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Abstract

In this work, numerical methods for the simulation of broad-area edge-emitting semicon-
ductor lasers are presented. Frequency-domain and time-domain models are employed
to predict the propagation of the filamented optical field in the semiconductor laser
and determine emission characteristics including near-field and far-field profiles, beam
width, divergence angle, and power over current. The models utilize wave-optical beam
propagation and account for the interaction of the optical field with the spatial (and
temporal) varying carrier and temperature distributions inside the semiconductor laser
cavity. Once calibrated, the frequency-domain model is utilized to predict emission
characteristics of single emitters and laser arrays, which differ in geometrical properties
(contact width, cavity length or emitter pitch), epitaxial structure or facet reflectivity.
By comparison with experimental data for eight laser designs, which include single-
emitter and laser arrays it is demonstrated that the frequency-domain model allows
computation of lateral far-field angles and near-field widths as a function of current and
thermal state for edge-emitting diode lasers.

An opto-mechanical model is derived to compute the degree of polarization for pack-
aged single emitter or laser arrays. The mechanical strains, induced by the soldering
process, heating of the device during operation and intrinsic lattice mismatch in the
device, are considered. The ratio of the shear strain and the lateral (and vertical) strain
component(s) determines the degree of polarization.

In addition to the frequency-domain model, a time-domain model based on the traveling-
wave method is implemented and employed to compute the optical propagation in the
QW-plane of an edge-emitting diode laser, including carrier- and temperature-induced
refractive index changes. The evolution of the optical field along the cavity is computed
iteratively for transverse slices. Alongside with the optical propagation, the carrier
diffusion equation and an auxiliary equation for the material polarization are solved.
The results obtained with the time-domain model obey similar filamented field profiles
like the ones obtained with the frequency-domain model.

In summary, the numerical model acts as a digital-twin of the real device and with
the simulation tools presented in this work the lateral emission characteristics for edge-
emitting laser devices can be predicted to the extent needed to make design decisions.






Zusammenfassung

Im Rahmen dieser Arbeit werden numerische Methoden zur Simulation von Breitstreifen-
Kantenemitter Halbleiterlasern entwickelt und untersucht. Dazu werden Modelle in der
Frequenz-Domiéne und in der Zeit-Doméne herangezogen, um die Propagation des fila-
mentierten optischen Feldes im Halbleiterlaser vorherzusagen und Abstrahlcharakteristi-
ken, wie Nah- und Fernfeldprofile, Strahlbreite, Divergenzwinkel und Ausgangsleistung
iiber Betriebsstrom zu bestimmen. Fiir die Modelle werden wellenoptische Propaga-
tionsmethoden eingesetzt und die Kopplung des optischen Feldes mit dem rdumlich
(und zeitlich) variierenden Ladungstriiger- und Temperatur-Verteilungen in der Ka-
vitdt des Halbleiterlasers berechnet. Nach Kalibration werden, basierend auf dem Model
in der Frequenz-Doméne, Abstrahlcharakteristiken von Einzelemittern und von Emit-
tern aus Laserbarren berechnet, die sich in geometrischen Eigenschaften (Injektions-
kontaktbreite, Kavitétslinge oder Emitterabstand), der epitaktischen Struktur oder der
Facettenreflektivitit unterscheiden. Durch Vergleich mit experimentellen Daten von acht
unterschiedlichen Diodenlasern wird demonstriert, dass das Model in der Frequenz-
Domaéne die Vorhersage von lateralen Fernfeldwinkeln und Nahfeldbreiten in Abhéngigkeit
des Betriebsstroms und der Temperatur des Kantenemitters erlaubt.

Um den Polarisationsgrad von Einzelemittern oder Laserbarren zu berechnen, wird
ein opto-mechanisches Model entwickelt. Unter denen in Betracht gezogenen mecha-
nischen Einfliilssen sind Verspannungen durch den Lotprozess, Aufheizen des Lasers
im Betrieb und durch unterschiedliche Gitterkonstanten im Halbleiter. Das Verhiltnis
von Scherspannung zu lateralen (und vertikalen) Spannungskomponenten bestimmt den
Polarisationsgrad des emittierten Feldes.

Zusétzlich zum Model in der Frequenz-Doméne, wird basierend auf der traveling-wave
Methode ein Zeit-Doménen Model implementiert und angewendet, um die rdumliche und
zeitliche Entwicklung des optischen Feldes in der Quantengraben-Ebene eines Halbleiter-
laser-Kantenemitters zu berechnen. Dabei umfassen die Berechnungen die durch Ladungs-
trager und Temperatur induzierten Brechungsindexvariationen. Die Evolution des opti-
schen Feldes entlang der Laserkavitét erfolgt iterativ fiir transversale Querschnitte. Die
Ergebnisse, die mit dem Model in der Zeit-Doméne berechnet werden, gleichen denen
des Frequenz-Domiénen Modells im Hinblick auf Filamentierung des optischen Feldes.

Zusammenfassend agiert das numerische Modell als Digitaler-Zwilling des realen opto-
elektronischen Bauteils. Mit den Simulationswerkzeugen, die im Rahmen dieser Arbeit
vorgestellt werden, konnen die lateralen Abstrahlcharakteristiken von Hochleistungs-
diodenlaser-Kantenemittern so prazise vorhergesagt werden, dass in Zukunft Entschei-
dungen fiir neue Designs aus der Simulation abgeleitet werden kénnen.
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Chapter 1

Introduction

1.1 Motivation

High-Power Diode Lasers (HPDLs) are widely established as versatile tools for pump-
ing of solid-state lasers, measurement applications and for direct materials processing.
During the past ten years, these lasers gained market shares from other laser types like
CO3- or lamp pumped solid state lasers. Pump applications on the one hand side and
direct applications on the other profit from a steady increase of the brightness and spec-
tral brightness for frequency stabilized diode laser systems. The constantly increasing
demand for higher beam quality, efficiency and output power is reached by continuous
improvement of individual emitters and new design concepts for power scaling on the
system side. These concepts typically include spatial, polarization and spectral multi-
plexing with optional frequency stabilized Single Emitters (SEs) or diode Laser Arrays
(LAs) due to external feedback. Based on Dense Wavelength Multiplexing (DWM) direct
diode laser systems offering 4 kW of power out of a 150 pm fiber with a beam parameter
product of 5mmmrad are realized [1]. The output power of these high-power direct
diode lasers is scaled up into the kW-regime to address applications with high demands
on brightness, such as sheet metal cutting with a market share of 1.2 billion Dollars
and additive manufacturing with an expected annual growth of about 30 % [2]. In this
regime, the market is shared by competing gas-, fiber-, and direct diode laser sources.
The key requirements for diode laser-based systems to enter industries are reliability,
costs per Watt of output power and cost of ownership. Application regimes with bril-
liance greater than 1-10” Wmm™2sr~! are currently covered by solid-state laser sources.
Either for direct diode laser systems or as part of pump modules for disk lasers the indi-
vidual diode laser emitter is the very first component in a chain of product integrations.
The disk lasers are typically integrated into laser machine tools, which constitute the fi-
nal product. On that score, since the semiconductor laser is at the very beginning of the
value-added chain, every improvement made to the individual diode laser emerges into a
cascade of improvements and enablers for the entire laser machine tool whether in respect
of efficiency, costs, power or beam quality. State of the art high-power SE or emitters in
LAs typically have 4 to 5 mm long cavities and current injection widths between 90 and
200 pm. A SE with 100 pm contact opening and 4 mm long cavity is operated around
12 to 16 W output power at approximately 13 to 18 A with an electro-optical efficiency
around 55 %. Although the devices can be operated at power levels up to 18 W without
thermal roll-over or Catastrophic Optical (Mirror) Damage (CO(M)D), in products, the
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lasers are usually operated at lower currents to maintain reliability, increase the lifetime
and keep the lateral divergence angle at a reasonably low value. Typical values of in-
ternal COMD power densities are over 18 MWcem™2 for 100 pum stripe lasers [3]. The

o 18 T T T o 10 T T T
~ Single Emitter I ~ Laser arrays I
~ 16 | I . ~ 9| D8, 200 um, 4 mm -1 |
= D2, 140 pm, 5 mm = {//
o E o~ _
x 14 } D1, 100 pm, 4 mm - X g /}_—E p I/,/
0 i - ~<l EAR —
: T LA
@ 12 | D4, 150 pm, i ) 4
kY oU pm. ¥ /;E ;::E: = TF e i
g g g
ST 4 3 -
8 8 6 — i
g £ I Tg>Ty
o gl 4 & | f_.-
i; g 5 F D7, 200 pm, 4 mm |
; 6~ D3, 140 pm, 5 mm, ; D6, 90 pm, 4 mm
1 . B a
% s sym. refl. i % D5, 90 pm, 4 mm, high fill factor
— =
I I I I I 3 I I I I I
0 5 10 15 20 25 30 0 2 4 6 8 10 12
Current / A Current (per emitter) / A

FIGURE 1.1: Measured far-field divergence over current for various single emitter (left)
and laser array (right) devices. For the laser arrays, the current displayed is the current
per emitter. Specifics of the devices are listed in Tb. C.2 and C.3. The numbers
attached to the device label are contact width and device length. Despite D3, all devices
have asymmetric facet coatings, with 98 % back facet and 2% front facet reflectivity.
Device D3 is a symmetric cavity with respect to the facet coatings. Both front and
back facet reflectivity are 10 %. Laser array D8 has a higher optical confinement factor
than D7. The array fill factor of device D5 is higher as the one of D6.

trend of Slow-Axis Divergence (SAD) over current for gain-guided SEs usually separates
in two regimes: One below and one above the operating current at which thermal lens-
ing dominates. The transition is characterized by a substantial increase in SAD with
the current. The onset of thermal blooming can be shifted to higher currents with an
increase in the emitter width or length in conjunction with lower dissipated power and
temperature, see Fig. 1.1 at 10 A for D1 and more than 20 A for D4. Specifics of the
devices D1-D8 are listed in Th. C.2 and C.3 in the appendix. Between D1 and D4 the
contact width changes from 100 pm to 150 pm, while the epitaxy is equal. Analogue, the
change in both contact width and cavity length between D1 and D2, again both devices
have identical epitaxial structure, shifts the onset of thermal blooming towards a higher
current for device D2. An even greater change in SAD is realized by equalization of
the reflectivities for the front and rear facet. To symmetrize temperature and intensity
distributions in the cavity coatings with 10 % reflectivity are applied for both front and
back facet of device D3, which leads to significantly different SAD compared to the
corresponding device D2 (same contact width and length) with asymmetric coatings of
2% and 98 % for front and back facet respectively [4]. The difference in SAD becomes
prominent for currents above 20 A. The SAD of D3 stays below the divergence angle of
D2, see Fig. 1.1. Emitters in LAs are usually operated at lower currents (per emitter)
than SEs. Mainly below currents where the thermal lens dominates. However, based on
emitter pitch, contact width (compare D5 and D6 against D7 and D8) and changes to
the epitaxial structure characteristic trends over current and the magnitude of SAD of
LAs can differ significantly, compare Fig. 1.1 (right). Devices D5 and D6 have identical
epitaxial structure, contact width, and length but differ in the pitch between adjacent
emitters. LA D5 has a higher fill factor [5] than LA D6, the resulting difference in the
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thermal profile leads to the observed change in SAD. In addition to the changes in the
lateral structure variations in epitaxial design (changes in the vertical device direction)
influence the lateral emission characteristics. The asymmetry of the waveguide and as a
consequence, the optical confinement factor is changed between devices D7 and D8 [6].
The design of D8 results in a larger confinement factor than for D7 and a larger SAD
over the entire current range, compare trends in Fig. 1.1 (right). Alongside with the
changes in SAD between the devices the Near-Field (NF) profile, especially the near-
field width over current undergoes variations. The resulting near-field profiles are of
equal importance as the Far-Field (FF) width since both determine the lateral Beam
Parameter Product (BPP) of the device. Details about the near-field profiles are given
in Chapter Fig.8, where modeling results for devices D1-D8 are presented. In addition
to the lateral BPP, the Degree Of Polarization (DOP), which accounts for the fraction of
the emitted light polarized parallel to the Quantum Well (QW)-plane corresponding to
the Transverse Electric (TE) mode, is a crucial property of the laser device. Diode laser
systems, which rely on polarization combining demand high DOP to deliver the overall
power at sufficient electro-optical efficiency. Both the efficiency and power of the system
or diode laser module decrease with decreasing DOP of either the individual emitters
or the diode LAs. With respect to mounting conditions, the DOP of packaged LAs can
decrease down to 90 % (for the entire array). The spatially resolved DOP decrease can
follow systematic trends, for example, lower DOP towards the edges of the array, or oc-
cur randomly distributed with variations of several percents between adjacent emitters,
see Fig. 5.17.

Currently, the knowledge about SAD, near-field width and DOP over current is mainly
gathered by experiment. The lateral emission characteristics cannot be predicted by any
simulation tool (known to the author) to the extent needed to make design decisions and
in some cases after evaluation of experiments emerging differences in the characteristics
(SAD, NF, DOP) between devices remain unexplained. The total duration for epitaxial
growth, processing, the packaging on submounts and heat sinks, and finally execution
of measurements can take from several weeks up to months. On top of this, it is often
hard to isolate specific effects or correlations in experimental findings since the device
remains a black-box and internal processes, for example, the evolution of the filamented
light field inside the cavity are not directly observable. To realize the requirements
for future applications, several aspects of high-power diode lasers, as such as lateral
mode dynamics, far-field emission, and damage mechanisms have to be investigated and
understood in more detail. A key component alongside experimental studies leading to
this understanding is the development of models for Computer-Aided Design (CAD).

The aim of this thesis is the investigation of theoretical models and the development
of a simulation software package to support future design improvements of high-power
semiconductor laser emitters, especially with respect to lateral beam quality. In this
thesis, a numerical model is presented which is capable of calculating SAD and NF over
current for high-power edge-emitting diode lasers. The model is demonstrated and val-
idated by calculation of device characteristics, such as near- and far-field profiles and
optical output power for the eight devices D1-D8 (Fig. 1.1). Alongside with the numeri-
cal study, the mechanisms driving those lateral emission characteristics are theoretically
investigated. In addition, an opto-mechanical model is presented, which is employed to
calculate polarization rotations in mechanically strained semiconductor lasers.
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1.2 State of the Art

1.2.1 High-Power Edge-Emitting Diode Lasers

First semiconductor lasers were realized in 1962. These devices were p-n homojunc-
tions with high threshold current densities, and output power for single-mode beams
was limited to a few milliwatts. Within the following twenty years, development and
research lead to devices with a diffraction limited beam and output powers above 30 mW
which are mainly used in communication, measurement, and sensing applications, op-
tical data storage and printing. Double-heterostructures play an important role in the
development of optoelectronic devices with low threshold current, high output power,
and electro-optical efficiency. The concept of a separate carrier and photon confinement
enables efficient Continuous Wave (CW) operation of semiconductor lasers at room
temperature. HPDL with emission wavelengths around 980 nm for optical pumping and
telecommunication were among the main drivers for this development. [7] In the late
1990s, HPDLs with tens of watts optical output power were introduced. Since then the
brilliance of HPDLs increases exponentially since today, Fig. 1.2. In 2014 diode laser sys-
tems based on edge-emitters with output powers of 40 kW and beam parameter product
of 40 mm mrad where demonstrated [2]. In these systems, the output power is increased
by wavelength multiplexing without a significant increase in the beam parameter prod-
uct. Applications for edge-emitting diode lasers in the range of 1-10° Wmm™2sr™! are
soft soldering (500 W, 20 mm mrad) and heat treatment of steels with powers up to 12 kW
and BPP of 100 mmmrad. Semiconductor lasers addressing transparent plastic weld-
ing typically have a brilliance in the range of 1-10° to 1 - 10* Wmm™2sr~!. Employing
semiconductor lasers as beam sources in the field of additive manufacturing offers great
potential for future applications. Single fiber-coupled diode laser modules with powers
of 200 W and brightness of 10 mm mrad or multi-spot configurations [8] can lead to in-
creased build-up rates and part volumes. [2] Today limiting factors are power linearity
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FIGURE 1.2: Development of high-power semiconductor laser brightness from 1985 till
today, after [9].

(suppression of thermal roll-over), beam quality (in the lateral direction), reliability and
lifetime. A long lifetime of more than 50,000 hours is crucial for industrial applications.
Among other factors like facet passivation and material purity (defect density), local
spikes in optical intensity due to high filamentation lead to reduced lifetimes or device
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failure. The primary design target for laser development is the combination of power
and beam quality, alias the brightness. The brightness [10] of a laser source is defined

as
P P

= A0 e 1)

where P is the optical power, M? the beam propagation parameter, \g is the wavelength
in vacuum, A the emission area (mode field size in focus of laser beam) and € is the solid
angle (far-field) into which the power is emitted. Edge-emitting diode lasers considered
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FIGURE 1.3: Schematic of high-power diode laser device.

in the scope of this work exhibit the structure illustrated in Fig. 1.4 and are produced in
the following steps: An epitaxial structure which forms a p-i-n heterojunction including
a (single) QW in the intrinsic region is grown on a n-doped Gallium Arsenid (GaAs)
substrate. After the growth process lateral features, such as index trenches or ridges
are etched into the epitaxial stack. A Silicon Nitride (SiN) insulation layer (thickness
approximately 0.2 pm) is applied on top of the semiconductor and partially removed
with a photolithographic etching process to define contact openings (injection stripe).
After the insulating layer is deposited, the p-side is covered by a metallization stack
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typically consisting of Titanium (Ti), Platinum (Pt) and Gold (Au) to form an ohmic
contact with the semiconductor in the areas where the insulation is removed. The Pt
layer acts as a diffusion barrier for the Au. The thickness of the metal stack amounts
to around 2 to 3 pm. The contact opening is pulled back 30 pm from both facets to pre-
vent current injection near the facets and thus, reduce the surface recombination. After
thinning-down of the GaAs substrate, the n-side metallization is applied to supply the
n-side electrical contact. The devices are singulated (cleaved along a crystallographic
direction), either to SEs or LAs and facet coatings, either High reflective (HR) or Anti
Reflective (AR), are deposited at the front and rear facets of the device. Finally, the de-
vices are soldered on submounts, made of Aluminum Nitride (AIN) or Copper-Tungsten
(CuW), or directly on heatsinks. The devices in the scope of this work, are soldered
with Gold-tin (AuSn) solder with a thickness of approximately 4 pm facing p-side down.
Wire-bonds are attached to the n-side metallization to supply electrical contact. The de-
vices considered in this work incorporate a single Indium Gallium Arsenid (InGaAs) QW
emitting at 950 nm, which is embedded in an asymmetric Aluminum Gallium Arsenid
(AlGaAs) waveguide with a total thickness around 2 pm and Aluminum concentration
in the waveguide layers around 20 % [11]. Carbon is utilized as the acceptor for p-doping
and Silicon as the donator for n-doping.

Broad-Area Diode Lasers (BADLs) show an asymmetric beam profile with a large di-
vergence angle in Fast-Axis (FA) in combination with high beam quality in the vertical
direction and a smaller divergence angle in Slow-Axis (SA) together with smaller beam
quality in the lateral direction, see illustration in Fig. 1.3. Typical SA divergence angles
(at 95% P. I.) of SE with 100 pm contact opening range from 4 - 14° for operation cur-
rents from 2 - 20 A. FA divergence angles (the full angle at 95% P. 1.) range from 30°
for Large Optical Cavity (LOC) lasers [12] to 40 - 60° and higher for typical BADL [10].
The asymmetric emission of the BADL arises from the two conceptional different forms
of light guidance inside the cavity: BADLs show a high beam quality in the vertical
direction due to waveguiding based on the refractive index steps between the epitaxial
layers which alternate along this vertical direction. A stable vertical eigenmode of the
waveguide travels inside the cavity and results in a Gaussian-like beam profile in the
vertical far-field. Due to the absence of refractive index steps in the lateral direction for
gain-guided devices the only confinement for the light field in this direction arises from
the injection current stripe area. Injected carriers are concentrated in under the injec-
tion window and form a channel of high material gain along the longitudinal direction
of the cavity. This concept is called gain-guiding and is usually accompanied by lateral
instabilities of the light field. Typical field evolutions for the lateral mode intensity and
carrier density inside a device are illustrated in Fig. 1.3. Operation with only one lateral
mode is not achieved with broad-area gain-guided lasers. A filamented near-field is ob-
served for stripe widths larger than 10 pm [13]. The multi-mode near-field fills the area
under the injection stripe and shows aperiodic ripples (filaments). This many lobed
near-field builds up from a superposition of high-order lateral modes which result in
large lateral far-field angles and reduced beam quality in the lateral direction. The gain
of the QW is broad around tens of nanometer, and the wavelength difference between
longitudinal modes in the Fabry-Perot cavity is small so that the devices without fre-
quency stabilization operate with multiple longitudinal modes. State-of-the-art research
and developments with the aim to reduce lateral filamentation and far-field divergence
are mainly driven by Design Of Experiments (DOEs) with large numbers of experimen-
tal laser designs and long turnaround times of several weeks or month per experiment.
Although some laser tools include lateral modes in the calculations [14] or even the
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FIGURE 1.4: Schematic of the transverse cross-section of a high-power diode laser
device including lateral index trenches, insulation (SiN) and contact metalization.

longitudinal propagation of the light field, there is no commercial tool available, which
is capable of predicting the lateral emission characteristics of high-power edge-emitting
semiconductor lasers to the extent presented in this work.

1.2.2 Semiconductor Laser Simulation Software

In order to maintain the trend of brightness improvement for HPDLs new design tools
have to be integrated into the semiconductor laser design process. The objective of past
and current research activities is the development of models describing the dynamics
of the electromagnetic field in semiconductor lasers, either free-running or with coupled
external resonators for frequency stabilization. Based on wave-optical numerical simu-
lations the propagation of light inside the waveguide of the optoelectronic device and in
external optical systems is analyzed. Design guidelines and directives can be drawn from
the CAD approach, regarding emission and device characteristics, as such as voltage,
power, near- and far-field patterns and operation under external feedback for wavelength

stabilization.

Cross-sectional (transverse) semiconductor laser design tools (for example [14]) are em-
ployed to design QW band structures and gain, in addition to electrical and thermal
properties for voltage or efficiency improvements. However, models not including the
longitudinal light propagation are not sufficient to predict the filamented beam profile
and emission angles for BADLs. Coupled simulations including the longitudinal and
lateral dimension demand large computational resources and computational time. Ad-
ditionally, the evolution of the lateral light field is a highly nonlinear process. The
nonlinearity emerges from the fact that the light field induced changes to the medium
which themselves influence the light fields evolution. Consequently, solutions for models
including the lateral dimension cannot be found (yet) by solving a fully coupled set of
equations. The first models which self-consistently described light propagation in semi-
conductor lasers were reported in the 80s by G. P. Agrawal [15, 16, 17] and were followed
by works of G. R. Hadley [18, 19]. Instead of searching for a closed solution of a set
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of eigenmodes for an optical waveguide the models employ iterative Beam Propagation
Methods (BPMs), in the beginning, based on Fast-Fourier Transformation (FFT)-BPM,
to propagate the light field iteratively along the waveguide. These models belong to
the class of iterative FD models, which aim to find time-harmonic (stationary) solutions
for the light field. In contrast, models which are based on eigenmode solutions of the
optical field are suited for index-guided devices with small refractive index perturbations
and weak coupling between material and optical equations. However, to deal with high-
power gain-guided stripe geometry diode lasers with (lateral) spatial hole burning and
carrier-induced anti-guiding, models were developed in which the lateral optical profile is
propagated back and forth along the waveguide to obtain self-consistent solutions. Due
to the step-wise propagation gain, refractive index and temperature distributions can
be iteratively updated for each longitudinal slice and influences on the light propagation
are considered. Hadley et al. applied this class of models to calculate far-field patterns
for gain-guided LAs. Based on the consistent coupling of the nonlinear carrier equation,
thermal equations and optical equations phenomena like self-focusing and anti-guiding,
which lead to filamentation in broad-area lasers can be described. The emerge and spa-
tial evolution of filaments were investigated by R. Lang in the early 90s [20, 21] followed
by later works reported by Z. Dai in [22], where iterative FD models were applied to
calculate optical propagation in tapered amplifiers. L. Borruel et al. [23] present a
FD model for the quasi three-dimensional simulation of high-brightness tapered lasers.
Besides the FD models, several groups [24, 25, 26, 27] (and more) developed TD mod-
els, which are employed to investigate the dynamics of the longitudinal and lateral field
evolution. Similar to the FD models, the TD models account for the coupling of the
nonlinear carrier-, thermal- and optical equations.

The initiative for the development of numerical models and simulation tools for de-
sign and analysis of semiconductor lasers at Fraunhofer Institute for Laser Technology
(ILT) and Chair of Laser Technology (LLT) at the Rheinisch-Westfélische Technische
Hochschule (RWTH) Aachen University was given in the scope of the projects SpektraLas
(Contract 13N9729) and FreeLas (Contract 13N10849), which where both supported by
the German Federal Ministry of Education and Research (German: Bundesministerium
fiir Bildung und Forschung, BMBF). The first version of a MatLab based broad-area
edge-emitting diode laser simulation tool is presented in [28]. The main objective for
this version is the modeling of spectral stabilization by frequency selective feedback due
to Volume Bragg Gratings (VBGs) positioned in external resonators. Additionally, the
wave-optical analysis of external feedback concepts for frequency stabilization is pre-
sented in [29]. Different optical setups, like self-imaging, inverse self-imaging or biaxial
divergent feedback from VBGs in external resonators are demonstrated and analyzed
with respect to stabilization efficiency and sensitivity to the smile-error. In cooperation
between the Chair of Laser Technology (LLT), the Fraunhofer ILT and TRUMPF Pho-
tonics Inc. the simulation tool is further extended to reproduce and predict lateral near-
and far-field patterns. In particular the increase of the lateral divergence angle with
high injection currents (called far-field blooming) in conjunction with high lateral near-
field filamentation. In this work, the temperature is not calculated just for transverse
slices along the cavity but on a three-dimensional domain including the device, solder,
and submount and thus, accounting for longitudinal heat flow. The thermal profile is
crucial for the prediction of the lateral emission characteristics. A novelty of this work
lies in the calculation of the DOP based on a transverse opto-mechanical model, and the
close relation between experiment, model development, and model calibration for the
prediction of the lateral emission characteristics of various HPDLs.
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1.3 Objectives and Outline of this Thesis

This thesis is organized as follows: In Chapters 2-6 the underlying physics and models
for the optical gain and carrier-induced refractive index change (Chapter 2), thermal
properties (Chapter 3), the light field dynamics (Chapter 4), photo-elastic properties of
a strained waveguide (Chapter 5), and the electrical properties of the device (Chapter 6)
are introduced (Fig 1.6). In Chapter 7 these individual models are combined into one FD
and one TD model for edge-emitting semiconductor lasers. The FD model is applied
to compute the lateral emission characteristics (NF and FF profiles over current) for
the laser devices D1-D8. The results are presented in Chapter 8. Alongside with the
simulation of the SE and LA devices the lateral guiding mechanisms, which lead to
the respective SAD and NF widths for the individual devices are discussed. In the
last section of Chapter 8, the TD model is demonstrated by the example of device
D1. In Appendix B, an Finite Differences Method (FDM) discretization scheme is

Quantum well model (Chapter 2)

Results for edge-emitting diode lasers (Chapter 8)

)

‘ Thermal model (Chapter 3) ‘
¥

‘ Optical model (Chapter 4) ‘
)

‘ Opto-mechanical model (Chapter 5) ‘
)

‘ Electronic model (Chapter 6) ‘
¥

‘ Semiconductor laser models (Chapter 7) ‘
)

FIGURE 1.5: Organization of the thesis and physical models.

presented, which is applied for numerical solution of the differential equations arising
from Schrodinger’s equation for band structure calculations in Chapter 2, the optical
BPM, Time-Domain Traveling Wave (TDTW) method in Chapter 4, for the carrier
diffusion equation and (with modifications) for the Drift-Diffusion Model (DDM) in
Chapter 6. The heat diffusion equation in Chapter 3, the linear elastic mechanical
model in Chapter 5 and the drift-diffusion equations in conjunction with the Primal
Mixed Method (PMM) in Chapter 6 are solved with the Finite-Element Method (FEM).
In Chapter 2, the quantum mechanical calculation of semiconductor band structures are
utilized to compute the optical gain for TE and TM polarized light and carrier-induced
refractive index changes for strained QWs. Additionally, the free-carrier absorption
is determined. The thermal model is presented next in Chapter 3. The steady state
thermal profiles based on the heat source distribution in the device are computed, and
the resulting thermal lens profiles are analyzed in Section 3.2. The temperature increase
over current is calculated for devices D1-D8. The chapter closes with the investigation of
induced Catastrophic Optical Damage (COD) by external heating of a SE device. In this
section, the thermal model is employed to calculate the temperature increase at the front
facet due to an external heat source. In Chapter 5, the optical polarization is calculated
based on photo-elasticity according to the mechanical strain state of the waveguide. In
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the first part of the chapter, an analytical model for the Degree Of Polarization (DOP)
as a function of the strain components is derived. The model is extended for interaction
with a medium with anisotropic gain, and the full-vectorial BPM is employed to confirm
the findings by analysis of light propagation in a birefringent waveguide. The influence
of thin-film stress and packaging induced stress on the DOP are analyzed in Sections 5.4
and 5.5. The study of the electronic properties (distribution of charge carriers and
currents in the device) in Chapter 6 mainly serves the following purposes: Prediction
of the transverse current-flow through the active laser diode with focus on the current
distribution injected into the QW, calculation of optical power and voltage over current,
determination of modal free-carrier losses and determination of heat sources, which
serve as input for the thermal solver. An overview of the main physical interactions and
governing equations which are considered in the scope of this work is given in Fig 1.6.

The objectives of this thesis are:
1. Development of a model for edge-emitting semiconductor lasers, which can describe

multi-mode lateral emission characteristics including near-field and far-field profiles
and far-field divergence angles dependent on the injection current.

2. Demonstration of this model by simulation of the lateral emission characteristics
of the experimental investigated devices D1-D8 which are summarized in Fig. 1.1.

3. Explain the guiding mechanisms influencing the observed trends of the far-field
widths and near-field widths over current for broad-area diode lasers.

4. Development of an opto-mechanical model, which describes depolarization due to
mechanical stress in the device.

5. Explain the deterioration of the degree of polarization in packaged laser arrays.

6. Comparison between results for the evolution of the optical field obtained by
Frequency-Domain (FD) and Time-Domain (TD) models for edge-emitting laser
diodes.
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Chapter 2

Electronic Band Structures and
Optical Interactions in
Semiconductors

To predict optical interactions with semiconductor nanostructures the band structure,
the quasi-continuous one-particle energy in solids, as well as the wavefunctions of the
particles bound in the energy states of the nanostructure have to be computed. The
wavefunctions are needed to calculate the matrix elements of the inter- and intra-band
transitions for quantum mechanical operators such as the dipole-matrix operator and
the operator for Coulomb interactions. A common approach for the calculation of band
structures for transitions with energies close to the bandgap of the semiconductor and
for the corresponding range of optical frequencies is the k - p method, see Section 2.2
and [30]. In combination with the envelope-formalism, this method can be applied to
predict band structures of nanostructures with different numbers of quantum mechan-
ically confined dimensions for various semiconductor materials. The order of the k - p
method denominates the number of basis functions in which the electron wavefunction
is developed. In general, the accuracy of the method increases with increasing order.
The solution of Schrodinger’s equation with 4x4, 6x6 and 8x8 band k - p method is
used in research and commercial applications. Nevertheless, reasons for the implemen-
tation of a band structure solver are: Seamless integration into the modeling package
SEMSIS, which includes the coupling to a mechanical solver for strain calculations and
execution of parametric studies, extent-ability (for example: inclusion of new materials)
and control over subtle implementation details, which influence numerical stability and
accuracy of the solutions. For several material combinations application of a standard
FDM scheme leads to unphysical solutions, which manifest in false dispersions of the
band structure or wavefunctions with high-frequency oscillations. These spurious solu-
tions can be suppressed by an adequate choice of the discretization scheme, in this case,
the FDM scheme with box-integration as presented in Chapter B in combination with
a specific order of the differential operators and rescaling of material parameters [31].
To take into account the coupling of conduction and valence bands, which results in
non-parabolic energy dispersions for the conduction bands (see, for example, Fig. 2.5),
the order of the k - p method has to be increased to at least 8x8. In the 8 x8 scheme,
the wavefunctions of the conduction band are included in the calculations. For several
material systems, the form of the conduction band has a significant influence on the gain
and absorption spectra calculated based on the optical Bloch equations. The objective

13
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of this chapter is the numerical solution of k - p Schrodinger equations with the envelope
formalism for the calculation of band structures and wavefunctions for semiconductor
nanostructures. An initial implementation of the band structure solver is presented in
[32]. In addition to the band structure, the complex electric susceptibility as a func-
tion of the frequency of the interacting light field, temperature and carrier density is
calculated based on the microscopic description.

In the binary compound of the group III-V semiconductor GaAs, the Gallium and Ar-
senide atoms form a zinc-blende structure. The investigation of the optical properties
in the relevant spectral regime is carried out by evaluation of the band structure in a
small region (in momentum space) around points of high symmetry. In the case of GaAs,
these are I's for the Light-Holes (LHs) and Heavy-Holes (HHs), I'7 for the Split-Off (SO)
holes and I'g for the conduction band electrons [33]. Calculation of the band structure
requires the solution of Schrédinger’s equation for electrons in a crystal. The crystal is
made up of a grid generated by the vectors @; and a basis. Therefore, the semiconduc-
tor lattice fulfills the translational symmetry of the crystal. The potential V(&) of the
crystal lattice made up of atom cores, and the bound electrons is consequently invariant
under translations of integer multiples of n; of the lattice vectors @;.

2.1 Schrodinger’s Equation and Bloch Theorem

For an electron exposed to a periodic potential V (Z) with wavefunction v, (%), energies
B, and including spin-orbit interaction the stationary one-particle Schrédinger equation

o 2 " h L o o
(H + o) 0n(@) = e + V@) + 4y [TV % 7-5) @) = Eutn(@) (21
holds. Here, the momentum operator p = —ihV is given in position space. In (2.1) the
term L
Hgo = T2 [VV xpl-a, (2.2)

. - . 5 T . . . .
accounts for the spin-orbit interaction, where & = (01,02,03)" is Pauli’s spin-matrix-

vector with the components

e (13) (1) e (G0 e

which are Pauli’s matrices. The Hamiltonian H fulfills the symmetry of the semicon-
ductor crystal and is consequently invariant under translations of multiples of the lattice
vector R. If 4, () is a solution of (2.1) then due to the symmetry of the lattice also
Yo (T + ﬁ) solves the stationary Schrodinger equation for a periodic potential. Both
eigensolutions v, (T + R) and ¢, (Z) only differ by a complex phase factor. According
to Bloch’s theorem with the Bloch factors u, (¥) = u, p(Z + R), which exhibit the
periodicity of the crystal, the solutions 1, 7(%) of (2.1) are written in the form

v, ( (&) = F Py (@), (2.4)

The functions 1, () are denominated as Bloch functions. Insertion of the Bloch func-
tions (2.4) into Schrodinger’s equation (2.1) results in the eigenvalue equation for the
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Bloch factors

and equivalent

21”!’1,0 21”!’10 4
h = - " 2 -
+W [VV xp]-d+ V(T)> ’u,n’,;(:t) = En(k:)un,];(m)7 (2.6)
where k2 = |k|2. The fourth term in the second row of (2.6) is much smaller than the
fifth term and is consequently neglected [30], so that the eigenvalue equation for the
Bloch factors with spin-orbit coupling becomes

P> R o, ho- R h ~ - ~
27mg + 2—m0k + m—ok P+ V(Z)+ i [VV xp]-¢& 7;(33) = E'n(k)un’,;(x).

For an arbitrary wavenumber 1_50, the Bloch factors u,, %o build a complete orthonormal
basis '

/ o (@ () = (2.8)
unit cell

Based on this the Bloch factors for arbitrary wavenumber E can be expanded with respect
to the Bloch factors at kg

un,lz(f) = Z C’II}J,,E—EQU[I,,ED (f) (29)
m
Additionally, the Bloch factors u, i, are eigensolutions of
H(ko)u,, 1, () = En(ko)u,, 1, (&), (2.10)
with ) . 2
7 p i
H(ky) = — + —F —k 2.11
(ko) 2m0+moop+2 5+ V(@) (2.11)

Multiplication of (2.6) with u’ E ( %), integration of the product and insertion of equations
(2.8), (2.9) and (2.11) leads to

S o h o - - o R

/ ¢ (%) {H(ko)+—0(k71€0)-p+ (K —K}) + Hso
; ) 35

XZUM,EO( nukkd

, - N
/ En( Zuuzo B)Cp ity Uy o, (F) A7 (2.12)

2mg
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Insertion of (2.10) results in the eigenvalue equation

LR, o o
; { |:Ev(k0) + TTTZO (k - k[)) 61//,[, + HSO,V/J, + %(k - k(J) 'puu}

=H,, (k)

X E.(F)e - - (2.13)

cn;L,Efﬁo = Cnu,kfkq’
for the coefficients Cop o of the series. The infinite-dimensional matrix H,, (k) couples
bands based on the momentum-matrix elements

ﬁl/# = <u’/11;0‘ﬁ‘ullﬁu>7 (214)

which are non-vanishing and non-diagonal with respect to the band indices.

2.2 k-p Method

The k - p method is a perturbative treatment, which can be applied in the cases, where
band structures in the vicinity of a local extremum are computed. The calculation of
these sections of the band structure is reduced to the solution of an algebraic eigen-
value problem which depends on the wavevector E. For the development of the single-
particle wavefunctions (2.4) based on the order of the method employed, 1, 4, 6, or 8
basis wavefunctions are included in the calculations. For the 8-band & - p method, two
spin-degenerate LH, two spin-degenerate HH, two spin-degenerate SO, and two spin-
degenerate conduction band states are employed. Thus, the coupling between valence
band states and conduction band states which lead to non-parabolic conduction bands
are treated in the 8-band method.

In the following the time-independent perturbation theory, which treats the k- P term as
a perturbation is employed in conjunction with the Lowdin renormalization technique
(34, 30] to acquire a finite-dimensional representation of the Hamiltonian from (2.13).
The bands included in the Hamiltonian are denominated as class A bands and all other
bands, the class B bands are included in the calculations as perturbations to the Hamil-
tonian. The properties of class B bands are represented in the form of constant material
parameters and thus, implicitly take influence on the Hamiltonian and the calculated
band structures. To realize this the coupling terms, the non-diagonal entries of the

momentum matrix 5
—(k — ko) - P, 2.15
(= o) (215)
between the bands of class A and B are treated as perturbations [31]. To summarize:
The nonlinear, finite-dimensional Hamilton-operator which is the result of the renormal-

ization technique is linearized with the help of the perturbation theory.

2.2.1 8-Band Hamiltonian

For the 8x8 method, additionally to the valence bands of the 6x6 method, the lowest
conduction band is also treated as a class A band and included in the calculations. The
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Hamilton operator H ijnS) given in the angular momentum states
33 31,1 1 3 3.3 1.1 1
Jaah lziz) s —3 Nz —=3)h lzo—3) 15 —3 2.1
15,1, 15,50 13050 I30 =3 18,40, 15, =30, 5,50, I3, =3 (216)
is [35]
H8><8 H8><8
8x8
5= (i ) (217)
with the upper block
E.+A -3V V2u U
—V3V* E,—P-— S 1
XS = v Q V2 (2.18)
VU S E,~P+Q V2Q
U %S* \/QQ E,—P— ASO
the lower block
E.+A  V3V* V2U -U
V3V E,-P- -8 4 5*
HE<S = v Q V2 , (2.19)
- VU -S E,~P+Q —V2Q
-U %S -2Q E,— P - Ago
and the off-diagonal blocks
0 0 Ve 2vr
0 0 -R  —V2R
HP =1 v+ —r 0 —/3s (2:20)
V2V* V2R —\/35 0
and
0 0 -V V2V
0 0 -R*  V2R*
8x8
H P = % _R* 0 _ %S* (2.21)
V2V —V2R* -, /38" 0
The parameters inserted into the matrix blocks are
A=A+ A, (2.22)
P=P,+P, (2.23)
Q=Qr+ Qe (2.24)
R = Rk + R, (2.25)
S=S5,+ S, (2.26)
1
V= %Pcv (ky +ik.), (2.27)
1
U= (2.28)

%Pcv km
——
=Uk1
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with

2 2

Ax = QZLC (kz + kz) + 27% ke,

=Ako ;‘(k’:

hQ

P, = <%> 7 (K24 k) +k2),
h2

Qr = (%) Yo (k] + k2 — 2k2)

2 )
Sk = V3 — ) sk, (ky — ik.),
mo

B2 4
R, =3 <%> [—72 (k; - k:z) + 2173k:ykz}

where m, is the effective mass of conduction band electrons and

A2
P, cv — TEP 5
mo
is the interband momentum-matrix element
ho,.
Pcv: <ZS|pJ,|X>,

—=
mo
which is related to the Kane parameter. The Pikus-Bir deformation potential
Ac = ac (s11 + S22 + 533)
and the additional strain dependent quantities
P, = —ay (s11 + 522 + 533) ,

b
Qe = -3 (s22 + 833 — s11)

3 .
R. = Tb (522 — s33) — idsa3,

Se = —d (s12 —1831) -

(2.29)

(2.30)
(2.31)
(2.32)

(2.33)

(2.34)

(2.36)

(2.37)
(2.38)

(2.39)
(2.40)

are calculated based on the strain components s;;. The rescaled mass of the conduction

band electrons is )
mo My E,+ gASQ

ml, E h PEg (Eg + Aso)

and according to

"n__ _ Ep

nEm 3Eg +Ago’
"no__ 1 Ep

% =027 935, + Aso’
"no_ 1 Ep

V3 =73

23E, + Aso’

(2.41)

(2.42)
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the Luttinger parameters inserted into the 8x8 Hamiltonian are rescaled. The Luttinger
parameters 7; in the 8x8 Hamiltonian are replaced by the rescaled parameters v; — )’
defined in (2.42). The presented Hamiltonian depends on both in-plane momentums k,
and k,. However, the solution of the system of equations can be simplified by applying
the axial approximation by averaging the properties in the QW plane and introduction
of the transverse (in-plane) wave number k; with kZ = k2 + k2.

Application of the unitary transformation U in combination with the axial approxima-
8x8

tion transfers H, Ljm) into block-diagonal form
HSXS» 0
UH8><8 UT U,axial 88 , (2.43)
lim) 0 H LXaxlal

which consists of two 4x4 matrices H, [g]xg and H EXS. With
1
NG

the upper block of the matrix for the 8x8 Hamiltonian in axial approximation reads [35]

V, = Peyky (2.44)

E.+ A -3V, -V, +iV2U -2V, —iU
we | Y BPoQ CIRGEISE —VEIRG =i
adl Ty, Va0 (Rl —ilS] B P4Q  —vVEQ—iy/3SK]

—V2V, +iU —V2|R| +i5 |5k —V2Q+i3|Sy|  E,—P—Aso

(2.45)
and

E.+A -3V, ~V, —ivV2U —\V2V, +iU
B *ﬁVp E,—P - Q —|Ri| —i|S|  —V2|Ryl +zﬁ ||
TV iVaU RIS B P+Q  —vV2Q+iy/3 K]

—V2V, —iU —V2|Re| =i |Sk| —V2Q—i3|Ss|  E,—P—Aso

(2.46)

is the lower block of the matrix. In the axial approximation, the angular dependence of
the Hamiltonian in the k,-k.-plane is neglected. The quantities P and @ depend only
on the magnitude of the transverse wavevector k¢, while R and S are functions of the
angle ¢ = arctan (k,/ky)

Rp=—V3 <2h—nj0> KW) exp (—2i¢) + (%) exp (27145)] k2 .
Sp=2V3 ( ) ykiky exp (—2i¢) .

If the assumption 7; = 72 is made the Hamiltonian in block-diagonal form becomes
independent of ¢ since both

h? -
IRl =3 (—) QRS
0

2m 2

ISk =2v/3 ( >73ktk e
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are no functions of the in-plane angle of the wavevector.

2.2.2 Envelope Formalism

The formerly presented derivations in the scope of the k - p method for the eigenvalue
equation
Hipn () = ESLOW)n(f) (2.49)

are deducted under the assumption of a bulk lattice with infinite spatial extent and
therefore, for a perfect periodic potential V' (£). If the semiconductor structure exhibits
an additional non-periodic potential U(Z) the translation symmetry of the Hamilton
operator is broken. The perturbation of the potential U(Z) can emerge from various
sources: Defects in the crystal lattice, external applied potentials or discontinuities at
heterointerfaces. It is assumed that these perturbative potentials vary slowly over spatial
regions in the order of magnitude of the lattice constants of the employed semiconductor
crystal. The Schrodinger equation

[H + U(E)] 7/}71(5) = Enq/}n(f) (2.50)

is solved by the wave function

Yo (Z) = ZF,,,,, u, o (%) (2.51)

if the envelope function

\/Z (")(IH) (2.52)

is an eigensolution of

S [HonlF = =i9) + U@),] Fa(@) = (Ba— BO) Fun®),  (259)

m

where E,(lo) are the energies of the non-disturbed potential and A is a factor chosen
to normalize the envelope functions. Due to the broken translational symmetry of the
Hamilton operator, the wavevectors E are no longer suitable quantum numbers. To
solve (2.53), the eigenvalue equation is transferred to position space by introducing
the operator k = —iV. The wavefunctions in (2.51) are superpositions of products of
envelope functions and Bloch-functions. In the scope of the applied envelope function
approximation (EFA) it is assumed that the same Bloch-functions are employed for
all materials present in the heterostructure under investigation, which is valid if the
materials are similar to each other. In Eq. (2.52) the envelope function is separated
into a factor which depends upon the transverse coordinates Z; and wavenumbers Kk 1
and the functions gW)(IH) The coordinates &) are those spatial directions, which are
parallel to the direction of the translation symmetry that is broken by the potential
U(%))). The remaining coordinates &, are perpendicular to the directions ). Insertion
of the envelope functions (2.52) into (2.53) yields

> {HW(EL k= —ivy) + U(fu)&/p} g (&) = (En - ESLO)) g, (2.54)
m



Electronic Band Structures and Optical Interactions in Semiconductors 21

a partial differential equation in the spatial directions 7. In case of a QW-structure
with the z-axis as the growth direction of the QW layer, this direction has a broken
translational symmetry so that the x| =z, k| = —i0, and 7, = (y,2)T, EH = (ky,kz)TA
Exemplary, envelope functions for the QW-structure studied in Section 2.4 are displayed
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FIGURE 2.1: Calculated envelope functions of the conduction band (top, left), (15%)

HH (top, right), (2"1) LH (lower, left) and (3'Y) SO (bottom, right) valence band

states at wave number k; = 1.5nm™! for IngoGaggAs / Alg2GaggAs / Alg3GagrAs
QW-structure as investigated in Section 2.4 without external strain applied.

in Fig. 2.1 for the case without additional external strain applied.
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2.2.3 Hamilton Operator for Nanostructures

According to [31] and [32] the total operator matrix H* is split up into the matrices
Hyj, H™  H" for i,j < d and H/"

i
Z O H (&

i,j=1

i Z H;w H;w

+Z( OH! (@) + k HY (7 )a)

j>d

) + HEY (D)ki)

+LZ (k:H!"™ (%

i>d

D
+ > kiHE ky + HEY (&)
i,j>d

(2.55)

with respect to the order and position of the differential operators. The quantization,
which is the substitution of the wave number k, — —i0,, @ < d in the Hamiltonian
operator H is performed in d of the total D spatial dimensions. The resulting coupled
linear 2" order eigenvalue equation is discretized and solved by the methods presented in
Chapter B. For quantum wells, which are heterostructures with one quantized dimension,
the Hamiltonian for the 8-band model in axial approximation is

—s 0 0 0
sxs I 0 m—2% 0 0 o2
U,axial — 2my 0 0 7+ 2'72 72\/572 ’
0 0 22y m
0 0 V3im 3B
12 h?
. 0 0 3mg 2V3 *2270\/673“ (2.56)
2
e m\/g’%?kt 2 3V 273k 0
h L L 7
Ee+ o — 3ok — g hoke ~ sl
2 2 |/ ? : :
R R oL fg%)@ (72 + ) K? *zi‘Toﬁ(” )k
7%P0k7l 2:no \2[ (72 + 73) kf E, - 2m0 (71 ,YQ) k? 27"0
2
~ 7Pk g \/>(72 +7) ki ~2mg Fo = A= g kQ

where the matrix operators are separated and sorted with respect to the order of the
derivatives 0, along the quantized direction. To derive a band structure including a
conduction band in the scope of the 4- and 6-band theory, the conduction band is
calculated with a 1-band method in a calculation separate from the coupled valence
band problem. Schrodinger’s equation for the & - p method (2.6)

< 2m*

+ V(% )) Y(Z) = E¢(T). (2.57)
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is employed for one class A conduction band, and all other bands are treated as class B
bands. Their influence reflects in the effective conduction band electron mass m*. The
terms of the Hamilton operator (2.55) are

Hij(F) = — ( - ) (2.58)
Ho(7) = Ve(T) (2.59)

and for a one-dimensional nanostructure quantized along the z-direction

S h2
Hys(7) = =5, (2.60)
H 7 = K V(%) + 0E 2.61
o(¥) = o T () + K. (2.61)
‘c

are the non-vanishing coefficients of the operator matrix. In contrast to the 1-band
theory, which results in a parabolic conduction band, the coupling of the conduction
band states to valence band states in the 8-band theory leads to lower curvature of
the conduction band. Altering the conduction band dispersion leads to changes in the
resulting optical gain calculated from the band structure [31, 32].

2.3 Optical Properties of Semiconductors

The optical properties of a semiconductor nanostructure, which are gain ' g and refrac-
tive index change dn dependent on temperature, the frequency of the interacting optical
field and the carrier density (density of electrons and holes) are calculated based on the
Semiconductor Bloch Equations (SBEs). The electric susceptibility of a semiconductor
is given by [36, 37, 38]

x=x +ix"

1 wp —w
02 1 _ _12 . N L re k
— -1 EW;;M (Fo * i = 1) L (g =) (L+ s )

: 1 : wp —w
— 2 2 k
=1 i S S (f 1) ) (=)
Voo ke

v

1
iy ,Zu: ; izl (fopi+ S = 1) L =), (2.62)

with summation over all wavevectors k and related angular frequency wj: and over u =
1,..., M. and v = 1,..., M, the number of conduction N, and valence bands INV,. Gain
broadening is modeled with a Lorentzian lineshape function L(w), i are the dipole-
matrix elements, ny,g is the frequency independent background index of refraction, V' the
spatial volume in m®, v a dephasing parameter in rads~!. Additionally, the Fermi-Dirac

In the scope of this thesis the term gain for g refers to the amplitude gain - the change of the
magnitude of the electric field amplitude along the propagation direction. Several authors use the term
gain for the material gain G = 2g, which is the change in optical intensity along the propagation
direction
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functions are evaluated for the electrons and holes

1

g = > > 2.63
esnu 1+ exp (bc/u,uki—Tbm/p> (2.63)
with the Fermi energy for electron or holes Ey,/, and band structure £, ook The
amplitude gain is defined by the complex part of the susceptibility
ko "
N 2.64
9= "G (2.64)

where ko = ﬁ is the vacuum wavenumber. The deviation from the background refractive
index due to inter-band transitions is

; 1
S = 1- 2.65
n 2nbg (X + nbg) ( )

If one or multiple dimensions of the structure are quantized, and energy bands are not
approximated by effective parabolic bands to evaluate the expressions for the gain, spon-
taneous emission and refractive index change the energy dispersion for each band, and
the dipole-matrix elements j;: have to be known to evaluate the optical susceptibility.
Alongside with the calculation of the eigenvalues of the k- p-Schrédinger equation, which
give the band energies for different transverse wave numbers k¢, the dipole transitions
between conduction and valence band states are calculated by evaluation of the corre-
sponding electron wave functions. The envelope functions g,(fb) are used to calculate the
squared magnitudes (since only they enter into the expression for the gain evaluation)
of the Transverse-Electric (TE) and Transverse-Magnetic (TM) dipole-matrix elements
|#TE 12 and |pIM|2 according to

[ . 2
a2 = B (D[ /3g + 6 + V29 lD) + (V3gD + g8 + V2giD1gl)]

e = L8 | g 0130 ) — (g — 0100 (2.66)

for the transition between bands m and n for the (upper) U-block in the 8-band theory,
see [35, 32]. In the software package SEMSIS gain and refractive index change can be
calculated based on three different models:

1. Free-carrier theory (no many-body interactions),
2. screened Hartree-Fock (inclusion of Hartree-Fock contributions),

3. time evolution of microscopic polarizations of SBEs,

which distinguish themselves in the treatment of many-body effects. The Coulomb ef-
fects that are explicitly given are called Hartree-Fock contributions. Correlation contri-
butions from carrier-carrier scattering (electron-phonon scattering also contributes and
dominates at low inversion levels) yield the correct (homogenous) lineshape broadening
and corrections to the Hartree-Fock contributions due to plasma screening effects. De-
tails on the implementation and derivation of the models including many-body effects
are given in [38]. The formulas presented in the following sections are valid for the eval-
uation of the free-carrier gain [36]. In the scope of the model of free-carriers, many-body
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effects and Coulomb interactions are neglected, and quasi-equilibrium distributions are
assumed for electrons and holes since the inter-band relaxation times are high compared
to the intra-band relaxation times. Calculation of the gain with the free-carrier theory
is straightforward and relatively simple regarding implementation compared to theories
including higher order contributions. Although the gain spectra calculated with more
advances theories can show significant differences for the free-carrier theory trends and
magnitudes for the QW structure can be analyzed with the latter.

The coefficient of spontaneous emission is [37, 39]

_ ko 2
TSD(UJ) = W Z Z |'ME| fe,m,th,n,EL (WE - w) (267)

mmn g

Prior to multiplication with the optical mode density, the spontaneous emission coeffi-
cient 7p has the unit m~!. To evaluate the spontaneous emission spectrum per volume
per time per energy rs, = TspPopt i Units JIm=3s71, (2.67) is multiplied with the
optical mode density [40, 41]

i (hw)?

Popt = 771_2#50[2) . (2.68)

3

The total spontaneous recombination rate per unit volume and time m~3s~1 is calculated

by integration over the frequency (spectral) space

Ry, = h/ Tep(w) dw. (2.69)
0

The Fermi energies for electrons and holes are connected to the respective carrier den-
sity and temperature so that also R, and 7y, are functions of carrier densities and
temperature.

In addition to inter-band transitions leading to absorption or gain by stimulated pro-
cesses in the QW, which are included in (2.62), free-carrier absorption occurs due to
intra-subband transitions. A free-carrier (electron or hole) in the conduction or valence
bands absorbs a photon and is transferred to a higher energy level within the same band.
The absorption coefficient increases with carrier density and wavelength. Free-carrier
absorption is determined by the multiplication of the cross-section with the carrier den-
sity. It can be separated into contributions from unconfined (bulk) electrons nzy and
holes psq in the waveguide and confined electrons nyq and holes pag in the QW

Qfe = opn + appP
= Qfc,wg + Qfc qw

= 0pN3d + OpP3d + On,qwn2d + Op,qwP2d (270)
Free-carrier absorption cross-sections are approximated with Drude’s model [42]
2.3
A el
4m2cd\ /ereomZpy’
2.3
A el

=l
4m2cd s /5r50m127up

O'TL()HEUWL‘IHMTL) = (271)

p( s €x, Mp, fip) (2.72)

The cross-sections depend on wavelength A, permittivity e, effective masses m,,/, and
mobilities p,/,. The cross-sections can either be approximated by constants throughout



26 Electronic Band Structures and Optical Interactions in Semiconductors

the domain with values for GaAs reported in the literature [43, 44] of o, = 3 - 10722 m?
and 0, = 7- 10722 m? or the expressions in Eq. (2.72) are evaluated with spatial resolved
material parameters. Variations in semiconductor alloy composition and spatial profile
of the vertical mode |E|? influence the modal losses

Qfc,m = Qfcm,wg + Qfc m,qw
- [Qv (Unnfid + U])p3d) ‘E|2 dz
va |E|2dz

+T (Uqw,nn2d + Uqw,pPQd) (273)

which obey contributions from the unconfined carriers in the waveguide and confined
carriers in the QW. The optical confinement I' accounts for the overlap of the verti-
cal mode with the QW. Band-to-band absorption in the AlGaAs waveguide layers is
not included since contributions should be small due to the relatively large energy gap
compared to the photon energy. Kramers-Kronig relation links real and imaginary part
of the permittivity (refractive index and gain). Since there is absorption due to free
carriers (Drude model) based on the Kramers-Kronig relation, there is also a refractive
index change [45]
2ch * dag(E") .,

ong(E) = 2 P~ . B-E dE (2.74)
associated with the free-carrier absorption. Here, P is the principal value of the integral
and dagee is the change in free-carrier absorption. The coefficient is related to the
refractive index change induced by carrier density N via [39, 46]

dnge a4
onge = N=qgN=——"%—_N. 2.75
Nte dN e 280\/6rm6/vw2 ( o)

The total carrier-induced refractive index change is the sum of contributions from un-
confined (free) carriers in the bulk material and from inter-band transitions and intra-
band transitions of confined carriers in the QW [47]

OnN = GNinter + OMintra
= ONinter + Jninter—sub + 5nintrafsub
~ ONinter + 6"Linterfsub + (Snfc

= 6nintcr,2d + 5nintcrfsub,2d + 677ffc,2d + 6nintcr,3d + 6nfc73d- (276)

The intra-band contributions split up into two contributions: inter-subband transitions
between band number 7 and j for i # j, which are transitions between different subbands
and intra-subband transitions for ¢ = j, which are transitions within the one subband.
For the TE-modes the intra-subband transitions can be transferred to the classical Drude
formula and therefore be expressed in terms of free carriers. For parabolic band approxi-
mation for TE the inter-subband components and for TM the intra-subband components
vanish [47]. Thus, dninter—sub,3d =~ 0 is neglected, since two parabolic bands are assumed
for the bulk semiconductors. The free-carrier contributions occur for both the QW and
the surrounding waveguide layers. For the current state of the model also 6nipter—sub,2d 1S
neglected, although there are subbands present. For short wavelengths this assumption
is reasonable [47]. The modal refractive index change

6”N,m = 5nfc,3d,m + F(animer.Qd + 571[0,2d)a (277)
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accounts for contributions from the QW and surrounding waveguide. Inter-band tran-
sitions in the waveguide are neglected dnipter,3d,m ~ 0 since for the investigated InGaAs
QW in AlGaAs waveguide the photon energy is well below the bandgap energy of the
waveguide.

2.3.1 Three-Dimensional Structures

The Density Of States (DOS) for bulk semiconductors is determined by summation over
all states including spins o and energy bands m [36]

Wi =g Y0 Y / K (2.78)
m o="1,1
where the Fermi-Dirac functions are evaluated for the respective carrier species

1
1+exp <Ec/v,rn§€k);EF,n/p)

B

(2.79)

fe/h,m(k) =

with the Fermi energy for electron or holes Ep,/, and band structure E./y (k) as a
function of the wavenumber k. It is assumed that the energy dispersion relation is
spherically symmetric in the wavenumber k. For a three dimensional structure (bulk
material) the gain is

> Jei(k) + fnj(k) —1
ﬁcoEonngWZ 772Tl UZUL ;/ k IN ( (k)JlrIEv Gk) w)Z + ,.Y2 .
(2.80)
with the dipole-matrix elements 7 (k) as functions of the wavenumber. Here, 7 labels
the two spin states and o labels the two blocks, the (upper) U-block and (lower) L-block
of the respective Hamiltonian after application of the axial approximation for the 8-band
theory, see [31] and [32]. The spontaneous recombination spectrum is

w? Wby 2 2 feﬁi(k)fh,j(k)
Sp,a k dk.
Tsp,3d (W) = 2h2c3607r4 Z Z Z/ 1% <EC,1(1€)+EV,J(k> L) ;
7

g3d (w) =

=t o=U,L ij + ,YZ
(2.81)
and the carrier-induced refractive index change is
. . 2
e (2) =~ pIPIDY |y
=1L o=UL 1ij
c.i(k)+Eyj(k
(Fealk) + fh,j(m — 1) (el Bea® _ w)
dk (2.82)

for bulk material.
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2.3.2 Two-Dimensional Structures

For a two-dimensional quantum gas with confined states in the z-direction the density
of carriers (number of states per volume V) is

1 .
n/pZd = V Z Z Z Z fe/h,.m,,l;g

a—um ko ky

=5 dqw > / Ft fenm (ki) bt (2:83)

o=t m

where k; = (kg ky) is the transverse wavevector with k; = |I§t|2 and the sum over o
accounts for spin degeneracy of the states. The DOS (per energy) in units m=3J~! is

! Ok
Pn/p2d(E) = oy ; H(EF Ec/v,rn,(o))kt(E)m(E)7 (2.84)

with the Heaviside function H(x), where H(z) = 1 for > 0 and H(xz) = 0 else. The
free-carrier gain for a two-dimensional quantum gas (confined states in one direction) is
calculated with the help of

i Z Z Z/ k|/ 7/<7 2 fet(k) + fh,j(k) —2 1 dk.
(oaonngTrd el (Ec,,(k);Ev.j(k) 744)) 42
(2.85)
Analogue to the three-dimensional case, n labels the two spin states and o labels the
two blocks, the (upper) U-block and (lower) L-block of the respective Hamiltonian after
application of the axial approximation for the 8-band theory, see [31] and [32]. The
spontaneous recombination spectrum is

w? Wiy X Je,i(k).fn; (k)
Tsp,Qd( ) 2h2¢ Eoﬂ"‘d Z Z E / k“" <Ew(k)+Ev.J(k') g 2 dk,
R

g2d (W) =

n=tlo=UL 1ij * + ,72
(2.86)
and the carrier-induced refractive index change is

5ninter,2d (OJ) = h/€07lbg27rd Z Z Z/ k"u

n=tlo=UL 1ij *
(fei (k) + fig (k) = 1) ((EelOEea®) w)

dk. (2.87)

The linewidth enhancement factor is defined by

oy = 22, (2.88)

It is a measure for carrier-induced increase of emission linewidth and for carrier-induced
lateral filamentation [48]. Carrier-induced lateral refractive index variations are, for
example, observed in Figs. 8.1 and 8.2 in Chapter 8.
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2.4 Influence of External Stress on Gain Characteristics of
Strained Quantum Well Structures

Due to mechanical strain s;;, which acts on the semiconductor lattice, the band edges
are shifted. The strain component due to lattice mismatch perpendicular to the growth
direction of the epitaxial structure (also called the in-plane strain) is

g = o0 " e (2.89)

Qlc

and the strain parallel to the growth direction is

Cho
S| =—2—=-5]. 2.90
d Ci SL ( )

The strain due to lattice mismatch is called intrinsic strain in the following. Note that
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FIGURE 2.2: Perturbation of transition energies for conduction band to heavy-hole
transitions (left) and conduction band to light hole transitions (right) dependent on
external stress for the materials Ing 19Gag.goAs and GaAs.

the lattice constant aj. and material parameters such as stiffness constants C11, Cio
and Cyy can potentially vary spatially if the structure consists of different materials or
contains graded sections. The reference lattice constant aj. o is the lattice constant of the
substrate. Additional to the intrinsic strain due to lattice mismatch, the semiconductor
device can be under thermo-mechanical strain due to heating of the device and external
mechanical strain due to packaging or deposition of metallization layers. The potentials
and strain components are marked by the superscript int to associate the contributions
to the intrinsic strain due to lattice mismatch and the superscript ext is used for the

contributions due to externally applied stress 2
; C
s = 5+ i = o' - 222, (291)

Cn

int ext int

599 = 533 = 555 + sy = s55 + o4y = 555 + 5. (2.92)

2The signs of the intrinsic stress components are inverted when the (initial) intrinsic strain is utilized
to calculate the initial stress which acts on the structure due to a compressive or tensile quantum well.
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8 T 8 T T

T
oL o3t / MPa 0%t / MPa

100

—— Ing.10Gap.90As |

= Ing.10Gap.90As |
=== GaAs === GaAs
- I I I _8 I I I
—100 -50 0 50 100 —100 —50 0 50 100
(External) in-plane stress o$5' / MPa (External) in-plane stress oS3' / MPa

Wavelength offset dAc—nh,ext / nm
Wavelength offset dAc_n,ext / nm

FIGURE 2.3: Change of wavelength for conduction band to heavy-hole transitions (left)
and conduction band to light hole transitions (right) dependent on external stress for
the materials Ing.10Gag.goAs and GaAs.

To study the effect of external stress on the band edges Hook’s law is inverted to find the
strain components dependent on the stress components for the biaxial case s$5' = s§3¢

t C t
gggt (Ci1+ Cr2) (Uf)f 0“‘75)2( )

o= 7 2.93
7 0O 20122 —C11 (C1 + Ch2) (2.93)
C —C ext
5;)2& _ 5 120 11095 ) (294)
2CF, — C11 (C11 + Ch2)
The (total) deformation potentials are
Ao = AZ + AP = ac (s11 + so2 + s33) , (2.95)
P = Pth + Paim = —ay (811 + S22 + $33) , (2.96)
4 b
Qe = Q" + QM = —3 (—2s11 + 522 + 533) - (2.97)

For the simplified biaxial strain model with an infinite extension of the quantum well
the intrinsic energy offsets become

At — 94, <1 - @> s1, (2.98)

Cn

; C
P = _9q, <1 - —“) 51, (2.99)

Ci

QI = <1 + 2C—> (2.100)

C1

Finally, the band edges are shifted according to

0E. = A, (2.101)
0Bw = —P: — Q€7 (2102)

0F, = —P- + Q-. (2.103)
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Note that for InGaAs, AlGaAs, and GaAs the deformation potentials are a. < 0, a,, > 0,
b < 0 and for compressively strained InGaAs QWs the following relations hold

s >0, s1<0, A:>0, P->0, Q-<0. (2.104)

Consequently, compressive strain leads to a shift of the conduction band edge to higher
energies. The valence band edges shift to lower energies to due P. and the HH and
LH energies are split by 2Q), compare to (2.103). The offsets in transition energy from
conduction to LH and HH bands and change in the corresponding wavelength due to
externally applied stress for Ing 10Gag.gpAs on a GaAs substrate are plotted in Fig. 2.2
and Fig. 2.3, respectively.
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FIGURE 2.4: Band edges, zone-center (ky = 0) wavefunctions, density of states, density
of carriers and Fermi-distributions plotted for a carrier density of nz) = 3-102* m= for
an Ing2GagsAs / Aly2GagsAs / Aly 3GagrAs QW-structure without external strain
applied s§¥' = s$5' = s&' = 0. The conduction band offsets due to strain in the
barriers is 6E.p = 2.07meV and 6E. 4, = 106meV in the QW, heavy-holes band
offsets due to strain § By, = 0.66 meV, 0 By qw = 37.28 meV, light-holes band offsets
due to strain dEq qw = —70.73meV and 0E,, = —1.52meV. The bandgap energy is
Eg qw =1.132eV in QW and Eg 1, = 1.717eV in the barriers.

The external strain adds up to the intrinsic strain (due to lattice mismatch) in the
QW and influences the band structure of the active region. To study this influence the
band structure (Fig. 2.5), gain characteristics (Fig. 2.6), carrier-induced refractive index
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change (Fig. 2.8) are calculated for a Separate Confinement Heterostructure (SCH) with
an introduction of additional external strain. The structure under study is a single 8 nm
InGaAs QW with InAs concentration of 24w = 0.2 surrounded by AlGaAs barriers with
AlAs concentration of x;, = 0.2 on a GaAs substrate. The intrinsic strain in growth
direction in the QW amounts to sqw,11 = 1.343%, the strain in growth direction in
the barriers to sp 11 = 0.025% and the strain perpendicular to the growth direction
in the QW is sqw20 = —1.413% and sp90 = —0.028% in the barriers. The band
edges for the SCH with and without intrinsic strain and (dominant) zone-center electron
wavefunctions together with the resulting DOS are displayed in Fig. 2.4. The valence
band edge without intrinsic or external strain is aligned with the origin of the energy
scale. The band structure is calculated for transverse wavenumbers up to 1.8 nm~!
for two conduction and four valence bands, see Fig. 2.5. Compressive (intrinsic) strain
leads to an increased gain in TE emission, see the gain spectrum in Fig. 2.6. For the
investigation, the external in-plane strain sgs = s33 is varied from 7-107% to —7 - 10~4
and the out-of-plane (in growth direction) component sj; is varied from —2.26-107*
to 2.26-107%. These strains correspond to external stress in the lateral direction of
approximately £55.56 MPa and no additional stress in the vertical direction (force-free).
The stiffness constants for IngoGaggAs are C1; = 114.3GPa, C13 = 54.3 GPa and
Cyy = 55.9 GPa, see material values in Th. A.6. A homogeneous spatial profile for the
external strain in the active region and the case of biaxial strain sgo = s33 is assumed.
The external strain shifts the peak-gain wavelength (Fig. 2.7) and changes the ratio
between TE and TM gain. The results are summarized in Tb. 2.1. Gain coefficients
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FIGURE 2.5: Band structure (left) and dipole-elements (right) for an IngGag sAs
/ Alg2GaggAs / Alg3Gag7As QW-structure without external strain applied s$§' =

ext _ cext _
s55 =853 = 0.

and transparency carrier density are determined based on a fit of the gain dependence on
carrier density at the peak-gain wavelength, see Fig. 2.9 for the structure with intrinsic
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FIGURE 2.6: Gain spectrum (left) and refractive index change (right) over wave-
length for multiple carrier densities calculated by free-carrier theory for Ing 2Gag gAs /
Alp2Gag.gAs / Alg3Gag.7As QW-structure without external strain applied.
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FIGURE 2.7: Wavelength (at gain peak) and transition energies for TE and TM tran-

sitions for 8 nm thick Ing2GagsAs / Alg2GaggAs/ Aly3GagrAs QW-structure on a

GaAs substrate with external strain applied external strain applied along the QW in-
plane direction in addition to the intrinsic strain due to lattice mismatch.

strain. For higher compressive strain sgo = s33 < 0 TM gain is suppressed further
by an additional splitting of the HH and LH subbands, see band edges in Fig. 2.4.
For external tensile strain in the in-plane direction, the intrinsic strain due to lattice
mismatch is partially compensated. In this case, the TM gain increases compared to the
case with only intrinsic strain.  The threshold carrier density is determined with the
model of a logarithmic gain dependence [49] on carrier density

Qint + amir) (2 105)

Nin = Nty exp < Too

and the threshold current density is

Jth = Qeldqw (AnrNth + BspNtzh + CANt?)h) . (2106)
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(right) over wavelength for multiple carrier densities calculated by free-carrier theory

for Ing.2Gag.gAs / Alg2GagsAs / Alg3GagrAs QW-structure without external strain

applied. The refractive index dependence on the carrier density is linearized around
the transparency carrier density.
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FIGURE 2.9: Gain over carrier density (left) and spontaneous recombination spectrum
(right, for a carrier density of n() = 3-10**m™?) for an Ing2Gag.sAs / Alg2GagsAs /
Alp3Gag.7As QW-structure without external strain applied s$5* = s§5* = s§5° = 0. In
the plot on the left, the gain curves for TE- and TM-radiation at the TE-wavelength of
970.7nm, and the gain curve for TM-radiation at the TM-wavelength of 900.5 nm are
displayed. Additionally, logarithmic fits to the gain curves for the TE-wavelength are

shown as dotted lines.
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Parameter intrinsic strain  external stress  external stress
(compressive) (tensile)
well  barrier  well  barrier  well barrier
o3t / MPa 0 -55.56 55.56
st /% 1.343  0.025 1.365 0.048 1.320 0.002
st/ % -1.413 -0.028 -1.483 -0.098 -1.343 0.042
0E. / meV 106 2.07 114.7 10.13  97.90 -5.99
0En, / meV 27.28 0.66 37.77 0.90 36.79 0.43
0Ey / meV -70.73  -1.52 -73.87 510 -67.59  2.05
Arg / nm 970.735 965.133 976.938
Arm / nm 900.500 894.497 906.503
gorE / 1103 em™! 2.215 2.249 2.161
gorm / 1+ 10% cm~! 0.831 0.815 0.850
Ngre / 1-10#m—3 1.938 1.934 1.930
Nyerm / 1-10%m=3 5.121 5.203 5.044
TABLE 2.1: Comparison of energy offsets and gain characteristics for

Ing2GagsAs/Alg2GagsAs QW on GaAs substrate without and with compres-
sive and tensile external strain applied. The bandgap energies without any strain
applied are Eg g = 1.132eV in QW and Egp, = 1.717eV in the barriers.
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FIGURE 2.10: Threshold current density for TE and TM transitions for 8 nm thick

Ing 2GaggAs/Aly2Gag gAs/ Alg3GagrAs QW-structure on GaAs substrate with ex-

ternal strain applied along the QW in-plane direction in addition to the intrinsic strain
due to lattice mismatch.

The threshold carrier density depends on the gain coefficient gg, the internal optical
loss ajpt and the mirror loss amir, see Appendix C.9. These values are calculated for a
structure with front facet reflectivity of 2% and back facet reflectivity of 98%. Threshold
current density for TE decreases slightly and increases for TM with increasing lateral
compressive strain, Fig. 2.10.
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2.5 Analysis of Quantum Well Structures
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FIGURE 2.11: Results for an Ing2GaggAs / Alg1GaggAs / Alg2GagsAs GRINSCH
structure on a GaAs substrate for various well widths.

The barrier height and width of the QW for a Graded Index Separate Confinement
(GRINSCH) with an Ing 2Gag gAs QW surrounded by graded AlGaAs barriers are varied
to investigate the correlation to threshold carrier density for TE and TM modes and
resulting (linearized) carrier-induced refractive index change. Adjacent to the QW is
Al,, Gaj—g,As which is graded to Alg2GaggAs towards the confinement layers. The
well width is varied between 5-10 nm and the barrier height between z, = 0 and x, =
0.2. In the extreme case Ax;, = 0, the GRINSCH disappears, and the structure is
a IngoGaggAs QW embedded in Alp2GaggAs layers. Alongside with the calculation
of the band structure and free-carrier gain, for each set of parameters, the vertical
waveguide eigenmode is determined to extract the optical confinement factor. The
transparency carrier density, gain coefficient, and confinement are inserted into (2.105)
and (2.106) to yield the threshold current density for the specific structure. The goal
is to reduce threshold carrier densities for TE modes while increasing threshold for TM
modes, so that TE modes start lasing before the TM modes and the latter are suppressed
sufficiently. The threshold current increases with the threshold carrier density. Carrier-
induced refractive index changes play a crucial role for near-field filamentation and
far-field divergence. The (linearized) change of refractive index with carrier density is
determined for a variation of the well width (Fig. 2.11) and barrier height (Fig. 2.12).
Both an increase in width of the well and an increase in barrier concentration lead
to a smaller magnitude in carrier-induced refractive index change (evaluated at the
wavelength with the highest gain). Overall, an increasing barrier height drop for this
structure leads to a reduction of the threshold carrier density (Fig. 2.12). The decrease of
the gain coefficient and transparency density is countered by an increase in confinement
factor. For the investigated structure, a QW width of about 7.5 nm leads to a minimum
threshold current density for the TE modes (Fig. 2.11). The changes in barrier height
and well width are accompanied by a change of the emission wavelength for both TE
and TM emission, see Fig. 2.12 (right) and 2.11 (right).
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2.6 Chapter Summary

The band structure and dipole-matrix elements of single InGaAs QWs surrounded by
AlGaAs barriers are calculated with the help of the 8-band & - p-method. Based on the
free-carrier theory, the gain and carrier-induced refractive index change are computed.
The results are either stored in data tables for the simulation models (Chapter 7 and
Chapter 8), or the characteristics are computed and then approximated by analytical
dependencies, which, for example, are a logarithmic dependence of the gain on the
carrier-density (6.89) and a linearized relation between carrier-induced refractive index
change and carrier density.

External strain induced by packaging or heating, adds up to the intrinsic strain (due to
lattice mismatch) and influences the band structure of the active region. Compressive
(intrinsic) strain leads to an increased gain for TE emission. The external strain shifts
the peak-gain wavelength (Fig. 2.7) and changes the ratio between TE and TM gain.
The influence of the anisotropy in the gain on the DOP for an edge-emitting HPDL is
discussed in Chapter 5.

By the example of a GRINSCH structure, it is demonstrated that the carrier-induced
refractive index change in the QW is a function of the width of the QW and barrier
height. A change in the width of the QW from 5nm to 10nm leads to a change of the
linearized carrier-induced refractive index variation from approximately —2.8 - 10726 m3
to —1.75- 10726 m? (Fig. 2.11). This finding offers the potential for a reduction of the
filamentation and SAD due to a thicker QW.






Chapter 3

Thermal Model

3.1 Heat Sources in Semiconductor Lasers

The instationary heat equation governs the spatial and temporal evolution of the tem-
perature T'(Z,t)

pcpO T =V - (krVT) = q, (3.1)
based on the distribution of the local heat source density ¢ in units W m~3. The param-
eters in (3.1) are the thermal conductivity k7 in Wm™' K~!, the density p in kgm=3,
the specific heat capacity ¢, in Jkg=! K~!. The thermal diffusivity & in m?s~!, density,
specific heat capacity and thermal conductivity are related k£ = *7/pc,. The material
parameters and the heat source distribution in the above equation can be functions of
position and time. For stationary problems (3.1) reduces to the Fourier heat-equation

V- (krVT) = —q (3.2)

for the temperature T(Z). The weak-form for the heat equation is obtained by mul-
tiplication of (3.2) with a test function v, integration over the domain © C R3, and
integration by parts of the divergence term

7/ kTVT-Vvd3x+/ ngds+/ gR(TfTR)vds:f/ quddz  (3.3)
Q 5ON SOR Q

where 77 is the surface normal and the boundary integral is split up into contributions
from Neumann boundaries

gn = krVT -fi, on 00, (3.4)

and Robin boundaries
gr(T —Tr) = krVT -7i on 6Qg. (3.5)
The parameter gx equals a heat flux density in units Wm~2 and gr equals a heat flux
density per temperature difference with respect to the reference temperature Tg in units
Wm~2K~!. The Dirichlet boundaries are imposed on the temperature 7 € V, which is

in the function space V = {v € H'() : v = Tp on §Qp} and on the test function v € V
which is in the function space V = {v € HY(Q) : v = 0ondQp}. The total heat source

39
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density
4 = 4Joule,n + 4Joule,p + gsrH + Gsp + gA + Qabs (36)
consists of the contributions
-2
n
QJoule;n =
Jn
-2
_ 7P
4Joule,p oy )

gsru = RsruEy,
Gsp = (1 - ﬁsp) RspEg7
qa = RAEga

Gabs = LoptQopt (3‘7)

for the dissipated Joule heat from currents densities, non-radiative SRH recombination,
reabsorption of spontaneous emission (emitted from the QW), non-radiative Auger re-
combination, and reabsorption of optical intensity Iop [50]. The electrical conductivities
are denoted by oy,/,, and the factor S5, accounts for contributions of the spontaneous
emission to the amplified optical field. The recombination rate densities Rsrm, Rsp, and
Rj are defined in Chapter 6 in (6.23) and Ej, is the bandgap energy. The heat source
density depends on the optical absorption coefficient agpt = aing + ag, which consists of
free-carrier absorption and constant background absorption ajpg.

Device ) Device x (vertical)
Metalization = (vertical) Metalization
i . Y (lateral) /

(lateral)'/l \ " N RN

Submount (longitudinal)

Submount Robin-Boundary

FIGURE 3.1: Mesh for the three-dimensional thermal domain including submount met-
alization, submount, solder and device.

The thermal model is employed to predict the temperature profiles for the devices D1

D8. The devices are modeled on the FEM domain displayed in Fig. 3.1, and the cavity
length, contact width, and trench distance is adapted for each device respectively. All
devices are soldered with the p-side down onto the submount. For the SEs D1-D4, the
domain consists of an AIN submount with Au metalization layer, an AuSn solder layer,
a p-side metalization layer (modeled with properties of Au), the insulating SiN layer, the
epitaxial layers, the GaAs substrate, and a n-side metalization layer (Au). A detailed
view of the mesh at the solder interface is shown in Fig. 3.7. In case of the simulation of
individual emitters out of the LAs D5-D8 the submount material is CuW, and the width



Thermal Model 41

of the submount, width of the emitter-section of the device, and therefore the width of
the entire thermal domain are equal to the pitch of the emitters. A summary of the layer
thicknesses used for the model is given in Tbh. C.6 for the SEs and Th. C.7 for the LAs.
The material properties for AIN, CuW, Au, AuSn, and SiN are given in the Appendix
Cin Ths. A.12, A7, A9, A.8, and A.10. For GaAs, AlGaAs, and InGaAs the material
parameters are listed in Tbs. A.1, A.5, and A.6. The thermal conductivity is calculated
based on Eq. (A.24) ! given in the appendix in Section A.6. The inputs for the thermal
simulations, the heat source densities, are evaluated in the FD simulations. The FD
model is discussed in Section 7.2 and details and results for the performed simulations
are presented in Chapter 8.
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FIGURE 3.2: Calculated temperature over current for SE devices. The experimen-

tal temperatures are determined by the measured spectral drift. The comparison is

performed for two different laser designs D1 and D4 with 100 pm and 150 pm contact

opening, respectively. Details about the devices are listed in Tb. C.2. Due to the larger

contact area the dissipated power for D4 (left) and temperature change (right) with
current is lower compared to the ones of D1.

The results for the SEs D1, D4, and D2, D3 are shown in Figs. 3.2, and 3.3. The results
for LAs D5, D6, and D7, D8 are shown in Figs. 3.4, and 3.5. The experimental mea-
surements are determined from the drift of the spectrum assuming a tuning coefficient
of 0.31nmK~!. The calculated temperatures are averaged over the active region under
the contact opening. To resemble the measurements the total (calculated) input heat
source is rescaled to match the experimental value. The measured dissipated powers
over current are fitted by quadratic functions (Figs. 3.2, 3.3, 3.4, and 3.5). Except for
the bottom surface of the submount, homogeneous Neumann boundaries - VI' = 0 are
applied, so that the heat flux over the adiabatic surfaces vanishes. The heat generated in
the domain is extracted at the bottom surface of the submount by the attached heatsink.
Since this heatsink is excluded from the simulation the limited heat flux through the
bottom surface is modeled by a Robin boundary condition with gr = gns. The pa-
rameter gy in units Wm~2K~! is a specific property of the individual heatsink and
Tr = Tys is the heatsink temperature. For each device, it is fitted so that the measured
temperature matches the calculated one. Strictly speaking, it cannot be concluded that
the calculated temperature is correct in its spatial profile. Nevertheless, the predicted

! All conducitivities are evaluated for 7' = 300 K and not updated iteratively, so that the conductivity
is not a function of the temperature in the simulations.
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averaged temperatures, and the change
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FIGURE 3.3: Calculated temperature over current for SE devices. The experimental
temperatures are determined by the measured spectral drift. The comparison is per-
formed for two different laser designs D2 and D3 with 140 pm contact opening and
asymmetric coating (D2) and symmetric coating (D3). Details about the devices are

reproduced.
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FIGURE 3.4: Calculated temperature in (central) emitter of a 55 emitter diode laser

array (D5) and a 23 emitter laser array (D6). Both emitters have a 90 pm contact

width. The experimental temperatures are determined by the measured spectral drift.
Details about the devices are listed in Tbh. C.3.



Thermal Model 43

T T 355 T T T
= s| — D7 (exp.) | S DT (exp.) 6
Z ---- D8 (exp.) === D8 (exp.) -
5 7fo o D7 (i) g 345 [0 0 D7 (sim.) 0 -
-‘é 6O O D8 (fit) ] < 340]0 O D8 (sim) //'n ]
5} ~ -
3 g
2or 1 £ b
& s
g4 g 3 E
2 2
2 g
e 1 = i
et
@
21 . -
0 I I I I I I
0 2 4 6 8 10 12 10 12
Current per emitter / A Current per emitter / A

FIGURE 3.5: Calculated temperature in (central) emitter of 27 emitter diode laser

arrays D7 and D8. Both emitters have a 200 pm contact width and differ in optical

confinement factor with 0.62% for D7 and 0.85% for D8. The experimental temper-

atures are determined by the measured spectral drift. Details about the devices are
listed in Th. C.3.

3.2 Application: Thermal Lens Profile in Broad-Area Diode
Lasers

The thermal lens plays a crucial role for the slow-axis divergence of diode lasers, primary
when they are operated under high injection currents. Under common operating condi-
tions (above 10 A for a 4mm long device with 100 pm contact width) the thermal lens
can be so high that the equivalent focal length is only a fraction of the cavity length.
The parabolic refractive index profile leads to light propagation comparable to the one
in a Graded-Index (GRIN) fiber or lens, which results in light filaments being contin-
uously focused towards the center of the injection stripe. Due to gain and refractive
index nonlinearities, higher filamentation is evoked with thermal lensing and the SAD
increases. In this section, the thermal model is employed to investigate the change of
thermal lensing by variation of the injection stripe width. The heat source distribution
is linked to the curvature of the refractive index profile, which is proportional to the
magnitude of the thermal lens, Fig. 3.7.

For the numerical study, the total dissipated heat @ is kept constant so that the local
heat source density (under the injection stripe) is inversely proportional to the contact
width gno = % A decrease in the magnitude of the curvature is observed with
increasing contact width, see Fig. 3.7. Since the lateral gradient of the temperature
is proportional to the heat flux, the slope of the heat flux gives the magnitude of the
thermal lens, compare slopes for different contact widths in Fig. 3.6. The calculated
heat flux densities reveal two characteristics: One is a nearly linear slope in the central
part (inside the contact width), the other is a rapid increase in magnitude towards
the edge of the contact opening, see Fig. 3.6. To approximate the curvature in the
central part of the waveguide the expression ¢, = 0, (d%n) with n =ng+ ap(T —Tp) is
numerically evaluated. The local value is averaged along the lateral direction where only
the region inside the stripe width is taken into account so that only a part of the spikes

of the heat flux densities at the contact edges are included for the determination of the
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FIGURE 3.6: Temperature increase for total dissipated heat of 1 W at front of device
(left) and corresponding heat flux density in lateral direction (right) for contact widths
80, 90, 100, 110, 120, 130, 140, 150 pm.

average curvature. Although, these regions influence the optical field evolution as high
gradients in the refractive index manifest in high spatial frequencies of the light field.
For this analysis, it is assumed that the light field approximately follows the contour
of the contact opening. The observations made in this section are recited in Chapter 8
where SAD angles for devices with different contact openings are compared. For the
same amount of dissipated heat thermal slow-axis blooming occurs at higher currents
for devices with wider contact openings. Additionally, a larger contact area decreases the
devices series resistance so that less power is dissipated at the same operating current.
Both, the reduction of the dissipated heat and the wider contact width reduce thermal
lensing and thus the SAD.
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FIGURE 3.7: Left: Curvature of refractive index profile along lateral direction under

injection stripe. Right: Detailed view of the mesh around the solder interface at the

left edge of the device. The SiN insulation layer is included in the mesh but not labeled
in the figure due to the small size.
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3.3 Application: COD by Misaligned Optical Feedback

If feedback light for spectral stabilization is misaligned with respect to the vertical
waveguide, it can be absorbed by layers surrounding the active region. A drawback
of this misaligned is not only that the back-coupled light does not contribute to the
stabilization, but its absorption introduces additional heat sources, which are cause
for accelerated gradual degradation as well as COMD. Light with wavelengths below
870 nm is absorbed in the GaAs-substrate and p-cap layers due to interband absorption.
For InGaAs/AlGaAs diode lasers with emission wavelengths in the range from 880 to
1060 nm, there is no interband absorption in the epitaxial layers, so that the epitaxial
layers despite the active region are transparent to the lasing wavelength except for other
absorption mechanisms, such as free-carrier absorption in highly doped regions. How-
ever, also for these devices misalignment leads to the described drawbacks. A method
of emulating misaligned feedback experimentally by injection of light from a heating
laser into a Device Under Test (DUT) is presented in [51]. This study concludes that for
InGaAs/AlGaAs-based devices misalignment towards the p-side lowers the threshold for
CO(M)D significantly while these devices are robust against displacement towards the
n-side in contrast to devices emitting below 870 nm. The author contributed a numerical
study which supports the interpretation of the experimental findings.

The properties of the DUT are listed in Th. C.2 as D1. The device is soldered p-side
down on an AIN submount. The AuSn solder is 4 um thick, and the heating laser is
operated CW at 1.03 W. Since the vertical intensity distribution injected onto the facet
of the DUT cannot be measured directly a wave-optical analysis is performed resulting
in a vertical width of 1.83 pm (for 90% P. I.) for a Gaussian distribution. In lateral
direction, a top-hat profile with a width of 100 pm corresponding to the contact opening
is assumed. In the numerical study, see results in Fig. 3.11, this intensity distribution
is displaced along the vertical direction, and temperature profiles are evaluated for the
probing position in the experiments, which is located 15 pm away from the QW in the
substrate. Except for the metallization layer, the absorption coefficient for all other
materials is set to zero. For the study, absorption in the metal only is not vanishing
to demonstrate that the measured front facet temperature observed in the experiment
emerges mainly due to absorption of the external heating radiation in these metal layers
or the adjacent solder layer. The heat due to Joule heating and non-radiative recombi-
nations are generated by the DUT and are set for a CW operation point at 14 A. At
59 % electro-optical efficiency the output power is 13.25 W, and the remaining dissipated
heat is 9.2 W. The heat sources due to reabsorption are distributed along the laser cav-
ity according to the longitudinal optical intensity approximated by the one-dimensional
model presented in Chapter 7. An absorption coefficient of 0.9cm™! is assumed [11]
so that 26 % of the dissipated heat is contributed to re-absorption. The increasing in-
tensity towards the front facet leads to an increased temperature in the front of the
device. The remaining fraction of the dissipated heat is contributed to Joule heating
and non-radiative reabsorption and is homogeneously distributed laterally inside the
width of the contact opening. Although the internally dissipated heat of a free-running
diode laser exceeds 10 W at 15 A and above, about 1 W of externally back coupled light
into the device can cause severe damage and lead to CO(M)D. The main reason that
such a relatively small fraction of back-coupled power can cause this damage lies in
the spatial concentration and therefore high local heat source density. In an aligned
system, the focal spot of the feedback light is placed at the front facet of the device.
The vertical size of the back-coupled mode is comparable to the size of the waveguides
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FIGURE 3.8: Temperature in the transverse plane (slice out of three-dimensional do-

main) at front facet of the device without external heating. In the case of external

heating, the location of maximal temperature (in the plane) shifts towards the p-side

metal, where the external heat is introduced. The device is displayed with the n-side
facing downwards. The QW is located at = 0 pm.
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eigenmode. However, when the light is coupled into a layer with a high absorption
coefficient the penetration depth of the light into the corresponding layer is small. In
the investigated case of absorption in the metalization or solder, the penetration depth
for wavelengths around 950 nm is below 100nm [52] leading to high local heat source
densities at the impact location. For the simulation, the longitudinal resolution is larger
than the penetration depth, so that instead of handling the reabsorbed heat source as
a volume density, it is introduced as a surface heat source density into the calculations.
The surface heat source is applied as a Neumann boundary (3.4) to the front surface
of the domain, where the boundary term gn equals the surface heat source. The shape
and magnitude of the surface heat source correspond to the back-coupled light intensity.
Due to the reflectivity of the metal, only a fraction of this power penetrates the metal.
The optical absorption coefficient (at the utilized wavelength) and the reflectivity are
unknown so that the simulation is calibrated by setting the total external heat power to
0.363 W and the calculated maximum temperature aligns with the maximum measured
temperature, Fig. 3.11. The temperature increase induced by an external heating power
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s 330 with external heating i ’,"; i* 395 | |
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FIGURE 3.10: Temperature with and without external heating at front facet. Cross

section in the vertical direction (left) and longitudinal direction (right) through the

center of the device. The focus position of the heating laser is located 3 pm above the
QW. The results are published in [51].

of 1.03W incident on the solder (corresponding vertical position is 3pm) is about two
times as high inside the QW compared to the temperature increase at the measurement
position 15 pm above the QW on the substrate. Since the temperature increase at the
epitaxy or QW location cannot be accessed with the measurement setup presented in
[51], the simulation gives insights into the extrapolated temperature QW temperature
at the front facet. To reduce facet heating due to carrier recombination, the contact
opening is offset by 30 pm from the back and front facets, so that carrier injection is
suppressed there. The absence of current in the front section leads to a shift of the
maximum temperature of about 100 pm away from the front facet, see Fig. 3.9 and 3.10.
This situation changes when an additional external heat source is included, and the
maximum temperature is at the front facet. High temperatures in the QW seed the
thermal run-away process which leads to device degradation. Besides, high tempera-
tures at the facet coatings cause Catastrophic Optical Mirror Damage (COMD) [53, 54].
It is concluded that absorption of spatially concentrated feedback light in the p-side of
the semiconductor or the adjacent metals initiates the origination of COMD. Panchro-
matic cathodoluminescence images of devices with and without feedback that failed due
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to COD are presented in [51] and support this conclusion. The temperature increase
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FIGURE 3.11: Comparison of experimental temperature rise (at the probing position

on the substrate 15 um above the QW) as a function of the vertical heating laser spot

position on the front facet of the DUT and simulated values. The results are published

in [51]. The heating laser is operated at 1.03W at 970nm with 100 um lateral spot

width and 1.83 pm vertical spot width on the front facet of the DUT. Probe laser for

temperature measurement with 14 mW at 785nm incident on substrate 15pm above
the QW.

as a function of the vertical spot position results from folding the (vertical) Gaussian
intensity distribution with the absorption profile, which is a constant in the metal layer
and zero everywhere else. The maximum occurs if the feedback position aligns with
the absorbing layer at position 3pm in Fig. 3.11. Displacement leads to a reduction of
the temperature since the overlap of the intensity distribution and the layer decreases
together with the total absorbed power. Possible reasons for the deviation of the simu-
lated and measured profile can be due to simplified geometry of solder and metal layers
in the simulation or deviations from the actual beam profile at the diode facet in the
experiment. For InGaAs/AlGaAs-based semiconductor lasers misaligned feedback with
a back coupling strength between 4-10% can lead to a reduction of the threshold for
COD when the high absorbing metalization layers are hit. A similar temperature in-
crease in the simulation could as well be reached if the absorption of the highly p-doped
epitaxial layers is included. From the conducted experiment and simulations it cannot
be distinguished between absorption in the p-doped regions or the adjacent metallization
or solder. By design, the vertical misalignment, especially towards the p-side, has to be
reduced to circumvent reduction of COD threshold.

3.4 Chapter Summary

The computation of the temperature by the FEM on a three-dimensional domain, which
is coupled to the edge-emitting laser simulation model in Chapter 7 is introduced. The
heat source density is calculated based on the current density, carrier density, optical
intensity, and the bandgap which potentially dependents on the temperature (from a
previous iteration step). The temperature profiles for the devices D1-D8 are obtained
from the coupled computations (Chapter 8) with the FD laser model (Chapter 7). The
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heat flux through the bottom of the submount is modeled with a Robin boundary con-
dition, and the parameter for the boundary condition is calibrated for each device so
that the computed temperature aligns with the measurements.

Under common operating conditions (above 10 A for a 4mm long device with 100 pm
contact width) the thermal lens can be so high that the equivalent focal length is only
a fraction of the cavity length. The parabolic refractive index profile results in light
filaments which are continuously focused towards the center of the injection stripe. The
calculated heat flux densities reveal two characteristics: A nearly linear slope in the
central part (inside the contact width), and an increase in magnitude towards the edge
of the contact opening, see Fig. 3.6. These steep gradients at the edges influence the
optical field as high gradients in the refractive index manifest in high spatial frequencies
of the light field and therefore increased SAD.

The temperature increase due to misaligned optical feedback [51] is computed, and re-
sults are compared to experiments. This study concludes that for InGaAs/AlGaAs-based
devices misalignment towards the p-side lowers the threshold for CO(M)D of the device
while these devices are robust against displacement towards the n-side in contrast to
devices emitting below 870 nm. The numerical study which supports the interpretation
of the experimental findings is presented in Section 3.3. It is concluded that absorption
of spatially concentrated feedback light in the p-side of the semiconductor or the ad-
jacent metals initiates the origination of COMD by increasing the temperature at the
front facet.






Chapter 4

Optical Model

In this chapter, the equations governing the evolution of the electromagnetic field are
introduced. Since full space-time calculations are resource and time-consuming, several
approximations are made to simplify the wave equation. For the optical models it
is distinct between three different types of equations: The Time-Domain (TD) and
Frequency-Domain (FD) methods and the equations for eigenmodes, see the separated
boxes in Fig. 4.1. In the presented models all temporal derivatives are of the first-order
(at some point second-order derivatives in time are neglected), so that when applying
forward derivatives or the Crank-Nicolson scheme for the discretization only the field
values from the preceding time step are needed to calculate the values for the next step.
Expressing the fields with the help of a Fourier series, the time-dependent equations
can be transformed from the time into the frequency domain. Then the variables of
the equations are the coefficients of the Fourier series for the discrete frequencies, for
example, the longitudinal frequencies of the laser resonator. The FD approach is utilized
to compute beam propagation through optical waveguides and investigate the change
of the electric field along the propagation direction. For the FD-BPM only the field
values from the previous (in longitudinal direction) transverse slice needs to be known
to calculate the values for the next transverse slice. This benefits the calculation of the
propagation through long waveguides like optical fibers. The memory requirements are
smaller compared to the TD methods. The FD-BPM can also be applied to evaluate
the propagation of the forward and backward traveling fields in a semiconductor laser
resonator. The solution obtained with the FD propagation in combination with a Fox-Li
iteration is only valid if the fields converge after a certain number of round-trips. Due to
the nonlinearities of material parameters and the strong coupling between the electric
field and the material properties, the propagation in the semiconductor waveguide is
unstable and convergence (regarding the reproduction of field values after one or multiple
round-trips) is not observed, even after a large number of round trips (> 200). Although
the fields do not converge for broad-area edge-emitting laser models, conclusions on the
output characteristics (power, divergence, near-field width) of the device can be drawn
from the FD Fox-Li method.

The derivations and approximations presented in this chapter are performed under the
requirements:

1. Prediction of (transverse) polarization of electric field for propagation in birefrin-
gent waveguides,

51
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2. either TD or FD propagation through waveguides with spatial dimensions in the
order of 400 pm - 10 pm - 4000 pm for a large number of time steps or round trips
(> 1000),

3. transverse (and temporal) varying susceptibility (refractive index and gain),

4. frequency dependent susceptibility (to model gain and refractive index spectrum).

Large changes (relative to the wavelength) of material properties in the propagation
direction are not taken into account in this work, although they can be relevant for
different types of diode lasers, for example, Distributed FeedBack (DFB) lasers. An
overview of the relations between the optical models, equations and the approximations
is given in Fig. 4.1. Beginning from Maxwell’s equations the full-vectorial wave equation
for the electric field is formulated. This step eliminates the need for the calculation of
the magnetic field in the governing equations. To fulfill requirement 2 the concept of
a Slowly Varying Envelope (SVE) for the electric field and the non-static part of the
material polarization is applied. The SVE Approach (SVEA) reduces the required mesh
resolution and time discretization. Splitting of the fields into transverse and longitudinal
components brings along two benefits: First, this formulation enables the choice of two
sets of finite elements when applying the FEM to solve, for example, the eigenmode
problem for the transverse plane. The elements chosen are curl-conforming (Nédélec)
[55] vector elements for the transverse field vector and Lagrange elements of the first-
order for the longitudinal component. This approach guarantees the stability of the
numerical scheme and is described in Section 4.5. The second reason is the elimination of
the longitudinal component from the SVE wave equation, which leads to the formulation
of the TDTW and BPM method. For a charge-free space (no unbound free charges) a
relation between the longitudinal electric field component and the transverse component
can be drawn from the divergence of the dielectric displacement field. After expression
of the longitudinal electric field component through the transverse components the SVE
wave equation reduces to a set of two partial differential equations for the two transverse
field components. This formulation enables to model the electric polarization rotations
in anisotropic dielectric waveguides, see requirement 1. For the TDTW model, the
discretization is performed along characteristic lines, which result from a coordinate
transformation into a moving light-cone frame. To apply this discretization second-order
derivatives along the propagation direction and in time are neglected. In contrast to the
TDTW model, for the BPM the second-order derivatives do not need to be neglected.
Due to the transformation into frequency space, the time derivatives transform into
0y — —iw, multiplications with the frequency of the time-harmonic field component.
The neglection of the second-order derivative along the propagation direction leads to
the paraxial approximation of the wave equation. The application of the first-order Padé
approximation results in the Wide-Angle (WA) FD-BPM, which allows higher divergence
angles and propagation through media with steep variations of the refractive index in
transverse directions (see requirement 3). To model the dispersion of the susceptibility
(requirement 4) in the TDTW model, at least one auxiliary equation for the material
polarization updates is employed. The material polarization is also treated with the
concept of the SVE and calculated as a dynamical variable in the time stepping. In the
FD the susceptibility is directly evaluated for the corresponding frequency of the field
component.
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FIGURE 4.1: Overview of optical models, equations and the underlying approximations.
4.1 Maxwell’s Equations

The spatio-temporal dynamics of the electric field E (f, ), electric displacement ﬁ(f, t),
magnetic field H(Z,t) and magnetic flux density B(Z,t) are described by the (macro-
scopic) Maxwell’s equations [56]

V x E =-,B, (4.1)
VxH=0D+7, (4.2)
V-D=p, (4.3)
v-B=o. (4.4)

Macroscopic material properties are incorporated into the (free) charge density p(,t)
and the (free) current density J(Z,t). In general, all fields, the charge density, and
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current density are functions of position Z = (z,y, z)T and time ¢t. The electric displace-
ment and magnetic flux density are related to the electric field, and magnetic field via
the constitutive equations

Di(7,1) = /7 e (@t — 7)E;(, 7) dr, (4.5)
tOo
Bi(#,t) = /_ g (2,6 — 7V H, (7, 7) dr, (4.6)

with the permeability p;; = popr;; and the permittivity €;; = €oery; which both are
rank two tensors. The permittivity tensor is related to the (electric) susceptibility tensor
X

Eij(f> t) =¢o (Iijd(t) + Xij (fv t)) ’ (4'7)
which in the general case both have space and time dependency. The (time) delta-
function §(t) is inserted to model a direct material response, and the Kronecker-delta
dij is equivalent to the identity tensor. The constitutive relations (4.6) are explicitly
written as temporal convolutions of the time-dependent material properties and the
corresponding fields to account for dispersive media in the following derivations. Similar
to the constitutive relation for the electric displacement the material polarization P is

given by
t

Pi(3,t) = / i (&t — 7)E(#,7) dr, (4.8)

—00

so that the electric displacement can be expressed by
D;(Z,t) = eoBi(Z,t) + Pi(Z,1). (4.9)

In the scope of this work, only non-magnetic media are considered, so that the magnetic
permeability equals the vacuum permeability times the identity tensor

ij = firfo0i (4.10)

with u, = 1. This reduces the convolution of the magnetic flux density and the magnetic
field in Eq. (4.6) to a multiplication and the magnetic flux density in the first Maxwell’s
Eq. (4.1) is expressed by the magnetic field. Taking the curl of (4.1), insertion of the
curl of the magnetic field from the second Maxwell’s Eq. (4.2), followed by the insertion
of the expression for the electric displacement (4.9) leads to

V x (,ﬂv x E) te0d2E = —02P - 8,J, (4.11)
the full-vectorial wave equation for the electric field. This formulation is the starting

point for the derivations of the TD- and FD-BPM, and eigenmode equations in this
chapter.
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4.2 Slowly Varying Envelope Method for Full-Vectorial Wave
Equation

For the slowly varying complex envelope approach, the electric field is separated into a
slowly varying and a fast oscillating part

E_:(xa Y, 2, t) = Q;+(-T, Y, 2, t) CXp(ikrefz) Cxp(fiwreft)
+(57 (ZL‘, Y, 2, t) eXp(iikrefZ) exp(iiwreft)‘ (412)

The oscillation takes place along the propagation direction, which here is the z-axis.
Additionally, the forward (Z;Jr and backward q;’ traveling parts of the electric field with
respect to the axis of propagation are separated. The total field is the superposition of
these two parts. If the changes of the permittivity along the propagation direction are
small, which must hold for the SVEA to be valid, the equations for the forward and
backward parts are decoupled. The fields are only coupled at domain boundaries (the
facets). The (full) permittivity tensor reads

E.’L‘Z’ E;);y EIL'Z
e=| eyx Eyy Eyz |- (4.13)

Ezz Ezy Ezz

To make the following derivations more compact, two subsets of the components are

defined
e = ( Exx Exy ) . = < Exz ) (4.14)
Eyz  Eyy ) Eyz

The subset ¢ holds only the transverse components of the permittivity tensor. For the
derivation of the governing beam propagation equation, the transverse z,y components
are separated from the longitudinal component z of the electric field

. B,
E= ( Ey ) =| E, |. (4.15)
E. E

The vector E, and corresponding envelopes 55 hold only the transverse components x, y
of the electric field in a three-component vector

E . +

= ’ o o i

Es={ By |, oc={ " )=| % (4.16)
0 0

For the Nabla operator Vy in transverse directions, the transverse parts embedded in
a three component vector V and the longitudinal part of the Nabla operator V, the

notations
O 0

Vt:<gm>, Ve=| 98y |, Vo.=[ 0 (4.17)
v 0 0,

are defined so that in sum
V=Vs+V,. (4.18)
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The wave equation (4.11) is rewritten with the aim to separate the transverse and
longitudinal components of the electric field. First, (4.18) is inserted into (4.11)

VxOfW@xE+u4de®+%$E:7§ﬁf@j (4.19)
which leads to

VS><V5><]§+VSXVZXE+VZXVSXE+VZXVZXE
+ 1102002 E = — g0 P — 1ugdy T (4.20)

and

Ve x Vg x By — (02 + 02) B8, + 8.0,V - B, + 0.V B, — 9*E,
+ 110202 E = — o0 P — 1160, 7, (4.21)

where €, = (0,0, 1)T is the unit vector in the longitudinal direction. Note that the above
procedure may seem to make the notation more complex in the first place but provides
two decoupled equations, one for all terms proportional to €, (which would correspond
to the third row of the three equations) and one for the remaining terms.

To account for dispersion of the material, the susceptibility in the frequency domain
is split up into two contributors: A part with the static susceptibility at a reference
frequency wrer and the frequency dependency for first-order (linear) dispersion, and a
second frequency dependent part to model nonlinear (gain) dispersion. For the first
part the second time derivative of the respective polarization can be evaluated and then
inserted into the wave equation. For the nonlinear gain dispersion an evolution equation
for (the envelope of) the corresponding polarization of the gain medium is introduced and
solved in addition to the wave equation. This approach for the incorporation of linear
dispersion and nonlinear (gain) dispersion into the TWTD model follows the models
presented in [57, 25, 58, 59]. The susceptibility, split up into the two contributions,
reads Y(w) = XL(w) + AX(w) and likewise the material polarization is separated into
P(t) = P.(t) + AP(1).

Linear dispersion is induced by the polarization B, and leads to the introduction of the
group velocity in Section 4.3. To insert the polarization contributions into the wave
equation, the second-order time derivative has to be evaluated. The transformation of
uoafﬁL(t) into the frequency domain and expansion of the dielectric function up to the
first-order yields

(—iw) 20 P (w) = (—iw)2 oo () E(w) (4.22)
- C—%(—W (Eenw) — 1) B(w)
1 da},L(w) =

Q2

) (_iw)z <§r,L (Wrcf) +

2
0

o " (W — wref) — 1) E(w).

A similar derivation with the expansion of the dielectric function up to the second-order
is given in [24]. To keep the notation short, from here on the value of the permittivity
e = &r(wref) and its derivative &’ = & (wref) are the values at the reference frequency,
and the tildes are omitted. The same holds for the corresponding relative permittivies.
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Separation of the terms in the above equation gives

(—iw)?E(w) + 12 ((—iw)? (er — wrerel) + i(—iw)?e}) E(w).

(i) o (w) ~ - =
(4.23)

&m‘ =

The equation is transformation back into the time domain, the SVEA is inserted, and
the third-order 9¢* time derivatives of the electric field envelopes are dropped
1

D T , .
102 PE + C—ZafEi x5 ((er — wrerel) OF + ield}) E*
0 0

2
i - w, . Wref 1

= Fthrerz—iwrert [ _ e — 21 =2 (e + Swietel | O
&) cs 2

1 -
b (o 2 8 )5 (129
0

The term in-front of the first-order time derivative is related to the group velocity® Vg.
Finally, the second-order time derivative of the linear polarization is expressed in terms
of the electric field envelopes.

To incorporate the nonlinear dispersion of the gain medium in combination with the
SVEA, the direct convolution method [37] is employed. Starting from the relation be-
tween the polarization and the electric field in (4.8) the SVEA is inserted

ot
Aﬁi(t) = Egeiik’cfz/ Ax(t — T)gi)i('r)e_i“’m” dr

. . t —_ .
= b it o / Ax(t - D) (e D dr  (4.25)
J =00

—AFE (1)

to arrive at the definition of the time-dependent polarization envelope Ap*(t). The total
polarization is split up into forward and backward propagating components Aﬁ(t) =
AP*(t) + AP~ (t). In the next step the complex envelope approach defined in (4.12) is
inserted. Together with the expressions (4.24) and (4.25) for the polarization, this leads
to

Ve x Vo x 6F — (02 +02) ¢Fe. + €.0.V, - ¢+
tiket@. Vs - Gf + 0.V dF £ ket Vot + k2t F 2iker. 07 — 026F

ref
1 2 oref o WEE =y
+7(5r + ZUJrefEr)at ¢5 —2i 6t¢,; - p) Eref¢5
% Ug %

1 , k w?
2 4+ = . Rref — f + >
+C2 (5r + 2Wref5r)6t, ¢z € —2i ) at¢z €z — crs 5ref¢z €z
i g

0 0
= /L()a?A[;i — Qiwyet 0O AP — w?efugAp”‘t — /tgei(”'ef”“*ft)@tj (4.26)
| S ——

-5,

'For a dispersive medium with refractive index n(w) the group velocity at reference frequency wret is

—1
defined as vy = (d’“ . f) _ <$ d(wﬁw»

dw

— i}
— n(w Fwresn (w, °
wref> (wref) +wresn/ (Wref)
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Additionally, the source term S 7 is introduced. In the SVEA the second derivative,
as well as the first derivative of the polarization envelope, are dropped under the as-
sumption that |02AF| < |wrerO: AP | and |0, AP | < |wref APT| s0 that only the terms
proportional to Ap* remain in the wave equation. In the formulation (4.26) of the
wave equation, the electric field components are separated into terms proportional to
the transverse component and terms proportional to the longitudinal component. For
the derivation of hybrid eigenmode weak-forms in Section 4.5.1 this formulation enables
the separate application of different finite-element spaces for the (transverse) vector
components and the longitudinal component.

Media with axial symmetry around the z-axis are investigated to derive a differential
equation with only the transverse field components. The permittivity tensor for this
type of material includes five independent entries and takes the form

€xe Ezy O
e=| €y gy 0 |. (4.27)
0 0 e,

To separate (4.26) into two decoupled equations, one for the transverse field <j§t and
one for the longitudinal component ¢., the 3" Maxwell’s equation under the assump-
tion of a charge free space is used to express ¢ in terms of the transverse field [60].

Transformation of the electric displacement (4.6) into frequency domain D gives

0 = V . D = Vt N (étEt) + Ez 8z5~zz +ézzazEz
=~
~0
S 0B, =——V-( &E ), (4.28)
€zz b ol
:EOEt+pt

where all quantities with tilde symbol are the respective frequency domain counter-
parts for the time domain fields. A slowly varying permittivity |0,€..| < kyer along the
propagation with respect to the reference wavelength is assumed. With the approxima-
tion that the dispersion in the longitudinal permittivity component is negligible so that
Er2(w) & &z (wret) = €22 Eq. (4.28) can be transformed back into the time domain

BB (t) =~V - (coBult) + Pu(1)) (4.20)

zz
and the SVEA is inserted
1

2z

0.0F £ iketdt = Vi (i + AFE), (4.30)

where analog to the transverse electrical field, Aﬁti is the transverse dynamic polariza-
tion. Finally, (4.30) is inserted into (4.26), so that by elimination of the longitudinal
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field component (4.26) splits up into a set of two (instead of three) coupled equations

Wref
ct

1 R
(5r,t + iwref‘f;,t) dt‘z’ci

U | N
OPPE & ik 0.0 — ?(ent + 2wrete) 1) OF B + 2i
0
Wht 2 ) 7k, oo a1 s b
(e 5t — ke ) 6 + VEGE = Vi (Vi 6 — — V0 (20ad + AFY)

€y 2z
= whto AT + S (4.31)

for the transverse components of the electric field.

4.3 Traveling-Wave Model in Time-Domain

In the TDTW model, an iterative approach is used to solve (4.31). To incorporate
gain and refractive index dispersion alongside with the dynamics of the electric field an
auxiliary polarization equation is employed. Coupling of Maxwell’s equations and SBEs
to model semiconductor lasers, including an update equation for the material polariza-
tion, is reported in [57]. In this model, the transverse directions are not considered so
that no lateral mode patterns are obtained. Ning et al. [58] take into account disper-
sion of gain and refractive index of semiconductor medium and add carrier density and
frequency dependence of the medium to the model. The effective Bloch equations are
employed for the interaction of the medium and optical field in the models presented
in [58, 61, 62]. Based on the works in [58], Moloney, Indik and Ning present a model
[25] with full time, longitudinal and lateral space dependencies and apply it to simulate
a Master-Oscillator Power-Amplifier (MOPA). In this model, polarization dynamics are
included by a Lorentzian pole, and polarization, carrier diffusion equation and BPM are
connected to a comprehensive TD-model. Similarly, in [62], a TDTW model is applied to
investigate semiconductor optical amplifiers. The Lorentzian pole is fitted to the semi-
conductor’s susceptibility spectrum. The TDTW formulation enables the computation

vgt

A

vg At ] — A7

Az

moving frame

FIGURE 4.2: Schematic of moving frame.

of the temporal evolution for an electromagnetic field, which travels along a distinct di-
rection with a SVE. The transformation of variables from the reference frame with three
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space coordinates plus one time coordinate to the light-cone frame (Fig. 4.2) is utilized.
This frame moves along with a light pulse, which travels at a constant group velocity
(similar approaches are used in [63]). As described in (4.12), the complex electric field
is separated into a fast oscillating phase along the propagation direction, the z-axis, and
a fast oscillating phase in time and the complex envelope. Between the Cartesian frame
with coordinates

z = (z,y,2,1t), (4.32)

and the light-cone frame with the coordinates

¢=(y,&mn), (4.33)
the coordinate transformation
r =21,
y=yv,
E=—z+u (z,y)t,
n=z+uvg(z,y)t (4.34)

is performed. The partial derivatives transform according to
Op; = 0, G5 - O (4.35)
so that

0 = 0ut’ - O + 02€ - O + 0o - Oy + Ouyf - Oy
= Oy +t - 0yvg (7,y) - Oc +t - Opvg (x,y) - Oy,
Oy = 0y’ - Dy + 9y€ - O + Oyn - Op + Ayy' - Oy
=0y +1-0yvg (z,y) O +1-Oyvg (z,y) Oy,
0. = 0y, — O,
Oy = vg (2,y) O¢ + vg (2,y) Oy, (4.36)

holds for the first-order derivatives. The second-order derivatives in time and along the
propagation direction are

OF = v30F + 2030:0, + v303,

02 = 0F — 20:0, + 0. (4.37)

The envelopes ¢ (z) and ¢~ (z) describe the forward and backward traveling part of the
light field with respect to the propagation direction. It is assumed that in the light-cone
frame the corresponding envelopes are only dependent on three of the four coordinates
¢t (2',y',m) and ¢~ (2/,y/,€), which means that during propagation the forward and
backward fields do not couple to each other. This approximation is only valid if partial
reflections for example due to diffraction at refractive index steps in the propagation
direction, for example, in DFB lasers, are not taken into account. The reflections at
the domain interfaces are treated as boundary conditions, which means that they are
imposed on the fields at the respective locations. Since coupling between forward and
backward propagating, inside the domain, the mixed derivatives

deB¢™ =0 (4.38)
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vanish. Insertion of the moving-frame coordinates iat — 0, =20 and iat + 0. =20,
and of (4.37) for the second-order derivatives into the wave equation (4.31) yields

(07 — 20,0¢ + 0Z) ¢* — ClQ (n® + dwrenn’) v (02 — 20,0¢ + OF) ¢F
N——— N— ——

0
=92 =2
. 1 + 2 o+ n? 2 i+
+ szref(;al =+ 82)¢ - kref¢ + ?wref¢
[ 0

+ Vit - v, (Vt N %Vt . (7L2¢i + Api)>
— wlenoApT — Sy =0. (4.39)

In the scope of the TDTW method, scalar fields ¢F in isotropic media with refractive

index n and the refractive index dispersion n’ = dZ(:” |w,ee are employed. The reference

wavenumber is related to the reference refractive index ko = “’Cf;f neef- As described

above, the mixed derivatives drop out so that the equations for the forward and backward
propagating fields are?

2
Tef \ 92+ . +
(1 - ?) 026" + ikresOy et

1
+hg (n* = nl) 67 + V6T — Vi (vt (6 = Vi (Wt + Api)>
— WhepoAp* — Sy =0. (4.40)

In this formulation, the number of dimensions of the differential equation is reduced by
one. The spatial direction z and time ¢ are replaced by one of the coordinates n and &.
If the reference index is equal to the refractive index n, the second-order terms vanish.
However, in the scope of the SVEA, it is assumed that |02¢| < |wret0s¢| and |02¢] <
|kret D= 9|, so that the second-order terms are neglected. The iteration is similar to the one
for the BPM. The propagation equation is solved for the transverse spatial directions,
which, for the case of the FD-BPM, leads to propagation along the longitudinal direction
or, in the case of the TWTD method along the longitudinal direction and forward in time
simultaneously. Consequently, in the case of the BPM, the field is not only propagated
along the propagation direction but, implicitly, also forward in time. In the FD-BPM,
each longitudinal step is accompanied by a forward step in time so that the series of field
profiles is a collection of snapshots along an increasing timeline. The drawback of the
FD method with Fox-Li iteration emerges from the interaction of forward and backward
traveling components with the medium. At each longitudinal position, the field values
are valid for different times so that evaluation of the intensity in the Fox-Li iteration
(to compute stimulated recombination) is only valid if the solutions converge because in
this case, the temporal variation vanishes.
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FIGURE 4.3: Fitted real (left) and imaginary (right) part of electrical susceptibility of

a semiconductor gain medium with carrier densities 1-107°, 1.05, 2.11, 3.16, 4.21, 5.26,

6.32, 7.37, 8.42, 9.47 1-10>*m~2 at 325 K. The fit (dashed lines in plots) is performed
independently for each value of the carrier density. A number of 4 poles is used.

4.3.1 Complex-Conjugate Pole-Residue Pairs

The dispersion of the susceptibility is modeled by a series of M complex-conjugate pole-
residue pairs [64]

X(w - wref) = )Z(Wref) + A)Z(w - Wre[)
M .

M
== 1+ Y i o +> T . (4.41)
m=0 .

W — wref) — am m—0 1w — wref) —

Han uses this approach to derive an auxiliary differential equation for the material
response in the scope of the Finite-Differences Time-Domain (FDTD) method [64]. With
a corresponding choice of the coefficients a,, and ¢,, both Debye and Lorentz poles are
modeled within a unified formulation. With a sufficient number of poles, the expansion
(4.41) is suited to resemble both imaginary and real part of the susceptibility of a
semiconductor gain medium, see Fig. 4.3. Analog to the susceptibility, the polarization
is split up into a sum of contributions from each complex-pole pair. In the numerical
model, each of these summands is stored in a separate field. Since the addition of multiple
poles is straightforward, the notation is simplified in the following and derivations are
performed for only one pole-pair. The Fourier-transform of Ap(t) from (4.25) gives

Ay (w) = 20ATap(w — wrer) D5 (w), (4.42)

2The term in-front of the second-order derivative is approximated by

v n? + dwpesnn’ o nZyg n'

5 Mot X n2 for — < 1.

59

(77,2 + dwyer nn’) =

Q
ol

(n? + wretnn')



Optical Model 63

which is the frequency domain relation between electric field and polarization. Inserting
(4.41) into (4.42) leads to

(—w? + 2wt — iwa™ — w2y 4 iWpea® — twa + iwpera + Ia\z)Aﬁi

= goc(iw — iwref — a*)dzi + eoC* (iw — iwref — (1)(73i (4.43)
and transformation back to the time domain gives

83Api — Qiwyet O ApT — wfepri =2d'8,Ap* + (—inrefa' — |a|2) Ap*
+2c 208 dT + (7ca* —c*a— Ziwmfc’) cod™. (4.44)

As stated above, 9?ApT — 0 is neglected so that (4.44) reduces to

—w2 + 2iwera + |al?

+ +
HAP i — 2 2P
deg L (—ca* —cfa — 2iwerd) e | 4
= 0, . 4.45
—iWryet — @’ b6 + —2iwyef — 2a’ ¢ ( )

Eq. (4.45) is the auxiliary material update equation, which is solved in addition to the
electric field traveling-wave propagation and carrier rate equation.

4.3.2 Lorentzian Oscillators

The approach presented in [58] is adapted to approximate the frequency dependent
susceptibility by a superposition of Lorentzian oscillators. Setting the real part of the
coefficient ¢ to zero ¢ = 0 yields a model for Lorentzian oscillators based on the general
expression (4.45)
2 : ! 2 /s
wi e — 2iwrerd — |al d"d'eg
OpApT 4 L T T Apt = g 4.46
AP+ 20wyer + 2a’ P Wref + a’¢ ( )
In this form, the time derivative of the electric field is removed, which otherwise has
to be approximated from past time steps in the numerical model. This simplified the
polarization update equation. The susceptibility for a Lorentzian pole is [58]

_ A(N,T)
T w—wp(N,T) +#y(N,T)’

Ax(w) (4.47)
where the parameters for amplitude A, detuning w,, and spectral broadening 7 are
functions of carrier density N and temperature 7. However, it is assumed that the
carrier density and temperature vary slowly in time and consequently the temporal
dependence of the parameters of the Lorentzian pole is neglected [58]. The frequency
dependent part of the susceptibility is linked to the differential gain Ag and differential
carrier-induced refractive index change Adn
7
3 n(wrer) Ag(w, N, T). (4.48)
€]

ref

AX(w) = 2n(wref) Adn(w, N, T) —

Insertion of (4.47) into (4.42) and transformation into the TD gives

AP = (iwy(N,T) + (N, T)) Ap* +igg A(N, T) ¢* (4.49)
N————

=cp,0 =Cp,1
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which is equivalent to (4.46). The auxiliary differential equation for the polarization
time step is discretized with the Crank-Nicolson scheme

1+c¢ Og Ate,
Apt = P02 At Pl g+ 4.50
Prt1 1 7(3@()% Pn 1 7(}@()% et ( )

The update equation for the polarization does not include any spatial derivatives and
thus, reduces to an element-wise vector manipulation after discretization.

4.3.3 Discretization of the Time-Domain Traveling-Wave Model

In this section, the discretization for the time marching based on the wave equation
(4.40) is presented. With neglection of second-order derivatives Eq. (4.40) is written in
short form

Byed™ = Ho™ + alp™, (4.51)

with the operator H, which contains only spatial derivatives in the transverse coordinates
and the scalar factor a = —iwfefuo /(4kyef). The transverse derivatives are discretized
with either FDM or FEM. Applying the operator H to the field leads to a propagation
of the wave along the characteristics direction n or £&. The propagation operator H does
not differ for the forward or backward propagation. The field values along the z,¢, ¢ and
7 coordinates are approximated at discrete points

2k = 20 + kAz,
tn = to + nAt,
&= &0+ pAE,
M =10 + VA, (4.52)

where the coordinates with subscript zero represent the origin. The grid spacings are
Az, At, A, and An, and the indices k,n, u,v € N iterate over the domain. From the
first, second and the last line of (4.52), together with the definition of the moving frame
coordinates (4.34), the relation
Ny = 2k + Vgtn = 20 + vgto +kAz + vgnAt
——
=10

< vAn=(k+n)Az (4.53)

is derived. The spacing A is related to the spatial and temporal discretization, but it is
not uniquely defined by the above equation. The grid size is chosen so that a step along
the characteristic corresponds to one step in time and one in space

v+ 1DAn=(k+1+n+1)Az < Anp=2Az (4.54)
Based on these relations the spacings are

A& = An = 2Az = 2ugAt. (4.55)
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To discretize (4.51) forward differences for 9, ¢ and an average value for the right-hand
side are used

+ +
+ v
V+1A77 ¢ Hy+§ ¢V+12 d) + @Api
Bri1he1 — Pk Grvypr + Do
@T:HnJré'ki%f-‘r Apn+ Lt (4.56)

Rearranging gives

An An
< Hn+ ki‘) ¢f+1,ki1 = < - nti ki1> ¢nk +A’7aApn+ Lkl (4.57)

This equation is similar to the equation for the BPM in the implicit scheme (see Sec-
tion 4.4.1). The spatial indices of the operator Hn+%,ki% and polarization envelope
Ap,, 1kl indicate that the material values used to construct the FDM or FEM ma-
trix are approximated by the values given for the slices between two grid knots. It is
assumed that the material properties vary much slower than the fields in time and thus
are constant throughout one time step so that the temporal index is

HnJr pust ~H e (4.58)
Eq. (4.57) is the update equation for the field envelope in the implicit scheme. After
discretization, the resulting sparse-matrix system is solved by suitable iterative solvers.
However, an alternative scheme for the field update is proposed, which yields an explicit
update equation and circumvents the need for the solution of a sparse matrix problem.
In [65], the Iterated Crank-Nicolson (ICN) (see Appendix C.18) scheme is applied to
derive an explicit method for the vectorial beam propagation

N N-1
¢f+1,ki1 = (Z C’i(AnH)z> ﬁ,k + (Z Ci+1(A"H)Z> ANalp, 1 gt (4.59)

i=0 i=0

The coefficients for the paraxial approximation are ¢ = (1,1,a2,a1a2) and N = 3. In
Section 4.4.2, the same scheme is applied for the FD-BPM.

4.4 Beam Propagation Method in Frequency-Domain

The evolution of the electric field between transverse slices along the optical axis is com-
puted with the paraxial or WA-BPM [60]. The electric field decomposed into a Fourier
series with separated time-harmonic phases, fast oscillating phases in the propagation
direction (z-axis), and a time-independent SVE for each frequency m?

E (z,y,2,1) Z (Z)m Z,Y, 2) - €xp (tkretm2) - €xp (—iwmt) , (4.60)

3Though the formalism is generalized using a sum of M different fields with frequencies wy,, in the
following the wave equation for a field with one discrete frequency w is derived to make the notation not
too complex. Since the wave equation is linear in the electric field, the solutions for each frequency can
be superimposed.
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with j = z,y, 2. Taking the curl of the 15* Maxwell’s equation (4.1), elimination of the
magnetic field component with the 2°d equation and insertion of (4.60) leads to

V x (;flV X E) = -0} (EE)
& VX (;rlv x E) = w’ E
& Vx (u;lv x E) = k26, B, (4.61)
the time-harmonic wave equation for the electric field. Separation of the transverse and

longitudinal components, analog to the derivation of (4.26), leads to the full-vectorial
wave equation

Vs X vs X ¢S - (82 + 85) ¢z€z + gzazvs : ¢s

+ €1kret Vs - (j_)‘s + azvs(j)z + ikrefvs(bz

+ kgefgs - 2Z'krefazgs - 8359

- k’gﬂrfrd_;s - kg,u/rfrd)zaz =0 (4.62)
in FD. Transverse anisotropic media with axial symmetry around the propagation axis
with a permittivity tensor of the form (4.27) is modeled. The tensor for the transverse
components ¢ is defined in (4.14). For the two-dimensional case, the off-diagonal terms
€2y = €ya = 0 are set to zero. Analog to the derivation of the transverse wave equation

(4.31), the 3" Maxwell’s equation is used to eliminate the longitudinal component ¢,
in (4.62) and decouple the equations for the transverse field

az¢/1, + Qikrefaz‘ﬁu + an¢u + (Er,;w(w/co)2 - kzeféy,u)qﬁu
1
- 8# <82¢Z - 878] (Er,ju¢u)> =0, (463)

1,22

where 14, j, u, v = x,y are the indices for the transverse directions. With the operator R
(with components given in the Appendix C.13) the short notation reads

Bg(b;t + 27;krcfaz(bu + Ruu‘br/ =0. (464)

To discretize the operator R on a transverse spatial grid, the entries

o

HYY = 8,015 — 85,00 + 5%—]
T,22

1
H = 6y ——8jen,ju,
5r7zz
wo_
Hie - 07
HY = k3 (erw — nlgdu) - (4.65)

are inserted for the terms in (B.2) and discretized with the FDM as introduced in the
Appendix B.
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4.4.1 TImplicit Method for Beam Propagation

Eq. (4.64) is a second-order partial differential equation, which is formally solved [66] by

q;t(x,y, z) = exp (ikref <:|:1 [1+ g — 1> (z— zo)> @(x,y, 20)- (4.66)
ref

Taking the derivative along the propagation direction gives
0:e(@,,2) = ket (£VIF+ X — 1) il 2), (4.67)

with X = k’j . This first-order differential in z is approximated with the Crank-Nicolson

ref

scheme

(1 - zkr%m (ﬂ, 1)) bz, y, 2 + Az)
- <1 + i% (m - 1)> &z, y, 2), (4.68)

where only the positive branch of (4.67) is carried on. To solve the implicit equation,
the square-root operator is approximated by a rational fraction of operators [67]

\/1+X—1':& (4.69)
Dy,
with n and m denoting the order of the approximation. If the standard Padé approxima-
tion is applied evanescent modes are not damped correctly due to the real approximation
coefficients [67]. The drawback is overcome by using the modified Padé approximation.
Application of the first-order modified Padé rational approximation [68] yields the gov-
erning equation for the implicit WA-BPM

(1+¢R) ¢e(x,y, 2 + Az) = (1 + C*R) (. y, 2) (4.70)
with 1 A
. z
WD T )

According to [68] the damping factor is set to S = 2. Discretization of (4.70) leads to a
sparse-matrix equation, which is solved with the iterative BiCGStab algorithm.

4.4.2 Explicit Method for Beam Propagation

Similar to the derivation of the explicit scheme of the field update in the TD formulation
(Section 4.3), the ICN scheme [65] is utilized to get an explicit update equation for (4.64)

N
Gul@,y 2+ Az) = <Z ci(HY) Gy, 2), (4.72)

i=0

with the operator
Az

" Diker

(4.73)
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The coefficients for the paraxial approximation are cparaxial = (1,1, a2, a1az) and N = 3.
For the wide-angle approximation, the coefficients are [65]

1
1
az — L%ﬁ
—%,3% —Qiagﬁ + aéag
5 .
Cwide—angle = ,LZZ%?? aiz;éi)?zﬁ (474)
ag%[j“l + ialag%ﬁf‘
araz3p*
—iayaz3p°
—ajasgf°

with 8 = ﬁ, N =9 and ay,a2 = 1/2. For numerical computations, quantities are
scaled to dimensionless variables
Fret = Zokvots Gt = 2, B: = 200

ref ZoRref, Qit Fo> 7z 200z, (4 75)
Az =22 R=alR, (=57

0’ 2ikyer |

where x is a characteristic length scale and Ej is a characteristic scale for the field
envelope. An example of the propagation of a Gaussian field profile using the explicit
scheme is given in Appendix C.14.

4.5 ‘Waveguide Eigenmodes with Polarization

In contrast to the definition of the SVE in (4.12) the envelopes for the eigenmodes € and
h do neither depend on the longitudinal coordinate z nor on time ¢. The fields are

E (I, Y,z t) = g(x7 l/) - eXp (ikl'efz - ZOJ()t) )
H (z,y,2,t) = h(z,y) - exp (ikeerz — iwot) . (4.76)

The envelopes for an eigenmode are invariant with respect to propagation. The elec-
tric field is time-harmonic but still oscillates corresponding to the eigenmodes reference
wavenumber.

4.5.1 Hybrid Modes

The classification of waveguide eigenmodes is based on conditions for the longitudinal
electric or the magnetic field components. Transverse Electric (TE) modes fulfill E, =0
and H, # 0, Transverse Magnetic (TM) modes E, # 0 and H, = 0, Transverse Electric
and Magnetic (TEM) modes E, = 0 and H, = 0. The remaining modes E, # 0 and
H, # 0 are hybrid modes [69]. In [70, 71] the calculation of waveguide eigenmodes based
on the FEM is demonstrated (also utilizing the FEniCS software package). Here, the
work of Lezar and Davidson [71] (who adopted the approach from [72]) is extended, so
that the eigenvalue equation includes anisotropic, complex permittivity, which allows to
model loss or gain. Insertion of envelopes which only depend on transverse coordinates
in (C.105) leads to the vanishing of all terms with time derivatives and derivatives in the
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propagation direction. The formulation of the weak problem for (C.105) is given in the
Appendix C.17. The eigenmode condition is fulfilled if the derivatives of the envelope
along the propagation direction vanish. However, in (C.105) there are still terms of
different powers of the propagation wavevector kyef and kfcf, so that this equation cannot
directly be written as an eigenvalue equation. To circumvent this, the longitudinal
component J)Z = z/ik,s and the corresponding test function ¥, = v=/ik,.s are transformed.

Insertion of the transformation into (C.105) leads to

/Q curly (d_)l) curly (77)

— k2 (&,t&t) - Uf

12 (Vebe V0L + G- Vil + Viba T+ G 0 — Kijueeani? )

o iketkfie (S0 - G107 + 2 716 ) dady = 0. (4.77)

In the notation, the complex conjugate of the test functions and the introduced trans-
formation of the longitudinal component of the test function is not altered. But the
test functions can be re-defined corresponding to f — ¥; and v} — v, to make the
equations more readable. Even after the transformation in Eq. (4.77) there are still
terms proportional to ik.s present. To make those vanish, it is required that the com-
ponents of the vector (e;); = 0 are all zero. Otherwise, the above equation cannot be
written as an eigenvalue problem. This emerges from the fact that anisotropy of the
medium introduced by €, ¢ leads to a walk-off of the propagating light, transverse to the
propagation direction. In this case, there are no invariant field configurations for the
structure. The weak-form for the eigenvalue equation of hybrid polarization modes with
eigenvalue ko for the eigenfunctions ¢;t, b is [70, 71]

/ Stp — bt dx dy = krzef/ —Suz +ta — bu - btz — sz dz dy (478)
Q Q

The terms read

sy = curly () curly (Gy),
ttt = k/'gﬂr (Er,tq;t) N ﬁt»
Szz = vt&z . vt”m

9 -
t,, = ko ez 020z,

by = gt < T
by, = vt(z;z . 77t7
bat = 61 - Viv.. (4.79)

The discretization of (4.78) with the FEM leads to an algebraic system of equations
Ste —Tie 0 {(Z:;t} _p2 [ ~Bu —By. {(Z:;t}
0 0/ {s:} I\ =B —Se+ T {0}
& A{3} = AB{3} (4.80)

which is solved with the SLEPc eigensolver [73] for the eigenvalue A = k2,. A set of

ref
eigenmodes is calculated for the transverse waveguide of device D1, defined in Th. C.2.
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A spatially constant gain is added to the QW in the region under the injection stripe,
and the hybrid eigenmodes with the highest gain are computed. The calculation reveals
that the waveguide supports both (quasi) TE and (quasi) TM modes.
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FIGURE 4.5: Vertical intensity of TE eigenmode number 3 (left) and TM eigenmode
number 1 (right).

modes are separated with respect to their polarization orientation so that one mode is
either TE-like (p, > 0.99) or TM-like (p, < 0.01), see Fig. 4.6. However, the effective
refractive indexes for both TE and TM modes are close (Fig. 4.6), and the modes occur
in pairs with similar spatial intensity profiles (Fig. 4.5). This suggests that the coupling,
which is induced by an anisotropic permittivity, between pairs of TE and TM modes,
is high. Stress-induced polarization rotations are discussed in Chapter 5. Transverse
eigenmodes are computed as part of the electro-optical model, which is introduced in
Chapter 6.
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FIGURE 4.6: Real part (left) of complex eigenvalues and polarization purity (right) for
TE and TM waveguide modes.

4.5.2 TE and TM Eigenmodes for Vertical Waveguide

In the 141 dimensional model (presented in Chapter 8) the beam propagation and
carrier updates are reduced to the two-dimensional QW plane. The vertical direction is
decoupled from the problem by application of the Effective Index Method (EIM) [74],
which means that instead of solving the optical problem in a three-dimensional waveguide
it is solved in a plane where the effective refractive index of the (fundamental) mode in
the vertical direction is employed for each lateral position. Therefore, structures with
ridges or trenches that do not necessarily penetrate through the QW but influence the
guidance of the light are included in the 141 dimensional model. In this section the
governing equations for TE and TM modes are presented, which in the following are
employed to determine the effective refractive index of the fundamental mode, optical
confinement factor and modal loss for the vertical TE and TM modes. The modal loss is
computed from the free-carrier absorption, where contributions from the doping carrier
density in the passive waveguide are taken into account. As stated above for TE modes
the condition E, = 0 is fulfilled. For a one-dimensional domain with spatial coordinate
z (and an infinite extent in y-direction) the TE eigenmode equation for the y-component
of the electric field envelope e, (z) is

ey + kin’ey = kiey, (4.81)

which is derived from (4.11). For the TM eigenmodes, the wave equation for the y-
component of the magnetic field envelope h, ()

ko
5 hy (4.82)

1 .
s (n—QaThy> + k2hy = -t

is solved. The electric and magnetic field components and the refractive index are related
k.hy = wegn?ey so that discontinuities in the refractive index transfer to discontinuities
in the electric field component. Additionally to the mode properties in the (lateral)
center of the waveguide, the change of effective refractive index below the trenches is
determined. Under the trench, the semiconductor is insulated with a layer of SiN, which
is covered by the p-metallization. For the SiN, an absorption coefficient of 100m~"! and
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FIGURE 4.7: Vertical TE (left) and TM (right) eigenmodes (first three) for epitaxial
structure E1 under the injection contact (lateral position y = 0jm). Details about the
structure are summarized in Tb. C.1.
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FIGURE 4.8: Left: Vertical TE eigenmodes (first three) for epitaxial structure E1
under a trench with depth 1.45 pm. Right: Far-field for vertical eigenmodes under the
injection opening.

a permittivity of 3.958 (at 950 nm) is used, and for the metalization, the properties of
Ti, a permittivity of 10.76 and absorption coefficient of 43.5 are inserted. For a 1.45 pm
deep trench (Fig. 4.9) the effective refractive index difference for the fundamental mode
TE under the contact opening (Fig. 4.7) and below an index trench (Fig. 4.8) amounts to
dny = 38.4-10~%. The effective refractive index for the fundamental mode TE is 3.3996.
These values are utilized in combination with the EIM to reduce the transverse structure
to the QW plane in the 141 dimensional model. The confinement factor is 7.212 - 1073
for the fundamental TE mode and 4.615- 1072 for the fundamental TM mode. For
the second TE mode, the confinement is 3.8868 - 10~3 which is about half the value
of the fundamental mode. Additionally, the modal loss increases from 16m~" for the
fundamental TE mode to 107m~" for the second TE mode. Both the lower confinement
and the higher losses damp the second (and higher) TE modes and suppress lasing during
operation.
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4.6 Chapter Summary

The SVEA is applied to formulate a frequency-domain WA-BPM for transverse anisotropic
media and a time-domain traveling-wave method. Both methods employ similar prop-
agation equations, compare Eqs. (4.51) and (4.40) with (4.63) and (4.64). To solve
these equations, in addition to the implicit Crank-Nicolson scheme, an explicit update
equation in combination with the Iterated Crank-Nicolson (ICN) [65] is used which cir-
cumvents the need for the solution of a sparse matrix problem and therefore results in
shorter computation times. The propagation equation is solved for the transverse spatial
directions, which, for the case of the FD-BPM, leads to propagation along the longitu-
dinal direction or, in the case of the TDTW method along the longitudinal direction
and forward in time simultaneously. To incorporate the temporal response of the polar-
ization in the TD model, an auxiliary equation for the SVE of the material polarization
resulting from the direct convolution method [37] is employed. In the FD-BPM, each
longitudinal step is accompanied by a forward step in time so that the series of field
profiles is a collection of snapshots along an increasing timeline. At each longitudinal
position, the field values are valid for different times so that evaluation of the intensity
in the Fox-Li iteration is only valid if the solutions converge because in this case, the
temporal variation vanishes.

The calculation of the hybrid eigenmodes reveals that the waveguide of the device D1
supports both (quasi) TE and (quasi) TM modes, which occur in pairs with similar
spatial intensity profiles (Fig. 4.5). Besides the frequency- and time-domain propagation
methods, the outcomes of this chapter include the vertical profile for the TE eigenmodes,
the optical confinement factor, effective refractive index, vertical FF divergence angle,
and the change of the effective refractive index under the trenches. These values are
utilized as input parameters in combination with the EIM to reduce the transverse
structure to the QW plane in the 1+1 dimensional FD and TD model (Chapter 7).






Chapter 5

Opto-Mechanical Model

Experiments show that packaged SEs and diode LAs yield DOP values between about
90% and 98%. The DOP changes with current and typically decreases by less than
2% over a current range of 20 A per emitter. High DOP is crucial for diode laser
systems which rely on polarization combining. The overall electro-optical efficiency of
the diode laser system reduces with decreasing DOP, either of individual emitters or
diode laser arrays. The motivations for the development of an opto-mechanical model
for the computation of DOP in HPDLs are:

1. Significant changes in DOP observed between different diode products.

2. No coherent explanation or understanding for the root causes of DOP reduction
on different packaging platforms.

3. Improved and stable (between production runs) DOP is crucial for product per-
formance.

4. DOP is an indicator for stress in the device, which leads to reduced lifetimes.

In diode lasers with compressive strained QWs (InGaAs/AlGaAs wells on a GaAs sub-
strate), the gain for TM-polarized light is significantly reduced compared to the gain for
TE-polarized light. Although strain states, which counteract the intrinsic compressive
(in-plane) strain by the introduction of tensile strain to the QW, increase the overall
gain for TM-modes, the transparency carrier density to raise the TM-modes above las-
ing threshold remains relatively high compared to the TE threshold. The fact that for
devices with (overall) low DOP, the DOP value is already low slightly above the thresh-
old indicates that the reduced DOP cannot be entirely explained by an increase in the
gain of the TM-modes since TM-modes would reach the threshold at higher currents.
Then, at low currents, only TE emission would be observed. The TM-modes lase at a
different wavelength since the TM-gain spectrum is shifted towards lower wavelengths.
The shift amounts up to ~ 70nm (Th. 2.1) for the Ing2GagsAs QW from Section 2.4.
If up to 10 % of the emitted light is emitted at lower wavelengths, it should be ob-
served in the spectrum, which is not the case in the investigated laser devices. One
could argue that when TM-modes reach the threshold, the TM-polarized light emitted
at the peak of the TM-gain is reabsorbed by stimulated absorption. While propagat-
ing through the device, it would be re-emitted into the TE-mode at the TE-gain peak
wavelength, due to the higher value of the TE-gain compared to the TM-gain. This

75
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conversion takes place, but it leads to an increase in the DOP since the re-emitted light
is TE-polarized. This suggests that the gain anisotropy alone is not the cause for the
measured DOP reduction but that polarization rotation occurs due to stress-induced
birefringence. The light which is initially TE polarized undergoes polarization rotation
while propagating through a birefringent waveguide. Anisotropic gain still influences the
DOP since rotated TE light, which becomes TM polarized, is partially absorbed in the
TM transitions. This interplay is analyzed in Section 5.2.5. The goal for this chapter is
an opto-mechanical model which describes influences on the DOP based on gain charac-
teristics and anisotropic permittivity. Since both gain and refractive index anisotropies
emerge from the mechanical state of the device, the stress and strain play a central role
in the root cause analysis for the major influencing factors of the DOP, see Fig. 5.1. The

geometry meas. error
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thermal state ture, packaging thin-films to mount,
epitaxy) epitaxy, ...)
stress and strain
strain in stram i strain in QW
substrate epitaxy
. . . . banded,
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polarization larizati
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FIGURE 5.1: Root cause analysis for the degree of polarization.

influencing factors of the DOP are clustered into four groups: The thermal state of the
device, including thermal strains due to heating during device operation in conjunction
with different Coefficients of Thermal Expansion (CTEs), for example, between semi-
conductor and submount or heatsink. The second group geometry includes geometric
features of the device. These are the thicknesses and compositions of the epitaxial layers
and lateral geometries as such as trenches or ridges. The strain accumulates, especially
around these geometrical features, and their shape and position influence the emerging
birefringence. The third group collects packaging influences, such as stress, which results
from the soldering process. During wafer-processing stress is built into the deposited
thin-films, such as SiN or the p-side metallization. This stress partially relaxes and
induces strain in the waveguide, especially around trenches or ridges of the waveguide.
In the next section, the linear elasticity theory is summarized, which is followed by the
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description of refractive index changes based on photoelasticity. An analytical and nu-
merical model, which accounts for interaction with the active media, is introduced to
derive the correlation between strain and resulting DOP. In the preceding two sections
the opto-mechanical model is applied to investigate the DOP reduction due to thin-film
stresses around trenches and due to packaging induced stress in LAs.

5.1 Linear Elasticity

The equation constituting the mechanical equilibrium is
6]-01-]- = f,‘,, Z in Q, (5.1)

where ¢;(%) are the components of the stress tensor (in units Nm~2), and f;(%) are the
components of an applied force density (in units Nm~=3). The indices i, j run over the
directions of the spatial domain €. For the linear elastic model [75, 76] Hook’s law

Oij = CijklSkl (5,2)

gives the relation between stress o;;(%) and strain s;;(Z) with the stiffness tensor ¢;ji(%).
The strain field is denoted with s;; and not with €;; as it is usually done in literature
to not confuse it with the permittivity in the following derivations. The second order
differential equation for the displacement field @ (Z) (in units m) reads

OickiljO5ur = fi, (5.3)

with 4,7, k,0 = 1,2,3. In general, the stiffness tensor is a rank four tensor and thus has
3% = 81 entries. The stress tensor 0;j and strain tensor s;; are both symmetric so that
0ij = 0j; and s;; = sj;. This implies symmetry of the stiffness tensor

Cijkl = Cjiki = Cjilks (5.4)

so that at most 36 of its entries are independent. For sufficient small deformations of a
solid body in the scope of the infinitesimal strain theory, the strain tensor

1
sij (u) = 5 (Bjui + Biuy) (5.5)

is defined with the help of the gradients of the displacement field u. Dirichlet boundary
conditions are applied on the borders 6Q2p and Neumann boundary conditions on the
parts 6Qn of the domain.

i =1p, ¥ on 6{lp,

0ijNi = Oext,j, T on O§N. (5.6)

On the Neumann boundaries, the surface-force density is ext,j (given in units Nm~2) and
77 denotes the surface normal on the boundary. To compute the unknown displacement
field @ with the FEM, the weak-form of the mechanical equilibrium equation (5.3) is
derived. The multiplication of both sites of (5.3) with the vectorial test function ¢ € 14
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and integration over the entire spatial domain leads to
/ fZU’L ds.’lj = / Cijklaluk ViTj ds — / Ci]‘kaluk 8]'1)7; d3:E
JQ 6Q Q
= / oij(@)vin; ds — / 0:j(@)05v; B
6Q Q
. B 1 B B
= / oij(@)ving ds — / = (04 (@) 9jv; + i (W) Ojv;) da
59 02

1
= / Tij (ﬁ)vmj ds — / S0ij (17) (8]-1)1- + aﬂ}]‘) B
50 Q2

@/fivid3l‘:/ Uext’i’uide}df—/Uij(ﬁ)si]'(ﬁ) d3x. (5.7)
Q LN Q

In the last step, the Neumann boundary condition (5.6) is inserted and n; are the
components of the normal vector on the domain boundaries. Each component of the
test function is in the test space V = {v; € HY(Q) : v; = 00ndQ}, where H(Q) is
the Sobolev space. Details about the solution of PDEs in FeniCS are found in [77].
To account for stress and strains that remain after relaxation of a domain which is
initially strained, for example, caused by temperature change due to thermal expansion
or contraction, the total strain

s = s5(a@) — 59 (5.8)

is split up into the initial strain s(® and the resulting part s®) In the case of a
temperature change, the thermally induced strain is the product of the temperature
change and the coefficient of thermal expansion (CTE) of the material s = s(T) =
acTgAT. Analog to the definition of the resulting strain the stress is split into the
resulting

Ug{) = cijmst) = 045(il) — cijasly) (5.9)
and initial contribution. Due to the symmetry of the strain and stress tensors not all
components need to be stored (explicitly) for numerical computations and resources can
be reduced by storing only the upper (or lower) triangular part of the tensor. In the
three-dimensional case, the components with one index are introduced for the stress

(01,09,03,04,05,06) = (011,022, 033,023,013, 012) (5.10)

and for the strain

(51,852,583, 54, 85, 86) = (511, 522, 833, 523, 513, 512) (5.11)

so that the stiffness tensor can be written as a 6 x 6 matrix with entries ¢;;. In this
notation, the tensor equation
Oij = CijkiSkis (5.12)

is written as a matrix and vector multiplication

0i = CijSj. (5.13)
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For material with cubic symmetry, the 6 x 6 stiffness matrix [78]

Ciz Cii Ci2 O 0 0
0 0 0 2Cu O 0
0 0 0 0 2Cu O
0 0 0 0 0 20y

(5.14)

includes 3 independent entries Ci1, C12 and Cyy. The independent coefficients and
non-vanishing entries of the fourth rank stiffness tensor are related via

C11 = c1111 = C2222 = 3333,
Cl2 = c1122 = C€1133 = €2233,

Cyq = c1212 = C1313 = C2323, (5.15)

in the introduced notation.

5.2 Photo Elasticity

For the study in this section, the components of the permittivity are real numbers so that
there is no gain or loss included in the model. Nevertheless, in Section 5.2.5 additional to
the birefringence induced by the photo-elastic effect [79, 80], anisotropic amplification is
added to study polarization in active devices. The perturbation of the inverse dielectric
tensor is

(AE*l),ﬂ,j = PijkiSkl- (5.16)

The coefficients of the strain tensor are s;;, and the coefficients of the photo-elastic tensor
are p;jx;. For the non-zero dielectric tensor entries the contracted notation is introduced

(€1,€2,€3,64,€5,66) = (€11,€22,€33,€23,€13,€12) (5.17)
and analog for the strain entries
(1,82, 83, 54, 55, 56) = (S11, 522, 533, 523, 513, 512) - (5.18)

For material with cubic symmetry, the photo-elastic tensor consists of 3 independent
entries Pi1, P2 and Pyy and takes the following form

Py Py P2 O 0 0

Py P P 0 0 0
0 0 0 2Py O 0
0 0 0 0 2Py O
0 0 0 0 0 2Py

(5.19)
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In this notation, the coefficients P;; are related to the non-vanishing entries of the photo-
elastic tensor by

P11 = p1111 = paze2 = p3sss,
Pia = p1122 = p1133 = p2233,
Pyy = p1212 = p1313 = p23as. (5.20)

The impermeability tensor is the inverse of the permittivity tensor e~! with the compo-
nents (e_l)ij. The change of the dielectric tensor Ag;; is related to the change of the

inverse dielectric tensor (Aa_l)ij. The inverse tensor is defined by
(E_l)ik.fk*j :(51] (521)
The variation of (5.21) gives

-1 (-1 o
ik €k ik kG =
(Ae™). enj+ (e7) L Deg; =0

& (67 Bery = — (A7) eny
& (g7, Ay = — (A, eny
< Emi (871)1'1 Acyj = —emi Agil)ik Ekj

& 5m1AElj = —€mi (AEil)ik Ekj
& Ay = —Emi (Aa_l)ik Ekj

& AEU = —€im (AEil) Ekyj- (5.22)
In the last step, the indices m <> i are renamed.

The photo-elastic coefficients for the ternary alloys Al,Gaj_,As and In,Gaj_,As are
calculated based on material models and measurements proposed by Adachi in [80],
[81] and [82]. Similar to the refractive index the photo-elastic coefficients depend on
wavelength and alloy concentration z. The resulting values are shown in Fig. 5.2.

5.2.1 Orientation of Crystallographic Lattice

Note that the coordinate system has to correspond to the crystallographic structure.
The orientation of the crystals symmetry frame with respect to the propagation direc-
tion can be chosen so that the z-, y- and z-axis correspond to the (100) directions. Or
the symmetry frame of the crystal is rotated 45 degrees around the z-axis so that the
propagation direction (z-axis) points along the (011) direction. Group III-IV semicon-
ductor laser facets are usually cleaved along the {011} planes. If the orientation is such
that the propagation direction is parallel to (011) a transformation of the photo-elastic
tensor p from the symmetry frame of the crystal to the rotated frame p’ is performed.
The expression of the dielectric tensor and strain tensor in the so called Kelvin (or Man-
del) notation ! leads to a formulation, in which the transformation of the photo-elastic
tensor is expressed by

p = RTpR, (5.23)

In the Kelvin notation, the components of the RS vectors are related to the components of the
second rank tensors €;; by (e1,€2,€3,€4,€5,€6) = (€11, €22, €33, V2e23,V2¢e13, \/5512), and analog for s;;
by (s1, 52,83, 84, 55,56) = (511,522, 533, V2523, V2513, V/2512) [83]. Here, the non-diagonal components
are multiplied by a factor of v/2 in comparison to the introduction in Egs. (5.17) and (5.18).
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FIGURE 5.2: Photo-elastic coefficients for the ternary semiconductors Al,Ga;_,As (top

row) and In,Ga;_,As (bottom row) [80, 81, 82].

Both tensors are written in the contracted Kelvin notation as 6 x 6 matrices. In this
formulation, the transformation matrix R is orthogonal and is a second-rank tensor [83].
To perform a rotation around the z-axis, the components of the rotation matrix

1 0 0
R=| 0 cos(9) sin(0) (5.24)
0 —sin(d) cos(f)

are inserted into the expression for the transformation R as given in [83], so that the
6 x 6 transformation matrix reads

1 0 0 0 0 0
0 cos?(6) sin?(6) V2 sin(f) cos(6) 0 0
b= 0 sin?(0) cos?(0) —/25sin(6) cos(6) 0 0
T | 0 —v2sin(@)cos(d) V2sin(f)cos() cos?(h) — sin?(6) 0 0
0 0 0 0 cos(f) —sin(h)
0 0 0 0 sin(f)  cos(d
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For a rotation about an angle 6 =

=
k]

OO O O O

Evaluation of Eq. (5.23) results
notation

T with cos(Z) = sin(Z) = - the matrix yields

V2
0 0 0 0 0
1 1 1
2 2 x5 00
bob g0 o
_Lidﬁoo (526)
V2 V2
0o 0 0 5 -5

2 V2
000%%

in the transformed photo-elastic tensor in contracted

P, P, P, 0 0 0
Py Pp Ppg 0 0 0
P, P}, P} 0 0 0
U 12 23 22 5.9
P 0 0 0 2P 0 0 (5.27)
0 0 0 0 2P, O
0 0 0 0 0 2Py,
with the entries
Pl =Py,
P1,2 = P12-,
P+ Pio+2Py
Py = -5
P+ Pio—2Py
P23 = 5
2
Py, = Py,
P — P
Pl =1 5 12 (5.28)
Finally, the perturbation of the inverse permeability tensor
— !
(A 1)2']' = DiikiShi (5.29)

is given in the frame rotated with respect to the symmetry of the crystal lattice. After
transformation of the second-rank and fourth-rank tensors the factor v/2, which is added
in the Kelvin notation, can be dropped since the upper-right and lower-left 3 x 3 block
in (5.27) contains only zeros. The notation given in (5.17) and (5.18) is used for the
following analysis.

5.2.2 Isotropic Permittivity

For an isotropic permittivity in the undisturbed case, the permittivity tensor is propor-
tional to the identity tensor

€ij = €110ij, (5.
and thus, the perturbation of the permittivity reads

2 —1 2
Acij = —ety (™), = —eT1Pijhish-
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For the photo-elastic tensor, the components of a material with cubic symmetry (5.19)
are inserted for the diagonal terms

AT Py Py P2 s11
Negy | ==l | Pz Po P || 522 |- (5.32)
Aes3 Py P3Py 533

and for the non-diagonal terms

Aeos Possas
AElg = 728%1 P44813 (533)
Aeqs Pyys12

of the perturbation.

5.2.3 Light Propagation in Anisotropic, Lossless Media

In the following sections, the propagation of light in semiconductor crystals with strain-
induced anisotropy is studied. It is of particular interest how the polarization state of
the light field changes as a function of the applied strain. The propagation of a plane
wave with angular frequency w through a spatial homogeneous but anisotropic medium
is studied to derive this correlation. Therefore in the scope of this section, neither the
components of the strain tensor nor the components of the permittivity tensor vary
spatially. The permittivity tensor of a strained crystal with monoclinic symmetry is of
form
€ex Ezy O
e=| ey €y O . (5.34)
0 0 e,

This tensor can be diagonalized by a unitary transformation so that the permittivity has
only entries on the main diagonal representing the refractive indices along the directions
of the principal coordinate system. For biaxial crystals, these refractive indices are
pairwise different. If the permittivity is isotropic in case that there is no strain applied,
the permittivity tensor of the strained crystal, including perturbations from shear strain
only in the zy-directions, has the form as in (5.34). Thus, with the derivations following
in this section polarization rotations in (initially isotropic crystals) emerging from the
strain with s13 = s23 = 0 and all remaining components not necessarily equal to zero can
be studied. Insertion of an electric field E(z), which varies only along the propagation
direction leads to vanishing spatial derivatives along the transverse directions and due
to the form of the permittivity tensor in (5.34) the wave equation (4.61) reduces to the
Helmholtz equation for the transverse components

2
(ag + %gm> Ey(2,t) =0, (5.35)
0

and the transversality condition E,(z) = 0 for the longitudinal component. Only non-
permeable media is studied so that g, = 1. The transverse electric field in the (original)

frame is
= (B,
E; = < E, > . (5.36)
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If the off-diagonal components of the transverse parts of the permittivity tensor
Exz Exy
ey = 5.37
' ( Cay  Eyy ) ( )

do not vanish, the solution of (5.35) is not straightforward since the two equations for
the field components are coupled. Nevertheless, a solution is obtained by rotating the
frame of reference in such a way that the permittivity tensor becomes diagonal, in the
rotated reference frame, and the equations decouple. This reference frame is called the
principal coordinate system. The transverse permittivity tensor is diagonalized with a

unitary matrix U
T (e O
U eU = ( 0 & ) .

The entries of the diagonalized tensor

1 Exa + &
ez = E\[ed, + § (Can — )" + (5.39)

are the eigenvalues of the permittivity matrix and are expressed in terms of the compo-
nents of the original permittivity tensor. With the rotation angle

(5.38)

2
tan20 = — (5.40)
Exx — Eyy
the unitary matrix
cosf) —sinf
U= ( sinf  cosf > (5.41)

is equivalent to a rotation matrix in the transverse plane. Multiplication of (5.35) with
the rotation matrix from the Lh.s and insertion of the identity matrix UTU = 1 yields

2
uT <an + “—ZEMU> UTE =0
i}
w? =
& <a§ + Tsi_t) El=0 (5.42)
CO ’

the Helmholtz equation, transformed into the rotated coordinate system. For the de-
coupled system in the rotated frame, the solution is

= etz E, >
B () e ) ()

y,0
ik1z
et 0 TR —iwt
:< 0 e’ikzz U Et,o(i

_ (cosOE, o +sin0E, o) e*12 vt
n < (—sin0F, ¢ + cos 0By o) k2 ¢ (5:43)

where E_“t,g is the electric field at z = 0 in the original frame. The electric field vectors
in the original frame and in the rotated frame E{ are related by the rotation

E, =UE] (5.44)
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so that the solution in the original frame

o eiklz 0 T —iwt

Ei(z,t)=U 0 gikes U" Eype

_ ikaz—iwt cos? 0E; 0+ cosOsin0E, o (il\kz
n sinf cos 0E, o + sin® 0E, ¢

sin? 0E, o — sin 6 cos 0E, o .

2 2 (5.45)
—cos0sin 0L, o + cos” 0E, o

is obtained by rotating the solution in the transformed frame (5.43) back into the original

frame. In the above equation, the wavenumber mismatch Ak = k1 — ks is introduced.

To illustrate the influence of the shear strain s;, and the initial polarization py on the
evolution of the polarization state, plots are shown in Fig. 5.3 for a shear strain of
0.01 - 10* in the left column, and for a shear strain of 1.00 - 10~% in right column,
for the initial polarization degrees of —1 (purely TM-polarized) in the top row, 0 in
the central row, and 1 (purely TE-polarized) in the bottom row. The propagation is
performed based on (5.45), and the strains in the vertical and lateral direction are set
t0 Sgp = 1.5-107%, and Syy = —3.3- 1074, An axis orientation of 0 corresponds to an
electric field vector pointing along the vertical direction (TM-polarized) and orientation
of £7/2 to an electric field vector oscillating in the lateral direction (TE-polarized). In
contrast to the results shown in Fig. 5.3, the medium for this calculations exhibits neither
gain nor loss. The lower the shear strain the less the change of the initial polarization
state. In the absence of shear strain, the initial (linear) polarization is maintained. For
a shear strain of 1.00 - 107* a periodic transfer into the orthogonal polarization with
propagation length is observed, compare left and right column in Fig. 5.3. When an
initially linear polarized field travels through an anisotropic media with e;, # 0, the
amplitudes of the electric field in the two transverse directions oscillate periodically
along the propagation direction. However, in the case shown in Fig. 5.3 and in Fig. 5.10
for the results obtained with the BPM, the amplitudes along the propagation direction
are not fully modulated, which means that the amplitude in one direction does not
reach the same maximum value that the one in the other directions reaches. Thus, the
polarization vector is not fully rotated between the two directions in these cases. To
illustrate this observation the case of a plane wave traveling through anisotropic media
starting with a linear polarization E = E(zl) ~ €, along the y-direction at position
21 is discussed. The scenario is illustrated in Fig. 5.4. The components of the vector
E, are projected onto the principal reference frame (€, €, ), which is rotated by 6 with
respect to the original frame (€, €,). The components along the principal axis are ELy’
and EXW so that El = €x/E1,m/ + e"yrEﬂLy/. As shown above, in the principal frame the
solutions for the fields are superpositions of linear polarized waves propagating with
different wave numbers k; and ko for the two directions. In this example, E_‘Lz’ and E_‘Ly’
oscillate in the 2’ — 2z and ¢’ — 2 plane in the principal frame. At a particular position,
which is labeled as z, the vector along the 2’-axis equals the one at the position z; and
the one along the y/-direction points in the negative direction with respect to the one at
21 so that E_"l,w/ = quz/ and Eﬂl’y/ = 7E_“2,y/. Reconstruction of the field at the position
2o to Eg = eﬁzlﬁz‘,z/ +€y/]§21y/ and extraction of Eg},; shows that the maximum magnitude
(for all locations z) in z-direction is smaller than the one in y-direction |Ey 4|2 < |E‘1,y\2
if & < 7. This is the observation described earlier.
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FIGURE 5.3: Relative intensities of linear |L|? and circular |V|? polarized light and
orientation of polarization ellipses over propagation distance with photo-elastic prop-

erties of GaAs A.l.

The strains in the vertical and the lateral direction are set to

—3.3-107%, and the shear strain is set to 0.01 - 107* (left

1.5-107% and sy,
column) and 1.00 - 10~* (right column). Definition of Stokes parameters and |L|?, |V/|?

Szx

and 6 are given in Appendix C.4.
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FIGURE 5.4: Polarization vectors in transverse plane for birefringent medium. The

reference frame with the primed coordinates =’ and 3’ is the principal system of the

anisotropic medium. The field vectors displayed represent the polarization state at two

particular positions E = E(zl) and By = E(zz) and E}x is the projection of the
electric field vector EQ onto the direction x.

5.2.4 Average Degree of Polarization

The analysis is simplified by assuming that the initial field is linearly polarized in the
y-direction so that Ey, = 0. This leads to the simplified version of (5.45), from which
the intensities in both transverse directions are calculated

= ik z—i cosfsin @ (e'k1—k2)z _ 1
Ei(z,1) = etkzmivt ( gin2 eei(klgkz)z 4 cos? 0 ) ) Eoy. (5.46)

The time-averaged intensities are proportional to

|E.|? = cos® Osin? 6 |E07y|2 (eiAkz - 1) (fz’mkz - 1) (5.47)
=2cos?fsin? 6 \E(),y|2 (1 —cos (Akz)) (5.48)
and
|Ey|2 = |E'0.y\2 <sin2 0™ 1 cos? 6’) <sin2 Qe ARz 4 cos? 6’) (5.49)
= |Eoy (sin* 6 + cos 0 + 2 cos (Akz) sin? § cos? 0). (5.50)

Since the power is periodically transferred between the two transverse components in the
presence of shear strain, the average of the intensities along the propagation directions
over one period-length is employed to determine the average normalized intensity of
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TE-polarized light

Py = LEy|2 2
|Exl” + | By
sin® 0 + cos? 0 + 2 cos (Akz) sin? 0 cos? 0
"~ sin?0 + cos* 0 + 2 cos (Akz)sin? 0 cos? 0 + 2 (1 — cos (Akz)) cos? 0 sin? 0
_ sin® 6 4 cos* @ + 2 cos (Akz) sin? § cos? §

sin? 0 + cost 0 4 2sin% 0 cos? 0 (5:51)
Integration of the cosine term, which includes the propagation coordinate
1 1 Akl=2r
7/0 cos (Akz)dz = A—kl/o cos(¢)d¢ =0 (5.52)
leads to
1! sin? 0 + cos? 0 4 2 cos (Akz) sin® 0 cos? 0
1 /0 pydz = sin® @ + cost 0 + 2sin? 0 cos? 0
4
The DOP
_IBP - IEP 550

P |Ey %+ |E.|?

is related to the normalized intensity of the TE polarized light by p = 2p, — 1. The
average DOP as a function of the strain components s, sy, and s, for the photo-
elastic properties of GaAs is displayed in Fig. 5.5. To calculate the transverse rotation
angle

1 284,
0= 3 arctan <#> (5.55)

Exz — Eyy
the (perturbed) permittivity components are expressed in terms of the unperturbed
permittivity components and the applied strain

2 / /
€z = €0,202 — €022 (Pl15z2 + Plasyy),
_ 2 /o /
Eyy = €0y — €02z (P12-Szz + P225yy) )

2 /
Eay = 0,0y — 260 weLaaSay, (5.56)

where for a rotated crystal orientation the relations

/
P11:P117
/
P12:P127
/
P44:P447

P P 2P,
Pl = 11+ 122+ 44 (5.57)
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hold. For an isotropic permittivity in the unperturbed case €g e = €0,yy and €gzy = 0,
insertion of (5.56) into (5.55) gives

1 < 4Py, Say >
0 = — arctan
2 (Pi1 = Ply) 820 — (P35 — Plp) syy
1 4Py
= — arctan 44;“’713 (5.58)
2 (P11 — Pi2) 20 — (B1552 + Pyy) sy

the angle between the original axes and the principal axes.
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FIGURE 5.5: Average degree of polarization in dependence on strain components. The
initial state of the field is entirely TE polarized, which coresponds to p = 1. Left: DOP
over strain components as gray scale plot with contour lines. Right: DOP over shear
strain for different values of the diagonal strain components. The markers indicate
DOP determined by BPM in a waveguide with corresponding strain. The DOP for
the displayed plots is calculated based on the photo-elastic properties of GaAs with
Py = —0.165, P = —0.140, Pyy = —0.072 [80] and for light traveling along the (011)
direction of the crystal.

5.2.5 Light Propagation in Anisotropic Media with Gain or Loss

Additionally to the anisotropy in the real part of the permittivity tensor in this section,
anisotropy in the imaginary part is taken into account. For edge-emitting semiconductor
lasers, the gain for TE- or TM-polarized light can significantly differ. The complex
permittivity

Exx  Exy 0 E(),xx 0 0
e=| €y €y O +1i 0 ety O . (5.59)
0 0 Ezz 0 0 E(i),zz

consists of the real part and an additional complex contribution for the gain or loss of
the structure. Here, only the case where the off-diagonal complex entries are zero is
studied so that only for the vertical and lateral polarization directions there is gain or
loss. One could proceed in the same way as in the previous section and diagonalize
the complex permittivity tensor with a unitary transformation. The eigenvalues can be
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determined from the same expression (5.39) by substituting the diagonal components
with the complex values of (5.59). In the semiconductor laser the TE- and TM-polarized
modes couple through the carrier reservoir. Both the gain for TE grg (V) and the gain for
TM grm (V) are functions of the carrier density N. Including the carrier rate equation
in the model accounts for the coupling between TE- and TM-polarized light through
the carrier reservoir, also in the absence of shear strain, and the decrease of gain with
increasing intensity due to depletion of carriers. The model is solved iteratively by
successive repetition of the three steps:

1. Propagation of the electric field in the anisotropic media from z; to z;41.

2. Update of the carrier density at position z;41.

3. Update of the gain for TE and TM.

To calculate the light propagation from z to z + Az the Ansatz

. ik1z = .
Ei(zt)=U ( ¢ 0 eigﬂ > Ut < ¢1éz) @0(2) >Et,ge’“”t (5.60)

=V(z) =(z)

for the solution of (4.61) is introduced with the complex permittivity tensor (5.59). This
Ansatz is motivated as follows: The envelope ®(z) accounts for the amplification of the
light field and the remaining parts govern the fast oscillating part of the field including
rotations of the electric field vector. Based on the solution found in Section 5.2.3 the
change of the electric field in propagation direction is found by insertion of the Ansatz
(5.60) into the Helmholtz equation (4.61)

(02 + kdery + ikde i) Ee(z,8) =0
& ((020)® +20.90.® + V2P + ke VP + ikde(), V) Erg =0
& (02 + k3er ) @ + 20,00, ® + ikdeq), V@) Eyg = 0
N—_— ——
=0

kietz 0 Ty o F k36 rt g
s U < 0 k}zeikzz U (’L@Ew = 7T\II¢’ELO (561)
where the fast oscillating part of the envelope is neglected in the second step, and the
solution of the Helmholtz equation for the real part of the permittivity tensor is utilized
in the third step. The remaining equation is a coupled system of two equations for the

envelopes ¢ and ¢9. To approximate the solution of this equation analytically, the term
U is evaluated for (k; — k2)Az = AkAz < 1

U o~ eifeg (5.62)

and k; and ks are replaced by the average wave number k= (k1+k2)/2. The approxima-
tion is valid if the longitudinal step size Az is sufficiently small or the wave numbers are
nearly equal, which corresponds to the case of low birefringence. To obtain the solution
for the field envelopes, the approximation (5.62) is inserted into (5.61)

(Gerady (@2 L)(46). e
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where the terms ¢; = 7k%5(i)mm/21~c and g2 = 7k(2]6(i),r’yy/2]; are used. In the case
of edge-emitting diode lasers, g1 = grm and g2 = g are identified as the TM- and
TE-gain.

To illustrate the influence of the shear strain s;, and the initial polarization py on the
evolution of the polarization state, plots are shown in Fig. 5.6 for a shear strain of
0.01-10~* in the left column, and for a shear strain of 1.00-10~% in right column, for the
initial polarization degrees of —1 (purely TM-polarized) in the top row, 0 in the central
row, and 1 (purely TE-polarized) in the bottom row. The strains in the vertical and
lateral direction are set to sz; = 1.5-10~* and Syy = —3.3- 10~%. The axis orientation
of 0 corresponds to an electric field vector pointing along the vertical direction (TM-
polarized) and orientation of +7/2 to an electric field vector oscillating in the lateral
direction (TE-polarized). The anisotropic gains are grg = 2gtm = 3 - 10°m~!, and
the transparency carrier densities are Nymp = Nyrm/2 = 2-10%m=3.  Although
the initial conditions and strain states are equal, the results obtained by propagation
with medium interaction (Fig. 5.6) differ from the ones obtained from propagation in a
passive waveguide (Fig. 5.3). Even for a low shear strain, the polarization state changes
significantly with propagation. Absorption of TM light due to the high transparency
carrier density leads to (additional) inversion of the medium. Since the gain coefficient
for TE light is higher than the one for TM stimulated recombination into the TE-mode
is also higher so that the power is transferred from the TM-mode to the medium and
than to the TE light (top row in Fig. 5.6). After a transition phase (below 4mm in
Fig. 5.6 top right) an equilibrium between power rotated from the TE into the TM
modes due to birefringence and power transferred from TM light into the medium and
back to TE light is reached, and the polarization state does not change anymore with
propagation distance. Although the polarization becomes linear, it is not purely TE
polarized for a non-vanishing shear component. The trend of the DOP as a function of
the strain components is similar for the case with and without gain, see Fig. 5.7. The
resulting DOP is higher for the model with gain compared to the one without. In the
following, the results of an experimental study are presented where the emitted beam
from one diode laser is injected into a second diode laser. No current is injected into
the second device 2. The two diode lasers have an equal built up and emit at the same
wavelength 970nm. Before entering the second diode laser the emitted beam with an
initial polarization purity of 98% for the TE-mode passes through a half-wave plate,
a polarizing beam splitter and a second half-wave plate, which is rotated to adjust
the beam to be TE-, TM- or 45°-polarized with respect to the second diode laser.
The results, which are drawn from the experiment (see Fig. 5.8) support the above
statements: The magnitude of the gain for the TM mode is much smaller compared
to the TE-gain at the TE emission wavelength Arg, so that the interaction (in terms
of stimulated absorption and stimulated emission) of the QW with TM-polarized light
at Apg is small compared to the interaction with TE-polarized light. For injection of
TM-polarized light in the first case, nearly completely TM-polarized light comes back
out of the waveguide, which supports the fact that the interaction cross-section (gain)
of TM light (at the TE wavelength) is small. In the second case, the injection of 45°-
polarized light, TE polarization components are absorbed by the gain medium, since
the diode is not biased so that mainly TM components remain in the output light. The
power decreases because the TE components are absorbed. The same argument holds
for the third case: Injection of TE polarized light. The reduced DOP occurs due to

2The author would like to thank Simon Rauch, with TRUMPF Laser GmbH, Schramberg, for the
conduction of the experimental work.
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from TE-polarized to TM-polarized light. The initial field is purely TE-polarized.

For comparison, the case for a medium with no gain is plotted as dashed lines. The

anisotropic gains are grg = 29ty = 3 - 10° m~! and the transparency carrier densities
are Ny, T = Ntr.TM/2 =2-10%m™3.
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FIGURE 5.8: Results for optical injection study with different polarization states of the
injected light. The device under test is not turned on.

birefringence accompanied by polarization rotations in the waveguide. For the model,
the values for the strain components (Th. 5.1) are calibrated to match the experimental
results for the specific device. Evaluation of the applied strains (from Th. 5.1) yields
s11(P{y = P{)/(Pjy — P{y) — s22 = 3.906 - 10~%.

5.3 Beam Propagation in Anisotropic Medium

The vectorial BPM is employed to study the polarization rotation in a waveguide (with-
out gain) with a homogeneous shear strain of 1-107* and a (compressive) lateral strain
of —0.8-10~%. As initial field, a Gaussian distribution in both vertical and lateral di-
rection with widths wp, = 1m and wp, = 30 m is launched into the waveguide. At
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Parameter Symbol  Value

Front facet refl. Ry 2%

Gain coeff. for TE gTE,0 3-10°m!
Gain coeff. for TM 9TM,0 0.03-10°m™!

Trans. carrier density for TE Ny g 1.7-10%*m™!
Trans. carrier density for TM  Nyrv 5+ 10*#m~!

Waveguide strain (vertical) 511 —2.533-10~4
Waveguide strain (lateral) S22 —2.776 - 1074
Photo-elastic coeff. Py —0.193

Pis —0.164

Py —0.051

TABLE 5.1: Parameters for injection study. The photo-elastic coefficients are calculated

for Alp2GagsAs. It is assumed that the waveguide consists entirely of this material

and all parameters, including the gain coefficient and transparency carrier densities are
determined for a wavelength of A = 970 nm.

the borders of the domain, an absorbing boundary layer is applied to prevent reflections
back into the waveguide. The observed polarization rotation, compare Fig. 5.9 and 5.10,
for the strain state, is in agreement with the analytically predicted one, see Fig. 5.5.
In this figure, the marked points are simulation results obtained with the anisotropic
BPM. Starting from a Gaussian distribution in the vertical direction, during propa-
gation the vertical mode profile resembles the fundamental mode calculated with the
vertical eigenmode solver, Fig. 4.7. The lateral profile remains Gaussian. In agreement
to the analytical findings, higher shear strain leads to decreased DOP. This trend also
resembles with the help of BPM. The modulation of the power components over length
increases and additionally the periodicity of the modulation changes. For a larger shear
strain component (with the same lateral strain) more light is rotated into the TM mode
within a shorter distance, see Fig. 5.10.

The opto-mechanical model is derived under the assumption that the structure is in-
variant in the z-direction, there is no strain along the propagation direction, and the
shear strain components s,. = s;, = 0 vanish or are small enough to be neglected.
This is not always the case in real applications. The longitudinal strain components
can lead to a walk off of the beam in the birefringent medium as known from nonlinear
crystals. The extension of the BPM including strain and therefore perturbations of the
permittivity tensor also in the components, which are not solely related to the transverse
components, has to be investigated in future studies. The results of the analytical and
numerical analysis of propagation in an anisotropic medium are:

e For s;, # 0 and s;; = sy, = 0 the entire power oscillates between TE and TM
polarization.

o For s;, # 0, 55, # 0 and sy, # 0 fractions of the total power oscillate between TE
and TM polarization.

e If a plane wave is launched with the polarization vector aligned to the principal
frame of the medium also for s, # 0, sy # 0 and sy, # 0, there is no oscil-
lation between the power in TE and TM modes. In this case orientation of the
polarization does not change during propagation.
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FIGURE 5.10: Degree of polarization over propagation length for two different strain
states. The resulting DOP (averaged over the 4 mm distance) for state 1 (left) is 0.050,
the one for state 2 (right) is 0.255.
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e For s, # 0, sz = 0 and sy, = 0 the angle between the principal axis and the
original frame is /4.

5.4 Influence of Thin-Film Stress on Polarization

During fabrication of semiconductor lasers, multiple stacks of thin-films are deposited
on a (GaAs) substrate. These films are epitaxial layers, ohmic contacts, insulating lay-
ers, and metallizations, see Fig. 5.11. According to the respective growth processes,
the films introduce mechanical stresses to the device. The stresses occur due to lattice
mismatch, for example, for InGaAs quantum wells or differences in CTEs, for example,
for the sputtered metallic layers. As described previously shear strain in the waveguide
cause polarization rotations and should, therefore, be reduced for highly polarized out-
put light. Shear strains emerge especially around geometric features which introduce

0.00

1 of light field e —0.40

Vertical position z / pm
Strain eyy / %

center of emitter

70 75 80 85 90 95 100 105 110
Lateral position y / pm

FIGURE 5.11: Overview of mechanical structure around a trench. The field plotted in
the background is the initial strain for configuration 1, see Th. 5.2. The area shown is
just a fraction of the entire simulation domain.

discontinuities in stiffness of the mechanical domain. Strain and polarization patterns
around v-grooves are measured and modeled by Cassidy et al. [84]. High shear strains
occur at corners or material interfaces since initial stresses relax in these regions. The
trenches adjacent to the contact opening are accompanied by areas of relatively large
shear strains, see Fig. 5.12. However, the strength of the strain components depend on
the stress state of the individual thin-films. In this section, the influence of the stress
state of the thin-films on the polarization is investigated. The goal is to approximate
the depolarization as a function of the thin-film stress. Two factors mainly influence
the resulting depolarization: The magnitudes of the stresses applied to the individual
layers and the spatial distribution of the light field. The lateral width of the latter plays
an essential role in the study since large shear strains occur near the trench. So if the
near-field reaches all the way to the trenches the interaction is larger than for smaller
near-field widths. For each location in the two-dimensional mechanical domain, the lo-
cal DOP (distributions are shown in Fig. 5.14) is evaluated concerning the computed
strain from the mechanical problem and the local material parameters. Thus, after the
solution of the mechanical problem the resulting strain components are inserted into
(5.55), and with the help of (5.53) the longitudinally averaged DOP is determined for
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FIGURE 5.12: Degree of polarization and strain state for a lateral cross-section through
the active region. The thin-film stresses are applied according to configuration 6 in
Th. 5.2.

each transverse location. This model resembles the polarization rotation of a purely
TE polarized plane wave propagating through the strained waveguide for at least one
period of polarization rotation. In this simplified model, the BPM is not applied so that
diffraction of the light field is neglected. The overall DOP is determined by averaging
the local DOP and employing the intensity distribution as a weighting function. For
this study, the intensity distribution equals the eigenmode in the vertical direction and
in the lateral direction two distributions are utilized: A super-Lorentzian distribution
with a width of 100 pm and a top-hat distribution with a width of 170 pm. The latter
is the extreme case for the near-field width since the field reaches all the way up to the
trenches and therefore, reveals an upper limit for the expected depolarization. The stress
in a thin film is not directly measured but are extracted from wafer-bow measurements.
After the deposition of each layer the entire wafer bows according to the stress induced
by the (latest) applied film, see Fig. 5.13. Based on Stoney’s model [85] the in-plane
(lateral direction) stress in a deposited film is

Eyd? 1 1
_ s _ L 64
ot GOAdef<RF1 1%)’ (5:64)

where v5 = 0.31, Es = 85.5GPa, dy = 450 um are Poisson’s ratio, elastic modulus, and
thickness of the substrate, df is the film thickness, R; is the radius of curvature of the
wafer after application of the film and R;_; the one before. The radius at process step
i is determined from the (measured) wafer bow Ax;

r2 + Ax?
R =¥ 2% 5.65
‘ 2A£L‘l ’ ( )
with the wafer radius ry, = 30mm. The strain in each thin-film is assumed to be

constant. In Stoney’s model, the strain in the substrate is linearly proportional to the
distance from the neutral fiber =
E, T
@:< S)—. (5.66)

1-v) R;
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FI1GURE 5.13: Top: Wafer bow after each process step. The bow is measured with p-
side up, so that a positive bow indicates a compressive stress in the thin-film. Bottom:
Stress in thin-film calculated by wafer measurement apparatus and evaluated from
wafer bow and nominal layer thickness based on Stoney’s Eq. (5.64). Measurements
are performed on 8 wafers (each value indicated by individual bar). Markers indicate
the average over the dataset. Additionally the spread is given by the error bars.

The neutral fiber is positioned in the center of the substrate so that the maximum
stress values in the substrate are at xp.c = i—%. The determined stresses are used as
baseline values for the DOP study. Findings from wafer production suggest that these
stresses can vary significantly in magnitude and even sign based on process parameters
or production variations. Various combinations of stresses in the respected layers are
taken into account to find the correlation to the resulting DOP reduction. The config-
urations, which are summarized in Th. 5.2, with different magnitudes and even flips of
the signs of the stresses are investigated and resulting DOP patterns are determined,
see Fig. 5.14. Regardless of the sign of the resulting stress for the entire layer stack, a
larger overall magnitude of the resulting stress leads to a wider spread of the regions
with low polarization, compare configurations 2, 3 (top row) with 4, 5 (bottom row) in
Fig. 5.14 and the difference between DOP for configuration 1, 4 and 6 in Fig. 5.15. The
overlap of the light field with the region close to the trench, where the depolarization
is mainly induced is a crucial property for the analysis. If the light field does not ex-
tend all the way laterally to the trenches (see the intensity and DOP in Fig. 5.12) the
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Configuration
Thick. / pm | 1 2 3 4 5 6 7
Lateral stress / MPa

Epitaxy intr.  intr.  intr. intr.  intr. intr. intr.
SiN 0.15 150 300 -150 150 150 150 300
Ohmic con. | 0.32 -230  -460 -230 230 -230 -230 -230
Plating 2.28 20 40 20 20 200 -200 20
Resulting ‘ 2.75 -2.04 -4.08 -18.43 51.59 147.14 -184.37 6.16

Avg. polarization 0.998 0.998 0.996 0.987 0.975 0.919 0.997

TABLE 5.2: Parameters for thin-film stress study. Lateral width of light field for
integration w = 170 pm.

expected polarization decrease is smaller compared to a field distribution which reaches
the trench region. In summary, the correlation (obtained by linear regression) between
the magnitude of the resulting layer (stack) stress |opes| and the (averaged) change in
polarization is Ap = —1-107° MPa " !|Aoye| and Ap = —3- 1074 MPa | Aoes| for a
100 pm and a 170 pm wide near-field. If the resulting stress |oyes| stays below 50 MPa
the DOP decrease (for an unmounted laser) is smaller than 1.5 % even in the case of a
wide near-field.

5.5 Packaging Influence on Polarization

The investigated HPDL arrays are packaged with hard solder (AuSn) on CuW sub-
mounts (first interface). The submount is subsequently soldered, also with AuSn for the
second interface, on an electrically isolated cooler. The cooler is made of copper sheets
which embody micro-channel cooling structures. This copper sheet stack is sandwiched
between two ceramics layers, and additional layers of copper are plated on top of the
ceramic layers to provide a mounting surface for the submount, see schematic drawing
in Fig. 5.16. Requirements on the coolers are high thermal conductivity and tailored
CTE for expansion matched heatsinks [86]. The goal in this section is to explain possible
causes for the local reduction of DOP in LAs and investigate the influence of submount
thickness, CTE and thermal state of the device on the resulting DOP.

In the mechanical model of a packaged SE or LA, it is distinguished between two types
of sources: The first kind include stresses which emerge from sources, which can be
modeled (with a reasonable amount of effort) or analytically described. Those sources,
for example, include CTE mismatch between two materials which are bonded together
in the soldering process, the intrinsic lattice mismatch of semiconductors, heating during
device operation or film-stress introduced during chip processing. If material parame-
ters are known, or assumptions can be made, the stress state of an emitter or LA is
computed by application of a mechanical model as presented in Section 5.1. However, in
reality, there are more contributors to the mechanical state, which, for example, emerge
from microscopic properties of materials, like grain boundaries, voids or other inhomo-
geneities in the solder or from variations of process parameters, for example, during
plating or in the packaging process. Colbourne and Cassidy present measurements of
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The results shown are computed with thin-film stresses given in Tb. 5.2 for configura-
tions 1, 4, and 6.
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FIGURE 5.16: Schematic of high-power diode laser device packaged p-side down on
submount and micro-channel cooler.

stress distributions for GaAs-based diodes obtained by scanned polarization-resolved
photoluminescence [87]. They report bonding stresses (in the case of AuSn solder) up
to o4y = —200MPa and demonstrate the significant amount of stress introduced to
the device in the bonding process. In their measurements, the peak stresses in the un-
mounted device are about one order of magnitude smaller compared to the mounted
case. An example of polarization resolved near-field measurements of a LA Al (details
in Th. C.3) packaged on a 350 pm thick CuW submount is displayed in Fig. 5.17. In this
case, the spatial variation of the emitter resolved DOP does not follow a trend along
the lateral direction. Even the emitters at the edge (the outer emitter is number one)
do not show more decrease than some emitters in the central parts of the array, for
example, emitter number 20 in Fig. 5.17. The local DOP is evaluated individually for
each emitter by averaging the intensities over the respective emitter width. 3 The DOP
variations obey a statistical nature and are not predictable by models presented in this
work. However, the contributions are not excluded but treated as perturbations of the
stress or strain in addition to the sources of the first kind. Neither the form of these
perturbations (spatial distribution) nor the magnitude is predicted. Nevertheless, the
latter is estimated by comparing numerical results with measurements. If a structure in
the simulations is robust against mechanical perturbations (of arbitrary form), this fact
also reflects in real applications. In the simulations presented in Fig. 5.21, an arbitrary
strain perturbation is added to the initial strain. The analysis is a stability analysis
of the opto-mechanical system with respect to the polarization state, in which the re-
silience against depolarization is evaluated. The simulation domain includes: A GaAs
substrate with epitaxial layers (waveguide and QW), the thin-film layers (SiN, ohmic
contact, p-metallization), AuSn solder (15 interface), submount metallization, CuW
submount, AuSn solder (24 interface), simplified model of cooler (bulk copper blocks
and two ceramic layers), see schematic drawing in Fig. 5.16. The material parameters
are listed in the Appendix in Th. C.5. The finite-element sizes of the triangular mesh
are locally adjusted to include microscopic features like the several nanometer thin QW
(see dense meshing in Fig. 5.18 around QW), thin-film layers of submicrometer thickness

3The author would like to thank Udai Bhanu and Stefan Heinemann both with TRUMPF Photonics,
Inc., Cranbury, for providing these measurements.
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FIGURE 5.17: Measured near-field intensity of TE and TM polarized light. The DOP

per emitter displayed by markers. Starting from the left edge of the laser array with

emitter one a total of 27 emitters out of the 55 emitter array are displayed. The diode

array is soldered on a CuW submount with 350 pm thickness, which is subsequently
soldered on to a micro-channel cooler [86].

and geometrical details around the trenches (contour of p-Metal in Fig. 5.18). For the
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FIGURE 5.18: Detailed view of the triangular mesh around the active region at a
trench.

thin-films on top of the epitaxial layers, an average force density of 455 Nm~! is applied.
Stress arising from the cooling of the materials from solidification temperature down to
room temperature is computed with the CTE for each material layer to simulate the
soldering process. More sophisticated numerical models for the bonding process include
temperature profiles over time, creep of the solder material and plastic deformation.
In this scope all materials are treated by the linear elastic theory and the final state
is computed based on a loaded structure (with initial stresses), which relaxes into the
equilibrium state. All the stress contributions are added and applied to the mechanical
structure as initial stresses (5.9). In the initial state, all deformations are zero. When
the structure relaxes the initial stresses lead to deformation of materials until local force
equilibrium is reached. The relaxation is computed by the solution of (5.7). The local
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polarization rotation is computed from (5.53), and the spatial averaged DOP is evalu-
ated by integration of local DOP weighted by a predefined near-field intensity. For the
intensity, the waveguide eigenmode in the vertical direction and a top-hat distribution
with near-field width corresponding to the contact opening width is assumed in the lat-
eral direction. The NF profile does not reach to the trenches so that the DOP reduction
directly around the trenches does not significantly influence the spatial averaged DOP.
Of course, the near-field distribution can be different in real devices so that the effect
may contribute more than it is accounted for here. In the first case, no additional per-
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FIGURE 5.19: Polarization purity in transverse plane for the relaxed structure with no

additional perturbation applied. The plot shows a fraction of the simulation domain

with a focus on the waveguide. The QW is located at vertical position zero, and the

axis of symmetry is at lateral position zero. The calculated polarization is only valid

in the semiconductor regions. The regions with solder or metal have a default value of
one assigned for the polarization.

turbation is added, and only initial stress due to lattice mismatch, the bonding process,
thin-film forces, and self-heating is applied. Local DOP-decreases, particularly in the
optical waveguide (Fig. 5.19), emerge from two effects: A local decrease around trench
or ridge features and a decrease towards the outer edges of the array caused by an ac-
cumulation of shear strain from the bonding process (the encircled region in Fig. 5.19).
Despite periodic patterns induced by the trenches, the shear strain is close to zero up
to a distance of 4 mm away from the center of the array. Towards the edge of the array,
shear strain decreases to about —0.01% accompanied by a DOP reduction to about
70 %, see Fig. 5.20. Despite the edges and regions around the trenches, the local DOP is
close to 100 %, which is higher than the experimentally observed local DOP in Fig. 5.17.
The measured DOP over the lateral direction shows a more random distribution with
values below 90 %. This suggests that additional sources of (initial) stresses are built
into the structure during the soldering process. The (arbitrary) perturbations which are
employed are
3

Syy,pert = Apcrt (I - m(),pcrt) Z Sin(
n=1

Y
9’
kpertn

(5.67)

with the values for the parameters Apery, o, pert and kpers defined in Th. 5.3. The per-
turbation is added to the initial strain in the semiconductor materials. Exemplary, for
the case of perturbation (2) plus initial strains, the calculated local DOP is displayed
in Fig. 5.21 and Fig. 5.22. The perturbation introduces regions into the waveguide with
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is at lateral position zero.

Perturbation  Apert / m™

kpert / m  Zopert / m

10
10
5

-50
-50

-50

TABLE 5.3: Parameters for strain perturbations.

local reduced DOP. The state-of-the-art knowledge is that the overall CTE of the pack-
aged stack consisting of submount, solder, and cooler should be as close to the CTE
of the diode laser as possible to match thermal expansion and therefore reduce induced
packaging stress when cooling down the structure from solidification temperature. If the
level of shear strain induced in the packaging process is small, an expansion matched
package provides the optimum solution to ensure both high DOP and high reliability.
However, if due to process variations, solder impurities or geometrical features the shear
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strain in the optical waveguide increases, an introduction of compressive lateral strain
buffers the decrease of polarization due to the presence of shear strain, and maintains
high DOP. For a fixed magnitude of shear strain, the higher the compressive strain in
the lateral direction (negative sign for sy,) the higher the DOP. Under the assumption
that the structure can expand in the vertical direction, based on Poisson’s ratio lateral
compression results in a positive value for the vertical strain component s,,. Although
increasing the DOP, the drawback of additional lateral stress applied to the semiconduc-
tor is a reduction of reliability [88, 84]. The spatial averaged van Mises stress, Fig. 5.23
evaluates the overall stress in the semiconductor. With thinner submount, the higher
CTE of the cooler’s copper becomes more dominant so that higher lateral compressive
strain is induced into the device. The same occurs if the material properties of the
submount are changed. Variation of the submount CTE from 6.5 - 1076 K~ (literature
value) to 7.5- 1070 K~! introduces higher lateral compressive strain. If the magnitude
of the shear strain in the waveguide remains unchanged in both cases the DOP increases
(Fig. 5.5). Therefore, if perturbations induce shear strains into the waveguide, see case
(1), (2), (3) in Fig. 5.17, the model predicts decreasing DOP with increasing submount
thickness (Fig. 5.23) and increasing DOP with increasing submount CTE (Fig. 5.24).
The experimental values for submount thicknesses of 300 pm and 1000 pm show DOP
magnitudes in the same order as modeling results for perturbation (3), see triangular
markers in Fig. 5.17. Due to self-heating during operation of the laser array, the tem-
perature increase can partially reverse the strain built in by cooling of the structure in
the soldering process. In the study higher polarizations are computed for devices with
self-heating.
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5.6 Chapter Summary

Based on the photo-elastic model, an expression for the (longitudinally) averaged DOP
for a plane wave in (transverse) birefringent media is derived as a function of the vertical
strain, lateral strain, and shear strain components. The analytical results agree with
the ones obtained with the vectorial FD-BPM (see Chapter 4) which are performed for
a two-dimensional birefringent waveguide, compare Fig. 5.5. In addition to anisotropies
in the refractive index, the DOP is influenced by an anisotropic gain and interaction
with a gain medium, see Fig. 5.7. The extension of the BPM for the inclusion of strain
and therefore perturbations of the permittivity tensor also in the components not solely
related to the transverse components are investigated in future studies. Both (local)
isotropic variations of the refractive index and birefringence potentially influence the
evolution of the light field and the SAD. However, at this point, these perturbations are
not included in the edge-emitting laser models but solely for the DOP studies in this
chapter.
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The influence of the stress state of the thin-films on the polarization is investigated
for the example of the SE-device D1. Trenches adjacent to the contact opening are
accompanied by areas of relatively large shear strains, see Fig. 5.12. If the light field
does not extend all the way laterally to the trenches (see the intensity and DOP in
Fig. 5.12) the expected polarization decrease is smaller compared to a field distribution
which reaches the trench region. If the resulting stress |oyes| stays below 50 MPa the
DOP decrease (for the unmounted laser D1) is smaller than 1.5 % even in the case of a
wide near-field.
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FIGURE 5.24: Results for averaged DOP for different perturbations defined in (5.67)
and Tb. 5.3 over the thickness of the CuW submount. Simulations without self-heating
are indicated by dashed lines.

Besides the analysis of an SE, the DOP for a transverse cross-section of a packaged LA
is computed. The investigated example is a LA with 55 emitters on a CuW submount
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packaged onto a micro-channel heatsink. A stability analysis of the opto-mechanical sys-
tem is performed with respect to the polarization state, in which the resilience against
depolarization is evaluated. If, due to process variations, solder impurities or geometrical
features, the shear strain in the waveguide increases, an introduction of compressive lat-
eral strain (in combination with free expansion of the structure in the vertical direction)
buffers the decrease of polarization due to the presence of shear strain and maintains
high DOP. The experimental values for submount thicknesses of 300 pm and 1000 pm
show DOP magnitudes in the same order as modeling results for a specific perturbation,
see triangular markers in Fig. 5.24.



Chapter 6

Electronic Properties of
Semiconductors

In this chapter, a model for the electronic transport of carriers in semiconductor het-
erostructures is presented. The drift-diffusion model [89] is utilized to calculate the
electronic properties of semiconductor lasers, as such as carrier concentrations, band
edge energies, quasi-Fermi energies, current density, temperature and interaction with
the QW. The focus lies on the calculation of one- and two-dimensional structures. Com-
mercial software is available for the calculation of electronic properties of semiconductors
based either on the Finite-Differences Method (FDM), Finite-Element Method (FEM)
or Finite-Volume Method (FVM). Nevertheless, the underlying source code is not ed-
itable or extendable (to account for additional physical effects in future applications),
and the seamless coupling (fast and standardized interfaces) to the remaining SEMSIS
software modules is not guaranteed. The required outputs of the electrical model are:

1. Transverse current profile and spatial carrier distribution in QW,
2. optical power and voltage over current for laser devices,
3. determination of (modal) free-carrier absorption for the active device,

4. determination of heat sources (Joule, radiative and non-radiative).

The current flow through the transverse cross-section influences the carrier distribution
inside the QW. The spatial profile of these carriers determines the gain and refractive
index perturbation in the QW, and thus influences the optical modes. The chapter
is structured as follows: First, the theoretical background for the drift-diffusion model
is recited and the governing equations for the electric potential, carrier densities, and
the quasi-Fermi potentials are derived. In Section 6.2, a formulation based on the
Scharfetter-Gummel discretization on structured meshes, and in Section 6.3 an approach
for the discretization of the drift-diffusion equations in the scope of the FEM is presented.
The electrical problem is coupled to the photon rate equation, and the example of
SE device D1 presents the results of electro-optical calculations for a one-dimensional
(vertical) and two-dimensional (transverse) domain.
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6.1 Drift-Diffusion Model

To model charge carrier transport, the electric potential and quasi-Fermi potentials of a
heterostructure, the semiconductor equations for semi-classical transport of free electrons
and holes under the drift-diffusion approximation are employed. The DDM consists of a
system of three nonlinear coupled partial differential equations, which in this form have
been proposed by van Roosbroeck [90] and describe the semiconductor properties on a
macroscopic scale. Background on the semiconductor electronics equations are given in
[30] and [91]. In the scope of this work, carrier densities are described by Boltzmann
statistics. Extension of the Scharfetter-Gummel scheme for Fermi-Dirac statistics or
other constitutive laws for the carrier densities is presented in [92]. In the drift-diffusion
model (see for example [89, 38, 93, 94, 95, 96]), the fluxes arise from two contributions:
Drift due to a gradient of the electric field and diffusion of carriers due to carrier density
gradients. The DDM consists of a set of three nonlinear coupled differential equations,
which in the stationary case read

V- ‘fé =p (61)
V. j‘;L = qa R,
V-J,=—qaR (6.3)

for the dielectric displacement f;, in Cm™—2, the electron fn and hole j;) current densities

in Am~2, the charge density p in Cm™3, and the recombination rate density R in m3s~!.

The equations are conservation laws for the respective current densities, which are related
to associated gradients of scalar potentials

—dgV, (6.4)
_dnv¢n7

—d,Vop,

To
Ty

the electric potential ¢, quasi-Fermi potential for electrons ¢,,, and quasi-Fermi potential
for holes ¢p, all in units V. For intrinsic semiconductors, the Fermi level lies in the center
of the bandgap. The coefficients in (6.4), (6.5), and (6.6) are

d¢ = Estat, (67)
dy = Qeanﬁnv (68)
d;n = Qeleﬁpa (6'9)

with the static permittivity egat, the diffusion coefficients for electrons D,, and holes D,

in m?s~!, and the electron n and hole p densities in m™3. Additionally, the inverse of
the thermal voltage
el
= 6.10
B =0T (6.10)

is introduced. Under the assumption that the Einstein relation holds the diffusion coef-

ficient
kT

Dy yp = g Frip

(6.11)
is related to the carrier mobility for the electrons ju, and holes p, in m*V~=1s~!. The
carrier mobilities are functions of temperature, doping, and material composition. The
mobility models employed for GaAs and the ternary alloys AlGaAs and InGaAs are
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summarized in Appendix A.3. Applying a voltage or illumination with light leads to a
non-equilibrium between electrons and holes, though the carrier distributions are still
in equilibrium with themselves. The non-equilibrium distributions are associated with
the quasi-Fermi energies Er , for electrons and Er, for holes, both in units J, which are
related to the quasi-Fermi potentials via

EF,n = _qd¢n7 (612)
EF,p = 7Qel¢p' (613)
and the limit of low carrier densities is assumed so that Fermi-Dirac distributions are

approximated with Boltzmann statistics. In this scope, the charge densities are related
to the electric potential and quasi-Fermi potentials

AE,

n = Ncexp (B(¢ — ¢n — TE1)> ) (6.14)
AE. E

p = Nyexp (ﬁ(¢p—¢+———g)), (6.15)
el el

where N. and Ny are the effective density of states for electrons and holes, E is the
bandgap and AFE. in J accounts for band edge offsets in heterostructures. A schematic
of the band edges is shown in Fig. 6.1. The equation (6.1) is Poisson’s equation, which
determines the electric potential ¢ based on a spatial distribution of the charge density
P

V (estat V) = —p = —¢e1 (p — 1+ Np(n) — Na(p)) - (6.16)
The charge density consists of the electron density n, the hole density p and the densities
of donators Np(n) and acceptors Na(p). Inserting equations (6.14) and (6.15) into
Poisson’s equation (6.16)

V (gstat VP) = —qel (ni exp (qcl ¢ZBT¢> — njexp <q:::l ¢k;;j"> + Nnet) ;o (6.17)

eliminates the carrier densities and reveals the nonlinearity in the electric potential.
This form is used in Gummel’s map [97], where the equation is solved iteratively with
Newton’s method. The total net doping density Nyet = Np — N4 is introduced for ab-
breviation. For incomplete ionization the donator and acceptor impurity concentrations
as functions of the carrier densities and potentials are

(0)
N,
No(n) = ———P (6.18)
1+ 59D eXp ( kB,ll?)
and ©
N
Na(p) A (6.19)

1+ f-gaexp (%}fﬁ)

where Nl(jo), N/(;)) are reference donator and acceptor impurity concentrations, gp = 2,
ga = 4 are ground state degeneracy factors of the donor and acceptor level and AEp,
AE, are donator and acceptor activation energies [98]. The total recombination rate

R = Rsp + RA + Rsru (6.20)
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consists of contributions from the spontaneous Rg,, Auger R5 and Shockley-Read-Hall
(SRH) Rgru recombination. The recombination rates [96] dependent on the carrier
densities

2
np — n;

Repy = i , 6.21
SRE =+ ) + 7 (p+ p1) (6.21)
Ry, = Cy, (np —nd), (6.22)
Ry = (Cun+ Cpp) (pn — n), (6.23)

where 7, and 7, are the non-radiative lifetimes ins, Cg, is the coefficient of spontaneous
recombination, and C;, and C), are the coeflicients for Auger recombination. The intrinsic
carrier density (see Appendix C.2 for the definition) is

n; = /NNy exp < —Es > ) (6.24)

2kpT

In addition, the SRH recombination rate depends on the band edges and trap energy
level Ep with

—E.+ FE
nip = N¢exp <l;37TT> R
E, — F
p1 = Nyexp <V]€TTT> . (6.25)

In the following, the approximation AET = Ep — F; = 0 [96] is made so that the trap
energy equals the intrinsic energy Fj, which leads to ny = n; and p; = n; in (6.23).
The relation between the intrinsic energy and intrinsic carrier density is given in the
Appendix C.2 in (C.9). Rearranging (6.14) and (6.15) for the quasi-Fermi potentials

Energy
E.>0
Ep =0
Position

,‘"” B Ge1p>0 e ™ *Qel®7z>0
| Ep, <0~ B, <0 | Brn <0 | g,U0>0

N . |

) %

n-doped p-doped

FIGURE 6.1: Schematic of band edges, quasi-Fermi energies and potentials for a hetero-

structure.
AE., 1 ( n >
=¢— —=In{—|, 6.26
bn=9¢ Gel B N.) '’ ( )

AE. E, 1
ép = *Tc+fg+fln<£> (6.27)
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and insertion into (6.5), and (6.6) gives expressions for the current densities

- 1 N, AE,
Jn = @DV — o D, fnV <(z5 +—=1In (—C> — C)

ﬂ No Gel
= @1 DV — gD fnV (¢ + ¢c) (6-28)
- AFE. E 1 N,
Jp = —¢aDpVp — qaDpBpV ( ¢ — °+—g771n<—v>>
P QelVp VP — (el pﬂp <¢ %l %l 3 No
= —quDpVP - ‘Ichpov (¢ + (z)v) 5 (6'29)

where Ny is a scale in units m™3, introduced to make the argument of the logarithm
dimensionless. Note that after application of the gradient-operator the scale Ny vanishes
from the expressions. The form (6.29) reveals the driving mechanisms for carrier fluxes
in the DDM, which are diffusion by gradients in the carrier densities, drift by gradients
in electric potential and drift by gradients in the band structure properties (bandgap,
DOS and band edge offsets). The conduction and valence band edges are determined by

E. = Ep — Xel — Ga9, (630)
Ev = Ec - Eg = EO — Xel — Qel¢ - Eg (631)

where Ej is a reference energy in the unit J (corresponding to the vacuum level) and xe
is the electron affinity in J. The reference level is aligned so that AFE. = Ey — Xel-

6.1.1 Boundary Conditions

For ideal Ohmic-contacts thermal equilibrium and charge neutrality is assumed [89]
Po —nNg+Np—Npy=0, pens= ni27 (6.32)
——
=Nnet

and the carrier densities obey the mass action law. Insertion of the latter into the charge
neutrality condition yields

N, N2
n/pe = £=5% + [ 40l (6.33)

At Ohmic boundaries, the metals quasi-Fermi level aligns with the semiconductors quasi-
Fermi level so that it equals the applied voltage at the contact ¢ext. The electrostatic
potential at the boundary is evaluated from (6.14) and (6.15)

AFE, 1 n
—c+71n(4) . Nuew >0,

v | B An() -
g (R) o Nae <0

Dirichlet boundary conditions enforce the values on the Ohmic boundaries so that for
ze JQOhmic

(%) = ¢o, bn () = ®p (%) = fext; 1 (F) =1y, p(F) = po, (6.35)
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holds. The remaining boundaries are insulating Neumann boundaries. At insulating
boundaries, the fluxes are tangential to the boundary so that for & € §Qmsulating

fi-Jy=0, fi-Jp=0, ii-J,=0, (6.36)

where 7 is the vector normal to the boundary.

6.1.2 Scaling Scheme

Since both material parameters and variables in the DDM differ by orders of magnitude
for typical cases the quantities in the DDM equations are scaled to avoid overflow,
underflow or loss of accuracy in the numerical solution. The scaled quantities become

Parameter Definition Unit
Potential 60 = kBT max/qel A%

Energy Eo = qado J
Diffusion coefficient Do = max[D,, (%), Dp(7)] m?s~1
Mobility 1o = Do/ o m?V-ls~!
Carrier density No = max[Np (&), Na(7)] m™3
Recombination rate Ry = DoNy/I3 m 351
Current density Jo = NoDoger/lo Am—2
Photon flux density So = DoNy/lo m~2s7!
Power density Io = DogeipoNo/ 12 Wm—2

TABLE 6.1: Scaling scheme for drift-diffusion model [37]. For scaling of the potential
the maximum temperature in the domain T},.x = max[T'(Z)] is used.

=z - fo 7
a:—lo, V =1V, 1 Ny’ P N’
=2 3, = on _ % e
b0’ " B LA o/n/p Jo
- Dup . Hn/p p_ R 3 .
Dy = Do’ n/p = o | R= R’ B = ¢op. (6.37)
After application of the scaling scheme (Tb. 6.1) the dimensionless parameter
)
M= 6.38
Nogell? (6.38)

remains in the Poisson equation.

6.2 Finite-Differences Discretization with Box-Integration

Numerical discretization of the DDM in the framework of the FDM with a centered
differences scheme emerges in issues regarding stability and convergence of the solution.
Due to a (local) artificial increase of the diffusion coefficient the numerical stability
can be increased. A common approach is the Scharfetter-Gummel discretization of the
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electron and hole currents as presented in [99]. The method is used to discretize the
drift-diffusion equations on a two-dimensional unregular structured mesh with the FDM
[89]. The particular discretization scheme for the current densities originally proposed by
Scharfetter for a one-dimensional domain [99] and extended to two-dimensions in [89] is
employed to ensure the stability of the numerical scheme. The method is straightforward
to implement and is applied for simulation of optoelectronic devices for example in
[37]. The discretized set of equations in the potential ¢, and electron n and hole p
densities can be solved fully coupled with Newton’s method or in a decoupled iterative
procedure called Gummel iteration [97]. Gummel’s iteration is more robust regarding
the initial state of the variable as Newton’s method. A drawback is that Gummel’s
iteration usually takes more steps to convergence than Newton’s method for an initial
condition close to the solution. For the method presented in this section Gummel’s
map is employed and a summary of the underlying equations is given in the following.
The Gummel map consists of three main steps: The nonlinear Poisson’s equation is
solved with Newton’s method for the potential ¢, where the quasi-Fermi potentials ¢,
and ¢, are held constant. After the updated solution for the potential is obtained the
current continuity equations are solved for electrons and holes. In the last step, the
quasi-Fermi potentials are updated based on the new carrier densities, and the iteration
is repeated until the changes in the variables are below a defined threshold. Despite
the recombination terms, the current conservation equations are linear in the respective
carrier densities. The nonlinearities in the recombination terms are linearized so that
the discretized current continuity equations in the iteration are linear. Discretization of
current densities based on the Scharfetter-Gummel scheme [99, 89, 37] leads to

Dyic1ja;
Jyzi-1/25 = #_1//; (B (Yu,ij — Yui-1,5) Vij — B (Wui-1j — Vi) Vi-1) »

- Dyit1/2, (B(

Jyzit1/25 = Afir1 Yuit1j — Vi) Viel,j — B (Vuij — Yuit1,5) Vij) »
1

(6.39)

where B(z) = %7 is the Bernoulli function and the variables 1, = B(& + ¢c) and

Py = 7B(d~> + ng) are substituted for the potentials. The definitions of the discretized
current densities hold for both carrier species with v = 7 for electrons and v = p for
holes. The mesh spacings are defined as AZ; 12 = Tiy1 — & and Afiy 10 = Jit1 — Gi-
Analog, the current densities in the y direction are

. Dy 1/

Joyig—1/2 = #_1//2 (B (Yuij — Yvij—1)Vij — B (W1 — buij) vij-1),

~ E ij+1/2

Joyige1/e = #—%—1//2 (B (Yuiga1 = Yuig) Vigrr — B (v — Yuije1) vig) -
(6.40)

Application of Gauss’ theorem to the electron continuity equation
/@-f,,,/p:pz%dazzo
Q

s / J:;l/p-déiy:/}?dfczo (6.41)
JoQ JQ
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and discretization for each inner box around the nodes (7, j) & Ngra = and (i, 5) & Ngea ¥
of a rectangular mesh (Fig. 6.2) yields

(jn/p,z,i+1/2,j - ~n/p,z,ifl/Q,j> Az,j
+ (jn/p,y,i,jﬂ/z - jn/p,y,i,j—w) Ayi F Ay idyjRij =0, (6.42)

with the surface areas

P AZiy1yo+ AT 10
A=—0 (6.43)

and B 5

Ay = Agjirye + ij—l/Z.

- 2

All current densities in (6.42) are only evaluated on interior nodes. On exterior nodes,
with Neumann boundaries, the respective term in (6.42) for the current density com-
ponent normal to the boundary vanishes so that no current flows out of or in to the
domain. The set of mesh nodes that have a defined gradient in the positive x direction
are defined as

(6.44)

Ngraat = {(i,7) € N?|(i,5) ¢ nx o+ Unexal0 < i < No =10 < j < N, =1}, (6.45)
and the ones which have a defined gradient in negative x direction are

Ngraz- = {(i:4) € N*|(0,5) & nxa- Unexal0 <i S Np =10 <G < Ny =1} (6.46)
Analog, the nodes for the y direction are

Ngray+ = 1(6,5) € N?|(4,§) ¢ iyt Uexat0 < i < Np =10 < j < Ny — 1}, (6.47)
and

Ngray- = 1(0.7) € N?|(i,5) & nny- Unexal|0 <4< Ny — 1|0 < j < Ny — 1}, (6.48)

where ny ;= and ny + are the set of mesh nodes which have Neumann boundaries in
positive and negative x or y direction, respectively. To subtract specific regions from
the rectangular domain, the mesh nodes nexq are excluded from the computation.

To maintain high numerical accuracy for small values of the potential differences, similar
to the approximation in [89], the Bernoulli function is evaluated as follows

—Zz , 2 < —Zmax
|Z| + e|z‘)\z‘71 , —Zmax < 2 < —Zlim
Be)=q 1-42+¢2° ,—2im <2< 2im > (6.49)
Til , 2im < 2 < Zmax
0 L2 > Zmax
where zim = 1-1073 and zmax = 80 is used. The recombination terms (6.42) are

nonlinear in the carrier densities and obey the form
Ry(n.p) = (np = nf)ru(n.p). (6.50)

The functions r,(n,p) = r.(no, po) are approximated with values from previous Gummel
iteration steps, and only the first term of R is linearized with respect to n and p. For
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electrons the scaled linearized recombination rate yields

Ru(fz) ~ nporu (7o, Po) — ﬁ?iu(ﬁmﬁo) (6.51)
and for holes

[L(p) ~ TLOP”[L(’”Ova) - Tl27‘ (”07110) (652)
Insertion of the linearized recombination terms into (6.42) results in a linear system of
equations for the carrier densities on the grid nodes. The system matrix is a tridiagonal
sparse matrix in the two-dimensional case.

- +
}"0,1 ’L[),l

FIGURE 6.2: Definition of discretized current densities .J,, respective mesh spacings
ho,i, h1,j, integration box and mesh knots for variable ).

6.3 Finite-Element Formulation for Primal Mixed Method

The expressions for the current densities can be inserted into (6.1), (6.2), and (6.3)
so that only the potential and quasi-Fermi potentials remain as the unknowns in the
equatlons However, a different approach is followed here. Both, the current densities
J¢, J,, and Jp7 and the potentials ¢, ¢, and ¢, remain as unknowns in the system
of equations. The benefit of this approach emerges from the explicit control of the
discretization of the fluxes and the reduction of the entire system to a first order problem.
The method is called Primal Mixed Method (PMM). Mathematical details about the
Primal Mixed Finite-Element Method are found in [100]. For the PMM the vector of
(unknown) variables is

u= (¢7f¢7¢n, fn,¢p,fp) . (6.53)
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The system of nonlinear, coupled equations is

Ly=-V-Jy+p (6.54)
Ly =Jy+dsVo, (6.55)
Ly, =V Jn—qaR (6.56)
Ly =Ju+dVon, (6.57)
Ly, =V - Jy+qaR, (6.58)
Ly =T, +d,Vep (6.59)

and despite the recombination terms in Egs. (6.56) and (6.58), which are associated with
the quasi-Fermi potentials, the respective currents are linear in the variables. Eq. (6.54)
for the potential remains nonlinear in ¢, ¢, and ¢, in the mixed formulation. Newton’s
method is employed to solve the set of nonlinear equations by iterative solution of the
linearized system

L(u,0u) = L(u,0u) + 6L(u,du) =0 (6.60)

for the vector of functions du. To solve (6.60) with the FEM, the vector of test functions
v = <’L}¢,1_)‘J;7’L)¢n7’l7jn7’l)¢p7’l7‘];)> 5 (661)
is introduced to define the functional

F(u,du) = /Q L(u,du) -vdx (6.62)

by integration over the domain Q C R, where d is the number of space dimensions. The
entries of the Jacobian for Newton’s method are given in Appendix C.7. By integration
over the entire domain and partial integration over the terms with the divergences of
vector quantities the weak form associated with (6.54) is obtained

Fy= /Q (Jo+875) - Vg
+ (P - qel(n + p)56¢ + gafnddn + Qelﬁp&bp) Vg

ONp 6NA dNp ONA
+qc1( 56 d¢ — 5¢ 5o < 0¢n — 50y 6¢p) vy da
- / (J¢ + (5J¢) - iivg ds. (6.63)
60

By partial integration, the derivatives are shifted from the vector currents to the scalar
variables, which are the potentials and corresponding test functions. The weak form for
the associated current is

Fj = /Q (Jo + 0T + gV + dsV60) - 77, da. (6.64)
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The weak form for (6.56) contains all functionals proportional to test function vg,

Fy, :/Q - (j;z + 5fn) - Vg,

OR
— Qel (R + %&b + 75(% + 5¢p> vy, d

+ /5 . (Jo+ 000 - vy, ds, (6.65)

and the weak form for (6.57) contains all functionals proportional to test function ¢ 7.
F = / (Jo+ 6T+ A0 + Ay V605 + 5,86 — 5,56, - 55 d, (6.66)
Q

where bn = dpBV ¢, is introduced. Analog, Eq. (6.58) holds all functionals proportional
to test function vy,

Fo, =/Q— <fp+5fp> " Vg,

oR oR oR
+ Gel < ¢5¢ + ?&Z)n 56, 5¢p> vg, dz

+ / (Jp + 6, - fivg, ds, (6.67)
6Q
and with b, = d, BV ¢, the weak form
F = /S Z (Jo+ 60, + Ay + dy V66, — B0 + B00,) - 77 dv (6.68)

is associated with (6.59). To ensure that the integrals for the weak forms are bounded,
the gradients of the scalar functions and test functions have to be square integrable and
the vector currents and respective vector test functions have to be square integrable, so
that the solution vector is in the mixed function space du € Vo x Vi xVox Vi xVoxVp =W
with Vo = {v € HY(Q) : v = upondQp}, and V; = LZ(Q) and the test function
vector is in the mixed test function space v 6 V}] X V1 X VO X Vl X V}) X V1 W with
Vo ={veH(Q) :v=00nd}, and V; = L2(Q)%. The test functions vanish on the
Dirichlet boundaries, as well as the normal components of the currents on the Neumann
boundaries so that the surface integrals in (6.63), (6.65) and (6.67) vanish. The space
L2(Q) is the set of square integrable (vector) functions on @ C R?. The variational
problem reads: Find du € W such that

/ L(u,du)-vdz =0 YveW. (6.69)
Q

Standard Galerkin (1%% order Lagrange) elements are chosen for the FEM discretization
of the potentials, and zero order discontinuous Galerkin elements are chosen for the
current densities in the one-dimensional case. Details about the FEM discretization
and respective finite-elements are summarized in [71, 77, 101]. The extension of the
presented PMM for the two-dimensional case is subject to future works. A possible
FE-type for discretization of the vector currents are (Discontinuous) Raviart-Thomas
((D)RT) elements since they preserve the divergence of the current densities in two-
dimensions and are employed for problems in mixed formulations [101].
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standard 15 order Lagrange elements are employed. Details about the FE formulation
in variables (¢, ¢y, ¢p) are given in the Appendix C.8. The PMM implementation of the
DDM is demonstrated by the example of a GaAs pn-junction, with properties listed in
Tb. 6.2. The terminal currents at the p- and n-side obtained with the PMM and with the
FEM formulation (in the potentials as variables) are compared, Fig. 6.3. For the primal
method, the total current density is conserved throughout the entire simulation domain
(Fig. 6.4) even for relatively low resolutions of 20 mesh points (Fig. 6.5). In contrast, even
for a resolution of 160 mesh knots the total current density shows significant numerical
errors for the standard formulation, compare Fig. 6.6).

The introduced PMM is compared to the formulation in variables (¢, $n, ¢p), where

0.70

0.70

T T T e — T T =1
/ P =
/ = =
{ 7z
///
0.65 Y /4 - -
4
. / .
z 4 method, resolution method, resolution
~ / ~ ]
Z.)J 0.60 ---- std., 160 % ---- std., 160 |
= —— std., 80 :O —— std., 80
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FIGURE 6.3: Comparison of calculated terminal current densities on p-side (left) and
n-side (right) boundary for FEM with potentials variables and the primal method (thick
lines). The large discrepancy between the current on the p-side and n-side are observ-

able.
0.5 " T 2.5
— E.
i 2 N (e
B S — 7
00F g
-
i <
z -— Epn ~ 15
o —- Erp el - JIn ]
R ' 2 1
5 — £ 1o} — J
2 g
—-1.0 | — g
\ & 051 ]
,,,,,,,,,,,,,,, N
~15 I I I I I 0.0 I I R I
—4 -2 0 2 4 —4 -2 0 2 4
Vertical position z / pm Vertical position z / pm

FIGURE 6.4: Energy diagram and current density calculated with PMM for the struc-
ture listed in Th. 6.2 with 0.7V applied. The total current density is conserved locally
throughout the domain. The results displayed are calculated on 160 mesh knots.
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FIGURE 6.5: Energy diagram and current density calculated with PMM for the struc-
ture listed in Th. 6.2 with 0.7V applied. The PMM is stable, and the total current
density is conserved locally throughout the domain for a resolution of 20 mesh knots.
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are calculated on 160 mesh knots.

Parameter Value
Material GaAs at 300K
Domain length 10 pm

Np (n-side) 1-102'm~3
Ny (n-side) 1-10¥m™3
Np (p-side) 1-10m=3
Ny (p-side) 1-102'm=3

TABLE 6.2: Parameters for GaAs pn-junction.
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6.4 Coupling of Active Region and Drift-Diffusion Model

In the presented model, the QW is treated as bulk semiconductor, which simplifies the
implementation. But instead of applying the bulk properties of the QW material (in
this case InGaAs), the effective densities N qw, Ny,qw for electrons and holes and an
effective bandgap E, qw and conduction band offset AE, qw are determined by fitting
the change of Fermi energies with carrier density from results of a k-p band structure
calculation. An example is shown in Fig. 6.7. The extracted values are inserted for the
bulk properties of the QW. Therefore, the QW band structure is approximated by two
parabolic bands in the DDM. Although, in this model, sub-band transitions, transition
rates, incomplete quantum carrier capture, the distribution of charges determined by
the quantum mechanical wavefunction (details about the inclusion of these effects are
found in [102]) are neglected, the implementation is straightforward and yields a prag-
matic approach to model HPDL devices. If the carriers in the quantized states are not
in equilibrium with the ones in the barrier (bulk) states, carrier capture, and escape
rates are introduced, and the interaction with the quantized states is treated in more
elaborated models. The separate treatment of quantized and bulk carriers with capture
and escape rates and two distinct carrier densities is demonstrated in [103, 104]. For an
ideal two-dimensional Fermi gas, the quasi-Fermi energy is related to the carrier density

by [105]
Eonp _ Ernpo n/p
T Tl +1In (| exp Nojy , (6.70)

where Epy is a reference energy level. The relation between Ef ./, and n/pow is
determined based on the band structure so that the effective band masses are determined
by fitting the (nonlinear) function y = b+ In(exp(z/a) —1). For electrons and holes, the
effective mass is

N, mh?d
Myyp = %. (6.71)
In the limit of small carrier densities Nlr < 1 Eq. (6.70) is approximated by
EF n — EF 0 n n
— | = — ) —1~—, 6.72
P < ks T PN, N (6.72)

and analog for holes. The approximated relation equals the expression for an ideal
three-dimensional Fermi gas in the high-temperature limit [105]. To couple the optical
problem to the electrical transport model, the approaches in [93, 102] are followed. On
the one hand, the term for stimulated recombination depends on the optical intensity
and on the other hand, the optical gain, and free-carrier absorption are determined by
carrier distributions in the QW and the waveguide. For the transverse electro-optical
simulation the optical problem consists of the eigenmode equation for the electric field
and the photon rate equation, which determines the photon density in the cavity by
equalizing losses and gain. A steady-state solution above the lasing threshold is found
if the photon density and connected stimulated recombination rate equalize the modal
gain and modal loss

Gm — oy =0. (6.73)

The flow-chart for the coupled iteration is displayed in Fig. 6.8, for the case that Gum-
mel’s iteration is used to solve the DDM. If Newton’s method is used for the DDM the
block labeled Gummel iteration in Fig. 6.8 is substituted. The iteration for the coupled
optical-electrical problem proceeds as follows: After the applied voltage is increased the
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FIGURE 6.7: Fermi energy calculated from band structure of epitaxy E1 (see Th. C.1
for details) and (fitted) with the effective model over carrier density. The horizontal
lines on the left axes indicate the zone center band energies.

Gummel or Newton iteration is completed, and a consistent solution for the DDM is
found. The gain and free-carrier losses are updated based on the carrier densities in the
active region. The modal gain

 Jo29l6m|? dzdy

Gm =
fQ |¢m‘2 dLE dy

(6.74)

and modal absorption

Oy, = fQ afc(nvp)‘¢7n|2 dIdy .
" fQ |¢m‘2d:t dy mir

(6.75)

where ag. are free-carrier losses and ayy;; are round-trip mirror losses, are determined by
integration over the gain and losses weighted with the light intensity distribution |¢é,,|? of
mode number m. With increasing stimulated recombination more carriers recombine in
the active region so that the gain together with the carrier density decreases. For modal
gain larger than the modal absorption, the stimulated recombination rate is increased.
In contrast, if the modal gain is lower than the modal absorption, the recombination
rate is decreased for the next iteration step. The stimulated recombination rate in the
active region is updated, and the electronic transport problem is solved again for the
updated recombination rate. After each update of the stimulated recombination, the
residual of (6.73) should decrease, and the iteration is stopped after a defined tolerance
is reached |G i — m,i| < etol. For each iteration step, the update of the stimulated
recombination rate is estimated by

OGm
8Rst,m

The partial derivative at iteration step ¢ is approximated with the values from the
previous iteration steps so that the update for the recombination rate is given by

SRapm = ( )71 (0 — Gim) - (6.76)

Rst,m,i—1—Rst,m,i—2 _ . ) )
6Rst,m,,i _ { Gm,z*Gm,i—l (O‘m Gm,l,—l) 1Gm7z ?é G7n,1,—1 (677)

ARst,m,min s else
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and the stimulated recombination rate at iteration step i is set to

0 Gmi <0
Ruprri = ) Imy = 6.78
stymt { Rst,m,ifl + WRst,méRStamsi ’Gm’i >0 ( )

The relaxation parameter wg, ,, is introduced to damp the updates and ARt s min is
a parameter set to establish an initial increase of the recombination rate. The modal
photon flux density S, is calculated from the stationary photon rate equation

R Ry
S = 7“’”5 P (6.79)
m
where )
Repm = fQ ﬂspRsp(n, P)|bml* dz dy (6.80)

Jo16m|? dzdy

is the fraction of the spontaneous emission coupled into the light field with the dimension-
less factor Bs,. The photon flux density is not directly fed back into the drift-diffusion
equations since the (local) stimulated recombination rate can be determined by the
modal stimulated recombination and (normalized) optical mode profile

Rst = Z |¢'m,‘QRSt,m- (681)
m

Additionally to the recombination rate the temperature is updated based on local heat
sources accounting for Joule heating, non-radiative recombinations, and re-absorption
of light. Based on the new temperature material parameters (effective density of states,
mobility, and thermal voltage) are updated. After the photon density and temperature
iteration converges, the optical eigenmodes are updated (according to Section 4.5), and
the inner loop is repeated until a consistent solution is found. Although the eigenmodes
of the waveguide with gain and losses according to the carrier distributions can be
solved, the method does not evaluate the coefficients for the coherent superposition of
these modes. The modes are coupled through the connection to carrier distributions
by the local gain. However, to approximate the intensity profile the calculated set of
eigenmodes is incoherently superimposed. The photon flux density S in m=2 s!
determined by

is

S=3 " [¢nl*Sm. (6.82)
m
and it is related to the intensity I via I = hwS. The approach is used for both two-
dimensional transverse simulations and one-dimensional vertical simulations. In the
one-dimensional case, the power in a transverse cross-section with contact width w.
inside the cavity is P = wcdqwl.

6.5 Carrier Diffusion Equation for Quantum Well

For the coupled laser model presented in Chapter 8 the electrical problem based on
the drift-diffusion model is not solved in the iteration since the computation time for
a voltage step is long (more than several minutes). For the FD and TD laser models,
solely the (ambipolar) carrier density inside the QW is taken into account. The density
of carriers n%(y, z) is modeled as a two-dimensional quantum gas and determined by



Electronic Properties

of Semiconductors

=
3
g

Initialize
i +— 0

no

imodes ¢ 0

no

modes ¢~ “modes + 1
iphoton ¢ 0

used are the applied voltages U;, temperature T', electric potential ¢, que

no

iphoton <= iphoton + 1
iGummel < 0

iGummel <= iGummel + 1
Lin. Poisson Eqn.

¢ converged?

Gummel iteration

Electrons Continuity Eqn.

Holes Continuity Eqn.

Thermal Diffusion Eqn.

Update Photon rates
Sy, T converged?

Optical Wave Eqn.

< i

Output results

FIGURE 6.8: Flow-chart for transverse electro-optical diode laser model. The symbols

Photon rate and temperature iteration

Optical modes iteration

si-Fermi po-

tentials ¢, ¢p, modal photon rates S, and electrical field for the optical modes E,

with mode number v.



126 Electronic Properties of Semiconductors

the rate equation (carrier diffusion equation) [58, 36]

atnqw - M + D(f)gnqw + Daf”qw - Anrnqw - BSP (nqw)2 - CA (nqw)3
QCld‘qw
i (st 391)" o5 = (o o) o)
o (v 2) 05 = (v d) 077). (659)

where p,v = z,y, and ¢:f7 pf = poi# + Apf are the envelopes of the forward and
backward traveling transverse components of the electric field and the material polar-
ization!, respectively. The equation models the distribution of confined carriers based
on diffusion in the plane of the QW, and the balance of recombination rates. The
polarization dependent parts enter through the SBEs [25]. The variables used in the
rate equation are listed in Th. 6.3. In general carriers diffuse in both the lateral and
the longitudinal direction. However, longitudinal diffusion is neglected so that the rate
equation is solved independently for individual transverse slices along the laser cavity.
The static part of the polarization is expressed by the static part of the susceptibility

Parameter Symbol  Unit
Current density J A/m?
Light intensity 1 W /m?
Transport efficiency Ner

Thickness of quantum well dyw m
Diffusion coefficient D m?/s
Non-radiative lieftime Tor = % S
Non-radiative recombination rate Anr 1
Coefficient of spontaneous emission  Bgp, m3s~1
Coeflicient of Auger recombination Cj mb/s

TABLE 6.3: Parameters for carrier rate equation.

X(0),r = Xr,(0), v T UXi,(0), 5 and by insertion of p({ = 60)((0),/‘”(1)3, the rate equation is

LAt this point the contribution from the linear dispersion to the polarization is neglected. The
derivation including this contribution is briefly illustrated in the following: The frequency-domain rela-
tion between the linear part of the polarization and the electric field (4.23) is transformed into the time
domain

PL(t) = eo(er — 1 — clwret) E(t) + icoclO B (t). (6.84)
With the assumption that e is real, this relation is used to compute the term }3{: E-P, - E =
—2igo(ers|B(E))? + %51.8,\$(t)|2) which enters the carrier diffusion equation. In the equation e,,; denotes
the imaginary part of the dielectric function. Under the assumption that amplitude fluctuations of the
envelope occur at a much lower rate than, for example, the reference angular frequency, 5;<’)L\$(t)|2 can
be neglected.
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written as

ntrt]
(Ieldqw

2h (Xz (0) uud)p ¢+ + Xi ,(0), uud)p ¢u )

ot — Apfolt + Apten — ApL )

o™ = + D™ — Apn®™ — By, (n%)? — Cp (n™)?

4h (

J .

= qn]t; + D62 W — Ayen®™ — By (an)2 —Ca (an)d
el Aqw

+50X7, (0),zx ( E0Xi (0) Yy (

2 +12
o1+ 165 °) + oy I + 19, °)
i +x 1+ + 4+ —% p— — 4=

+E (A B — Apy "+ Ap“*qi)“ —Ap, o) (6.85)
In the last step, it is assumed that the complex part of the susceptibility tensor is a
diagonal tensor, which means that the off-diagonal entries are zero x; ()., = 0 for
1 # v so that there is no cross-coupling of the transverse field components via gain or
loss. The field intensity I, = I} 4+ I; = “°5% (|¢7|*> +|¢;,|?), which is the incoherent
superposition of the forward and backward intensity, together with the components of
the anisotropic (amplitude) gain g, = — LretXi0ur gre inserted

2con

Z“;g + DI — Ayn®™ — By, ()2 — Oy (n™)?
e

Iy
hwref

Aplrod — Apfol* + Apé, — Ap, ¢,7) . (6.86)

81 nd =

1,
QQzaz(nqu T, wref) - Miyfzgyy ("qu T, wref)
rel

il

Eq. (6.86) reveals the (dispersion free) part for stimulated recombination

1
Ry = m 29, (N, T, wret ) I (6.87)
re: "
=G

In the instationary case, the equation is linearized in the carrier density and the time
derivative is discretized with the Crank-Nicolson scheme, see Appendix C.11. Dropping
the time derivative and the time-dependent part of the polarization envelope in (6.86)
yields the stationary carrier diffusion equation

J )
0= qnlt; + Dajnqw — Ayn®™ — By, (nqw)2 —Ca (an)d
el qw
] v
- Z 291z >T’ Wl/) - ZV: %Qny("qwu T7 w,,), (688)

where the term for the stimulated recombination rate becomes the sum over the contri-
butions from each Fourier component I, of the light field associated with the angular
frequency w,. This stationary version is used in the FD models.

The dependence of the gain on the carrier density, temperature, and frequency is calcu-
lated with the methods introduced in Chapter 2. Nevertheless, the gain as a function of
the carrier density can be approximated by analytical functions to simplify the imple-
mentation in the model. The gain as a function of carrier density is approximated by a



128 Electronic Properties of Semiconductors

logarithmic dependence or the first order Taylor expansion of the logarithm around the
transparency density, which gives a linear dependence

o0 1) = o) (575 ) () (s 1) (6.89)

The transparency carrier density Ny, increases and the gain coefficient gy decreases with
increasing temperature 7. The dependencies are approximated by the linear relations
90(T) = g1, — 90,7 (T —Tp), and N, (T) = Nix,1y — Niw,r (T —Tpp) with the parameters go
and Ny, which are extracted from measurements or gain calculations. Evaluation of
the logarithm for negative values leads to numerical instabilities in the solution process.
To circumvent this problem. a Padé approximation [106]

(z—1)(64+2—1)

(@)~ =G im0

(6.90)

is can be used instead of the logarithmic function.

6.6 Results for Vertical Electrical Simulation with Primal
Mixed Method

One-dimensional simulations can be performed with higher resolutions than two-di-
mensional simulations in less time and with fewer resources and are suited to improve
and analyze vertical epitaxial designs. In this section, the PMM is employed to sim-
ulate the electro-optical characteristics of the laser epitaxy E1 (Tb. C.1). The PMM
is stable, has fast convergence and supplies results which satisfy current conservation.
In the presented case the difference between both terminal currents is below 110712 A
up to diode currents of 20 A. The calibration of the model to match the measured

0T L0

Power /| W
Voltage / V
Efficiency

Current / A

FIGURE 6.9: Power, voltage, and efficiency for one-dimensional simulation over current

and experimental values (as markers). A constant voltage of 0.04V is added to the

simulated voltages to match the measured curve. A reason for this discrepancy can

be a contact voltage at interfaces either at the metal-semiconductor contact or in the
measurement apparatus.
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electrical-optical characteristics (Fig. 6.9) is performed by adjusting the carrier trans-
parency increase with temperature Aﬁ? and the length of the fraction of the substrate
included in the simulation domain. Since current spreads in the lateral direction the
effective resistance in the substrate reduces towards the n-side. A linear model for the
gain (6.89) is employed. The calculated dissipated power in conjunction with a thermal

resistance of Ry, = 3KW ! is used to update the temperature. Both, the mode overlap

Parameter Symbol Value Source

Substrate thickness dsub 20 pm calibration

Thermal resistance Ryn 3KW! experiment

Gain change go0,1 —63m~1K™! band structure, gain
Transp. carrier change Ny 1 2.74-102?m3K~1 calibration

TABLE 6.4: Parameters for vertical electrical simulation.

with the doped regions (especially on the p-side) and the carrier accumulation inside
the waveguide around the QW determine the modal loss (Fig. 6.10). Penetration of the
mode into regions with high doping leads to large modal absorption. Besides, the carri-
ers accumulate in the un-doped regions inside and around the QW in dependence of the
operating current and lead to increased free carrier absorption, see Fig. 6.11. The mirror
loss (includes the out-coupling loss) for device D1 is 4.92 cm ™!, and the modal absorption
of the unbiased cavity accounts to 0.48 cm™1. Tt is related to the overlap of the vertical
mode and the doping profile and makes up 64 % of the modal free-carrier absorption
at the threshold, which is 0.75cm™!. An increase from threshold current up to 20 A,
adds another 0.16 cm™! to the modal absorption, which equals about 18 % of the modal
free-carrier absorption (Fig. 6.11). The main increase of modal loss with current takes
place below the threshold, where the carrier density in the QW raises significantly. The
carrier density (in the QW) also increases above the threshold to maintain the modal
threshold-gain for increasing temperature and corresponding decreasing material gain.

Although the most significant change in majority current takes place at the QW due
to the stimulated recombination, some carriers recombine in the p-side waveguide, see
Fig. 6.12. Since the highest carrier densities occur inside the QW recombination rates
are largest in the active region, see Fig. 6.12. The recombination in the p-side waveguide
is larger than in the n-side waveguide, which correlates to the observed leakage current.

6.7 Results for Transverse Electrical Simulation

To investigate the current density distribution in the transverse plane, electro-optical
calculations are performed for device D1 (without trenches). The focus lies on the lateral
spreading of the current, particularly in the p-side, and the injected current density
distribution in the QW. The simulations are performed with the method presented in
Sections 6.2 and 6.4 on a two-dimensional transverse domain. A maximum number
of 20 eigenmodes are superimposed. However, the considered number can be smaller,
depending on the number of modes found each step with positive modal gain. The results
discussed in this sections are calculated for a terminal voltage of 1.43V which results
in a current of 5 A. The conduction and valence band edges in the transverse plane are
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FIGURE 6.11: Results for one-dimensional simulation with 1.7V applied.

displayed in Fig. 6.13. Under the injection stripe, the band edges are deformed so that a
current-channel forms. Large lateral currents are observed mainly at interfaces between
semiconductor layers with a large difference in conductivity. Due to the high doping in
the GaAs p-cap layer, the current obeys significant spreading directly under the contact
opening. The spreading in the p-side waveguide adds up to several micrometers on each
side, see the lateral cross-section in Fig. 6.14. The largest magnitudes in lateral current
density occur in the active region. The redistribution of current and carriers in the
QW are results of both drift and diffusion. In the reduced model, where the carrier
diffusion equation is employed for the QW-plane only contributions due to diffusion
are included. The current density inside the injection stripe width is a function of the
carrier distribution inside the QW and therefore also a function of the optical intensity.
A minimum in the photon density leads to an increased carrier density, see the central
part in the lateral cross-section for the electron density and the photon flux density
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FIGURE 6.12: Results of one-dimensional electrical simulation for D1. The applied
voltage is 1.7 V. The stimulated recombination is not included in the total recombina-
tion rate density.
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FIGURE 6.13: Conduction (left) and valence (right) band edge in transverse cross-
section. The applied voltage is 1.43 V.
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FIGURE 6.14: Current density in lateral cross-sections 0.3 pm above the QW towards
the p-side (left) and inside the QW (right). The applied voltage is 1.43 V.

in Fig. 6.15. The increase in carrier density in the central region leads to increased
separation of the quasi-Fermi energies in the QW. This increase reduces the injected
current in this central part since the current is a function of the potential gradient from
the p-contact to the QW. The lateral modulation of the current density, which correlates
to the electron distribution in the QW and the optical field is observed in Fig. 6.16 and
6.15. In regions with high current densities, local thermal hotspots emerge, which lead
to thermal gradients. Besides the gain distribution, which is a result of the current
injection in the QW, the temperature gradients influence the optical near- and far-field
characteristics. A tailored current-profile can be utilized to impact the lateral mode
distribution and thus, benefit the lateral emission characteristics of diode laser devices.
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6.8 Chapter Summary

Two different discretization approaches for the DDM are presented: The Scharfetter-
Gummel discretization of the current densities in combination with the FDM with box-
integration (on a two-dimensional domain), and the FEM in combination with the PMM.
In the PMM, the potentials and the associated current densities are treated as variables
in the weak forms. So far, the PMM for the solution of the drift-diffusion equations
is demonstrated on a one-dimensional domain. The extension to higher dimensions is
subject to future work.

The main outputs of the electrical solver are: The transverse current profile for an
active edge-emitting diode laser to quantify lateral current spreading (see the lateral
cross-section in Fig. 6.14), the formulation and demonstration of a discretization scheme
for an one-dimensional domain based on the FEM in conjunction with the PMM, and
the calculation of output power, voltage and efficiency in agreement with experimental
results for the epitaxy E1 (see Th. C.1). Additionally, in the two-dimensional simulation
the lateral modulation of the current density, which correlates to the electron distribution
in the QW and the optical field is observed in Fig. 6.16 and 6.15. The modal loss,
determined from the one-dimensional vertical computation for epitaxy E1 (Tb. C.1),
accounts to 0.48cm™! for the unbiased device. This loss is related to the overlap of
the vertical mode and the doping profile and makes up 64 % of the modal free-carrier
absorption at the threshold of 0.75cm™!. An increase from threshold current up to 20 A,
adds 0.16 cm™! (Fig. 6.11).
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FIGURE 7.1: (Simplified) structure of programming languages, libraries, and packages
used in SEMSIS package. The packages in the boxes with thin frames are third-party
libraries.

The software package SEMSIS is implemented in the programming language phython.
Some GPU accelerated modules are written in C' and C++ and the pymagma library
interfaces functions of Magma, which offers multicore and GPU accelerated matrix-
algebra including iterative sparse-matrix solvers [107]. The third party open-source
library FEniCS [101] aims to solve partial differential equations with the FEM. Equa-
tions are defined in the weak formulation and are automatically translated into efficient
finite-element code. The library consists of core modules written in the programming
language C++, and a high-level Python interface. Except for the FEM package FeniCS
and the MAGMA library, all modules are developed and implemented within the scope
of this work. On the top level SEMSIS consists of a collection of modules in which the
engines Quantum for computation of band structure and gain (Chapter 2), Thermal for
solution of heat equations (Chapter 3), Optical providing BPM and TDTW methods
(Chapter 4), Mechanical for linear-elastic mechanical problems and Electrical for solu-
tion of the DDM are implemented, see Fig. 7.1. The FDM solver module contains the
implementation for the discretization scheme presented in (Chapter B). Additionally,
classes for the handling of structured meshes, fields for storage and manipulation of
physical properties, and domain structures, which hold material properties are included
in SEMSIS. Material parameters for commonly used semiconductors are supplied in a

135
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material database. In this chapter, the assembly of the individual physical problems
into coupled models for edge-emitting semiconductor lasers is presented.

7.1 One-Dimensional Longitudinal Laser Model

In the one-dimensional model, the optical intensity for the forward I (z) and backward
traveling wave I_(z), and the carrier density n9¥(z) are functions of the longitudinal
coordinate z. Since the gain is a function of the carrier density and the intensities are
coupled to the carrier density in the rate equations the gain can saturate for higher
intensities. The presented model is a steady-state model so that all time derivatives
vanish. The model consists of the stationary carrier diffusion equation

A — Apen®™ — By, (n%%)? — CG(n™)(Iy +1_) =0 (7.1)
where any diffusion (transverse and longitudinal) is neglected. The coefficient for the
stimulated term Cy = h;‘Tncg and the pump rate A = qldlﬁ with the injected current

I and the internal efficiency 7; are introduced. With the (intensity) gain G = 2¢g and
the modal loss ay,, the equation governing the longitudinal evolution of the forward and
backward propagating fields is

0.1+ F (PG(n™) — )L =0 (7.2)

At the boundaries of the domain 6y = {0} and 6, = {l.}, which are the back and
front facet of the semiconductor laser the intensities must satisfy

I. =1I_Ry on 0%, (7.3)
I_=1.R; on 6% (7.4)
The gain function is approximated with the logarithmic dependence (6.89). To derive

the weak form, the above equations are multiplied with test functions v,,vr, ,v;_ € V,
integrated over the entire domain Q = {z € R,0 < z < I} and added up

F= / ([\ — R (R By, — Oy G(AM) (I + IZ)) v dZ
Q
+/ (85[~+1)1+ — (PG (R™™) — &m)f+1)1+) dz
Q

+ / (aj,vL + (TG(R™) — &,,,)LUL) dz
Q

|
(s I .
— Vor_ -n|I- - | +vrii-VI_ | ds. (7.5)
5% Ry

In this form, the Dirichlet boundary conditions are incorporated weakly by adding the
terms with integration over the left and right boundary of the domain. In the above
equation h is the local cell size of the discretized domain and « is a penalty term
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chosen sufficiently large (the value is set to 10'°) to impose the boundary conditions.
Furthermore, the scaled variables

~ N F Iy ~ S+
Bsp = "07—anSp7 G = lpoum, Iy =—, S+ = )
Iy Iy
qw P - n = .z
v =" Ty = —~, V=10V, ==,
no no lo
A - ~ TlerO X Tar
G= ZOG, Ap = 1, Gy = ) A= ) (76)
lono no

with the scaling constants and parameters listed in Th. C.4 are introduced. The vari-
ational problem to compute the finite element solution of the above problem is: Find
I, 7% € V so that F(I,,I_,79%) = 0 holds for all VI, VI, Vpav € V. The nonlin-
ear coupled system of equations is solved with a Newton solver. An increasing cavity

3.0 T 8 F =
1/ mm 1
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- ~ 6 1
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Z s N
~ bz L 2.0 i
z g°
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FIGURE 7.2: One-dimensional laser model results for intensity (left) and carrier density
(right) for variation of cavity length I, from 1 mm to 6 mm.

length leads to a decrease in the thermal resistance, electrical resistance, power (and
slope efficiency), maximal intensity inside the cavity and an increased threshold current.
For the same injection current, the maximum intensity in the cavity decreases and the
effect of Longitudinal Spatial Hole Burning (LSHB), the higher carrier density in the
rear part of the device, is reduced, see Fig. 7.2.

7.2 Frequency-Domain Laser Model

In the FD edge-emitting laser model (Fig. 7.4), the electric field is propagated from one
transverse optical slice to the next in a Fox-Li iteration using the FD-BPM introduced in
Chapter 4. The propagation can be performed with either the implicit scheme (4.72) or
the explicit scheme (4.70). The total photon density is calculated based on the incoherent
superposition of the forward and backward propagating fields at each longitudinal posi-
tion. If the propagated field is the forward traveling one, the backward field values from
the previous round-trip are taken to determine the total photon density and vice versa.
Based on the carrier density and temperature distribution, the gain and carrier-induced
refractive index change are calculated, and the beam-propagation matrix is updated.



138 Semiconductor Laser Models

The electric field is propagated through the optical slices until the next electro-thermal
slice is reached and the material parameters are updated again. After iterating through
the domain in the forward direction, the front facet boundary condition is applied, and
the iteration is continued for the backward propagating field. Similar iterative models
are reported in the literature [108, 109, 110, 111, 22, 23] and are employed to simulate
output characteristics of edge-emitting diode lasers. The model can be extended with

+,0ut +,in +,out 1 + +,in

T
1+
Ein =tiabia=FE,; E

i =t; B =FE;}
i i+1/
+ -
nl E; 7'10+1E1+1 {
E; E;+1\
— -
—in_ 0 - -,out
B =ty Eiv= By
!
Domain -1 Domain ¢ Domain i+1

FIGURE 7.3: Schematic of the coupling scheme for multiple simulation domains. The

output and input fields of each domain are passed through to the next or previous

domain, respectively. Inside each domain, different methods for field propagation and

computation can be applied. For example BPM, analytical approaches (for VBGs) or
Fourier-based methods.

an External Optical System (EOS) [28, 29] to simulate coupled resonators, see Fig. 7.3.
The EOS contains wave-optical models for optical components, for example, the fast-axis
collimation lens, slow-axis collimation lens or VBGs for frequency stabilization. If an
EOS is applied, the forward propagating field at the end of the chip is used as the input
field for the EOS. The electric field is propagated forwards through each domain, where
at each domain interface a partial reflection, according to the boundary conditions, is
stored to be added to the backward propagating field at the corresponding location,
when the backward propagation is performed. Within each domain, the Fox-Li iteration
is performed with the difference that after each round-trip the fields of both neighboring
domains are included at the domain boundaries, and thus, the domains are coupled to
each other. To reduce the complexity and computational resources for the FD model
(Algorithm 1) the governing partial differential equations are solved on multiple spatial
domains in an iterative approach. The domains differ in dimensions, spatial extent,
and the mesh discretization. The thermal domain Qinerm C R® has three-dimensions
and includes the semiconductor device, the metallization, the solder, the submount and
potentially a second interface and a cooler. The three-dimensional waveguide domain
Qwg C R? contains the optical waveguide and a fraction (several micrometers of the sub-
strate in the vertical direction). To perform the BPM in the iterative approach, this do-
main is split up into a series of transverse cross-sections along the longitudinal direction
with spacing Az. Each transverse slice is defined on the spatial domain Z; € Q; C RY,
which spreads in the vertical and lateral direction, in the two-dimensional case d = 2, and
in the lateral direction only, in the one-dimensional case d = 1. For the thermal solver,
the temperature, intensity, (confined) carrier density, (bulk) carrier- and hole-density
and the heat source densities from Joule heating, non-radiative heating, and absorp-
tion of the hght field T7 ILhernu Nqw,therm, Ttherms Ptherm) Gels gnr, Gsp; Gabs * cherm — R are
introduced on the three-dimensional domain. For the optical propagation, the tensor
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FIGURE 7.4: Flow-chart for FD edge-emitting diode laser model. Solid lines represent
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performed directly after each other. The exchanged quantities are stored in temporary
buffers and are supplied to the corresponding task on demand.
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functions g; j, 6n; j, ni j, Kij @ Qp — R*d » RI-1 for the material gain, refractive index
change, refractive index, absorption and the vector function E_‘t,i,j : Qy — C? for the
transverse electric field components, and the scalar functions ngw; : &y — R are in-
troduced. The waveguide is defined by the transverse refractive index tensor and the
transverse absorption tensor ng, fg : Qyg x R — R?*? x R9~L. These properties can, for
example, account for built-in refractive index steps due to trenches or ridge waveguides.
For all functions, the first index i € [0,1,..., N, — 1] indicates the longitudinal slice
number and the second index j € [0,1,..., N, — 1] iterates through all frequencies used
in the simulation. At each optical propagation step, a contribution Aﬁsp accounting for
the spontaneous emission, which contributes to the light field is added to the electric
field. The mirror reflectivities (for the amplitudes) of the front- and back-facet are 74
and r_ and can be functions of the frequency. The number of transverse space dimen-
sions is denoted as d, which yields d = 2 for the 2+1-dimensional model and d = 1 for
the 141-dimensional model. For d = 2 the refractive index and absorption tensor has
four transverse components and one longitudinal component, as introduced in (4.27) and
for d = 1 both reduce to scalar quantities. For the 14-1-dimensional model it is assumed
that the vertical mode profile is invariant so that the EIM [74] is applied to reduce the
three-dimensional optical problem to a two-dimensional one, including the lateral and
the longitudinal direction. In the EIM, the three-dimensional electric field is separated
into a vertical profile and a lateral-longitudinal profile E(Z) = ¢ (z)E(y, z). The infor-
mation about the overlap of the vertical field and the active region is introduced to the
1+41-dimensional model by the optical confinement factor I'. The confinement factor is
determined from the computed vertical eigenmode, see Section 4.5.2.

To reduce computation time and complexity several modifications can be made to the
Algorithm 1:

1. To determine the current injection J(y, z) in the QW-plane, the carrier densities n
and p are calculated based on the DDM just for the first round-trip and iteration
step and are not updated.

2. The electrical solver is only employed for updates of the confined carriers in the
QW according to (6.88) so that the drift-diffusion equations (with coupled QW)
are not solved, and a function for the current density in the QW-plane J(y, z) is
defined apriori.

3. The temperature is updated only each nth round-trip.

4. The confined carrier density nqy is updated only after 4,, optical propagation steps.

5. The dependencies of the gain and carrier-induced refractive index change on the
carrier density and temperature are linearized or approximated by analytical for-
mulas, compare, for example, Egs. (6.89), and (8.2).

For the computations presented in the next chapter, modifications 2, 3, 4, and 5 are
applied. The temperature is updated every 20 round-trips, and the carrier density is
updated after eight optical propagation steps. For modification 2 the current density
is modeled by a top-hat distribution under the contact stripe, and the current density
adjacent to the stripe is estimated based on analytical approaches [112, 113, 114]. The
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Algorithm 1 FD edge-emitting diode laser propagation algorithm.

1: procedure ITERATION(rmax)

2 INITIALIZEF UNCTIONS()

3 for r < 0 to rpa.x do

4: Nqw,therm <— INTERPOLATE({nqw.i}, Qwe, Qtherm)

5: Itherm < INTERPOLATE({Z; ; }, Qwg, Qtherm)

6 Gel; qnr; Gsps Gabs < HEATSOURCEDENSITIES(nqwtthcrmv Ithcrm)
7 T < SOLVETHERMALEQS(gel + gnr + Gsp + Gabs)

8 for alld € {+,—} do

9

: if d = + then
10: (io, icnd) — (07 N, — 2)
11: else
12: (i()aiezx(i) — (Nz - 17 1)
13: end if
14: for i «+ ig to ienq do
15: Ti,i < INTERPOLATE (T (T, iA%), Qherm, $4)
16: Ngw,i < SOLVECARRIEREQS(T% i, {I; ;})
17: for j < 0to N, —1do
18: Gij < 9(Wj, ngwi, Tti)
19: (snm‘ — (571(0.1]'7 Nqw,i» Tw‘,)
20: ngj nt,()(fty iAz,wj) + F(Sni,j
21: Kij < I{o(f;, iAZ, wj) — ng,j —+ n(nqw,,', Ni, Piy (,«Jj)
22: Eéﬂdi < SOLVEOPTICALEQS(n; 5, n,-,,j,wj,Eff?j)

) Sod o o

23: Et(,i)+d,j « Et(ti:—d,j + AEg, (Az,wj, ngw,is Thi)
2: Livaj  INTENSITY (i, | EF 517 | By a1
25: end for
26: end for
27: for j < 0to N, —1do
28: ECY “— (w-)E(d.) .

: tiena+d.j A7) P iena+d.g
29: end for
30: end for
31: end for
32: end procedure
injected current density is [114]

1 if %= > |y
J(y) = Jo - o . j (7.7)
(1+T) 1f7°<\y\.

The current density Jy determines the total injected current and the spreading length

is determined by
4kpTd,
lg = —2, 7.8
©V garpdo (78)

with d), the thickness of the p-side, and p, the effective p-side resistivity. For the studied
devices a thickness of 1.85m and the effective resistivity of 6 - 1072 Qm is applied.

The iteration scheme is repeated until the solution converges under previously defined
convergence criteria or if the solution does not converge it is stopped after a distinct
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number of cavity round-trips. For the simulation of HPDL with a large number of lat-
eral modes and filamented NF profiles, the formation of a stable electric field profile at
the facet or in the FF is not defined as convergence criteria, since the profiles undergo
significant changes from one round-trip to another [109]. Even up to several hundred
round-trips the field profiles do not converge, and no repeating periodic patterns between
round-trips are observed. However, the changes in the optical output power (Fig. 7.5),
NF width (Fig. 7.6) and SAD angle (Fig. 7.7) per round-trip are considered as con-
vergence criteria. Each round-trip inside a 4 mm long cavity corresponds to a period
of about 90ps. Integration over 50 round-trips accounts to an equivalent integration
time of about 4.5ns for averaged fields. To extract results from the model, power, NF
profile and FF profile are averaged over a defined number of round-trips. The averaged
simulation results are compared to real measurements of the field intensities, which are
performed by detectors with typical integration times in the range of several ten ps.
The integration is performed by adding up the near- and far-field intensities for the
corresponding round-trips. This method is equivalent to an incoherent superposition of
the fields. The superposition is performed in analogy to the real measurement, where
the intensities are integrated over a distinct exposure period. Results for the SAD angle
(Fig. 7.7), NF width (Fig. 7.6), and output power (Fig. 7.5) as a function of the start
number 74 of the round-trip integration, and the number of round-trips being integrated
Ar are analyzed by the example of a SE device with 150 pm contact width and 4 mm
long cavity. The standard deviation of the fluctuations in power between round-trips
is op = 0.214 W. For the near- and far-field widths the standard deviation of the fluc-
tuations between round-trips is o, = 8.071 pm, and og, = 0.534° (both for 95% P.I.).
These are the fluctuations between individual round-trips, which corresponds to Ar = 1.
If the number of round-trip integrations is increased to values above 20, the spreads can
be significantly reduced, see Figs. 7.5, 7.6, and 7.7. The spreads for integrated values
with 7y and Ar > 40 are below or within typical measurement accuracy or spreads
of characteristics between multiple devices, see experimental measurements in the next
chapter in Section 8.2. In practice, the simulations are stopped after 200 round-trips,
and the results are integrated over the last 50 round-trips.
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FIGURE 7.5: Study of extracted power due to round-trip integration. The exemplary
study is performed for the simulation results of a 150 pm contact width SE listed as D4
in Th. C.2.
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FIGURE 7.6: Study of extracted near-field width due to round-trip integration. The
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FIGURE 7.7: Study of extracted lateral far-field divergence angle due to round-trip
integration. The exemplary study is performed for the simulation results of a 150 pm
contact width SE listed as SE2 in Th. C.2.

7.3 Time-Domain Laser Model

Analog to the FD laser model, the spatial domain is separated into a series of N,
transverse slices €y along the propagation direction with distances Az between two
adjacent slices. For each slice i € [0,1,..., N, — 1], the functions x; ), Axi : & —
C¥? for the static part of the susceptibility and frequency dependent part and the
vector functions Eﬁ, Aﬁﬁ 1 — C for the transverse electric field components and
the scalar functions nqw,; : Q¢ — R are introduced. As introduced above d is the
number of transverse space dimensions. Although the general formulation of the TD
model given here accounts for two transverse dimensions and vectorial electric fields and
polarization, the TD model is only applied for the 1+1 dimensional case for computation
in lateral and longitudinal directions with scalar fields within the scope of this work. In
contrast to the FD model, no frequency slicing is performed, but the emerge of multiple
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frequencies and dispersion results from the temporal evolution of the fields. In the TD

Algorithm 2 TD edge-emitting diode laser algorithm.

1: procedure ITERATION(Npax)

2 INITIALIZEF UNCTIONS()

3 for n < 0 to nyax do

4 Ngw,therm <— INTERPOLATE ({nqw.i}, Qweg, Qtherm)

5: Ttherm < INTERPOLATE({[’i}7 ngv cherm)

6 Gel, Gurs Gsp» Gabs < HEATSOURCEDENSITIES (7w, therms Jtherm)
7 T < SOLVETHERMALEQS(gel + qur + Gsp + Gabs, T')

8 fori+ 0toN,—1do

9: Ti,i < INTERPOLATE(T (&, 1Az), cherm, Qwet)
10: Ef

i new,i < SOLVEOPTICALEQS(x;,(0), &, “, Ap“)
11: E{newz — SOLVEOPTICALEQS(XZ ) i AP ;)
12: E;ttwg (EtJrnew i )/2
13: By ¢ (Brpews + EH)/2
14: AP ow.i < SOLVEPOLARIZATIONEQS(Ax;, Af;, ;’avg)
15: APy ewi SOLVEPOLARIAATIONEQS(AX,,Apm., t,Ewg)
16: AP g ¢ (AP ew + AP))/2
17: Aﬁ:avg — (AP pew T APT,Z-)/Q
18: Naw,i < SOLVECARRIEREQS (Tqw,i> Xi,(0) AXi: APy g APt aves Eiravgs Eravg)
19: Xi,(0) = X(0) (Wref» Tqw,i» Tti Tt 1A2)
20: Ax; = Ax(wrcf,nqw i Tty Ty, 1A2)
21: Et+uewz « Et new1+AESP(n‘qW l’ﬂl)
22: Et new,i « Et ncwz+AESP(an2’Ttl)
23: I; « INTENSITY(n;, |Et ew. Z\ |E¢ new.i 2)
24: end for
25: forzeOtoN72do
26: E:szl 1, — Et new,N,—2—1i
27: E R E;new R
28: end for
29: E_“t+0 —re (wref)EEO
30: EgNz — T+(wref)E‘:;eril
31: end for

32: end procedure

model, Eq. (4.59) or (4.57), (4.50), and (C.87) are solved iteratively (see Algorithm 2)
to find the spatial and temporal evolution for the electric field envelope, polarization
envelope, and the carrier density. In an outermost loop, a total number of ny.x time
steps is performed, which corresponds to a simulated time-interval of ny,.xAt. At every
time step for each longitudinal slice i Eqw-, AP iy Nqw,i, and the complex susceptibility
Xi = X(0); + Ax; are updated in the following order: The TDTW equation is solved
based on the optical field, polarization and susceptibility values from the previous time
step n for the forward and backward propagating wave. This results in new values for
the forward (backward) traveling wave at the border of each slice (a slab, which extends
along the propagation direction) in positive (negative) direction for the next time step
n+1 based on the initial field given at the opposite border at time step n. To update the
polarization envelopes the electric field values at the intermediate time step n + 1/2 and
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in the center of the slice are approximated by averaging the initial value from time step
n and the new one from n + 1. Similar, the values for the polarization and the electrical
field are needed to step the carrier density forward in time. Therefore, analog to the
electrical field, the polarization (defined in the center of the slab) at the intermediate
step is approximated by averaging the initial value from time step n and the new one
from n + 1. The new values for the carrier density are used to update the static and
frequency dependent part of the susceptibility. A built-in refractive index profile due
to index trenches or ridges are incorporated into the static susceptibility. Additionally,
the free-carrier absorption is calculated based on the carrier density. A random-number
generator is used to emulate contributions of spontaneous emission to the light field.
These contributions are added to the field values at each time step. For the described
steps only local values are needed in each slice so that the loop over the slices can
be performed in parallel as described in the following. To decrease the computation

b

n+1 l = l
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FIGURE 7.8: Schematic of TDTW stepping algorithm.

time for the TDTW method, the simulation domain is split up into subdomains along
the longitudinal direction. Each subdomain contains a certain number of transverse
slices and handles a specific task, like material updates and initialization, solving the
propagation equation (time-stepping) and synchronization with the other subdomains.
This implementation allows efficient distribution of the workload to a number of Central
Processing Units (CPUs) or to different server nodes. For one time step, all fields
in a subdomain can be computed without the need to communicate with the adjacent
subdomains. After each step, the field values at the subdomain boundaries are exchanged
with the two neighboring subdomains. When the forward propagation is performed, the
(new) field value at time step n+1 and slice k+1 (longitudinal position) only depends on
the (initial) value at time step n and slice k, see illustration in Fig. 7.8. The field value at
the last z-slice k = N,—1 (for the forward direction) and the one at the first n = 0 (for the
backward direction) is not used to compute any of the new values at time step n+1. For
each slice, one field value for each direction is stored. Each subdomain sends the forward
propagating field from the last local slice to the following subdomain and receives the
backward propagating field from the first local slice also from the following subdomain.
The boundary conditions are applied so that the remaining values at the first and last
slice, which are not updated in the field exchange (indicated by circles without filling in
Fig.7.8), are defined, and the next time step can be performed. To efficiently run the
time stepping algorithm in parallel, on multiple workers, for each process, represented
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FIGURE 7.9: Execution time of initialization and step procedure for the TDTW model
as a function of the number of processes. The benchmark values are averaged over
multiple executions. The domain has a resolution of 200 lateral grid knots times 1000
longitudinal grid nodes with a size of 200 pm x 1000 pm. For the optical model, explicit
time stepping is applied. The dashed lines indicate the execution times for the serial
implementation as references. The computation is performed on an Intel Xeon CPU
with 18 cores (36 virtual cores) and 256 GigaByte (GB) of Random Access Memory
(RAM). The execution time for stepping is reduced by a factor of 10 and the one for
the initialization of the slices by a factor of 8.5.

by an object of class SliceProcess, a Queue object is used for communication. The task
queues decouple the main process from the workers and allow asynchronous execution of
tasks on each process. The general procedure is: Until a process is stopped at the end of
its lifetime, it polls the corresponding task queue, to get the next task from the buffer.
After the task is performed, it tells the queue that the task is removed from the queue
and is done. To synchronize all processes, the queues are joined. The main process
(or process which calls the join command for a queue) waits until the corresponding
queue is empty, which means that all previous tasks have been executed. The parallel
execution of the time stepping algorithm is illustrated in the sequence diagram Fig 7.10.
For each time step, the main process (tdtw object) puts one step task in each worker
queue. The worker gets the task from the queue and then performs the computations
for one time step for each slice contained in this worker. The computations include the
update of material properties and the solution of the respective equations for the update
of the electric field, polarization, and carrier density. After the step is performed, the
processes need to exchange data with neighboring workers. Therefore, after the step()
loop (over all slices in the worker) is executed, the process sends the forward field of
the last slice (via recv task) to the queue of the following worker and the backward field
of the first slice to the previous worker. After sending out the data to the neighboring
queues, the step task is finished for the worker, and it polls the queue again. In the
meantime, a recv task (containing field data) is put into its queue. The recv task is
executed by receiving the send data and storing it in the corresponding first or last slice
of the subdomain. After each processed received the new field values, all fields are up to
date for the new time step, and the program execution continues after joining with the
main process. A significant performance increase is gained from the parallel execution.
By using a pool of 36 workers the execution time for one time step is reduced by a factor
of 10 and the execution time for initialization of the slices by a factor of 8.5, see Fig. 7.9.
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FIGURE 7.10: Sequence diagram of TDTW parallel time stepping.

If a discretization size of Az = 1m is chosen with a group refractive index of ny = 3.9
the time step is At = 1.3 - 1075 and for a 4 mm long cavity the round-trip time of an
optical pulse is 104 ps. Therefore, for 100 round trips, the simulation duration is reduced
from approximately 38 hours to 3.8 hours with the help of the parallel implementation.

7.4 Chapter Summary

The individual physical models from Chapters 2 to 6 are combined into a FD and a TD
edge-emitting semiconductor laser model. Additionally, a stationary one-dimensional
longitudinal model is presented, which is utilized to compute spatial hole burning in the
longitudinal direction. In both, the FD and TD model the optical field is approximated
with the SVEA and is separated into a forward and backward propagating part. The
optical problem and material interactions are solved iteratively for transverse slices along
the longitudinal direction. Despite the carrier density, and material polarization (in
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the TD model), which are computed on transverse cross-sections, the temperature is
determined on a three-dimensional domain. Due to the strong coupling between the
electric field and the material properties, a convergence of the fields in the FD model is
not observed after a number of round trips > 200. Although the fields do not converge,
conclusions on the output characteristics (power, divergence, near-field width) of the
device can be drawn from the FD Fox-Li method. To extract results, power, NF profile
and FF profile are averaged over a defined number of round-trips. In the TDTW model,
polarization dynamics are included by a Lorentzian pole, and the polarization update,
carrier diffusion equation, and optical propagation are computed self-consistent for each
time step. To decrease the computation time for the TDTW method, the simulation
domain is split up into subdomains along the longitudinal direction and distributed to a
number of CPUs. By using a pool of 36 workers, in an example, the execution time for
one time-step is reduced by a factor of 10 compared to the serial execution, see Fig. 7.9.

For both the FD and TD model, the three-dimensional problem is reduced to a two-
dimensional simulation domain (except for the temperature) including the lateral and
the longitudinal direction based on the EIM. It is assumed that the vertical field profile
is invariant and equals the dominant waveguide eigenmode computed in Chapter 3. The
results presented in the next chapter are obtained with the 1+1 dimensional model under
application of the EIM.



Chapter 8

Simulation of Edge-Emitting
Diode Lasers

This chapter is organized as follows: First, the formation of the lateral field, and the
correlation to the refractive index perturbations for gain-guided edge-emitting diode
lasers is illustrated by investigation of a SE device with 90 pm contact opening and
4mm cavity length. To identify the general interplay between carrier-induced lensing
and thermal-induced lensing, and the influence on the light propagation inside the device,
and the resulting FF divergence, simulations are performed with different magnitudes of
the carrier- and temperature-induced lensing. In the two following sections, results for
simulations performed with the FD laser model for LAs and SEs are presented. The focus
lies on the comparison between simulation and experimental measurements. Simulations
are performed for individual emitters out of LAs which vary in the emitter pitch, contact
width or epitaxial structure (change in optical confinement factor). The SE results
include devices with a change in the emitter width, the cavity length, and the facet
coating (comparison between asymmetric and symmetric coated cavity). Additionally,
simulations with a reduced thermal refractive index coefficient, which are compared to
measurements of a device in pulsed operation, for the suppression of the thermal lensing
are presented.

For each device, the total dissipated power is extracted from measurements and the
heat sources obtained in the simulation are re-scaled so that the total power matches
the measured dissipated power. This step is performed to circumvent uncertainties in
the prediction of the electro-optical efficiency and to ensure a thermal profile close to the
one in the real device for quantitative comparison of FF and NF data. For new designs
or if measurements are not available, the electro-optical properties are calculated as
described in Chapter 6.

The final section of this chapter closes with results obtained by the TDTW model for a
100 pm and 4 mm long device. The filamentation and field distributions inside the cavity,
and the extracted FF profiles are similar to the ones generated with the FD model.

149
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8.1 Lateral Anti-Guiding and Guiding Mechanisms and
Influence on Slow-Axis Divergence Angle

The perturbations of the refractive index in the waveguide arise primarily from the
carrier-induced refractive index change and the thermal-induced index change. Increases
in the local refractive index lead to focusing, decreases to de-focusing of the light. The
filamentation of the light field emerges from perturbations of the refractive index due
to the density of carriers N in the active region, and the temperature profile 7', in
particular from the profiles along the lateral direction. The refractive index n(w, N, T') of
a semiconductor is dependent on the frequency of the light field w, carrier density N and
temperature 7. Methods for the calculation of the refractive index and gain as a function
of those three variables are presented in Chapter 2. Although the computed gain can
be provided in a data table for the FD model, linearized dependencies for the refractive
index are employed for the following analysis. The effective refractive index (besides
the optical confinement factor) is primarily determined by the waveguides vertical and
lateral refractive index profile. The perturbed effective refractive index is

neﬂ'(wv N7 T) = nef‘f(w7 No, TO) + 67leﬂ'(N7 T) = TNeff,0 + F(STLN(N) + 6”T(T)7 (81)

where the background effective refractive index is evaluated at the constant reference
carrier density Ny and temperature Tp. The optical confinement factor I' is inserted
to account for the overlap of the mode and the QW in the vertical direction, where
the carrier-induced perturbation dnpy is induced. The refractive index change dny is
determined by the linearization

00

Snn(N) = T;MZNO,TZTO(N — No) = ayAN (8.2)

and analog, the thermal-induced refractive index change dny is

aon

onr(T) = S

|N=No,r=15 (T = To) = arAT. (83)
Local strain potentially influences the waveguides refractive index (as presented in Chap-
ter 5) and thus, the intra-cavity propagation, not only with respect to polarization ro-
tations. However, the inclusion of this perturbation is not (yet) done for the study of
the lateral emission but solely to explain polarization rotations. For the study of emit-
ter DO (Th. C.2) a literature value for the refractive index change with temperature of
ar = 3-107*K~! [115] and for the carrier-induced one a value of ay = —2- 10726 m?
is used, which is in the range obtained from band structures calculated with the 8-band
k - p-method. In general, ay is also a function of the frequency. A high field intensity
leads to local depletion of carriers (due to stimulated recombination), while low intensi-
ties lead to the accumulation of carriers. This effect is called lateral spatial hole burning
- it can be observed in the lateral cross-section in Fig. 8.1 for 10 A. In regions with high
intensities, the decrease in the carrier density leads to a local refractive index increase,
and consequently to a further concentration of the electric field. The effect is called self-
focusing and results, among other effects, in filamentation of the lateral light field. In
particular at low currents, where the thermal lensing does not dominate, the refractive
index perturbation due to carriers becomes more prominent compared to the case of
higher injection currents, see refractive index perturbations in QW plane in Fig. 8.3 and
lateral cross section for 20 A in Fig. 8.2. Besides the refractive index change, variations
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FIGURE 8.1: Lateral profile of refractive index perturbation, carrier density, and
temperature for currents I = 10 A at the longitudinal position z = Opm (top), and
z =4mm (bottom). The snapshots are from round-trip 200.

in the local carrier density, around the threshold density, lead to gain or absorption and
consequently to an additional spatial modulation of the light field due to inhomogeneous
amplification. Since the spatial distributions of the heat sources for reabsorbed light,
and non-radiative recombination are results of the filamented field and the carrier den-
sity, the local variations imprint on the temperature. Two features of the thermal profile
influence the light propagation in particular: As described in Chapter 3, the curvature
of the temperature under the injection stripe results in refractive index profile equivalent
to the one in a GRIN lens. The lateral width of a field distribution launched into such a
waveguide follows a cosine-like function. Even for moderate operation currents around
10 A the index curvature in a 100 pm wide emitter results in a focal point, which lies
inside the cavity. Consequently, the combination of this thermal focusing in combination
with the self-focusing due to carrier lensing increases filamentation. A second influence
of the thermal profile emerges from the transition regions at the lateral edges of the
contact opening where the gradient of the temperature reaches its maximal values, see
Fig. 3.6. The resulting gradients in the refractive index manifest in high spatial fre-
quencies of the light field. Since the intensity increases towards the front facet (for a
asymmetrically coated device), the temperature also increases along the cavity length.
Additionally, the SE is mounted on a submount which extends the chip length at the
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FIGURE 8.2: Lateral profile of refractive index perturbation, carrier density and tem-
perature for currents I = 20 A at longitudinal position z = Opm (top), and z = 4 mm
(bottom). The snapshots are from round-trip 200.

rear facet, so that heat is spread more towards the rear part. This longitudinal gradient
(Fig. 8.4) emerges in different characteristic refractive index profiles for the rear and
front of the device. Compare the plots in both Fig. 8.1 and Fig. 8.2. The modulation
of the refractive index due to the lateral spatial hole burning is more pronounced in the
rear than in the front of the device where the thermal lens dominates. The widening
of the NF at injection currents below 10 A cannot be solely explained by lateral current
spreading. The magnitude of the lateral current spreading amounts to several microns.
However, outside of the contact width, the current density decreases exponentially [114]
(and Chapter 6) and so does the carrier density, so that at a smaller width the carrier
density is below the transparency value and the field would not spread out as much
as observed in experiments. Due to the sign of ay, with increasing carrier density the
refractive index decreases. At low operating currents and low temperatures, the accu-
mulation of carriers leads to reduced refractive index under the injection stripe. The
reduced refractive index in combination with diffraction due to spatial in-homogeneities
leads to anti-guiding. Light propagates away from the center towards the outside of the
device. A filament which travels off the longitudinal axis and leaves the region under
the contact stripe enters material which is not inverted and is highly absorptive due to
interband transitions. The light which enters these un-pumped regions is absorbed by
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stimulated absorption, and carriers are excited, see carrier density in Fig. 8.4. The opti-
cally pumped regions can even become transparent. Nevertheless, carriers are subject to
non-radiative recombination in addition to stimulated recombination, so that filaments
outside the pumped regions decay. Overall, the adjacent medium outside of the contact
stripe becomes partially transparent due to carriers which diffuse laterally and due to
optically pumped regions, so that the NF widens, see the carriers in lateral cross-section
in Fig. 8.1 and NF width at 5A in Fig. 8.6. At a particular operational point, the
temperature induced perturbations and the carrier-induced perturbations have the same
magnitude so that they can cancel out each other partially. Although the potentially
large spatial variations of the carrier density remain, the average refractive index per-
turbation is reduced at this point, and the increase of the SAD with current shows a
minimum value (around 10 A for the presented devices). For higher currents (Fig. 8.5)
the thermal guidance dominates which leads to a furtherNF reduction and FF widening.
The reduction of the NF with thermal lensing is also investigated in [11]. Although the
thermal perturbation dominates compared to the average carrier-induced perturbations,
local peaks in the carrier density lead to local regions of guiding (negative curvature
of refractive index profile in the lateral direction) and anti-guiding (positive curvature
of refractive index profile in the lateral direction). In addition to the first case where
ar =3-107*K~! and ay = —2- 10726 m3, three cases with an alternating influence of
the perturbations are investigated, see Fig. 8.6. In the second case ap = 3-1074 K1
and ay = 0, carrier-induced perturbations are suppressed. The SAD is correlated to
the temperature increase in the cavity and monotonically increases with the current.
The NF remains flat with the current with a width corresponding to the contact open-
ing. In the third case, the thermal lens is suppressed with parameters ap = 0, and
ay = —2-1072m3. The NF does not narrow at high currents but remains increasing
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with current, and the SAD monotonically increases with a decreasing slope over current.
In the case that both perturbations are suppressed ar = 0 and ay = 0, NF and SAD
remain flat and nearly independent of injection current. Based on the investigation of
these extreme cases, the conclusion is drawn that the lateral emission characteristics for
ar =3-107*K! and ay = —2-10"20m? follow the case without thermal lensing at
low currents and the case without carrier lensing at high currents (where the thermal
lens dominates). The transition region represents a merge between both states. This
argumentation is supported by the investigation of SAD and NF under pulsed operation
in Section 8.3, which emulates the suppression of the thermal lens a7 = 0.
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FIGURE 8.6: Lateral divergence angle (left), near-field width (right), for 1+1 dimen-

sional FD simulations with different values of ap, ay accounting for the linearized

perturbation coefficients for thermal-induced and carrier-induced refractive index per-
turbations. The values are averaged over round-trips 150 to 200.

8.2 Modeling Lateral Emission Characteristics of Laser
Array Emitters

Deterioration of diode laser beam quality at high currents results from the refractive
index gradient introduced by the lateral thermal profile. This profile is a function of
the emitter pitch of the LA. If the individual emitters are closer (smaller pitch) even
though (for the same dissipated power), the overall temperature increases the thermal
lens across each emitter decreases, since temperature profiles from neighboring emitters
overlap. Therefore, the resulting SAD trend is also a function of the emitter pitch. In this
section two LAs D5 and D6 with an emitter pitch of 166 pm and 400 pm are compared,
see Fig. 8.9. High fill-factor laser bars (device D5) are operated in regimes where the
current per emitter is typically below 6 A. In this regime, the thermal-induced refractive
index change does not dominate. For the investigated laser bar with a fill-factor of 55%
up to 3A, the SAD rises to values of typically 6° and remains below 7° up to currents
(per emitter) below 6 A, see measured data in Fig. 8.9. Above 6 A the SAD increases
rapidly due to the dominance of the thermal lensing. Measurements are performed for
individual elements of a 55% fill factor bar directly mounted onto an isolated micro-
channel cooler with 29° cooling temperature. At low operation currents the thermal
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perature for currents of 2 A (top) and 5 A (bottom) at the front facet for the device D5.
The snapshots are from round-trip 180. Results are published in [5].

influence is small compared to the carrier-induced perturbation, see the lower refractive
index in the central part in Fig. 8.7 for 2 A, which lead to the widening of the NF. At
a particular operation point, the thermal- and the carrier-induced perturbations have
the same magnitude, so that they can cancel out each other. In the case of D5, this
transition regime occurs around 6 A. In contrast to the high-fill factor array D5, the
device D6 (lateral profiles are shown in Fig. 8.8) with lower fill-factor, and higher pitch,
but equal epitaxy shows a different SAD trend. Below a current of 6 A per emitter,
the SAD is slightly lower for D6 compared to D5. Nevertheless, the slope of the SAD
over current is higher for D6 than for D5. This suggests that, in this case, the different
thermal profile reduces the SAD for low currents but leads to increased divergence above
6A. A change of the confinement factor leads to a change in the modal gain g,, = I'g
and the modal carrier-induced refractive index perturbation, see (8.1). Based on the
simulations and the experimental data for devices D7 and D8 with 200 pm contact
opening it is suggested that a reduction of the optical confinement factor leads to a
reduction of the carrier-induced perturbations and therefore, to a reduction of the local
perturbations and smaller SAD angles. This dependence is shown in the comparison
between the devices D7 (with epitaxial structure E2) and D8 (with epitaxial structure
E3), with I'g; < I'ga. Although the simulated values are overall slightly lower than the
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the laser designs D5 (left) (as presented in [5]) and D6 (right). Details of the structures

are listed in Th. C.3. For D5 experimental results are an average over three sets of

devices and for D6 over a total of four sets. The simulation results are averaged over
round-trips 150 to 200.

measured ones, the change in divergence angle with confinement, see Fig. 8.10 (left),
is reproduced. The hypothesis is not that the confinement factor alone is determining
the SAD but based on the presented experimental data, and the numerical model it is
concluded that it is an influencing factor and that the magnitude of the lateral divergence
angle in general increases with increasing confinement. Additionally, other properties
of the diode laser as such as gain spectra, internal absorption and efficiency influence
temperature, threshold current, threshold carrier density and the corresponding average
carrier density in the device.
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8.3 Modeling Lateral Emission Characteristics of Single
Emitters

A value of 2.67 - 107* K~ is reported in [116] for the thermal-induced refractive index
change in GaAs. For modeling of lasers with AlGaAs waveguides, a coefficient for the
modal thermal-induced refractive index change of 3-107*K~! (the value is obtained
from data presented in [115]) is applied in [117, 11], and a value of 4.9-1074K™! is
applied in [118]. The value depends on the specific waveguide and QW compositions.
To match the measured FF and NF profiles of the device D1, the parameters ap and ay
are adjusted. The calibration results in ar =4 - 107K~ and ay = —1.7 - 10726 m3 for
the SE devices D1-D4. The calibration is summarized as follows: ay is adjusted to match
the low current regime, in particular the increase in the NF width and «ap is increased
until the FF divergence matches for high currents. The NF and FF intensity profiles are
successfully resembled by the model. A comparison of measured and simulated lateral
intensity profiles for device D1 with 100 pm contact width is displayed in Fig. 8.11. With
an increase in injection current, both NF and FF profiles show increased filamentation
and the FF width increases. Parts of the NF intensity spread outside of the contact
opening width. The spread of those side-wings is a function of «y, the profile of the
current density distribution and the recombination coefficients Ay, By, and Ca. The
lower the recombination coefficients, the higher the carrier density in the regions adjacent
to the contact opening, see Fig. 8.13 and Fig. 8.14. These regions can be optically
pumped and form channels of gain or at least transparency, so that the light field spreads
towards the outside of the emitter and the NF width increases. The computed results
for the D1 device are compared to three sets of measurements (Fig. 8.12), which in
total amount to 37 tested devices. The simulated FF width follows the experimental
results. The change in slope of SAD over current due to the onset of thermal lensing for
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FIGURE 8.11: Near-field (left) and far-field (right) measurement (top row) and simu-
lation (bottom) of 100 pm single emitter D1 with 1.45 pm deep trench.

currents above 10 A is reproduced. The measured NF widths for the highly filamented
profiles show variations up to +10 um between devices out of one set of measurements
and offsets of the averaged NF widths up to 10 pm between data sets. The simulated NF
widths lie within the range of the measured widths, although the NF narrowing for high
currents seems to be slightly overestimated by the simulation. The calculated output
power matches the measured values, and the (averaged) temperature over current aligns
with the measured one, which is a result of the adjustment of the heatsink coefficient for
the thermal boundary condition. With the same parameters as used for D1, except
for the change in the contact width to 150 pm and electro-optical efficiency (dissipated
heat), the emission characteristics of device D4 are modeled. Due to the larger contact
area of D4 compared to D1, at the same injection current the current density is lower for
D4. To compare SAD and NF width at equal current densities, for D4 the range up to
20 A, and for D1 the current range below 13 A are considered. The dip in the SAD for
D1 around 10 A is not observed for the wider device D4, and the increase in the slope
of SAD over current due to thermal lensing is pushed to higher currents, see SAD in
Fig. 8.17. The lower thermal lensing also manifests in the NF trend for D4. The trend
of the NF width for D4 is similar to the trend for D1 below 10 A. The model is capable
of predicting changes due to modifications of the contact width.
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imental data and modeling over current for the laser design D1. Exp. A, B and C

consist of data sets of 8 10 and 19 devices respectively. The error bars indicate the

extremal values from the data set. Details of the structures are listed in Th. C.2. The
simulation results are averaged over round-trips 150 to 200.

In the following, devices with two additional modifications are investigated. Device D2
has a 140 pm contact opening and a cavity length of 5mm so that both contact width
and cavity length are changed compared to D1, which is 4mm long. Devices D1, D2,
and D4 are asymmetrically coated with an AR coating with 2 % reflectivity at the front
facet and an HR coating with 98 % at the rear facet. The ratio between the reflectivities
results in an asymmetric intensity distribution along the laser cavity. This distribution is
observed in the averaged intensity in Fig. 8.15. If the reflectivities are equalized the lon-
gitudinal intensity (and temperature) profile changes. The averaged intensity becomes
symmetric with respect to the center of the device, see Fig. 8.21. Device D3 equals de-
vice D2 despite the change in facet reflectivities, which are both set to Ry = R} = 10%
for D3. Additionally, to capture the output power at the rear facet the submounts for
the symmetric devices D3 are 5 mm long, those for the (standard) asymmetric devices
are 5.4mm long. The experimental comparison of the asymmetrically and symmetri-
cally coated devices D2 and D3 is presented in [4]. The symmetric device provides a
higher optical power (for the sum out of both facets) and (nearly) symmetric longitu-
dinal gain and intensity profiles compared to standard asymmetrically coated devices.
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These differences are captured by the numerical model, see lateral averaged intensities
over the longitudinal direction in Fig. 8.21. The thermal roll-over (compare power in
Fig. 8.20) occurs for lower currents for the asymmetric design D2. The more pronounced
LSHB for the asymmetric cavity, due to an asymmetric intensity distribution, leads to
accumulation of carriers in the rear side of the device, see Fig. 7.2, which manifest in
higher non-radiative recombination and higher optical absorption. Both lead to power
decrease and increased dissipated heat.

The FF width and NF width of the symmetric devices increase more linear with current
and do not show an increase in SAD-slope due to thermal blooming. These trends are
contrary to the asymmetric case. For currents below 15 A, the near-field widths for the
symmetric devices are smaller than for the asymmetric ones (Fig. 8.19). The average
temperature for D3 at 20 A is about 332K with dissipated heat of 11.6 W, while for
D2 it amounts to about 335K for the same dissipated heat at 18.5 A. Although for D2
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D1. Snapshot taken at roundtrip 200.

and D3 the dissipated powers, and the averaged temperatures are in the same range,
due to the different distribution of the heat sources, see temperature profile in QW in
Fig. 8.22, the SAD trends for D2 and D3 differ. This suggests that by symmetrization of
the thermal profile along the cavity length the onset of the thermal blooming is shifted
to higher currents. On top, the increase in the NF width for low currents is suppressed.
This trend is partially captured by the model. An explanation for the effect can be the
lower peak intensities inside the cavity accompanied by a lower modulation of the carrier
density profile. Under the assumption of the same current spreading in the p-side of
the devices, the near-field widening in the asymmetric case suggests a larger spread of
carriers besides the contact width. The BPPgsq 1, for the symmetric design D3 is about
1 mm mrad lower across the investigated current range than the one for the asymmetric
design. For the symmetric design, the emission area is doubled since it includes both
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Details of the structures are listed in Tbh. C.2. The simulation results are averaged over
round-trips 150 to 200.
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FIGURE 8.22: Temperature in QW for a current of I = 20 A for device D3. Snapshot
taken at roundtrip 200.

facets. Therefore, the brightness of the device is only increased if the BPP is reduced
by one half for an output power (out of two facets) equal to the output power of the
asymmetrically coated device. In the presented case the symmetric device indeed has a
reduced BPP but a decreased brightness.

Fig. 8.18 includes a set of measurements for SAD and NF width for D2 operated in pulsed
mode !. In pulsed operation, the temperature rise in the device is significantly reduced,
and the increase in SAD for currents above 15 A is suppressed for D2, see Fig. 8.18. To
emulate the pulsed mode with a reduced thermal lens, the factor ap is reduced from
4-107*K ! to 1.75- 1074 K~ ! in the model to match the measured characteristics. The
temperature rise is not entirely suppressed. In particular at high currents above 25 A,
an increase in the SAD slope over current is observed, which suggests the formation
of the thermal lens. The reduction of the thermal influence at high currents leads to
both a reduced SAD and an increased NF width, compare to Fig. 8.18. Both effects are
predicted by the model, although the increase in NF width is over-estimated for currents

!The author would like to thank Simon Rauch, with TRUMPF Laser GmbH, Schramberg, for pro-
viding the experimental data on the pulsed measurements.
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around 10 A. The results from the pulsed measurements support the explanation of the
SAD and NF trends based on the interplay between the carrier and thermal-induced
refractive index perturbations as presented in Section 8.1.

8.4 Results of Time-Domain Simulation

In this section, the TD edge-emitting laser model (Section 7.3) is employed to simulate
the field dynamics in the cavity. The model is demonstrated by the example of device
D1 (since it represents a standard SE device), and resulting near- and far-field profiles,
and the filamentation pattern inside the cavity are compared to the results obtained
with the FD model. For the TD simulation, the thermal profile is obtained in the
same way as for the FD model. For the TD model in this study, the temperature is
obtained from the steady-state solution of the heat equation, and the temperature is
calculated once at the initial time step. This circumvents the need for long simulation
times to ensure the built up of the thermal profile. The temperature increase from
the initial to the steady-state operating temperature takes place over time scales of
several hundred nanoseconds [119]. The longitudinal resolution is Az = 4pm and the
effective group refractive index is determined to ng = 3.9. Therefore, the temporal
discretization accounts to At = 5.204 - 1072 ps. The Lorentzian pole is modeled with
amplitude A = 27Ag0nret/kyer, wref = 27¢0/A and v = AAco/A2, where the central wavelength
is A = 950nm, A\ = 100nm, the differential gain is Agg = 0.55-10*m~!, and the
coefficient of the static gain is go = 0.55-10*m~!. The differential gain is a function
of the carrier density and obeys the same logarithmic dependency as the static gain
(6.89). Lateral resolution and other simulation parameters are the same as for the FD
simulation for D1, listed in Th. C.2.

The initial carrier density is set to the transparency carrier density value under the
injection stripe so that the period in which the carrier density increases but is below
transparency is skipped in the simulation. The simulation starts at ¢ = 0s with zero
electric field in the cavity, and the light field builts from contributions from the random
spontaneous emission source, followed by amplification of those. Since the light inten-
sity is low, the gain is not saturated and the optical power inside the cavity growths
exponentially until the first pulse forms and the carrier density is depleted. The TD
model obeys the known ring-in behavior which occurs when a diode laser is switched on
or operated in pulsed mode. After about 400 ps the output power fluctuates around a
value of 10 W for 10 A injection current. The snapshots of the electric field in Fig. 8.23
show the formation of mode patterns and the evolution of the filamented fields. At this
early times, the profile is still symmetric in the lateral direction. However, once the con-
tributions from un-symmetric field patterns emerge with increasing perturbations, the
entire field profile becomes un-symmetric. The un-symmetric patterns are displayed in
Fig. 8.23 where the field intensity averaged over a period of 1 ps is shown. After several
nanoseconds, the field is highly filamented with lengths of the filaments partially below
500 pm. The patterns result in sub-picosecond intensity fluctuations on the diode facet.
These fluctuations are numerically and experimentally observed by Adachihara et al. in
[120] and Fischer et al. in [121] and (experimentally) in [122].

If the electric field amplitudes are incoherently added and averaged over certain periods,
filaments, which extend along the propagation direction are observed. An example of
an integration time of 10 ps is shown in Fig. 8.24 (top) with the corresponding averaged
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current of I = 10 A for device D1. Results are averaged over 10 ps starting at time 4 ns.

In contrast to the results displayed in Fig. 8.23 this simulation is performed without
gain dispersion.
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for a current of I = 10 A for device D1. Results are averaged over 10 ps.
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for a current of I = 10 A for device D1. Results are averaged over 52 ps.

carrier density (bottom). The carrier density exhibits the imprint of the filamented field
and shows higher densities at the rear facet due to LSHB. The resulting averaged field in
the QW-plane shows a similar structure to the one obtained by the FD model. Compare
Fig. 8.14 and Fig. 8.24. For longer integration times (52ps in Fig. 8.23 in the bottom
row) the asymmetric intensity profile along the longitudinal cavity is observed in the
averaged results. Again the resulting distribution obtained by the TD model equals
the one calculated by the FD model (Fig. 8.15). The NF intensity profiles and FF
intensity profiles for a short integration time (Fig. 8.25) show higher lateral modulation
than the ones obtained by longer integration times (Fig. 8.26). The NF and FF profiles
obtained for larger integration times are similar to measured profiles (Fig. 8.11). NF
width and SAD for 10 A have the right magnitudes compared to measurements for device
D1. In the scope of this work, the TD model is demonstrated for one device with an
injection current of 10 A. The extraction of SAD and NF width over operating current
and different device geometries as demonstrated with the FD model is subject to future
studies.

8.5 Chapter Summary

The FD model for edge-emitting semiconductor lasers (Chapter 7), which describes
the multi-mode lateral emission characteristics is employed to compute NF width, FF
width, temperature, and output power over current for the SE devices DO-D4 and the
LAs D5-D8. The numerical results are in agreement with the experimental data. By
the example of the SE device DO with 90 pm contact opening and 4 mm cavity length,
the influences of the thermal-induced and carrier-induced refractive index changes on
the NF and FF evolution over current are investigated (Fig. 8.6). When carrier-induced
perturbations are suppressed the SAD correlates with the temperature increase and
thus, monotonically increases with current. The NF remains flat with current with a
width corresponding to the contact opening. If the thermal lens is suppressed, the NF
does not narrow at high currents but remains increasing with current, and the SAD
monotonically increases with a decreasing slope over current. In the case that both
carrier- and thermal-induced perturbations are suppressed, NF and SAD remain flat
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and nearly independent of the injection current. Based on the investigation of these
extreme cases, the conclusion is drawn that the lateral emission characteristics with
both perturbations follow the case without thermal lensing at low currents and the
case without carrier lensing at high currents (where the thermal lens dominates). The
transition region represents a merge between both cases, see Fig. 8.6. These observations
reflect in the characteristics of the experimental investigated devices D1-D8 which are
summarized in Fig. 1.1. The agreement between measurements and simulation for the
pulsed operation supports the interpretation of the contributing factors to SAD and NF
evolution.

The TD edge-emitting laser model (Section 7.3) is employed to simulate the field dy-
namics in the cavity. The model is demonstrated by the example of device D1 (since it
represents a standard SE device) for an injection current of 10 A, and resulting near- and
far-field profiles and the filamentation pattern inside the cavity show a similar structure
to the ones generated with the FD model.



Chapter 9

Conclusion and Outlook

Numerical methods for the simulation of broad-area edge-emitting semiconductor lasers
are presented in this work. Frequency-domain and time-domain models are employed
to predict the propagation of the filamented optical field in the semiconductor laser
and determine emission characteristics including near-field and far-field profiles, beam
width, divergence angle, and power over current. The models utilize wave-optical beam
propagation and account for the interaction of the optical field with the spatial (and
temporal) varying carrier and temperature distributions inside the semiconductor laser
cavity.

To compute gain and refractive index change of strained quantum wells, 8-band k - p-
calculations are performed to derive the band structure and dipole matrix elements.
The change of the gain for the transverse-electric and transverse-magnetic transitions
as a function of the externally applied stress is investigated in Chapter 2. Based on the
drift-diffusion model, the electro-optical properties of the diode laser are calculated. To
evaluate lateral current spreading the current density is computed in the transverse plane
of a single emitter with 100 pm contact opening. For the two-dimensional simulations,
the Scharfetter-Gummel discretization is applied on a structured mesh. The finite-
element implementation of the drift-diffusion equations with the primal-mixed method
on a one-dimensional mesh is successfully demonstrated in Chapter 6. The extension
of this scheme for two-dimensional meshes is subject to continuing research. As a side
product of this work, a python-wrapper pymagma [123] for the MAGMA library [107] is
produced which offers top-level access to accelerated sparse matrix operations, including
iterative solvers on Graphics Processing Units (GPUs). The library is used to perform
the beam-propagation with massive-parallelization on a GPU. All numerical methods
presented throughout this work, are integrated into the multi-physics semiconductor
simulation-software SEMSIS. (Objective 1)

Once calibrated, the frequency-domain model is utilized to predict emission character-
istics of single emitters and laser arrays, which differ in geometrical properties (contact
width, cavity length or emitter pitch), epitaxial structure or facet reflectivity. By com-
parison with experimental data for eight laser designs D1-D8 it is demonstrated that
the frequency-domain model allows computation of lateral far-field angles and near-
field widths as a function of current and thermal state for edge-emitting diode lasers.
(Objective 2)

173
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The carrier- and temperature-induced refractive index changes are calibrated to match
the near-field and far-field of one laser device, in this case, a device with 100 pm contact
opening and 4 mm cavity length. With the parameters obtained from the calibration,
emission characteristics of three other single-emitter lasers with equal epitaxy but dif-
ferent contact opening width, cavity length or facet reflectivities are computed. By de-
creasing the thermally induced refractive index change in the simulation, the measured
change in slow-axis divergence in pulsed operation of a single-emitter device resembles
in the model. The thermally induced increase of the far-field angle is shifted to higher
currents in both experiment and model. The investigated devices include broad-area
lasers with 4 and 5 mm cavity length and contact openings of 100, 140 and 150 pm. The
differences in thermal blooming due to different heat loads and device geometries are re-
produced in the model, simultaneously to the near-field widening at low and narrowing at
high currents. The increase in beam quality due to the application of equal reflectivities
for front- and rear-facet coatings are captured as well. Besides, emission characteristics
for laser arrays with a variation of fill factor and epitaxial structure, with a change in
the confinement factor, are successfully computed. For gain-guided diode lasers, the
evolution of the lateral field with current is in particular determined by the balance and
interplay of carrier- and temperature-induced refractive index perturbations. At low
currents, the carrier-induced perturbations dominate, which lead to anti-guiding and an
increase in the near-field width. For higher currents the thermal lens dominates, and
the far-field angle increases significantly, while the near-field contracts. Other properties
of the diode laser such as gain dispersion or refractive index perturbations due to strain
have a potential influence on the lateral emission. (Objective 2, 3)

So far, the coupled frequency-domain laser model is employed for scalar fields, although
the implementation allows vectorial beam propagation. It is planned to employ this
feature to link the findings from Chapter 5 with the coupled model and investigate the
effects on slow-axis divergence.

The opto-mechanical model (Chapter 5) is derived to compute the degree of polarization
for packaged single emitter or laser arrays. Depolarization of the transverse electric field-
components is induced by the presence of shear strain. The ratio of the shear strain and
the lateral (and vertical) strain component(s) determines the degree of polarization.
The larger the shear strain component is relative to the lateral strain component the
larger is the depolarization. Under the assumption that the structure is invariant in
the longitudinal direction the model is reduced to the transverse plane and applied to
evaluate local depolarization in a packaged laser array. The mechanical strains, induced
by the soldering process, heating of the device during operation and intrinsic lattice
mismatch in the device, are considered. The transverse domain consists of the laser
array, metallization, solder, submount, and the heatsink. A stability analysis of the
opto-mechanical system is performed, in which the resilience against depolarization of a
structure under introduction of strain perturbations is evaluated. The computed degree
of polarization is in the range of the experimental data. (Objective 4, 5)

In addition to the frequency-domain model, a time-domain model based on the traveling-
wave method is implemented and employed to compute the optical propagation in the
QW-plane of an edge-emitting diode laser, including carrier- and temperature-induced
refractive index changes. The evolution of the optical field along the cavity is computed
iteratively for transverse slices. Alongside with the optical propagation, the carrier dif-
fusion equation and an auxiliary equation for the material polarization are solved. The



Conclusion and Outlook 175

dynamic response of the polarization, which is approximated by a Lorentzian pole, ac-
counts for gain and refractive index dispersion. The model is implemented in a parallel
algorithm, which distributes the workload among the available processing units or com-
puting nodes. The parallelization on an 18-core processor leads to a reduction of the
time-step execution-duration by a factor of 10. In the scope of this work, the time-
domain model is demonstrated for a device with 100 pm contact width and 4 mm cavity
length. The results obtained with the time-domain model obey similar filamented field
profiles like the ones obtained with the frequency-domain (Fox-Li) model. The congru-
ence in the obtained results suggests that it is justified to use the frequency-domain
model to compute the multi-mode field distributions. (Objective 6)

The investigation of the lateral emission with the time-domain model, which includes
analysis of different device designs as demonstrated with the frequency-domain model
is subject to future studies.

The focus of this work lies on the implementation of multi-physics models and demon-
stration of phenomena observed for existing devices. In summary, the simulated far-field
divergence, near-field widths, temperatures, and output powers are in agreement with
the measured values obtained from experiments. A quantitative prediction of the lat-
eral emission characteristics (for various devices) including the far-field divergence angle,
and the near-field width in conjunction with the output power, and the temperature for
gain-guided broad-area semiconductor lasers has not been reported before. The compu-
tations include the prediction of the filamented light field inside the cavity. In addition,
the prediction of the degree of polarization for a packaged single emitter or laser array
based on a computed mechanical strain field is novel with respect to the state-of-the-art.

QOutlook:

The understanding and reproduction of characteristics from existing devices is the first
milestone towards predictions for (lateral) laser designs with higher brightness. Sug-
gested strategies for novel devices with increased brightness by reduction of slow-axis
divergence angle or near-field width include:

1. Designs with modified vertical structures and active regions which, for example,
have quantum wells with reduced carrier-induced refractive index change.

2. A reduction of the (lateral) thermal gradients by control of the (transverse) current
injection profile or by variation of the emitter pitch or width on laser arrays.

3. Control of the lateral gain profile by design of the (lateral) current injection into
the QW.

4. The introduction of index trenches for a lateral near-field constraint.

5. Designs with additional lateral features adjacent to the current injection region
which filter higher-order transverse modes. The lateral filters can, for example,
be introduced by variation of the contour of the contact opening, by an alternat-
ing effective refractive index in the lateral or longitudinal direction which act as
gratings or introduction of absorbing elements.

In the design process, the numerical model acts as a digital-twin of the real device to
understand experimental findings and predict new outcomes. With the simulation tools
presented in this work the lateral emission characteristics for such novel, edge-emitting
laser devices can be predicted to the extent needed to make design decisions.






Appendix A

Material Properties

A.1 Bandgap

The temperature dependent bandgap energies for the conduction band minima at the
I', X and L point of the binary compounds GaAs, AlAs and InAs are modeled with the
Varshni formula [124]

2
Eyu(T) = E T

g,0,k — Bk T T, with k= F,X, L. (Al)

Here Eg o 1, are the bandgap energies at the reference temperature of Ty = 0K. According
to [125] the temperature dependent bandgap is calculated by taking the smallest energy

ER(T) = min (Eg,F(T)v Eg,X (T)v Eg,L (T)) (AQ)

out of the bandgap energies of the conduction band minima. The material properties
for the bandgap energies of GaAs, AlAs and InAs are taken from [126] and are listed
in Th. A.1, A.3 and A.4. The temperature dependent bandgap of a ternary compound
A,.B1_.C is calculated based on the interpolation scheme

EpRO(T) = EXY(T) -2+ EZ(T)-(1—2) = CpPlea-(1—2) with k=T,X,L (A3)

between the bandgap energies EA (T) and EBC( ) of the binary compounds AC and
BC. The bowing parameters CABkC are determined from measurements for the specific
ternary compound ABC. Analogue to the binary case the bandgap is determined by
evaluating the minimum of the interpolated bandgap energies of the conduction band
minima I'; X and L according to (A.1). The bowing parameters for AlGaAs are listed
in Th. A.5 and for InGaAs in Tb. A.6.

For AlGaAs or InGaAs with bandgap Fg(T) the offset of the conduction band edge is
determined based on

AEAT) = eap, (Ey(T) — ES*(1)). (A4)
The offsets are evaluated for the case of a heterointerface of AlGaAs or InGaAs to GaAs
(AES2As = ().
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A.2 Effective Density of States and Effective Mass

Effective Density of States (DOS) in semiconductors are exponentially dependent on
temperature

(SIS

T
Ng/w = N, — A.
c/v c/v, Ty (T0> ( 5)

the effective density of states for the conduction and valence band are denoted as N,
and Ny, respectively. A value of Ty = 300 K is taken as the reference temperature. For
the ternary alloys Al,Gaj—,As and In,Ga;—,As the effective density of states N/, 1,
at the reference temperature is evaluated with the interpolation scheme [127]

3
N(’/V1T0 = NC/VyTu,O (]' + CNesy.myl + CNC/V,TUVZIZ) .. (A~6)

For Al,Ga;_,As the interpolation coefficients for the conduction bands density of states
changes for concentrations below x < zyp = 0.41 and above z > ¢, as listed in Tbh. A.5.
With known effective DOS the effective masses of the conduction and valence band

2
. R (Ny(T)N 5
my,(T) = kT <T> (A7)

are determined.
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FIGURE A.1: Electron and hole effective DOS Al,Ga;_,As calculated based on pa-
rameters from Th. A.5.

A.3 Carrier Mobility

To calculate the mobilities of electrons and holes a model presented by Sotoodeh is
applied for the binary and ternary semiconductor alloys AlAs, GaAs, InAs, InP, GaP,
AlGaAs, InAlAs, InGaAs and InGaP. Carrier mobilities are calculated based on the
empirical model

HMmax (T) — Mmin

/L(T) = fmin ~ @
1+ (W(T))

(A.8)
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described in [128]. The temperature dependence of the maximal mobility value is

T\
ﬂmax(T) = Hmax,Tp <?0> (Ag)
and the reference carrier concentration is modeled via
T v
Niet(T) = Nret,1 (?) ) (A.10)
0

where for both the reference temperature is 7y = 300K. The carrier concentration
inserted in (A.8) is the total carrier concentration, the sum of the acceptor and donator
concentrations N = Na + Np. The remaining parameters jmax,1y, Nref, 17, @ 8 and 7 in
(A.8) are fit parameters, which all have positive values. Several facts emerge from the
analysis of (A.8):

1. For small doping concentrations the mobility converges to the maximal value
Nmax(T)-

2. The maximal mobility decreases with raising temperature.
3. For large carrier concentrations the mobility converges to the minimal value fimin.

4. For high temperatures the term N/Nye(T) decreases, so that it only results in
relevant contributions for higher carrier concentrations. The physical explanation
is, that scattering at ionized defects, which lead to a reduction of the mobility,
takes effect at higher doping concentrations with higher temperatures.

The minimum carrier mobility is nearly independent of temperature, as confirmed by
experimental measurements presented in [129]. The presented model is subject to some
restrictions: The mobility after Sotoodeh describes the mobility of the majority charge
carriers only and does not include the mobility for the minority charge carriers since for
the latter, no experimental data is available. For small temperatures, the mobility for
the Sotoodeh model deviates significantly from the measured values, so that it is only
applied for temperatures above 150 K. Additionally, it is not distinguished between the
type of doping - acceptors or donators - nor between the dopant atoms, for example,
silicon (Si) or carbon (C).

For the ternary alloy Al,Ga;_,As the electron mobility rapidly varies with the concen-
tration around a value of x ~ 0.4, since the semiconductor changes from a direct to an
indirect bandgap and the effective electron mass increases significantly. To adequately
reproduce this dependence a more complex interpolation scheme for the electron mo-
bility parameters fin max, Ty Nn,ref, Tys ¥n» Bn and 7y, is employed. The value for ji, min is
calculated as proposed by Daubenschuez [130] with zy = 0.45

GaAs R GaAs\ z .
- un,min + (Nn,mm,zo - ﬂn,n]in)% if x < xg. (A 11)
Hn,min = ) 4 ( InAs ) ):l;fzo s .
Hn,min,zo /'mein Hn,min,zq T—z0 else.

Based on [131, 130] pn max is determined with the quadratic dependence given in Th.
A.5. Sotoodeh suggests interpolation formulas of the form

Nt = (NS28)' ™ ( A““)I (A.12)

,ref n,ref
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and GaA ALA;
_ saAs s
3 _ (1 $)5n,/p +z n/p (A 13)
n/p 1+2(l—2) ’
and linear interpolation for v, and a,. For the parameters fipmin, tp,maxs Npret, Op

quadratical interpolation between AlAs, GaAs and Al, Gi_5,C is used to obtain the
values for Al,Gaj_,As. For v, = WERAS the GaAs value is inserted. Sotoodeh [128]
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FIGURE A.2: Electron (left) and hole (right) mobility for binary alloy GaAs calculated
after [128]. The markers indicate experimental values taken from literature [132] and
[133] as references.

0.40 0.20

[ —

=035 1, 0.18

| »

= |

L o030} > 0.16

g 4

B% z

S 025} £ 014

~ —

£ 020 ~ 02

= BN

Z 015 2 010

2 =

E o0l 2 008

2 o

£ 005 S 0.06

g =

= | | | | 0.04 | | | |

T1020 1020 1022 1023 102 102 1020 1020 1022 102 10%% 10%

Doping concentration / m~3 Doping concentration / m~3

FIGURE A.3: Electron (left) and hole (right) mobility for binary alloy AlAs calculated
after [128].

defines an interpolation scheme for the mobility parameters of In,Gaj_,As based on
given values for Ings3GagarAs. To determine the values for Ny, , the logarithm of
Nie,n/p is quadratically interpolated using the values of InAs, GaAs and Ing 53Gag.a7As
with (C.118). The parameter 7, = A/g’aAs is set to the value of GaAs. Other parameters
are quadratically interpolated utilizing the values given for z = 0.53. Finally, (A.8) is
employed to calculate the mobility.
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FIGURE A.4: Electron (left) and hole (right) mobility for ternary alloy Al,Ga;_,As

in dependence of the aluminum concentration. The values are calculated after [128]

with the interpolation scheme taken from [130]. As references experimental values are

indicated by markers taken from [134] and [128] for electron mobility and form [128]
for hole mobility.

A.4 Permittivity

To predict the relative permittivity for the ternary alloy Al,Gaj_;As in dependence of
the mole fraction z of the compound, the temperature 7 and the wavelength A, the
models presented by Gehrsitz [115] or Adachi [80] are utilized. Adachi’s model can also
be employed for In,Ga;_,As.

In Gehrsitz’s model the coefficients A, C; and B; are extracted as fitting parameters
from experimental measurements as presented in [115] to approximate the relative per-
mittivity based on Sellmeier’s equation [135]

N
A-‘rzl
i=1

The coefficients A and B; are dimensionless, and C; are in units m2. Gehrsitz utilizes a
total of N = 4 poles to match the dispersion characteristics of Al,Gaj_,As.

B;
o
Y

e(N) = n2()) = (A.14)

An alternative model is presented by Adachi [80], where the refractive index of a zinc-
blende material below the direct bandgap is expressed due to a simplified interband-
transition model. According to [80] for Al,Gaj_,As the approximation of the relative
permittivity is

er(A\T) = Apa- (f () + %f (xs0) - (EO%“AJ 2) + Bad (A.15)
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with
_ he
Xﬁ >\E(J’
) _ he
XS0 = X(Eo + Aso)’
2—y1+x—vV1—-x
fx) = 5 - (A.16)

X

The parameters are the split-off energy Ago and the direct bandgap energy Ey. Param-
eters Aaq and Bag are linear interpolated for ternary alloys.

As an alternative to Adachi’s model the refractive index for the ternary alloy In, Gaj_,As
can be calculated based on Sellmeier’s equation (A.14) with the modified parameter [136]

CInGaAsEgAGaAs (T) ) 2
Cp= | 2288 7). A7
0 < Eg,InGaAS (T) ( )

The parameters for Sellmeier’s equation are A = 8.950, By = 2.054, Crngaas = 0.6245 - 10~ %m.
The calculated refractive index of In,Gaj_,As for wavelengths between 900 and 1200
nm and concentration between 0 and 0.25 is displayed in Fig. A.5.
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FIGURE A.5: Refractive index of Al,Ga;_,As, calculated according to [115] (left) and
In,Gaj_,As, calculated according to [136] (right) dependent on wavelength and mole
fractions.

A.5 Photo-Elastic Coefficients

The approximation of the photo-elastic coefficients (either Pj; — Pia or Py4) based on the
wavelength X are calculated according to Adachi [80]. The model is applied to calculate
the properties for GaAs, AlAs, InAs, Al,Gaj_,As and In,Ga;_,As.

3/2
(@) (Q(XHiij)(f(x)f(mo) (%) >>+Du<x>, (A18)

Q

au(N) =
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FIGURE A.6: Linearized thermal wavelength shift of In, Ga;_, As dependent on Indium
concentration. Typical ranges of Indium concentrations for wavelengths around 1 pm
are shown in inlet.

where p is either (100) or (111) to calculate prgpy = P11 — Pi2 or pi1y = Pu with
S00y = S11 — S12 or S(111y = Saa. The coefficients are related via

au(N)

p/t(/\) = _m (A.19)
and
‘= % (A.20)
hCU
Xso = o+ Aso)’ (A.21)
100 =x72 (2= 1+ X} - (1-x}), (A.22)
900 =x2(2- 1+ - (1-07F), (A.23)

with vacuum wavelength A in meter, the experimental parameter C, in m?N~1, experi-
mental parameter D,, in m?N~1, energy of direct band-gap Ey in Joule, split-off energy
Ago in Joule, frequency depended relative permittivity &, (without perturbation), elastic
compliance component S, in m?N~1, speed of light in vacuum ¢y and the Planck con-
stant h. For ternary alloys the parameters C,, and D, are linear interpolated between
the values of the two binary alloys.

A.6 Thermal Conductivity

The thermal conductivity kr is given in units Wm™' K~!. Temperature dependent
thermal conductivity is determined with an exponential temperature dependence

ky (T) = kr, - <T£0>k (A24)
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based on the value given at T, = 300K. For alloys A;_;B, the conductivity is deter-
mined based on the interpolation scheme

i - 17x+ T +(17:E)3: -t (A.25)
AP0\ Kasoo | kB.aoo Cr ' ’

where C,. is the thermal conductivity bowing factor for ternary compounds in Wm=! K—1
and ay, is the exponent for temperature dependence of thermal conductivity. The expo-
nent is linear interpolated between the values for the two compounds. See [125] for more
details on thermal conductivity. For Al,Gaj_,As the thermal conductivity is minimal
around x = 0.5, see Fig A.7.
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FIGURE A.7: Thermal conductivity of Al,Ga;_,As calculated based on parameters
from Th. A.3, Th. A.1 and Th. A.5.

A.7 DMaterial parameters

Parameter Symbol Value Unit Reference
Static rel. permittivity Erg 13.18 (80]
Relative permittivity er 10.89 [80]
Free-carrier abs. cross sec. Oy, 3.10722 m? [43, 44]
Free-carrier abs. cross sec. oy, 7-1072 m? (43, 44]
Thermal conductivity kr, 46 Wm K™t [91]
CTE ar 6.86 1-107K  [137]
Thermal cond. inter. exp. ay -1.25 (125
Bandgap energy Eqor 1.519 eV [126]
ar 0.5405- 1072 eVK™! [126]
Br 204 K [126]

TABLE A.1: Material parameters for GaAs.
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Parameter Symbol  Value Unit Reference
Bandgap energy Eyo.x 1.981 eV [126]
ax 0.460 - 1073 eVK™! [126]
Bx 204 K [126)
Egor 1815 eV [126]
ay, 0.605 - 1073 eVK™! [126]
BL 204 K [126]
Lattice constant ap 5.65325-10710 m [126]
Interband matrix element Ep 28.8 eV [126]
Effective mass electrons mer/my  0.067 [126]
Eff. DOS electrons Ner, 4.7-10% m~3 [138]
Eff. DOS holes Ny, 9.0 10% m3 [138]
Luttinger parameters " 6.98 [126]
o 2.06 [126]
s 2.93 [126]
Spin-orbit split-off energy Ago 0.341 eV [126]
Stiffness constants Ciy 122.1 GPa [126]
Cis 56.6 GPa [126]
Cua 60.0 GPa [126]
Deformation potentials ac -7.17 eV [126]
ay 1.16 eV [126]
b —2.0 eV [126]
d —48 eV [126]
Electron mobility Hnomax,T, 9400 em?V—ls™1 [128]
Hn,min 500 cm?V-ls71 [128]
Noret, 0.6-10% m-3 [128]
an 0.394 [128]
Bn 2.1 [128]
Yo 3.0 [128]
Hole mobility Hpmax, 1y 4915 em?V—1s1 (128
Hp,min 20 em?V-lsTl [128]
Npret, —1.48-10% m3 [128]
ap 0.38 [128]
By 2.2 [128]
W 3.0 [128]
Permittivity coeff. Apq 6.3 [80]
Bad 9.4 [80]
Photo-elastic coeff. Cl100) —0.46 - 10710 [80]
Ciiiny —0.21-10710 [80]
D100y 2.22-10710 [80]
Dy 2.12-10710 [80]
Photo-elastic parameters Py -0.165 [80]
Pis -0.140 [80]
Py 0.072 [80]

TABLE A.2: Material parameters for GaAs (continued). For the recombination rate
parameters Tny, By, and C,,/, for electrical simulations the values for GaAs are taken
from AlGaAs.



Material Properties

Parameter Symbol  Value Unit Reference
Static rel. permittivity Erg 10.06 (80, 128]
Relative permittivity er 8.16 (80, 128]
Thermal conductivity kr, 80 Wm 1K=t [125]
Thermal cond. inter. exp. ay -1.37 [125]
Bandgap energy Eqor 3.099 eV [126]
ar 0.885-107%  eVK™! [126]
Br 530 K [126]
Eg,(),X 2.24 eV [126}
ax 0.70-1073 eVK™! [126]
Bx 530 K [126]
Eg,O,L 2.46 eV [126}
ar, 0.605-1073  eVK™! [126]
BL 204 K [126]
Lattice constant ag 5.6611-10710 m [126]
Interband matrix element  Ep 21.1 eV [126]
Effective mass of electrons mer/my  0.15 [126]
Luttinger parameters Y 3.76 [126]
o 0.82 [126]
s 1.42 [126]
Spin-orbit split-off energy  Ago 0.28 eV [126]
Stiffness constants Ci1 125.0 GPa [126]
Ciy 53.4 GPa [126]
Cyy 54.2 GPa [126]
Deformation potentials ac —5.64 eV [126]
ay 2.47 eV [126]
b -2.3 eV [126]
d —3.4 eV [126]
Electron mobility Hn,max,T, 400 em?V—ls1 [128]
Fon,min 10 cm?V—lsT1 [128]
Nyrety,  5.46-10% m™3 [128]
O 1.00 [128]
Bn 2.1*
Yn 3.0%
Hole mobility Hpmax Ty 200 em?V—1ls7l (128
Hp,min 10 em?V—ls™t (128
Npret,  3.84-10% m3 [128]
ap 0.488 [128]
By 2.24 [128]
Y 3.0 [128]
Photo-elastic coeff. Cl1o0) —0.04-10710 (80]
Chy —0.02-10710 [80]
D100y 0.17-10710 [80]
Dy 0.17-10710 [80]
Permittivity coeff. Apqa 25.3 [80]
Bag 0.8 [80]

TABLE A.3: Material parameters for AlAs. *Value is taken from material GaAs from
Th. A.1 since no reference is found in literature.
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Parameter Symbol  Value Unit Reference
Static rel. permittivity Ers 15.15 [128]
Relative permittivity r 12.25 [128]
Thermal conductivity kT, 27.3 Wm K1 [125]
Thermal cond. inter. exp. ay -1.1 [125]
Bandgap energy Esor 0.417 eV [126]
ar 0.276-1073  eVK™! [126]
Br 93 K [126)
Egox 1433 eV [126]
ax 0.276-1073  eVK™! [126]
Bx 93 K [126]
Beop 1133 eV [126]
ar, 0.276-1073  eVK™! [126]
AL 93 K [126]
Lattice constant ap 6.0583-10710 m [126]
Interband matrix element  Fp 21.5 eV [126]
Effective mass of electrons mer/my  0.026 [126]
Luttinger parameters ol 20.0 [126]
Y 85 [126]
s 9.2 [126]
Spin-orbit split-off energy  Ago 0.39 eV [126]
Stiffness constants Ci1 83.3 GPa [126]
Cr2 45.3 GPa [126]
Cyy 39.6 GPa [126]
Deformation potentials Qe -5.08 eV [126]
ay 1.00 oV [126]
b 1.8 eV [126)
d 3.6 eV [126]
Electron mobility HnmaxT, 34000 em?V~1s7t [128]
Hon,min 1000 em?V~ls™t [128)]
Noret, 11.0-10% m? [128]
o 0.32 [128)
Bn 1.57 [128]
o 3.0 [128]
Hole mobility Upmax, 7y 530 em?V—lsTt [128]
Lp min 20 em?V—lsTt [128]
Npret,  1.1-10% m~3 [128]
ap 0.46 [128)
By 2.3 [128]
Yo 3.0 [128]
Photo-elastic coeff. Cl100) —2.58 10710 [80]
Cny —1.48-10"10 [80]
D100y 2.19-10710 [80]
D111y 2.32.10710 [80]
Permittivity coeff. Apd 4.36 [82]
Bad 10.52 [82]

TABLE A.4: Material parameters for InAs.
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Parameter Symbol  Value Unit Reference
Static rel. permittivity Ers 12.90 — 2.84x [136]
Relative permittivity er 10.919 — 3.33z [115]
+0.57622
Cond. band offset ratio™* CAE. 0.67 [139]
Bowing parameters Crg, ¢ —0.1274+1.3102 eV [126]
Cp,x 005 eV [126]
Eff. DOS conduction band
Chy 3.3 [125]
<041 Nemy 3.96 - 10% m3 [138]
cemn 1317 [138]
cc,TD,Z 0 [138]
x> 041 N, 1.96 - 10% m3 [138]
cema  -0.165 [138]
cemas 0 [138]
Eff. DOS valence band Ny, 9.12-10% m3 [138]
cemn 0490 [138]
Cy,Tp,2 0 [138]
Electron mobility
z <03 Pnmax T, 1—2.2z+0.822 cm?V~ls™t [131, 130]
z>0.3 Pnmax,  —0.025+0.1162  cm?V~1s~t  [131, 130]
—0.072022
Hole mobility* Hpmax, Ty 240 em?V-lsTl [128]
p,min 5 cm?vV—1g—1 [128]
Npret,  1.0-10% m~3 [128]
a, 0.324 [128]
8, [128]
" 125
Non-radiative lifetime Tn/p 1 ns [98]
Spontaneous-emission coeff. By, 2.10716 m?s~! [94]
Auger recombination Cu/p 2.1-10742 ms~! [94]

TABLE A.5: Material parameters for Al,Ga;_,As. *Mobility values are given for

z = 0.3. **Band edge offset ratios ranging from 0.62 to 0.88¢V are reported in [140].

All parameters without given bowing parameter or special interpolation scheme are
linear interpolated between values of AlAs and GaAs.
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Parameter Symbol  Value Unit Reference
Static rel. permittivity Ers 12.9 + 1.53z [128]
0.6722

Relative permittivity & 10.9 + 1.4x [128]

Cond. band offset ratio®™* cap, 0.67

Bowing parameters Cg,p 0.477 eV [126]
Cp,« 14 eV [126]
Cp,, 033 Y [126]
Caey 015 eV [126]
Chyrp 0481 [126)
Cr, -1.48 eV [126]
Cr 1.77 [126]
Co, 2.61 eV [126)
Chy 1.4 [125]

Eff. DOS N, 3.96-10%  m™3 (127]
comy1  -0.683 [127]
CC\Ty,2 0.0476 [127]

Eff. DOS Ny, 4.32-10%  m3 [127]
cvpa  0.32 [127)
ovie 0 [127]

Electron mobility* PnmaxT, 14000 em?V~lsTt [128]
Hon,min 300 em?V-1s71 [128]
Nprety  1.3-10% m™3 [128]
ap 0.48 [128]
B 1.59 [128]
Y 3.68 [128)

Hole mobility* Hpmax, Ty 320 em?V-1s71 [128]
Fp,min 10 em?V—1s71 [128]
Npret, 4.9-10% m™3 [128]
ap 0.403 [128]
Bp 1.59 [128]
p** 3.0 [128)

TABLE A.6: Material parameters for In,Ga;_,As.

*Mobility values are given for

z = 0.53. **Value from GaAs. ***Band edge offset ratios ranging from 0.36 to 0.83 eV
are reported in [140], however the ratio from AlGaAs is taken. All parameters without
given bowing parameter or special interpolation scheme are linear interpolated between

values of InAs and GaAs.
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Parameter Symbol  Value Unit Reference
Thermal conductivity kr, 195 Wm™ K™t [141)
Thermal cond. inter. exp. ay 0
CTE ar 6.5 (6.4) 1-107K~! [142, 143], ([141])
Young’s modulus E 330 GPa (142, 141]
Poisson’s ratio v 0.24
Stiffness constants C11 389 GPa

012 123 GPa

Cua 133 GPa

TABLE A.7: Material parameters for CuW with 90 % tungsten. The Stiffness con-
stants are calculated from Young’s modulus and Poisson’s ratio. Values in brackets are
alternative values reported in literature.

Parameter Symbol Value Unit Reference
Thermal conductivity kr, 57 Wm™ K™t [144, 145]
Thermal cond. inter. exp.  ay 0
CTE ar 139  1-1076K~! [144]
Young’s modulus E 59 GPa [144]
Poisson’s ratio v 0.4 [144]
Stiffness constants Chy 126 GPa

Cha 84 GPa

Cyy 21 GPa
Solidification temperature* Ty 280 °C (10]

TABLE A.8: Material parameters for AuSn (80/20). The Stiffness constants are cal-

culated from Young’s modulus and Poisson’s ratio. *The mechanical package bonds at

solidification temperature and cools down to room temperature so that a temperature
difference of AT, = 255K results.

Parameter Symbol Value Unit Reference
Thermal conductivity k1, 315 (318) WmK~!  [146] ([145))
Thermal cond. inter. exp. ag 0
CTE ar 14.2 1-1076 K1 [147, 148)
Young’s modulus E 79 GPa [149]
Poisson’s ratio v 0.4 (0.42) [149] (]148))
Stiffness constants Ci1 169 GPa

Ci2 113 GPa

Cy 28 GPa

TABLE A.9: Material parameters for Gold. The Stiffness constants are calculated from
Young’s modulus and Poisson’s ratio. Values in brackets are alternative values reported
in literature.
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Parameter Symbol Value Unit Reference
Thermal conductivity kr, 18.5 Wm™K™t ]
Thermal cond. inter. exp. a 0.33
CTE ar 3.3(3.00 1-107%K~1 [150] ([148])
Young’s modulus E 310 (150) GPa [150] ([148])
Poisson’s ratio v 0.27 (0.3) [150] ([148])
Stiffness constants Ciy 387 GPa

Cio 143 GPa

044 122 GPa

TABLE A.10: Material parameters for SiN. The Stiffness constants are calculated from
Young’s modulus and Poisson’s ratio.

Parameter Symbol  Value Unit Reference
Thermal conductivity kr, 400 (394, 398) Wm™'K~!  ([151], [144])
Thermal cond. inter. exp. ay 0
CTE ar 16.5 (16.8) 1-1079K~1  [152] ([151])
Young’s modulus E 110 (114) GPa [151] ([144])
Poisson’s ratio v 0.34 (0.33) [151] ([144])
Stiffness constants Chy 169 GPa

C12 87 GPa

(om 41 GPa

TABLE A.11: Material parameters for Cu. The Stiffness constants are calculated from
Young’s modulus and Poisson’s ratio.

Parameter Symbol Value Unit Reference
Thermal conductivity kr, 230* (160) Wm™1K=!  ([144])
Thermal cond. inter. exp. ay 0
CTE ar 4.5 (4.4) 1-107¢K=1  [150] ([144])
Young’s modulus E 330 GPa [150, 144]
Poisson’s ratio v 0.24 (0.31) [150] ([144])
Stiffness constants Chy 389 GPa

Ci2 123 GPa

Cuy 133 GPa

TABLE A.12: Material parameters for AIN. The Stiffness constants are calculated from
Young’s modulus and Poisson’s ratio. *Value is supplied by vendor.






Appendix B

Finite-Differences Discretization
with Box-Integration

In this chapter, a finite-difference discretization scheme with box integration on struc-
tured unregular meshes is presented. The scheme is developed for differential operators
up to the second order. It is applied to transform sets of linear partial differential
equations with first and (mixed) second-order partial derivatives on structures with spa-
tial varying material values into algebraic equations. The expressions result in (sparse)
matrix-vector equations for the solution vector. This solution vector contains the ap-
proximations to the fields values at the location of the mesh knots. The sparse matrix
system is solved with standard linear algebra libraries, for example, SciPy [153], or
more sophisticated solvers which utilize a massive parallel implementation on GPUs like
MAGMA [107] and reduce the computation time significantly. The MAGMA toolbox is a
library written in C++ and builts onto the NVIDIA CUDA [154] framework to accelerate
matrix and vector operations, for dense and sparse matrices and offers iterative solvers
for sparse matrix equations. To seamlessly integrate the MAGMA library to the Python
code an interface library, pymagma [123], has been written and published by the author.
This package is developed to provide a python interface to GPU accelerated matrix and
vector operations - especially the sparse-iter functions from MAGMA. It provides easy
access to iterative sparse solvers on the GPU. Therefore, two classes magma_matriz and
magma_vector are implemented. Objects of these classes can be created with a SciPy
sparse matrix or NumPy array, and the class can be used to transfer a MAGMA matrix
to the GPU memory space and internally call functions corresponding to the present
data types (complex and real numbers for both 32- and 64-bit floating point numbers).
The library handles the transfer of data and function-calls between Python and the C++
code. To discretize differential operators of second order the box-integration method, a
finite-volume method, based on the finite-differences approximation, is used [31]. The
main difference compared to the standard FDM schemes is that the operators are not
directly discretized, but instead, the operators are averaged by integration over a con-
trol volume, a cell of the mesh. The remaining derivatives are discretized with the
FDM in the next step. The benefit of this box-integration method is that flux densities
are conserved even if material values have discontinuous jumps at interfaces [31]. The
application of the box-integration scheme for multi-band & - p Schrodinger equations is
presented and discussed in [31]. The notation used for the scheme in this thesis is mainly
adopted from [31].
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The general form of a coupled set of N linear partial differential equations of second
order with inhomogeneous coefficients is a matrix equation

D HW (@) (@) =0 (@), (B.1)

with the components of the solution vector 9" and the components of a source vector
b*. The indices run over all components p, v = 0,1,..., N — 1 with the total number of
the components N. The terms of the differential matrix-operator H* (Z) are separated
with respect to the orders of the derivatives

H/u/ 7) Z 0, H‘u" )0, + Z [8 Hl“/ 7) + HW’ () 31.] + [:[6“’ (Z) (B.2)

,j=1
for a d dimensional space. The matrices for the coefficients H;;”, HY HY  HY with
4,7 =0,1,--- ,d—1 contain the spatially varying parameters and in the context of physi-

cal equations are also entitled as material parameters. Due to the general formulation of
the presented scheme for the numerical solution of the system of differential equations,
it can be applied to a variety of physical problems which can be written in the form
(B.1). In the scope of this work, it is utilized to solve the k - p Schrédinger equation for
semiconductor nanostructures and perform the TD or FD optical calculations. Besides,
it can be applied to solve the equations of continuum mechanics (see Chapter 5) or the
thermal diffusion equation (see Chapter 3).

B.1 Structured Unregular Meshes

The FDM scheme is applied to a structured unregular mesh. The mesh knots in a
structured unregular mesh are arranged in the form of a grid so that the cells of the
mesh are rectangular cubes and the knot can have variable distances along each direction.
For a d-dimensional structured grid each point with coordinates & = (x¢, z1, - - - ,xd_l)T
is uniquely identifiable through a vector containing d indices 7 = (ng,n,- - - ,nd,l)T.
A mesh with d dimensions is defined through points with coordinates X @ with i =

.,d—1, j7=0,1,...,N;—1, where N; is the number of grid knots along direction
1. Based on this definition, the vector of coordinates Z (77) of the knot with indices 7 is
given by

Z Ve, (B.3)

where €; is the unit-vector along dimension i. The components of the solution vector ¢”
are discretized on the knots of the mesh so that the values of the fields ¥" (Z (7)) are
given for each knot in the mesh. It is assumed that the solution at other positions is a
linear interpolation between the knot-values. On the other hand, the coefficients of the
differential equation (B.1), labeled by H, are assumed to be constant within each cell of
the mesh. When discretizing the differential equation their values are evaluated at the
center point of each cell (Fig. B.1), so that for example on a one-dimensional mesh the
evaluation points for the coefficients lie half way between the knots of the mesh. The
differential equation models a physical problem, and the coefficients take over the role
of the material properties of the domain. A benefit arising from this formulation is that
interfaces between different materials, which are discontinuities in the coefficients of the
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differential equation can be rigorously handled and do not lead to numerical instabilities
[31]. The distances h;q, (n;) between the grid knots along the dimension i in direction
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FIGURE B.1: Ilustration of structured irregular box grid. The mesh knots at which
field values are stored are displayed as filled circles and the locations where coefficients
(material values) are stored are displayed as circles with white fillings.

= (09,01, - ,(rd,l)T with the components o; = +1, where +1 indicates the direction
of the positive coordinate, are calculated according to

hi g, (i) = <7‘i + 01; (3}) — T <7‘i + 9i 2 a) . (B.4)

B.2 Discretized Differential Operators

As previously introduced, values of the coefficients of the differential equation (the ma-
terial parameters) are given for the volumes (mesh cells) in between the grid knots. The
centers of the cells are located halfway between the knots in the corresponding direc-
tions. Therefore, the value of the coefficients H (77) at the knots 7i are evaluated by
interpolation of the values of the surrounding cells

H (it V Z 5 {H ioi ’“)}H(ma/z)

op==+1 og==+1 Li=1

DI [th, n} (i +3/2). (B.5)

o1=%+1 og==1

where the sums > _. . A.Ead o, result in a total of 29 terms, which contain all

permutations of &. The factor

1 2 .
271V (1) H?:l Zo’,:il hio; (ni) (B0

is expressed with the help of the volume V'(7i) of the individual cell. To discretize second
order derivatives of the form

D7) =

9 [H (&) 0;¢ (T)] (B.7)
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with the box integration method expression (B.7) is averaged over a mesh cell, the
control volume V(&)

1
V(@) Jv@

:%Zai /S(ﬂ) (#) 0y (%) [ das , (B.8)

ket #(it+%er)

0; [H () 959 ()] dV

where S; is the (d—1)-dimensional surface perpendicular to direction ¢, which is evaluated
at the locations x; = n; + 4. By partial integration, the integral is written as the sum
over integrals in d — 1 dimensions of 2¢~! surfaces which are the facets of the mesh cell
the control volume is covering. These surface integrals are approximated by the product
of each facets area || ki w of the d — 1-dimensional surface with the corresponding
average value of the integrals kernel. The derivative remaining in (B.8) is discretized
with the FDM. To discretize (B.7) for i = j the following expression is utilized

O H @0 (@) — D) Y. .. S Hi+3/2) Hm hio; (n)

o1=+1 og=+1 “’1 (”)

X [Y (T + 0:€;) — ¢ (7)) . (B.9)

and for i # j

Oi[H (&)0 (@) =D () > ... Y, WJQ (i+3/2) | [ hron ()
o1==%1 oq=%1 k#i,j

W (4 046 + 05€5) — W (7 + 046;) + o (7 + 05€5) — 1 (/)] (B.10)
is applied. The discretization for first-order derivatives in expressions of the form
HO (2)0; [H' (#) v (7)] (B.11)

with a € {0, 1} leads to the central differences scheme

HE (@) 05 (B () (8] — b [ 5 4+-2) — (7 — &) (B.12)

for uniform grid spacing h and constant material values H. This discretization scheme
is prone to spurious solutions, which manifests in fields which oscillate between two
envelope functions from one mesh knot to the other. These solutions are valid in the
scheme since the derivatives in (B.12) at grid point n; is only dependent on function
values evaluated at grid locations n; + 1 and n; — 1. Therefore, this scheme is blind
for jumps of function values between to neighboring grid knots. To circumvent this
disadvantage expressions of the form (B.11) are discretized with forward and backward
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differences without application of box-integration. The forward derivative is defined as

H (@) [v (@) — D) [[ 1+ () + by (ny)]
i
x [H () (7 + &) — H () 9 (7))

d

o .
T hig (i) + hi— (ng) Uzﬂ Zi Jl;[l hjo; (nj)
xH (i +/2) [¢ (7 + &) — o ()], (B.13)

where for the evaluation of the material coefficients H (77) the interpolation (B.5) is
inserted. Analogue

O [H @y (@) — D(it H[h]+ (n3) + hj— (n)]
J#i
X [H ()¢ (i) — H (7 — &) ¢ (71 — &)]

_ D (i)
— —hi,gr )+ bt () Z Z H hjo; (nj)

o1=+1  og=+1 |j=1
X [H (7 + &/2) v (1) — H (7 + 5/2 — &) v (7l — &)] . (B.14)

is applied for the backward derivatives.

B.3 Discretized System of Differential Equations

By insertion of the substitutions (B.10), (B.9), (B.13), and (B.14) the operator (B.2) is
discretized on a mesh introduced in section B.1 and therefore, each block with indices
u, v is transformed into a sparse matrix HY. The ordering of the elements is carried
out in a way that in each block v of the solution vector F” (i) the values at the grid
knots are hbted row-wise (in Fortran order) for each dimension in a vector FY with
n= 27 1 Hk 1 Nin;. The matrices Hly;, (sub-matrices of the block matrix) resulting
from the discretization are banded matrices, where the number of bands depends on the
number of dimensions of the differential equation, see Fig. B.2. In general, if the corre-
sponding coefficients are not zero, the non-vanishing diagonals are one main diagonal,
2d off-diagonals of the first kind and 2d (d — 1) off-diagonals of the second kind. The
indices of the diagonal, which are indicating the location of the diagonal with respect to
the main diagonal are

ai=o;- [[Ne i=1,..d with o;=x+1 (B.15)

for the off-diagonals of the first kind. Whereby a positive value of the diagonals index
labels diagonals in the upper triangle and a negative value labels diagonals in the lower
triangle of the matrix. Analogue, the indices

-1
bj=ai+o;- [[Ne i=1,.,d, j<i, with o;==%1,0;=+1 (B.16)
k=1
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label the positions of the diagonals of the second type. The entries of the main diagonal
4 44 pr 5

|
FiGure B.2: Illustration of the non-vanishing entries (indicated by markers) of the

discretized operator matrix for a one (left), two (center) and three (right) dimensional
problem.
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(B.17)

of the blocks with p < v are

=D D

o1==%1 oq==+1

In the case of Hermitian problems (for example the solution of the k - p Schrédinger
equation), the blocks with indices p > v are determined by Hermitian conjugation

The entries of the off-diagonals of the first kind are
7\ 1Lz Moy (7)

Hiin = (Hih)".
b= L o % > [ (7+3)
— min; cee e i j .
D () o1=t1  ojg=%loj=+1  og=*l 2 hig, (ni)
-1 i [ = 7 Ty [ = a
+270'in Hij n—+ 2 _Hji 7l+§ H hk,ak (nk)
J#i k#i,j
E'
o)

oj=%1 ol=%1

(”z+1)Hg;&z ', (nj)
+(ni+1)+hi— (ni+1)
[T by () } i=1,..d

)
i li+ 2
tHic <n + 2 > hi+ (i) + hi— (n;)

(B.18)
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The entries of the off-diagonals of the second kind are given by

D YRCID VD DINED DIED DI D L2

o1=+1 oi_1=*lop1=%1 oj_1=*loj1=+1 og=%1

X[ﬁij <ﬁ+%>+ﬁﬁ”(n+ )} Hhkm ng)
k#1,j
i=1,.d for j<i. (B.19)

Since problems with Hermitian matrices, for example in case of eigenvalue problems,
benefit the numerical solution in terms of stability and convergence, the matrices Hfy,
can be separated in diagonal matrices D and remaining parts H,hn, so that in the
eigenvalue problem with eigenvalue E

Hip = B
& DH') = Evp
& D2H'D2y = By (B.20)
_—

=S

the matrix of the system S € CANXAN hecomes Hermitian. Additionally, the solution
vector is modified ' = D~ 21/1 The number of blocks of the system of differential
equations is A and N = H; N; is the total number of knots of the mesh. Note that
computation of the inverse or square root of the matrix D is carried out straightforward
since the matrix has only entries on the main diagonal.
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Miscellaneous

C.1 Model Parameters

Epitaxy EO0 E1 E2 E3
/% 0.683 0.721  0.62 0.85
Neft 3.424 3400  3.366  3.383
Gop/1-10°m™! 243 220 2.35 2.35
Gor / m™IK™! -63

Ny /1-10%m=3 1.48  2.00 2.08 2.08
Ny /1-102m™3K~L 1.01

Ao / nm 972 950 950 950
Bsp / 1-1073 1 1 1 1

Qint / M~ 38 20 20 20
ay /1-10726m3 -2.00 —-1.70 -219 219
ar /1-1074K? 3 4 3 3

Tor / 1S 5[48] 5[48] 10 10
By / 1-1076m3s71 1.7 1.4 [48] 1.4 [48] 1.4 [48]
Cp /1-10742mbs~1 3.5 3.5 3.5 3.5
Dy /1-107"m?~' 260  19.6* 203 203

TABLE C.1: Parameters for the model of the active region for the epitaxial structures
EO0-E3. The values in the first section are extracted from band structure and vertical
eigenmode calculations. The values in the second section are set to match experimental
results for the emission characteristics or are literature values. *Calculated ambipolar
diffusion coefficient based on D,,;, = 2D, D,,/(Dy, + Dp), with hole D,, and electron D,
diffusion coefficient determined from p- and n- mobility in QW from model presented

in the Appendix A.3.
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Device DO D1 D2 D3 D4
Epitaxy EO0 El El El El
Geometry S0 S1 S2 S4 S3
wq / pm 600 600 600 600 600
we / pm 90 100 140 140 150
wy / pm 180 220 220 230
wy / pm 10 10 10 10
lq / mm 4 4 5 5 4
Ry 0.96 098 098 0.10 0.98
R 0.02 0.02 0.02 0.10 0.02
dng /1-1074 -384 -38.4 -384 -384
ap /m! 0 0 0 0
Tws / K 300 300 300 300 300
g/ 1- 10° Wm 2K ! 0.550 0.275 0.350 0.860
lysim. / nm 250 500 500 500 500
Ny sim. 500 1024 1024 1024 1024
N sim. 4000 4000 5000 5000 4000

TABLE C.2: List of HPDL device designs and parameters for SE. The values in the lower
group are parameters for the simulation domain. *Extracted from vertical eigenmode
calculation for corresponding ridge / trench depth. **Determined by calibration of

calculated (average) temperature in QW with measured values.

Device D5 D6 D7 D8
Epitaxy E2 E2 E2 E3
Geometry Al A2 A3 A3
wq / pm 166* 400* 334* 334*
we / pm 90 90 200 200
wy / pm 156 170 324 324
wy / pm 10 10 10 10
lqg / mm 4 4 4 4
Nemitter 55 23 27 27
Ry 0.98 098 0.98 0.98
Ri 0.02 0.02 0.02 0.02
on /1-107* -5 -5 -5 -5
oy / m! 0 0 0 0
T / K 300 300 300 300
g /1-10°Wm—2K~' 1.60 120 135 1.35
lysim. / pm 166 400 334 334
Ny sim. 512 1024 1024 1024
N sim. 512 1024 1024 1024

TABLE C.3: List of HPDL device designs and parameters for LA. The values in the
lower group are parameters for the simulation domain. *For the simulation of the laser
arrays Al, A2, A3 the width is equal to the pitch of the emitters. **Extracted from
vertical eigenmode calculation for corresponding ridge or trench depth. ***Determined
by calibration of calculated (average) temperature in QW with measured values.
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Parameter Symbol  Value
Intensity scale Iy 1-10" Wm—2
Carrier density scale ng 1-10*#*m=3
Length scale lo 1-107%m
Transparency carrier density Nir 3.11-10*m=3
Gain coefficient 90 3.043 - 10°m™~!
Gain decrease with temperature go,T 5-103K'm™!
Front facet reflectivity Ry 0.98

Rear facet reflectivity Ry 0.02

QW thickness dyqw 6.3 nm
Injection contact width We 90 pm
Confinement factor r 0.0067
Internal absorption Qing 38m~!

Central wavelength Ao 910 nm
Spontaneous emission By 1.4-10716 m3s~1 [48]
Longitudinal resolution N, 200
Non-radiative recombination Tar 5ns [48]
Spontaneous Emission contribution to light field S, 1-107% [48]
Internal efficiency i 0.9

Reference device length l20 4 mm

TABLE C.4: Parameters for one-dimensional laser model.

Parameter Value
CTE submount / 1-107K~! 6.5, 7.5
Submount material CuW
Solder (1st) AuSn
Solder (2nd) AuSn
Thickness submount / pm 380
Thickness solder (1st) / pm 2
Thickness solder (2nd) / pm 15
Thickness p-metal / pm 2.3

Thickness submount metal / pm 10
Thickness metal on cooler / pm 1

Thickness cooler / mm 3
Thin-film line force / Nm™? 455
Emitters 55
Pitch / pm 166

TABLE C.5: Parameters for opto-mechanical simulations.
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Parameter

Value

Submount material

Material for submount metal

Solder

Material for p-metal

Thickness submount / pm
Thickness submount metal / pm
Thickness solder / pm
Thickness p-metal / pm
Thickness substrate / pm
Thickness n-metal / pm

AIN
Au
AuSn
Au
380
10

4

2.3
110
0.3

TABLE C.6: Parameters for thermal simulation of SEs.

Parameter

Value

Submount material

Material for submount metal

Solder

Material for p-metal

Thickness submount / pm
Thickness submount metal / pm
Thickness solder / pm
Thickness p-metal / pm
Thickness substrate / pm
Thickness n-metal / pm

CuW
Au
AuSn
Au
380
10

2

2.3
110
0.3

TABLE C.7: Parameters for thermal simulation of emitters out of LAs.
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C.2 Equilibrium Carrier Distributions

The number of occupied states per unit volume and energy FE is

E - FEy
on(E) = go(E)f < T ) [(e8))
where the Fermi-Dirac probability distribution is
@) = ——— (C2)
ey exp(z) '

and g.(E) is the density of states in the conduction band and Er is the Fermi energy.
The density of occupied states for holes is

) =) (1- £ (B ). (©3)

where gy (E) is the density of states in the valence band. For a free electron with effective
mass m* the densities

2 :
9:(E) = 87;‘3[7712%\/15 —E., E>E. (C.4)
3

8mV2 £ 3
g(E) = M VE,—E, E<E,. (C.5)

The total particle densities per unit volume are

n— / ~ n(E)dE, (C.6)
p= dp(E)dE. (C.7)

Intrinsic semiconductors do not contain impurities and are usually non-degenerate. The
intrinsic electron and hole densities are n; and p; with n; = p;. The Fermi-energy of the
intrinsic material is F; and thus [91]

Ei - Ec
n; = N.exp ( T ) , (C.8)
E, — E;
pi = n; = Ny exp < T ) . (C.9)

Multiplying the intrinsic electron and hole density and using E; = E. — Iy leads to the
definition of the intrinsic carrier density

ni = /NNy exp ( — By ) . (C.10)

2kpT

If both carrier densities equal this number the recombination terms vanish.
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C.3 Order of Differential Operators

The material parameters applied to a heterostructure can change rapidly at hetero-
junctions or with an arbitrary spatial gradient for example due to concentration profiles.
The substitution

ko — —i0q, (C.11)

which is performed when discretizing derivatives along direction x, evokes that the
Hamilton operator is not hermitian anymore, because the material coefficients and the
derivatives do not commute anymore. The order of the operators is chosen to circumvent
this and result in a hermitian Hamilton operator. The order of the operators defines the
sequence in which material parameters and differential operators occur in the equations.
Parameters which are defined by matrix elements of the form

Aoy (ualpulug) (uglpy|us) (C.12)
B
are substituted by
Akyky, — —0,A(T)0, (C.13)

in the Hamiltonian [155]. The order of p,, and p,, therefore corresponds to the order of the
differential operators in (C.13). First order differential operators are not symmetrized,
so that they occur in the Hamiltonian as

Bo,
O0uB

(C.14)

Differential operators in the upper triangle of the Hamiltonian are discretized with for-
ward derivatives (B.13) in Chapter B and operators in the lower triangle of the Matrix
are discretized with backward differences (B.14) in Chapter B). In contrast to the sym-
metrization of first order derivatives according to

B(#)ka — 7%’ [B(@)0 + 0 B(7)] (C.15)

the former introduced scheme surpresses jumps of the numerically calculated envelope
functions and un-physical solutions at heterointerfaces [31].

C.4 Stokes Parameters

The Stokes parameters

So = ‘Ez|2 + |E,1/|27

S = (‘ET|2 - ‘EU|2) /So,

Sy = 2R (E.E;) /So,

Sy = —23 (E.E) /So. (C.16)

encode information about the polarization state of a light field with (complex) transverse
components E, and E,. For further information and details on measurement see [156].
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The intensity in linear polarized fraction of the light is
ILP? = 5117 + [ Sa]%, (C.17)
the intensity in circular polarized light is
VI? = |85, (C.18)
and the orientation of the polarization ellipse is defined by
0 = angle(S + iS52) (C.19)

All three properties are calculated based on the Stokes parameters.

C.5 Gateaux Differential

For a functional F' of the function u the Gateaux differential is defined as

OF (u)

iF(u + e0u)|e=0 = 5

O0F (u,0u) = =

ou. (C.20)

C.6 Linearization for Formulation in Variables (¢, ¢,, ¢,)

The entries of the Jacobian (C.63) are

5L¢(u7 5¢) =V (d¢va¢) - Qelﬂné¢ - (Ielﬁp(&b

+¢e10ND (U, 6¢) — gadNa(u, 0¢), (C.21)
dLg(u,0¢n) = qa1Bnddn + qe1d N (1, 6¢n), (C.22)
0Ly (u,6¢p) = qa1Bpodp — qerd Na(u, 0¢p), (C.23)
and
0L, (u,60) = =V - (B260) — qudR(u, 66), (C.24)
0Ly, (,000) = =V - (~Ba80n + dn V36 ) — G R(u, 560), (C.25)
6Lg, (u,0¢p) = —gqad R(u, 6¢p), (C.26)
and
6L, (1,00) = V - (5,56) + qudR(, 59), (C.27)
5L, (11, 060) = qudR (1, 36,), (C.28)

SLg, (u,08,) = (b 56p + dpva%) + qudR(u, 66,), (C.29)



208 Miscellaneous

where the functional derivatives are written in terms of the notation given in Eq. (C.20)
in Section C.20. Linearization of the SRH recombination terms gives
np — n?
(Ta(n 4 1) + Tp(p + i)
(Thn — Tpp) BOD, (C.30)
Bnp
Tn(n +ni) + 7 (p + 1)

x
-
L (= nd)mpn )))5% (©31)
a

5RSRH(71/76¢7’L) = —

dRsru(u, d¢n)

(ta(n+ni) +m(p+my

ﬂnp
Tn n+ nl + Tp(p+ nl)

6RSRH U M)p

_ (np — n{)Bp 5 o
(Tn(n + ny) JFTp(erni))?) Pp, (C.32)

linearization of the spontaneous recombination term gives

5 Rep(u, 56) = 0, (C.33)
5Rsp(u75¢n) = —5Cspnp5¢m (0.34)
6RSP(“7 5¢p) = BCspnpdeyp, (C.35)

and for Auger recombination

IRA(u,0¢) = (Cpn — Cpp)(np — n2)Boe, (C.36)
SRA(u,00r,) = (Conn? — 2C,n%p — Cppzn)ﬁdqbn, (C.37)
ORA(u,0¢p) = (Cun®p + QCprn — Cppniz)ﬁéqﬁp. (C.38)

For models including incomplete ionization the donator and aceptor concentrations de-
pend on the respective carrier densities (quasi-Fermi potentials) and the electric poten-
tial, so that

5D (1, 66) = — Np(n)nfBgp exp (BAED) 56, (C.39)
Ne (1+ fgp exp (BAED)
Np(n)nBgp exp (BAED)

N (1 + A-9p exp (ﬁAED))

SNp(u, 5¢hn) = 5o (C.40)

(C.41)

and
SN (u, 66) = va a@?ﬁ;ﬁ;g AAJZ))) 56, (C.42)
SN (U, 06,) = — Na(p)pBya exp (BAES) 56, (C.43)

N, (1+ - gaexp (BAER))
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The derivatives with respect to the carrier densities are

Np(n)gp exp (BAED)

dNp(u,dn) = —
N <1 + R-9p exp (ﬂAED))

on (C.44)

and
Na(p)ga exp (BAES)

Ny (1 + ¥ 9a exp (BAEA)>

ONA(u,6p) = op. (C.45)

C.7 Linearization for Primal Mixed Method

In this section the entries of the Jacobian for the drift-diffusion model for the fully
coupled system of equations in PMM are given. The entries of the Jacobian for the
mixed formulation are

8Ly (u,8Jy) = =V - 8.7y, (C.46)

6Ly, (u,6J,) =V - 8., (C.47)

Ly, (u,0J,) =V - 8., (C.48)
dLg(u,d¢) = —qafndp — gaBpdg

+qe10Np (1, 6¢) — qa1d Na (u, 5¢), (C.49)

OLg(w, 0¢n) = qefnddn + g0 Np (u, d¢n) (C.50)

OLy(u, 0¢p) = qa1Bpddy — qeard Na(u, d¢p) (C.51)

0Ly, (u,0¢) = 0Ly, (u,0¢) = qadR(u, 6¢) (C.52)

5L¢p(u dpn) = —0Lg, (u,0¢n) = g0 R(u, d¢p,) (C.53)

5L¢p(u d¢pp) = —0Lg, (1, ¢p) = qa1d R(u, d¢y) (C.54)

7, (1, 00) = ds V¢ (C.55)

7. (u,00) = b,d0 (C.56)

SL (u,06n) = —bndn + dn Vg, (C.57)

Ly (u,0¢) = prM (C.58)

7, (:80) = b0y + 4,V 6, (C.59)

all other entries of the Jacobian vanish. The functional derivatives are written in terms
of the notation given in Eq. (C.20) in Section C.20.

C.8 Finite-Element Formulation in Variables (¢, ¢,, ¢,)

The drift-diffusion model is solved for the fully coupled system of equations for the
electric potential ¢, quasi-Fermi potential for electrons ¢,, and quasi-Fermi potential for
holes ¢,. For the fully coupled scheme the vector of (unknown) variables is

(2)
u=|{ ¢u |- (C.60)
bp
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The system of nonlinear, coupled equations is

Ly
L= Lo | =0, (C.61)
L¢p
with the equations Lg, Ly, and Ly, from (6.54), (6.56) and (6.58). To solve the system
with Newton’s method it is linearized around a state wug

J(up)du + L(up) =0 (C.62)

where J is the Jacobian of the system

6L, 0L, oLy
5P T
_ Lon Lo Loy
J= T T . (C.63)
Ly, OLy, oLy,
LE S ddp

The entries of the Jacobian which include the linearized terms for the system of equations
C.62 with respect to the variables ¢, ¢, and ¢, are given in Section C.6. To solve the
coupled set of linear equations

L(u,0u) = L(u, 6u) + 6L(u, du) =0 (C.64)

for the vector of functions du (which are the unknowns in the scope of Newton’s method)
with the help of FEM we introduce the vector of test functions

v=1\ v, |, (C.65)

where each component is an element of the test function space v; € 1%
V={veH Q) :v=00n60p}, (C.66)

where H'(9) is the Sobolev space [77]. The solutions for ¢, ¢,, and ¢, lie in the function
space V'
V={ve HY(Q):v=upondQp}, (c.67)

and fulfill the Dirichlet conditions at the respective boundary d2p. The functional
becomes

F(u,du) = /Q L(u,du) -vdx (C.68)

by integration over the domain Q C R?, where D is the number of space dimensions.
The total functional yields

F = F¢+F¢n +F¢p (0.69)

:/ £¢v¢dx+/£¢,nv¢n dx+/£¢pv¢p dx. (C.70)
Q Q Q



Miscellaneous 211

After partial integration the terms of the weak form proportional to test function v are

Fy= /Q ~dyVé - Vg — dsVoe - Vo,

0N ON.
+Qel(p —n+ ND - NA)UO + Gel ( (TL er)ﬁ + 75 D _ 7A> 6¢’U¢
¢ d¢
dNp ON,
+(Iel(ﬁn + 5bm )6¢nv¢ + Qe](ﬁp ¢A )6¢pv¢ dz, (0'71)
P

all functionals proportional to the test function vg, are

- OR
Fy, = / Ay NV on - Vg, — qaRvg, +bpod - Vg, — qel%(wv%
- OR
,qel 5, 5¢pv¢n b0 Vg, + d, Vi, - Vug, — Qelgé(ﬁnl%n dzx, (C.72)

and all functionals proportional to the test function vy, are

Fd)p = /dev¢p . Vv¢p + qele% — E],5¢ . Vv¢p + Qel (5¢U¢p

o9

+11e1 5¢pv®p +b, p0hp Vg, + dpNVgy - Vg, + (Iel 5¢nv¢p dz. (C.73)

oo

In Egs. (C.72), and (C.73), as introduced above b, = Bd,Vé, and b, = Bd,Vé,
is used. The test functions vanish on the Dirichlet boundaries and so do the normal
components of the current densities (proportional to the gradients of the potentials)
on the Neumann boundaries so that the surface integrals in (C.71), (C.72), and (C.73)
vanish. The variational problem reads: Find du € V such that

/ L(u,6u)-vdz =0 YoeV. (C.74)
Q

Standard Galerkin (15¢ order Lagrange) elements are chosen for the FEM discretization
of the unknown functions [77].

C.9 Analytical One-Dimensional Laser Model

The analytical one-dimensional model is based on the carrier and photon rate equation
and takes into account an exponential increase of the intensity along the cavity. The gain
does not saturate at high intensities since the carrier density is assumed to be constant
and equal to the threshold carrier density. With the current I, optical frequency w,
threshold carrier density Ny, contact width w., QW thickness dqyw, cavity length [,
non-radiative recombination coefficient Ay, spontaneous recombination coefficient Bp,
and the Auger coefficient Cy the power out of the front facet is

E (1= R)VRo Qmir
Gel (\/ RO + \/E)(l -V R()R]) Qimir + Qint

where 7; is the internal quantum efficiency and Iy, is the threshold current

P= mi (= Im) (C.75)

Ith = Jthwclz = wclquwqd (AurNth + BS])NEh + CANt:Sh) - (076)
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The ouput power (out of both facets) is derived in [30] and the asymmetry factor ac-
counting for the power out of the front facet in the case of different front and back facet
reflectivities, is given in [157]. With the reflectivities Ry and R; the mirror loss in m™!
is [30]

In (R()Rl)

ST (C.77)

Qmir =

and the threshold gain is
Qint + Omir

gth = " (C.78)

where T is the optical confinement and ;¢ is the intrinsic loss. The threshold carrier
density

Nin = Nirexp <gth> (C.79)
90

is determined from the logarithmic gain dependence with gain coefficient gy and the
transparency carrier density N,.

C.10 Numerical Evaluation of Chemical Potential in QW

To numerically evaluate the chemical potential from equation (2.83) the root of the
residual

Flue) =ngg — 5—— 3 Z/ktf T (ky)) dky = 0. (C.80)

qwo‘ =t m

is searched. The derivative of F(f) is computed

dF (pie) / exp(@m (k)
_ S UGG T .81
dpe 27quw kBT ZTl; (1 + exp(@m (k)))? ' (C81)

where the derivative of the Fermi distribution f(z) is

@) —expla)
dx (1+ exp(az:))2

(C.82)

and Newton’s method is employed to find a solution for (C.80).

C.11 Implicit Scheme for Carrier Rate Equation

The diffusion of carriers in the longitudinal direction is neglected 92 — 0 so that the
remaining equation can be solved (independently) for each transverse slice, which in
case of the two-dimensional quantum well is the lateral direction. Therefore for each
longitudinal slice of the simulation domain a time-dependent one-dimensional diffusion
equation is solved. The neglection of the longitudinal derivative of second order brings
significant benefits for the speed of the simulation since the decoupled slice-vise calcula-
tion fits into the TDTW parallel implementation, introduced in Section 4.3. In analogy
to the discretization of the TDTW model, either the Crank-Nicolson scheme can be used
to end up with an implicit equation for the carrier density update or the explicit ap-
proach is introduced with the ICN scheme, which leads to an explicit expression for the
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carrier density update. Eq. (6.85) is written in a shorter form collecting all terms which
are independent (or in a stricter sense not directly dependent on) the carrier density
in Ry and all remaining terms in the recombination rate R(n9"), which is a nonlinear
function in n9" including partial derivatives

On™ = R(n™) + Ry

OR
= R(n%w) + Whgx (nqw — n‘},;”) + Ro
OR
= W\nﬁr nt™ + R(ny) — W\n?,f“nﬂlw + Ry
- =b
= Hn®™ +. (C.83)

To solve the rate equation the nonlinear terms are linearized around the value of the
carrier density at the current time step m. The error of this approximation is small if the
change of the carrier density with the time step is small. In the TD model introduced in
Section 4.3 the electrical field and polarization updates are performed prior to the carrier
update, so that the field values at both time steps m and m + 1 are known. Therefore,
the source-term b can be evaluated with the trapezoidal rule bm+% = M;bm and the

term dependent on nyh, yields

OR | % = By (nd)? +2C» (n3)*. (C.8)

pee)
Gy It

R(nz") —

The partial derivatives with respect to the transverse direction (in the case of a QW
only the lateral direction) remain in H

H = —Ap — 2Byyndy — 3Cx (nd)* + DO, (C.85)

'm m

and all terms proportional to n;" are collected in the operator
Hy = —Ane + DO2 + Bypnl¥ +2Cx (nd')? . (C.86)

Although the computational cost is higher as for the explicit scheme, due to the stability
the standard Crank-Nicolson scheme is applied which leads to an implicit expression for
the carrier density at the next time step

At At
(1 - 7H> e = (1 + THR) nh + AtRO,er% (C.87)
where R, .1 includes the generation and stimulated recombination terms. To ensure
T2 ~ w o~ o
numerical stability the scaled quantities D = %)“, nw = %, J = ngto, A = Aty,

t= %, T = ;—S are introduced. For the time scale t( values in the order of the magnitude
of 7,y which are a few nanoseconds are used and for the length scale a typical value of
xo = 1pm is used. The scale for the carrier densities is set to Ny = 1- 1024 /m3.
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C.12 Complex-Conjugate Pole-Residue Pairs

The dispersion of the permittivity is modeled by complex-conjugate pole-residue pairs

according to [64]

P o

e(w) = c0g0 + €0 Y - + 2 (C.88)

_ —a*’
b iw ap iw aj

where P is the total number of complex pole pairs. The electric susceptibility expressed
by the complex-conjugate pole-residue pairs is

c*

P
eoo—1+§ "
'waap Z(U*(lp

X (w)

-

b Hicy d —ic

P P
*1+E + - TR,
zwfa 7zap W — ay, + 1a,

iwey, — ¢,ay, — cpay

=0 - 142 Za’2+a”272zapw w?

_ (‘//(L//) ((1/2 +ag2 _ WZ) _ 2(1,;)(,02(:/

,1+22 (’(1 P P

2
(a2 + a? — w?)” + 4aPw?

P
c a +c"a”) 2a), + ¢, (a? + al? — w?)
19w - pp) 2% T Cp \@p P
E : 2
2422 12,2
—1 (ap +af—w ) +4ajw

. (C.89)

with a, = a;, + ia;,’ and ¢, = (:;7 + ic’,f. Both a, and ¢, have the unit rad g1

C.13 Components of Matrix Operator for BPM

The entries of the matrix operator Ry, in Eq. (4.64) are

( (z)t) /w(z)u
. p . 1
- du(z)ll + kO ( ;w - nfcféurﬂl) ¢V - dH87¢1 + dllr (WT

= 8;0,,01j0;6, + k& (nil, — b)) by — 9,070,081 by

1 1
+0; (%FDV@) + 0 (%ﬁnfu (aj%)) . (€.90)

0 (,5) )
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In the last step we introduced D, = 6]-7112”. The components of the matrix operator
written explicitly are

w)? 1
Ryzpe = yy¢m + (”z,z - ”?ef) . (a) by + Ox <nTaar ('lz£¢m)>

1
+0. (70, (2.0))

zz

w 2 ’I’L2
2 2 TT
& Ruze = Oyytr + (N3 — 1) - (%) bs+ 0 <712 81%)

2z

1
+0y <'VL2 2Ny (817%1) ¢w>

zz

2z 2z

n2, 1
+0y <n;8y(br> + 0, (nTQTLyz (ay”ym) (/51> 5 (C.Ql)

and

1 1

2z

‘2z zz

2 2
w Ny 1
& Ryyoy =n2, (—) by — Opydy + Oy <n;“ay¢y> + 0y <n72nw (Oynyy) ¢y>
2
2

+
&
RS

I8

[ 1
’n"laz¢y) + Oy <n72nzy (Oxnigy) ¢y> . (C.92)

2z

The equality

1
! n?w:
= —0Opaz + Oy | —5-2n0z (0xaa) G + —5 O
Nz n;.
=0, (% 1) 0u6) + 00 - 20 Gunan) o (C.93)
= O nzz YT T ﬂ,gz Nz (OxNag » .

is used to rewrite the equations. The following relation is used in the derivation
O (2/71?’]'71,,,1 (Ovru) d1)
< 0idp,i (1/”371@71”:/,1/3:/,14)1) (C.94)

with
Di,j = Bmz-,j. (C95)

C.14 Demonstration of Beam Propagation

For demonstration, the BPM is utilized to compute the propagation of a Gaussian
field distribution. The propagation of a Gaussian field distribution can be described
analytically so that the beam width over propagation distance obtained by the BPM
is compared to the analytical one, see Fig. C.1. The power in the transverse plane is
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F1GURrE C.1: Propagation of a Gaussian field distribution with beam waist wy = 15 pm
and wavelength A = 1m on a two-dimensional transverse mesh (coordinates z, ) along
the z-direction. The transverse resolution is 256 x 256 grid points and each propagation
step is 1 pm. The electrical field strength at z = Opm (top left) and z = 900 pm (top
right) is displayed. The markers indicate the beam widths for the analytical solution

2
w(z) =4/1+ (ZZT) . Py is the initial power.

constant throughout the propagation and the beam radius follows the one calculated
with the analytical solution.

C.15 Complex Matrix Vector Multiplication

To reduce a complex matrix vector multiplication

Az =b, (C.96)
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where A € C"*" and z,b € C" to a real one with A’, A” € R™" and 2/, 2",b,b" € R*
and A = A’ +iA", x =2’ +i2”, and b = b + ib”, respectively, we write

(A" +id") - (o +ia") = ¥ + b’
o Al + A +iA e — A" =+ i

A A ’ B
<:><An A >‘<I‘T”>:<bﬂ>. (0'97)

Note that the matrix for the real representation is an element of R2**2" and the vectors
are elements of R?", respectively.

C.16 Substitute Equations for Derivation of the Vectorial
Wave Equation

For an electric field vector

. E,
= E
E= < Et ) = B, |, (C.98)

E,
separated into transverse and longitudinal components with the separated vector

E.=| E, |, (C.99)

including only the transverse components, the following equations hold

. 0
Vs x Es = 0 s
0y Ey — OyEy
. Oy (0, Ey — 0yEy)
Vs X Vg x Es = | =0, (0B, —0yF;) |,

0
Vo x Vg x E =V, x Vyx By — (02 + 02) E.é.,

Ve x Vs x E, = —82E,,

V. xV,x E=—02E,,

VXV, x E =¢.0.V, - Es,

V. x Ve x E=08,V,E,. (€.100)
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C.17 Weak Form of Wave Equation

To derive a weak form for complex functions u,v € C? the complex version of the inner
product

(u,v) = (up + tuj, vp + iv5) = / wv* d
Q
= / UV + wi0; 4 fuivy — fupv; de (C.101)

is used. Multiplication of the TD envelope wave-equation (4.26) with the test function
v=| vy, | =7 +v.€E; (C.102)

where €, is the unit vector in longitudinal direction and the transverse components of

the test function are
Vg
Ts= 1| vy |- (C.103)
0

leads to
(Vo x Vox 65) -7 = (02 + 82) oot + (0 (Vs - 6F) ) v
e (VG5 ) 0+ (0 (V56F)) 5 = i (V,0F) - 0
R T F ke (0.65) - 77— (026F) -4
+ % (07 — 2ineedh — ) (et -0 4 popote. 1) =0, (C.104)

We integrate over the two dimensional transverse domain (in the z and y coordinates)
and perform partial integration for terms with second order derivatives to get

/;2 (005 — 8y0E) (000 — D) + Vidt - Vv — (azqz?f) Vil
T ikt G - Vivl + Vi (005 - 0 + ke VigT - 5
KB T F 2k (0.6 ) - 07 — (020F) -
+ 55 (9F — 2iners — )
0

X ((Er,t¢ti) N 17? + Ez,t - ¢t'U: + Szz(z)ziv; + Ez,t : 1_)?¢zi) dz dy = 07
(C.105)
where surface terms arising from partial integration vanish due to Neumann conditions,

which are applied for all boundaries. Note that we used the fact that the permeability
is a isotropic tensor in the last line to separate it from the tensor multiplications. The
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following relations are used in the above derivation:

. EzePr — 51y¢y
s = Eyz(bz - 5yy¢y 5 (C‘loﬁ)
EraPr — 5zy¢y

and
E(L‘Z
5€z¢z = Eyz (0107)
EZ.I}
and
(vs X Vs X 58) T = Oy (Dady — Oyda) Ve — O (Outby — Dy vy. (C.108)

The term in the wave equation including the rotations can be rewritten in a simpler form.
Partial integration (and again dropping surface integrals due to Neumann boundaries)
leads to

/ (Vs X Vs X 55) ﬁ:dxdy

Q

= /SZ — (02y — Oyd) Oyvz + (Oppy — Oytds) Opvy dady

= /Q (020y — Oydz) (Oxvy — Oyvy) dazdy

= / curly (&) curly (37) dz dy. (C.109)
Jo

In the last step with the help of (C.100) the projected tangential curl operator
curly(Ey) = 9, B, — 8,E, (€.110)

which returns just the non-zero parts of the previously calculated rotation is used to
write the weak form of the differential equation in a more compact form. For FEM
descritization the choice of two dimensional curl-conserving vector basis functions for
the transverse fields Q_S} € H(curl, ) and a Lagrange polynomal space for the longitudinal
component ¢, € H'(Q) leads to a stable computation scheme. For the curl-conserving
elements the Nédélec function space introduced in [55] is employed.

C.18 [Iterated Crank-Nicolson Scheme

The ICN scheme [65] can be utilized for a parabolic differential equation of the form
Oy =Hop+b (C.111)

to derive an explicit expression for the derivative with respect to n and update of the field
¢. Operator H contains second order spatial derivatives. In a first step the derivative
is approximated by
n ®
n+1 n

AT Hé,. (C.112)
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The field value at the intermediate step is approximated by a weighted average
1 1
(b:l-f)-% = al(bfl-l)—l + (1 - ll1) ¢n (0113)

with weighting factor a;. The derivative for the second iteration step is approximated
with the help of the averaged value from the intermediate step

@
Pnr = On _ H¢fj+)%, (C.114)

followed by a similar estimation of the intermediate value for the second iteration step
approximated by a second weighted average

Gfﬁ% = a26)y + (1 - a2) ém, (C.115)

with weighting factor as. Finally, the discrete derivative from step n to step n + 1 is
approximated with
¢n+1 n (2)
=H . C.116
e o), (C116)
The previous definitions for the first and second step can be sucsessively inserted into
the equation from the previous line to get

bnt1 = (1 + (AT/H) + ‘12(A71H)2 + alaZ(AT/H)S) On
+ (1 + ao(AnH) + aras(AnH)?) Anb, (C.117)

which delivers an explicit expression for the calculation of the field at the new step. For
the above derivation we assumed that the operator H and the term b are independent

of the coordinate 7. The weighting constants for the averages are a; = ag = %

C.19 Interpolation

The quadratic interpolation between three materials AC, BC and the alloy Az Bi_;,C
is calculated from z the fraction of the alloy, x¢ fraction that material A has in the
alloy Ay B1-4,C, vac value of the property of material AC, vgc value of the property
of material BC, vapc value of the alloy. For A;B;_,C

UABC __UAC —”‘ic> z(1 - ) (C.118)

v + (vac — vpc)o + <(ﬂfo(1 —x0)) (I—=20) o

is the interpolated value.

To interpolate the value of a ternary compound A,B;_,C of two binary materials AC
and BC with parameters vac and vpc with the help of the bowing factor Kapc the
formula

VABC = ZUAC + (1 — :L‘)UBC e l‘(] — I)KABC (C.119)

is used. If the bowing factor Kapc is zero, a linear interpolation is performed.
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