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Abstract
Machine learning models can learn complex relationships from data and have led to break-
through results in various domains. In chemical engineering, machine learning models have
great potential for process optimization when combined with mechanistic model equations.
However, machine learning models frequently lead to large-scale nonlinear optimization
problems where deterministic global optimization is desirable but often intractable. In
this dissertation, the global solution of optimization problems with machine learning mod-
els embedded is accelerated by orders of magnitude through the development of reduced-
space formulations and tight relaxations. The reduced-space formulations are proposed
for optimization problems with trained (deep and shallow) artificial neural networks and
Gaussian processes embedded. The approach formulates the machine learning models in
their original variable space which reduces the number of variables to be branched on com-
pared to the standard full-space formulation. To obtain convex and concave relaxations,
we propagate McCormick relaxations through the models which lead to smaller sizes of
subproblems compared to the commonly used auxiliary variable method. Moreover, we de-
velop tight relaxations for activation functions of neural networks, for acquisition functions
used in Bayesian optimization, and for covariance functions used in Gaussian processes.
Our approach greatly improves computational performance compared to the standard full-
space formulations and thus enables global optimization for the rational design of ion-
separation membranes, energy processes, and chemical processes using machine learning
models. To ensure validity of the machine learning models during optimization, we learn
the training data domain and encode it as constraints in process optimization. For this,
we perform a topological data analysis using persistent homology identifying potential
holes or separated clusters in the training data. Then, we train a one-class classifier on
the training data domain or construct the convex hull and encode it as constraints in the
subsequent process optimization. The developed methods are available in our open-source
“MeLOn - Machine Learning Models for Optimization” toolbox, which is a submodule to
our global solver “MAiNGO - McCormick-based Algorithm for mixed-integer Nonlinear
Global Optimization”.

To further accelerate the learning of complex relationships, this work investigates infor-
mation and knowledge representations for chemical engineering data. We study complex
molecular structures as input data for physicochemical property prediction. In particular,
we investigate higher-order physical graph neural networks that enable end-to-end learn-
ing of physicochemical properties from the molecular graph. We use the method for the
prediction of the ignition quality of biofuels. In light of limited experimental data, a com-
bination of multi-task learning, transfer learning, and ensemble learning is used, which
results in competitive performance compared to state-of-the-art QSPR models. Further-
more, we identify physical pooling functions based on the molecular size dependency of
physicochemical properties. Integrating this physical knowledge into the model structure
can be understood as a hybrid modeling approach that improves generalization capabilities
and reduces data requirements.
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Kurzfassung
Modelle des maschinellen Lernens können komplexe Zusammenhänge aus Daten lernen
und haben in verschiedenen Bereichen zu bahnbrechenden Ergebnissen geführt. In der
Verfahrenstechnik hat die Kombination von maschinellem Lernen und mechanistischer Mo-
dellierung ein großes Potenzial für die Prozessoptimierung. Allerdings führen maschinelle
Lernmodelle häufig zu großen nichtlinearen Optimierungsproblemen, bei denen eine de-
terministische globale Optimierung wünschenswert, aber oft unlösbar ist. In dieser Arbeit
wird die globale Lösung von Optimierungsproblemen mit eingebetteten maschinellen Lern-
modellen durch die Entwicklung von Unterraumformulierungen und engen Relaxationen
um Größenordnungen beschleunigt. Die Unterraumformulierungen werden für Optimie-
rungsprobleme mit eingebetteten trainierten (tiefen und flachen) künstlichen neuronalen
Netzen und Gaußschen Prozessen entwickelt. Der Ansatz formuliert die Modelle in ihrem
ursprünglichen Variablenraum, was die Anzahl der zu verzweigenden Variablen im Ver-
gleich zur Standard Vollraumformulierung reduziert. Wir propagieren McCormick Relaxa-
tionen durch die Modelle, die im Vergleich zur üblicherweise verwendeten Hilfsvariablenme-
thode zu einer geringeren Größe der Unterprobleme führen. Darüber hinaus werden enge
Relaxationen für die Aktivierungsfunktion von neuronalen Netzen, für Funktionen, die in
der Bayes’schen Optimierung verwendet werden, und für Kovarianz Funktionen entwickelt.
Unser Ansatz verbessert die Rechenleistung im Vergleich zu den Vollraumformulierungen
erheblich und ermöglicht so eine globale Optimierung für das Design von Membranen, Ener-
gieprozessen und chemischen Prozessen unter Verwendung von datengetriebenen Modellen.
Um die Gültigkeit der datengetriebenen Modelle während der Optimierung sicherzustel-
len, lernen wir die Trainingsdatendomäne. Dazu führen wir eine topologische Datenanalyse
durch, die potenzielle Löcher oder getrennte Cluster in den Trainingsdaten identifiziert.
Dann trainieren wir einen Ein-Klassen Klassifikator auf der Trainingsdatendomäne oder
konstruieren die konvexe Hülle und kodieren sie als Nebenbedingungen in der nachfolgen-
den Prozessoptimierung. Die entwickelten Methoden sind in unserer Open-Source Tool-
box “MeLOn - Machine Learning Models for Optimization” verfügbar, die ein Submodul
von unserem globalen Löser “MAiNGO - McCormick-based Algorithm for mixed-integer
Nonlinear Global Optimization” ist.

Um das Lernen komplexer Zusammenhänge weiter zu beschleunigen, werden in dieser
Arbeit Informations- und Wissensrepräsentationen für physikochemische Eigenschaften un-
tersucht. Insbesondere untersuchen wir Graph neuronale Netze höherer Ordnung, die ein
end-to-end Lernen von physikochemischer Eigenschaften aus dem molekularen Graphen
ermöglichen. Wir verwenden die Methode für die Vorhersage der Zündqualität von Bio-
kraftstoffen. Angesichts der begrenzten experimentellen Daten wird eine Kombination aus
Multi-Task-Lernen, Transfer-Lernen und Ensemble-Lernen verwendet, was zu einer höhe-
ren Genauigkeit im Vergleich zu QSPR-Modellen führt. Darüber hinaus identifizieren wir
physikalische Pooling-Funktionen, die auf der molekularen Größenabhängigkeit der phy-
sikochemischen Eigenschaften basieren. Die Integration dieses physikalischen Wissens in
die Modellstruktur kann als ein hybrider Modellierungsansatz verstanden werden, der die
Generalisierungsfähigkeiten verbessert und die Datenanforderungen reduziert.
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Chapter 1

Introduction

1.1 Motivation
The chemical industry currently requires about 10% of the total energy utilized by end
users. Almost all of this is obtained from fossil resources and is used as carbon feedstock
(58%) or process energy (42%) [34]. Hence, a transformation of the chemical industry to
renewable energy and feedstock supply is needed for a sustainable future [34–36]. The
chemical industry has already reduced greenhouse gas emissions significantly by increas-
ing efficiency but the potential of current measures is limited and new technologies are
required [37]. While the consumption of many fossil resources for process energy can be
replaced by renewable technologies, the need for fossil feedstock is expected to make chem-
ical production the largest driver of global oil consumption by 2030 [34]. In addition,
renewable resources are fluctuating over time and space, requiring dynamic operation and
a new paradigm for the design of flexible plants [36]. Measures to develop new process
routes based on renewable resources and to design such flexible plants need to be found
now as the chemical industry quickly needs to get ready for an emission-free, all-renewable
future. At the same time, the chemical companies are facing increased competition and
must ensure optimal operation and short development cycles for new processes.

Facilitating this radical change poses difficulties as conventional methods for process
synthesis and operation may not be sufficient. To make optimal decisions in complex envi-
ronments, models are required. These models cover all scales from molecular to enterprise-
level and the environment and typically rely on conservation laws for mass, energy, and
momentum as well as, e.g., thermodynamic equations of state. However, the development
of physicochemical models is expensive and many phenomena cannot be fully described by
tractable models.

Machine learning (ML) has the potential to overcome the aforementioned limitations of
mechanistic modeling as ML methods can learn complex behaviors, the model development
is cheaper, and can be advantageous for optimization.

1.2 Why is now the right time for machine learning?
Chemical engineering has seen two big waves of ML applications between the 1980s and
2008, i.e., expert systems and (shallow) artificial neural networks (ANNs) (c.f. [38, 39]).
These waves had limited impact due to several reasons [38]: First of all, the challenges
were lack of data, of data accessibility, of computation power, and of programming en-
vironments / paradigms. Secondly, there were more successful emerging technologies for
chemical engineering at that time, i.e., mechanistic modeling, optimization, and Nonlinear
Model-Predictive Control (NMPC), allowing for significant advances.

Today, we have cheap and powerful computing, easy-to-use programming environments

1



1. Introduction

Figure 1.1.: Overview of the general classes of ML methods. ML can be broadly classified
into supervised learning and unsupervised learning [42].

(e.g., Python & Tensorflow), and a large open-source community in ML. This led to a
technology push in ML and the stunning development of deep learning [40]. In chemical
engineering, we currently undergo a transformation towards digitization and full automa-
tion of industry and research. This leads to an ever-increasing availability of data and the
need for automated optimal decision making based on data, allowing for more sustainable
process operations [41]. We thus have a technology push and industry pull situation, where
ML opens up new possibilities to overcome pressing challenges in chemical engineering.

1.3 Established machine learning methods in chemical en-
gineering

ML has roots in computer science and mathematics and gives computers the ability to learn
without being explicitly programmed. As illustrated in Figure 1.1, ML can be broadly clas-
sified into supervised learning and unsupervised learning [42]. Other types of ML are for
example reinforcement learning (RL) as well as hybrids such as semi-supervised learning.

First applications of ML methods in chemical engineering were proposed in the 1980s
with the advent of expert systems, e.g., for thermophysical properties of complex fluid mix-
tures [43] and catalyst design [44]. They did not achieve breakthroughs mainly because
implementation, training, and maintenance were costly and time-consuming (c.f. Sec-
tion 1.2). As ML theory, computer hardware, and programming languages advanced, ML
was applied in chemical engineering to experimental and simulated data. In the following,
we demonstrate that a large part of the initial application of ML techniques in chemical
engineering focused on data mining and analytics [45]. Here, ML serves as a computational
engine to extract information, to recognize patterns, and to make predictions.

Unsupervised learning describes the collection of techniques that investigate “unlabeled
data”, i.e., data with no explicit input-output connection. The main purpose is to find
hidden structure in data, e.g., for clustering, feature extraction, compression, or anomaly
detection. In chemical engineering, unsupervised learning techniques have been applied
to process data for many tasks. Process monitoring and fault detection have seen many

2



1.4. Emerging machine learning areas in chemical engineering

applications over the past decades leading to commercial tools and industrial applications.
Process monitoring is mostly based on classical principal component analysis (PCA) [46],
while some researchers investigated Independent Component Analysis for non-Gaussian
processes [47] and Kernel Density Estimation for applications with unknown distributions,
e.g., for data smoothing [48]. Further advances are monitoring platforms, e.g., using Self-
Organizing Maps for a wastewater treatment plant [49] and Gaussian Mixture Models for
the Tennessee Eastman process [50].

Fault detection is another common application of unsupervised learning to process data.
In the previous literature, variations of PCA have been used frequently for fault detec-
tion [51–53]. Furthermore, other advanced methods have been applied to distinguish be-
tween normal and faulty batches (e.g., Support Vector Data Description [54] and K-Means
Clustering [55]). Today, first fault detection tools are commercially available for the pro-
cess industry [56]. BP & GE monitor the performance of oil-wells to optimize production
with an estimated gain of up to $15 trillion [57].

Supervised learning methods are trained on labeled data with an explicit input-output
structure and predict their relationship. Regression is a supervised ML tool that is part of
the standard repertoire in Process Systems Engineering (PSE) and has long been used for
modeling and subsequent optimal design of processes. Regarding soft sensor applications,
i.e., online prediction of process qualities, a large variety of different methods has been used
including Partial Least Squares [58–60], Principal Component Regression [61, 62], Support
Vector Machines (SVMs) [63], ANNs [64], and Gaussian Process (GP) Regression [65–67].
Applications of these include complex large-scale processes such as air separation units [59],
injection‐molding [61], reverse osmosis of seawater [60], and further chemical production
processes [64, 65, 68].

Overall, applications of ML methods for process monitoring, fault detection, and soft
sensing are mostly mature and commercially available in chemical engineering.

1.4 Emerging machine learning areas in chemical engi-
neering

Beyond the previously summarized topics deeply rooted in data mining and analytics, we
have identified six emerging areas of ML which contribute to the necessary transition of
the chemical industry [7]. This dissertation contributes to four of the six emerging areas
directly (c.f. Section 1.5).

1.4.1 #1 Optimal decision making
Optimal decision making is a very prominent topic in chemical engineering and PSE with
numerous examples including optimal process synthesis, optimal solvent, catalyst, and
adsorbent selection, optimal equipment design, optimal design of control structures for
processes, as well as optimal control and operation of processes. All of these decisions need
to be made based on existing information which can be in the form of data and mechanistic
knowledge, e.g., models. As shown in Figure 1.2, optimal decision making based on data
requires the training of data-driven models and subsequent optimization with embedded
data-driven models [69].

In previous PSE literature, a large variety of data-driven models has been used for re-
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Figure 1.2.: Illustration of the data driven modeling and optimization approach.

gression and subsequent process optimization. As illustrated in Figure 1.3, the complexity
of applied data-driven models ranges from linear approximations to deep ANNs. For a long
time, the literature focused on linear models to approximate simulation and experimental
data [70]. Since the 1990s, shallow ANNs have been used extensively. Shallow ANNs
can approximate any nonlinear, smooth function given a sufficient number of neurons to
any given positive accuracy [71]. In many PSE applications, ANNs are fitted to complete
processes (black-box approach, e.g., [72]) or ANNs are combined with mechanistic model
equations (hybrid modeling approach, e.g., [73–75]). Subsequently, the obtained process
models can be optimized, e.g., to identify process design [76]. Today, the re-emergence of
ML is mostly driven by deep ANNs and big data [40]. The deep ANNs are thought to
become more important in PSE because abundant data becomes available, e.g., through
smart manufacturing, high throughput experiments, and simulation studies [41]. However,
applications of deep ANNs are still limited in the area of process design in PSE [39].

While optimization of problems with linear models can be solved globally on a large
scale, e.g., for structural optimization [70], linear models cannot learn high dimensional
nonlinear problems accurately. On the other hand, the consideration of more complex
data-driven models like ANNs and GPs, which could reflect high dimensional nonlinear
problems better, has long been limited to local or stochastic solution approaches [74–
78]. Although there are some tailor-made data-driven models that can be solved using
state-of-the-art global solvers, these are also limited to low-dimensional problems [79, 80].
Trying to overcome this issue, a few researchers in chemical engineering and ML devel-
oped tailormade optimization approaches for problems with ML models embedded: [81]
proposed a tailored algorithm for problems with gradient boosted trees embedded. [82]
proposed an algorithm for the optimization of piecewise polynomial functions. Similarly,
[83] also worked on global optimization of spline functions. Some previous works also
used general-purpose global solver to solve optimization problems with complex surro-
gate models embedded [77, 78]. However, such approaches have mostly been limited by
computational burdens. Notably, ANNs with rectified linear unit (ReLU) have recently
been reformulated as mixed-integer linear programs (MILPs) through big-M reformula-
tions [84–86]. Similarly, tree models can be reformulated as MILPs [81, 87, 88]. However,
the number of integer variables and constraints grows linearly with the model complexity
for these formulations.

Overall, emerging area #1 has already seen some work on optimal process synthesis
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Figure 1.3.: Overview of data-driven models embedded in optimization problems in chemi-
cal engineering ordered by the models’ abilities to learn complex dependencies: linear [70],
convex region linear [79], nonlinear basis functions, e.g., ALAMO [80], piecewise poly-
nomial function [82], spline function [83], Gaussian process regression [77, 78], gradient
boosted trees [81, 87], ANNs with ReLU activation [84–86], and other ANNs with more
complex activation functions [1, 77].

and optimal process operation. However, there are still severe limitations when it comes to
the solution of integrated learning and optimization frameworks that exhibit complex ML
models such as ANNs or GPs. In this dissertation, we address this challenge by developing
optimization problem formulations that accelerate deterministic global optimization with
complex ML models embedded by orders of magnitude.

1.4.2 #2 Introducing and enforcing physics in machine learning

Introducing and enforcing physics in ML is a frequently called-for development and often
voiced by chemical engineers. Across many disciplines, supervised learning is directly ap-
plied to the input-output data set in a black-box approach. However, black-box approaches
have severe drawbacks with respect to interpretability, extrapolation, data demand, and
reliability. These drawbacks can limit applications of ML and can even lead to fatal errors
when being applied to industry without necessary checks. Mechanistic, physicochemical
models that are a priori known on the other hand can provide structural knowledge that
can be combined with data-driven models.

The combination of mechanistic and data-driven models is called hybrid (semi-parametric)
modeling and promises advantages such as better interpretability, enhanced extrapolation
properties, and higher prediction accuracy (Figure 1.4) [89–91]. It has numerous applica-
tions in chemical engineering and biotechnology since the early 1990s, e.g., for process [92]
and reactor modeling [93], polymerization [94], crystallization, distillation, drying pro-
cesses [95], and process control [29, 96]. Also, many empirical constitutive equations in
chemical engineering can be interpreted as simple data-driven parts in a hybrid model.
Hybrid modeling has strong theoretical foundations within the chemical engineering com-
munity and is believed to gain importance within and beyond chemical engineering: [73, 97]
provided fundamental insight into the identification of hybrid models and extrapolation
properties. Furthermore, [98] developed methods for determining a valid input domain for
hybrid models.

The ML community has identified the need for the incorporation of a priori knowledge
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Figure 1.4.: Comparison of hybrid model structure and black-box modeling approach. The
figure is adapted from a lecture of Andreas Schuppert on hybrid modeling.

for many applications. For instance, researchers in the ML community incorporate prior
knowledge as a penalty term in the training and thus enforce physics-informed ANN [99].
For example, [100] includes known operators in ANNs, which corresponds essentially to
a hybrid model. A few works also aim to extract physical knowledge from data or data-
driven models. For instance, symbolic regression was used to identify physical laws from
kinematic data [101]. Interestingly, advanced optimization formulations for symbolic re-
gression have been developed [102] and applied in chemical engineering [103].

Overall, chemical engineering is experienced in physicochemical modeling and formu-
lating predictive models. Exploiting these capabilities for hybrid modeling is promising to
ensure interpretability, extrapolation, reliability, and trust of ML models. In this disserta-
tion, we employ hybrid models for the optimization of chemical and energy processes. In
addition, we introduce physical knowledge to deep learning models for molecular property
prediction.

1.4.3 #3 Information and knowledge representation

The great surge of ML applications in social media platforms, online shopping, and video
on-demand services mostly stems from the great accessibility of huge amounts of struc-
tured data. In chemical engineering, however, only a tiny fraction of knowledge and in-
formation is accessible for ML methods while the majority is only available in analog or
non-standardized digital form. While data from computations, sensors, and measurements
can be processed by ML techniques, molecular data, process flow charts, P&IDs, publica-
tions, lab books, etc. are not often accessible to standard ML techniques. This is a major
hurdle for finding and exploiting more complex relationships by ML techniques.

To overcome this hurdle, specialized representations of chemical engineering information
and knowledge are required. For a long time, researches have designed manual features
to describe data. For example, molecules can be described through molecular counts or
group contribution methods [104, 105]. However, this manual feature design requires ex-
pert knowledge and time. In addition, the manual selection of features can lead to a model
bias.
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Figure 1.5.: Illustration of the concept of end-to-end learning in comparison to manual
feature extraction.

A promising solution is end-to-end learning where gradient-based learning is applied on
a complete system from the information representation to the output with differentiability
of all model parts [40]. This has lead to breakthrough results in many complex applica-
tions including self-driving cars [106] and speech recognition [107]. Recently, molecules
and crystals have be represented as graphs and processed by specialized ML algorithms for
end-to-end learning [108, 109]. In particular, a ML method called Graph Neural Networks
(GNNs) has shown promising results for the prediction of structure-property relationships.
GNNs are a type of model that directly operates on graph structure [110]. For instance,
GNNs can utilize a graph representation of molecules, where atoms correspond to nodes
and bonds to edges containing information about the molecular structure. More specif-
ically, GNNs learn physicochemical properties as a function of the molecular graph in a
supervised learning setup using a backpropagation algorithm. As illustrated in Figure 1.5,
the end-to-end learning approach eliminates the need for manual feature selection. In par-
ticular, the GNN learns optimal molecular fingerprints through graph convolutions and
maps the fingerprints to the physicochemical properties by deep learning. [111] applies
GNNs for the prediction of quantitative structure-activity and property relationships, e.g.,
octanol solubility, aqueous solubility, melting point, and toxicity. Further, [112] repre-
sent crystal structures by a crystal graph that encodes atomic information and bonding
interactions for the prediction of target properties, e.g., formation energy and absolute
energy. In addition to these applications, GNNs have also been extended to recognize
higher-dimensional features from graphs [113]. There have also been some first efforts to
represent reaction networks [114, 115] and flowsheets [116] as graphs and apply ML to this
data. Furthermore, researchers in reaction engineering recently developed specific knowl-
edge representations (e.g., Chemputer [117]) to allow for data processing and usage of ML
techniques. [38] names models for information representation as promising building blocks
to further advance the field of chemical engineering.

Overall, we use only a tiny part of the available information in chemical engineering
for computer-aided decision making because the remaining information is inaccessible by
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conventional methods. To properly exploit the large scope of data available in chemical
engineering, it needs to be structured and represented in a machine-readable form. In this
dissertation, we employ advanced GNNs for the end-to-end learning of physicochemical
properties based on the molecular graphs.

1.4.4 #4 Heterogeneity of data
Heterogeneity of data has a multitude of sources in chemical engineering (e.g., lab books,
measurements, property data, publications, simulation files, flowsheets) and processing
heterogeneous data is a major hurdle of many chemical engineering topics, while ML is
famous for its handling of large data sets and combination of heterogeneous data. Hetero-
geneity in chemical engineering stems from (1) multiple scales in time and space, which can
also cross several orders of magnitude: e.g., milliseconds to month in control and schedul-
ing, nm to m in pore diffusion and pressure swing adsorption; (2) a variety of data sources,
which need to be combined to understand chemical processes, e.g., process data, alarms,
property data, equipment specifications; (3) highly different data frequencies; which can be
present in data in chemical engineering, e.g., continuous measurement data appears once
per ms, while quality data is gathered every other hour or day. All of this is exacerbated
by the frequent high dimensionality of data sets in chemical engineering [45].

Unsupervised learning has emerged from ML for treating high-dimensional problems and
perform dimensionality reduction in chemical engineering. Recently, an outlier detection
algorithm identified strategic molecules for circular supply chains within the “network of
organic chemistry” with roughly one million reactions [114]. Breaking down the dimension-
ality makes huge networks accessible to reaction pathway optimization methods [32, 118–
120]. Furthermore, [23] use PCA to design features from a set of molecular descriptors for
solvent selection.

To tackle highly different data frequencies or data, which is erroneous or incomplete, [45]
suggest to use semi-supervised learning. It can be employed in case of a mismatch between
input and output data, e.g., when a data basis consists of labeled and unlabeled data.
A small amount of labeled data can be augmented by a larger unlabeled data set [121].
First preliminary applications in chemical engineering use semi-supervised learning for the
prediction of missing data for a soft sensor in a penicillin production [122].

When working with experimental and industry data, the success of ML is highly depen-
dent on data quality [123]. To this end, [45] highlight issues in chemical engineering, such
as missing data imputation, outlier detection, issues caused by different sampling rates,
and the consideration of noise from various measurement devices. These issues are mostly
not present during the training of surrogate models on simulated data, but arise when
using experimental data.

Overall, the heterogeneity of data is a central challenge in chemical engineering. De-
spite the aforementioned advances, much needs to be done especially in the field of semi-
supervised learning. In this dissertation, the heterogeneity of data is not primarily ad-
dressed because the focus of this thesis lies in modeling and optimization.

1.4.5 #5 Safety and trust in machine learning applications
Safety and trust in ML applications are related to the call for the introduction of physical
laws into ML techniques but goes well beyond. One example is the validity domain of a
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data-driven model. It is well-known that data-driven models cannot extrapolate over their
initial training domain. However, when training data-driven models on industry data,
defining a validity domain is a major issue. In particular, the data can include holes or
can be distributed in separate clusters. Here, standard methods to determine the validity
domain such as the convex hull criterion are not suitable. In practical chemical engineering
applications, a failure could amount to a runaway reaction causing damage to equipment.
Similar issues can arise when applying GNNs to molecular property prediction or when ap-
plying Reinforcement Learning (RL) to control chemical processes [124, 125]. Overcoming
this hurdle is a relevant issue, where ML and chemical engineering together can generate
considerable added value in terms of research and which would open up a huge area for
new applications of ML in chemical engineering.

Overall, these developments are of great importance for chemical engineering where
safety and trust are decisive criteria for the application of new technology in the industry.
In this dissertation, we model the validity domain of ML models through one-class classi-
fiers and obey validity limits in optimization. Thus, this dissertation directly contributes
towards this emerging area.

1.4.6 #6 Creativity

Creativity is a feature that ML has become quite famous for (e.g., for creating pictures
in artistic styles [126]). Some examples are generating new texts, new images, and new
sounds. In chemical engineering, a lot of effort using non-ML techniques is currently going
into inverse problems, e.g., finding a new catalyst or a novel solvent for a given appli-
cation [127]. Also, deriving new process structures or new control structures, which no
human ever thought of, is a frequently desired goal. In ML, matrix completion is a semi-
supervised technique that generated a lot of attention by its large-scale application for the
“Netflix problem” [128]. Here, predictions are made for non-rated movies based on a large
(and sparse) matrix of viewers and ratings. Recently, [129] applied this technique to the
prediction of activity coefficients for component mixtures, which were never experimentally
investigated.

Further progress came with generative adversarial networks (GANs), which are deep
neural network architectures consisting of two nets competing against one another (“ad-
versarial”) [130]. GANs quickly proved to be highly capable at creative tasks, e.g., in
creating new works of art. Another type of promising generative models are Variational
Autoencoder (VAE) [131], which are especially used for data generation (image, sound,
text) and missing data imputation.

Overall, chemical engineering is a field where novel process designs, products, and mate-
rials can currently only be found or discovered by experimental trial and error or by human
design. Supporting this with creative techniques from ML might allow for new discoveries
as of yet unimaginable and research in this direction is hence highly desirable. In this dis-
sertation, we do not focus on creativity of ML method directly. However, our methods are
a first step towards the creative use of ML methods in chemical engineering. For examples,
generative models can be combined with our proposed GNN model for molecular design.
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1.5 Dissertation outline

We have outlined emerging areas within ML and chemical engineering that can generate
considerable added value to solve chemical engineering’s pressing issues. In the following,
we will detail how this dissertation achieved progress in some of these areas. In particular,
this dissertation focuses on the modeling and optimization of chemical engineering prob-
lems. Note that the interdisciplinary work in the area is emerging and the dissertation can
by no means address all challenges that were outlined in the previous sections. Rather, we
consider our work as one contribution to this interdisciplinary research effort. We give an
overview of the chapters of this dissertation. The individual chapters are independent and
each includes an introduction, a methodology, numerical results, and a conclusion.

In Chapter 2, we propose an efficient method for deterministic global optimization of
optimization problems with ANNs embedded. The proposed method is based on relax-
ations of algorithms using McCormick relaxations in a reduced-space employing the con-
vex and concave envelopes of nonlinear activation functions. The branch-and-bound solver
branches only on the free variables and McCormick relaxations are propagated through ex-
plicit ANN models. The approach also leads to significantly smaller and computationally
cheaper subproblems for lower and upper bounding. The optimization problem is solved
using our in-house deterministic global solver McCormick based Algorithm for mixed
integer Nonlinear Global Optimization (MAiNGO). The results show that computational
solution time is favorable compared to a state-of-the-art global general-purpose optimiza-
tion solver. The method is ready-to-use and available open-source as part of our “MeLOn -
Machine Learning Models for Optimization” toolbox [132]. The methods described in this
chapter directly contribute to the emerging area #1 Optimal decision making. Indirectly,
this chapter also contributes towards #5 Safety and trust in machine learning applications
because the described algorithms are the basis for advanced solution approaches that can
consider trust and safety in their formulations (e.g., stochastic programming formulations).

We have applied global optimization with ANNs embedded in a reduced-space to a num-
ber of case studies that are only partly described in this dissertation. In Chapter 2, we
briefly summarize these applications of our developed method. First, the performance of
the proposed method is shown in four optimization examples: an illustrative function, a
fermentation process, a compressor plant, and a chemical process. Then, we briefly discuss
the aggregation of hybrid process models and superstructure problems based on simulation
data from specialized software for organic Rankine cycles. Herein, we substituted equa-
tions of state using ANNs for global process optimization. The surrogate models show
very good accuracy and accelerate optimization. Moreover, the approach is promising to
integrate experimental data via ANNs in global optimization. We used a multi-objective
optimization approach to identify design fabrication parameters of ion separation mem-
branes and separation process structures. Moreover, we briefly present applications for
scheduling problems and nonlinear model predictive control. As we combine mechanistic
model equations with data-driven models, this directly contributes towards #2 Introduc-
ing and enforcing physics in machine learning. Indirectly, this also contributes towards
#5 Safety and trust in machine learning applications because the hybrid models allow for
safe model evaluations.

In Chapter 3, we propose a reduced-space formulation for deterministic global optimiza-
tion with trained GPs embedded. GPs (Kriging) are interpolating data-driven models that
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are frequently applied in various disciplines. Often, GPs are trained on datasets and are
subsequently embedded as surrogate models in optimization problems. These optimization
problems are nonconvex and global optimization is desired. However, previous literature
observed computational burdens limiting deterministic global optimization to GPs trained
on few data points. In the proposed approach, we develop a reduced-space formulation
for optimization problems with GPs embedded. To further accelerate convergence, we
derive envelopes of common covariance functions for GPs and tight relaxations of acquisi-
tion functions used in Bayesian optimization including expected improvement, probability
of improvement, and lower confidence bound. In total, we reduce computational time
by orders of magnitude compared to state-of-the-art methods, thus overcoming previous
computational burdens. We demonstrate the performance and scaling of the proposed
method and apply it to Bayesian optimization with global optimization of the acquisition
function and chance-constrained programming. The method is ready-to-use and available
open-source as part of our MeLOn toolbox [132]. The methods described in this chapter
directly contribute to the emerging area #1 Optimal decision making.

In Chapter 4, we propose a method to learn this validity domain and encode it as con-
straints in process optimization. Data-driven models are becoming increasingly popular
in engineering, on their own or in combination with mechanistic models. Commonly, the
trained models are subsequently used in model-based optimization of design and/or oper-
ation of processes. Thus, it is critical to ensure that data-driven models are not evaluated
outside their validity domain during process optimization. We first perform a topological
data analysis using persistent homology identifying potential holes or separated clusters
in the training data. In case clusters or holes are identified, we train a one-class classifier,
i.e., a one-class support vector machine, on the training data domain and encode it as
constraints in the subsequent process optimization. Otherwise, we construct the convex
hull of the data and encode it as constraints. We finally perform deterministic global
process optimization with the data-driven models subject to their respective validity con-
straints. To ensure computational tractability, we develop a reduced-space formulation
for trained one-class support vector machines and show that our formulation outperforms
common full-space formulations by three orders of magnitude, making it a viable tool for
engineering applications. The method is ready-to-use and available open-source as part of
our MeLOn toolbox [132]. The methods described in this chapter directly contribute to
the emerging area #5 Safety and trust in machine learning applications.

Chapters 2, 3, and 4 use standard ML models to learn from real-valued data. How-
ever, as disused in Section 1.4, chemical engineering data is often heterogeneous and not
accessible for standard ML methods. For example, the prediction of combustion-related
properties of (oxygenated) hydrocarbons is an important but challenging task because the
input data comes in the form of molecules. In Chapter 5, we develop GNN models for
predicting three fuel ignition quality indicators, i.e., the derived cetane number (DCN),
the research octane number (RON), and the motor octane number (MON), of oxygenated
and non-oxygenated hydrocarbons. In light of limited experimental data in the order of
hundreds, we propose a combination of multi-task learning, transfer learning, and ensemble
learning. The results show the competitive performance of the proposed GNN approach
compared to state-of-the-art QSPR models making it a promising field for future research.
The prediction tool is available via a web front-end at www.avt.rwth-aachen.de/gnn.
The methods described in this chapter directly contribute to the emerging area #3 Infor-
mation and knowledge representation.

11

www.avt.rwth-aachen.de/gnn


1. Introduction

In Chapter 6, we derive meaningful GNN architectures based on physical knowledge
about the learned properties. A key element of GNNs is the pooling function where atom
feature vectors are combined into molecular fingerprints. Most previous works use a stan-
dard pooling function to predict a variety of properties. However, unsuitable pooling
functions can lead to unphysical GNNs that learn through inherent overfitting and that
cannot generalize. The impact of physical pooling functions is demonstrated for quan-
tum mechanical properties of molecules and is compared with standard pooling functions
and the recent set2set pooling approach. We recommend using sum-pooling for the pre-
diction of properties that are molecular size-dependent and show that physical pooling
functions greatly reduce overfitting and enhance generalization. The methods described
in this chapter directly contribute to the emerging area #2 Introducing and enforcing
physics in machine learning. Also, the methods contribute indirectly to #3 Information
and knowledge representation and #5 Safety and trust in machine learning applications.

Finally, Chapter 7 summarizes the key results of the dissertation and outlines a few
avenues for future research and applications.
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Chapter 2

Deterministic global optimization with
artificial neural networks embedded

2.1 Introduction
A feed-forward artificial neural network (ANN) with one hidden layer can approximate
any smooth function on a compact domain to an arbitrary degree of accuracy given a suf-
ficient number of neurons [71]. Thus, ANNs are said to be universal approximators. Due
to their excellent approximation properties, ANNs have attracted widespread interest in
various fields such as chemistry [133], chemical engineering [134], pharmaceutical research
[135] and biosorption processes [136] for the black-box modeling of complex systems. Fur-
thermore, various industry applications of ANNs exist, e.g., modeling and identification,
optimization and process control [137].

In many applications, a model including ANNs is developed and then used for opti-
mization. In biochemical engineering for example, ANNs are commonly used to model
fermentation processes [138] and optimize their output to identify promising operating
points for further experiments [139–141]. ANNs are also used as surrogate models for the
optimization of chemical processes [72, 74, 75, 142–153].

Most of the previous publications on optimizations with ANNs embedded rely on local
optimization techniques. Fernandes [153], for instance, optimized the product concentra-
tions of a Fischer-Tropsch synthesis using the quasi-Newton method and finite-differences.
Other authors used local solvers like DICOPT [154] (e.g., [74, 75, 145, 147]), sequential
quadratic programming (e.g., [146]) or CONOPT [155] (e.g., [147]). These local methods
can yield suboptimal solutions when the learned input-output relation is multi-modal. In
addition, the activations functions involved in ANNs are usually nonconvex. A few re-
searchers have addressed this problem by using stochastic global methods such as genetic
algorithms (e.g., [139–141, 150, 151, 156]) or brute-force grid search (e.g., [142–144]). How-
ever, these methods cannot guarantee global optimality. Deterministic global optimiza-
tion of an ANN embedded problem was carried out by Smith et al. (2013) [72] who used
BARON [157] to optimize an ANN with one hidden layer and three neurons that emulates
a flooded bed algae bioreactor. As the hyperbolic tangent activation function is currently
not available as an intrinsic function with its corresponding envelopes in BARON, Smith et
al. (2013) [72] used an algebraic formulation including exponential functions which leads
to weaker relaxations (cf. Section 2.3). In 2009, de Weerdt et al. [158] optimized the
output of randomly generated ANNs with one hidden layer and up to 128 neurons using
interval analysis [159]. The work considered box-constrained problems with up to three
degrees of freedom (DoF). Henao argues in his Ph.D. thesis [147] that with state-of-the-art
global optimization solvers such as BARON at the time (i.e., 2012) only small to medium
sized problems could be solved. He suggests a piecewise linear approximation of the hy-
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perbolic tangent function. The literature shows that there remains a need for an efficient
deterministic global optimization algorithm of problems with ANNs embedded.

In deterministic global optimization, convex relaxations are derived and relaxed prob-
lems are solved using branch-and-bound (B&B) or related algorithms [157, 160]. In most
state-of-the-art deterministic global optimization solvers such as BARON [157], ANTIGONE
[160] and SCIP [161] the complete set of constraints and variables is handed to the op-
timization algorithm that builds convex relaxations. This method is referred to as the
full-space (FS) formulation. Another possibility is the reduced-space (RS) formulation.
The key idea thereof is to hide some optimization variables and constraints from the op-
timizer [162–166]. Note that a discussion about similarities between RS formulation and
selective branching can be found in Bongartz and Mitsos (2017) [165].

For the deterministic global optimization of ANNs, the FS formulation inherently results
in a large-scale optimization problem because the ANN network structure includes multi-
ple (hidden) layers, neurons and network equations. Additionally, auxiliary variables used
in state-of-the-art solvers for the relaxations increase the problem size. Solving large-scale
optimization problems globally is difficult because of the exponential worst-case runtime
of the B&B algorithm. Moreover, in standard solvers the user has to provide tight variable
bounds, which are difficult to provide for some network variables. A possible disadvantage
of the RS formulation is that the propagation of relaxations through large ANNs may
result in weak relaxations.

One possibility to construct relaxations in the RS setup are McCormick relaxations [167]
that have shown favorable convergence properties [168, 169] and have been extended to
the relaxation of multivariate functions [170, 171]. Recently, a differentiable modification
of the relaxations has been proposed as well [172, 173]. The global optimization using Mc-
Cormick relaxations has been applied to several problems such as flowsheet optimization
[165, 166, 174] and the solution of ODE and nonlinear equation systems [164, 175, 176].

In this contribution, ANNs are optimized in a RS, which significantly reduces the di-
mensionality of the optimization problems. More specifically, the equations that describe
the ANN and the corresponding variables are hidden from the B&B solver. In order to
construct tight convex and concave relaxations of the ANNs, we utilize the convex and
concave envelopes of the activation function (shown in Appendix A.1) and automatic con-
struction of McCormick relaxations [163].

In the remainder of this chapter, first an overview on multilayer perceptron ANNs is
provided (Section 2.2). In Section 2.3, the optimization problem formulation and the
relaxation of ANNs are proposed. Further, implementation details are provided. In Sec-
tion 2.4, the proposed method is applied to four numerical examples and compared to
the optimization algorithm BARON. In Section 2.6, advantages, limitations and possible
applications of the proposed method are discussed.

2.2 Background on multilayer perceptrons
In this section, the multilayer perceptron (MLP), also known as feed-forward ANN, is
briefly introduced (see also, e.g., [42]). As depicted in Figure 2.1, the MLP can be illus-
trated as a directed acyclic graph connecting N layers, numbered from k “ 1 to N . Layer
1 is imaginary and corresponds to the input of the MLP, whereas the last layer (k “ N)
corresponds to its outputs. The layers k “ 2, .., N ´ 1 are the hidden layers. Each layer
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Table 2.1.: Mathematical notation for MLPs indicating constant parameters (Param.) and
variables (Var.) for both training and optimization problems with MLPs embedded (Emb.
Opt.).

Symbol Training Emb. Opt. Meaning
bpk´1q Var. Param. Bias vectors
Wpkq Var. Param. Weight matrices
zpkq k “ 2, ...N ´ 1 Var. Var. Output of the hidden layers
zpkq k “ 1 Param. Var. Input vector
zpkq k “ N Var. Var. Output vector

consists of Dpkq neurons.
Let zpkq P RDpkq be the output vector of layer k. Thus, zp1q is the input vector and zpNq

is the output vector of the MLP. For each layer k ě 2, the vector zpkq is given by

zpkq “ hk

´

Wpk´1qzpk´1q ` bpk´1q
¯

(2.1)

where hkp¨q is an activation function, Wpk´1q is a weight matrix and bpk´1q P RDpkq a bias
vector. In this chapter, we mainly focus on optimization with (already trained) MLPs
embedded. In this case, all weights pWpkqq and bias vectors pbpkqq are given constant pa-
rameters (cf. Table 2.1).

Hidden Layer 1 
k = 2

b(2)

Input Layer
k = 1

Output Layer
k = N

Hidden Layer N-2
k = N -1

1

2

D(N)

Input 1

Input 2

Input D(1)

Output 1

Output 2

Output D(N)

1

2

D(1)

b(1)

1

2

3

D(2)
D(N-1)

b(N-1)

1

2

3

<

Figure 2.1.: Graphical illustration of a multilayer perceptron artificial neural network with
N layers as a directed acyclic graph. Herein, layer 1 corresponds to the input layer and
layer N corresponds to the output layer. The layers 2 to N-1 are the hidden layers. The
illustrated network has a fully connected feed-forward architecture where all neurons of a
layer, k, are connected to all neurons of the following layer, k+1.
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2. Deterministic global optimization with artificial neural networks embedded

A commonly-used activation function of the hidden layers is the hyperbolic tangent func-
tion (hkpxq “ tanhpxq) (componentwise) which is discussed herein. The proposed method
can be easily applied to other common activation functions like the logistic function.

2.3 Method
In this section, the optimization problem formulations and the McCormick relaxation of
MLPs are proposed. Further, details about the implementation are provided.

2.3.1 Optimization problem formulations

Optimization problems, which use MLPs as surrogate models typically have a particular
structure. Usually, one or more of the input variables of the MLPs correspond to (scaled)
degrees of freedom of the problem pxq and can be chosen within given boundsD “ rxL,xU s.
Once the input variables are fixed, the dependent variables in the networks, z, can be
determined by solving the nonlinear network equations hpx, zq “ 0, h : D ˆ Rnz Ñ Rnz ,
i.e., Equations (2.1). The outputs y of the networks can be understood as network variables
of the output layers. Thus, the output variables are a subset of the network variables with
ny ă nz. The objective function, fpx,yq, f : D ˆ Rny Ñ R, usually depends on the
networks inputs and outputs but not on the remaining network variables. Similarly, the
feasible region is often constrained by inequalities gpx,yq ď 0, g : DˆRny Ñ Rng which
also depend only on the network inputs and outputs.

2.3.1.1 Full-space formulation

In the FS formulation, the input and the network variables are optimization variables and
the problem can be formulated as follows:

min
xPD,zPZ

fpx,yq (FS)

s.t. hpx, zq “ 0, gpx,yq ď 0

In this case, a global B&B solver requires bounds on x and z. The FS formulation is
utilized by common general-purpose deterministic global solvers.

2.3.1.2 Reduced-space formulation

In MLPs, the network equations (hpx, zq) can be solved explicitly for one layer after an-
other. Thus, the network equations can be used to substitute the network variables (z) in
the FS optimization formulation (cf. [165]):

min
xPD

fpx, ŷpxqq (RS)

s.t. gpx, ŷpxqq ď 0

The RS formulation operates only in the domain D of the optimization variables x. Fur-
ther, the equality constraints, which describe the network equations, are no longer visible
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2.3. Method

to the optimization algorithm. This is possible when the equality constraints can be for-
mulated explicitly as is the case for MLPs. However, the complete substitution of equality
constraints is not in general possible when optimizing arrangements of several MLPs or
hybrid modeling formulations. In these cases, some equality constraints and additional
variables might remain in the RS formulation (e.g., for connecting different MLPs with a
recycle) similar to, e.g., [165]. As an option, these can also be relaxed using extensions of
the McCormick approach to implicit functions [175, 176].

2.3.2 Relaxations of artificial neural networks
In order to solve the RS optimization problem using a B&B algorithm, lower bounds of
the MLPs have to be derived. Herein, the lower bounds are calculated by automatic prop-
agation of McCormick relaxations and natural interval extensions [159]. As described in
Section 2.2, the only nonlinearities of MLPs are their activation functions, e.g., hyperbolic
tangent functions. Thus, the tightness of MLP relaxations is considerably influenced by
the relaxations of the hyperbolic tangent function.

In general, McCormick relaxations do not provide the envelopes. The envelopes of the
hyperbolic tangent function are derived in Appendix A.1. They are once continuously
differentiable (Proposition A.1) and strictly monotonically increasing (Proposition A.3).
In the proposed framework, the envelopes of the hyperbolic tangent activation function are
propagated through the network equations to derive concave and convex relaxations of the
outputs of MLPs. The resulting relaxations of MLPs are once continuously differentiable
as shown in the following proposition.

Proposition 2.1. (smoothness of MLP relaxations). Consider an MLP using (exclusively)
the hyperbolic and identity activation functions. The McCormick relaxations built with
the envelopes of the hyperbolic tangent function (Appendix A.1) are once continuously
differentiable.

Proof The result follows directly from Proposition A.1, A.3 and the application of
Corollary 4 by Khan, Watson and Barton (2017) [172, 173].
It should be noted that the relaxations are not C2 because the envelopes of the hyperbolic
tangent function are not C2 (see Proposition A.1).

Proposition 2.1 can have a beneficial consequence for the global optimization of MLPs.
In general, McCormick relaxations are continuous but not differentiable (C0) necessitating
nonsmooth algorithms, e.g., bundle methods [177] or linearization-based methods [163].
However, when optimizing MLPs, a C1,1 optimization algorithm can be used which is po-
tentially more efficient. In the numerical results presented in Section 2.4 the McCormick
relaxations are linearized and thus the potential benefit of smooth relaxations is not ex-
ploited fully.

When using the state-of-the-art solvers BARON, ANTIGONE, and SCIP through inter-
faces like GAMS, the user cannot directly use tanh as it is not directly available. Instead,
tanh can be used in its explicit algebraic form (tanh “ ex´e´x

ex`e´x ) which results in weaker re-
laxations. As the tightness of the McCormick relaxations of different algebraic formulations
can differ, the relaxations of four common algebraic formulations F1, F2, F3, F4 : R Ñ R
with F1pxq :“ ex´e´x

ex`e´x , F2pxq :“ e2x´1
e2x`1

, F3pxq :“ 1 ´ 2
e2x`1

, F4pxq :“ 1´e´2x

1`e´2x are compared
throughout this work. As an illustration, the McCormick relaxations obtained from the
four algebraic formulations are plotted on the interval r´1, 1s in Figure 2.2. The exemplary
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2. Deterministic global optimization with artificial neural networks embedded

(a) Relaxations of algebraic formulation F1 (b) Relaxations of algebraic formulation F2

(c) Relaxations of algebraic formulation F3 (d) Relaxations of algebraic formulation F4

Figure 2.2.: Graphical illustration of the McCormick relaxations of algebraic formulations
of the hyperbolic tangent function.
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plot shows that the McCormick relaxations of F1, F2 and F4 are weaker than the ones of
F3. Further, the McCormick relaxations of F1, F2 and F4 are not differentiable. Finally,
it can be observed that relaxations of the algebraic formulations are considerably weaker
than the envelopes.

2.3.3 Implementation

The ANN models are implemented in our open-source toolbox MeLOn [132]. For training,
MeLOn interfaces the state-of-the-art tools Matlab and Keras. For optimization, MeLOn
is integrated into our open-source B&B solver MAiNGO [178] as a submodule. Thus,
the ANN models are automatically available within MAiNGO. MAiNOG implements a
best-first heuristic and bisection along the longest relative edge for branching. A convex
underestimation is found using MC++ v2.0 [179, 180]. The interval extensions are provided
by FILIB++ v3.0.2 [181]. The convex relaxations of the constraints and the objective are
linearized with the use of subgradients at the centerpoint of each node and the resulting
linear program (LP) is solved by CPLEX v12.8 [182]. Further, optimization-based bound
tightening is used that is improved by filtering bounds technique with a factor of 0.1
as described in Gleixner et al. (2017) [183] and bound tightening based on the dual
multipliers returned by CPLEX is used [184, 185]. For upper bounding, the problem
is locally optimized using the SLSQP algorithm [186] in the NLopt library v2.4.2 [187].
The derivatives are provided by the FADBAD++ tool for automatic differentiation [188].
Furthermore, recently developed heuristics for tighter McCormick relaxations are used
[189]. The convex and concave envelopes of tanh are added to the MC++ library for this
work.

2.4 Numerical results
In this section, the numerical results are presented and compared to the solver BARON
17.4.1. using GAMS 24.8.5. All numerical examples were run on one thread of an Intel
Xeon CPU E5-2630 v2 with 2.6 GHz, 128 GB RAM and Windows Server 2008 operating
system. For the BARON solver we used default solver settings as numerical studies on the
illustrative example suggested that selective branching does not give advantages four our
case studies.

2.4.1 Illustrative example & scaling of the algorithm

In the first illustrative example, a two-dimensional mathematical test function is learned
by a MLP that is subsequently optimized. The peaks function is provided by Matlab
(peaks()) and is given by fpeaks : R2 Ñ R with

fpeakspx1, x2q “

3p1 ´ x1q
2 ¨ e´x2

1´px2`1q2 ´ 10 ¨ p
x1

5
´ x3

1 ´ x5
2q ¨ e´x2

1´x2
2 ´

e´px1`1q2´x2
2

3

The function has multiple local optima on D “ tx1, x2 P R : ´ 3 ď x1, x2 ď 3u. The
known unique global minimizer is -6.551 at p0.228,´1.626q.
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2. Deterministic global optimization with artificial neural networks embedded

To learn the peaks function, 500 points are generated on D using Latin hypercube
(LHC) sampling. As a MLP with one hidden layer is a universal approximator, this net-
work architecture is chosen with N “ 3, Dp1q “ 2, Dp3q “ 1. In order to avoid over- and
under-fitting, the data is randomly divided into a training, a validation and a test sets
with the respective size ratios of 0.7 : 0.15 : 0.15. The weights of the network are fitted
in the Matlab Neural Network Toolbox by minimizing the mean squared error (MSE) on
the training set using Levenberg-Marquardt algorithm and the early stopping procedure
[42]. To obtain a suitable number of neurons in the hidden layer the training is repeated
using different number of neurons. The configuration with the lowest MSE on the test
set determines the number of neurons to be Dp2q “ 47. The training results in a MSE of
6.8 ¨ 10´5, 3.9 ¨ 10´4 and 4.6 ¨ 10´4 on the training, validation and test set respectively.

After training, the MLP is optimized using the proposed methods. The absolute opti-
mization tolerance is set to ϵtol “ 10´4 because a more accurate solution of the optimization
problem is not sensible due to the prediction error of the MLP. The relative tolerance is
set to its minimum value (10´12) and is thus not active. Further, a time limit of 100,000
seconds is set.

The formulations of the optimization problems are provided and described as follows.
The FS formulation of the peaks case study is given by Equations (2.2) - (2.10).

min
xPD,zPZ

y (2.2)

s.t. (2.3)

z
p1q

1 “
x1 ´ xL

1

xU
1 ´ xL

1

¨ 2 ´ 1 (2.4)

z
p1q

2 “
x2 ´ xL

2

xU
2 ´ xL

2

¨ 2 ´ 1 (2.5)

v
p1q

i “

2
ÿ

j“1

pw
p1q

j,i z
p1q

j q ` b
p1q

i @i “ 1, 2, ..., 47 (2.6)

z
p2q

i “ tanh
´

v
p1q

i

¯

@i “ 1, 2, ..., 47 (2.7)

v
p2q

1 “

47
ÿ

j“1

pw
p2q

j,1 z
p2q

j q ` b
p2q

1 (2.8)

z
p3q

1 “

´

v
p2q

1

¯

(2.9)

y “ pz
p3q

1 ` 1q ¨
yU ´ yL

2
` yL (2.10)

Herein, the objective (Equation (2.2)) is to minimize the output of the MLP, i.e., y.
Equation (2.4) and (2.5) scale the DoFs (x “ px1, x2q) onto r´1, 1s. This is necessary as
MLPs are usually trained on scaled data. Equations (2.6) compute the argument of the
activation function (vp1q

i ) for each neuron in layer 2, i.e., the hidden layer. Equations (2.7)
compute the output of each neuron in layer 2 (zp2q

i ). Equation (2.8) computes the argument
of the activation function (vp3q

1 ) for the neuron in layer 3, i.e., the output layer. Equation
(2.9) computes the output of the neuron in the output layer (zp3q

1 ). In this example, the
equation is simplified because the identity output activation function is used. However,
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2.4. Numerical results

Table 2.2.: Bounds on the variables of the peaks case study
Variable xi z

p1q

i z
p2q

i z
p3q

1 v
pkq

i y
Lower bound -3 -1 -1 ´106 ´106 ´106

Upper bound 3 1 1 106 106 106

in the more general case, Equation (2.9) includes a nonlinear transformation. Finally,
Equation (2.10) scales the output of the neuron (zp3q

1 ) back to the actual domain of the
training data. The FS optimization problem constitutes 99 equality constraints. The orig-
inal DoF (x “ px1, x2q) have the dimension nx “ 2. The additional optimization variables
z “ pz

p1q

1 , z
p1q

2 , v
p1q

1 , v
p1q

2 , ..., v
p1q

47 , z
p2q

1 , z
p2q

2 , ...z
p2q

47 , v
p2q

1 , z
p3q

1 , yq have a dimension of nz “ 99.
The RS formulation of the peaks case study is given by Equation (2.11).

min
xPD

ŷpxq (2.11)

Herein, the objective (ŷ) is a function of the Dof (x). In the objective function, the com-
plete MLP as well as the scaling of the inputs and outputs is included and effectively
hidden to the B&B algorithm. The original DoF (x “ px1, x2q) have the dimension nx “ 2.
The additional optimization variables z “ pHq have a dimension of nz “ 0.
Finally, the bounds on x and z have to be provided for the FS formulation (see Table 2.2).
For the RS formulation, only bounds on x have to be provided. The variables x and their
bounds have usually a physical meaning. In contrast, the additional optimization variables
z usually do not have a meaning. These bounds are rather lose because we intend to use
the same for all optimization problems (see Table 2.2). Tighter bounds can be derived by
natural interval extensions and are shrunk by bound tightening techniques in MAiNGO
and BARON.

Table 2.3 summarizes the results of the optimization runs. The RS formulation took
roughly 0.3% of the CPU time to solve compared to the FS formulation when using the
presented solver. In comparison to the FS formulations, the RS formulation reduces the
number of the optimization variable from 101 to 2 and substitutes all 99 equality con-
straints. Further, different McCormick relaxations of the algebraic formulations of the
activation function yield different solution times. The utilization of the envelope of the
activation function accelerates the optimization significantly compared to the utilization
of the McCormick relaxations of the algebraic formulations. When the presented solver
is used in the FS formulation, the weak McCormick relaxations of the algebraic formula-
tions even lead to a variable overflow error in the exponential function in FILIB++. The
variable overflow error occurs in FILIB++ when a large number is used as an input of the
exponential function (i.e., x ą 7.1 ¨ 102). The error occurs in the lower bounding problem
when weak relaxations lead to large numbers. These cases would not likely result in com-
petitive CPU times. Further, the utilization of the McCormick relaxations of the algebraic
formulation F3 outperforms the other algebraic formulations in terms of computational ef-
ficiency. In general, all RS optimizations converged to the same optimal solution (´6.563).
The solution is about 0.18% different from the global optimizer of the underlying peaks
function.

In a second step, the peaks function is used to illustrate the scaling of the optimiza-
tion algorithm with respect to the network size. Therefore, networks of different sizes are
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2. Deterministic global optimization with artificial neural networks embedded

Table 2.3.: Numerical results of the peaks function optimization (Subsection 2.4.1).
Problem size Solver CPU time [s] Iterations Abs. gap

(FS)

101 variables BARON (F1) 1,727.29 55,047 ă ϵtol
99 equalities BARON (F2) 387.44 13,329 ă ϵtol
0 inequalities BARON (F3) 21.08 1,223 ă ϵtol

BARON (F4) 100,000.00 2,732,488 0.0003
Presented solver (F1) –variable overflow–
Presented solver (F2) –variable overflow–
Presented solver (F3) –variable overflow–
Presented solver (F4) –variable overflow–
Presented solver (envelope) 161.35 657 ă ϵtol

(RS)

2 variables Presented solver (F1) 10.05 4,857 ă ϵtol
0 equalities Presented solver (F2) 19.45 11,595 ă ϵtol
0 inequalities Presented solver (F3) 1.16 657 ă ϵtol

Presented solver (F4) 13.09 7,469 ă ϵtol
Presented solver (envelope) 0.50 137 ă ϵtol

variable overflow: Crashed due to variable overflow in FILIB++.

trained on a LHC set of 5,000 points and subsequently optimized. In Subfigure 2.3 (a),
the number of neurons in the hidden layer of a shallow MLP, i.e., a MLP with one hidden
layer, is varied from 40 to 700 and the computational time for solving the resulting opti-
mization problem is depicted. The RS formulation using the envelope and the McCormick
relaxations of the algebraic formulation F3 shows an increase of CPU time with the number
of neurons whereas the CPU time of BARON using F3 does not show a clear trend. For
instance, BARON did not converge within 100,000 seconds for networks with 60, 80, 240,
260, and 340 neurons but shows good performance for a network with 700 neurons. Using
the FS formulation and the presented solver yields the weakest performance. Due to long
CPU times, this optimization was not executed for networks with more than 200 neurons.
The presented solver using the RS formulation and the envelope shows consistently one of
the best performances. It should be noted that the number of neurons is unreasonably high
for this simple function; likely, the high number leads to overfitting. This is irrelevant for
the purposes of the chapter because the focus herein is on CPU performance as function
of size. It should further be noted that the network sizes (up to 700 neurons) exceed the
network size of the case studies by Smith et al. (2013) [72] (3 neurons) and de Weerdt et
al. [158] (128 neurons).

In Subfigure 2.3 (b), the number of neurons in each hidden layer is fixed to 20 and the
number of hidden layers is varied from 1 to 6. The results show that the CPU times of
the presented solver using the RS and FS formulation increases approximately exponen-
tially with the number of layers. Further, the utilization of the envelopes always has an
advantage over the utilization of the McCormick relaxations of the algebraic formulation
F3. The solution of the FS formulation using either BARON or the presented solver does
not converge to an optimal solution within the time limit for most cases. In general, it is
apparent that deep networks require more CPU time for optimization than shallow net-
works with the same or even larger number of neurons.

One reason for the increase of CPU time with the ANN size is the tightness of the Mc-
Cormick relaxations. In Figure 2.4, the McCormick relaxations of some previously used
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Figure 2.3.: Graphical illustration of the computational time over the ANN size for the
peaks function optimization problem (Subsection 2.4.1).

ANNs are illustrated for the interval x1 P r0, 1.5s with x2 “ 0. Figure 2.3 shows that
usually shallow ANNs with fewer numbers of neurons show tighter relaxations. However,
the shallow network with 40 neurons shows similar McCormick relaxations as the one with
100 neurons on the depicted interval. This suggests that tightness also depends on the
actual realization of the weights. Further, it can be observed that shallow networks show
much tighter relaxations than deep networks. For this case study, the scaling of the pro-
posed method using the reduced-space formulation and envelopes in MAiNGO is further
analyzed in Table 2.4. Herein, the number of layers and neurons is varied simultaneously.
The results support the previous observations that larger ANNs in general lead to longer
CPU times. Note that the tolerances used for this comparison are slightly larger than
for the actual numerical example mentioned above and that the number of neurons is the
same for all hidden layers.

Table 2.4.: Numerical results of the scaling of the peaks optimization (Subsection 2.4.1)
using the reduced-space formulation and envelopes of the hyperbolic tangent function in
MAiNGO. The table shows CPU times in seconds for each run (ϵabs, ϵrel “ 10´4). The
network with 4 hidden layers and 100 neurons is not available due to memory limitation
during training.

# hidden # neurons
layers 20 40 60 80 100

1 0.22 0.62 0.70 1.28 1.53
2 2.03 6.74 22.40 73.60 173.30
3 5.94 22.71 221.44 1012.87 2252.33
4 13.20 295.25 1564.47 3943.05 N/A
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(a) Influence of the number of neurons in shallow ANNs

0 0.5 1 1.5
x

1

-150

-100

-50

0

50

100

150

(b) Influence of the number of layers in ANNs with 20 neurons
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Figure 2.4.: Illustration of the influence of the ANN size on the tightness of convex (fcv)
and concave relaxations (fcc).

2.4.2 Fermentation process
As a second case study, a fermentation of glucose to gluconic acid is learned from experi-
mental data and optimized. The example is based on and compared to the work of Cheema
et al. [139] where an MLP is learned from the same experimental data and optimized using
stochastic optimization approaches. The numerical example is relevant because mechanis-
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tic models of fermentation processes are often not available and surrogate-based optimiza-
tion can help to identify promising operating conditions.

The inputs of the MLP and degrees of freedom are the glucose concentration (x1 in
[g/L]), the biomass concentration (x2 in [g/L]) and the dissolved oxygen (x3 in [mg/L]),
whereas the output of the MLP is the concentration of gloconic acid (y in [g/L]). The
objective of the optimization problem is to maximize the yield of gluconic acid defined
as ygl “

100y
1.088x1

. As the network weights used by Cheema et al. [139] are not available,
we trained a MLP using the same structure, training and validation data, and training
algorithm.

After the training, we performed deterministic global optimization to maximize the glu-
conic acid yield. The result of the deterministic global optimization is x1 “ 156.466 g/L,
x2 “ 3 g/L, x3 “ 57.086 mg/L, y “ 170.127 g/L and ygl “ 99.937 which is similar to the
literature result. However, it is important to note that the underlying network is rebuilt
based on the data and it is very unlikely that the network is identical to the one from
literature. The main difference to the results from literature is that all deterministic meth-
ods in this work converge to the same solution whereas the stochastic literature method
exhibits considerable variations in their solutions [139].

Due to the small network size, the problem size of the RS is only slightly smaller than
the FS formulation (Table 2.5). The CPU time of the presented solver using the envelope
and RS formulation took roughly 10% of the CPU time to solve compared to the FS for-
mulation. Further, the CPU time of BARON using different formulations does not seem
to directly relate to the tightness of their McCormick relaxations.

Table 2.5.: Numerical results of the fermentation process optimization (Subsection 2.4.2).
Problem size Solver CPU time [s] Iterations Abs. gap

(FS)

13 variables BARON (F1) 14.38 8,233 ă ϵtol
10 equalities BARON (F2) 0.44 5 ă ϵtol
0 inequalities BARON (F3) 0.56 7 ă ϵtol

BARON (F4) 0.48 15 ă ϵtol
Presented solver (F1) –variable overflow–
Presented solver (F2) –variable overflow–
Presented solver (F3) –variable overflow–
Presented solver (F4) –variable overflow–
Presented solver (envelope) 2.42 307 ă ϵtol

(RS)

3 variables Presented solver (F1) 40,418.20 18,516,400 ă ϵtol
0 equalities Presented solver (F2) 100,000.00 1,852,750 1019

0 inequalities Presented solver (F3) 1.19 881 ă ϵtol
Presented solver (F4) 14.01 11,133 ă ϵtol
Presented solver (envelope) 0.23 133 ă ϵtol

variable overflow: Crashed due to variable overflow in FILIB++.

2.4.3 Compressor plant
In the third numerical example, the operating point of a compressor plant is optimized.
This is a relevant case study because air compressors are commonly used in industry
and have a high electrical power consumption, e.g., in cryogenic air separation units. In
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addition, the power consumption of industrial compressors is often provided in form of data
(compressor maps, e.g., Figure 2.6) and not mechanistic models preventing model-based
optimization techniques. The considered compressor plant is comprised of two compressors
that are connected in parallel as shown in Figure 2.5. The compressors are sized such that
a large compressor (compressor 1) is supplemented by a smaller compressor (compressor
2). The intent is to minimize the electrical power consumption of the overall process by
optimal operation. Mathematically, the case study is challenging as it combines two MLPs
with two hidden layers in one optimization problem.

𝑄 𝑜𝑢𝑡  
COMPRESSOR 1

COMPRESSOR 2

P2

P1

in

2

1

out

Figure 2.5.: Graphical illustration of the compressor configuration.

The specific power of the compressors is given by compressor maps Mi : R2 Ñ R (Figure
2.6) that map the volumetric inlet flow rate, 9Vi, and compression ratio, Πi “

pout,i
pin,i

, to the
specific power, wi, of the corresponding compressor i. For the MLP training, a set of 405
data points is read out from each compressor map and randomly divided into a training,
validation and test set with the respective size ratios of 0.7 : 0.15 : 0.15. This numerical
example utilizes the network structure suggested by Ghorbanian and Gholamrezaei [190],
namely a MLP with two hidden layers with 10 neurons each. For training, Levenberg-
Marquardt algorithm and early stopping were used on a scaled training data set. The
training results in a MSE of 0.17 (0.95), 0.78 (3.87) and 0.39 (1.67) on the training,
validation and test set respectively for compressor one (two).

The optimization problem minimizes the total power consumption of the compressor
plant, Ptotal. It has one degree of freedom, the split factor (x), that determines the ratio
between the volumetric flow rate 9V1 and the total volumetric inlet flow rate, 9Vin. The
problem is formulated as follows:

min
0ďxď1

Ptotalpxq “w1,MLPpΠp, 9V1q ¨
9Vin ¨ x

vin
` w2,MLPpΠp, 9V2q ¨

9Vin ¨ p1 ´ xq

vin

s.t. 9V1 ´ 9V U
1 ď 0, 9V L

1 ´ 9V1 ď 0

9V2 ´ 9V U
2 ď 0, 9V L

2 ´ 9V2 ď 0
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Figure 2.6.: Graphical illustration of the compressors’ specific performance maps.

with the constants vin “ 0.8305 m3

kg , pin “ 100 kPa, pout “ 450 kPa, 9Vin “ 100 ¨

103 m3

h , 9V L
1 “ 61.5 ¨ 103 m3

h , 9V U
1 “ 100 ¨ 103 m3

h , 9V L
2 “ 25.3 ¨ 103 m3

h and 9V U
2 “ 44.4 ¨ 103 m3

h .
Further, 9V1 “ 9Vin ¨ x and 9V2 “ 9Vin ¨ p1 ´ xq are explicit functions of x. The functions
w1,MLP and w2,MLP describe the specific power predicted by the MLPs. The lower and
upper bounds of the volumetric flow rates, 9V L

1 , 9V L
2 and 9V U

1 , 9V U
2 correspond to the surge

and choke lines of the compressors at the specified pressure ratio of 4.5 (left and right hand
boundaries in Figure 2.6).

The optimization problem is solved using an absolute optimality gap of 10´4 and a rel-
ative optimality gap of 10´12. Further, a CPU time limit of 100,000 seconds is set. As
shown in Table 2.6, the RS formulation reduces the number of variables from 97 to 1 and
substitutes all 96 equality constrains compared to the FS formulation. The RS formulation
is solved using the presented solver within 0.19 seconds when using the envelopes. Thus,
the RS formulation took about 0.7% of the CPU time to solve compared to the same solver
and relaxation in the FS formulation. BARON converges to the pre-defined optimality gap
only using formulation F2 (within 25.02 second). When the other formulations are used,
the desired tolerance is not reached within 100,000 seconds.

For this case study, the scaling of the proposed method using the reduced-space for-
mulation and envelopes in MAiNGO is further analyzed. The two performance maps are
learned using ANNs of different sizes. For the comparison, both ANNs have the same
number of neurons in each hidden layer. Table 2.7 shows that larger ANNs in general lead
to longer CPU times.

The optimal solution of the problem is Ptotal “ 6.20 MW with a split ratio of x “ 0.683
that corresponds to 9V1 “ 68.28 m3

h
and 9V2 “ 31.72 m3

h
. The optimization using learned

compressor maps can have some advantage over simple operating heuristics. For instance,
if the main air compressor would be operated at its most efficient operating point, the the
total power consumption would be 6.2% higher (Ptotal “ 6.61 MW) and if the flowrates
would be divided according to the maximum volumetric capacity of the compressors, the
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2. Deterministic global optimization with artificial neural networks embedded

Table 2.6.: Numerical results of the compressor plant optimization (Subsection 2.4.3).
Problem size Solver CPU time [s] Iterations Abs. gap

(FS)

97 variables BARON (F1) 100,000.00 1,934,517 ą 3 ¨ 108

96 equalities BARON (F2) 25.02 892 ă ϵtol
4 inequalities BARON (F3) 100,000.00 4,224,962 0.6

BARON (F4) 100,000.00 3,128,979 0.8
Presented solver (F1) –variable overflow–
Presented solver (F2) –variable overflow–
Presented solver (F3) –variable overflow–
Presented solver (F4) –variable overflow–
Presented solver (envelope) 26.74 85 ă ϵtol

(RS)

1 variables Presented solver (F1) –variable overflow–
0 equalities Presented solver (F2) –variable overflow–
4 inequalities Presented solver (F3) 0.23 107 ă ϵtol

Presented solver (F4) –variable overflow–
Presented solver (envelope) 0.19 55 ă ϵtol

variable overflow: Crashed due to variable overflow in FILIB++.

Table 2.7.: Numerical results of the scaling of the compressor plant optimization (Subsec-
tion 2.4.3) using the reduced-space formulation and envelopes of the hyperbolic tangent
function in MAiNGO. The table shows CPU times in seconds for each run (ϵabs, ϵrel “ 10´4).
Both artificial neural networks of this cases study are scaled in the same way in this com-
parison.

# hidden # neurons
layers 20 40 60 80 100

1 0.09 0.14 0.14 0.19 0.23
2 0.32 2.12 5.32 8.39 14.88
3 0.59 4.96 17.64 42.67 91.21
4 1.79 16.21 66.89 216.69 326.51
5 3.65 32.43 161.56 436.33 783.53

total power consumption would be 9.3% higher (Ptotal “ 6.84 MW).

2.4.4 Cumene process

In the fourth numerical example, the operating point of a cumene process is optimized
illustrating a complex industrial process. As illustrated in Figure 2.7, the cumene process
consists of a plug flow reactor, two rectification columns, one flash, several (integrated)
heat exchangers and recycles. A detailed process description including necessary details for
model building can be found in Luyben (2017) [191]. For this work, we optimize a hybrid
model consisting of 14 MLPs that emulate the process. This hybrid model was provided by
Schultz et al. (2016) [192] who modeled the cumene process in ASPEN Plus and learned
the MLPs using simulated data. The optimization problem minimizes the negative total
profit P pxq of the process with x “ pTreactor, QrebC1, RRC1, DFC2, RRC2q [192].
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Figure 2.7.: Graphical illustration of the cumene process.

The hybrid model is composed by 14 MLPs, each consisting of 10 to 20 neurons, resulting
in a FS optimization problem with 794 variables, 789 equality and 1 inequality constraints.
The RS formulation constitutes only 5 variables, 0 equality and 1 inequality constraints.
Due to the complexity of the case study, the problem is only implemented in the FS
formulation in BARON and the RS formulation in the presented solver. The FS formulation
in the presented solver is omitted as it is always outperformed by the RS formulation in
the previous examples.

Table 2.8.: Numerical results of the cumene process optimization problem (Subsection
2.4.4).

Problem size Solver CPU time [s] Iterations Abs. gap

(FS)

794 variables BARON (F1) 100,000.00 110,453 1 ¨ 1020

789 equalities BARON (F2) 100,000.00 120,536 1 ¨ 1020

1 inequalities BARON (F3) 100,000.00 136,645 1 ¨ 1020

BARON (F4) 100,000.00 117,400 1 ¨ 1020

(RS)

5 variables Presented solver (F1) –variable overflow–
0 equalities Presented solver (F2) –variable overflow–
1 inequalities Presented solver (F3) 100,000.00 4,671,260 2930

Presented solver (F4) –variable overflow–
Presented solver (envelope) 100,000.00 6,329,810 444
Presented solver (envelope)* 100,000.00 10,033,800 328

variable overflow: Crashed due to variable overflow in FILIB++.
*: Adapted setting such that upper bound is obtained by function evaluation, not local search.

The results in Table 2.8 show that none of the tested solution approaches converges to
the desired tolerance within the CPU time limit. In order to analyze this, a convergence
plot is provided in Figure 2.8 that depicts the lower bounds of the solvers over CPU time.
Apparently, BARON does not improve its initial lower bound on the objective at all. In
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2. Deterministic global optimization with artificial neural networks embedded

comparison, the presented solver improves its lower bound steadily but slowly. Due to the
high complexity of the case study another optimization run (annotated with the asterisk
(*)) is executed using adapted solver options. More precisely, instead of using a local NLP
solver in each iteration for upper bounding, the objective function is just evaluated at the
center of the current interval. This leads to about 1.6 times more iterations in the same
CPU time and further improvements of the lower bound. However, the complex example
would still require longer CPU times to converge to the desired tolerance.
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Figure 2.8.: Convergence plot of the cumene process optimization problem (Subsection
2.4.4). Herein, UB refers to the upper bound and LB to the lower bound of the corre-
sponding solvers. The asterisk (*) refers to adapted solver options such that the upper
bound is obtained by function evaluation, not local search.

2.5 Engineering applications
The developed method has great potential for many engineering applications. In collab-
oration with other researchers, we worked on numerous engineering applications of our
method.

The deterministic global optimization of organic Rankine cycles (ORCs) is often chal-
lenging because accurate thermodynamic models often include nonlinear and implicit equa-
tions. This can lead to additional variables and constraints when formulating problems
in the reduced space. In addition, we observed that some thermodynamic models lead to
weak McCormick relaxations. In [11], we propose to simulate thermodynamic models and
train ANNs on the simulated data. We show that the surrogate models can learn single
fluid thermodynamic properties accurately. Moreover, the ANNs can reduce the number
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of optimization variables and constraints in the optimization and they lead to tighter Mc-
Cormick relaxations compared to the original model. In [30], we show that the additional
effort of including accurate thermodynamic models is important because simplified models
can lead to wrong design decisions. In [12, 31], we extend this work to the automatic work-
ing fluid selection for ORC processes. Later, we extended the work to the optimization
of binary working fluid mixture compositions [28]. Finally, we performed superstructure
process optimization for ORC processes with the ANN surrogate models embedded [26].

The design of efficient membrane systems is essential for a safe and sufficient drinking
water supply. However, the design of membrane systems is a challenging problem because
phenomena on multiple scales need to be considered in the optimal decision-making pro-
cess. In [21], we proposed a hybrid modeling approach that combines experimental data for
the membrane synthesis with known mechanistic transport models. Moreover, we solved
the optimal operation and membrane synthesis problem simultaneously [13]. Finally, we
also considered a membrane process superstructure optimization simultaneously to the
membrane synthesis problem [14].

As renewable energy supply increases demand-side management becomes increasingly
relevant for the economic operation of processes and requires processes to be operated
more flexible [36]. Large deviations from the design operating point of a process can lead
to nonlinear effects on the process efficiency. Thus, it is desirable to include process mod-
els into scheduling problems. However, the consideration of complex process models can
lead to intractable optimization problems. In [25, 27], we propose to learn process models
through ANNs and include the ANN surrogate models in the scheduling. In addition, we
used recurrent ANNs models for the nonlinear model-predictive control of processes [33].

2.6 Conclusions
A method for deterministic global optimization of ANN embedded optimization problems
is presented that formulates the problem in a RS and computes lower bounds by propa-
gation of McCormick relaxations through the network equations. Thus, variables inside
the ANNs and the network equations are not visible to the optimization algorithm and
problem size is reduced significantly.

The proposed method is tested on four numerical examples including one illustrative
function and three engineering applications. In all examples, the number of optimization
variables and equality constraints was reduced and the optimization was accelerated sig-
nificantly. Further, the results suggest that the combination of the RS formulation and
the envelopes yield favorable performance in comparison to BARON.

In terms of problem sizes, the proposed approach optimized single shallow ANNs with up
to 700 neurons in under 30 seconds. Further, deep ANNs require more CPU time for opti-
mization than shallow ANNs with the same or even larger number of neurons. In general,
the considered problem sizes exceed the examples for deterministic ANN embedded opti-
mization found in the literature in terms of neurons, networks and nonlinear constraints.

This method can be further extended to, for instance, mixed integer problems where a
process superstructure is optimized globally [75, 193] allowing the utilization of data from
different sources such as experiments, process simulations and life-cycle assessment tools
(e.g., [16]). Another possible extension could be deterministic global training of ANNs.
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Chapter 3

Deterministic global optimization with
Gaussian processes embedded

3.1 Introduction
A Gaussian process (GP) is a stochastic process where any finite collection of random
variables has a multivariate Gaussian distribution; they can be understood as an infinite-
dimensional generalization of multivariate Gaussian distributions [66]. The predictions of
GPs are Gaussian distributions that provide not only an estimate but also a variance.
GPs originate from geostatistics [194] and gained popularity for the design and analysis of
computer experiments (DACE) since 1989 [195]. Furthermore, GPs are commonly applied
as interpolating surrogate models across various disciplines including biotechnology [196–
200], chemical engineering [16, 69, 201–205], chemistry [9, 23], and deep-learning [206].
Note that GP regression is also often referred to as Kriging. In many applications, GPs
are trained on a data set and are subsequently embedded in an optimization problem,
e.g., to identify an optimal operating point of a process. Moreover, many derivative-free
solvers for expensive-to-evaluate black-box functions actually train GPs and optimize their
predictions (e.g., Bayesian optimization algorithms [18, 197, 207, 208] and other adaptive
sampling approaches [202–205, 209–211]). In Bayesian optimization, the optimum of an
acquisition function determines the next sampling point [207]. The vast majority of these
optimizations have been performed by local solution approaches [212, 213] and a few by
stochastic global optimization methods [18]. Our contribution focuses on the deterministic
global solution of optimization problems with trained GPs embedded and on applications
in process systems engineering.

GPs are commonly used to learn the input-output behavior of unit operations [78, 201,
214–218], complete flowsheets [219], or thermodynamic property relations from data [220].
Subsequently, the trained GPs are often combined with nonlinear mechanistic process
models leading to hybrid mechanistic and data-driven models [91, 94, 98, 221] which are
optimized. Many of the previous works on optimization with GPs embedded rely on local
optimization techniques. Caballero and Grossmann, for instance, train GPs on data ob-
tained from a rigorous divided wall column simulation. Then, they iteratively optimize the
operation of the column (modeled by GPs) using SNOPT [222], sample new data at the
solution point, and update the GPs [201, 214]. Later, Caballero and co-workers extend this
work to distillation sequence superstructure problems [215, 216]. In [216], the authors solve
the resulting mixed-integer nonlinear programs (MINLPs) using a local solver in GAMS.
Therein, the GP estimate is computed via an external function in Matlab which leads to a
reduced optimization problem size visible to the local solver in GAMS. However, all these
local methods have the drawback that they can lead to suboptimal solutions, because the
resulting optimization problems are nonconvex. This nonconvexity is induced by the co-
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3. Deterministic global optimization with Gaussian processes embedded

variance functions of the GPs as well as often the mechanistic part of the hybrid models.
Deterministic global optimization can guarantee to identify globally optimal solutions

within finite time to a given nonzero tolerance [223]. In a few previous studies, deter-
ministic global optimization with GPs embedded was done using general-purpose global
solvers. For instance, in the black-box optimization algorithms ALAMO [209] and ARG-
ONAUT [211], GPs are included as surrogate models and are optimized using BARON [157]
and ANTIGONE [160], respectively. However, computational burdens were observed that
limit applicability, e.g., in terms of the number of training points. Cozad et al. [209] state
that GPs are accurate but “difficult to solve using provable derivative-based optimization
software”. Similarly, Boukouvala and Floudas [211] state that the computational cost be-
comes a limiting factor because the number of nonlinear terms of GPs equals the product
of the number of interpolated points (N) and the dimensionality (D) of the input domain.
More recently, Keßler et al. [78, 218] optimized the design of nonideal distillation columns
by a trust-region approach with GPs embedded. Therein, optimization problems with
GPs embedded are solved globally using BARON [157] within relatively long CPU times
(102 ´ 105 CPU seconds on a personal computer).

As mentioned earlier, Quirante et al. [216] call an external Matlab function to compute
GP estimates with a local solver in GAMS. As an alternative approach, they also solve
the problem globally using BARON in GAMS by providing the full set of GP equations
as equality constraints. This leads to additional intermediate optimization variables be-
sides the degrees of freedom of the problem. Similar to other studies, they observe that
their formulation is only practical for a small number of GP surrogates and training data
points to avoid large numbers of variables and constraints [216]. We refer to the problem
formulation where the GP is described by equality constraints and additional optimization
variables as a full-space (FS) formulation. It is commonly used in modeling environments,
e.g., GAMS, that interface with state-of-the-art global solvers such as ANTIGONE [160],
BARON [157], and SCIP [161].

An alternative to the FS is a reduced-space (RS) formulation where some optimization
variables are eliminated using explicit constraints. This reduced problem size leads to a
lower number of variables for branching as well as potentially smaller subproblems. The
former has some similarity to selective branching [162] (c.f. discussion in [224]). The exact
size of the subproblems for lower bounding and bound tightening depends on the method for
constructing relaxations. In particular, when constructing relaxations in the RS using Mc-
Cormick [167], alphaBB [225] or natural interval extensions, the resulting lower bounding
problems are much smaller compared to the auxiliary variable method (AVM) [226, 227].
Therefore, any global solver can in principle handle RS but some methods for construct-
ing relaxations appear more promising to benefit from the RS [224]. We have recently
released the open-source global solver MAiNGO [178] which uses the MC++ library [180]
for automatic propagation of McCormick relaxations through computer code [163]. We
have shown that the RS formulation can be advantageous for flowsheet optimization prob-
lems [165, 228] and problems with artificial neural networks embedded [1, 21, 229]. In the
context of Bayesian optimization, Jones et at. [208] develop valid overestimators of the
expected improvement (EI) acquisition function in the RS. However, their relaxations rely
on interval extensions and optimization-based relaxations limited to a specific covariance
function; they do not derive envelopes. Furthermore, they do not provide convex under-
estimators which are in general necessary to embed GPs in optimization problems.

The main contribution of this work is the efficient deterministic global optimization of
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optimization problems with GPs embedded. We develop a RS formulation for optimization
problems with GPs embedded. The performance of the proposed method is analyzed in
an extensive computational study by solving about 90,000 optimization problems. The
proposed RS outperforms a FS formulation for problems with GPs embedded by speedup
factors of several magnitudes. Moreover, this speedup increases with the number of training
points. To further accelerate convergence, we derive and implement envelopes of covariance
functions for GPs and tight relaxations of acquisition functions, which are commonly used
in Bayesian optimization. Finally, we solve a chance-constrained optimization problem
with GPs embedded and we perform global optimization of an acquisition function. The
GP training methods and models are provided as our open-source toolbox MeLOn under
the Eclipse public license [132]. The resulting optimization problems are solved using our
global solver MAiNGO [178]. Note that the MeLOn toolbox is also automatically included
as a submodule in our new MAiNGO release.

3.2 Optimization problem formulations
In the simplest case, which is common in the literature, the (scaled) inputs of a GP are
the free variables of the optimization problem with x P X̃ “ rxL,xU s. For given x, the
dependent (or intermediate) variables z can be computed by the solution of hpx, zq “

0, h : X̃ ˆ Rnz Ñ Rnz . In the case of GP models, we aim to include the estimate (mD)
and variance (kD) in the optimization. As will be shown in Section 3.3, we can solve
explicitly for mD and kD (c.f. Equations (3.1) and (3.2)).

The realization of the objective function f depends on the application. In many ap-
plications, it depends on the estimate of the GP, i.e., fpmDq (c.f. Subsection 3.6.1). In
Bayesian optimization, the objective function is called the acquisition function and usually
depends on the estimate and variance of the GP, i.e., fpmD, kDq (c.f. Subsection 3.6.3).
Finally, additional constraints might depend on the inputs of the GP, its estimate, and
variance, i.e., gpx,mD, kDq ď 0. In more complex cases, multiple GPs can be combined
in one optimization problem (c.f. Subsection 3.6.2).

In the following, we describe two optimization problem formulations for problems with
trained GPs embedded: the commonly used FS formulation in Subsection 3.2.1 and the
RS formulation in Subsection 3.2.2. Both problem formulations are exact reformulations in
the sense of Liberti et al. [230], meaning that they have the same local and global optima.
The equivalence is shown in Appendix A of [224]. However, the formulation significantly
affects problem size and performance of global optimization solvers.

3.2.1 Full-space formulation

In the FS formulation, the nonlinear equations hpx, zq “ 0 are provided as equality con-
straints and the intermediate dependent variables z P Z are optimization variables. A
general FS problem formulation is:

min
xPX̃,zPZ

fpx, zq (FS)

s.t. hpx, zq “ 0, gpx, zq ď 0
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In general, there exist multiple valid FS formulations for optimization problems. In Sec-
tion 3 of the electronic supplementary information (ESI), we provide a representative FS
formulation for the case where the estimate of a GP is minimized. This is also the FS
formulation that we use in our numerical examples (c.f., Section 3.6.1).

3.2.2 Reduced-space formulation

In the RS formulation, the equality constraints are solved for the intermediate variables
and substituted in the optimization problem (c.f. [165]). A general RS problem formulation
in the context of optimization with a GP embedded is:

min
xPX̃

fpmDpxq, kDpxqq (RS)

s.t. gpx,mDpxq, kDpxqq ď 0

Herein, the Branch-and-Bound (B&B) solver operates only on the free variables x and no
equality constraints are visible to the solver. In GPs, the estimate and variance are ex-
plicit functions of the input (Equations (3.1) and (3.2)). Thus, we can directly formulate a
RS formulation. The RS formulation effectively combines those equations and hides them
from the B&B algorithm. This results in a total number of D optimization variables, zero
equality constraints, and no additional optimization variables z. Thus, the RS formulation
requires only bounds on x.

Note that the direct substitution of all equality constraints is not always possible when
multiple GPs are combined with mechanistic models, e.g., in the presence of recycle
streams. Here, a small number of additional optimization variables and corresponding
equality constraints can remain in the RS formulation [165]. As an alternative, relaxations
for implicit functions can also be derived [175, 176]. Moreover, we have previously observed
that a hybrid between RS and FS formulation can be more efficiently solvable for some
optimization problems [228]. In this work, we compare the RS and the FS formulation and
do not consider any hybrid problem formulations.

3.3 Gaussian processes
In this section, GPs are briefly introduced (c.f. [66]). We first describe the GP prior
distribution, i.e., the probability distribution before any data is taken into account. Then,
we describe the posterior distribution, which results from conditioning the prior on training
data. Finally, we describe how hyperparameters of the GP can be adapted to data by a
maximum a posteriori (MAP) estimate.

3.3.1 Prior

A GP prior is fully described by its mean function mpxq and positive semi-definite covari-
ance function kpx,x1q (also known as kernel function). We consider a noisy observation y
from a function f̃pxq with ypxq :“ f̃pxq `εnoise, whereby the output noise εnoise is indepen-
dent and identically distributed (i.i.d.) with εnoise „ N p0, σ2

noiseq. We say y is distributed
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as a GP, i.e., y „ GPpmpxq, kpx,x1qq with

mpxq :“ IE
“

f̃pxq
‰

,

kpx,x1q :“ IE
“

p ypxq ´ mpxq q p ypx1q ´ mpxq qT
‰

.

Without loss of generality, we assume that the prior mean function is mpxq “ 0. This
implies that we train the GP on scaled data such that the mean of the training outputs is
zero. A common class of covariance functions is the Matérn class.

kMatérnpx,x1q :“ σ2
f

21´ν

Γpνq

´?
2νr

¯ν

Kν

´?
2νr

¯

,

where σ2
f is the output variance, r :“

a

px ´ x1qTΛ px ´ x1q is a weighted Euclidean dis-
tance, Λ :“ diagpλ2

1, ¨ ¨ ¨ , λ2
i , ¨ ¨ ¨λ2

nx
q is a length-scale matrix with λi P R, Γp¨q is the gamma

function, and Kνp¨q is the modified Bessel function of the second kind. The smoothness
of Matérn covariance functions can be adjusted by the positive parameter ν. When ν
is a half-integer value, the Matérn covariance function becomes a product of a polyno-
mial and an exponential [66]. Common values for ν are 1{2, 3{2, 5{2, and 8, i.e., the
most widely-used squared exponential covariance function, k1

SEprq :“ exp
`

´1
2
r2

˘

. We
derive envelopes of these covariance functions in Section 3.4.1 and implement them within
MeLOn [132]. Also, a noise term, σ2

n ¨ δpx,x1q, can be added to any covariance function
where σ2

n is the noise variance and δpx,x1q is the Kronecker delta function. The hyperpa-
rameters of the covariance function are adjusted during training and are jointly noted as
θ “ rλ1, .., λd, σf , σns. Herein, a log-transformation is common to prevent negative values
during training.

3.3.2 Posterior
The GP posterior is obtained by conditioning the prior on observations. We consider
a set of N training inputs X “ tx

pDq

1 , ...,x
pDq

N u where x
pDq

i “ rx
pDq

i,1 , ..., x
pDq

i,D sT is a D-
dimensional vector. Note that we use the superscript pDq to denote the training data.
The corresponding set of scalar observations is given by Y “ ty

pDq

1 , ..., y
pDq

N u. Furthermore,
we define the vector of scalar observations y “ ry

pDq

1 , ..., y
pDq

N sT P RN . The posterior GP is
obtained by Bayes’ theorem:

f̃pxq „ GPpmpxq, kpx,x1q|X ,Yq “ N pmDpxq, kDpx,x1qq

with

mDpxq “ Kx,X pKX ,X q
´1 y, (3.1)

kDpxq “ Kx,x ´ Kx,X pKX ,X q
´1 KX ,x, (3.2)

where the covariance matrix of the training data is given by KX ,X :“ rkpxi,xjqs P RNˆN ,
the covariance vector between the candidate point x and the training data is given by
Kx,X :“

”

kpx,x
pDq

1 q, .., kpx,x
pDq

N q

ı

P R1ˆN , KX ,x “ Kx,X
T , and Kx,x :“ kpx,xq. Equa-

tions (3.1) and (3.2) describe essentially the predictions of a GP and are implemented
within MeLOn.
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3.3.3 Maximum a posteriori
In order to find appropriate hyperparameters θ for a given problem, we use a MAP es-
timate which is known to be advantageous compared to the maximum likelihood esti-
mation (MLE) on small data sets [231]. Using the MAP estimate, the hyperparame-
ters are identified by maximizing the probability that the GP fits the training data, i.e.,
θopt :“ argmaxθ P pθ|X ,Yq. Analytical expressions for P pθ|X ,Yq and its derivatives
w.r.t. the hyperparameters can be found in the literature [66]. We provide a Matlab
training script in MeLOn that is based on our previous work [18]. Therein, we assume an
independent Gaussian distribution as a prior distribution on the log-transformed hyperpa-
rameters, i.e., θi „ N pµi, σ

2
i q. The implementation of the training is efficient through the

pre-computation of squared distances, the Cholesky decomposition for computing the in-
verse of the covariance matrix, and a two-step training approach that searches first globally
and then locally [18].

3.4 Convex and concave relaxations
The construction of relaxations, i.e., convex function underestimators (F cv) and concave
function overestimators (F cc), is essential for B&B algorithms. In our open-source solver
MAiNGO, we use the (multivariate) McCormick method [167, 170] to propagate relax-
ations and their subgradients [163] through explicit functions using the MC++ library [180].
However, the McCormick method often does not provide the tightest possible relaxations,
i.e., the envelopes. In this section, we derive tight relaxations or envelopes of functions
that are relevant for GPs and Bayesian optimization. The functions and their relaxations
are implemented in MC++. When using these intrinsic functions and their relaxations in
MAiNGO, the (multivariate) McCormick method is only used for the remaining parts of
the model. Note that the derived relaxations are used within MAiNGO while BARON
does not allow for implementation of custom relaxations or piecewise defined functions.

3.4.1 Covariance functions
The covariance function is a key element of GPs. When embedding trained GPs into
optimization problems, the covariance function occurs N times because it is used in the
covariance vector between the candidate point x and the training data, i.e., Kx,X “
”

kpx,x
pDq

1 q, .., kpx,x
pDq

N q

ı

P R1ˆN . Note that the covariance matrix KX ,X depends only
on training data and is thus a parameter during the optimization. Thus, tight relaxations
of the covariance functions are highly desirable. In this subsection, we derive envelopes
for common Matérn covariance functions. We consider univariate covariance functions,
i.e., kν : R Ñ R, with input d “ px ´ x1qTΛ px ´ x1q ě 0. This is possible because
we consider stationary covariance functions that are invariant to translations in the input
space. Common Matérn covariance functions use ν “ 1{2, 3{2, 5{2 and 8 and are given
by:

kν“1{2pdq :“ exp
´

´
?
d

¯

, kν“3{2pdq :“
´

1 `
?
3

?
d

¯

¨ exp
´

´
?
3

?
d

¯

kν“5{2pdq :“

ˆ

1 `
?
5

?
d `

5

3
d

˙

¨ exp
´

´
?
5
?
d

¯

, kSEpdq :“ exp

ˆ

´
1

2
d

˙

,
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3.4. Convex and concave relaxations

where kSE is the squared exponential covariance function with ν Ñ 8. We find that these
four covariance functions are convex because their Hessian is positive semidefinite. Thus,
the convex envelope is given by F cvpdq “ kpdq and the concave envelope by the secant
F ccpdq “ sctpdq where sctpdq “

kpdU q´kpdLq

dU´dL
d `

dUkpdLq´dLkpdU q

dU´dL
on a given interval rdL, dU s.

As the McCormick composition and product theorems provide weak relaxations of kν“3{2

and kν“5{2 (c.f. ESI Section 1), we implement these functions and their envelopes in our
library of intrinsic functions in MC++. Furthermore, natural interval extensions are not
exact for kν“3{2 and kν“5{2. Thus, we also provide exact interval bounds based on the
monotonicity.

It should be noted that covariance functions are commonly given as a function of the
weighted Euclidean distance r “

?
d. However, we chose to use d instead for three main

reasons: (1) x is usually a free variable of the optimization problem. Thus, the com-
putation of r would lead to potentially weaker relaxations for kν“5{2 and kSE. (2) The
derivative of kν“3{2p¨q, kν“5{2p¨q, and kSEp¨q is defined at d “ 0 while the derivative of
the square root function is not. (3) The covariance functions k̂v“3{2 : r ÞÑ kv“3{2pr

2q,
k̂v“5{2 : r ÞÑ kv“5{2pr

2q, and k̂SE : r ÞÑ kSEpr2q are nonconvex in r, so deriving the en-
velopes would be nontrivial.

Finally, it can be noted that we did not derive envelopes of kMatérnpx,x1q, because the
variable input dimensions pose difficulties in implementation and the multidimensionality
is a challenge for the derivation of envelopes. Nevertheless, the McCormick composi-
tion theorem applied to kνpdpx,x1qq yields relaxations that are exact at the minimum of
kMatérn because the natural interval extensions of the weighted squared distance d are exact
(c.f. [232]). This means that the relaxations are exact in Hausdorff metric.

3.4.2 Gaussian probability density function

The PDF is used to compute the EI acquisition function and is given by ϕ : R Ñ R with

ϕpxq :“
1

?
2π

¨ exp

ˆ

´x2

2

˙

(3.3)

The Gaussian probability density function (PDF) is a nonconvex function for which the
McCormick composition rule does not provide its envelopes. For one-dimensional func-
tions, McCormick [167] also provides a method to construct envelopes. We construct the
envelopes of PDF using this method and implement them in our library of intrinsic func-
tions. The envelope of the PDF is illustrated in Figure 3.1 and derived in Appendix A.2.

3.4.3 Gaussian cumulative distribution function

The Gaussian cumulative distribution function (CDF) is given by Φ : R Ñ R with

Φpxq :“

ż x

´8

ϕptq dt “
1 ` erf

´?
2x
2

¯

2
. (3.4)

39



3. Deterministic global optimization with Gaussian processes embedded

-1 0 1 2 3
x

0

0.1

0.2

0.3

0.4

(x
)

Concave envelope
Function
Convex envelope

Figure 3.1.: Illustration of the envelope of the Gaussian PDF.

The envelopes of the error function are already available in MC++ as an intrinsic function.
The envelopes of the CDF can be computed through the McCormick technique and the
envelopes of the error function (see Figure 2a in ESI). In contrast, the error function is
not available as an intrinsic function in BARON and a closed-form expression does not
exist. Thus, a numerical approximation is required for optimization in BARON. Common
numerical approximations of the error function are only valid for x ě 0 and use point
symmetry of the error function. To overcome this technical difficulty in BARON, a big-
M formulation with additional binary and continuous variables is a possible workaround.
However, this workaround leads to potentially weaker relaxations (see Section 2 in the
ESI).

3.4.4 Lower confidence bound acquisition function

The lower confidence bound (LCB) (upper confidence bound when considering maximiza-
tion) is an acquisition function with strong theoretical foundation. For instance, a bound on
its cumulative regret, i.e., a convergence rate for Bayesian optimization, for relatively mild
assumptions on the black-box function is known [233]. It is given by LCB : R ˆ Rě0 Ñ R
with

LCBpµ, σq :“ µ ´ κ ¨ σ

with a parameter κ P Rą0. LCB has not been popular in engineering applications as it
requires an additional tuning parameter κ and leads to heavy exploration when a rigorous
value for κ is chosen [233]. Recently, LCB has gained more popularity through the appli-
cation as a policy in deep reinforcement learning, e.g., by DeepMind [234]. LCB is a linear
function and thus McCormick relaxations are exact.

3.4.5 Probability of improvement acquisition function

Probability of improvement (PI) computes the probability that a prediction at x is below
a given target fmin, i.e., P̃Ipxq “ P pfpxq ď fminq. When the underlying function is dis-
tributed as a GP with mean µ and variance σ, the PI is given by PI : R ˆ Rě0 Ñ R with
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Figure 3.2.: Graph of the probability of improvement acquisition function (PI) as in Equa-
tion (3.5) for fmin “ 0 along with the developed convex and concave relaxations. (a) On
the interval r´2, 2s ˆ r0, 10s, the relaxations are constructed on the basis of monotonicity
properties of PI. (b) On the interval r1, 2s ˆ r0, 1s, the relaxations are constructed on the
basis of componentwise convexity properties via the methods of Meyer and Floudas [235]
and Najman et al. [236]. Note that the ranges of µ and σ are different in the two subfigures
to highlight the individual relaxations that are derived on different intervals. The ranges
in Subfigure (a) are such that they overlap with all four sets I1-I4 defined in Section A.3,
while the ranges in Subfigure (b) lie within the set I4.

PIpµ, σq :“

$

’

&

’

%

Φ
`

fmin´µ
σ

˘

, σ ą 0,

0, σ “ 0, fmin ď µ,

1, σ “ 0, fmin ą µ.

(3.5)

The PI acquisition function is neither convex or concave over its entire domain. How-
ever, as analyzed in Section A.3, there are parts of its domain over which the function is
componentwise convex or convex with respect to σ or µ. For componentwise convex or
concave functions, there exist methods for constructing tight relaxations. [235] introduced
a method for constructing concave relaxations for componentwise convex functions (or
vice versa). In particular, the concave envelope of a componentwise convex functions is
polyhedral [237], and thus the method of [235] amounts to finding the correct combinations
of corners of the considered interval box to construct the facets of the polyhedral concave
envelope. [236], in contrast, introduce a method for constructing convex relaxations of
componentwise convex functions that satisfy a certain monotonicity condition on their
first order partial derivatives (or, in case of twice continuously differentiable functions,
have mixed second-order partial derivatives with constant sign over the box). For func-
tions that are componentwise convex with respect to some and concave with respect to
other variabels, [236] also show that by taking the secant with respect to the concave (or
convex) variables, one can obtain a relaxation that is componentwise convex (or concave)
with respect to all variables. Using the aforementioned methods, this function can then
be further relaxed to obtain convex (or concave) relaxations.

We use these methods that exploit componentwise convexity along with techniques that
exploit monotonicity properties to construct tight relaxations of the PI acquisition func-
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3. Deterministic global optimization with Gaussian processes embedded

tion. The procedure for constructing these relaxations is described in detail in Appendix
A.2. Examples for the resulting relaxations on two subsets of the domain of PI are shown
in Figure 3.2.

3.4.6 Expected improvement acquisition function
EI is the acquisition function that is most commonly used in Bayesian optimization [208]. It
is defined as ẼIpxq “ IE

“

maxpfmin ´fpxq, 0q
‰

. When the underlying function is distributed
as a GP, EI : R ˆ Rě0 Ñ R is given by

EIpµ, σq :“

$

’

&

’

%

pfmin ´ µq ¨ Φ
`

fmin´µ
σ

˘

` σ ¨ ϕ
`

fmin´µ
σ

˘

, σ ą 0

fmin ´ µ, σ “ 0, µ ă fmin

0 σ “ 0, µ ě fmin

(3.6)

As noted by Jones et al. [208], EI is componentwise monotonic and thus, exact interval
bounds can easily be derived. In Section A.4, we show that EI is convex and we provide
its envelopes. As EI is not available as an intrinsic function in BARON, an algebraic refor-
mulation is necessary that uses Equation (3.6) where Φ is substituted from Equation (3.4)
with Equation (1) in ESI and ϕ from Equation (3.3). In addition, some workaround would
be necessary for σ “ 0 (e.g., additional binary variable and big-M formulation).

3.5 Implementation
The described methods are implemented in our open-source solver MAiNGO [178] and the
MeLOn toolbox [132]. The modeling interfaces of MAiNGO (currently either text-based
input or a C++ API) allow a convenient implementation of RS models without having
to eliminate variables symbolically. Instead, the sequential evaluation of model equations
can be expressed as in procedural programming paradigms.

MAiNGO implements a spatial B&B algorithm enhanced with some features for range
reduction [183–185] and a multi-start heuristic. A directed acyclic graph representation
of the model is constructed using the MC++ library [180] and evaluated in different arith-
metics: We use automatic differentiation via FADBAD++ [188] to obtain first and second
derivatives of functions and provide them to the desired local solver. Currently, MAiNGO
supports local solvers found in the NLopt package [187], IPOPT and Knitro. These local
solvers can be used for pre-processing and solving the upper bounding problems. In the
presented manuscript, we use SLSQP [238] in the pre-processing and in the upper bound-
ing. During pre-processing, a simple multistart heuristic initializes the first local search at
the center point of the variable ranges. Subsequent local searches are initialized randomly
within the variable ranges.

MAiNGO constructs (multivariate) McCormick relaxations of factorable functions [167,
170]. The convex and concave relaxations together with their subgradients [163] are con-
structed through the MC++ library [180]. The necessary interval extensions are provided
through FILIB++ [181]. MAiNGO currently supports CPLEX [182] and CLP [239] as lin-
ear programming solvers for lower bounding. In this work, the convex relaxations of the
objective and the constraints are linearized at the center point of each node. Subsequently,
CPLEX [182] solves the resulting linear problems for lower bounding. MAiNGO can also
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be run in parallel on multiple cores through MPI. For a fair comparison, we run all opti-
mizations on a single core in this work.

The GP models, acquisition functions, and training scripts are available open-source
within the MeLOn toolbox [132] and the relaxations of the corresponding functions are
available through the MC++ library used by MAiNGO.

In order to install MAiNGO, please visit our public git repository at https://git.
rwth-aachen.de/avt.svt/public/maingo. Our machine learning toolbox MeLOn comes
as a submodule of MAiNGO and will be installed with MAiNGO. Currently, MAiNGO
can be run using our C++ interface or using our own modeling language called ALE [240].
At the time of writing this manuscript, the authors develop a new Python interface for
MAiNGO which will be available soon via pypi.

3.6 Numerical results
We now investigate the numerical performance of the proposed method on one core of an
Intel Xeon CPU with 2.60 GHz, 128 GB RAM and Windows Server 2016 operating system.
We present three case studies. We use MAiNGO version v0.2.1 and BARON v19.12.7
through GAMS v30.2.0 to solve different optimization problems with GPs embedded on
a single core. Note that we use CPLEX as a lower bounding solver in both BARON
and MAiNGO. In MAiNGO we use SLSQP [238] in the pre-processing and in the upper
bounding. By default, BARON automatically selects NLP solvers and may switch between
different NLP solvers.

First, we illustrate the scaling of the method w.r.t. the number of training data points
on a representative test function. Herein, the estimate of the GP is optimized. Second,
we consider a chemical engineering case study with a chance constraint, which utilizes the
variance prediction of a GP. Third, we optimize an acquisition function that is commonly
used in Bayesian optimization on a chemical engineering dataset.

3.6.1 Illustrative example & scaling of the algorithm

In the first illustrative example, the peaks function is learned by GPs. Then, the GP
predictions are optimized on X̃ “ tx1, x2 P R : ´ 3 ď x1, x2 ď 3u. The peaks function is
given by fpeaks : R2 Ñ R with

fpeakspx1, x2q :“

3 p1 ´ x1q
2 ¨ e´x2

1´ px2`1q2 ´ 10 ¨ p
x1

5
´ x3

1 ´ x5
2q ¨ e´x2

1´x2
2 ´

e´px1`1q2´x2
2

3

The two-dimensional function has multiple suboptimal local optima and one unique global
minimizer at x˚ « r0.228,´1.626sT with fpeakspx

˚q « ´6.551.
We generate various training data on X̃ using a Latin hypercube sampling of sizes 10,

20, 30, ..., 500. Then, we train GPs with kν“1{2pdq, kν“3{2pdq, kν“5{2pdq, and kSEpdq co-
variance functions on the data. The parameters of the trained GPs are saved in individual
JSON files. After training, the JSON files are read by the solver and the predictions of
the GPs are minimized using the RS and FS formulation to locate an approximation of
the minimum of fpeaks. We run optimizations in MAiNGO once using the developed en-
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3. Deterministic global optimization with Gaussian processes embedded

velopes and once using standard McCormick relaxations. Due to long CPU times, we run
optimizations for the FS formulations only for up to 250 data points in MAiNGO. The
whole data generation, training, and optimization procedure are repeated 50 times for each
data set. Thus, we train a total of 10, 000 GPs and run 90, 000 optimization problems in
MAiNGO. We also solve the FS and RS formulation in BARON by automatically parsing
the problem from our C++ implementation to GAMS. This is particularly important in the
RS as equations with several thousand characters are generated. We solve the RS problem
for up to 360 and the FS for up to 210 data points in BARON due to the high computa-
tional effort. The optimality tolerances are set to ϵabs. tol. “ 10´3 and ϵrel. tol. “ 10´3 and
the maximum CPU time is set to 1, 000 CPU seconds. The reported CPU times do not
include any compilation time in MAiNGO and BARON. Note that the MAiNGO code is
just compiled once for each problem class because the individual GPs are parameterized by
JSON files. Thus, no repeated compilation is necessary. The feasibility tolerances are set
to 10´6. The analysis in this section is based on results for the kν“5{2 covariance function.
The detailed results for the other covariance functions show qualitatively similar results
(c.f. ESI Section 4). Also, the results in this section are based on the median computa-
tional times of the 50 repetitions because the variations are comparably small. Boxplots
that illustrate the variance are provided in Section 4 of the ESI.

In the FS, this problem has D ` 2 ¨N ` 2 equality constraints and 2 ¨D ` 2 ¨N ` 2 opti-
mization variables while the RS has D optimization variables and no equality constraints.
Note that for practical applications the number of training data points is usually much
larger than the dimension of the inputs, i.e., N " D. The full problem formulation is also
provided in ESI Section 3.

Figure 3.3 shows a comparison of the CPU time for optimization of GPs. For the
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Figure 3.3.: Comparison of the total CPU time for optimization, i.e., the sum of prepro-
cessing time and B&B time, of GPs with kν“5{2 covariance function. The plots show the
median of 50 repetitions of data generation, GP training, and optimization. Note that
#points are incremented in steps of 10 and the lines are interpolations between them.

solver MAiNGO, Figure 3.3a shows that RS formulation outperforms the FS formulation
by more than one order of magnitude and shows a more favorable scaling with the num-
ber of training data points. For example, the speedup increases to a factor of 778 for
250 data points. Notably, the achieved speedup increases drastically with the number
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of training data points (c.f. ESI Section 4). This is mainly due to the fact that the
CPU times for the FS formulations scale approximately cubically with the data points
(CPUFS w{ envpNq “ 1.053 ¨ 10´4N2.958 sec with R2 “ 0.993) while the ones for the RS
scale almost linearly (CPURS w{ envpNq “ 0.0022 ¨ N1.156 sec with R2 “ 0.995).

In general, the number of optimization variables can lead to an exponential growth of
the worst-case B&B iterations and thus runtime. In this particular case, the number of
B&B iterations is very similar for the FS and RS formulation (see Figure 3.4a). Instead,
for the present problems the number of B&B iterations is more influenced by the use of
tight relaxations. Figure 3.4b shows that the CPU time per iteration increases drastically
with problem size in the FS while it increases only moderately in the RS. This indicates
that the solution time of the lower bounding, upper bounding, and bound tightening sub-
problems scales favorably in the RS and that this is the main reason for speedup of the
RS formulation in MAiNGO. This is probably due to the smaller subproblem sizes when
using McCormick relaxations in the RS formulation (c.f. discussion in Section 3.1).

The use of envelopes of covariance functions also improves computational performance
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Figure 3.4.: Comparison of number of B&B iterations of optimization problems with GPs
embedded with kν“5{2 covariance function. The plots show the median of 50 repetitions
of data generation, GP training, and optimization. Note that #points are incremented in
steps of 10 and the lines are interpolations between them.

(see Figure 3.3a). However, this effect is approximately constant over the problem size
(c.f. Figure 3 in ESI Section 4). In other words, the CPU time shows a similar trend
for the cases with and without envelopes in Figure 3.3a. In the RS, the CPU time with
envelopes takes on average 7.1% of the CPU time without envelopes (« 14 times less). In
the FS, the impact of the envelopes is less pronounced, i.e., the CPU time w/ envelopes
is on average 15.1% of the CPU time w/o envelopes (« 6.6 times less). Figure 3.4a shows
that the envelopes considerably reduce the number of necessary B&B iterations. However,
the relaxations do not show a significant influence on the CPU time per iteration (see
Figure 3.4b).

The results of this numerical example show clearly that the development of tight re-
laxations is more important for the RS formulation than for the FS. As shown in Section
3.4.2 of [224], this effect can be explained by the fact that in RS, it is more likely to
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have reoccurring nonlinear factors which can cause the McCormick relaxations to become
weaker (c.f. also the relationship to the AVM in this case explored in [170]). However, in
this study, the improvement in relaxations is outweighed by the increase of CPU time per
iteration when additional variables are introduced in the FS.

The RS formulation also performs favorably compared to the FS formulation in the
solver BARON (see Figure 3.3b). However, the differences between the CPU times are
less pronounced. In contrast to MAiNGO, the number of B&B iterations in the FS and RS
drastically increase with increasing number of training data points when using BARON
(c.f. Figure 4 in ESI). Also, the time per B&B iteration is similar between RS and FS.
This is probably due to the AVM method for the construction of relaxations. The AVM
method introduces auxiliary variables for some factorable terms. Thus, the size of the
subproblems in BARON increases with the number of training data points regardless of
which of the two formulations is used.

The results of the optimizations also provide information about the ability of GP sur-
rogate models to approximate a function for optimization. The results shows that the
solution point of the GP optimization problem approximately converges to the optimum
of the learned peaks function for all covariance functions. However, it is clear that some
covariance functions lead to more accurate solution for the same number of training data
points in this particular case. In the ESI, we provide figures that show the solution point
and objective function value over the number of data points for this problem (Figures 8-11).
Interestingly, the objective function value is overestimated considerably for all problems.

3.6.2 Chance-constrained programming

Probabilistic constraints are relevant in engineering and science [241] and GPs have been
used in the previous literature to formulate chance constraints, e.g., in model predictive
control [242] or production planning [243].

As a second case study, we consider the N-benzylation reaction of α methylbenzylamine
with benzylbromide to form desired secondary (2˝) amine and undesired tertiary (3˝)
amine. We utilize an experimental data set consisting of 78 data points from a robotic
chemical reaction platform [9]. We aim to maximize the expected space-time yield of 2˝

amine (2˝-STY) and ensure that the probability of a product quality constraint satisfac-
tion is above 95%. The 2˝-STY and yield of 3˝ amine impurity (3˝-Y) are modeled by
individual GPs. Thus, we solve optimization problems with two GPs embedded. The
chance-constrained optimization problem is formulated as follows

min
xPE

´ IE
“

fSTYpxq
‰

s.t. P pfimpuritypxq ď cq ě 95%

Here, the objective is to minimize the negative of the expected STY. This corresponds to
minimizing the negative prediction of the GP, i.e., ´mD,2˝´STY. The chance constraint
ensures that the impurity is below a parameter c with a probability of 95%. This corre-
sponds to the constraint mD,3˝´Y ` 1.96 ¨

?
kD,3˝´Y ď c with c “ 5.

The optimization is conducted with respect to four optimization variables: (1) the pri-
mary (1˝) amine flow rate of the feed varying between 0.2 and 0.4 mL min´1, (2) the ratio
between benzyl bromide and 1˝ amine varying between 1.0 and 5.0, (3) the ratio between

46



3.6. Numerical results

Table 3.1.: Numerical results of the N-benzylation reaction optimization with chance con-
straint (Subsection 3.6.2). The FS formulation has 330 optimization variables, 326 equality
constraints, and 1 inequality constraint. The RS formulation has 4 optimization variables,
0 equality constraints, and 1 inequality constraint. The CPU time limit is 86,400 seconds.

Solver CPU [s] Iter. UB LB Abs. gap

(FS)
MAiNGO w/ Env. 86,400 26,761 N/A -379,2 N/A
MAiNGO w/o Env. 86,400 20,795 N/A -1,704.1 N/A
BARON 86,400 219,239 -226.5 -53,775.0 53,548.5

(RS)
MAiNGO w/ Env. 86,400 1.6 ¨ 106 -226.5 -244.8 18.3
MAiNGO w/o Env. 86,400 1.1 ¨ 106 -226.5 -573.2 346.7
BARON 86,400 7,927 -226.5 -56,394.0 56,167.5

solvent and 1˝ amine varying between 0.5 and 1.0, and (4) the temperature varying be-
tween 110 and 150˝C.

As this problem is highly multimodal and difficult to solve, we increase the number of
local searches in pre-processing in MAiNGO to 500 and increase the maximum CPU time
to 24 hours. The computational performance of the different methods is given in Table 3.1.
The results show that none of the considered methods converged to the desired tolerance
within the time limit. The RS formulation in MAiNGO that uses the proposed envelopes
outperforms the other formulations and BARON solver as it yields the smallest optimality
gap. Note that the considered SLSQP solver does not find any valid solution point in the
FS in MAiNGO while feasible points are found in the RS. This demonstrates that the RS
formulation can also be advantageous for local solvers. Note that when using IPOPT [244]
with 500 multistart points in the FS formulation in MAiNGO, it identifies a local optimum
with f˚ “ ´226.5 in the pre-processing. In the ESI, we provide a brief comparison of a
few pre-processing settings for this case study.

The best solution of the optimization problem that we found is x1 “ 0.40 min´1,
x2 “ 1.0, x3 “ 0.5, and x4 “ 123.5˝C. At the optimal point, the predicted 2˝-STY is 226.5
kg m´3 h´1 with a variance of 17.1 while the predicted amine impurity is 4.2 % with a
variance of 0.17. The result shows that the probability constraint ensures a safety margin
between the predicted impurity and c “ 5. Note that the chance constraint is active at
the optimal solution point.

3.6.3 Bayesian optimization

In the third case study, we consider the synthesis of layer-by-layer membranes. Membrane
development is a prerequisite for sustainable supply of safe drinking water. However,
synthesis of membranes is often based on try-and-error leading to extensive experimental
efforts, i.e., building and measuring a membrane in the development phase usually takes
several weeks per synthesis protocol. In this case study, we plan to improve the retention
of Na2SO4 salt of a recently developed layer-by-layer nanofiltration membrane system.
The optimization variables are the sodium chloride concentration in the polyelectrolyte
solution cNaCl P r0, 0.5s gL´1, the deposited polyelectrolyte mass mPE P r0, 5s gm´2,
and the number of layers Nlayer P t1, 2, 3, .., 10u. The detailed description of the setup is
given in the literature [21, 245]. Overall, we utilize 63 existing data points from previous
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Table 3.2.: Numerical results of the membrane synthesis optimization (Subsection 3.6.3).
The FS formulation has 136 optimization variables and 133 equality constraints. The RS
formulation has 3 optimization variables and no equality constraints.

Solver CPU [s] Iter. UB LB Abs. gap
(FS) MAiNGO w/ Env. 3,802 25,995 -2.025 -2.027 0.002
(RS) MAiNGO w/ Env. 405 14,331 -2.025 -2.027 0.002

literature [245]. We identify a promising synthesis protocol based on the EI acquisition
function by solving:

min
xPE

´ EI
`

mDpxq, kDpxq
˘

with x “ rcNaCl,mPE, Nlayers
T . Thus, this numerical example corresponds to one step

of a Bayesian optimization setup for this experiment. Global optimization of the acqui-
sition function is particularly relevant due to inherent multimodality of the acquisition
functions [212] and high cost of experiments. Note that the experimental validation of this
data point is not within the scope of this work.

The computational performance of the proposed method is summarized in Table 3.2.
Using the solver MAiNGO, the RS formulation converges approximately 9 times faster to
the desired tolerance compared to the FS formulation. Herein, we use the derived tailored
relaxations of the EI acquisition function and envelopes of the covariance functions in both
cases. Notably, the FS requires approximately 1.8 times the number of B&B iterations
compared to the RS formulation, which is much less than the overall speedup. Thus, the
results are in good agreement with the previous examples showing that the reduction of
CPU time per iteration in the RS has a major contribution to the overall speedup. For
this example, a comparison to BARON is omitted due to necessary workarounds including
several integer variables and function approximations for CDF and EI (c.f., Section 3.4.3,
3.4.6).

The optimal solution point of the optimization problem is cNaCl “ 0.362 gL´1, mPE “ 0
gm´2, and Nlayer “ 4. The expected retention is 85.32 with a standard deviation σ “ 14.8.
The expected retention is actually worse than the best retention in the training data of
96.1. However, Bayesian optimization takes also the high variance of the solution into
account, i.e., it is also exploring the space. EI identifies an optimal trade-off between
exploration and exploitation.

3.7 Conclusions
We propose a RS formulation for the deterministic global solution of problems with trained
GPs embedded. Also, we derive envelopes of common covariance functions or tight relax-
ations of acquisition functions leading to tight overall problem relaxations.

The computational performance is demonstrated on illustrative and engineering case
studies using our open-source global solver MAiNGO. The results show that the num-
ber of optimization variables and equality constraints are reduced significantly compared
to the FS formulation. In particular, the RS formulation results in smaller subproblems
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whose size does not scale with the number of training data points when using McCormick
relaxations. This leads to tractable solution times and overcomes previous computational
limitations. For example, we archive a speedup factor of 778 for a GP trained on 250 data
points. The GP training methods and models are provided in the open-source MeLOn
toolbox [132].

We thus demonstrate a high potential for future research and industrial applications.
For instance, global optimization of the acquisition function can improve the efficiency
of Bayesian optimization in various applications. It also allows to easily include integer
decisions and nonlinear constraints in Bayesian optimization. Furthermore, the proposed
method could be extended to various related concepts such as multi-task GPs [246], deep
GPs [247], global model-predictive control with dynamic GPs [199, 248], and Thompson
sampling [18, 249]. Finally, the proposed work demonstrates that the RS formulation may
be advantageous for a wide variety of problems that have a similar structure, including
various machine-learning models, model ensembles, Monte-Carlo simulation, and two-stage
stochastic programming problems.
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Chapter 4

Obey validity limits of data-driven
models

4.1 Introduction
Supervised machine-learning techniques have been re-emerging as a promising avenue for
data-driven modeling in various engineering disciplines [38]. In most applications, the
overall goal is the optimal decision-making based on available data and a priori knowl-
edge. Thus, data-driven models and mechanistic models are often combined to form hybrid
models [73, 91, 94, 221]. Subsequently, hybrid models are frequently used in model-based
optimization of design and/or operation of processes [1, 69].

A critical issue of data-driven models is their limited extrapolability. Unless strong
assumptions are posed on the learned function, data-driven models can only be valid in
regions where they have sufficiently dense coverage of training data points. We refer to
this as the validity domain [250]. Consequently, there is a need to avoid the evaluation
of data-driven models outside their validity domain during optimization. Note that we
refer to the validity domain of individual data-driven models throughout this work, but
the concept can also be applied to hybrid models [98].

The vast majority of previous publications use box constraints (i.e., hyperrectangles) to
bound the inputs of data-driven models, i.e., each variable has independent bounds. This
approach is practical when the training data is obtained from simulations based on regular
grids or Latin hypercubes that are sufficiently dense. It is also advantageous for local and
global optimization. However, it requires a priori known bounds and the possibility to
obtain training data for any input combination. In practice, simulations can fail [251] and
industrial process data usually does not cover hyperrectangular spaces [252]. This leads
to manual selection of wrong bounds, which may cut off optimal solutions or overestimate
the validity domain.

As proposed by [250], a few previous works in process systems engineering (PSE) con-
structed the convex hull of the training data points to describe the validity domain and
integrated it as a set of linear constraints in optimization problems [79, 98, 252]. By defi-
nition, the convex hull is the smallest convex set that contains all data points. Commonly,
evaluations of data-driven models inside the convex hull of the training data are called in-
terpolation and outside extrapolation. However, roughly speaking, the convex hull cannot
distinguish between for potential holes in the training data set, gaps between separated
clusters of data, and nonconvex boundaries. Thus, staying within the convex hull seems
only a necessary condition for the validity of data-driven models and not sufficient. Iden-
tifying if the convex hull is a suitable model for the data domain is very challenging in
high dimensions. Notably, [79] extended the convex hull method to the union of multi-
ple polytopes by introducing binary variables and additional constraints to the problem.
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However, this algorithm becomes impractical when the number of data points or their
dimension is very high. Besides convex hull formulations, there exist also several publica-
tions that circumvent extrapolation problems en passant in different ways. For instance,
[81] penalize deviations from a training data mean in a space that is parameterized using
principal component analysis. [21] constrain the maximal allowed distance from the near-
est training data point resulting in a nonsmooth optimization problem. [253] train multiple
data-driven models on a design problem and reject designs where the variation between
the models is large. Similarly, [254] use bootstrap aggregation to estimate error bounds
for hybrid mechanistic/data-driven models. There exist further methods that quantify
the variance or confidence interval of predictions such as Bayesian methods and maximum
likelihood estimations [255]. However, this leads to chance-constrained programming prob-
lems [241, 256]. Likewise, there are a few studies on the adaptive exploration of the design
space [257–259] and related works on constrained Bayesian optimization [207]. However,
we focus on fixed training data sets in this study while the extension of our method to
adaptive sampling is a promising future research.

An alternative to box constrains and convex hull is to use a nonlinear classifier that
can also model complicated validity domains. A few previous studies in mechanical engi-
neering [260, 261] used Support Vector Domain Description (SVDD) [262] to model the
validity domain of data-driven equipment models. Also, [263] use binary support vector
classification to include reliability constraints into model-based design of experiment. As
only valid training data points are given in most engineering applications, we consider
one-class classification in this work. One-class classification is an unsupervised machine
learning technique. There exists a broad variety of one-class classifiers that can be divided
into density methods, boundary methods, and reconstruction methods [264]. Also, one-
class classification is closely related to novelty, outlier, or anomaly detection [52, 265–268].
The previous literature indicates that one-class support vector machines (SVMs) [269] are
common and suitable for the problem at hand. Compared to density models, less training
data is required to construct the boundary, since only the boundary is estimated and not a
complete density distribution [264]. In addition, the one-class SVM is tolerant to outliers
in the training set [52].

Optimization problems with one-class SVMs embedded are nonconvex. Thus, determin-
istic global optimization is desirable to identify global solutions. However, these models
lead to large-scale optimization problems that are difficult to solve. In our previous work,
we showed that a reduced-space (RS) formulation and the use of McCormick relaxations
are advantageous for the optimization of two other important classes of data-driven models,
namely artificial neural networks [1] and Gaussian processes [256]. We propose a similar
idea here for one-class SVM.

The global shape of data matters because it often provides important information about
the underlying phenomena represented by the data. Especially in high-dimensional data,
topological data analysis (TDA) can reveal and quantify objects and features not directly
visible to the human eye. In the context of this work, it provides valuable information
about typologies in the training data that can be colloquially thought of as holes or sep-
arated clusters. TDA was initiated relatively recently [270, 271]. Its roots lie in applied
(algebraic) topology and computational geometry [272] and it is commonly used to ac-
count for higher-order interactions in data, to comprehend mesoscale structures, or to
compare different data spaces [273]. The most common TDA method is persistent homol-
ogy [274]. So far, there are only a few applications of persistent homology in the fields of
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(bio-)chemical engineering and material science [275–279].
We propose a three-step approach to model the validity domain of data-driven models for

optimization. We first perform TDA using persistent homology. In case clusters or holes
are identified, we train a one-class SVM on the training data domain of the data-driven
models and encode it as constraints in the subsequent process optimization. Otherwise,
we construct the convex hull of the data and encode it as constraints. We finally perform
deterministic global process optimization with the data-driven models and their respective
validity constraints. To ensure computational tractability, we develop a RS formulation
for trained one-class SVMs. Moreover, we employ convex and concave envelopes of kernel
functions to accelerate optimization. We demonstrate the potential of our method on a set
of illustrative mathematical case studies and an engineering case study, i.e., the open-loop
control of a sulfur recovery unit.

4.2 Methodology
As illustrated in Figure 4.1, we propose a three step approach to obey validity limits
of data-driven models during optimization. In the first step, we conduct a TDA of the
training data. In the second step, we either construct the convex hull of the data or we
train a one-class classifier, i.e., a SVM. In the third step, we embed the trained classifier or
convex hull in the optimization problem and solve it to global optimality. The described
methods are available open-source. We use the Ripser.py toolbox that is available open-
source under MIT license in Python for performing the TDA [280]. The training of the
one-class SVM is performed by Scikit-learn [281] and the convex hulls are identified using
SciPy [282]. We provide the one-class SVM within the MeLOn toolbox under the Eclipse
public license [132]. The resulting optimization problems are solved using our open-source
global solver MAiNGO [178].

4.2.1 Topological data analysis using persistent homology

In persistent homology, we are interested in so-called topological invariants, i.e., prop-
erties that are invariant under homeomorphisms. The topological invariants of interest
are homology groups, i.e., Hk of dimension k, with βk “ dimpHkq being the Betti num-
bers [283, 284]. “Informally, β0 is the number of connected components, β1 is the number
of two-dimensional holes or “handles” and β2 is the number of three-dimensional holes or
“voids” etc.” [283].

The topological invariants are computed by representing the original dataset, i.e., a
point cloud, as a simplicial complex through a simplicial filtration. We utilize the common
Vietoris-Rips filtration, where a n-simplex in the simplicial complex is formed if and only
if the pairwise distance between all points in the n-simplex is at most ϵ. At the bottom of
Figure 4.2, we show a series of simplicial complexes for an illustrative point cloud.

Persistent homology studies topological invariants that persist over multiple length
scales (ϵ) in the data [277, 278, 286, 287]. In other words, we examine the lifespan of
topological invariants by increasing ϵ incrementally and constructing simplicial complexes.
At the bottom of Figure 4.2, we can observe that β0 “ 10 connected components (H0) exist
at ϵ1, β0 “ 5 connected components exist at ϵ2, β0 “ 1 connected component and β1 “ 1
two-dimensional hole (H1) exist at ϵ3, and β0 “ 1 connected component exist at ϵ4.
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4. Obey validity limits of data-driven models

Figure 4.1.: Overview of the proposed three step methodology to obey validity limits of
data-driven models in optimization.

𝜖! 𝜖" 𝜖# 𝜖$

Figure 4.2.: Illustration of a Vietoris-Rips filtration utilized for persistent homology. The
upper part shows the data set and circles around the data points with increasing diameter
ϵ. The bottom image illustrates the simplicial complexes formed during the filtration. The
figure is based on [285].
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The results of the persistent homology can be depicted in barcode diagrams or persistent
diagrams. We use the more common persistent diagrams in this work. The coordinates
of birth and death of the homology groups in the example are shown in the persistent
diagram in Figure 4.3. The x-axis represents the ϵbirth while the y-axis the ϵdeath distance
of H0 and H1 homology groups. Features with long lifespan correspond to points far from
the diagonal [274]. The blue triangle at the bottom left corner of the plot corresponds to
the merge of two very close data points at small ϵ. The blue triangles with ϵdeath between
1 and 1.5 in Figure 4.3 resemble the merge of connected components between ϵ2 and ϵ3
in Figure 4.2, describing the decrease in Betti number β0 from 5 to 1. The highest blue
triangle illustrates that one connected component exists until infinite. The red circle rep-
resents homology group H1 and demonstrates the birth and death of the two-dimensional
hole which is formed around ϵ3 and dies before ϵ4 in Figure 4.2.

In this example, the persistent diagram shows that a hole exist providing useful insight
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Figure 4.3.: Persistent homology plot of the illustrative point cloud. The x-axis shows the
birth and the y-axis the death of the homology groups.

to guide the decision process for model selection. For example, the ϵdeath of the H1 compo-
nents provide information about the data density. In the example, the maximal distance
in the last H1 component is at most 1.5. This is significantly smaller than the ϵdeath of the
H1 hole. In other words, the life span of the hole is characteristic for the dataset.

4.2.2 Learn validity domain using one-class support vector machines
We model the validity domain using the convex hull or one-class SVM approach. The one-
class SVMs are trained using the open-source python implementation in Scikit-learn [281]
and the convex hulls are identified using the open-source implementation in SciPy [282].
The details of the one-class SVM are described in the following.

SVMs are a popular method for binary classification [288] and regression [289]. One-class
SVMs are a modification of these classical SVMs [269] (c.f. [264] on similarity to SVDD).
The goal is to learn a boundary of a given set of training points X “ tx̂p1q, ..., x̂piq, ..., x̂pNqu

with x̂piq P RD. Similar to classical SVMs, the data is mapped to high-dimensional feature
space by ϕ : RD ÞÑ Rd with d ąą D and later solved in the dual formulation using
the kernel trick [290]. In the feature space, a maximum-margin hyperplane is found that
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separates the data from the origin by solving:

min
wPRd,ξiPR,ρPR

1

2
wTw ´ ρ `

1

νN

N
ÿ

i“1

ξi, (4.1)

s.t wTϕpx̂piqq ě ρ ´ ξi @i “ t1, .., i, ..Nu, (4.2)
ξi ě 0 @i “ t1, .., i, ..Nu, (4.3)

where ν P p0, 1q is a regularization hyperparameter, ξi P R are slack variables, and w
and ρ are the parameters of the hyperplane in high-dimensional feature space. [269] show
that ν is an upper bound on the fraction of outliers and a lower bound on the fraction
of support vectors in the training set, which is known as the ν-property. The decision
function fDF-Ppxq “ wTϕpxq ´ ρ is positive if a candidate point x is classified to be within
the training data domain and negative if not. The dual of (4.1)-(4.3) is the quadratic
program:

min
αiPr0, 1

νN
s

1

2

N
ÿ

i“1

N
ÿ

j“1

αiαjKpx̂piq, x̂pjqq, (4.4)

s.t
N
ÿ

i“1

αi “ 1, (4.5)

where αi are dual variables and Kp¨, ¨q is a kernel function. Often, the radial basis kernel
function Kpx,yq “ expp´γ}x ´ y}2q with hyperparameter γ is used since it has been
shown that it is best able to model the most complex boundaries [264]. It holds that
αi “ 0 for training samples inside the learned boundary and αi ą 0 for samples on or
outside the boundaries. Samples for which αi ą 0 are called support vectors. The decision
function in the dual variables is given by fDF-Dpxq “

ř

iPIsv
αiKpx̂piq,xq ´ ρ, where Isv

denotes the indexes of the support vectors in the training data (i.e., the data points with
corresponding αi ą 0). To obey validity limits of data-driven models in an optimization
problem, the following inequality has to hold:

fDF-Dpxq ě 0. (4.6)

The parameter ν can be estimated from an outlier fraction by using the aforementioned
ν-property. This makes this method more tolerant to outliers in the training data [52].
The hyperparameter γ controls the model complexity when using the radial basis kernel.
If a large γ is used, all samples are mapped to a small region in the feature space and the
one-class SVM cannot distinguish between the samples well. In other words, the model
lacks complexity. If γ is small, pairs of samples become orthogonal in the feature space.
This leads to overfitting and a high number of support vectors. A common approach to
identify an appropriate γ is to gradually decrease γ until the number of support vectors
does not decrease much (e.g., [291]). However, automatically selecting an appropriate γ is
challenging (e.g.,[292–294]).
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4.2.3 Optimization with classifier as constraint

We consider a global optimization problem where a classifier is used to obey validity limits
of a data-driven model. In most cases, the inputs of the classifier model correspond to the
degrees of freedom x of the optimization problem. The classifier can determine if a given x
is feasible or infeasible by evaluating its decision function fDF-Dp¨q. To obey validity limits,
Inequality (4.6) has to hold. Although the decision function is an explicit function, there
exist different ways to formulate it in optimization problems. These problem formulations
are equivalent as they have the same solution, but they can have a large impact on the
computational performance of global optimization.

In the FS formulation, a set of nonlinear equations is provided as equality constraints
while the dependent (or intermediate) variables are optimization variables. Note that there
exist multiple valid FS formulations depending on the equality constraints and optimization
variables provided to the solver. One representative FS formulation for optimization with
one-class SVMs embedded is shown in the following:

min
xPRD,zobjPR,diPR,kiPR,zddPRZ

zobj, (4.7)

s.t zobj “ fobjpx, zddq, (4.8)
hddpx, zddq “ 0, (4.9)
ÿ

iPIsv

αiki ě ρ, (4.10)

ki“ exp p´γ ¨ diq @i P Isv, (4.11)
di“ }x̂piq ´ x}2 @i P Isv. (4.12)

Herein, Equation (4.7) minimizes the objective function value zobj that is given by Equa-
tion (4.8). Note that the objective depends on the variables of the data driven model
zdd that are given by the solution of Equations (4.9). The decision function of the one-
class SVM is given by the inequality constraint (4.10) while its intermediate variables
are given by the solution of Equations (4.11),(4.12). This FS formulation has in total
D ` 2 ¨ |Isv| ` dimpzddq ` 1 optimization variables, 2 ¨ |Isv| ` dimpzddq ` 1 equality con-
straints, and one inequality constraint.

The equality constraints of the one-class SVM can be solved explicitly for the inter-
mediate variables. Thus, we can directly formulate a RS formulation of the optimization
problem (c.f. [165]):

min
xPRD

fRSpxq, (4.13)

s.t fDF-Dpxq ě 0. (4.14)

Herein, fRSp¨q is the RS formulation of the data-driven model and objective function.
Thus, Equation (4.13) results from sequential substitutions of Equations (4.7)-(4.9). This
is possible as most data-driven models such as ANNs or GPs are explicit functions (c.f.
[1, 256]) and as the objective function is a function of the degrees of freedom and the pre-
dictions of the data-driven model. Similarly, Equation (4.14) results from the substitution
of Equations (4.10)-(4.12). The RS formulation has only D optimization variables and one
inequality constraint.
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The convex hull of a point cloud with a finite number of points can be formulated as
a set of linear inequality constraints XconvHull “ tx P RD | Ax ` b ď 0u. Assuming that
the convex hull has f facets, the matrix A P RfˆD and the vector b P Rf [98]. Thus, the
FS and RS formulation of the convex hull are identical. Note that the data-driven model
can still be formulated in the RS and FS formulation when using the linear convex hull
constraints.

The RS formulation has three major advantages for global optimization: First, the prob-
lem formulation has a direct influence on the variables to be branched on. In the RS, the
B&B solver branches only on the degrees of freedom x. In the FS, the B&B solver branches
on the degrees of freedom and also on the intermediate variables. This is undesirable given
the exponential worst-case runtime of global optimization methods. Note that this issue
can also be mitigated by selective branching [162]. Second, the size of the subproblems
that are solved during optimization is affected by the problem formulation and the method
for constructing relaxations. Our previous work shows that a combination of McCormick
relaxations and RS formulation can reduce the time to solve an iteration of the B&B solver
significantly [224, 256]. Third, global optimization solvers usually require bounds on all
optimization variables. Often, meaningful bounds are known for degrees of freedom but
bounds on intermediate variables can be difficult to determine. Note that this problem is
mitigated by some state-of-the-art solvers through automatic bound tightening techniques.

The vast majority of previous literature approaches formulate global optimization in the
FS because they frequently use modeling environments such as GAMS that essentially
require an equation-oriented modeling approach. Recently, [295] developed the Python-
based optimization tool Pyomo which allows modeling, implementation of own solvers,
and provides access to multiple solvers. Pyomo allows both FS and RS and recently [229]
demonstrated RS optimization of ANNs in BARON through Pyomo. However, BARON
relies on the auxiliary variable method for relaxations which results in larger subprob-
lems [256]. Thus, a RS formulation in BARON does not take full advantage of the RS
formulation. In contrast, our open-source solver MAiNGO [178] relies on McCormick re-
laxations in the space of the original variables utilizing the library MC++ [163, 180].
Another open-source solver that allows for McCormick relaxations is called EAGO has
been released by [296].

The optimization problems in this work are implemented in MeLOn [132] and solved by
MAiNGO [178]. For comparison, the problems are additionally exported to GAMS and
solved by the commercial solver BARON [157]. We provide the implementation of the
one-class SVM in the open-source modeling toolbox MeLOn [132].

Tight convex and concave relaxations are highly desirable in global optimization. There-
fore, we use the tightest possible relaxations, i.e., the envelopes, of the radial basis func-
tion kernel in our solver MAiNGO. Note that we derived these envelopes in our previous
work [256] as the squared exponential covariance function in Gaussian processes is equiv-
alent to the radial basis function kernel in SVMs.

4.3 Illustrative case studies
As high dimensional problems are difficult to visualize, we consider eight two-dimensional
data sets for illustration of the proposed method in a first step. Afterwards, we consider
an engineering case study in Section 4.4. As shown in Figure 4.5, the illustrative exam-
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ples cover a variety of relevant scenarios. All data points are randomly generated within
pre-specified bounds and perturbed by noise. Thus, the data sets do not exhibit sharp
boundaries, rather they also include noisy outlier data points.

In the next step, we evaluate an adapted peaks function, fPeaks : R2 ÞÑ R, on all data sets
with fPeakspx1, x2q “ 3p1´x1q

2 ¨ exp p´x2
1 ´ px2 ` 1q2q ´ 10px1

5
´x3

1 ´x5
2q ¨ exp p´x2

1 ´ x2
2q ´

1
3

¨ exp p´px1 ` 1q2 ´ x2
2q ´ 1.3x2. Then, we train individual ANNs on the eight data sets

using Keras [297]. All ANNs exhibit one input layer with 2 neurons, two hidden layers
with six and eight neurons, respectively, and an output layer with one neuron. The hidden
layers use tanh activation and the output layers use linear activation. For training, the
inputs are scaled onto r´1, 1s and the outputs are scaled to zero mean and unit variance.
We further use a batch size of 128 and an epoch limit of 4,000. Note that we omit a
hyperparameter study for the ANNs because ANN training is not the focus of this work.

All optimization problems are solved one core of an Intel Xeon CPU E5-2630 v3 (2.40GHz)
with 192 GB RAM and Windows Server 2016 operating system. We use a 0.001 relative
and absolute optimality tolerance, a CPU time limit of 1,000 seconds, and default settings
in BARON and MAiNGO.

4.3.1 Topological data analysis
The persistent diagrams of the eight input data sets are shown in Figure 4.4. The Sub-
figures 4.4d and 4.4e show a H1 component with a large life span each. These correspond
to the holes in the respective data sets “box w/ hole” and “circle w/ hole”. Moreover,
the corresponding ϵdeath provide information about the diameter of the holes. Recall that
H1 components that are close to the diagonal have a short life span and are therefore not
relevant for this analysis.

The persistent diagrams also show the existence of disjunct clusters in the data sets “two
circles” and “two ovals”. In Subfigures 4.4f and 4.4g, the H0 components with a high ϵdeath
indicate disjunct clusters and are a measure for the distance between them. Note that the
H0 components at the infinity line persist when ϵ goes to infinity and do not die. They
correspond to the H0 components that include all data points.

The persistent diagrams show no distinct differences between the “box”, “oval”, “box2”,
and “banana” case studies. This illustrates that the method cannot distinguish between
convex and nonconvex data sets in general. Therefore, the persistent diagrams cannot
ensure that the convex hull is sufficient to describe the validity domain. Rather, it can
only identify some cases where the convex hull is not sufficient.

4.3.2 Validity domain modeling
In order to compare the one-class SVM and the convex hull, we model the input data of the
eight case studies with both methods. We employ the common radial basis function kernel
for the one-class SVM. We set the hyperparameter ν to a low value 0.03 because there are
only a few outliers through noise in the data. The hyperparameter γ is identified using the
incremental approach described in Section 4.2.2. The selected γ values are summarized in
Table 4.1.

The learned boundaries for the case studies are depicted in Figure 4.5. As expected,
the convex hull does not model holes and disjunct data clusters. Instead, the convex hull
overestimates the validity domain of the case studies. In contrast, the one-class SVM is
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(a) “Box” case study
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(b) “Oval” case study
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(c) “Box2” case study
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(d) “Box w/ hole” case study

Figure 4.4.: Comparison of the persistent homology plots of the eight illustrative data sets
((a) to (d)).
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(e) “Circle w/ hole” case study
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(f) “Two circles” case study
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(g) “Two ovals” case study
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(h) “Banana” case study

Figure 4.4.: Comparison of the persistent homology plots of the eight illustrative data sets
((e)-(h)).
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4. Obey validity limits of data-driven models

Two Two Box Circle
Oval circles Box ovals Banana Box2 w/ hole w/ hole
0.31 0.28 0.25 0.35 0.25 0.25 0.23 0.25

Table 4.1.: The values of the hyperparameter γ for the eight case studies. The hyperpa-
rameters are selected based on the incremental approach described in Section 4.2.2.

Case Convex hull One-class SVM Reference
study x˚ f˚

ANN ∆ x˚ f˚
ANN ∆ x˚

Banana p0.1, 2.0q ´5.2 8.52 p0.3,´1.6q ´4.3 0.11 p0.2,´1.6q

Two circles p´1.5, 1.5q ´5.1 3.65 p1.0, 3.7q ´4.8 0.01 p1.3, 3.7q

Box p0.2,´1.9q ´5.4 2.14 p0.3,´1.5q ´4.5 0.07 p0.2,´1.5q

Box w/ hole p0.2, 3.6q ´6.4 1.65 p0.5, 3.2q ´4.8 0.70 p0.2,´1.6q

Circle w/ hole p´1.5, 3.5q ´5.0 0.41 p0.1, 3.6q ´4.6 0.02 p0.2, 3.6q

Two ovals p´1.3, 0.4q ´3.5 0.13 p´1.3, 0.4q ´3.5 0.13 p´1.3, 0.4q

Oval p1.3, 3.5q ´4.6 0.13 p0.2,´1.6q ´4.3 0.14 p0.2,´1.6q

Box2 p0.1,´1.7q ´4.2 0.05 p2.8, 2.9q ´3.8 0.05 p2.9, 2.9q

Table 4.2.: The table compares the global optimal solutions with convex hull and one-class
SVMs (SVMs) as constraints. The optimal solution point is given by x˚ and the objective
function value is given by f˚

ANN. Also, we provide the error of the data-driven model at the
optimal solution ∆ “ |f˚

ANN ´ fPeakspx
˚q|. The reference solution point shows the optimal

solution when considering the underlying function fPeaks as the objective with the one-class
SVM constraint.

able to model holes and disjunct data clusters. Furthermore, the convex hull includes all
data points whereas the one-class SVM also allows for outliers in the data and excludes
regions with only small data density from the validity domain (e.g., see the “box” case
study).

4.3.3 Optimization results

We minimize the prediction of the eight trained ANNs subject to the convex hull or the
one-class SVM as constraints. Table 4.2 shows the optimal solution points, x˚, and ob-
jective function values, fANNpx˚q, for the problem with convex hull and one-class SVM as
constraints.

The optimal objective function values of the convex hull approach are lower than the
ones with the one-class SVM for all case studies because the convex hull overestimates the
validity domain. This overestimation can lead to large errors at the optimal solution points.
For the “banana” case study, the optimal solution found by the convex hull approach is
outside the validity domain but at the boundary of the convex hull (see Table 4.2). This
leads to a wrongly estimated objective values by the ANN of ´5.2 with an absolute error of
8.52. In contrast, the one-class SVM models the validity domain accurately and yields an
optimal solution of ´4.3 with an absolute error of 0.11. Also, the solution point found by
the ANN model with the one-class SVM constraint is close to the reference solution where
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(a) Convex hulls of the eight illustrative data sets
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(b) One-class SVM boundaries of the eight illustrative data sets

Figure 4.5.: Comparison of the convex hull and the boundaries learned by the one-class
SVMs
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4. Obey validity limits of data-driven models

Case # Sup. BARON MAiNGO
study vec. FS RS sp-f FS RS sp-f
Oval 48 158.2 s 35.0 s 5 197.2 s 0.20 s 986
Two circles 50 489.5 s 36.7 s 13 247.0 s 0.25 s 988
Box 52 346.6 s 25.8 s 13 139.9 s 0.24 s 583
Two ovals 58 341.3 s 38.6 s 9 433.2 s 0.22 s 1,969
Banana 62 1,000.0 s 70.6 s ą14 416.7 s 0.19 s 2,193
Box2 67 497.1 s 22.9 s 22 1,000.0 s 0.31 s ą3,226
Box w/ hole 81 1,000.0 s 73.1 s ą14 656.5 s 0.36 s 1,823
Circle w/ hole 103 1,000.0 s 75.8 s ą13 1,000.0 s 0.75 s ą1,333

Table 4.3.: CPU times for optimization of the eight case studies with the one-class SVM
as a constraint. The table compares the FS and RS formulations for the BARON and
MAiNGO solvers. Here, the data-driven model (i.e., the ANN) and the one-class SVM
are formulated in the RS and FS. The speed up factor (sp-f) is given as the ratio between
the FS and the RS solution times. Also, the number of support vectors (# Sup. vec.) is
shown as a measure for the problem complexity.

the learned peaks function is optimized subject to the SVM constraint. Similarly, the
one-class SVM leads to more reliable results in the data sets “two circles”, “box w/ holes”,
and “circle w/ holes”. Interestingly, the convex hull approach also leads to a substantial
prediction error in the “box” case study while the one-class SVM models the validity do-
main accurately. This highlights the risk of using the convex hull approach in the presence
of noise.

In Table 4.3, we provide the CPU times for optimization with one-class SVMs embed-
ded. Using the FS formulation, BARON and MAiNGO perform similarly and solve most
problems in the a few hundred CPU seconds. The RS formulation outperforms the FS
formulation on all problem instances. In BARON, the speedup factor between the RS and
the FS formulation ranges from 5 to over 14. In comparison, the speedup factor between
the RS and FS in MAiNGO ranges between 583 to over 3,226. This is in agreement with
our previous studies where the McCormick relaxations in the RS lead to smaller subprob-
lems compared to the auxiliary variable method (see Section 4.2.3).

In Table 4.4, we compare the computational performance for optimization with the con-
vex hull embedded. The CPU times with the convex hull are lower compared to the ones
with one-class SVMs. MAiNGO is substantially faster than BARON when formulating the
problem in the FS. On average, BARON requires about 83 seconds to solve the problem
in the FS while MAiNGO requires only 3 seconds. The RS formulation again outperforms
the FS formulation for all problems. However, in this case, the speedup factors are in the
same order of magnitude for BARON and MAiNGO ranging between 13 and 54. It should
be noted that the RS and the FS formulation of the convex hull constrains are identical.
Therefore, the difference is only due to the formulation of the data-driven model in the
objective function, i.e., the ANN (c.f. [1]).
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4.4. Engineering application

Case # Sup. BARON MAiNGO
study vec. FS RS sp-f FS RS sp-f
Oval 48 74.9 s 2.8 s 27 2.7 s 0.05 s 54
Two circles 50 46.4 s 3.5 s 13 2.4 s 0.09 s 27
Box 52 85.8 s 1.5 s 57 1.7 s 0.06 s 28
Two ovals 58 103.9 s 3.1 s 34 3.8 s 0.08 s 48
Banana 62 136.4 s 5.1 s 27 3.0 s 0.09 s 33
Box2 67 32.3 s 2.3 s 14 2.7 s 0.11 s 25
Box w/ hole 81 51.3 s 3.5 s 15 2.4 s 0.08 s 30
Circle w/ hole 103 130.2 s 4.1 s 32 3.1 s 0.11 s 28

Table 4.4.: CPU times for optimization of the eight case studies with the convex hull as a
constraint. The table compares the FS and RS formulations for the BARON and MAiNGO
solvers. The speed up factor (sp-f) is given as the ratio between the FS and the RS solution
times. Also, the number of support vectors (# Sup. vec.) is shown as a measure for the
problem complexity.

4.4 Engineering application
We consider a sulfur recovery unit as a relevant engineering case study for our work because
a large data set of industry operating data is available online for this process. The efficient
recovery of sulfur in petroleum refineries from tail gas is important for environmental
reasons. The sulfur recovery unit process is illustrated in Figure 4.6. The process has two
acid gases as inputs: the MAE gas stream is rich in hydrogen sulphide (H2S) and comes
from the gas washing plants. The SWS gas stream is rich in H2S and ammonia and comes
from a sour water stripping plant. In the sulfur recovery unit, the acid gases are burnt via
partial reaction with air in a two-chamber reaction furnace. Then, the combustion product
is further treated in two subsequent catalytic reactors resulting in a tail gas stream that
contains residuals of H2S and sulfur dioxide (SO2). A detailed process description can be
found in the literature [298].

A key issue of the sulfur recovery unit is the control of the secondary air flow to ensure
optimal conditions for the total removal of the sulfur compounds in the catalytic converters.
Previous works have investigated soft sensors for the tail gas concentrations of hydrogen
sulphide (H2S) and sulfur dioxide (SO2) using ANNs and implemented those in industry
for monitoring [298–300]. In this case study, we solve an open-loop control problem to find
the optimal secondary air flow rate. The objective is to minimize |cH2S ´2 ¨ cSO2 | such that
the two reactants are in stoichiometric proportion. Similar to the previous literature by
[298, 300], we also train two ANNs to predict the concentrations:

cH2S,k “ fANN,H2S px1,k, x1,k´5, x1,k´7, x1,k´9, ...x5,k, x5,k´5, x5,k´7, x5,k´9q ,

cSO2,k “ fANN,SO2 px1,k, x1,k´5, x1,k´7, x1,k´9, ...x5,k, x5,k´5, x5,k´7, x5,k´9q ,

where x1,k is the gas flow in the MEA zone, x2,k is the air flow in the MEA zone, x3,k is
the secondary air flow in the MEA zone, x4,k is the air flow in the SWS zone, x5,k is the
gas flow in the SWS zone at time step k. The SO2 ANN has one hidden layer with eight
neurons and the H2S ANN has two hidden layers with eight neurons each. The data-driven
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4. Obey validity limits of data-driven models

Figure 4.6.: Flowchart of the sulfur recovery unit process.

models are trained on (scaled) industrial data collected at a plant located in Priolo, Italy
available at https://www.openml.org/d/23515. The data set includes a time series with
approximately 10,000 data samples and we use the first 90% of the data for training. The
control variable of the NMPC is the secondary air flow x3,k while the other inputs are
observable parameters. As the control is critical for process safety, the validity limits of
the data-driven model should be considered.

In order to analyze the topology of the 20-dimensional input training data set of ANNs,
we perform persistent homology. Due to the large number of data points, the exact com-
putation of the persistent diagram is expensive. We apply approximate sparse filtration
instead [301]. The persistent diagram for this case study is shown in Figure 4.7. The
diagram shows that there exist a number of holes in the data set that persist over a long
time span. Also, a separate cluster can be observed in the data. This motivates the use of
one-class SVM to obey validity limits of data-driven models.

As we have no physical model of the process available, the closed-loop performance
of the controller is not studied in this example. For illustration, we perform one step of
an open-loop controller for the secondary air flow x3,k. We select a random operating
point from the historic plant data (Table 4.5) and let the solver determine the optimal
control action. The problem is solved to global optimality within 0.33 CPU seconds and
identifies a control action x3,k “ 0.266 that results in the desired stoichiometric compo-
sition, i.e., |cH2S ´ 2 ¨ cSO2 | “ 1.3 ¨ 10´5. This engineering case study also demonstrates
the potential of the proposed method for NMPC. Note that deterministic global NMPC
can become computationally expensive for long control horizons and higher dimensional
control vectors [33, 302, 303].

4.5 Conclusion
Safety concerns and extrapolation issues often impede industrial applications of machine
learning models. We present a three-step approach to obey the validity limits of data-
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Figure 4.7.: Persistent diagram for of the training data of the engineering case study pre-
sented in Section 4.4.

k k ´ 5 k ´ 7 k ´ 9

x1 0.627 0.6215 0.623 0.622
x2 0.770 0.769 0.754 0.769
x3 x3,k 0.174 0.192 0.198
x4 0.376 0.399 0.415 0.410
x5 0.513 0.512 0.511 0.504

Table 4.5.: Operating point of the sulfur recovery unit that is considered for the NMPC
optimization step.
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4. Obey validity limits of data-driven models

driven models. First, we perform a data topology analysis using persistent homology.
Second, we model the validity domain of the data-driven model using either the convex
hull or a one-class SVM. Third, we perform deterministic global optimization with the
validity domain model as a constraint.

All used and developed methods are available open-source. Also, we currently develop
a Python interface for our solver MAiNGO. Thus, all methods can be applied and further
developed in academia and industry for free.

Our method has the potential to enhance safety, trust, and reliability of machine learn-
ing approaches. Moreover, we demonstrate that persistent homology is a valuable method
for understanding the topology of data in high dimensional spaces. Besides industry ap-
plications, promising future work also includes the application to optimization problems
occurring in molecular design where molecules are parameterized through graph neural
networks [304] or autoencoders [305]. Also, time-dependent design space descriptions are
desired in pharmaceutics [306]. The proposed method can also be extended by considering
and comparing other one-class classification methods.
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Chapter 5

Graph neural networks for prediction of
fuel ignition quality

5.1 Introduction
The worldwide increase in CO2 emissions and the depletion of fossil resources call for
the development of renewable fuels. A wide range of non-oxygenated and oxygenated
hydrocarbons derived from renewable resources such as biomass has been investigated as
pure-component fuel or blend components for use in internal combustion engines [307–313].
To determine how suited a molecule is for a fuel application, combustion-related proper-
ties need to be evaluated. The cetane number (CN) or derived cetane number (DCN),
the research octane number (RON), and the motor octane number (MON) are commonly
employed to characterize the auto-ignition/knocking behavior of a particular fuel. Fuels
with a high RON (MON) exhibit low knocking tendency and are therefore suitable for
spark-ignition (SI) engines, whereas fuels with a high (D)CN (approx. above 40) exhibit a
short ignition delay which is required in compression-ignition (CI) engines [310, 314, 315].
Experimental RON, MON, and (D)CN values are available for a range of different fuel
molecules [316–318], however, for many interesting molecules such data is not readily
available. For these molecules predictive models are required that enable rapid estimation
of fuel ignition quality [310, 319].

In the past decades, several models have been developed to predict (D)CN [318–334]
and RON/MON [318, 322, 335–338] of (oxygenated) hydrocarbons by utilizing quantita-
tive structure-property relationship (QSPR) modeling. In QSPR, the modeling process
can be broken down into two steps: First, QSPR models introduce molecular descriptors
D “ rd1, d2, ..., dnsT that depend on the structure of a molecule m. Second, a regression
model F pDq : D ÞÑ p̂ is fitted that predicts a property p̂ as a function of D [339]. The
regression model is either linear or nonlinear, depending on the QSPR. Group contribution
methods[340–342] are a particular type of QSPR model where the molecular descriptors
D are structural group counts, i.e., the number of occurrences of basic functional groups,
e.g., methyl (´CH3´) or methylene (´CH2´), in a molecule m.

QSPR models for DCN, RON, and MON differ in the way they encode the molecu-
lar structure. Various descriptors have been used including structural group counts (e.g.,
in [318–320, 327, 335–338]), the number of aromatic bonds (e.g., in [319, 333]), and topo-
logical indices, such as the Wiener Index [343] or branching indices (e.g., in [326, 332, 337]).
Previous models have also used a variety of techniques for the regression step, e.g., lin-
ear or nonlinear regression [319, 320, 327, 332, 335, 336], or artificial neural networks
(ANNs) [318, 323–325, 328, 330, 333, 336–338]. Development of QSPR models, however,
highly depends on the choice of informative descriptors, a selection process that requires
domain knowledge and intuition.
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5. Graph neural networks for prediction of fuel ignition quality

Deep learning allows to learn representations of data with multiple abstraction levels.
This has shown remarkable success for end-to-end learning in various domains surpassing
previously performed manual feature selection [40]. In particular, graph neural networks
(GNNs) [344, 345] have recently shown promising results for the prediction of structure-
property relationships of molecules [113, 346–350]. GNNs utilize graph representations of
molecules, where atoms correspond to nodes and bonds correspond to edges. For each
atom, its local environment is learned by graph convolutions. These atom environments
are then combined into a molecular fingerprint by applying pooling functions [351]. Fi-
nally, an ANN maps the fingerprint to the molecular property of interest. Since the graph
convolutions and pooling functions are differentiable, the full model can be trained with
the backpropagation algorithm. In contrast to QSPRs, the processes of choosing molec-
ular descriptors and performing property regression are thus merged into a simultaneous
training step. This enables supervised end-to-end training from the molecular graph to
the property. In particular, the molecular fingerprints adapt during training and learn
molecular structure information that is important for the property of interest.

We propose the first GNN model for the prediction of DCN, RON, and MON. The
model is trained on literature data and is applicable to a wide range of oxygenated and
non-oxygenated hydrocarbons. The GNN architecture includes state-of-the-art higher-
order molecular graph features [113] and is provided open-source [352]. Furthermore, we
provide a web front-end that can be easily accessed online to make predictions. The web
front-end takes SMILES strings as input and automatically predicts DCN, RON, and MON
(www.avt.rwth-aachen.de/gnn).

One of the main challenges in GNN training in the context of fuel ignition quality is
the limited availability of training data. To mitigate this issue, we propose three model
extensions that reduce data requirements while achieving competitive prediction accuracy:
First, we propose a multi-task learning approach where DCN, RON, and MON are trained
jointly. This approach shares the graph convolutions and the molecular fingerprint among
all prediction tasks and thus takes advantage of correlations between DCN, RON, and
MON data sets. Second, we perform a transfer learning approach that utilizes a broader
data set from different (D)CN measurement techniques for pre-training of our final model.
Third, we perform ensemble learning averaging out random model variations.

The remainder of this chapter is structured as follows: In Section 5.2, we provide a
general background on graph representations of molecules and GNNs. Then, we briefly
describe the databases of this work in Section 5.3. Afterwards, we propose the GNN archi-
tecture in Section 5.4. Furthermore, we briefly describe the considered learning methods:
multi-task learning, transfer learning, and ensemble learning. In Section 5.5, we present
the results, discuss the different learning methods, and compare our GNN model to state-
of-the-art QSPR models. Finally, we conclude our findings and show potentials for future
research (Section 5.6).

5.2 Fundamentals of graph neural networks

In this section, we present a brief background on graph representations for molecules and
GNNs. Furthermore, we introduce the concept of higher-order GNNs that is fundamental
to our modeling approach.
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5.2. Fundamentals of graph neural networks

5.2.1 Molecular graphs

Any molecule can be represented as a molecular graph where nodes w, v P V correspond to
atoms. Edges evw P E correspond to bonds between two atoms [353, 354]. Furthermore, a
feature vector is assigned to each node and each edge that includes information about atom
types, e.g., C atom, and bond types, e.g., double bond. The node feature vectors fV pvq

can contain additional atom information such as orbital hybridization. To reduce the size
of molecular graphs, hydrogen atoms can be implicitly included in the feature vectors of
nodes of heavy atoms by using a hydrogen count, resulting in an H-depleted molecular
graph [355]. Similarly, bond feature vectors fEpevwq can provide additional information,
e.g., on ring structures. GNNs operate on graph structures, i.e., they take the molecular
graph and its feature vectors as inputs.

5.2.2 Graph neural networks

As illustrated in Figure 5.1, GNNs have two main phases: (i) the message passing phase and
(ii) the readout phase [348]. In the message-passing phase, graph convolutional layers are
commonly applied with a large variety of layer structures existing [346, 348, 351, 356, 357].
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Figure 5.1.: Overview of a graph neural network model for property prediction.

Figure 5.2 illustrates the basic concept of graph convolutional layers. The overall goal of
the graph convolutional layer is to combine node information of a considered node (here #2
in red) with node information of its neighbors (here #1,3,4 in yellow) and bond information
(green). To this end, node state vectors and edge state vectors are combined through
message and update functions as explained in more detail in the following paragraph. The
result of the graph convolutional layer is an updated node state vector of the considered
node.

Within a graph convolutional layer, information about a node’s neighborhood Npvq “

tw | evw P E,w ‰ vu is aggregated and passed to the respective node [348]. The message
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Figure 5.2.: Illustration of a graph convolutional layer. We consider the update of the node
state vector of the considered atom (#2 in red). The atom information is given as node
state vectors of considered node and its neighbors (#1, 3, 4 in yellow). Furthermore, bond
information is given as edge feature vectors (green). The message function M generates
the message and the update function U computes the update for new state vector of the
considered node.

ml
v is passed along edges to a node by applying a message function Ml, i.e.,

ml
v “

ÿ

wPNpvq

Ml

`

hl´1
w ,fEpevwq

˘

, (5.1)

where hl´1
w denotes the hidden state of a neighbor in layer l ´ 1. The 0-th hidden state

vector is initialized with the input feature vector of a node, i.e., h0
v “ fV pvq. The message

function Ml depends on the previous hidden states of the neighbors hl´1
w and the features

of the respective edges fEpevwq, with the dimension of the hidden state vector for layers
l ą 0 being a hyperparameter. The hidden state of the considered node hl´1

v is then
updated to hl

v by an update function Ul that combines its hidden state from the previous
layer with the received message containing information of its neighbors:

hl
v “ Ul

`

hl´1
v ,ml

v

˘

(5.2)
The message passing and updating is repeated for a fixed number of iterations which re-
sults in multiple graph convolutional layers l P t1, 2, ..., Lu. After L graph convolutions,
the hidden states of nodes hL

v contain local information of environments with a radius of
L nodes.

In the readout phase, the hidden node states of the last convolutional layer are com-
bined into a graph representation vector hG, i.e., molecular fingerprint, by using a pool-
ing function hG “ pphL

1 ,h
L
2 , ...,h

L
|v|q where p is commonly chosen as the mean, sum, or

max function [356]. Finally, the molecular fingerprint vector hG is utilized for regres-
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5.2. Fundamentals of graph neural networks

sion of molecular properties of interest, e.g., using a multilayer perceptron (MLP), i.e.,
p̂ “ MLPphGq.

A strong advantage of this method is that all functions from the molecular graph to the
property are explicit and differentiable allowing for supervised training using backpropa-
gation. This enables end-to-end learning of GNNs, whereby the graph convolutions and
the molecular fingerprint adapt during training to extract information of the molecular
graph that is relevant for the property to be predicted [346, 348, 358].

5.2.3 Higher-order graph neural networks

Morris et al. have recently extended the message passing to higher-order graph fea-
tures [113]. Here, the message passing step does not only apply to the initial molec-
ular graph but also to modified higher-dimensional molecular graphs. For these higher-
dimensional graphs, the nodes are k-dimensional subsets s of the nodes in the initial graph,
s “ tv1, ..., vku P rV sk “ tU Ď V | |U | “ ku for k ą 1. Hence, any combination of k
nodes from the original graph (atoms in the molecular graph) are combined in a separate
node.

The neighborhood of a k-dimensional node s is defined as Npsq “ tt P rV sk | |s X t| “

k ´ 1u for k ą 1. This means that two k-dimensional nodes s and t with k atoms each are
adjacent to each other if the cut set of the two nodes consists of k´1 atoms. This concept
of higher-order neighborhood is illustrated in Figure 5.3, where we consider a red node and
its yellow neighbor in the initial molecular graph (1-GNN) as well as higher-order graphs.

2-GNN1-GNN 3-GNN

Figure 5.3.: Illustration of the neighborhood in k-dimensional graphs. We highlight the
yellow neighbors of a red node.

The message passing phase for the initial molecular graph is referred to as 1-GNN. The
message passing phase for higher-dimensional graphs with nodes consisting of k nodes from
the original graphs, the structure is called k-GNN [113]. When considering k-dimensional
nodes, the initializations of the hidden node states cannot simply be atom types and
features, but rather must be combinations of the respective individual atom types and
features. At first, the initialization of the hidden node state of a k-dimensional node s
contains the isomorphic type fisopsq [113]. For example, the initial H-depleted molecular
graph (k “ 1) of oxygenated hydrocarbons, the isomorphic type of the node v corresponds
to the atom type {{C},{O}} and is included in the initial feature vector of a node. For
the 2-GNN (k “ 2) of such hydrocarbons, the isomorphic type of the set s “ tv1, v2u

corresponds to the 2-set of atom types: {{C,C},{C,O},{O,O}}.
Furthermore, the k-GNN model usually works in a hierarchical manner such that the

outputs of the (k-1)-th GNN serve as inputs for the k-th GNN [113]. Therefore, in addition
to the isomorphic type, the respective hidden node states of the last graph convolutional
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5. Graph neural networks for prediction of fuel ignition quality

layer L of the preceding GNN are combined by a pooling function, e.g., mean function, and
used for initializing the hidden state of a k-dimensional node. Note that this does not refer
to the pooling of the molecular fingerprints in the readout phase. Hence for the 2-GNN,
the hidden node states of a subset s “ tv1, v2u are initialized with the concatenation (}) of
the isomorphic type and the averaged hidden node states of the two respective nodes from
the 1-GNN, i.e., h2,0

s “ fisopsq } meanphL
v1
,hL

v2
q.

5.3 Databases for fuel ignition quality
We collect DCN, RON, and MON data of non-oxygenated and oxygenated hydrocarbons
from different literature sources. The number of species per molecular class and fuel igni-
tion quality indicator is shown in Table 5.1. Note that we provide our full data set in the
Supporting Information (SI).

The cetane number (CN), an indicator for CI fuel quality, is determined in a coop-
erative fuel research (CFR) reference engine [359]. In comparison to the CFR engine,
testing methods in a variety of constant-volume combustion chambers (CVCCs) require
lower fuel quantities and shorter measurement times, but yield so-called derived cetane
numbers (DCNs) [317] instead of true CFR CN. Our objective is to predict DCN val-
ues determined by a particular CVCC-based experimental setup, i.e., the ignition quality
tester (IQT) which is standardized by the ASTM D6980 [360] and widely used to assess
diesel fuel ignition quality[319, 361]. To this end, we consider IQT-DCN data from the
Compendium of Experimental Cetane Numbers provided by Yanowitz et al. [317] for 236
different species.

Although (D)CN values from non-IQT experiments cannot be expected to closely match
IQT-DCN [319], we utilize such data for a transfer learning approach. Specifically, we
consider (D)CN values for 479 species from various measurement setups from the Com-
pendium of Experimental Cetane Numbers [317]. We exclude the test set compounds, use
the remaining 447 molecules for pre-training, and subsequently refine the resulting model
based on IQT-only data. We provide the different data sets created for model development
online[352].

RON and MON are used to quantify the knocking tendency of a fuel and are suitable
ignition quality indicators for SI engines. They are measured according to the ASTM
D2699 [362] and ASTM D2700 [363] standards, respectively. As a database for our model,
we take RON (MON) values for 335 (318) species from literature [308, 316, 318, 338, 364–
371]. For all reported data (RON, MON, DCN), we take average values whenever multiple
values have been reported for a single species.

5.4 Modeling approach
In this section, the GNN model development is described (cf. Figure 5.4). First, the
workflow of the molecular representation is explained in Section 5.4.1. Then, the basic
architecture of the GNN model is outlined in Section 5.4.2. Finally, the model extensions
for multi-task learning (Section 5.4.3), transfer learning (Section 5.4.4), and ensemble
learning (Section 5.4.5) are described.

We use PyTorch Geometric [372], an open-source library for deep learning on graphs
in Python. The implementation is adapted from our previous work on k-GNNs [113].
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Table 5.1.: Databases assembled for this work: Number of species per molecular class and
fuel ignition quality indicator. Number of species in our test set is given in parentheses.
Details can be found in the Supporting Information.

IQT-DCN (D)CN RON MON
n-alkanes 9 (0) 18 (0) 7 (0) 7 (0)
iso-alkanes 17 (2) 39 (2) 43 (6) 42(6)
cycloalkanes 20 (0) 34 (0) 74 (7) 65 (7)
alkenes 15 (3) 33 (3) 87 (16) 84 (16)
cycloalkenes 10 (0) 12 (0) 22 (2) 22 (2)
alkynes 1 (0) 1 (0) 8 (0) 4 (0)
aromatics 13 (4) 63 (4) 41 (12) 43 (12)
alcohols 21 (3) 38 (3) 14 (1) 13 (1)
cyclic alcohols 2 (0) 2 (0) 0 (0) 0 (0)
aldehydes 7 (1) 7 (1) 0 (0) 0 (0)
ketones 9 (3) 9 (3) 8 (1) 7 (1)
cyclic ketones 5 (1) 5 (1) 2 (0) 2 (0)
ethers 17 (3) 27 (3) 5 (0) 5 (0)
hydrofurans 7 (1) 7 (1) 3 (1) 3 (1)
other cyclic ethers 4 (0) 4 (0) 2 (0) 2 (0)
esters 39 (4) 133 (4) 12 (3) 12 (3)
lactones 4 (1) 4 (1) 1 (0) 1 (0)
furans 5 (2) 5 (2) 3 (2) 3 (2)
acetals 2 (0) 2 (0) 1 (0) 1 (0)
carboxylic acids 0 (0) 5 (0) 0 (0) 0 (0)
ą #1 type of oxygen functionality 29 (4) 31 (4) 2 (0) 2 (0)
Total 236 (32) 479 (32) 335 (51) 318 (51)
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5. Graph neural networks for prediction of fuel ignition quality

Our open-source code for training as well as the trained models can be retrieved on [352].
Additionally, for more convenient use, the model can be accessed freely via a web front-end
(www.avt.rwth-aachen.de/gnn) to make predictions.
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Figure 5.4.: Workflow of the multi-task GNN model for predicting DCN, RON, and MON
of hydrocarbons with SMILES strings as input. The model works in a hierarchical manner
in which the outputs of the 1-GNN part are used as inputs for the 2-GNN. The outputs of
both, the 1-GNN and 2-GNN part, are concatenated and represent the molecular finger-
print. This serves as the input for the three MLP channels predicting the target properties.

5.4.1 Molecular representation
For generating the representation of molecules that serve as an input to the GNN, SMILES
strings [373] are transformed into molecular graphs. Each node and each edge is assigned
a feature vector. Each feature is represented as a one-hot encoder with the size of the
number of possible values for this feature and a single entry with value one at the index
corresponding to the value of the feature. The features are selected according to previ-
ous literature [346, 348, 349] and are shown in Table 5.2 and 5.3 for nodes and edges,
respectively. We use RDKit [374] for SMILES strings transformation and calculation of
features. Note that the data set considered in this work does not include any atoms with
sp3d or sp3d2 hybridization. Furthermore, we find that RDKit encodes stereochemistry
exclusively by means of the more general E/Z notation instead of the cis/trans notation
on our data set. The dimensionality of the hybridization and stereo feature vector could
thus be reduced without loss of information.

5.4.2 Model architecture
The proposed GNN model combines our higher-dimensional GNNs [113] with recurrent
neural network architectures [348, 375, 376]. By using higher-dimensional GNNs, higher-
order characteristics of a molecular graph can be extracted. The recurrent neural networks
allow us to share parameters within the message passing phase of a GNN. We use gated
recurrent units (GRUs) as recurrent neural networks, because GRUs avoid the vanishing
gradient problem while having fewer parameters than long short-term memories (LSTMs)
and thus have the potential to generalize faster on small data sets [375]. As illustrated in
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Table 5.2.: Atomic features used as initial node states, similar to [346, 348, 349]. All
features are implemented as one-hot encoders.

Feature Description Dimension
atom type type of atom (C, O) 2
is in ring whether the atom is part of a ring 1
is aromatic whether the atom is part of an aromatic system 1
hybridization sp, sp2, sp3, sp3d, or sp3d2 5
# bonds number of bonds the atom is involved in 6
# Hs number of bonded hydrogen atoms 5

Table 5.3.: Bond features used as edge features, similar to [346, 348, 349]. All features are
implemented as one-hot encoders.

Feature Description Dimension
bond type single, double, triple, or aromatic 4
conjugated whether the bond is conjugated 1
is in ring whether the bond is part of a ring 1
stereo none, any, E/Z, or cis/trans 6

Figure 5.4, we apply two GNN structures in the message passing phase: (i) 1-GNN and
(ii) 2-GNN. Thereby, atom environments in a molecule are first examined locally and then
interactions between different atom environments are studied.

First, in the 1-GNN, an edge feature network and a GRU explore local atomic environ-
ments within the molecular graph. In particular, the updated hidden state in layer l, i.e.,
hl

v, is computed as

hl
v “ GRU

`

hl´1
v , σ

`

θv ¨ hl´1
v ` ml

v

˘˘

, (5.3)
where the message ml

v is given by

ml
v “

ÿ

wPNpvq

ANNθe

`

fEpevwq
˘

¨ hl´1
w . (5.4)

Herein, the edge feature network is a feedforward ANN, i.e., ANNθe , that maps edge
features fE to a parameter matrix θe. Then, the parameter matrix θe is multiplied with
the hidden states of a node’s v neighbors, hl´1

w with w P Npvq, to calculate the message
m. The message is added to the hidden state of the considered node hl´1

v multiplied with
a parameter matrix θv. This result is transformed with an activation function σ, here
rectified linear unit (ReLU). By applying a GRU, the updated hidden state in layer l, i.e.,
hl

v, is finally computed. Note that in this work the hidden states are based on nodes,
whereas Yang et al.[349] consider hidden states based on edges. The initial hidden states
h0

v “ fV pvq are mapped to the dimension of the following hidden states by a shallow ANN
with ReLU activation.

Secondly, a higher-dimensional message passing process is applied to enable interactions
between atom environments (cf. Section 5.2.3). By combining the final atom representa-
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tions of the 1-GNN into higher-dimensional nodes on which another message passing phase
is applied, long-range effects of atom groups within a molecule can be captured. In this
work, we found a 1,2-GNN architecture to have a lower mean absolute error (MAE) com-
pared to that of a 1,2,3-GNN or a simple 1-GNN, thus the 1,2-GNN architecture is used to
learn higher-dimensional graph features. Accordingly, we call the hierarchical combination
of the 1-GNN and 2-GNN structure 1,2-GNN in the remainder of this work. We update the
hidden states in the 2-GNN message passing similarly to the previously described 1-GNN,
except that the edge feature network is replaced by a simple parameter matrix θk2 as there
are no features for edges of the higher-order graph [113]. As the 1-GNN is an input to
the 2-GNN, the 1,2-GNN indirectly takes the edge features of the original molecular graph
into account.

After the message passing process, the model employs sum pooling for aggregating the
hidden node states of the 1-GNN and 2-GNN resulting in two graph representation vec-
tors. Sum pooling is applied, since the nature of the contribution of atoms and bonds to
DCN, RON, and MON is expected to be additive, similar to in group contribution mod-
els [318, 319]. After pooling, the two graph representation vectors are concatenated to the
molecular fingerprint, i.e., hG “ rhT

G1´GNN
,hT

G2´GNN
sT . Finally, the molecular fingerprint

is fed into a deep MLP for the prediction of DCN, RON, and MON, p̂ “ MLPphGq.

5.4.3 Single- and multi-task learning
Having several prediction tasks, machine learning models can be trained in single- or multi-
task manner [377–379]. In single-task learning, individual models are trained for each task.
In multi-task learning, some representation is shared among the different tasks. For ANNs,
this means that weights and bias parameters of hidden layers are shared between multiple
tasks, i.e., they have equal values. Besides the shared layers, further individual hidden
layers are employed for each task. The shared representation captures general information
that is relevant to all tasks [378]. In the individual layers, task-specific information is ex-
tracted. In this way, the model learns more general input representations in the first layers
compared to single-task models and overfitting can be reduced [378]. This is particularly
relevant when the data sets are considerably small. Furthermore, multi-task learning can
enable knowledge transfer between different prediction tasks [379]. In previous literature,
this has been shown to yield superior results to single-task models in multiple molecular
applications [346, 380, 381].

In our model, we utilize multi-task learning by sharing the graph convolutional lay-
ers to create a general molecular fingerprint on which three individual MLPs (also called
channels) are used for predicting DCN, RON, and MON. As cetane and octane numbers
are known to correlate negatively [310, 314, 318, 319, 382, 383], multi-task learning is
particularly promising in this context.

5.4.4 Transfer learning
Another technique enabling knowledge transfer in machine learning is transfer learn-
ing [384, 385]. In transfer learning, knowledge learned in one domain is transferred to
another domain, i.e., to the target task [385]. One way to perform transfer learning con-
cerns pre-training of ANNs on a (source) task related to the target task. Afterward, the
parameters of the pre-trained model are used to initialize parameters of a model trained
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on the target task data. Thus, transfer learning is particularly relevant for problems where
the target data basis is small.

Transfer learning has recently been applied in the context of molecular property pre-
diction with GNNs. For example, Grambow et al. pre-trained GNNs for thermophysical
property predictions on large data sets from quantum-mechanical calculations and re-
trained parts of the GNN on a smaller experimental data set [386].

We aim to improve our IQT-DCN prediction by transferring information from additional
(D)CN data, i.e., from measurement techniques other than IQT (cf. Section 5.3). Thus, we
propose a transfer learning approach, where CN and DCN data from various measurement
setups are utilized for pre-training and then models are retrained on IQT-only DCN data.

5.4.5 Ensemble learning
Ensemble learning is a technique in machine learning where multiple models are trained
and utilized for a single prediction task [387–389]. In most applications, several individual
models are trained independently on a randomly drawn subset of the training data. Then,
the predictions of the individual models are averaged to receive a more accurate prediction.
This way, prediction can be improved as random model errors are averaged out. Averaging
single model predictions is also known as bootstrap aggregating or bagging [387]. This
is particularly relevant for models with low bias and high variance which is the case for
complex GNNs. Furthermore, small data sets can lead to high variance.

We train independent GNN models with randomly selected training and validation sets.
To ensure an unbiased model comparison, all models share the same independent test set.
While some advanced ensembling techniques apply weights to models, e.g., boosting [390],
we use a standard bagging technique that applies the same weight to all models.

5.5 Results and discussion
In this section, we first briefly summarize the general training settings (Section 5.5.1) and
hyperparameter selection (Section 5.5.2). Then, we analyze the prediction accuracy of
the proposed model developments: multi-task learning (Section 5.5.3), transfer learning
(Section 5.5.4), and ensemble learning (Section 5.5.5). Finally, we compare the proposed
model to state-of-the-art QSPR models (Section 5.5.6).

5.5.1 General training settings
As described in Section 5.3, the data set of DCN values extracted from the Compendium
of Experimental Cetane Numbers [317] includes DCN measurements of 236 different com-
ponents measured with the IQT method. We use this high-quality DCN data set and the
RON and MON data sets for the training of the single and multi-task models (cf. Sec-
tion 5.5.3). As typically done in machine learning, the data sets are standardized to zero
mean and standard deviation of one for each target property, i.e., DCN, RON, and MON.
Then, the data sets are randomly split into a training (85%) and test (15%) set. The
test set is separated from the rest of the data and not used until the final testing of the
model. For training the model, an internal validation set (15% of the original data set) is
separated randomly from the training data and used for early stopping.
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For each data point, the molecular graphs are generated as described in Section 5.4.1.
Then, the model is trained based on the training set. Here, the mean squared error is
used as the loss function. During training, the model performance regarding the internal
validation set is measured in each epoch. The learning rate is decreased by a factor of 0.8
after every 3 consecutive epochs in which the error on the internal validation set did not
decrease. Training is stopped either after a maximum number of 300 epochs was reached
or if the internal validation error did not decrease in the 50 preceding epochs, according to
early stopping. The error on the internal validation set is also used for comparison of the
different model structures and the selection of hyperparameters. The training and random
selection of the internal validation set are repeated 40 times for all models.

5.5.2 Hyperparameter selection
The proposed GNN model exhibits several hyperparameters that need to be chosen. To
identify a suitable model architecture, the following hyperparameters are varied within the
given ranges: initial learning rate P t0.0005, 0.001, 0.005u, hidden states size P t32, 64, 128u,
number of graph convolutional layers P t1, 2, 3, 4, 5u for the 1-GNN part and number of
graph convolutional layers P t1, 2, 3u for the 2-GNN part, and message passing function
P {without GRU, with GRU}. To this end, we performed an extensive hyperparameter
study on a preliminary data set with 40 repetitions for each hyperparameter setting. This
preliminary data set is 99.7% identical to our final training data set. The only difference
is that we have corrected two mistakes in SMILES strings that occurred in the automated
data processing and added one new molecule based on new literature that we found. In
the hyperparameter study, we considered the total MAE, i.e., RON, MON, and DCN to-
gether, on the validation set averaged over 40 runs to decide on the final architecture and
parameters. Based on these results, we use message passing with GRU, two graph con-
volutional layers in the 1-GNN part, two graph convolutional layers in the 2-GNN part,
a hidden states size of 64, and an initial learning rate of 0.001 for the final model. We
note that the differences between different hyperparameter settings are often similar to the
variance of the MAE. Therefore, the sensitivity of the model performance with respect to
the hyperparameter selection is rather weak in our study.

The remaining hyperparameters are described in the following and selected based on
literature and expert knowledge. Trial and error attempts to change these other hyperpa-
rameters did not lead to improved results. We use atom and bond features as described in
Section 5.4.1. We apply an edge feature network with three layers and the following num-
ber of neurons: #1: 12 (i.e., number of edge features), #2: 128, #3: 4096 (i.e., number
of hidden state squared). The MLPs constitute five layers with #1: 128, #2: 64, #3: 32,
#4: 16, #5: 1 neurons.

5.5.3 Single- and multi-task learning
The aforementioned model settings were used for single-task and multi-task learning. The
mean absolute errors (MAEs) of the two approaches on their validation and test set are
displayed in Figure 5.5. The respective box plots illustrate the distribution of MAEs over
the 40 individual training runs for each model.

Figure 5.5 shows that the model performance exhibits a high variance. This is mainly
caused by the small data size for training, validation, and testing. As the validation sets
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Figure 5.5.: Comparison of the MAE of the single-task learning and the multi-task learning
approach on the validation and test sets. The box-plots indicate the lowest and largest
MAE (excluding outliers), the lower and upper quartile, and the median of the MAE
over 40 independent model instances. Note that points that are more than 1.5 times the
interquartile range away from the top or bottom of the box are marked as outliers.

of the 40 independent model runs are selected randomly, they show a larger variance of
the MAE. In contrast, all 40 independent models share the same test set. Thus, the MAE
distribution on the test set is more narrow. One methodology against high model variance
is bootstrap aggregation which is performed in Section 5.5.5.

Table 5.4 summarizes the MAEs on the training, internal validation, and independent
test set averaged over the 40 training runs for comparison. The averaged results show that
the multi-task training approach improves the prediction accuracy on all test sets and for
all predicted properties. For instance, the MAE of the DCN on the test set is reduced by
about 17% from 6.4 to 5.3.

The results indicate that the simultaneous learning of DCN, RON, and MON leads to
a better generalization of the graph convolutional layers and thus molecular fingerprint.
One reason for the synergies are believed to be the correlations between DCN, RON, and
MON [310, 314, 318, 319, 382, 383].

5.5.4 Transfer learning

For the transfer learning approach, we pre-train the single-task DCN model on data from
all different (D)CN measurement methods, i.e., we use (D)CN data of 447 components
collected by Yanowitz et al. [317] (cf. Section 5.3). Then, the learned parameters are
used to initialize the parameters in the graph convolutions and the MLP of the single-task
DCN and also the multi-task model. For the latter, only the parameters of the MLP for
predicting the DCN are transferred from the pre-training since RON and MON values
are not subject to transfer learning. Finally, we retrain the models by only considering
IQT-DCN data.

The results of the transfer learning approach are summarized in Table 5.4. Transfer
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Table 5.4.: Mean absolute error (MAE) of training, validation, and test set averaged over 40
training runs. The table includes single-task learning (STL), multi-task learning (MTL),
transfer learning (TL), and ensemble learning (EL). Lowest test set errors are highlighted
in bold.

DCN RON MON
Train. Val. Test Train. Val. Test Train. Val. Test

STL 2.7 5.5 6.4 3.7 7.0 5.2 3.1 6.0 5.4
MTL 1.8 5.1 5.3 2.8 6.7 5.0 2.3 6.1 5.0
STL & TL 2.2 4.6 6.0 – – – – – –
MTL & TL 1.8 5.2 5.9 3.2 6.6 5.1 2.6 6.0 4.9
MTL & EL 1.8 4.2 2.8 4.5 2.3 4.4

learning improves the MAE of the single-task model for predicting the DCN from 6.4 to
6.0. For the multi-task model, however, transfer learning does not improve prediction
accuracy: Test MAEs for RON and MON are almost the same with and without transfer
learning. Furthermore, test MAE for DCN even increases from 5.3 to 5.9 with transfer
learning. One possible reason for the poor performance of transfer learning in the multi-
task learning is that the pre-training is essentially a single-task problem because we use only
(D)CN data for pre-training. Thus, the pre-trained model could be biased towards (D)CN
which then could lead to poor generalization of the multi-task model. As a consequence,
we do not use the transfer learning approach for our final model.

5.5.5 Ensemble learning

After developing a suitable model architecture, model ensembling is applied to address the
observed high variation (cf. discussion in Section 5.5.3). As described in Section 5.4.5,
ensemble learning averages the response of multiple models and mitigates random model
variations. Herein, we utilize the previously trained 40 model instances. We perform the
ensemble learning on the multi-task architecture without transfer learning.

The results are summarized in Table 5.4. They show the averaged MAE on the test set
and the combined training and validation set. The error on a validation set is shown as
part of the training set because the averaged 40 model instances have individual randomly
selected validation sets. Ensemble learning reduces the MAE of the DCN, RON, and MON
significantly from 5.3 to 4.2, from 5.0 to 4.5, and from 5.0 to 4.4, respectively. The boot-
strap aggregation compensates for the previously identified large model variations.

Figure 5.6 illustrates the parity plots for the independent test set of the proposed ensem-
ble model. Herein, every point represents the averaged prediction of 40 multi-task models
for a data point in the test set. The plots show high coefficients of determination for all
three properties, i.e., R2

DCN “ 0.94, R2
RON “ 0.94, and R2

MON “ 0.89. For the MON, the
higher number of outliers causes a slightly weaker coefficient of determination. Note that
the parity plots show an uneven distribution of the data in the test set. For instance, there
exist few data points with DCN numbers above 100 or RON numbers below 50.
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Figure 5.6.: Multi-task GNN model ensembling: Parity plots for (a) RON, (b) MON, and
(c) DCN test sets.
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5. Graph neural networks for prediction of fuel ignition quality

5.5.6 Comparison to recent QSPR models

We compare our GNN model to three recent literature QSPR models for fuel ignition
indicator prediction. Our own previous model follows a group contribution and multivariate
nonlinear regression approach for predicting IQT-DCN [319]. The model by vom Lehn et
al.[337] combines group contributions and a feed-forward artificial neural network (ANN)
to predict RON. Finally, the model by Kubic et al.[318] combines group contributions and
a multi-task feed-forward ANN for simultaneous regression of CN, RON, and MON values.

A fair comparison between the different models is difficult for multiple reasons. First,
models have been developed from different training data sets, leading to different model
applicability domains. This is most evident in case of the model proposed by vom Lehn et
al.[337], which is applicable to alkanes, alkenes, cyclic alkanes, and alcohols only, whereas
molecular diversity of the training data is much higher for our GNN model and the other
two models. Second, different performance evaluation methods, i.e., cross-validation or
evaluation on an independent test set, and different performance metrics, i.e., mean abso-
lute error (MAE) or coefficient of determination (R2), have been employed, as can be seen
from Table 5.5. Our procedure for GNN hyperparameter tuning (cf. Section 5.5.2) follows
a cross-validation (CV) approach, i.e., we repeatedly split the dataset into training and
validation sets and use the average validation set MAE to find the optimal hyperparameter
settings. Since CV-MAE can be a biased estimator of the true prediction error of a model
if model parameters are tuned outside of the CV loop[391], we use an independent test set
to estimate the true prediction error. Third, many molecules located in our test set have
been used to train the models proposed by Dahmen & Marquardt[319], Kubic et al.[318],
and vom Lehn et al.[337]. Simply rerunning these models on our test set would give them
an unfair advantage.

Still, a comparative true prediction performance test can be carried out by exclusively
examining those compounds from our test set that were not included in the respective
training set of a comparison model. This approach results in the four head-to-head com-
parisons shown in Tables 5.6 to 5.9.

Table 5.6 compares the DCN predictions made by the GNN model to the predictions
made by our previous DCN model and the measurement values. While both models exhibit
a decent performance, the MAE of the proposed GNN model is lower than the MAE of
our previous QSPR model (3.6 instead of 5.2). Table 5.7 shows the comparison between
the GNN model and the RON model by vom Lehn et al.[337]. Since the latter model is
applicable to alkanes, alkenes, cycloalkanes, and alcohols only, this comparison is based
on just four compounds. The resulting MAEs are roughly similar. Finally, Table 5.8 and
5.9 compare the GNN model to the multi-task ANN model by Kubic et al.[318], where it
can be noted that the MAEs of the GNN model are far lower. In summary, the different
head-to-head comparisons suggest highly competitive performance of the new GNN model.
We provide our model, the training scripts, and all data sets open-source[352] as well as
a web front-end (www.avt.rwth-aachen.de/gnn) so that others can easily perform their
own benchmarks.

Development of QSPR and GNN models differs significantly from each other also from
a conceptual point of view. Most notably, QSPR modeling requires to choose a set of de-
scriptors, e.g., structural group counts, as potential explanatory variables. This step may
facilitate understanding of the prediction problem (the human learns through model devel-
opment) and can encode physical understanding into a tailored model structure. However,
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this also means that QSPR models inherently rely on assumptions about the underlying
phenomena, i.e., the descriptors or structural groups of potential value. In contrast, the
presented GNN method is trained in an end-to-end learning approach, as it relies on only
few atomic and bond features (cf. Tables 5.2 and 5.3), and thus provides a flexible model
structure that can possibly learn a broad variety of properties. End-to-end learning with
graph convolutions, however, comes at the cost of higher computational effort for training.

Applicability domain (AD) quantification in GNN-based property models is an open re-
search question, which is closely linked with the question of how well GNNs can generalize.
Traditional AD methods used in QSPR modeling, e.g., the Williams plot [392, 393], are
not directly transferable to GNNs unless a suitable distance metric for molecular graphs
is established that can be linked to GNN prediction performance. There are some recent
works on autoencoders for molecular graphs[305, 394–398] that might help to derive AD
concepts based on a real-valued latent space identified by the autoencoders. When making
predictions with our model, we recommend to check from Table 5.1 whether property data
was available during model development for the molecular class the compound of inter-
est belongs to. For instance, from Table 5.1 it can be seen that no RON/MON data for
aldehydes and cyclic alcohols were available for model training. Whereas it might prove a
reasonable assumption that cyclic alcohols behave similar to acyclic alcohols, we abstain
from using our model to predict RON/MON of aldehydes.

Table 5.5.: Performance comparison of the proposed model to three recent QSPR models.
GNN model [319] [318] [337]

method test set test set cross-validation cross-validation
metric MAE R2 MAE R2 MAE R2 MAE R2

DCN 4.2 0.94 5.8 0.84 – 0.90 – –
RON 4.5 0.94 – – – 0.93 4.0 0.92
MON 4.4 0.89 – – – 0.91 – –

5.6 Conclusion
Predictive models for fuel ignition quality play a crucial role in the development of novel
fuels. We propose a data-driven graph neural network (GNN) model for the prediction
of three important fuel auto-ignition indicators, i.e., the derived cetane number (DCN),
the research octane number (RON), and the motor octane number (MON). Our model
is applicable to a wide spectrum of non-oxygenated and oxygenated hydrocarbons, shows
competitive performance to state-of-the-art models, and can be easily accessed via a web
interface.

From the methodological point of view, our GNN-based model offers the advantage
that, in contrast to previous works based on QSPR modeling, no molecular descriptors
or structural groups, have to be selected, because GNNs achieve end-to-end learning from
the molecular structure to the properties of interest. While such a data-driven approach
is often believed to require extensively large data sets, this work demonstrates that good
model accuracies can indeed be achieved for small data sets (order of hundreds) by using
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Table 5.6.: Comparison with the IQT-DCN model by Dahmen & Marquardt[319] based on
those molecules from our DCN test set that were not included in the training set used by
Dahmen & Marquardt[319].

true value GNN model [319]
DCN DCN DCN

1,2-dimethylbenzene 8.3 7.4 7.9
furan 7.0 8.2 9.4
methyl erucate 74.2 75.9 87.6
2-heptanol 25.0 24.1 21.5
4-ethyl guaiacol 19.6 17.4 25.4
1,3,5-triisopropylbenzene 2.8 11.5 10.4
ocimene 28.0 20.1 14.9
1,4-dimethylbenzene 6.2 6.8 7.9
6-undecanone 49.0 59.2 51.8
4-nonanone 43.0 41.3 41.3
mean absolute error (MAE) 3.6 5.2

Table 5.7.: Comparison with the ANN-based RON model by vom Lehn et al.[337] based
on those molecules from our RON test set that were not included in the training set used
by vom Lehn et al.[337]. Since the model by vom Lehn et al. is applicable to alkanes,
alkenes, cycloalkanes, and alcohols only, this comparison is limited to four compounds.

true value GNN model [337]
RON RON RON

methylcyclopropane 102.5 107.1 106.0
2,2-dimethyloctane 49.0 38.6 31.7
1,5-hexadiene 71.1 82.9 86.7
2,4-hexadiene 97.1 91.0 98.6
mean absolute error (MAE) 8.2 9.5
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Table 5.8.: Comparison with the ANN model by Kubic et al.[318] based on those molecules
from our DCN test set that were not included in the training set used by Kubic et al.[318].

true value GNN model [318]
DCN DCN DCN

δ-undecalactone 48.6 47.1 38.6
2-heptanol 25.0 24.1 25.2
4-methoxybenzaldehyde 25.8 12.5 49.7
geraniol 19.3 19.4 22.5
4-ethyl guaiacol 19.6 17.4 5.1
ocimene 28.0 20.1 -2.0
dodecyl vinyl ether 101.7 96.0 126.2
propylene glycol monomethyl ether acetate 24.0 24.5 34.2
6-undecanone 49.0 59.2 58.5
mean absolute error (MAE) 4.7 14.0

Table 5.9.: Comparison with the ANN model by Kubic et al. [318] based on those molecules
from our RON & MON test set that were not included in the training set used by Kubic
et al. [318].

true value GNN model [318]
RON MON RON MON RON MON

methylcyclopropane 102.5 81.2 107.1 87.5 101.1 90.2
furan 108.6 91.6 111.6 103.3 98.9 97.4
aceticacid-2-methylpropylester 108.7 112.3 109.3 107.3 123.4 105.6
4-methylcyclohexene 84.1 67.0 85.8 66.3 59.2 54.2
tetrahydrofuran 72.9 64.8 66.3 49.1 92.8 87.9
2-octene 56.3 56.5 60.3 60.1 42.3 39.1
1-methylcyclohexene 89.2 72.1 90.1 71.6 64.3 58.6
2-phenylpentane 103.5 92.1 101.2 91.2 99.8 97.7
2-methylpropanoicacidmethylester 103.6 104.7 109.8 108.1 138.9 108.9
1,5-hexadiene 71.1 37.6 82.9 61.7 95.9 81.7
3-methyl-2-butanone 108.9 102.2 104.7 96.9 111.6 103.0
methyl-2-methylbutanoate 110.5 99.1 108.9 105.1 119.9 104.8
4-octene (trans) 73.3 74.3 67.5 67.2 89.1 88.7
2,4-hexadiene 97.1 80.7 91.0 78.4 103.3 88.4
allylcyclopentane 52.1 45.6 68.5 58.3 86.0 73.0
mean absolute error (MAE) 5.1 7.0 16.1 13.2
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multi-task and ensemble learning. Given the expected future increase in measurement
data available for training, we expect further potential for GNNs in fuel ignition quality
prediction. We provide the corresponding training code and the final model open-source
making it a viable tool for further development. Finally, this work may constitute a
prototype for rapid, versatile property prediction beyond DCN, RON and MON and thus
for property prediction in various disciplines.
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Chapter 6

Physical graph neural networks

6.1 Introduction
Graph neural networks (GNNs) are emerging for end-to-end learning of molecular proper-
ties [350, 351, 358, 399] with a broad variety of applications including (quantum) chem-
istry [348, 349, 356, 400], physical [346], and crystal properties [112, 401]. In some of these
applications, GNNs predict properties that have previously been computed through expen-
sive quantum mechanical calculations. Although GNNs are flexible models for end-to-end
learning, we show that their architecture needs to be carefully selected because wrong de-
cisions can lead to unphysical GNNs that can only learn through overfitting. Note that
the term overfitting is often used in the narrow context of poor validation set performance
of ML models but it has a more general meaning. A more general definition that we find
useful and follow in this work is: Overfitting is “the production of an analysis which cor-
responds too closely or exactly to a particular set of data, and may therefore fail to fit
additional data or predict future observations reliably” [402].

GNNs take molecular graphs as inputs and represent atoms by nodes and bonds by
edges. In addition, atoms and nodes are characterized by corresponding feature vec-
tors. Most commonly, GNN architectures are based on message passing neural networks
(MPNNs) [348]. In MPNNs, the node feature vectors are updated through a series of mes-
sage passing procedures of neighboring nodes. Each of these sequential message passings
corresponds to the graph convolutional layers of the GNN. Then, the resulting node feature
vectors are combined into a molecular fingerprint vector through pooling. This molecular
fingerprint is finally mapped to molecular properties of interest by feedforward artificial
neural networks (ANNs). We show in this work that the selection of the pooling function,
which combines the feature vectors of all atoms into the molecular fingerprint, is critical
for the GNNs performance.

The vast majority of previous works does not select pooling functions based on physical
understanding. In the previous literature, common pooling functions are mean, sum, and
max pooling [403]. Most previous works use sum pooling [346, 349, 404, 405], while a few
use mean-pooling [113, 406]. However, using the same pooling function for various proper-
ties can be error-prone, because wrong pooling functions can lead to unphysical GNNs. An
illustrative example is the molecular weight that is given by the sum of the atom’s weights.
In this case, mean pooling would lead to an unphysical GNN architecture that cannot learn
the underlying physics because the molecular mass cannot be computed as an average of
atom weights. Thus, a GNN with mean pooling can only learn through overfitting which
results in poor generalization. In contrast, selecting the sum pooling function according to
the underlying physics enables the GNN to learn a meaningful model (c.f. Section 6.3.2).

Some researchers circumvent the issue of selecting pooling functions by introducing flexi-
ble models for pooling such as set2set [407], DiffPool [408], or SortPool [409]. For example,
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the set2set approach employs an LSTM desgined for unordered and size-variant input
sets [407]. The authors of DiffPool propose a hierarchical GNN structure that progres-
sively coarsens the input graph in each layer by aggregating clusters of nodes until a single
graph representation is obtained [408]. SortPool arranges the learned node representation
in a consistent ordered tensor which is then truncated or extended to a user-defined fixed
size [409]. Advanced pooling methods have also been applied in molecular property pre-
diction. For instance, Gilmer et al. (2017) [348] applied the set2set method for learning
various molecular properties from the QM9 dataset [410, 411] and achieved state-of-the-art
accuracies on all target properties compared to other GNN models at the time of publi-
cation. However, the additional flexibility typically results in larger data requirements,
higher model variance, and the risk of overfitting. In other words, the selection of phys-
ical pooling functions over flexible model architectures for pooling can be understood as
enforcing a hybrid model structure, which is known to reduce the data demand [89, 97].

A few recent studies emphasize the importance of pooling functions for property predic-
tion. Xu et al. (2018) examine sum, mean, and max pooling and conclude that sum pooling
is more powerful than mean and max pooling since it can better distinguish different graph
structures [404]. Pronobis et al. (2018) state that decomposition of molecules into atom-
wise contributions combined with a property-suitable pooling function works better for
“extensive properties” [412]. Other works use property-specific pooling functions, where
mean or sum pooling is applied to “intensive” or “extensive” properties, respectively [413–
416]. Overall, the physical selection of pooling functions is partly contradictory in the
previous literature and the terms “intensive” or “extensive” have been used colloquially
and not in their thermodynamic sense (cf. Section 6.2.3). Also, the influence of the choice
of the pooling function on the generalization of GNNs has not been discussed yet and there
is no guide for selecting suitable pooling functions in the literature.

We evaluate GNN pooling functions against the underlying physical nature of the learned
properties. We analyze the impact of physical pooling functions on molecular properties
learned from the common QM9 dataset [410, 411] and demonstrate their superior perfor-
mance.

6.2 Materials and methods
We first describe the graph representation of molecules and then briefly introduce the
general GNN architecture used for property prediction. Finally, we provide physical insight
into the learned properties and use the insight to design physical GNN architectures.

6.2.1 Molecular graph

Molecules can be described as molecular graphs with nodes v, w P V representing atoms
and edges evw P E representing bonds. Each atom is described by a feature vector fV pvq,
containing atom information, e.g., atom mass or orbital hybridization. Similarly, each bond
is descibed by a bond feature vector fEpevwq that contains information on the bond type,
e.g., single or double bond. Commonly, the complexity of molecular graphs is reduced by
omitting H atoms in the graph and replacing them by including the hydrogen count as a
node feature.
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Figure 6.1.: Illustration of the GNN structure highlighting the message passing and readout
phases.

6.2.2 Graph neural network

GNNs exhibit two phases [348] as shown in Figure 6.1: (i) message passing phase and (ii)
readout phase.

To initialize the message passing phase, each node v P V is assigned a hidden state
vector hl“0

v initialized by the respective node feature vector [348]. Then, the hidden state
vector of the nodes in layer l are updated with information from their neighboring nodes
w P Npvq along edges evw:

hl
v “ Ul

¨

˝hl´1
v ,

ÿ

wPNpvq

Ml

`

hl´1
v ,hl´1

w , fEpevwq
˘

˛

‚,

where Ulp¨q andMlp¨q respectively denote the hidden state update function and the message
function in layer l. This message passing procedure is repeated L-times until each node
state vector hL

v includes information of its local environment. This iterative message
passing corresponds to the stacking of L graph convolutional layers.

We consider two alternative message passing approaches. The first alternative is a
standard GNN including edge features also known as 1-GNN [113, 417]. The 1-GNN uses
the following message passing function:

hl
v “ σ

¨

˝θlv ¨ hl´1
v `

ÿ

wPNpvq

ANNθle
pfEpevwqq ¨ hl´1

w

˛

‚,
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where σ indicates an activation function, θlv denotes a parameter matrix, and ANNθle

denotes a feedforward ANN mapping the respective feature vectors fEpevwq of the edges
evw connecting node v with its neighbors to a parameter matrix θle, referred to as edge
feature network. As second alternative, we consider the more complex MPNN message
passing approach that operates on fully-connected molecular graphs, i.e., virtual edges
associated with spatial distance features are added to the graph for unconnected atom
pairs [348]. In the message passing phase, the model combines an edge feature network
with a gated recurrent unit (GRU) [375]:

hl
v “ GRU

¨

˝hl´1
v , σ

¨

˝θv ¨ hl´1
v `

ÿ

wPNpvq

ANNθe

`

fEpevwq
˘

¨ hl´1
w

˛

‚

˛

‚.

In the readout phase, the final hidden state vectors of the nodes hL
v are combined into

a graph state vector hG by a pooling function. The pooling function is necessary for
molecular property prediction because the number of atoms can differ between different
molecules. Thus, the pooling function combines a varying number of final hidden state
vector for the nodes into a graph state vector. In the context of molecular property
prediction, we refer to hG as the molecular fingerprint. This molecular fingerprint hG

is finally fed into a feed-forward ANN for the prediction of molecular properties, p̂ “

MLPphGq.
The molecular fingerprint is given by the pooling function fpp¨q that depends on the final

hidden state vectors of the nodes hL
v with v P V :

hG “ fp
`

thL
v | v P V u

˘

Common choices for fp are the sum, mean, and max functions. An alternative pooling
function is the set2set method [407] which is designed to operate on input sets with an
invariance for the order of the objects [348, 407]. The method is able to capture more
complex relationships between different atomic contributions [348, 414] by employing a long
short-term memory (LSTM) model [407]. After T steps of following iterative computation,
the molecular fingerprint is obtained by hG “ q˚

t“T with

q˚
t “ qt } rt

qt “ LSTM
`

q˚
t´1

˘

rt “
ÿ

v

av,t ¨ hL
v

av,t “ softmax
`

hL
v ¨ qt

˘

where qt is a query vector for iteration t providing information about the previous attention
readout vector rt from the memories, av,t is an attention vector resulting from averaging
the attention of a node v by applying the softmax function, rt is the attention readout,
similar to the simple pooling method with sum, and qt is a concatenation (}) of the current
query vector and the attention readout.
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6.2.3 Physical insight

The prediction of molecular properties by decomposing molecules into atomic contribu-
tions has a long history in chemical research. According to Bonchev (1991) [353], the first
investigations into properties of molecules with additive characteristics in terms of atomic
contributions were carried out in the 1850s. Later, quantitative structure-property rela-
tionships (QSPR) and group additivity methods were also developed based on the additive
character of atoms or functional groups within a molecule [340–342, 418]. Yet, not every
molecular property exhibits additive effects.

In thermodynamics, properties are considered intensive or extensive [419]. A system
property is extensive if it increases linearly with the mass (and as such “extent”) of the
system; examples are the mass or volume. In contrast, intensive properties do not change
with the system mass. Note that sometimes thermodynamicists distinguish between in-
tensive (e.g., temperature and pressure) and specific properties (e.g., density), but we will
not. We transfer these concepts to molecules and distinguish between molecular size-
independent and molecular size-dependent properties. Molecular size-dependent properties
scale with the number of atoms in a molecule. For example, the molecular weight is de-
termined by how many atoms of which type are present in a molecule. In contrast, there
exist molecular size-independent properties that do not scale with the number of atoms in
a molecule, e.g., the highest occupied molecular energy level (HOMO) [414]. In addition,
some properties of a substance, e.g., activity or toxicity, are mostly influenced by certain
functional groups.

Note that this molecular size dependency does not necessarily correspond to the formal
definition of intensive or extensive properties in a thermodynamic sense because they are
considered at a microscopic atom-based molecular level, not at a macroscopic mass-based
system level. For example, the molar enthalpy with the unit J/mol is an intensive prop-
erty. On a molecular level, the enthalpy of atomization H298,atom with the unit J/mol, is a
molecular size-dependent property describing the amount of energy needed to break up a
molecule into all of its single atoms at room temperature and fixed pressure [348].

Schütt et al. (2018) consider the QM9 properties dipole moment (µ), isotropic polar-
izability (α), electronic spatial extent (R2), zero point vibrational energy (ZPVE), heat
capacity at 298.15K (Cv,298), atomization energy at 0K (U0,atom), atomization energy at
298.15K (U298,atom), enthalpy of atomization at 298.15K (H298,atom), free energy of atom-
ization at 298.15K (G298,atom) as “extensive”, except highest occupied molecular orbital
(ϵHOMO), lowest unoccupied molecular orbital energy level (ϵHOMO), and HOMO-LUMO
gap (∆ϵ) [414].

6.3 Results and discussion

In order to demonstrate the relevance of the pooling function in the readout phase, two case
studies are conducted and discussed below. First, we consider the illustrative prediction of
the molecular weight in Section 6.3.2. Then, we consider the prediction of twelve quantum
mechanical properties collected in the QM9 dataset in Section 6.3.3.
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6.3.1 Hyperparameters and implementation
Our implementations are based on the models in PyTorch Geometric developed by Fey
& Lenssen [372]. For our case study, we combine each mean-, sum-, and max- as well as
set2set-pooling with both the 1-GNN and MPNN. The hyperparameters of the models are
selected based on our experience from a related previous work [304]. Both the 1-GNN and
MPNN constitute three graph convolutional layers with a hidden dimension size of 64.
To map the molecular fingerprint (hG) to the property (p̂) of interest, we use multilayer
perceptrons (MLPs), p̂ “ MLPphGq. The MLPs constitute four layers with #1: 64, #2:
32 #3: 16, #4: 1 neurons when mean-, sum-, or max-pooling is used. When the set2set
pooling is used, we use a three-layer MLP with #1: 128, #2: 64, #3: 1 neurons, because
the output vector of the set2set method is twice its input size. For the set2set method, we
set the number of processing steps T to 3.

6.3.2 Illustrative case study: Molecular weight
In this case study we learn the molecular weight of alkanes. To compose the dataset, we
obtain about 3,000 alkanes from C1H4 to C60H122 from the PubChem database [420] and
compute their molecular weight using RDKit [374].

For illustration, we split this case study into two steps. Firstly, 1-GNNs with sum, mean,
and max pooling functions are trained, validated, and tested on corresponding datasets
with alkanes with up to 30 C-atoms. Secondly, the trained GNNs are tested against an
external dataset containing alkanes with more than 30 C-atoms. Thus, the generalization
capabilities of the 1-GNNs are tested against extrapolated data.

The training of the 1-GNNs is repeated ten times for each pooling function and the
initial dataset with up to 30 C-atoms is randomly split in 80% training, 10% validation,
and 10% test sets for each run. Early stopping is applied with a patience of 30 epochs and
a maximum number of 300 epochs.

Figure 6.2 shows the test set performance of the 1-GNN with different pooling functions.
Figure 6.2 (a) illustrates the test results for the dataset of alkanes with up to 30 C-atoms.
As expected, the sum pooling leads to the best performance on the test data set with an
average MAE of 0.41 g/mol as it captures the molecular size-dependent character of the
molecular weights. lIn contrast, mean pooling leads to an average mean absolute error
2.6 g/mol. Max pooling even leads to an average absolute error in the order of 31 g/mol.

Figure 6.2 (b) shows the mean absolute error on the test datasets of alkanes with more
than 30 C-atoms. The 1-GNN with sum pooling leads to an average absolute error of
4.8 g/mol. In contrast, the 1-GNN with mean pooling leads to an average error of 110 g/mol
and the 1-GNN with max-pooling leads to an average error of 222 g/mol.

The results clearly shows that the sum pooling function, which was selecteced based
on our physical insight, performs better in extrapolation than the unphysical mean and
max pooling functions for the prediction of the molecular weight. In particular, the sum
pooling outperforms the unphysical pooling functions significantly when extrapolating the
model. These results support our theoretical findings that GNNs with unphysical pooling
functions can only learn through inherent overfitting. Notably, the MSE of the GNN with
mean pooling is much smaller on the test set with alkanes with less than 30 C-atoms
compared to the test set with alkanes with more than 30 C-atoms. This result indicates
that the selection of pooling functions based on the performance on a standard validation
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Figure 6.2.: Mean absolute error in g/mol for test of the 1-GNN with different pooling
functions, sum, mean, max: (a) test dataset of alkanes with up to 30 C-atoms, (b) external
dataset of alkanes with 35 up to 60 C-atoms. Results are for ten independent training runs,
each with 300 periods.

or test set could also be error prone.

6.3.3 Physicochemical properties
The computation of many physicochemical properties is possible through quantum me-
chanical calculations but requires large computational time. We analyze the importance
of physical pooling functions for a variety of relevant properties. In addition, we compare
our results to a more complex set2set readout function and explore a MPNN GNN archi-
tecture.

We use the QM9 dataset to train our models [410, 411]. The experimental setup is
twofold. First, the 1-GNNs with sum, mean, and max pooling functions are trained, vali-
dated, and tested on randomly selected subsets of the whole QM9 dataset. This approach
assesses the interpolation capabilites of our models (Section 6.3.3.1). Second, all models
are trained, validated, and tested on the QM9 data excluding molecules with exactly 9
heavy atoms. These models are then tested against molecules with 9 heavy atoms from
the QM9 dataset. This approach is chosen to asses the generalization capabilities of our
models (Section 6.3.3.2). For each training run, the dataset is randomly split into 80%
training, 10% validation, and 10% test sets. The training is stopped after 300 periods.
The mean absolute error for the test set is reported based on the period with the lowest
validation error.

6.3.3.1 Interpolation

The results for testing sum, mean, and max pooling function on the whole QM9 dataset are
summarized in Table 6.1. Overall, the results indicate that physically meaningful pooling
functions lead to favorable performances on the QM9 dataset for interpolation. It can be
observed that for all molecular size-dependent properties except the dipole moment (µ),
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Table 6.1.: Mean absolute errors - median over ten training runs - for testing 1-GNN with
different pooling functions, sum, mean, max against QM9 target properties. Properties are
categorized into molecular size-independent (“m. size-ind.”) and molecular size-dependent
(“m. size-dep.”) according to [414]. Errors of best pooling function are bold type.

Target
Pooling

sum mean max

m. size-dep.

µ Debye 0.496 0.491 0.489
α a30 0.486 0.739 0.761
R2 a20 29.3 39.2 39.0

ZPVE 10´4 Eh 5.13 11.87 16.86
Cv,298 cal{mol K 0.194 0.327 0.338

U0,atom kcal{mol 3.14 10.21 12.15
U298,atom kcal{mol 3.63 11.96 11.85
H298,atom kcal{mol 3.48 11.38 11.54
G298,atom kcal{mol 3.15 9.13 11.71

m. size-ind.
ϵHOMO 10´3 Eh 3.79 3.60 3.67
ϵLUMO 10´3 Eh 3.94 3.78 3.82

∆ϵ 10´3 Eh 5.48 5.20 5.09

the 1-GNN with sum pooling significantly outperforms the 1-GNNs with mean and max
pooling. For the dipole moment, all pooling function lead to a similar performance. For the
molecular size-independent properties, HOMO and LUMO, mean pooling yields slightly
better prediction accuracy compared to sum and max pooling. For the molecular size-
independent property HOMO-LUMO-gap, the 1-GNN with max pooling performs slightly
better than the ones with sum and mean pooling.

6.3.3.2 Generalization with 1-GNN architecture

In order to analyze the generalization capability of the pooling functions on the QM9
dataset, we train the 1-GNNs only on molecules with up to 8 heavy atoms, i.e., a maxi-
mum number of 8 C, N, O, F atoms in total. Then, we test the prediction accuracy on
an internal testset, i.e., containing molecules with up to 8 heavy atoms, and also on a
dataset with remaining QM9 molecules that have exactly 9 heavy atoms. It should be
noted that this case study has a limited view on the generalization because the molecules
in the external test sets (9 atoms) are only slightly larger than the ones in the training set
(up to 8 atoms). The results of the extrapolation are summarized in Table 6.2.

As expected, the interpolation performance of the models (indicated in black in Ta-
ble 6.2) is similar to the previous models trained on the whole QM9 dataset (c.f. Table 6.1).
Notably, the absolute errors increase for some properties, e.g., atomization energy, as the
training set is much smaller. The QM9 dataset contains about 110,000 molecules with 9
atoms and about 22,000 molecules with 1 to 8 heavy atoms.

For extrapolation (indicated in blue in Table 6.2), we find that sum-pooling performs
much better compared to mean, max, and set2set pooling on almost all tested molecular
size-dependent properties. Only the dipol moment µ shows similar performance for all
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Table 6.2.: Mean absolute errors averaged over ten independent training runs for testing 1-
GNN with different pooling functions, sum, mean, max, and set2set, against: (black) QM9
dataset excluding molecules with 9 heavy atoms, (blue) only molecules with 9 heavy atoms
of the QM9 dataset. Error of best pooling function are bold type. Units are equivalent to
those in Table 6.1.

Target
1-GNN

sum mean max set2set

µ
0.476 0.459 0.457 0.562
0.593 0.573 0.570 0.653

α
0.503 1.297 0.998 1.731
1.257 8.015 8.346 7.841

R2 22.9 39.2 34.8 64.1
81.3 229.2 207.5 247.2

ZPVE 0.56 2.18 2.26 2.70
0.81 17.09 15.98 13.45

Cv,298
0.272 0.465 0.399 0.751
0.616 3.532 3.391 3.317

U0,atom
6.02 26.49 20.46 28.67

23.42 218.04 201.05 214.76

U298,atom
6.92 25.57 20.55 22.65

24.93 229.62 195.30 218.40

H298,atom
5.99 25.65 20.74 23.32

16.60 227.69 201.30 204.17

G298,atom

5.73 21.78 20.64 23.91
24.74 209.94 185.37 208.89

ϵHOMO
4.20 3.86 4.01 4.77
5.41 4.98 5.07 5.87

ϵLUMO
4.07 3.74 3.84 4.73
5.55 5.29 5.35 6.12

∆ϵ
5.65 5.37 5.32 6.37
7.43 7.39 7.28 8.26

pooling function. For the molecular size-independent properties we observe much smaller
performance differences between different pooling functions. For ϵHOMO and ϵLUMO, the
mean-pooling function outperforms the others. For ∆ϵ , the max-pooling function demon-
strates a favorable performance.

In addition to the common sum-, mean-, and max-pooling functions, we also consider
the set2set method [407] as a pooling method for the 1-GNN. Notably, the set2set method
does not improve the accuracy compared to sum, mean, and max pooling for any property.
In the case of molecular size-independent properties, the set2set methods even perform un-
favorably.
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6.3.3.3 Generalization with MPNN architecture

We also compare our results to the MPNN GNN architecture. The MPNN architecture
operates on fully-connected graphs with a GRU in the message passing phase combined
with the respective pooling functions is applied. The results are summarized in Table 6.3.

The interpolation performance of the MPNN (indicated in black in Table 6.3) is fa-
vorably compared to the 1-GNN architecture but is still in the same order of magnitude.
Again, the MPNN with sum-pooling outperforms the other pooling approaches for almost
all molecular size-dependent properties. Only for µ, all pooling approaches lead to compa-
rable performances. For the molecular size-independent properties, we observe that sum-,
mean, and set2set-pooling perform very similarly. Only max-pooling shows slightly worse
performance for these properties. Interestingly, the sum-pooling function slightly outper-
forms the other approaches for the UMO and HOMO-LUMO-gap.

Notably, the generalization performance of the MPNN architecture (indicated in blue
in Table 6.3) also outperforms the 1-GNN architecture. For some properties, the MPNN
architecture even reduces the MSE by a factor of about 2. The generalization results follow
the same pattern as our previous observations. Again, we observe a significant advantage of
sum-pooling for almost all molecular size-dependent properties. Interestingly, sum-pooling
is also slightly favorably for the molecular size-independent properties. However, the con-
clusions we can draw from these observations are very limited because the performance
differences are rather small and our extrapolation test set is very similar to our training
set in this case study. Although for the MPNN the set2set approach performs better than
mean and max-pooling when testing on familiar data, the methods do not generalize well
on the data set with 9 heavy atoms.

6.4 Conclusion
The selection of pooling functions in GNNs for property prediction should be based on
physical knowledge because incorrect pooling functions lead to inherent overfitting and
prevent generalization. The key property for the selection of the pooling function is the
molecular size-dependency of the learned property. Our results support one clear rule
that says: When a property is molecular size-dependent, the sum pooling function should
be used. Our computational results support this hypothesis showing that physical GNN
architectures generalize better than unphyscial architectures. In future research, the phys-
ical selection of pooling functions should always be considered when predicting molecular
properties with GNNs.

98



6.4. Conclusion

Table 6.3.: Mean absolute errors averaged over ten independent training runs for testing
MPNN with different pooling functions, sum, mean, max, and set2set, against: (black)
QM9 dataset excluding molecules with 9 heavy atoms, (blue) only molecules with 9 heavy
atoms of the QM9 dataset. Error of best pooling function are bold type. Units are
equivalent to those in Table 6.1.

Target
MPNN

sum mean max set2set

µ
0.468 0.466 0.480 0.491
0.580 0.571 0.592 0.590

α
0.318 0.958 1.059 0.619
0.741 8.284 8.052 8.324

R2 18.9 29.8 28.0 21.1
51.6 225.3 213.4 245.4

ZPVE 0.22 2.87 2.83 1.62
0.46 15.02 13.48 14.58

Cv,298
0.130 0.362 0.356 0.212
0.264 3.491 3.398 3.687

U0,atom
2.66 24.36 22.81 13.02

10.38 194.04 188.07 196.83

U298,atom
2.64 24.10 24.65 15.60

13.29 193.52 189.35 193.95

H298,atom
2.69 23.19 25.32 15.93

12.92 197.35 192.04 194.12

G298,atom

2.61 24.56 21.72 13.50
10.15 178.20 174.94 181.33

ϵHOMO
3.73 3.89 4.23 3.86
4.77 4.88 5.25 4.94

ϵLUMO
3.54 3.66 4.13 3.75
4.97 5.27 5.49 5.21

∆ϵ
5.22 5.40 5.47 5.20
6.95 7.34 7.43 7.24
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Chapter 7

Conclusion

7.1 Summary
Chemical engineering is at a crossroad. Worldwide, the chemical industry is responsible
for 10% of the total energy utilization and relies almost entirely on fossil sources. A trans-
formation of the chemical industry to renewable energy and feedstock supply is of great
importance.

To tackle the transformation of chemical production, we identified six areas of interdisci-
plinary research that open up new methods for chemical engineering, formulate new types
of problems for ML, and jointly generate advances for methods in both ML and chemical
engineering. These emerging areas are:

‚ # 1 Optimal decision making,

‚ # 2 Introducing and enforcing physics in ML,

‚ # 3 Information and knowledge representation

‚ # 4 Heterogeneity of data,

‚ # 5 Safely and trust in ML applications,

‚ # 6 Creativity.

Under the umbrella of these areas, this dissertation integrated advanced ML algorithms
into the optimal decision-making process in chemical engineering and addressed relevant
challenges in modeling, optimization formulations, and optimization algorithms.

One major challenge for optimal decision making based on data (area #1) has been the
complexity of global optimization problems with ML models embedded. Our developed
methods accelerated global optimization with ML models embedded by orders of mag-
nitude and thus, can solve problems that were previously intractable. In particular, we
proposed a RS formulation for ANNs, GPs, and one-class SVMs. In addition, we derived
and implemented tight function relaxations for nonlinear functions that occur repeatedly
in ML models and related problems. This includes activations functions of ANNs, covari-
ance functions of GPs, kernel functions of SVMs, and acquisition functions for Bayesian
optimization.

Safety concerns are a major challenge for the application of data-driven models in in-
dustry (area #5). We developed a method to model the validity domain of data-driven
models and obey these limits in global optimization. First, we analyze the training data
of a data-driven model using topological data analysis. Then, we train an unsupervised
one-class SVM to learn the validity domain of the data-driven model. This one-class SVM
can be embedded as a constraint during optimization to ensure valid model evaluations.
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To accelerate global optimization, we formulate it in the RS and use envelopes of the kernel
functions of the SVM.

An additional hurdle for the actual implementation of ML models for optimal decision
making (area # 1) has been the lack of a model interface. While the ML community relies
mostly on open-source developments in Python, the PSE community often uses specialized
modeling and optimization environments. For example, the common optimization envi-
ronment GAMS uses a text input for modeling. This complicates the use of ML models
which often include a large number of parameters. We developed the open-source tool
MeLOn [132] that interfaces state-of-the-art ML software, e.g., Keras, scikit-learn Learn,
and Matlab, to our open-source solver MAiNGO [178]. This simplifies the workflow for
training and optimization with trained ML models embedded significantly.

Chemical engineering data often comes in different formats (area # 4) that are not ac-
cessible by standard methods (area # 3). For example, the prediction of physicochemical
properties is a relevant task where molecular structures are the data input and real-valued
properties are the desired output. We utilized GNNs to learn the ignition quality of biofuels
from molecular structures that are represented by graphs. This representation of informa-
tion allows end-to-end learning and overcomes the need for manual feature selection like in
previous QSPR models. Above all, the developed model contributes to the transformation
of the chemical industry, in particular to more sustainable feedstocks.

Although the architecture of GNNs is highly flexible, we recognized that some common
pooling functions are unphysical and can lead to inherent overfitting. We introduce phys-
ical knowledge to GNNs by a meaningful selection of pooling functions (area # 2). We
show on a number of examples that the physical selection of pooling functions can reduce
overfitting considerably and enhance model generalization.

7.2 Outlook
While this dissertation covers several interdisciplinary research topics between ML and
chemical engineering, there are many more promising avenues for future work within the
six emerging areas described in Section 1.4. In the following, we point out a few directions
for future research related to the optimal decision making based on data.

One promising research direction is the further integration of the developed optimization
methods with experimental data for the rational design of material properties (c.f. [13, 14,
21, 253]) and with automated experimentation platforms for optimization with hardware in
the loop (also known as “self-optimization” [9, 23, 24, 421, 422]). In particular, the global
maximization of the acquisition function in Bayesian optimization with the B&B algorithm
allows solving mixed-integer nonlinear optimization problems. Thus, integer variables and
nonlinear constraints can be considered in Bayesian optimization approaches. We are cur-
rently exploring this topic and our preliminary results demonstrate that it enables the
optimal selection of operating points (e.g., temperatures, pressures, concentrations) to-
gether with the optimal selection of solvents, catalysts, and co-catalysts.

Another promising application of our method in chemical engineering is the optimization
of expensive to evaluate simulations. For example, the fouling behavior of microreactors
can be modeled through computational fluid dynamic simulations. Bayesian optimization
can be used to optimize the design of the microreactor to identify an optimal trade-off
between reducing the fouling risk, enhancing mixing, and reducing pressure drop. We are
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currently exploring this topic and our preliminary results show that Bayesian optimization
is well-suited for this task and can identify good designs in few simulation runs.

This dissertation focuses mostly on hybrid models for stationary processes but many
(bio-)chemical processes are dynamically operated and the need for transient operations is
expected to increase [36]. Thus, the integration of ML models into dynamic process models
is promising future research. For example, our preliminary results show that discrete-time
GP models can learn the state of health of Lithium-Ion batteries. Similarly, most previous
research in this area rely on discrete-time representations (e.g., [20, 33]) but these often do
not capture the long-term dynamic behavior [423]. Thus, the training of continuous-time
dynamic models is desirable. We are currently exploring this topic and our preliminary
results show that the combination of an integration solver into a state-of-the-art ML train-
ing environment allows the training of continuous-time dynamic hybrid models.

Surrogate models can learn simulated data and replace simulations to accelerate com-
putations, e.g., for control. Although ML models can theoretically learn simulations to
high accuracy, they could also lead to considerable prediction errors. Thus, enhancing
reliability and trust in surrogate models is important. In our previous work [10], we used
global optimization to compute a guaranteed worst-case accuracy of surrogate models. In
future work, one could integrate this concept into a bilevel training algorithm. To solve the
bilevel training rigorously, the global solution of the training problem is necessary. Thus,
SVMs would be a promising first step for this research. We are currently exploring this
topic and our preliminary results show that the bilevel training with SVMs and ANNs can
improve the guaranteed worst-case accuracy of surrogate models.

The bilevel training to guaranteed accuracy is one example where global training of
ANNs is desirable but currently intractable. Future research could focus on new methods
and formulations for global training of ANNs. One challenge are the inherent symmetries
of the training problem. We are currently exploring this topic and our preliminary results
show that breaking these symmetries through constraints is possible and can reduce com-
putational time for training. However, further advances are necessary to allow training of
relevant problem sizes.

As shown in Chapter 2, the computational time for optimizing problems with ANNs
embedded depends on the ANN architecture, i.e., the number of neurons and layers. This
behavior is undesirable. Ideally, we want the computational time to scale with the com-
plexity of the learned function and the accuracy of the ANN. One promising future work is
to reduce the ANN complexity through pruning. We are currently exploring this topic and
our preliminary results show that pruning can reduce computational time for optimization
considerably while achieving high model accuracies.

We experienced that some hyperparameters of the global optimization solver have a
considerable effect on its performance. For instance, we find that branching priorities
have a strong influence on the solution time. One way to tune such parameters for rele-
vant problem classes could be a Bayesian optimization approach that aims to change the
branching priorities to reduce computational time. We are currently exploring this topic
and our preliminary results show that Bayesian optimization can be used to tune such
hyperparameters but the transfer of optimal branching priorities to other problems is chal-
lenging. However, we expect that the transfer of good branching priorities to structural
similar problems is promising. For example, one could identify good branching priorities
for 2-stage stochastic programming problems with few scenarios and transfer them to cases
with a large number of scenarios. Similarly, this could be applied to reaction network flux
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analysis problems, often utilized for the evaluation of novel reaction routes from renewable
feedstocks.

This dissertation focuses on nonlinear programming formulation for ML models. How-
ever, some ML models such as ReLU ANNs or tree models can be formulated as mixed-
integer linear problems (MILPs). These formulations can be solved by efficient linear
solvers but the number of binary variables scales linearly with the model complexity (e.g.,
number of neurons for the ReLU ANNs) [81, 84–87]. An alternative is to formulate these
models in the RS which results in nonsmooth and nonlinear problems (NLPs). In this case,
the problem size scales only with the degrees of freedom and not with the model complex-
ity. A comparison between the MILP and RS NLP formulation is a relevant future work.
We are currently exploring this topic and our preliminary results show competitive perfor-
mances of both formulations.

Finally, the integration of GNNs into optimal decision making is a promising research
direction that combines all aspects of this thesis. Here, the RS optimization method can
be applied to the molecular fingerprint of GNNs for molecular design. For example, the
GNNs for ignition quality can be combined with a (surrogate) engine model to design
biofuels. Also, GNNs can learn other relevant fuel properties such as toxicity. When op-
timizing the GNNs, it is important to obey the validity limits of the GNN models during
optimization. The first step in this research direction could be the developed one-class
classification method which could be applied to the molecular fingerprint space. Moreover,
the use of generative models for molecular design is emerging. A comparison between
the optimization-based approach and the generative models would be a promising future
research.
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Appendix A

Convex and concave function
relaxations

For the sake of simplicity, we use the same symbols in each subsection for the correspond-
ing convex (F cv) and concave (F cc) relaxations. To solve the one-dimensional nonlinear
equations that arise multiple times in the following, we use Newton’s method with 100
iterations and a tolerance of 10´9. If this is not successful, we run a golden section search
as a backup.

A.1 Hyperbolic tangent activation function

In this section, the envelopes of the hyperbolic tangent function are derived on a compact
interval D “ rxL, xU s. As the hyperbolic tangent function is one-dimensional, McCormick
(1976) [167] gives a method to construct its envelopes. More specifically, as the hyperbolic
tangent function is convex on s ´ 8, 0s and concave on r0,`8r, its convex envelope,
F cv : R Ñ R, and concave envelope, F cc : R Ñ R, are given:

F cvpxq “

$

’

&

’

%

tanhpxq, xU ď 0,

sctpxq, 0 ď xL,

F cv
3 pxq, otherwise,

(A.1)

F ccpxq “

$

’

&

’

%

sctpxq, xU ď 0,

tanhpxq, 0 ď xL,

F cc
3 pxq, otherwise,

(A.2)

where the secant is given as sctpxq “
tanhpxU q´tanhpxLq

xU´xL x`
xU tanhpxLq´xL tanhpxU q

xU´xL . For xL ă 0 ă

xU , the hyperbolic tangent function is nonconvex and nonconcave. The convex envelope,
F cv
3 : R Ñ R, for this case is:

F cv
3 pxq “

#

tanhpxq, x ď xu
c ,

tanhpxU q´tanhpxu
c q

xU´xu
c

¨ px ´ xu
c q ` tanhpxu

c q, x ą xu
c ,

(A.3)

where xu
c “ maxpxu˚

c , xLq and xu˚
c is the solution of:

1 ´ tanh2pxq “
tanhpxUq ´ tanhpxq

xU ´ x
, x ď 0 (A.4)
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Similarly, F cc
3 : R Ñ R is given by:

F cc
3 pxq “

#

tanhpxo
cq´tanhpxLq

xo
c´xL ¨ px ´ xLq ` tanhpxLq, x ă xo

c,

tanhpxq, x ě xo
c,

(A.5)

where xo
c “ minpxo˚

c , xUq and xo˚
c is the solution of:

1 ´ tanh2pxq “
tanhpxq ´ tanhpxLq

x ´ xL
, x ě 0 (A.6)

In the following, we show that the convex and concave envelopes of the hyperbolic tan-
gent function are smooth (C1) and strictly monotonically increasing.
Proposition A.1 (smoothness of hyperbolic tangent relaxations). The convex and con-
cave envelopes of the hyperbolic tangent function, F cvpxq and F cc, are once continuously
differentiable (C1) and in general not C2.
Proof The envelopes are at least C1 because they are derived by matching the derivatives
of the hyperbolic tangent function and the secant line at the inflection point for convex-
ity. They are at most C1 because d2pF cv

3 q

dx2 |x “ ´2 sech2pxq tanhpxq ‰ 0 for x ă xu
c and

d2pF cc
3 q

dx2

ˇ

ˇ

ˇ

x
“ ´2 sech2pxq tanhpxq ‰ for x ě xo

c, where sechpxq is the hyperbolic secant func-
tion.
As shown in Proof A.1, the first derivative of the convex and concave envelopes of the
hyperbolic tangent function, dpF cvq

dx and dpF ccq

dx , are continuous but not continuously differ-
entiable. The following proof shows that the first derivative of the convex and concave
envelopes of the hyperbolic tangent function are Lipschitz continuous.
Proposition A.2 (Lipschitz continuity of 1st derivative of hyperbolic tangent relaxations).
The second derivative of the convex and concave envelopes of the hyperbolic tangent func-
tion are bounded. This implies that the first derivative of the convex and concave envelopes
of the hyperbolic tangent function, dpF cv

3 q

dx and dpF cc
3 q

dx , are at least Lipschitz continuous.
Proof For xU ď 0, F cvpxq “ tanhpxq and F ccpxq “ sctpxq which are C8. Similarly, for
0 ď xL, F ccpxq “ tanhpxq and F cvpxq “ sctpxq which are C8. For xL ă 0 ă xU , the second
derivative of the convex and concave envelopes of the hyperbolic tangent function can be
bounded by

ˇ

ˇ

ˇ

ˇ

d2pF cv
3 pxqq

dx2

ˇ

ˇ

ˇ

ˇ

ď 2
ˇ

ˇsech2px̃cvq tanhpx̃cvq
ˇ

ˇ “ 2

ˇ

ˇ

ˇ

ˇ

sinhpx̃cvq

cosh3px̃cvq

ˇ

ˇ

ˇ

ˇ

ď 2 sinhp
ˇ

ˇxL
ˇ

ˇq (A.7)

with xL ď x ď xU , xL ď x̃cv ď xu
c , and coshpxq ě 1. Thus, dpF cvq

dx is at least Lips-
chitz continuous with a Lipschitz constant of at most Lcv “ 2 sinhp

ˇ

ˇxL
ˇ

ˇq. Similarly, it
holds that dpF ccq

dx is at least Lipschitz continuous with a Lipschitz constant of at most
Lcc “ 2 sinhp

ˇ

ˇxU
ˇ

ˇq.
Proposition A.3 (monotonicity of hyperbolic tangent relaxations). The convex and con-
cave envelopes of the hyperbolic tangent function are strictly monotonically increasing.
Proof For xU ď 0, F cvpxq “ tanhpxq and F ccpxq “ sctpxq. Similarly, for 0 ď xL,
F ccpxq “ tanhpxq and F cvpxq “ sctpxq. As dptanhpxqq

dx “ 1 ´ tanh2pxq ą 0, tanhpxq is
strictly monotonically increasing. As xU ą xL, sctpxq is strictly monotonically increasing.
For xL ă 0 ă xU , the envelopes are given by (A.3) and (A.5). These are again strictly
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monotonically increasing because xo
c ą xL and xU ą xu

c .

A.2 Probability density function of Gaussian distribution

In this subsection, the envelopes of the PDF are derived on a compact intervalD “ rxL, xU s.
As the probability density function is one-dimensional, McCormick [167] gives a method
to construct its envelopes. The PDF is convex on s ´ 8,´1s and r1,8r and it is concave
on r´1, 1s. Its convex envelope, F cv : R Ñ R, and concave envelope, F cc : R Ñ R, are
given by

F cvpxq “

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

ϕpxq, xU ď ´1,

F cv
2 pxq, xL ď ´1, ´1 ď xU ď 1,

sctpxq, ´1 ď xL, xU ď 1,

F cv
4 pxq, ´1 ď xL, xU ě 1,

F cv
5 pxq, xL ď ´1, xU ě 1,

ϕpxq, xL ě 1

F ccpxq “

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

sctpxq, xU ď ´1,

F cc
2 pxq, xL ď ´1, ´1 ď xU ď 1,

ϕpxq, ´1 ď xL, xU ď 1,

F cc
4 pxq, ´1 ď xL ď 1, xU ě 1,

F cc
5 pxq, xL ď ´1, xU ě 1,

sctpxq, xL ě 1

where sctpxq “
ϕpxU q´ϕpXLq

xU´xL ¨ px ´ xLq ` ϕpxLq. F cc
2 : R Ñ R is given by:

F cc
2 pxq “

$

&

%

ϕpxU
c,2q´ϕpxLq

xU
c,2´xL ¨ px ´ xLq ` ϕpxLq, x ď xU

c,2,

ϕpxq, x ą xU
c,2,

where xU
c,2 “ minpxU˚

c,2 , x
Uq and xU˚

c,2 is the solution of dϕ
dx

ˇ

ˇ

x
“

ϕpxq´ϕpxLq

x´xL , x P r´1, 0s.
F cv
2 : R Ñ R is given by:

F cv
2 pxq “

$

&

%

ϕpxq, x ď xL
c,2,

ϕpxU´ϕpxL
c,2qq

xU´xL
c,2

¨ px ´ xL
c,2q ` ϕpxL

c,2q, x ą xL
c,2,

where xL
c,2 “ maxpxL˚

c,2, x
Lq and xL˚

c,2 is the solution of dϕ
dx

ˇ

ˇ

x
“

ϕpxq´ϕpxLq

x´xL , x P rxL,´1s.
F cc
4 : R Ñ R is given by:

F cc
4 pxq “

$

&

%

ϕpxq, x ă xL
c,4,

ϕpxU q´ϕpxL
c,4q

xU´xL
c,4

¨ px ´ xL
c,4q ` ϕpxL

c,4q, x ě xL
c,4,
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where xL
c,4 “ maxpxL˚

c,4, x
Lq and xL˚

c,4 is the solution of dϕ
dx

ˇ

ˇ

x
“

ϕpxq´ϕpxLq

x´xL , x P r0, xU s.
F cv
4 : R Ñ R is given by:

F cv
4 pxq “

$

&

%

ϕpxU
c,4q´ϕpxLq

xU
c,4´xL

¨ px ´ xLq ` ϕpxLq, x ď xU
c,4,

ϕpxq, x ą xU
c,4,

where xU
c,4 “ minpxU˚

c,4 , x
Uq and xU˚

c,4 is the solution of dϕ
dx

ˇ

ˇ

x
“

ϕpxq´ϕpxLq

x´xL on rxL,´1s if
xL ` xU ă 0 or r1, xU s if xL ` xU ą 0. The case xL ` xU “ 0 is symmetrical and handled
separately to avoid numerical issues in Newton. F cc

5 : R Ñ R is given by a combination of
F cc
2 and F cc

4 :

F cc
5 pxq “

$

’

’

&

’

’

%

ϕpxU
c,2q´ϕpxLq

xU
c,2´xL ¨ px ´ xLq ` ϕpxLq, x ď xU

c,2,

ϕpxq, xU
c,2 ă x ă xL

c,4,
ϕpxU q´ϕpxL

c,4q

xU´xL
c,4

¨ px ´ xL
c,4q ` ϕpxL

c,4q, x ě xL
c,4,

F cv
5 : R Ñ R is given by:

F cv
5 pxq “

$

’

’

’

’

’

&

’

’

’

’

’

%

ϕpxU
c,5q´ϕpxLq

xU
c,5´xL ¨ px ´ xLq ` ϕpxLq, xL ` xU ě 0, x ď xU

c,5,

ϕpxq, xL ` xU ě 0, x ą xU
c,5,

ϕpxq, xL ` xU ă 0, x ď xL
c,5,

ϕpϕpxU´xL
c,5qq

xU´xL
c,5

¨ px ´ xL
c,5q ` ϕpxL

c,5q, xL ` xU ă 0, x ą xL
c,5,

where xU
c,5 “ minpxU˚

c,5 , x
Uq and xU˚

c,5 is the solution of dϕ
dx

ˇ

ˇ

x
“

ϕpxq´ϕpxLq

x´xL on rxL, 0s. Further,
xL
c,5 “ maxpxL˚

c,5, x
Lq and xL˚

c,5 is the solution of dϕ
dx

ˇ

ˇ

x
“

ϕpxq´ϕpxLq

x´xL on r0, xU s.

A.3 Probability of improvement acquisition function
In this section, a tight relaxation of the PI acquisition function is derived. PI is continuous
for all pµ, σq P R ˆ r0,8r ztp0, 0qu, since limxÑ`8 Φpxq “ 1 and limxÑ´8 Φpxq “ 0.

A.3.0.1 Monotonicity

From the gradient of PI on R ˆ p0,8q,

∇PIpµ, σq “ ´
1

σ2 ¨
?
2π

¨ exp

˜

´
pfmin ´ µq

2

2 ¨ σ2

¸

„

σ
pfmin ´ µq

ȷ

,

where fmin is a given target, we identify the following monotonicity properties:

‚ PI is monotonically decreasing with respect to µ.

‚ If µ ă fmin then PI is monotonically decreasing with respect to σ.
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‚ If µ ě fmin then PI is monotonically increasing with respect to σ (recall that
PIpfmin, 0q “ 0, and PIpfmin, σq “ 0.5 @σ P s0,8r ).

These properties can be used to obtain exact interval bounds on the function values of PI.
Furthermore, they can be exploited to construct relaxations as described in Section A.3.2.

A.3.1 Componentwise convexity
The Hessian of PI on R ˆ p0,8r is given by

∇2PIpµ, σq “

«

´
fmin´µ

σ3 ´
pfmin´µq2´σ2

σ4

´
pfmin´µq2´σ2

σ4

pfmin´µq¨pp2σ2´fmin´µq
2

q

σ5

ff

¨
1

?
2π

¨ e´
pfmin´µq2

2σ2 .

The Hessian is indefinite and PI is therefore neither convex nor concave on its whole
domain. However, we find componentwise convexity properties on certain parts of the
domain, i.e., convexity with respect to one variable when the other is fixed. To this end,
we divide the domain into the following four sets:

‚ I1 :“ tpµ, σq | µ ď fmin ^ µ ´ fmin ě ´
?
2σu,

‚ I2 :“ tpµ, σq | µ ě fmin ^ µ ´ fmin ď `
?
2σu,

‚ I3 :“ tpµ, σq | µ ď fmin ^ µ ´ fmin ď ´
?
2σu,

‚ I4 :“ tpµ, σq | µ ě fmin ^ µ ´ fmin ě `
?
2σu.

On these sets, PI has the componentwise convexity properties listed in Table A.1.

Table A.1.: componentwise convexity properties of PI over subsets of its domain
Subset componentwise property
I1 concave w.r.t. µ convex w.r.t. σ
I2 convex w.r.t. µ concave w.r.t. σ
I3 concave w.r.t. µ concave w.r.t. σ
I4 convex w.r.t. µ convex w.r.t. σ

A.3.2 Relaxations

We construct relaxations of PI over a given subset X “ rµL, µUs ˆ rσL, σUs of its domain
depending on which of the four sets I1-I4 contains the set X . If X Ă I1 Y I2, we use the
McCormick relaxations obtained by applying the multivariate composition theorem [170]
to the composition of the rational function fmin´µ

σ
with Φ (c.f. Equation (3.5)), since these

are already very tight. If X does not fully lie within I1 Y I2, the McCormick relaxations
get increasingly weaker and we thus resort to other methods as described in the following.

If X Ă I4, PI is componentwise convex with respect to both variables. Therefore, the
concave envelope of PI over X consists of two planes anchored at the four corner points of
X and can be calculated as described by [235]. A tight convex relaxation can be obtained
using the method by [236]. Since the off-diagonal entries of the Hessian have a constant
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sign over I4, a sufficient condition for this method is fulfilled (c.f. Corollary 1 in [236]).
An example for the resulting relaxation is shown in Figure 3.2b. Similarly, if X Ă I3, PI is
componentwise concave and we obtain its convex envelope using the method by [235] and
a tight concave relaxation using the method by [236].

If X Ă I2 Y I4, we construct relaxations exploiting the monotonicity properties of PI.
Since for all pµ, σq P I2 YI4 we have µ ě fmin, PI is thus monotonically decreasing in µ and
increasing in σ over X . Therefore, we can construct a convex relaxation PIcv

2,4 : X Ñ r0, 1s

as
PIcv

2,4pµ, σq :“ max
`

f cv
σLpµq, f cv

µUpσq
˘

, (A.8)
where f cv

σL and f cv
µU are the convex envelopes of the univariate functions

fσL : rµL, µUs Ñ r0, 1s, µ ÞÑ PIpµ, σLq

and
fµU : rσL, σUs Ñ r0, 1s, σ ÞÑ PIpµU, σq, (A.9)

respectively, i.e., they correspond to the function PI restricted to one-dimensional facets
of X at σL and µU. Both f cv

σLpµq and f cv
µUpσq are valid relaxations of PI because of the

monotonicity of PI over I2 Y I4. By taking the pointwise maximum in (A.8), we obtain
a tighter relaxation while preserving convexity. To compute f cv

σL and f cv
µU , we can use

the method described in Section 4 of [167] because they are one-dimensional functions
with a known inflection point. To apply this method, we typically need to solve a one-
dimensional nonlinear equation, which we do via Newton’s method. A concave relaxation
can be obtained analogously using concave envelopes of PI over one-dimensional facets of
X at σU and µL. If X Ă I1YI3, an analogous method can be used since PI is monotonically
increasing in both µ and σ.

In the most general case, X contains parts of all four sets I1-I4. In this case, we can
still obtain relaxations by exploiting monotonicity properties. In particular, we compute
a convex relaxation PIcv

1´4 : X Ñ r0, 1s as

PIcv
1´4pµ, σq :“ max

´

f̃ cv
σLpµq, f cv

µUpσq

¯

, (A.10)

where f cv
µU is again the convex relaxation of the univariate function fµU as in (A.9), which

is still valid because PI is decreasing with respect to µ on its entire domain. In contrast,
the convex relaxation of the univariate function at σL as in (A.8) is not valid because PI is
not monotonic with respect to σ. Instead, in (A.10) it is replaced by the convex relaxation
f̃ cv
σL of the univariate function f̃σL : rµL, µUs Ñ r0, 1s with

f̃σLpµq :“

#

PIpµ, σLq, µ ě fmin,

PIpfmin, σ
Lq `

PIpfmin,σLq´PIpµL,σUq

fmin´µL pµ ´ fminq , otherwise.
(A.11)

To see that f̃ cv
σL is a valid relaxation of PI, we first note that by definition it is a relaxation

of f̃σL , so it suffices to show that f̃σL is in turn a relaxation of PI. The latter is established
in the following Lemma.

Lemma A.1. Let PI be defined as in (3.5) and f̃σL as in (A.11). Then f̃σLpµq ď

PIpµ, σq @pµ, σq P X :“ rµL, µUs ˆ rσL, σUs.
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Proof. Consider first any fixed µ̂ such that µ̂ ě fmin. In this case, we have f̃σLpµ̂q “

PIpµ̂, σLq ď PIpµ̂, σq @σ P rσL, σUs because of the monotonicity w.r.t σ (c.f. Section A.3.0.1).
Next, consider any µ̃ such that µ̃ ă fmin. Note that this implies µL ă fmin. In this case,
we have

f̃σLpµ̃q “ PIpfmin, σ
Lq `

PIpfmin, σ
Lq ´ PIpµL, σUq

fmin ´ µL pµ̃ ´ fminq

“ PIpfmin, σ
Lq

µ̃ ´ µL

fmin ´ µL ` PIpµL, σUq
fmin ´ µ̃

fmin ´ µL

ď PIpfmin, σ
Uq

µ̃ ´ µL

fmin ´ µL ` PIpµL, σUq
fmin ´ µ̃

fmin ´ µL

ď PIpµ̃, σUq

ď PIpµ̃, σq @σ P rσL, σUs,

where the inequalities follow, in this order, from the monotonicity of PI with respect to
σ for µ ě fmin, its componentwise concavity with respect to µ for µ ă fmin, and its
monotonicity with respect to σ for µ ă fmin.

A.4 Expected improvement acquisition function
We now show that the EI acquisition function is convex. From the Hessian matrix of EI
on R ˆ p0,8q

∇2EIpµ, σq “

„

1
σ

´
µ´fmin

σ2

´
µ´fmin

σ2

pµ´fminq2

σ3

ȷ

¨ ϕ

ˆ

´
µ ´ fmin

σ

˙

,

we find the eigenvalues 0 and pµ´fminq2`σ2

σ3 ¨ ϕ
`

´
µ´fmin

σ

˘

. As σ ě 0, EIp¨, ¨q is convex and
the envelopes can be constructed directly.
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