and a correction to the

bilinear one, and ijkl
4,4W is the general formof the isotropic 4-spin 4-site interaction. It is clear from all these

examples that terms that contain the samemagnetic site consecutively (e.g. iikk or iikl in the previous expression)
will not lead to new forms of themagnetic interaction than simpler expressions (e.g. ij

2,2W ), so they can be
excluded from the search for new forms of themagnetic interaction.

Next, consider the terms that contain both mag and soc . The lowest-order term is
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and gives the first contribution to the bilinearDMI,
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The factor of 3 on thefirst line is due to the three different places where soc can be inserted, which are all
equivalent due to the cyclic properties of the trace. On the second line the factor of 6 is a result of the spin trace,
with the remaining trace being over the orbital indices. Thefinal prefactor of 3/2 is for consistencywith the
overall total prefactor of 1/2 for the 2-sitemagnetic interactions. TheDMI vector is then given explicitly as a sum
of contributions arising fromdifferent spin–orbit sites, in analogy to themodel of Lévy and Fert.

The next contribution to the bilinear interactions is given by

1

4
. B.27
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ij
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,
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There are six ways of combining mag and soc for this, which can be grouped into two contributions by
exploiting the cyclic property of the trace.Wefind
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There is a contribution to the isotropic bilinear interaction

J E f E U G E U G E L G E L G E

E f E U G E L G E U G E L G E

1
Im d ; 4 Tr

1
Im d ; 2 Tr , B.29

ij
a b

i ij j ja a ab b bi

a b
i ia a aj j jb b bi

4,2

,

0 0 0 0

,

0 0 0 0

ò

ò

åå

åå

p
m l l

p
m l l

=-

+

a

a a

a

a a

-¥

¥

-¥

¥

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

and another contribution to theDMI (inmatrix form,withα=x, y, z)
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Thefirst contribution to the anisotropic symmetric bilinear interaction is given by
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and arises when the twomagnetic sites are connected through a spin–orbit site. In the case of i=j it becomes a
contribution to the on-sitemagnetic anisotropy.We see that the terms containing G Eab

0 ( ), i.e. consecutive
scattering from two spin–orbit sites, generate corrections to the interactions found already at lower orders in the
expansion, so they can be excluded from the search for new forms of themagnetic interaction. The newkind of
interaction found at this order is the anisotropic symmetric bilinear interaction.

Thefirst kind of anisotropic higher-order interaction arises from

1

5
. B.32

i j k l
ijkl

5,4

, , ,

5,4åW = W ( )

It generates aDMI-like 4-spin 4-site interaction:

E f E

G E G E G E G E G E

C S S S S S S S S S S S S

S S S S S S S S S S S S

1
Im d ;

5 Tr

5

4
. B.33

ijkl

a
i ij j jk k kl l la a ai

ijkl i j k l i k j l i l j k

j k i l j l i k k l i j

5,4

mag 0 mag 0 mag 0 mag 0 soc 0

5,4

    

ò
å

p
mW =-

´

= ´ - ´ + ´

+ ´ - ´ + ´

-¥

¥
( )

( ) ( ) ( ) ( ) ( )

· (( · ) ( · ) ( · )

( · ) ( · ) ( · ) ) ( )

There is a perfect parallel with the case of the previously-discussed isotropic 4-spin interaction. iikk
5,4W does not

depend on themagnetic orientations, S Siikl k l
5,4W µ ´ contributes to the bilinearDMI interaction (2-spin

2-site), S S S S2ijij i j i j
5,4W µ ´( · ) contributes to theCBI (4-spin 2-site), S S S S S S2ijil i j i l j l

5,4W µ ´ - ´( · ) gives

an chiral 4-spin 3-site interaction and a correction to the bilinearDMI, and ijkl
5,4W is the general formof the chiral

4-spin 4-site interaction.
The goal is to identify the simplest contributions to the electronic grand potential that potentially generate a

magnetic interaction of a given type, if allowed by symmetry. Such contributions can be conveniently encoded
into Feynman-like diagramswhich contain the building blocks of the expansion of the grand potential, namely
theGreen functions of the unperturbed system and themagnetic and spin–orbit interactions at given sites. The
following rules were identified from the previous case studies. A diagram that serves as a prototype for a given
type ofmagnetic interaction is composed of:

(i) p vertices, of which 2k are magnetic sites (representing mag ) and p−2k are spin–orbit sites ( soc ),
connected by p lines (representingG0(E)).

(ii) The same magnetic site cannot appear consecutively (G Eii
0( ) is not allowed—see analysis of ijkl

4,4W ), but can
appear repeatedly (e.g. ijij

4,4W ).
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(iii) Two spin–orbit sites cannot appear consecutively (G Eab
0 ( ) is not allowed—see analysis of ij

4,2W ), but can
appear repeatedly.

(iv) The form of the magnetic interaction is obtained by taking the spin trace of the ordered product of the
constituents of the diagram.

The interest is in the formof the interaction andnot on the precise value of the coupling coefficient. If the latter is
required the appropriate prefactor has to be determined, as shown for the discussed case studies. A diagram
constructed according to these rules will give rise to a 2k-spin interaction on n-sites ( n k1 2  ). If p−2k is
an odd number (the spin–orbit coupling appears an odd number of times) the interaction is chiral (i.e. contains
S Si j´ dottedwith a pseudovector, as in theDMI), otherwise it represents a symmetric anisotropic interaction
(or isotropic, for p=2k). The n=1 diagrams contribute to the on-sitemagnetic anisotropy, the n=2
diagrams to the pairwisemagnetic interactions, and so on.

AppendixC. Symmetry rules for the prototypical diagrams

Given a pair ofmagnetic sites i and j connectedwith the vector Rij, the relevant spatial symmetries are the
following: (a) inversion center in-between i and j; (b)mirror planewith n R ;ijˆ (c) two-fold rotation along an axis
n Rij^ˆ , (d)mirror planewith n Rij^ˆ , (e) n-fold rotation along n Rijˆ with n 2 . All the symmetries are
illustrated infigures 1(e)–(i) of themain text. The global symmetry operations can be defined as a combination
of local transformations at each site (e.g. a rotation or amirroring) and a permutation of the sites. For the pair
interactions two different classes of symmetry operations can be distinguished. The first class describes global
symmetry operations which permute i and j, whereas the second class describes symmetry operations which
leave i and j invariant. The operations (a)–(c) fall in thefirst class and (d) and (e) in the second class. In terms of
the diagrams a permutation of i and j corresponds to the same diagram (with labeled vertices), but with opposite
direction of theGreen functions. Since the local symmetry operations affect the spatial dependence of all the
integration variables at the same time, those effects are not important. However, the effect of the local symmetry
operation on the angularmomentumoperator has to be considered. The orbital angularmomentumoperator
transforms as a pseudovector under the considered spatial symmetry operations,

L L, C.1 = ( )

L L L, C.2n n n  = - ^ ( )ˆ ˆ ˆ

L L L n Lcos sin , C.3n n n  a a a= + + ´^( ) ( ˆ ) ( )ˆ ˆ ˆ

wherewe used the inversion operator  , themirror operator n ˆ mirroring on the plane normal to n̂, the
rotation operator n a( )ˆ describing a rotation byα around the axis n̂, and the vector projections parallel and
perpendicular to n̂, L n L nn = ( ˆ · ) ˆˆ and L L n L nn = -^ ( ˆ · ) ˆˆ , respectively. Using these expressions it is easy
to derive the so-calledMoriya rules, which are the symmetry rules for theDMI vector. In total, onefinds the
following rules for the different symmetry operations [4, 40, 41]: (a) D 0ij = , (b) D 0ijn =

ˆ , (c) D 0ijn =
ˆ ,

(d) D 0ijn =^
ˆ , and (e) D 0ijn =^

ˆ , which is valid for theusual bilinearDMIvector Dij, aswell as theCBI vector Cij.
We illustrate the derivation of the symmetry rules by analyzing the prototypical diagram that generates the

DMI in the presence of a symmetry of type (b). Such a diagram connects twomagnetic sites i and j to a spin–orbit
site a, and this connection can be done in twoways, as illustrated infigures C1(a), (b). Themirror plane ensures
the existence of another spin–orbit site b an= ˆ , located at themirror position of a. This generates another
pair of diagrams, as shown infigures C1(c), (d). Omitting the energy dependence, the corresponding integration
and other details, we can represent the structure of these diagrams as follows:

G U G U G L S S1a Tr , C.4ai i ij j ja a i j
0 0 0 l ´( ) · ( ) ( )

G U G U G L S S1b Tr , C.5aj j ji i ia a j i
0 0 0 l ´( ) · ( ) ( )

G U G U G L S S1c Tr , C.6bj j ji i ib b j i
0 0 0 l ´( ) · ( ) ( )

G U G U G L S S1d Tr . C.7bi i ij j jb b i j
0 0 0 l ´( ) · ( ) ( )

The orientations of themagneticmoments, and so also S Si j´ , are kept fixed for all diagrams. From the
geometry alone, andwith Mn̂ representing the spatialmirror operator in our chosenWannier-like basis, we
have M G M Gij jin n

0 1 0=-
ˆ ˆ , M G M Gja ibn n

0 1 0=-
ˆ ˆ , and M G M Gai bjn n

0 1 0=-
ˆ ˆ , among other relations.We can then

rewrite

M G M U M G M U M G M L S S1c Tr C.8ai j ij i ja b j in n n n n n
0 1 0 1 0 1l ´- - -( ) · ( ) ( )ˆ ˆ ˆ ˆ ˆ ˆ
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G U G U G M ML S STr C.9ai i ij j ja a j in n
0 0 0 1l= ´-( ) · ( ) ( )ˆ ˆ

G U G U G P PL L S STr , C.10ai i ij j ja a i jn n
0 0 0

^ ^l= - ´^ ( ) · ( ) ( )

wherewe used thatU M U Mi jn n
1= -

ˆ ˆ , M Ma bn n
1l l= -

ˆ ˆ and equation (C.2). Combining this result with the one

for (1a) and using L L Ln n = +^ 
ˆ ˆ , we arrive at the final expression

G U G U G L S S

D S S

1a 1c 2 Tr

. C.11

ai i ij j ja a i j

ij i j

n

n

0 0 0 



l+  ´

~ ´

^

^

( ) ( ) ( ) · ( )

· ( ) ( )
ˆ

ˆ

This corresponds precisely toMoriya’s rule (b) D 0ijn =
ˆ , and a similar conclusion can be reached by

combining diagrams (1b) and (1d). Following similar steps for each kind of symmetry (i.e. identifying all
symmetry-related spin–orbit sites, and combining the related prototypical diagrams using the transformation
properties of L) it is straightforward to derive all ofMoriya’s rules and to show that no further effort is required
to conclude that they also apply to theCBI vector.

AppendixD. Relation between the spin cluster expansion and the generalizedHeisenberg
model

To analyze ourDFTdata, wemake use of the spin cluster expansion [52, 53]. Each spinmagneticmoment is
represented by a classical unit vector S cos sin , sin sin , cosi i i i i ij J j J J= ( ). The energy of amagnetic system
with pair interactions can then be parametrized using a systematic expansion in terms of real spherical
harmonics Y ,L i ii

J j( ) as

E K Y J Y YS ,
1

2
, , , D.1

i L
i
L

L i i
i j

i j
L
L

ij
L L

L i i L j jSCE
0 , 0

0
i

i
i

i

j

i j
i jå å å åJ j J j J j= +

¹
¹

¹
¹

[{ }] ( ) ( ) ( ) ( )

where Li=(ℓi,mi) is a combined spherical harmonic index. Since the total energy has to be even under time-
reversal (which inverts the orientation of themagneticmoments), only coefficients with even total i i= åℓ ℓ are
allowed. Thismeans thatℓihas to be even for the on-site anisotropy coefficients Ki

Li, and that the sumℓi+ℓj has

to be even for the pair interaction coefficients Jij
L Li j. The bilinearmagnetic interaction is given by theℓi=ℓj=1

elements of Jij
L Li j, whereas the biquadraticmagnetic interaction is given by theℓi=ℓj=2 ones. In agreement

with our discussion in themain text, the biquadratic interaction is thus determined by atmost 5×5=25
independent variables.

In themain text, we discuss the differentmagnetic interactions using themore conventional representation
in terms of cartesian unit vector components,

FigureC1. Symmetry-related prototypical diagrams. As an example, we select the diagram generating theDMI in a systemwhere a
mirror plane perpendicular to the bond is present. This ensures that there is a spin–orbit site b a= , that is, located at themirrored
position of a. The twomagnetic sites i and j and the spin–orbit site a can be connected in theways shown in (a) and (b). Likewise, the
twomagnetic sites i and j and the spin–orbit site b can be connected in theways shown in (c) and (d).We show that (a) can be related to
(c) and that (b) can be related to (d).
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E K S S J S S B S S S SS
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2
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i j
ij i j i jDFT
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åå åå å å= + +
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ab a b
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ab a b

a b g d

abgd a b g d[{ }] ( )

This representation has a simple relation to the spherical harmonic expansion used in the spin cluster expansion.
Wefirst express the components of the unit vectors in terms of spherical harmonics,
S x r Y4 3 ,Lp J j= =a a a ( )with Lx=(1,1), Ly=(1,−1) and L z=(1,0).We then useGaunt coefficients
to rewrite the product of two spherical harmonics for the same direction in terms of a single one,

S S C Y
4

3
, . D.3

L
L L
L

Låp
J j=a b

a b ( ) ( )

TheGaunt coefficients obey the basic properties:ℓα+ℓ β+ℓmust be even,  - +a b a bℓ ℓ ℓ ℓ ℓ∣ ∣
(triangle inequality), and C C

L L
L

L L
L=a b b a. In this waywefind a connection between the two representations. The

onsite anisotropy coefficients are related by

K C K
4

3
, D.4i

L
L L
L

i
,

i

i i

iåp
=

a b

ab
a b ( )

the bilinear interaction coefficients by

J J
4

3
, D.5ij

L L
ij

i j p
= ab

a b

( )

and the biquadratic interaction coefficients by

B B C C
4

3
. D.6ij

L L
ij L L

L
L L
L

2
i j i jåp

=
abgd

abgd
a g b d⎜ ⎟⎛

⎝
⎞
⎠ ( )

Appendix E.Micromagnetic formof theCBI

To arrive at themicromagnetic formof the interactions discussed in this work, consider the following coarse-
graining procedure.Wefirst consider all themagnetic sites connected to a reference site i, to define its
contribution to themagnetic energy.We can thenfind the value of themicromagnetic energy at the point Ri by
calculating themagnetic energy in the spinmodel:

J BR S S D S S S S C S S S S . E.1i
j

ij i j ij i j ij i j ij i j i j
2 å= + ´ + + ´( ) ( · · ( ) ( · ) · ( )( · )) ( )

The orientation of the lattice spins is obtained from a smoothly varying spin fieldwhich is approximated by its
average direction and its gradient at the point Ri, with R R Rij j i= - ,

R R RS S S S
1

2
. E.2j i ij i ij ij i,

,
, ,å å» + ¶ + ¶ ¶

a
a a

a b
a b a b ( )

Then

R R RS S S S S S S S
1

2
E.3i j i i ij i i ij ij i i,

,
, ,å å» + ¶ + ¶ ¶

a
a a

a b
a b a b· · · · ( )

R R S S1
1

2
, E.4ij ij i i

,
, ,å= - ¶ ¶

a b
a b a b( ) · ( ) ( )

where the last line applies if the spin field is a unit vector field: S S S S S S1i i i i i i=  ¶ ¶ = - ¶ ¶a b a b· · ( ) ( ) · ( ).
Similarly,

RS S S S . E.5i j ij i i,å´ = ´ ¶
a

a a ( )

We thenfind:
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(i) The exchange stiffness,

J J R R J

J A
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where the stiffness tensor is symmetric, i
J

i
J

, , =ab ba, and expresses the spatial anisotropy of thematerial.

(ii) Themicromagnetic DMI,
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Here i
D
, a is the spiralization tensor, which is contractedwith the usual Lifshitz invar-

iants L S S S S= ¶ - ¶mn
a

m a n n a m( ) ( ).

(iii) The contribution of the isotropic biquadratic interaction to the exchange stiffness, plus a new term with
four derivatives,
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(iv) The contribution of theCBI to the totalmicromagnetic DMI, plus a new termwith three derivatives,
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All the interaction tensors are invariant under arbitrary permutations of the indicesα,β, γ, δ. Assuming that the
material is sufficiently isotropic, so that themicromagnetic parameters become independent of position, the
completemicromagnetic energy for an arbitrary point in themagneticmaterial can then be expressed as
(omitting the previously found constants and collecting all terms of the same form)

r S r S r S r S r

S r S r S r S r

S r S r S r S r . E.10

,

, , ,

, ,





 



å å

å

å

= ¶ ¶ + ´ ¶

+ ¶ ¶ ¶ ¶

+ ´ ¶ ¶ ¶

a b
ab a b

a
a a

a b g d
a b abgd g d

a b g
abg a b g

( ) ( ( )) · ( ( )) · ( ( ) ( ))

( ( )) · ( ( )) ( ( )) · ( ( ))

· ( ( ) ( ))( ( )) · ( ( )) ( )
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The totalmicromagnetic energy is then given by forming the corresponding energy density (dividing by the
volume permagnetic site,V0=V/N) and integrating over the volume of thematerial,

E V
V

r r
r

d , . E.11micro
0

 


ò= = ( ) ( ) ( ) ( )

Themicromagnetic parametersmust also be divided byV0, for consistency. For a simple cubic lattice with the
lattice constant a and nearest-neighbor interactions (Jij=−J andBij=B, and the vectors Dij and Cij along the
nearest-neighbor directions andwithmagnitudeD andC, respectively), the general forms of themicromagnetic
interaction densities simplify further.

(i) For the exchange stiffness one finds,
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(ii) For themicromagnetic DMI one finds,
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(iii) For themicromagnetic isotropic biquadratic interaction onefinds,
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(iv) Last, for themicromagnetic CBI onefinds using the Lifshitz invariants,
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Appendix F. Parametrization of themagnetic hamiltonian for dimers onPt(111), Ir(111),
Pt(001) andRe(0001)

The torques for the different non-collinear configurations were used to fully parametrize the dimers on the
different surfaces. For the (111) facet of Pt and Ir, and theRe(0001) surface, the dimers are placed along the x-
axis with amirror plane spanned by yz-plane as depicted infigure 2. The on-site anisotropymatrix of the first
atom is related to that of the second atomby K Kx x2 1 = , where x is themirror operator for amirror
plane perpendicular to the x-axis. Since the trace of the on-site anisotropymatrix yields a constant energy shift,
we setKzz=0. For the bilinear exchangematrix onefinds J J Jx x x x12 21 12

T   = = , which restricts the
DMvector to D DD 0, ,y z

12 12 12= ( ) and the only off-diagonal component of the symmetric exchange is J yz
12 . For

the biquadratic exchange one finds B B1 N
12 12

x= -abgd badg( ) , whereNx is the number of times x appears inαβγ δ.
In case of the Pt(001) surface, there is one additionalmirror plane resulting in further constraints due to y , the
mirror operator for amirror plane perpendicular to the y-axis. The on-site anisotropies fulfill a local symmetry
K Ky y1 1 = yieldingKxy=Kyz=0. The pair interactions fulfill the same symmetry J Jy y12 12 =
yieldingDy as the only finite off-diagonal component. For the biquadratic tensor the additional constrain
follows from B B1 N

12 12
y= -abgd abgd( ) , whereNy is the number of times y appears inαβγ δ. The irreducible

components for the different surfaces are shown in tables F1–F4.
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Additionally, the canting angles obtained fromminimizing aHeisenbergmodel containing the full
parametrizations,Δαfull, and the canting angles obtained from a simplifiedmodel containing different
combinations of pair interactions (see equation (9)) are shown in the tables F1–F4. The canting anglesΔαfull

should be closest to the realistic values, since they include the effect of themagnetic anisotropy, which in
particular becomes relevant if K D Cmax ,ab(∣ ∣) ∣ ∣ ∣ ∣. For example for theCo dimer onRe(0001) the anisotropy
dominates the canting angles resulting in 63fullaD = -  for the full parametrization, while all the pair
interactions result in 20J D C BaD = + + + . Formost of the other considered dimer the effect of the anisotropy is
small.

Table F1. Independent exchange parameters of theCr,Mn, Fe, Co andNi dimers
on the Pt(111) surface in (meV) and the canting angles using the full
parametrization, fullaD , or different combinations of the isotropic bilinear
interaction J, the isotropic biquadratic interactionB and the y-components of the
DMID andCBIC.

Pt(111) Cr Mn Fe Co Ni

K xx
1 −1.23 −0.49 0.14 3.14 0.60

K xy
1 −0.24 0.13 0.23 0.34 0.02

K xz
1 −0.18 0.15 0.42 0.17 −0.01

K yy
1 −2.24 0.02 1.27 3.66 0.64

K yz
1 0.08 −0.23 −0.06 0.01 −0.04

J xx
12 36.30 59.02 −43.65 −76.89 −5.36

J yy
12 34.94 58.63 −41.80 −76.96 −5.28

J zz
12 36.23 57.94 −43.45 −76.52 −5.59

J yz
12 0.26 0.42 −0.33 −1.11 −0.11

D y
12 8.54 −3.30 −7.27 7.06 0.75

D z
12 1.85 −0.13 0.30 −3.57 −0.37

B xxxx
12 −8.99 0.56 −1.57 0.61 −0.87

B xxxy
12 −0.08 −0.02 −0.05 −0.09 −0.08

B xxxz
12 −1.28 0.31 −1.28 0.82 −0.22

B xxyy
12 −6.83 0.43 −1.40 0.67 −0.67

B xxyz
12 −0.00 0.00 −0.01 0.08 −0.01

B xxzz
12 −6.72 0.42 −1.06 0.26 −0.65

B xyxy
12 4.47 −0.31 1.01 −0.53 0.44

B xyxz
12 0.03 −0.01 −0.03 −0.06 0.01

B xyyy
12 −0.04 −0.03 −0.02 −0.14 −0.08

B xyyz
12 −0.59 0.15 −0.67 0.39 −0.11

B xyzy
12 −0.01 0.00 0.00 −0.01 0.00

B xyzz
12 0.00 −0.02 −0.02 −0.02 −0.04

B yyyy
12 −8.90 0.66 −1.95 0.74 −0.90

B yyyz
12 −0.02 −0.00 0.04 0.03 −0.01

B yyzz
12 −6.66 0.56 −1.24 0.35 −0.64

fullaD −3° 3° 7° −4° −8°
J DaD + −13° 3° 10° −5° −8°
J D CaD + + −10° 3° 6° −4° −13°
J D C BaD + + + −6° 3° 6° −4° −10°
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Table F2. Independent exchange parameters of theCr,Mn, Fe andCo dimers
on the Pt(001) surface in (meV) and the canting angles using the full
parametrization, fullaD , or different combinations of the isotropic bilinear
interaction J, the isotropic biquadratic interactionB and the y-components of
theDMID andCBIC.

Pt(001) Cr Mn Fe Co

K xx
1 −0.40 −1.48 0.45 −0.03

K xz
1 −0.21 0.40 −0.18 −0.08

K yy
1 −0.84 −2.08 0.50 0.75

J xx
12 −34.56 52.92 13.78 −46.67

J yy
12 −35.67 52.31 15.61 −48.48

J zz
12 −35.60 50.52 15.61 −43.77

D y
12 11.22 −2.52 −9.57 4.50

B xxxx
12 −7.47 1.27 −1.13 −1.55

B xxxz
12 −1.22 0.05 0.12 −0.21

B xxyy
12 −5.62 0.90 −0.82 −1.20

B xxzz
12 −5.61 1.02 −0.84 −1.10

B xyxy
12 3.76 −0.62 0.49 0.84

B xyyz
12 −0.62 0.02 0.06 −0.13

B yyyy
12 −7.44 1.26 −1.06 −1.57

B yyzz
12 −5.44 0.96 −0.90 −1.10

fullaD −14° 0° 28° 0°
J DaD + −18° 3° 32° −6°
J D CaD + + −21° 3° 32° −6°
J D C BaD + + + −14° 3° 28° −6°

Table F3. Independent exchange parameters of theCr,Mn, Fe andCo dimers
on the Ir(111) surface in (meV) and the canting angles using the full
parametrization, fullaD , or different combinations of the isotropic bilinear
interaction J, the isotropic biquadratic interactionB and the y-components of
theDMID andCBIC.

Ir(111) Cr Mn Fe Co

K xx
1 −0.12 −3.07 −2.44 0.07

K xy
1 −0.24 −0.22 0.47 0.26

K xz
1 −0.08 −0.14 −0.13 −0.11

K yy
1 −0.66 −3.26 −0.92 1.13

K yz
1 0.40 0.46 −0.37 −0.21

J xx
12 29.81 55.57 −16.33 −60.76

J yy
12 28.51 55.32 −15.38 −60.69

J zz
12 30.08 54.80 −17.15 −60.21

J yz
12 −0.09 0.22 −0.03 −0.13

D y
12 −10.71 1.74 14.65 3.00

D z
12 −0.48 0.07 −0.17 −1.77

B xxxx
12 −9.29 1.08 −2.94 0.71

B xxxy
12 0.29 −0.03 0.03 0.08

B xxxz
12 1.62 0.19 0.71 0.01

B xxyy
12 −7.02 0.55 −2.14 0.56

B xxyz
12 0.01 −0.12 −0.01 0.00

B xxzz
12 −6.89 0.91 −2.21 0.51

B xyxy
12 4.75 −0.46 1.41 −0.38

B xyxz
12 −0.01 0.21 −0.02 0.00

B xyyy
12 0.31 0.03 0.04 0.06

B xyyz
12 0.78 0.05 0.32 0.03

B xyzy
12 −0.01 −0.05 0.01 −0.03

B xyzz
12 0.17 0.04 0.03 0.04

B yyyy
12 −9.43 0.73 −2.71 0.61

B yyyz
12 0.01 −0.14 0.01 0.00

B yyzz
12 −6.97 0.83 −2.01 0.43

fullaD −6° 0° 27° 4°
J DaD + −20° 2° 42° 3°
J D CaD + + −15° 2° 41° 3°
J D C BaD + + + −8° 2° 32° 3°
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