3346

ICA 20 9

PROCEEDINGS of the
|” 23rd International Congress on Acoustics

9 to 13 September 2019 in Aachen, Germany

Study on large scale projectile impact point positioning method
based on trajectory shock wave
Difeng SUN'; Xubin LIANG'; Tianqing ZHAO'; Houlin FANG'; Zhang CHENG'; Hui ZHENG';
Liangyong ZHANG'; Fang ZHANG'; Deyu SUN'; Yang LIU'
"'Northwest Institute of Nuclear Technology, China

ABSTRACT

With multiple nodes of single acoustic sensor lay around the target, the ballistic shock wave signal of the
projectile generated before hitting the ground can be detected at different locations. The trajectory can be
estimated by measuring the time difference between the signal of different nodes, and the impact point can be
coordinated by crossing the trajectory with the target. In this article, the projectile impact point positioning
model is parameterized and formulated by nonlinear equations with six parameters, and it can be solved by
means of nonlinear least square (NLS) method. By means of Cramer-Rao lower bound (CRLB) analysis,
measurement error distribution by different incident angle and different impact location is calculated, and
also, parameter of exterior ballistics model and wind vector is under consideration.
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1. INTRODUCTION

When the projectile flies in the air at supersonic speed, its front end sharply compresses the air in
front, forming shock wave(l, 2). As it diffuses, the shock wave gradually degenerates into weak
compression wave, and the propagation speed drops from supersonic to sound, finally forming the
cone wavefront(3).

At the sensor, the shock wave is measured in the form of N-wave(4). The trajectory of the
projectile can be estimated according to the arrival time of the N-wave measured at different
positions. The intersection point between the trajectory and the ground or obstacles is the projectile
impact point(5). In early work, the ballistic equation of motion was studied(6). Ballistic const C;, was
introduced to describe the air resistance effect(7). If the gravitational acceleration g is ignored, the
ballistic trajectory will be linear. Researches show that with ballistic constant C, known and drag
coefficient exponent #=0.5, the trajectory parameter and impact point can be well estimated(7).

In this paper, the impact point is estimated in the case that sensor coordinates and sound speed are
not exactly measured or presumed. Also, the influence of wind on sound speed vector is coarsely
modeled. This paper focuses on the study on error analysis method based on Cramer-Rao lower
bound (CRLB)(8). Through numerical simulation and CRLB method, the error distribution of impact
point for large scale target is obtained, and then other scale targets are also taken into account.

2. PROBLEM MODELING

2.1 Basic assumptions

In order to simplify the model of supersonic flight projectile ballistic shock wave, some
assumptions are made. 1) The near-field nonlinear region of projectile is ignored and the velocity
of shock wave is considered as sound speed. 2) The curvilinear induced by gravity acceleration g is
ignored since its acting time is too short. 3) After the projectile hits the ground, its motion equation
changes and some sensors’ signal data is affected. But here, this process is omitted since it can be
solved in other ways such as excluding the abnormal sensors.

2.2 Geometric Model

Geometric model settings are similar to that in literature(9), as shown in Figure 1(a). N sensors S,
are located in the target perimeter with position vector R,=[X,,Y,,0]". The projectile hit the ground
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at a certain elevation angle 6 and azimuth angle ¢, on point Q with vector RQ=[XQ,YQ,O]T. The unit
direction vector of trajectory is e,=-[cosfcosg, cosfsing, sinf]". In the plane &, which determined by
linear trajectory and sensor §,, a triangle is formed by the hitting point Q, the sensor point S, and the

detach point P,. The parameter set )»:{XQ,YQ,Q,(,}),V,}, is what we focus on, especially impact

point coordinates Xy and Y in it.
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Figure 1 — (a) Geometric distribution of the sensors. The linear trajectory intersects the ground at Q

(b)Ballistic shock wave reach sensor S,

2.3 Mathematical model

In the ballistic model, g is ignored, the ballistic constant C, is known and drag coefficient
exponent #=0.5. The instantaneous velocity v'(x") at x' and the flight time ¢'(x") from a
reference point to P, are calculated as in literature(9).

The time stamp of shock wave arriving at S, is given by Equation (1) and s, is calculated with
sine theory in triangle P,0S,.

Tnzt'(x'n)+sl1/c (1)
The Differential Time of Arrival (DTOA)(9) between Sensors S, and S, (1<m,n< N):
Tnm:Tn_z-m:t'(x'n)_t'(x'm)—i_(sn_Sm)/c (2)

24 NLS Method
The estimated value of DTOA can be expressed as:

b(%)=b(A:;R,&,C,)+n (3)
Where l;:[fZI,f3l,...,le]T, b=[7,,,73,....7y;] and m=[n,n,,..ny | are respectively the

observation vector, the model value vector and the total observation error vector of DTOA. The caret
“A” on a certain variable represents an observation, presumption or estimation of the actual value or

presetting value. T=[7,%,,....5y]" , Ii:[)?l,ﬁ,)?pﬁz,..f(lv ,)A’N]T, ¢, é,, are respectively the
observation or the presumption value (vector) of arrival time stamp vector T=[7,,7,,...,7,]", sensor
coordination vector R=[X,,¥,X,,Y,,...Xy,Yy]", sound speed ¢ and ballistic constant C,, with
observation or presumption error N, =[n,,n,...0,,1 . Mg =[y . ly s lyssTlygm. gy By T 5 1
ne, . Besides, the observation error vector of DTOA caused by the sampling procedure can be
described as n, =[n,, — 1,10, — ...y — 1y ] . )»z{XQ,YQ,é’,qﬁ,V,} is the set of unknown

parameter to resolve. Use a (N-1) dimensional column vector F to describe the total error between
observation vector and model vector.

F(3,R.6,G)=b(3) -bLR.E.C) “)
Non-linear Least Square (NLS) method(9) can be used to estimate A with Equation (11):
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A= argminF(A'; 1, R,¢, éb)T N'F(A';1, R,¢, éb) (5)
I
Since the observation error covariance matrix of DTOA is usually unknown, an assumed error

covariance matrix N=o?(I+E) is alternative. In this formula, o is the arrival time stamp error

caused by the sampling procedure, 1 is the (N-1)x(N-1) identity matrix and E is the unit matrix.
Equation (11) can be solved by numerical iterative algorithm.

3. ERROR ANALYSIS AND CRLB METHOD

3.1 Error Source Analysis

Traditional methods generally assume that the error of DTOA of two sensors is only caused by
the signal acquisition process. But in reality, it’s also indirectly influenced by various factors during
the flight.

The position error of sensors will affect the total distance of shock wave propagation in the
air(10).

The different choice of trajectory model has a great influence on the impact point positioning
problem. The ballistic constant Cj is one of the parameters of the model. In this paper, C, is supposed
to be already known.

The shock wave speed is mainly affected by wind, if temperature factor is ignored. The influence
of the wind should be the key to consider when the test is done outside(11), while most articles
choose to ignore its impact because it’s too complex.

3.2 Coarse One Dimensional Wind Modeling

It’s difficult to use a general method for wind modeling. Ignoring its influence on the trajectory of
projectile, wind mainly affects the velocity and direction of shock wave propagation relative to the
earth. The wind is momentarily uniform for small area, but has strong inhomogeneity, instantaneity
and randomness for large area. As shown in Figure 2, the effect of wind speed of the same amplitude
on sound vector is equivalent to adding a circle whose center point is at the end of sound vector and
radius is equal to wind speed amplitude.

c'=c+w (6)

r=(w|

Figure 2 — Influence of wind on sound speed
The shock wave speed vector, namely the revised sound speed vector ¢' is influenced by wind
speed vector w. Since the amplitude of wind w is far less than sound speed c, the change of shock
wave angle A6 is also far less than original angle . The maximum and minimum influence of wind
is obtained when revised angle &'=arcsin(c’/v) meets the extreme value. Since wll ¢, ¢' and ¢
is approximately parallel and Equation (13) can be concluded.

Cl RCHW C'ln RC—W 7

Between the maximal and minimal influence of wind, appropriate intersection of wind
distribution can be used to simply construct the wind model, in this way wind can be modeled in the
same (or opposite) direction of sound speed. A Gaussian distribution of wind w is finally used in
convenience.

In this paper, the error of ¢ from temperature is omitted, then we see that ¢=c¢' and n, =w, i.e.
the distribution of sound speed error is the same as the distribution of wind w. Although this
one-dimensional model leads to linear error distribution of impact point(as shown below in this
paper), which may not fit actual situation, the amplitude of error yet has reference value.



3.3 CRLB Error Analysis
Assume that the observation error vector n follows the zero-mean Gaussian distribution, with
covariance matrix N. When the observation (or presumption) of arrival time stamp 7T, sensor

coordinate R, sound speed ¢ and ballistic constant éb is known, the CRLB on covariance
matrix is as shown(12, 13):
Q(::1.R,¢,C,) =[VF N (VF))'T" @®)
Where V=[0/0X,.,0/0Y,,0/06,0/0¢,0/0V,]" is the gradient operator, and VF' can be

estimated by the observation or presumption value {1, R, C’b} and preset value A.

In order to obtain the total observation error covariance matrix N, N dimensional vector f is
introduced as Equation (8), and the correlation between f and F are as Equation (9).

f(L1,R,6,C)=1-T(MR,EC) )
F=(f,=fisfs =i Sy = 1) (10)

Here f=(f,,f,,...fy) and its observation error vector ny has N independent identically

distributed elements.
The observation error vector ng is determined by many aspects. Ignoring second and higher order
small terms, use first order Taylor expansion to describe the propagation law of error, we get:

[LAREC) fiTReC)= Y . G-0)

Oe{t,R,c,Cy} 69
of of of of (1)
=) —(F-D+ ), — X-X)+—(¢-0)+—(C,-C)
rer) OT Yery 0X oc oC,
n,=n_+ A o+ s n 12
) 4 A x TS C,
Jaax e T ae, (12)
N =105y ~ e
of . of
(2:N) 1)
=(M, 0 — e )+ — Ny gy —— N
( (2:N) (1)) X;}[ ox X@N T oy X(I)J (13)

of .y of of .y of
+ e NNy e Moy |+ W “Ne, (2:n) _E'nq}u)

The lower index (2:N) indicates that the column vector is formed by the 2nd to Nth element of
original vector. Similarly, the lower index (1) indicate that all the elements of the column vector are
equal to the 1st element of original vector.

{t.R,c,C,} is the set of all elements in T,R,c,C,, {t},{R}have the similar meaning. The

function value of F of different parameters %,ﬁ,é,éh and 1,R,c,C, represents the total

observation error calculated by parameters with certain error distribution or not. F(0)
f<e{t,R,c,C,} represents the function value of all exact parameters except 0. f(:;T,R,c,C,)=0

from definition, and f is the abbreviation of f(A;1,R,c,C,). Suppose all ne {nT,nR,nc,an} are
independent identically distributed and follow zero-mean Gaussian distribution, we have:
N, =E(, -ny)
.
=E([ny 5 =1y 15y = Npyoee oy = Aoy ] (B n =Ry =Ry, — A ]) (14)

=o(1+E)
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of, of, of, of, !
_ (2:N) o) (2:N) )
Ng =E Z [ ox Nyony P3% 'nX(l)] Z { 3% “Nyony — ox 'nY(I)J ]

XE‘R} Ye{R}
oy of.. of '
0
:a,gz{ ((afZ) Ly, (“)jn(afl) E}
Xe{R}
chag{dmg[(%)a(%)z (afN)jn(@ﬁ) E} (16)
oc oc
0 0 0
Nc,,=aé{' ((ﬁ) (a’g ..,<a’%>]1 +( Ly E} (7)
b b
N=N, +Ng +N. +N, (18)

N, is the DTOA error covariance matrix caused by sampling procedure, and N is the total DOTA
observation error covariance matrix. 0;,0R,0,,0¢, are the corresponding standard deviation. From

Equation (10) we can conclude that N follows indeed the zero-mean Gaussian distribution if all
relevant error distributions follow zero-mean Gaussian distribution. n and N are both made up of
four terms and influenced by them.

In special cases, if the last three term are zero or can be neglected, then

n=n, =b(¥)-b(A;R,c,C,), N=N, =c.(I1+E) (13)
This is in accordance with traditional methods(7, 9, 11).

4. SIMULATION RESULTS

41 Simulation Setting

Suppose the square target is on the ground plane with side length of 4a (a is the sensor spacing
and represents the scale of target), and N=16 sound detection nodes of single sensor are uniformly
distributed around it, as shown in Figure 1(a). The position vectors of N sensors are R;=[0,0,0],
R,=[0,a,0], etc. The standard deviation of X, Y and Z-coordinates is 3cm. Suppose the ballistic
constant C,=150 is exactly known in advance. Considering winds within gentle breeze (0~5.4m/s),
the standard derivation of shock wave speed, namely the standard derivation of wind is set to 2.7m/s.
Suppose the arrival time stamp error caused by signal acquisition procedure is 10ps.

Computer simulations were carried out with MATLAB. To simulate a particular scenario, true

value kz{XQ,YQ,Q,qﬁ, V,,} with erroneous ﬁ,é and preset value C, was used to generate DTOA

observation value b and then would be forgotten, see literature(9) for detailed calculation method.
Then with R.é, C, and b known , ):={)A(Q,}}Q,é,¢f,l7r} could be resolved by NLS method with

reference to Equation (4) and (5). For each scenario, simulations were carried out for 100 times.
CRLB on the DTOA error covariance matrix was calculated for every scenario with Equation (8),
in which error covariance matrix N refers to Equation (12).

4.2 Influence of Error Sources on Simulation Results

This is Scenario 1, set @=50. In this 200x200m target area, the projectile hits the ground at point
0(80,90,0)m with an elevation angle n/3 and azimuth angle 0, and the impact velocity is 700m/s.
Then the positioning error of the projectile impact point is simulated in the following cases.
Scenario 1.1 Only DTOA error caused by signal acquisition process is taken into account, 100 times
of simulations are carried out to calculate impact point position, its mean value and one standard
derivation (1-SD) ellipse, then actual value and CRLB ellipse are shown to compare in Figure 3(a).
Scenario 1.2 Only DTOA error caused by sensor position error is taken into account, and simulation
results are shown in Figure 3(b).

Scenario 1.3 Only DTOA error caused by wind, namely sound speed error is taken into account, and



simulation results are shown in Figure 3(c).

Scenario 1.4 All DTOA error sources in Scenario 1.1~1.3 are taken into account, and results are

shown in Figure 3(d).
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Figure 3 — Simulation results for different error source. (a)-(d) show the estimation results of
Scenario 1.1-1.4. Dots donate estimates from 100 times of simulation value, crosses donate mean
values of simulation, squares denote the actual values, solid lines denote CRLB error ellipses, and

dashed lines denote 1-SD error ellipses.

As can be seen from the above figure, error description method of CRLB fits the simulation of
projectile impact point well. To targets of large area, the influence of arrival time acquisition error is
the smallest, the sensor coordinate error is the second, while the influence of wind speed is the
greatest. The total error is mainly affected by the wind speed.

In this scenario, the elevation angle #=n/3 and the azimuth angle ¢=0, so the projection of
trajectory parallels the X-axis, so the X-coordinate is mainly affected. The arrival time of Sensor 1 is
subtracted in every equation of DTOA algorithm, resulting in the asymmetry of simulated impact
point coordinate distribution.

4.3 Positioning Error Vary with Trajectory Parameters

This is Scenario 2, and the basic setting is the same as Scenario 1. All error sources are
considered, and specific parameters vary in a certain range to obtain the distribution of CRLB stand
deviation of DTOA.

Scenario 2.1 Scan X and Yy, the CRLB standard deviation distribution of Xy, Yy and Ry is shown
in Figure 4(a), (b) and (c).

Scenario 2.2 Scan 6 and ¢, the CRLB standard deviation distribution of X, Yy and Ry is shown in
Figure 4(d), (e) and (f).

As is shown in the above figure (a)-(c), when the projectile hits the ground at different position,
the error of impact point is different. Near to Sensor 9 (at (200,200,0)m), the error of impact point is
large because that the DTOA algorithm is mainly based on time arrival difference between Sensor 1
and others. Points near Sensor 9 is relatively far from Sensor 1, forming a longer distance for shock
wave to travel, so the accumulated error is larger, and the impact point error is larger. When the
impact point is close to a sensor, the total error will reach the local minimum, because at this
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situation, the arrival time acquisition error is minimal, and its contribution to the total error is
minimal. The X-coordinate error of impact point is larger than the Y-coordinate error in general,
because the projection of the ballistic trajectory is parallel to the X -axis, and the spatial resolution of
the X-axis direction decreases(14) (Imagine in extreme cases that #=0 and ¢=0, and the x-coordinate
estimation error increases indefinitely).

Figure 4 (d-f) shows the error distribution versus elevation angle # and azimuth angle ¢, it can be
seen that in general, the more the trajectory is perpendicular to the ground, the less impact point
error is.
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Figure 4 — Impact point error distribution versus hit position, angles and speed. (a) (d) are

x-coordinate error distribution, (b) (e) are y-coordinate error distribution and (c) (f) are position
error distribution. (a)-(c) are distribution versus Xy and Yy, (d)-(f) are distribution versus 6 and ¢

4.4 Impact point positioning error versus sensor spacing

This is Scenario 3, and the basic setting is the same as Scenario 1. Change the sensor spacing «
and the impact point coordinate (1.6a, 1.8a, 0), the relationship between the error of impact point
and different error sources is obtained. The result is shown in Figure 5.
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Figure 5 — Impact point error versus target scale for different error sources
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Figure 5 shows that when the target size (or the sensor spacing) is greater than a certain threshold
(here the threshold a=0.63, target size 2.5%2.5m), the influence of wind speed on the total error
become the greatest, and linearly increases with the increase of target size. When the target scale is
small, the sensor position error and the time acquisition error take the lead successively. At this time,
the sensor position is usually measured by rulers, with high accuracy, so the time acquisition error
has dominant influence. This conclusion is in according to the common set up in early articles.

5. CONCLUSIONS

In this paper, NLS algorithm is applied to realize the localization of the impact point of
supersonic flight projectile, and the CRLB method for the positioning error estimation is improved,
so that it is still applicable under the influence of the wind within level 3. Simulation results show
that the improved CRLB method can truly reflect the distribution law of simulation data and can be
used as a basis for analyzing the error distribution characteristics of impact points under different
circumstances. According to the improved method, analysis is conducted on which error sources are
dominant under different target scales, and the conclusion has certain guiding significance for the
confirmation and evaluation of field array scheme.
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