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Abstract

In this work, we analyze a method to model vibrations within horizontally layered orthotropic soil. After
taking the Fourier transform with respect to both horizontal variables x and y, the fundamental solution of
the wave propagation has a simple structure in the wavenumber (k,,k,)-domain. Inside a single layer, the
fundamental solution can be represented by a superposition of six waves with complex wavenumbers. Their
corresponding coefficients are computed by solving a linear system obtained by imposing a boundary condition
at the surface, continuity conditions at the interfaces between the layers, and a radiation condition at infinity.
We study stabilizing strategies for the evaluation of the fundamental solution.
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1 INTRODUCTION

Vibrations in soil coming from trains moving through tunnels have significant impact on the environment. Our
objective is to model such vibrations numerically in order to develop countermeasures in the future. We develop
a numerical algorithm for the simulation of such vibrations in orthotropically layered soil. We use a variant of
the boundary element method called 2.5D-BEM [2, 3], which is applicable under the assumption that the tunnel
is straight and sufficiently long.

A crucial step in the development of the BEM is the evaluation of the fundamental solution for a linear system
relating displacements and stresses. For a transversely isotropic half-space, the fundamental solution is known
explicitly [4]. Our model of the soil consists of an arbitrary number of horizontal soil layers with distinct mate-
rial parameters. We give a detailed description of the method for the computation of the respective fundamental
solution.

2 FUNDAMENTAL SOLUTION FOR ELASTODYNAMICS

Displacements u and strains &,

T T
u= [”x»”ya“z] , €= [Exxagyy,ezzvgxyvgvzvezx} s (1)
are related by the symmetric linear strain tensor [, 3.22]
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Given the flexibility matrix F for orthotropic soil,
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Hooke’s law [1, 3.86] relates the stresses
T
o = [O}X7O}yaozza0}y70}Z7ok£
to strains by
oc=Fle.
Cauchy’s equation of motion [I, 3.56] written in the frequency domain has the following form
ATo+pa’u=0,

where the differential operator A is defined by

A=

o o
oo
o o
o
o
o

2.1 Solution of the second order ODE
In the frequency-wavenumber (k,ky,z, @) domain, the derivative operator A becomes

Ly

where
B tky i
131 = lk5
9|
and
_ tky tky 0O T
A=|0 J k|,
d 0 k]
and 1 =+/—1.
The linear field equations (6) can be formulated in the frequency-wavenumber domain as follows
~ _ . |Gw ~
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This can be written as
(02M +9.C+K)ii =0, (12)

where the matrices K, C and M are given by

—k)%HU — nykg + pa)2 —kykyH1 — Gyykiky 0
K= | —kckyHiy — Guykeky — —k Hy — Gok? + p0? 0 : (13)
0 0 G (ki +k3) + po?
0 0 ke(Hi3+G.y)
C=1 0 0 ky(Ho3 + Gz) | (14)
ke(Hi3+Gz)  ky(Haz + Gz) 0
and
Gox 0 0
M=|0 G, 0 (15)
0 0 Hsy

Here, H = Fl_l, and H;; only depend on the parameters Ey, E;, Vi, and V.

Equation (12) is a three dimensional second order ordinary differential equation (ODE). By defining v = d,u, it
can be converted to the following six dimensional first order ODE

- 0 ; ~
% H - {—M‘IK —M—lc} H : (16)

If the matrix
0 1
[—MlK —M1C] a7

has distinct eigenvalues A,,, m = 1,...6, with the corresponding eigenvectors [gm} , the solution {Q of (16)
—,m

can be written as a linear combination of the form
~ 6
{’i] =Y cn {gv’"} et (18)
v m=1 —Mm

It has to be noted that the eigenvalues come in pairs, i.e. if 4, is an eigenvalue, then so is —A,. Multiple
eigenvalues require a separate treatment.

2.2 Fundamental solution in the (k,, k,,z)-domain for layered soil

We are considering multiple horizontal layers of soil, with distinct material parameters. We assume layer inter-
faces at depths 0 =dy < d| < ... <dp_| <dp = oo, and individual flexibility matrices Fl, 1= 1,...,L on each
layer z € [d;_1,d)], displacements are given by

6
(ke kyy2) = Y b Mz € [dpy,dy), (19)
m=1



where A/, are the eigenvalues of the respective matrix (17) for F = F/, and WP m are the corresponding eigen-
vectors. Defining the matrix D by

ke 0 0
0 kK O
0 0 K
D(kxakyvkz) =1 %ky %kx O ’ (20)
1 1
1O 7k ?ky
sk 0 5k
We obtain from Hooke’s law (5) the following relation for the respective fundamental stresses
~ I N [l ! 1 Al
Slhkky2) = X b [F' Dl kL, )WL, | €24, 1)
m=1
where ké)m = —zl,ﬁ,. We note that this representation only holds when (17) has distinct eigenvalues. For &3 >0,

we compute fundamental displacements u* = u*(ky,ky,z;&3;4) and stresses 6% = 6 (ky, ky,z;€3;4) such that
ATG* + po?ii* = ¢;8(z — &), (22)

where & denotes the Dirac delta and e; the i-th standard unit vector. Thus e¢;6(z— &3) represents a load at depth
&, acting in direction ¢;. We discuss how to compute the respective coefficients ¢/ in (19). For this purpose,
we introduce an interface at d~ = &3, where we assume conitinuity in the displacement and a unit jump in the
stresses

0 (ks kyy iy E330)' " = U (e, Ky i3 E330) (23)

6" (kesky,die3633i)' = G° (ks ky, i3 E33i) ! ey, (24)

Continuity in the displacement as well as the stresses across the other layer interfaces give six conditions per
layer interface, i.e. for [=1,....L—1, [ #1[*,

0 (ke ky, i E330)' = 0" (ke Ky, s E33) (25)

6" (ke ky,dj; E31) = 67 (ke ky,dy; E33i) T (26)

Because of the compatibility conditions for the strains [I, 3.23-3.28], only the components G, = Oy;, Oy, and

o, are considered in (26).

From the interfaces, we therefore obtain 6(L— 1) equations for the coefficents cﬁn, m=1,...,6,l=1,...,L. The
surface condition

G* (ky,ky,0;83;1) =0, 27)

contributes three conditions on the coefficients c%, . 7cé. The radiation condition
u (kg ky,z2:6350) =0, for z— oo, (28)
eliminates three of the coefficients cf, e ,cg, since we only consider the exponentials with negative real parts.

This leaves us with 6L — 3 conditions for the 6L —3 unknowns c.,.
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2.3 The coefficients ¢!, as solution of a linear system

The coefficients c},...,cé satisfy
] o
2! (kyyky,0) | 2 | =[O, (29)
0

1
€6

where the 3 x 6 matrices U (ky,ky,z)! and X! (ky,ky,z) are defined by

7494

1
U' (ke ky,2) - =P e, (30)
Zl(kmk}'vz)*.m = |:F17]D<kx7k)’7kém)lplf m} eM]Za (31)
; ml_,
for kL, = —1A],.
For I=1,...,L—1, [ #I*, the coefficients cll,...,cl6 and cﬁ“,...,cé“ satisfy the 6 x 12 system
_ cll -
l I+1 :1 0
U (kkayvdl) -U + (kmky»dl) [CGI . (32)
T (kesky,d) =X (ke ky di) | | e ;
l'+1
LCe
For [ =1, the coefficients cll*,...,cg and cllul,...,cg‘+l satisfy the 6 x 12 system
- Cll -
: 0
U (ke,ky,dps)  —U"kkyodp)] | ¢ || 0O (33)
2 (yskyydp ) —E kg kydpe) | [T T O
. 7@1'
41
Lcg T

Assuming the eigenvalues AL to be ordered so that the real parts are increasing, the radiation conditions implies

1 1o
E2 =10 B
k] 10
where
00 01 0O
E=10 0 0 01 O
0 0 0 0 01

(34)

(35)

Summarizing equations (29), (32), (33) and (34) in a single linear system for all coefficients c!...



¢k, we obtain, after omitting the variables k, and k, for the sake of readability,

r1(0) "0
Ul(d)) —-U*(dy) 0
¥l (dv) —22(d1) 0
U(dy) —U3(do) el T 0
D(dy) X (da) Ci 0
. C
* gl
ut(dr) —U"t(dp) il 0
= (dp) XN (dp) ¢ —ei
. CL;I
ct :
[]L_l(del) -—l/L(del) 0
YElap ) —xH(dp-y) 0
E, L 0]
(36)

After solving (36), one obtains the fundamental displacements and the fundamental stresses by (19) and (21),
respectively.

3 OUTLOOK

The derived linear system for the coefficients (36) needs to be solved. Preliminary numerical experiments
indicate that the system is ill-conditioned in certain regimes. After developing stabilization techniques, we use
the obtained fundamental solution in a BEM for the simulation of vibrations emanating from railway tunnels,
as described in [3].
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