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A B S T R A C T

The gradient flow formalism introduced ten years ago proved to be a useful tool for lattice
simulations of Quantum Chromodynamics. Its flagship applications are new strategies to
set the scale of these simulations. Another important feature is the smoothing property of
the gradient flow, which improves renormalizability. In particular, operators composed of
flowed fields do not require renormalization. Moreover, by utilizing the small-flow-time
expansion, one obtains a relation between flowed and regular operators. For example,
this allows to construct a regularization independent formula for the energy-momentum
tensor, which can be used on the lattice. Other possible applications of the gradient flow
formalism include the extraction of the strong coupling constant or parton distribution
functions from lattice simulations. Many of these applications rely on input both from
perturbative calculations and lattice simulations.

In this thesis we develop an automatized framework for higher-order perturbative
calculations in the gradient flow formalism based on standard techniques for precision
calculations in the Standard Model. Due to the complexity of the calculations in the
gradient flow formalism, we codeveloped two open-source programs based on emerging
algebraic techniques over finite fields. These programs are general and can be applied to
a wide range of standard precision calculations as well.

This framework is then applied to compute vacuum expectation values of flowed
operators, which we then use to define a gradient flow coupling and a gradient flow
mass. Afterwards, we increase the accuracy of the gradient flow formula for the energy-
momentum tensor to the next perturbative order. The results of both calculations are then
combined to derive a flowed operator product expansion for current-current correlators,
which might pave the way for an alternative determination of the hadronic corrections
to the anomalous magnetic moment. Finally, we turn to flavor physics which is usually
described by the electroweak Hamiltonian. We apply the small-flow-time expansion to
the current-current operators of the Hamiltonian, which can be used to combine lattice
simulations of hadronic matrix elements with the perturbative Wilson coefficients to
obtain an overall theoretical prediction for Kaon and B meson mixing, for example.
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Z U S A M M E N FA S S U N G

Der vor zehn Jahren eingeführte Gradientenflussformalismus hat sich als nützliches
Werkzeug für Gittersimulationen in der Quantenchromodynamik erwiesen. Er findet dort
insbesondere in neuen Strategien zur Fixierung der Skalen Anwendung. Eine weitere
wichtige Eigenschaft ist das Ausschmieren von Feldern, was die Renormierbarkeit
verbessert. Insbesondere müssen Operatoren, die aus geflossenen Feldern bestehen, nicht
renormiert werden. Indem man darüber hinaus die Entwicklung in kleiner Flusszeit
ausnutzt, kann man eine Relation zwischen geflossenen und regulären Operatoren
herleiten. Damit kann man zum Beispiel eine regularisierungsunabhängige Formel
für den Energie-Impuls-Tensor herleiten, die auf dem Gitter benutzt werden kann.
Des Weiteren kann man möglicherweise den Gradientenfluss benutzen, um die starke
Kopplungskonstante oder Partondichtefunktionen aus Gittersimulationen zu extrahieren.
Viele der genannten Anwendungen benötigen sowohl störungstheoretische Rechnungen
als auch Gittersimulationen.

In dieser Doktorarbeit entwickeln wir daher ein Framework für automatisierte Rech-
nungen im Gradientenflussformalismus zu höheren Ordnungen in der Störungstheorie.
Es basiert auf üblichen Methoden, die für Präzisionsrechnungen im Standardmodell
angewendet werden. Aufgrund der Komplexität der Rechnungen im Gradientenflussfor-
malismus haben wir zwei Open-Source-Programme mitentwickelt, die auf aufstrebenden
algebraischen Methoden über endlichen Körpern basieren. Diese Programme können
nicht nur im Gradientenflussformalismus sondern auch in vielen gewöhnlicheren Präzi-
sionsrechnungen Anwendung finden.

Mit Hilfe dieses Frameworks berechnen wir dann Vakuumerwartungswerte von geflos-
senen Operatoren, mit denen wir eine Gradientenflusskopplung und eine Gradienten-
flussmasse definieren. Danach erhöhen wir die Genauigkeit der Gradientflussformel des
Energie-Impuls-Tensors zur nächsten störungstheoretischen Ordnung. Die Ergebnisse
dieser beiden Rechnungen werden dann zur geflossenen Operatorproduktentwicklung
für Strom-Strom-Korrelatoren kombiniert. Mit deren Hilfe erhält man möglicherweise
eine alternative Berechnungsmethode der hadronischen Korrekturen zum anomalen
magnetischen Moment. Zum Schluss wenden wir uns der Flavorphysik zu, die übli-
cherweise vom elektroschwachen Hamilton-Operator beschrieben wird. Wir wenden die
Entwicklung in kleiner Flusszeit auf dessen Strom-Strom-Operatoren an. Dies könnte
zum Beispiel eine alternative Zusammensetzung der theoretischen Vorhersage der Kaon-
und B-Meson-Mischungen aus Gittersimulationen der hadronischen Matrixelemente
und den perturbativen Wilson-Koeffizienten ermöglichen.

iii





E I D E S S TAT T L I C H E E R K L Ä R U N G

Ich, Fabian Lange, erkläre hiermit, dass diese Dissertation und die darin dargelegten In-
halte die eigenen sind und selbstständig, als Ergebnis der eigenen originären Forschung,
generiert wurden.

Hiermit erkläre ich an Eides statt

1. Diese Arbeit wurde vollständig oder größtenteils in der Phase als Doktorand dieser
Fakultät und Universität angefertigt;

2. Sofern irgendein Bestandteil dieser Dissertation zuvor für einen akademischen
Abschluss oder eine andere Qualifikation an dieser oder einer anderen Institution
verwendet wurde, wurde dies klar angezeigt;

3. Wenn immer andere eigene- oder Veröffentlichungen Dritter herangezogen wurden,
wurden diese klar benannt;

4. Wenn aus anderen eigenen- oder Veröffentlichungen Dritter zitiert wurde, wurde
stets die Quelle hierfür angegeben. Diese Dissertation ist vollständig meine eigene
Arbeit, mit der Ausnahme solcher Zitate;

5. Alle wesentlichen Quellen von Unterstützung wurden benannt;

6. Wenn immer ein Teil dieser Dissertation auf der Zusammenarbeit mit anderen
basiert, wurde von mir klar gekennzeichnet, was von anderen und was von mir
selbst erarbeitet wurde;

7. Teile dieser Arbeit wurden zuvor veröffentlicht und zwar in:

[FL1] R. V. Harlander, Y. Kluth und F. Lange, The two-loop energy–momentum tensor
within the gradient-flow formalism, Eur. Phys. J. C 78 (2018) 944, doi: 10.114
0/epjc/s10052-018-6415-7, arXiv: 1808.09837 [hep-lat], Erratum: Eur.
Phys. J. C 79 (2019) 858, doi: 10.1140/epjc/s10052-019-7327-x.

[FL2] J. Klappert und F. Lange, Reconstructing rational functions with FireFly,
Comput. Phys. Commun. 247 (2020) 106951, doi: 10.1016/j.cpc.2019.10695
1, arXiv: 1904.00009 [cs.SC].

[FL3] J. Artz, R. V. Harlander, F. Lange, T. Neumann und M. Prausa, Results
and techniques for higher order calculations within the gradient-flow formalism,
JHEP 06 (2019) 121, doi: 10.1007/JHEP06(2019)121, arXiv: 1905.00882
[hep-lat], Erratum: JHEP 10 (2019) 032, doi: 10.1007/JHEP10(2019)032.

[FL4] J. Klappert, S. Y. Klein und F. Lange, Interpolation of dense and sparse rational
functions and other improvements in FireFly, Comput. Phys. Commun. 264 (2021)
107968, doi: 10.1016/j.cpc.2021.107968, arXiv: 2004.01463 [cs.MS].

v

https://doi.org/10.1140/epjc/s10052-018-6415-7
https://doi.org/10.1140/epjc/s10052-018-6415-7
https://arxiv.org/abs/1808.09837
https://doi.org/10.1140/epjc/s10052-019-7327-x
https://doi.org/10.1016/j.cpc.2019.106951
https://doi.org/10.1016/j.cpc.2019.106951
https://arxiv.org/abs/1904.00009
https://doi.org/10.1007/JHEP06(2019)121
https://arxiv.org/abs/1905.00882
https://arxiv.org/abs/1905.00882
https://doi.org/10.1007/JHEP10(2019)032
https://doi.org/10.1016/j.cpc.2021.107968
https://arxiv.org/abs/2004.01463


vi

[FL5] R. V. Harlander, F. Lange und T. Neumann, Hadronic vacuum polarization
using gradient flow, JHEP 08 (2020) 109, doi: 10.1007/JHEP08(2020)109,
arXiv: 2007.01057 [hep-lat].

[FL6] J. Klappert, F. Lange, P. Maierhöfer und J. Usovitsch, Integral reduction with
Kira 2.0 and finite field methods, Comput. Phys. Commun. 266 (2021) 108024,
doi: 10.1016/j.cpc.2021.108024, arXiv: 2008.06494 [hep-ph].

Karlsruhe, den 3. August 2021

https://doi.org/10.1007/JHEP08(2020)109
https://arxiv.org/abs/2007.01057
https://doi.org/10.1016/j.cpc.2021.108024
https://arxiv.org/abs/2008.06494


L I S T O F P U B L I C AT I O N S

The research presented in this thesis was conducted at the Institute for Theoretical
Particle Physics and Cosmology at RWTH Aachen University from November 2017 to
October 2020. The contents of this thesis are partly based on work with other authors
and have been published previously or are prepared for publication. Chapters 2, 4, and 5

as well as Section 3.1 are based on Ref. [FL3]. The remainder of Chapter 3 is based
on Refs. [FL2, FL4, FL6]. Chapter 6 is based on Ref. [FL1] and Chapter 7 is based on
Ref. [FL5]. My contributions to these publications are specified in the corresponding
chapters.

[FL1] R. V. Harlander, Y. Kluth, and F. Lange, The two-loop energy–momentum tensor
within the gradient-flow formalism, Eur. Phys. J. C 78 (2018) 944, doi: 10.1140/epjc
/s10052-018-6415-7, arXiv: 1808.09837 [hep-lat], Erratum: Eur. Phys. J. C 79
(2019) 858, doi: 10.1140/epjc/s10052-019-7327-x.

[FL2] J. Klappert and F. Lange, Reconstructing rational functions with FireFly, Comput.
Phys. Commun. 247 (2020) 106951, doi: 10.1016/j.cpc.2019.106951, arXiv:
1904.00009 [cs.SC].

[FL3] J. Artz, R. V. Harlander, F. Lange, T. Neumann, and M. Prausa, Results and
techniques for higher order calculations within the gradient-flow formalism, JHEP
06 (2019) 121, doi: 10.1007/JHEP06(2019)121, arXiv: 1905.00882 [hep-lat],
Erratum: JHEP 10 (2019) 032, doi: 10.1007/JHEP10(2019)032.

[FL4] J. Klappert, S. Y. Klein, and F. Lange, Interpolation of dense and sparse rational
functions and other improvements in FireFly, Comput. Phys. Commun. 264 (2021)
107968, doi: 10.1016/j.cpc.2021.107968, arXiv: 2004.01463 [cs.MS].

[FL5] R. V. Harlander, F. Lange, and T. Neumann, Hadronic vacuum polarization using
gradient flow, JHEP 08 (2020) 109, doi: 10.1007/JHEP08(2020)109, arXiv: 2007.01
057 [hep-lat].

[FL6] J. Klappert, F. Lange, P. Maierhöfer, and J. Usovitsch, Integral reduction with
Kira 2.0 and finite field methods, Comput. Phys. Commun. 266 (2021) 108024, doi:
10.1016/j.cpc.2021.108024, arXiv: 2008.06494 [hep-ph].

vii

https://doi.org/10.1140/epjc/s10052-018-6415-7
https://doi.org/10.1140/epjc/s10052-018-6415-7
https://arxiv.org/abs/1808.09837
https://doi.org/10.1140/epjc/s10052-019-7327-x
https://doi.org/10.1016/j.cpc.2019.106951
https://arxiv.org/abs/1904.00009
https://doi.org/10.1007/JHEP06(2019)121
https://arxiv.org/abs/1905.00882
https://doi.org/10.1007/JHEP10(2019)032
https://doi.org/10.1016/j.cpc.2021.107968
https://arxiv.org/abs/2004.01463
https://doi.org/10.1007/JHEP08(2020)109
https://arxiv.org/abs/2007.01057
https://arxiv.org/abs/2007.01057
https://doi.org/10.1016/j.cpc.2021.108024
https://arxiv.org/abs/2008.06494




C O N T E N T S

i applications of the perturbative gradient flow at higher or-
ders in quantum chromodynamics

1 introduction 1

2 the yang-mills gradient flow in perturbation theory 3

2.1 The Flow Equations and the Flowed Lagrangian . . . . . . . . . . . . . . . 3

2.2 Perturbative Solution of the Flow Equations . . . . . . . . . . . . . . . . . 5

2.3 Feynman Rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.3.1 (Flowed) Propagators . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.3.2 Flow Lines . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.3.3 Flow Vertices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.3.4 Summary and further Remarks . . . . . . . . . . . . . . . . . . . . . 12

2.4 Observables and Renormalization . . . . . . . . . . . . . . . . . . . . . . . 12

2.5 Gradient Flow Integrals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

3 integral reduction 19

3.1 Integration-by-Parts Relations for Gradient Flow Integrals . . . . . . . . . 19

3.2 Reduction Strategies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

3.3 The Laporta Algorithm over Finite Fields . . . . . . . . . . . . . . . . . . . 22

3.3.1 Interpolation of Rational Functions . . . . . . . . . . . . . . . . . . 25

3.3.2 Rational Reconstruction . . . . . . . . . . . . . . . . . . . . . . . . . 29

3.3.3 Factors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

3.3.4 Parallelization and Overhead Reduction . . . . . . . . . . . . . . . 30

3.3.5 Selected Benchmarks . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3.3.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3.4 Reduction of Gradient Flow Integrals . . . . . . . . . . . . . . . . . . . . . 34

4 calculation of the master integrals 37

4.1 Direct Integration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

4.2 Integrand Expansion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

4.3 Sector Decomposition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

5 vacuum expectation values at next-to-next-to-leading order 41

5.1 Results for the Gluon Action Density . . . . . . . . . . . . . . . . . . . . . 43

5.2 Results for the Vacuum Expectation Value of the Quark Kinetic Operator 46

5.3 Results for the Quark Condensate . . . . . . . . . . . . . . . . . . . . . . . 47

5.4 Quark Mass Effects to O(m2t) . . . . . . . . . . . . . . . . . . . . . . . . . . 49

5.5 Gradient Flow Coupling and Mass . . . . . . . . . . . . . . . . . . . . . . . 52

5.5.1 Gradient Flow Coupling . . . . . . . . . . . . . . . . . . . . . . . . . 52

5.5.2 Gradient Flow Mass . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

5.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

ix



x contents

6 the energy-momentum tensor within the gradient flow formal-
ism 55

6.1 Energy-Momentum Tensor . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

6.2 The Method of Projectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

6.3 Coefficient Functions through Next-to-Next-to-Leading Order . . . . . . . 61

6.4 Trace Anomaly . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

6.5 Operator Renormalization . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

6.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

7 hadronic vacuum polarization using gradient flow 73

7.1 Current-Current Correlators . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

7.1.1 Operator Product Expansion . . . . . . . . . . . . . . . . . . . . . . 74

7.1.2 Coefficient Functions . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

7.2 Flowed Operator Product Expansion . . . . . . . . . . . . . . . . . . . . . . 76

7.2.1 Flowed Operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

7.2.2 Small-Flow-Time Expansion . . . . . . . . . . . . . . . . . . . . . . . 77

7.3 Calculation of the Mixing Matrix . . . . . . . . . . . . . . . . . . . . . . . . 78

7.4 Flow-Time Evolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

7.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

8 the electroweak hamiltonian in the gradient flow formalism 87

8.1 Operator Basis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

8.2 Small-Flow-Time Expansion and Renormalization . . . . . . . . . . . . . . 90

8.3 Calculation of the Mixing Matrix . . . . . . . . . . . . . . . . . . . . . . . . 92

8.4 Preliminary Results for the Mixing Matrix . . . . . . . . . . . . . . . . . . 96

8.5 Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

9 conclusions 103

ii appendices

a conventions 107

a.1 Gauge Group . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

a.2 Renormalization Group Functions . . . . . . . . . . . . . . . . . . . . . . . 108

b feynman rules 111

b.1 General Gradient Flow Feynman Rules . . . . . . . . . . . . . . . . . . . . 111

b.2 Operators for the Vacuum Expectation Values . . . . . . . . . . . . . . . . 115

b.3 Operators Composing the Energy-Momentum Tensor . . . . . . . . . . . . 116

b.4 Electroweak Current-Current Operators . . . . . . . . . . . . . . . . . . . . 118

b.5 Auxiliary Feynman Rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

c automated implementation 123

d acronyms 125

e acknowledgements 127

f bibliography 129



Part I

A P P L I C AT I O N S O F T H E P E RT U R B AT I V E G R A D I E N T F L O W
AT H I G H E R O R D E R S I N Q UA N T U M C H R O M O D Y N A M I C S





1
I N T R O D U C T I O N

Even though the Yang-Mills flow equation was already introduced by Atiyah and Bott
in 1983 in the context of studying the Yang-Mills functional over a Riemann surface [1],
it only appeared in 2006 in the context of lattice gauge theories, when Narayanan
and Neuberger studied the large-N behavior of smeared Wilson loops [2]. In 2009,
Lüscher formulated its discrete version to construct “trivializing” maps which map
lattice gauge theories to their strong-coupling limit, hoping to improve the efficiency
of lattice simulations [3]. A year later, he studied the smoothing properties of the
gradient flow and discovered that the gauge fields obeying this flow equation and
defined at non-vanishing flow time are smoothed fields which do not require a field
renormalization [4]. Moreover, the introduced flow-time scale can be used to set the scale
of lattice simulations. New scale setting strategies based on the gradient flow formalism,
eventually superseding previous methods, drove the prominence of the formalism, see
e.g. Refs. [4–6].

While flowed1 quark fields do require a field renormalization [7], the renormalization
properties of the gradient flow extend to flowed composite operators, which are finite
when expressed through renormalized parameters and fields [8]. Therefore, they do not
mix under renormalization group (RG) running. Furthermore, by performing a so-called
small-flow-time expansion of flowed operators, one obtains a relation between flowed and
regular operators related by a flow-time dependent mixing matrix. By inverting the
mixing matrix, one obtains a flowed operator product expansion (OPE) (also called smeared
OPE in Ref. [9]), which expresses the regular operators through the better behaved flowed
operators. The Wilson coefficients can be calculated perturbatively while matrix elements
of the flowed operators can be computed on the lattice. This was utilized by Makino
and Suzuki to construct a regularization independent formula for the energy-momentum
tensor (EMT) of Quantum Chromodynamics (QCD) [10, 11], which, in contrast, requires a
sophisticated renormalization strategy when expressed through regular operators. This
already led to promising thermodynamical results [12–16].

Other, still theoretical, applications of the gradient flow formalism include the extrac-
tion of the strong coupling αs from lattice simulations [17–23] as well as a proposal to
relate Euclidean quasi parton distribution functions on the lattice to perturbative light-
cone parton distribution functions [24, 25]. Moreover, it can be used to study dualities in
field theories [26–31].

Many of these applications require input from perturbative calculations. In this thesis,
we thus develop an automatized framework for higher-order perturbative calculations in
the gradient flow formalism based on many standard tools used for precision calculations

1 We use the terms flowed and regular to distinguish quantities defined at flow time t > 0 from those defined
at t = 0.
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2 introduction

in the Standard Model. Hence, the perturbative calculations throughout this thesis are
performed at infinite volume. The inclusion of finite-volume effects requires different
techniques such as Numerical Stochastic Perturbation Theory, see e.g. Ref. [22].

In Chapter 2, we review the gradient flow formalism as well as its perturbative
treatment and derive the Feynman rules. The ensuing Feynman integrals are then solved
with integration-by-parts (IBP) identities [32, 33] generalized to the gradient flow integrals
in Chapter 3. However, no public program available was powerful enough to finish
the reduction at three-loop level. We thus take a detour into strategies based on finite
field and interpolation techniques, which, in the context of IBP reductions, only gained
traction over the last decade [34–37]. At this point, we also describe our implementation
of these strategies into the public programs FireFly and Kira. Afterwards in Chapter 4,
we discuss the different calculational methods employed to compute the master integrals.

In Chapter 5, the techniques from the previous chapters are then exploited to calculate
the vacuum expectation values (VEVs) of some flowed operators to next-to-next-to-leading
order (NNLO) accuracy, improving on and extending the results of Ref. [21]. These results
are then used to define a gradient flow coupling and a gradient flow mass.

The Wilson coefficients of the flowed EMT are known to next-to-leading order (NLO) [10,
11]. In Chapter 6, we calculate them through NNLO, significantly reducing the scale
uncertainty. Furthermore, we present the mixing matrix between the regular and flowed
operators of the EMT.

The vacuum polarization functions (VPFs) of particles play important roles in both pertur-
bative and non-perturbative physics. A prime example of the latter is the determination
of anomalous magnetic moments [38, 39], which are usually obtained with the help of
experimental data and dispersion relations. Only very recently lattice calculations have
become competitive, leading to incompatible results [40]. In Chapter 7, we thus derive a
flowed OPE for current-current correlators, which might pave the way for an alternative
determination of the hadronic corrections to the anomalous magnetic moment and other
observables. Moreover, we derive a general flow-time evolution equation for flowed
operators.

Another area of large non-perturbative corrections is the physics of quark flavors. The
perturbative electroweak corrections are usually captured in the Wilson coefficients of the
effective electroweak Hamiltonian, while the hadronic matrix elements of the processes
require a non-perturbative treatment on the lattice. However, the necessary matching
between the different schemes in perturbative and lattice calculations is a large source of
uncertainties. Therefore, we compute the mixing matrix between the regular and flowed
current-current operators of the electroweak Hamiltonian in Chapter 8 as ingredient to
the corresponding flowed OPE required to circumvent the scheme matching. While our
results are still preliminary, they might be used to combine the hadronic contributions of
Kaon or B meson mixing from the lattice with the perturbative Wilson coefficients.



2
T H E YA N G - M I L L S G R A D I E N T F L O W I N P E RT U R B AT I O N T H E O RY

In this chapter we introduce the gradient flow formalism and discuss its perturbative
treatment. Section 2.1 introduces the eponymous flow equations and shows how they
can be incorporated into the Lagrangian of QCD. They are perturbatively solved in
Section 2.2 which provides us with the building blocks for the Feynman rules which
are derived in Section 2.3. In Section 2.4 we introduce simple observables in the form of
composite operators and discuss the renormalizability of the gradient flow formalism.
The ensuing Feynman integrals are introduced in Section 2.5.

This chapter is based on parts of Ref. [41]. The Feynman rules were derived by
Johannes Artz in the course of his Master’s thesis [42] and some minor mistakes were
corrected as part of this thesis.

2.1 the flow equations and the flowed lagrangian

In the following, we work in D-dimensional Euclidean space-time with D = 4− 2ε.
The gradient flow formalism continues the gluon and quark fields Aa

µ(x) and ψi
α̂(x) of

regular QCD to (D + 1)-dimensional fields Ba
µ(t, x) and χi

α̂(t, x) through the boundary
conditions

Ba
µ(t = 0, x) = Aa

µ(x) , χi
α̂(t = 0, x) = ψi

α̂(x) (2.1)

and the flow equations [4, 7]

∂tBa
µ = Dab

ν Gb
νµ + κDab

µ ∂νBb
ν,

∂tχ = ∆χ− κ∂µBa
µTaχ,

∂tχ̄ = χ̄
←−
∆ + κχ̄∂µBa

µTa,

(2.2)

where the flow time t is a parameter of mass dimension minus two and we use the
short-hand notation ∂t ≡ ∂

∂t . The (D + 1)-dimensional field-strength tensor is defined as

Ga
µν = ∂µBa

ν − ∂νBa
µ + f abcBb

µBc
ν, (2.3)

the covariant derivative in the adjoint representation is given by

Dab
µ = δab∂µ − f abcBc

µ, (2.4)

and
∆ = DF

µDF
µ,

←−
∆ =

←−D F
µ

←−D F
µ, (2.5)

with the covariant derivative in the fundamental representation,

DF
µ = ∂µ + Ba

µTa,
←−D F

µ =
←−
∂ µ − Ba

µTa. (2.6)

3



4 the yang-mills gradient flow in perturbation theory

As usual, the color indices of the adjoint representation are denoted by a, b, c, . . ., while
µ, ν, ρ, . . . are D-dimensional Lorentz indices. Color indices of the fundamental represen-
tation are denoted by i, j, k, . . ., but they are suppressed throughout this thesis, unless
required by clarity; similarly for spinor indices α̂, β̂, γ̂, . . .. The symmetry generators
Ta are understood in the fundamental representation. We refer to Appendix A for our
conventions for the gauge group and the list of invariants.

κ is an additional gauge parameter introduced by the gauge transformations

χ→ χ′ = Λχ and Ba
µTa → Ba′

µ Ta = ΛBa
µTaΛ−1 + Λ∂µΛ−1 (2.7)

with
Λ(t, x) = e−

∫ t
0 ds κ∂µBa

µ(s,x)Ta
. (2.8)

Of course, all observables are independent of the gauge parameter κ [4]. In perturbative
calculations, it is usually most convenient to set κ = 1.

Note that the flow equations (2.2) have the form of a diffusion equation

∂tφ(t,~x) = ∇x · (D(φ,~x)∇xφ(t,~x)) (2.9)

for the density of the diffusing material φ and the diffusion coefficient D, where ∇x is
the nabla operator with respect to ~x. For constant D the equation reduces to the heat
equation. As the name already suggests, the equation smears out the density or, in our
case, the fields, which makes the gradient flow formalism appealing for lattice QCD.
The explicit smearing radius for the linear approximation of the flow equations (2.2) is
derived in the next Section 2.2.

The flow equations (2.2) can be incorporated in a Lagrangian formalism by defining

L = LQCD + Lgauge-fixing + Lghost + LB + Lχ. (2.10)

The first three terms constitute the regular Yang-Mills Lagrangian, with fermions added
in the fundamental representation (quarks). Introducing an index f in order to distin-
guish different quark flavors of bare mass m f ,B, the classical, gauge-fixing, and Faddeev-
Popov ghost part are given by

LQCD =
1

4g2
B

Fa
µνFa

µν +
nf

∑
f=1

ψ̄ f ( /DF + m f ,B)ψ f ,

Lgauge-fixing =
1

2g2
Bξ

(∂µ Aa
µ)

2,

Lghost =
1
g2

B
∂µ c̄aDab

µ cb,

(2.11)

respectively, where
Fa

µν = ∂µ Aa
ν − ∂ν Aa

µ + f abc Ab
µ Ac

ν (2.12)

is the regular field strength tensor and

DF
µ = ∂µ + Aa

µTa, Dab
µ = δab∂µ − f abc Ac

µ (2.13)
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are the regular covariant derivatives in the fundamental and adjoint representation,
respectively, gB is the gauge coupling, ξ the QCD gauge parameter, and nf the number
of different quark flavors. The flow equations are incorporated by introducing Lagrange
multiplier fields

La
µ(t, x) and λ f (t, x), λ̄ f (t, x) (2.14)

of mass dimensions 3 and 5/2 that otherwise carry the same quantum numbers as the
flowed gluon and quark/antiquark fields Ba

µ and χ, χ̄, respectively. Their Euler-Lagrange
equations derived from

LB = −2
∫ ∞

0
dt Tr

[
La

µTa
(

∂tBb
µTb −Dbc

ν Gc
νµTb − κDbc

µ ∂νBc
νTb
)]

, (2.15)

Lχ =
nf

∑
f=1

∫ ∞

0
dt
[
λ̄ f

(
∂t − ∆ + κ

(
∂µBa

µ

)
Ta
)

χ f + χ̄ f

(←−
∂t −

←−
∆ − κ

(
∂µBa

µ

)
Ta
)

λ f

]
,

indeed lead to Eq. (2.2) [7, 8].
Note that the Lagrangian (2.10) does not include flowed ghost fields da(t, x) and

d̄a(t, x). They arise in the same way as the usual Faddeev-Popov ghosts ca(x) and c̄a(x)
due to gauge-fixing, and obey the initial condition

da(t, x)|t=0 = ca(x). (2.16)

Similar to the ghosts of the regular gauge fields, they always form closed loops as long
as there are no external da or d̄a fields which can be avoided by considering only physical
degrees of freedom in amplitudes with external gluons. As becomes clear later, closed
loops of only flowed fields vanish, so that one can omit da and d̄a already at the level of
the Lagrangian [8].

2.2 perturbative solution of the flow equations

Let us introduce the short-hand notation
∫

p
≡
∫ dD p

(2π)D ,
∫

x
≡
∫

dDx, (2.17)

where it should be clear from the context whether an integration variable is in position
(x, y, z, . . .) or momentum space (p, k, q, . . .).

It is helpful to separate the flow equation (2.2) of the flowed gauge field Ba
µ(t, x) into a

linear and a non-linear part [4]:

∂tBa
µ = ∂ν∂νBa

µ + (κ − 1)∂µ∂νBa
ν + Ra

µ,

Ra
µ = 2 f abcBb

ν∂νBc
µ − f abcBb

ν∂µBc
ν + (κ − 1) f abcBb

µ∂νBc
ν + f abe f cdeBb

νBc
νBd

µ.
(2.18)

The linear equation can be solved by introducing the integration kernel

Kµν(t, x) =
∫

p

eipx

p2

((
δµν p2 − pµ pν

)
e−tp2

+ pµ pν e−κtp2
)
≡
∫

p
eipxK̃µν(t, p), (2.19)
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which fulfills
lim
t→0

Kµν(t, x) = δµνδ(D)(x). (2.20)

Taking into account the initial condition (2.1), the full solution of the flow equation is
then given by [8]

Ba
µ(t, x) =

∫

y
Kµν(t, x− y)Aa

ν(y) +
∫

y

∫ t

0
ds Kµν(t− s, x− y)Ra

ν(s, y), (2.21)

or, in momentum space,

B̃a
µ(t, p) =

∫

x
e−ipxBa

µ(t, x) = K̃µν(t, p)Ãa
ν(p) +

∫ t

0
ds K̃µν(t− s, p)R̃a

ν(s, p). (2.22)

By inserting the solution iteratively into itself, one can express the Fourier transform of
the non-linear part of Eq. (2.18) as

R̃a
µ(t, p) =

∫

q,l,k
(2π)D δ(D)(p− q− l − k)

[
δ(D)(k) · Xabc

2,µνρ(q, l) B̃b
ν(t, q)B̃c

ρ(t, l)

+ Xabcd
3,µνρσ B̃b

ν(t, q)B̃c
ρ(t, l)B̃d

σ(t, k)
]

,
(2.23)

where

Xabc
2,µνρ(q, l) = −i f abc[(l − q)µδνρ + 2qρδµν − 2lνδµρ + (κ − 1)(qνδµρ − lρδµν)

]
,

Xabcd
3,µνρσ = f abe f cde(δµσδνρ − δµρδνσ) + f ade f bce(δµρδνσ − δµνδρσ)

+ f ace f dbe(δµνδρσ − δµσδνρ)

(2.24)

The structure of X3 is identical to the four-gluon vertex of regular QCD. When formulat-
ing the Feynman rules later, X2 and X3 describe the three- and four-point vertices of the
flowed gluon fields.

The flow equation (2.2) for the flowed quark fields can be solved by again splitting it
into a linear and a non-linear part,

∂tχ = ∂µ∂µχ + ∆′χ with ∆′ = (1− κ)∂µBa
µTa + 2Ba

µTa∂µ + Ba
µBb

µTaTb. (2.25)

The linear equation is solved by the integration kernel

K(t, x) =
∫

p
eipxe−tp2 ≡

∫

p
eipxK̃(t, p), (2.26)

with the help of which we can write the full solution as [7]

χ(t, x) =
∫

y
K(t, x− y)ψ(y) +

∫

y

∫ t

0
ds K(t− s, x− y)∆′χ(s, y). (2.27)

Here and in what follows, we suppress the flavor index f unless required for clarity. The
non-linear part of the Fourier-transformed field

χ̃(t, p) = K̃(t, p)ψ̃(p) +
∫ t

0
ds K̃(t− s, p)∆̃′χ(s, p) (2.28)
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can be expressed as

∆̃′χ(t, p) =
∫

q,l,r
(2π)Dδ(D)(p− q− l − r)

[
δ(D)(l) ·Yb

1,ν(q, r)B̃b
ν(t, q)

+
1
2

Ybc
2,νρB̃b

ν(t, q)B̃c
ρ(t, l)

]
χ̃(t, r),

(2.29)

where
Yb

1,ν(q, r) = i
(
2rν + (1− κ)qν

)
Tb, Ybc

2,νρ = δνρ

{
Tb, Tc}. (2.30)

These expressions lead to the three- and four-point vertices of the flowed quark fields.
For χ̄ one proceeds analogously.

In the gauge κ = 1, the kernel Kµν(t, x) for the gluons defined in Eq. (2.19) coincides
with the kernel K(t, x) for the quarks defined in Eq. (2.26) except for the trivial Lorentz
structure. Both kernels can directly be solved and yield

Kµν(t, x) = δµνK(t, x) = δµν

∫

p
eipxe−tp2

= δµν
e
−x2

4t

(4πt)D/2 . (2.31)

Hence, both kernels smear out the fields over a spherical range with mean-squared

radius
√

2Dt D=4
=
√

8t [4, 7]. This radius characterizes a scale of the involved physics and
is traditionally chosen as renormalization scale, see e.g. Refs. [4, 12–16, 21].

2.3 feynman rules

We can now derive the Feynman rules for the Lagrangian (2.10). Since the Feynman rules
for regular QCD are well known, we only derive the additional Feynman rules originating
from the flowed constituents of the Lagrangian given in Eq. (2.15). Nonetheless, a
complete list of the Feynman rules relevant for this thesis, including the QCD Feynman
rules as well as the Feynman rules for the operators considered in the following chapters,
can be found in Appendix B.

2.3.1 (Flowed) Propagators

The propagators for the flowed fields can easily be found by using the perturbative
solutions of the flow equations derived in Section 2.2. Plugging in the solution of the
flowed gluon field in momentum space in Eq. (2.22) into the two-point function, one
finds [8]

〈
B̃a

µ(t, p)B̃b
ν(s, q)

〉 ∣∣∣
LO

= K̃µρ(t, p)K̃νσ(s, q)
〈

Ãa
ρ(p)Ãb

σ(q)
〉

= (2π)Dδ(D)(p + q) g2
B Dab

µν(p, t + s, ξ, κ),
(2.32)

where

Dab
µν(p, t, ξ, κ) = δab 1

p2

((
δµν −

pµ pν

p2

)
e−tp2

+ ξ
pµ pν

p2 e−κtp2
)

, (2.33)
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and we have used the result for the fundamental gluon propagator,
〈

Ãa
µ(p)Ãb

ν(q)
〉 ∣∣∣

LO
= (2π)Dδ(D)(p + q) g2

BDab
µν(p, 0, ξ, 0). (2.34)

In order to render the propagator formally independent of the coupling gB, it is useful to
rescale the gluon field by the coupling, i.e. Ba

µ → gBBa
µ, which also applies to the funda-

mental gluon field Aa
µ = Ba

µ

∣∣∣
t=0

. The factor g2
B is taken into account in the corresponding

vertices further below.
Since the flowed gluon propagator coincides with the fundamental gluon propagator

at t + s = 0, we can express both of them by the same Feynman rule

s, ν, b t, µ, a
p

= Dab
µν(p, t + s, ξ, κ). (2.35)

We refer to this as the (flowed) gluon propagator. Eq. (2.35) also applies to the mixed
propagator 〈ÃB̃〉, which is obtained by setting one of the two flow-time variables to zero.

The same can be done for flowed quark fields. Inserting their momentum space
solution in Eq. (2.28) into the two-point function results in [42]

〈
χ̃i

α̂(t, p)˜̄χj
β̂
(s, q)

〉∣∣∣
LO

= K̃(t, p)K̃(s, q)
〈

ψ̃i
α̂(p)˜̄ψj

β̂(q)
〉

= (2π)Dδ(D)(p + q) Sij
F,α̂β̂

(p, mB, t + s),
(2.36)

where

Sij
F,α̂β̂

(p, mB, t) = δij
(−i/p + mB)α̂β̂

p2 + m2
B

e−tp2
, (2.37)

and we have used the result for the fundamental quark propagator
〈

ψ̃i
α̂(p)˜̄ψj

β̂(q)
〉

= (2π)Dδ(D)(p + q) Sij
F,α̂β̂

(p, mB, 0). (2.38)

Since one can express the fundamental propagator through the flowed propagator at
vanishing flow times, both can be represented by the same Feynman rule

t, α̂, is, β̂, j
p

= Sij
F,α̂β̂

(p, mB, t + s). (2.39)

We refer to this as the (flowed) quark propagator, which again includes the mixed
propagators 〈ψχ̄〉 and 〈χψ̄〉.

2.3.2 Flow Lines

Since there are no quadratic terms of the Lagrange multiplier fields La
µ, λ, and λ̄ in

Eq. (2.15), there are no propagators for these fields. However, the Lagrangian contains
bilinear terms of a flowed field and a Lagrange multiplier field. For the gluon they read

L(2)
B = 2TR

∫ ∞

0
dtLa

µ

(
∂tBa

µ − ∂ν∂νBa
µ + (1− κ)∂µ∂νBa

ν

)
. (2.40)
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Employing the path integral formalism, we can write the generating functional with the
two source fields Ja

B,µ and Ja
L,µ as

Z
[

Ja
B,µ, Jb

L,ν
]
=

1
Z0

∫
DLDB exp

[
−
∫

x

(
L(2)

B −
∫ ∞

0
dt
(

Ja
B,µBa

µ + Jb
L,νLb

ν

))]
, (2.41)

where Z0 = Z[0, 0]. The path integral can be solved by introducing the shifts

Ba
µ(t, x)→ B′ aµ (t, x) = Ba

µ(t, x) +
∫

y

∫ ∞

0
ds Hµν(t− s, x− y)Ja

L,ν(s, y),

La
µ(t, x)→ L′ aµ (t, x) = La

µ(t, x) +
∫

y

∫ ∞

0
ds Ja

B,ν(s, y)Hνµ(s− t, y− x),
(2.42)

which complete the square by demanding that Hµν(t, x) obeys the equation

[
(∂t − ∂σ∂σ)δµν + (1− κ)∂µ∂ν

]
Hνρ(t, x) =

1
2TR

δµρδ(t)δ(D)(x). (2.43)

Then, the generating functional can be written as

Z
[

Ja
B,µ, Jb

L,ν
]
= exp

[ ∫

x,y

∫
dtds Ja

B,µ(t, x)δabHµν(t− s, x− y)Jb
L,ν(s, y)

]
. (2.44)

By taking functional derivatives, we find
〈

Ba
µ(t, x)Lb

ν(s, y)
〉
= δabHµν(t− s, x− y) (2.45)

for the two-point function at leading order (LO). Since the fundamental gluon field
Aa

µ(x) = Ba
µ(0, x) does not couple to the Lagrange multiplier field La

µ, and all flow-time
variables are positive, one can impose the initial condition

〈
Ba

µ(t, x)Lb
ν(s, y)

〉 ∣∣∣∣
t=0

= 0 ⇒ Hµν(−s, x) = 0 (2.46)

so that the unique solution becomes [8]

Hµν(t, x) =
1

2TR
θ(t)Kµν(t, x). (2.47)

We refer to the 〈BL〉 bilinear as gluon flow line. The inverse of the factor 1
2TR

appears in
the corresponding flow vertices further below. We can therefore discard it altogether and
write

s, ν, b t, µ, a
p

= δab θ(t− s) K̃µν(t− s, p), (2.48)

where K̃µν(t, p) has been defined in Eq. (2.19), and the adjacent arrow indicates the
direction towards increasing flow time as implied by the θ-distribution. As opposed to
an actual propagator, the gluon flow line is a regular function for all p. Note that the
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rescaling of the gauge fields Ba
µ → gBBa

µ leads to an additional factor 1/gB, which can also
be absorbed by the flow vertices.

Similarly, one determines the mixed fermionic two-point function at LO as
〈

χi
α̂(t, x)λ̄j

β̂
(s, y)

〉
= δα̂β̂δijG(t− s, x− y), (2.49)

where G(t, x) has to obey

(∂t − ∂µ∂µ)G(t, x) = δ(t)δ(D)(x) (2.50)

to complete the square. With the condition

〈
χi

α̂(t, x)λ̄j
β̂
(s, y)

〉 ∣∣∣∣
t=0

= 0 ⇒ G(−s, x) = 0, (2.51)

the unique solution then reads [7]

G(t, x) = θ(t)K(t, x). (2.52)

The Fourier transformed expression defines the fermion flow line Feynman rule, where
the θ-distribution again imposes a direction as indicated by the adjacent arrow pointing
towards increasing flow time:

s, β̂, j t, α̂, i
p

= δα̂β̂δij θ(t− s) K̃(t− s, p), (2.53)

where K̃(t, p) has been defined in Eq. (2.26). As usual, the arrow on the fermion line
denotes the charge flow of the fermion. In this way, we have a unified Feynman rule for
both the 〈χλ̄〉 and the 〈λχ̄〉 bilinear, where the latter can be obtained analogously as
above and simply corresponds to reversing the direction of the charge flow:

s, β̂, j t, α̂, i
p

= δα̂β̂δij θ(t− s) K̃(t− s, p). (2.54)

Since K̃(t, p) depends only quadratically on p, the momentum direction is irrelevant for
the fermion flow lines.

2.3.3 Flow Vertices

Since LB and Lχ of Eq. (2.15) are proportional to a Lagrange multiplier field, the resulting
vertices always involve at least one flow line. Such vertices are always associated with
a flow-time parameter which is integrated over. We denote them by flow vertices and
represent them by empty circles in Feynman diagrams. The corresponding Feynman
rules can be derived straightforwardly. In this thesis, we define Feynman rules by
assuming all momenta to be outgoing.
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Figure 2.1: The three versions of the vertex X2. Lines with an adjacent arrow denote flow lines,
the others are flowed gluons.

The three-point gluon flow vertex is governed by X2 [8]:

q

r
µ, a

ν, b

ρ, c

s
=
−igB f abc

∫ ∞

0
ds
(
δνρ(r− q)µ + 2δµνqρ − 2δµρrν

+ (κ − 1)(δµρqν − δµνrρ)
)
.

(2.55)

The interaction terms of LB involve exactly one Lagrange multiplier field L(s), cf.
Eq. (2.15). According to Eqs. (2.46) and (2.48), it must be contracted with a flowed gluon
field B(t) at larger flow time t > s. Thus, the vertex in Eq. (2.55) contains exactly one
outgoing flow line. On the other hand, each of the two flowed gluon fields B(s) in the
interaction terms of LB can be contracted either with a Lagrange multiplier field L(t′)
at smaller flow time t′ < s, resulting in an ingoing flow line, or with another flowed
gluon field B(s′). In this sense, the Feynman rule (2.55) actually represents three vertices,
displayed in Fig. 2.1: They all contain one outgoing flow line, while each of the other
two lines can either be an ingoing flow line or a flowed gluon propagator.1 The dashed
arrows in Eq. (2.55) indicate lines which can be both a flow line or a propagator, while
the solid arrows always denote flow lines.

Similarly, the four-point gluon flow vertex is governed by X3 [8]:

µ, a

ν, b

ρ, c

σ, d

s
=

−g2
B

∫ ∞

0
ds
(

f abe f cde(δµρδνσ − δµσδνρ)

+ f ace f bde(δµνδρσ − δµσδνρ)

+ f ade f bce(δµνδρσ − δµρδνσ)
)
.

(2.56)

Again, there is exactly one outgoing flow line, while the other three lines are either
flowed gluons or incoming flow lines. This means that the Feynman rule (2.56) actually
represents four different vertices.

1 The lines can also represent external “particles”, of course.
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Note that the factor 2TR, arising from the trace in Eq. (2.15), has been discarded in
both vertices in accordance with the normalization of Eq. (2.48). Similarly, the factor of
1/gB obtained from rescaling Ba

µ → gBBa
µ in Eq. (2.48) has been absorbed into the flow

vertices.
Similar considerations applied to Lχ lead to vertices involving flowed quark fields.

For example, the quark flow vertex with one gluon is described by the Feynman rule [42]

p

q

α̂, i

β̂, j

µ, a

s
= igB δα̂β̂Ta

ij

∫ ∞

0
ds
(
2pµ + (1− κ)qµ

)
. (2.57)

In this case, the fermion line with outgoing charge flow is also outgoing in the gradient
flow, while the other two lines can be either flowed propagators, or ingoing flow lines.
Thus, this Feynman rule actually represents four different vertices.

The complete list of Feynman rules can be found in Appendix B.

2.3.4 Summary and further Remarks

Let us summarize the main features of the Feynman rules for the gradient flow formalism
and point out a few more details [8]:

1. Propagators and flow lines always carry an exponential factor e±tp2
for each vertex,

where t is the flow time of the vertex.

2. Flow lines always start at a flow vertex. They end either at another flow vertex
or an external operator. The θ-distribution θ(t− s) implies a flow-time direction,
which we denote by an adjacent arrow in Feynman diagrams.

3. A flow vertex always has an outgoing flow line connected to it. The other lines are
either incoming flow lines or flowed propagators. Each flow vertex is defined at a
flow time s and implies an integration

∫ ∞
0 ds. The θ-distribution of the outgoing

flow line restricts the integration to a finite upper limit t, i.e.
∫ t

0 ds.

4. Diagrams with closed flow-line loops vanish, because the integration interval
shrinks to a point. Some of these diagrams are shown in Fig. 2.2. Hence, only
diagrams whose flow lines form trees contribute to any observable.

2.4 observables and renormalization

With the Feynman rules derived, let us turn to actual calculations. Among the simplest
quantities one can consider within the gradient flow formalism are vacuum expectation
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Figure 2.2: Diagrams with flow-line loops; they all vanish.

values (VEVs) of gauge-invariant operators at finite flow time. It is one of the remarkable
properties of the gradient flow formalism that these operators do not require any
ultra-violet (UV) renormalization beyond that of regular QCD and that of the involved
flowed fields [8]. This means that the operators do not mix under renormalization group
(RG) running, which makes it particularly simple to combine results from different
regularization schemes. Especially, one can easily match the results of lattice with
perturbative calculations without having to compute the transformation between the
lattice and the perturbative schemes. Hence, this feature opens promising prospects for
a cross-fertilization of lattice and perturbative calculations, such as a possible lattice
determination of αs(MZ), for example [21].

The renormalization of the coupling and the mass follows the usual prescription with
the known QCD renormalization constants. Throughout this thesis, we employ the MS
scheme. We refer to Appendix A.2 for the details.

The flowed gauge field Ba
µ(t, x) does not require renormalization [4, 8] so that for

example matrix elements of the gluon action density,

E(t, x) ≡ 1
4

Ga
µν(t, x)Ga

µν(t, x), (2.58)

are finite after just the renormalization of g and m f . This allows for a direct comparison
of results obtained in different regularization schemes.

On the contrary, flowed quark fields require a renormalization factor Z1/2
χ (αs) in order

to render Green’s functions finite. In the MS scheme, it reads

Z−1
χ (αs) = 1− αs

4π

γχ,0

ε
+
( αs

4π

)2 [γχ,0

2ε2 (γχ,0 + β0)−
γχ,1

2ε

]
+O(α3

s), (2.59)

with

γχ,0 = 3 CF,

γχ,1 =

(
223

6
− 8 ln 2

)
CACF −

(
3
2
+ 8 ln 2

)
C2

F −
22
3

CFTRnf.
(2.60)

γχ,0 has been computed in Ref. [7], whereas γχ,1 has been obtained as part of this thesis
by requiring that the NNLO calculations in Chapters 5 to 8 become finite. It has been
first published in Ref. [43].
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The scalar quark density

S(t, x) ≡ Zχ

nf

∑
f=1

χ̄ f (t, x)χ f (t, x) (2.61)

thus acquires an anomalous dimension, which prevents a direct comparison of results
from different regularization schemes. Alternatively, one may work with ringed quark
fields [11], which amounts to using

Z̊χ(t, µ) = − 2NCnf

(4πt)2 ·
1

〈R(t)〉|m=0
(2.62)

instead of Zχ in order to renormalize the quark fields, where

R(t, x) =
nf

∑
f=1

χ̄ f (t, x)
←→
/D Fχ f (t, x) (2.63)

is the quark kinetic operator with

←→D F
µ = DF

µ −
←−D F

µ. (2.64)

This corresponds to a “physical” renormalization scheme, which means that the anoma-
lous dimension of the operator

S̊(t, x) = ζχ(t, µ) S(t, x) with ζχ(t, µ) ≡ Z−1
χ Z̊χ(t, µ) (2.65)

vanishes. In Eq. (2.62), we used the notation

〈O(t)〉 ≡
∫

d4x 〈O(t, x)〉 (2.66)

for the zero-momentum Fourier transform of the VEV of an operator O(t, x), which we
adopt in the following. As indicated, all quark masses are set to zero in Eq. (2.62). Of
course, it immediately follows that

〈R̊(t)〉
∣∣
m=0 = − 2NCnf

(4πt)2 (2.67)

to all orders in perturbation theory.
The Feynman rules for the operators E(t, x), S(t, x), and R(t, x) introduced above are

obtained in the same manner as those described in Section 2.3. Expressing them in terms
of the flowed fields B(t, x) and χ f (t, x), the operator E(t, x) results in the bilinear gluon
vertex

µ, a ν, b
qp t

= −g2
Bδab(δµν p · q− pµqν

)
, (2.68)
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the trilinear gluon vertex

k

p

q
ρ, c

µ, a

ν, b

t
= ig3

B f abc(δµν(q− p)ρ + δνρ(k− q)µ + δµρ(p− k)ν

)
, (2.69)

and the quartic gluon vertex

µ, a

ν, b

σ, d

ρ, c

t
=

g4
B
(

f abe f cde(δµρδνσ − δµσδνρ)

+ f ace f bde(δµνδρσ − δµσδνρ)

+ f ade f bce(δµνδρσ − δµρδνσ)
)
,

(2.70)

S(t, x) corresponds to the single bilinear quark vertex

β̂, j α̂, i
t

= δijδα̂β̂ , (2.71)

and R(t, x) to the bilinear quark vertex

β̂, j α̂, i
pq t

= iδij(/p − /q)α̂β̂ (2.72)

as well as the quark-gluon vertex

µ, a

β̂, j

α̂, i

t
= −2gBTa

ij(γµ)α̂β̂ . (2.73)

Similar to the flow vertices, the lines attached to these vertices are depicted with dashed
arrows, indicating that they can be both flow lines and propagators. In contrast to the flow
vertices, the flow time of all lines in these vertices is directed towards the corresponding
operator. Therefore, these vertices set the largest flow time in the Feynman diagrams,
which corresponds to the flow time the operator is defined at.2

2 If there are multiple operator insertions or external flow lines, this statement no longer holds, of course.
Instead, these flow times are only larger than the flow times of all lines flowing towards them.
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2.5 gradient flow integrals

Similar to more common calculations in Quantum Field Theories, we end up with scalar
Feynman integrals when the Feynman diagrams are translated to their mathematical
expressions with the help of the Feynman rules.3 A regular scalar L-loop Feynman
integral in Euclidean space can be parametrized by

I(a1, . . . , aN) =
∫

k1,...,kL

1
Pa1

1 · · · PaN
N

(2.74)

with the inverse propagators Pj = q2
j + m2

j . The momenta qj are linear combinations of
the loop momenta ki and external momenta pn, where n = 1, . . . , E for E + 1 external
legs. Of course, there are no external momenta for vacuum integrals. The mj are the
propagator masses and the aj are the integer propagator powers. To uniquely express
every scalar product of momenta as a linear combination of the inverse propagators Pj,
squared masses m2

j , and external kinematical invariants, the set of Pj has to be complete
and independent. Hence, the number of propagators is given by N = L

2 (L + 2E + 1)
which includes auxiliary propagators that only appear in the numerator, i.e. with aj ≤ 0.

However, due to the exponential functions in the propagators and flow lines as well as
the integrations introduced by the flow vertices, cf. Sections 2.3.1 to 2.3.3, this form is no
longer sufficient for the gradient flow formalism. Instead, Eq. (2.74) generalizes to

I(tup
1 , . . . , tup

F ; T1, . . . , TN ; a1, . . . , aN)

=

(
F

∏
f=1

∫ tup
f

0
dt f

) ∫

k1,...,kL

exp[−(T1q2
1 + · · ·+ TNq2

N)]

Pa1
1 · · · PaN

N
,

(2.75)

where F is the number of flow-time integrations and the Ti are nonnegative linear
combinations of the flow-time variables, e.g. T1 = t + t1 − 2t3. Note that the integration
variables t f may appear as upper limit of a another integration, i.e. tup

f ′ = t f . Thus, the
flow-time integrations are nested in general.

For all calculations in this thesis, we only compute matrix elements with a single
operator insertion at flow time t. For the purpose of the integral reduction in Chapter 3,
it is helpful to introduce dimensionless integration variables

u f =
t f

tup
f

(2.76)

such that the gradient flow integrals can be expressed as

I(c1, . . . , cF; T′1, . . . , T′N ; a1, . . . , aN)

= tF

(
F

∏
f=1

∫ 1

0
du f u

c f
f

) ∫

k1,...,kL

exp[−t(T′1q2
1 + · · ·+ T′Nq2

N)]

Pa1
1 · · · PaN

N
,

(2.77)

3 For the calculation of the mixing matrix of the EMT operators in Chapter 6 we have to perform a tensor
reduction first.
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where the c f are nonnegative integers and the T′n are polynomials in u f , e.g. T′1 =

1 + u1 − 2u1u3.
Throughout this thesis, all external momenta and masses are either directly set to zero

or we perform an expansion. Thus, we only have to solve massless vacuum integrals.
Since t is the only mass scale in the integral in this case, it can safely be set to one and
its power can be restored by a dimensional analysis when needed.

Furthermore, all massless vacuum Feynman diagrams of a fixed loop order up to three
loops belong to a single topology or one of its subtopologies. Hence, for each loop order
all integrals can be expressed by the same choice of loop momenta and propagators, i.e.
there is only one distinct set of Pj per order.

Note that Eq. (2.77) is more general than Eq. (2.75). For general c f , the transformation

from Eq. (2.77) back to Eq. (2.75) introduces factors of t
c̃ f
f with nonzero powers c̃ f .

However, all Feynman diagrams throughout this thesis only produce the “physical”
integrals of Eq. (2.75). Thus, Eq. (2.77) defines additional auxiliary integrals which are
required to perform the reduction to master integrals described in Chapter 3. These
master integrals, potentially “non-physical”, are then solved with the methods discussed
in Chapter 4.

Each reduction strategy requires a systematic ordering of the integrals. Usually, inte-
grals are assigned to so-called topologies based on their respective sets of propagators,
i.e. their momenta and masses. Each topology then corresponds to a different number.
As a measure of complexity it is useful to define the sum r of all positive powers and the
negative sum of all non-positive powers s,

r ≡
N

∑
j=1

ajθ(aj − 1
2 ), s ≡ −

N

∑
j=1

ajθ(
1
2 − aj), (2.78)

where θ(x) is the Heaviside step function. Usually, an integral with smaller numbers is
considered simpler.

For the gradient flow integrals in Eq. (2.77), we have to introduce additional criteria.
The most important one is the number of flow-time integrations and the correspond-
ing exponential. Similar to the topology for regular Feynman integrals we assign an
identification number to each combination, with smaller numbers for integrals with less
flow-time integrations. Following Eq. (2.78), we also introduce the sum of all c f

c ≡
F

∑
f=1

c f . (2.79)

For each integral we then compute an unique 64-bit identification number based on
the numbers introduced above. Since there is only one topology, the most important
aspects are the flow-time identification numbers followed by r and s. Thereafter, we
assign numbers to the distributions of indices.





3
I N T E G R A L R E D U C T I O N

In this chapter, we describe how the integrals in Eq. (2.77) can be reduced to a smaller
set of master integrals with the help of integration-by-parts (IBP) relations [32, 33] as well
as similar relations for the flow-time integrations. Both types of relations are introduced
in Section 3.1. In Section 3.2, we discuss strategies to actually perform the integral
reduction. This mounts into a description of the Laporta algorithm [44] over finite fields
in Section 3.3 and a discussion of algorithms to reconstruct rational functions from
their images over finite fields. Finally, we briefly describe the reduction process for the
gradient flow integrals encountered in this thesis in Section 3.4.

Section 3.1 is based on Ref. [41] and was worked out in my Master’s thesis [45].
Sections 3.2 and 3.3 are based on Refs. [46–48]. My contributions to these publications
are summarized in Section 3.3.

3.1 integration-by-parts relations for gradient flow integrals

Since they were introduced in 1981 by Chetyrkin and Tkachov [32, 33], integration-by-
parts (IBP) relations became a key ingredient of many precision calculations in high-
energy physics. They are based on the fact that Feynman integrals vanish in dimensional
regularization if a derivative w.r.t. one of the loop momenta is inserted, i.e.

∫

k1,...,kL

∂

∂kµ
i

(
qµ

j
1

Pa1
1 . . . PaN

N

)
= 0, (3.1)

where qj is an arbitrary momentum. On the other hand, the derivative can be calculated
explicitly, which leads to a linear relation between Feynman integrals with different
powers ai of the propagators. Different combinations of ∂

∂kµ
i
qµ

j lead to different linear

relations in general.
Equivalent relations can be found with the help of Lorentz-invariance identities, which

are obtained by taking antisymmetric derivatives w.r.t. external momenta [49]. Although
they are not linearly independent of the IBP relations [50], they usually speed up the
reduction process. Since there are no external momenta in our gradient flow integrals in
Eq. (2.77), we cannot exploit the Lorentz-invariance identities.

On the other hand, the IBP relations can be trivially generalized to the gradient flow
integrals, which leads to additional terms by taking the derivative of the exponentials.

19
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Without external momenta, we can only insert all possible combinations of ∂
∂kµ

i
kµ

j into

the integrals. This results in the general relation [45]

0 = δijD · I(c1, . . . , cF; T′1, . . . , T′N ; a1, . . . , aN) (3.2)

− tF

(
F

∏
f=1

∫ 1

0
du f u

c f
f

) ∫

k1,...,kL

exp[−t(T′1q2
1 + · · ·+ T′Nq2

N)]

Pa1
1 · · · PaN

N

N

∑
n=1

[(
an

Pn
+ tT′n

)
kµ

j
∂q2

n

∂kµ
i

]
.

The emerging scalar products of the form ki · k j can be absorbed by the propagators Pn by
completing the square, effectively reducing the power of the corresponding propagator
by one. Then, the sum consists of integrals where the indices an and c f are shifted by
±1. Obviously, IBP relations neither alter the number of flow-time integrations nor the
exponential functions.

We may apply an analogous strategy for the flow-time parameters though. Inserting a
derivative w.r.t. one of the flow-time integration variables, one arrives at the sum of two
integrals with fewer flow-time integrations and altered exponentials,

∫ tup
f

0
dt f

∂

∂t f
f (t f , . . .) = f (tup

f , . . .)− f (0, . . .). (3.3)

On the other hand, explicit evaluation of the derivative at the integrand level either
reduces one of the indices c f or one of the indices an by one. When taking the derivative
w.r.t. u f ′ , the general relation reads [45]

0 = t · I(c1, . . . , c f ′−1, c f ′+1, . . . cF; T′1, . . . , T′N ; a1, . . . , aN)
∣∣
u f ′=1

− t · I(c1, . . . , c f ′−1, c f ′+1, . . . cF; T′1, . . . , T′N ; a1, . . . , aN)
∣∣
u f ′=0

− c f ′ · I(c1, . . . , c f ′ − 1, . . . cF; T′1, . . . , T′N ; a1, . . . , aN)

+ tF+1

(
F

∏
f=1

∫ 1

0
du f u

c f
f

) ∫

k1,...,kL

exp[−t(T′1q2
1 + · · ·+ T′Nq2

N)]

Pa1
1 · · · PaN

N

N

∑
j=n

∂T′n
∂u f ′

q2
n.

(3.4)

One therefore arrives at linear relations among integrals with a different number of
flow-time integrations F and different exponentials.

In addition to the relations described above, we also employ symmetry relations,
which are obtained by shifting or renaming loop momenta, or by renaming flow-time
variables. Since they are simple one-to-one relations, we exploit them as much as possible
to reduce the set of distinct integrals before performing the reduction described in the
next sections.

3.2 reduction strategies

All of the relations introduced in the previous section can be expressed as linear equations
of the form

0 = ∑
i

Ci Ii, (3.5)
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which we collectively call IBP relations in the following. The different integrals are
denoted as Ii, indicating that at least one of the indices an, c f , the number of flow-time
integrations, or the exponential is different from all other integrals in the equation.
The coefficients Ci are rational functions with small degrees in D, the masses mn,
kinematical invariants of the external momenta pn, and the flow time t of the operator
insertion. Of course, they also depend on the an and c f . Since the linear IBP equations
are homogeneous, one can only express the integrals by a smaller set of master integrals,
which have to be solved by other means. This procedure is called integral reduction. For
the standard Feynman integrals of Eq. (2.74) it was proven that the number of master
integrals is finite [51]. Of course, the choice of the basis of master integrals is not unique
and depends on the ordering criterium of the integrals, cf. Section 2.5. The obvious
choice is of course a basis with master integrals that are the easiest to evaluate.

Currently, there exist two different reduction strategies in the literature. The first tries
to combine the IBP relations to recursion relations which express an integral through
easier integrals. Recursively applying these relations then reduces all integrals to the
master integrals. At the three-loop level, this approach has been successfully applied to
massless propagator type diagrams [33, 52, 53], massive tadpoles [54, 55], and on-shell
propagators [56–58]. At the four-loop level, it has been successfully applied to massless
propagator type diagrams [59]. However, the recursion relations usually have to be
derived manually which makes this procedure unfeasible for multi-loop calculations
with other topologies. In Refs. [60, 61], Lee published an algorithm and the program
LiteRed for the automated construction of recursion formulas. Although elegant, both
the construction and application of the formulas tend to become too slow for state-of-
the-art reductions.

In Ref. [62], it was attempted to construct an algorithm based on recursion formulas
for the massless vacuum gradient flow integrals given by Eq. (2.77). While succeeding for
two-loop vacuum integrals, it suffers from the fact that most of the different exponentials
require a special treatment. This makes it unfeasible, especially at the three-loop level,
where only two cases without flow-time integrations have been worked out.

Instead, we employ the second strategy called Laporta algorithm [44]. By inserting
integer values for the an into Eq. (3.5), one obtains a system of equations for the integrals.
These seeds are usually restricted by the requirements r ≤ rmax and s ≤ smax, with r
and s defined in Eq. (2.78) and rmax, and smax chosen large enough to cover all relevant
integrals in the reduction process, but usually no larger. Again, this can be easily
generalized to the gradient flow by inserting different values for c f , while demanding
c ≤ cmax, cf. Eq. (2.79). This system of equations can then systematically be solved with
a Gauss-type elimination algorithm. The Laporta algorithm has been implemented in
the public codes AIR [63], FIRE [64–67], Reduze [68, 69], and Kira [70]. Since none of
these programs natively supports gradient flow integrals, we generate the system with a
separate Mathematica [71] code developed in Ref. [45] and then solve this system with
Kira employing the feature to reduce user-defined systems.

However, integral reductions with the Laporta algorithm for state-of-the-art problems
are usually very expensive in terms of both CPU time and main memory usage. This is
due to the huge number of equations in the system to solve, the growth of intermediate
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expressions while solving the system, and the size of the rational functions that appear
as coefficients of master integrals. In particular, the coefficients of intermediate results
are typically more complicated than those appearing in the final result. Simplifying
those coefficients by algebraic means, e.g. with Fermat [72], is very time consuming and
memory intensive. This can even be illustrated with the univariate three-loop reductions
of gradient flow integrals: For one reduction performed for this thesis, monomials with
at least degree 508 in D appeared at intermediate steps, even though the final result
only had a maximum degree of 34.1 None of the public implementations of the Laporta
algorithm available was able to complete the desired reductions so that we had to resort
to the rather new techniques over finite fields discussed in the next section.

3.3 the laporta algorithm over finite fields

The problems of the Laporta algorithm can be mitigated by solving the system over finite
fields [34]. In practice, one uses prime fields Zp with characteristic p, where p is the
defining prime. Importantly, the multiplicative inverse is uniquely defined in Zp and can
be computed with the extended Euclidean algorithm [73]. Due to the 64-bit architecture
of modern CPUs, p is usually chosen to be a large 63-bit prime so that the sum of two
elements of Zp still fits into 64 bits. One can then replace all variables in the system
by integers in Zp and perform all operations modulo p. This way, all coefficients are
mapped to 64-bit integers, independent of the size of the original rational functions. On
one hand this reduces the memory needed for the coefficients, and on the other hand,
arithmetic operations on Zp are performed in constant time, independent of the size of
the original coefficients, utilizing the CPU’s native integer operations.

These methods can be used to eliminate linearly dependent equations from the
system [35]. This reduces the size of the system which has to be solved algebraically and
already leads to significant performance improvements. Furthermore, if a list of integrals
is provided that should be reduced, the information gathered in this step can be used
to select only those equations which are needed to reduce the integrals from this list.
In Kira, this procedure is implemented in the software component pyRed [70]. Once the
selection of the equations is done, the system is solved analytically, employing algebraic
simplifications of the rational functions.

However, it is also possible to avoid the algebraic solution altogether and reconstruct
the analytic result from the solutions over finite fields by combining interpolation algo-
rithms over finite fields, the Chinese remainder theorem (CRT), and rational reconstruction (RR)
algorithms as it is done for the computation of greatest common divisors of polynomials,
see e.g. Refs. [74–76]. In the context of IBP reductions this has been suggested in Refs. [34,
36] and further worked out in Ref. [37], albeit the latter reference focuses on the related
strategy of integrand reduction via generalized unitarity.

Since the IBP relations are linear, the solution strategies only involve the addition,
subtraction, multiplication, and division of rational functions. Therefore, the coefficients

1 We know this because we had to change the Fermat [72] settings to support higher degrees when attempting
the reduction with Kira 1.1.
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of the master integrals are also rational functions. Efficient algorithms for the interpola-
tion of polynomials and rational functions from their images in a finite field have been
studied in computer science for several decades, see e.g. Refs. [76–83]. The variables
of the rational function are replaced by elements of the finite field and the function is
evaluated at this point, i.e. for each tuple of values for the variables one obtains the
image of the rational function at this point. These evaluations are called probes. The
rational function is then interpolated by processing a sufficient number of probes so that
one obtains the rational function over the chosen prime field. Note that all coefficients in
the numerator and denominator polynomials are, of course, mapped to the finite field.

The rational function with rational numbers in Q as coefficients can be reconstructed
with the help of RR algorithms [84, 85]. Based on the image of the rational number in Zp

and the prime number p of the field, these algorithms can “guess” the rational number
in Q. They only succeed if both numerator and denominator of the rational number are
significantly smaller than p. However, this guess is unique if they succeed. The limit on
the size can be circumvented by combining the images over several prime fields with
the help of the CRT [73]. It combines the images of a rational number over two coprime
numbers to a new image over the product of both coprimes. Thus, the upper limit in the
RR is increased.

It is important to note that most of the mentioned algorithms are probabilistic, i.e. there
is a chance that they fail or provide a wrong result. Most of the failures are triggered by
hitting accidental zeros with a probability based on the DeMillo-Lipton-Schwartz–Zippel
lemma [77, 86, 87]. The probability of obtaining a wrong result can be reduced by
performing additional checks after the termination of the algorithms.

The general strategy over finite fields applied to the Laporta algorithm can be summa-
rized as follows.2 The system of equations is repeatedly solved over a prime field. Each
solution results in a probe for each master integral coefficient. These are then handed to
a rational function interpolation algorithm. This procedure is repeated until all rational
functions have been interpolated over the prime field. Their coefficients are then passed
to a RR algorithm to obtain the rational functions with coefficients in Q. If the RR did
not succeed, the same process is repeated over additional distinct prime fields, and the
results are combined with the help of the CRT until the RR succeeds.

While the algebraic simplification of rational functions can be performed in parallel to
some degree, limited by their interdependencies, the evaluations of probes in a finite
field are completely independent, opening the possibility for massive parallelization on
many CPU cores and even nodes of a computer cluster.
FIRE6 was the first public program implementing this strategy [67]. However, it is

currently limited to problems with D and two scales, of which one has to be set to one.
It uses a factorization strategy which still has to be generalized to more scales. Very
recently, the framework Caravel was published, which provides algorithms to calculate
multi-loop scattering amplitudes based on generalized unitarity and the techniques
outlined in this section [88].

2 Of course, it can be applied to many other problems as well.
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As part of this thesis, we codeveloped the public open-source C++ library FireFly [46,
47] which implements the interpolation and RR algorithms. To our knowledge, it was the
first open-source library for these tasks. Shortly after, the similar library FiniteFlow was
published [89], which in addition provides many building blocks to assemble physical
calculations. FireFly allowed us to implement the reduction strategy described above
into version 2.0 of the public program Kira [48] as follows: FireFly requests pyRed to
solve the system of equations repeatedly over the finite fields for different tuples of
values of the variables and then processes the resulting probes until the master integral
coefficients are successfully reconstructed over Q. The input system is the same system as
for the algebraic reduction. Particularly, it is already trimmed of the linearly dependent
equations and of the equations which are not relevant for the selected integrals. Exactly
as in the algebraic reduction, the system is trimmed again after the forward elimination,
i.e. the equations which are no longer relevant are dropped. However, in contrast to
the algebraic reduction, we only select the relevant master integral coefficients after
the back substitution. Hence, the interpolation of irrelevant (but potentially difficult)
rational functions is avoided. This selection does not offer any advantage in the algebraic
reduction because all intermediate coefficients need to be known in order to calculate
the final result.

In Kira, the forward elimination is usually the dominant part of a reduction over a
finite field, whereas in the algebraic solution it is usually the other way round. Hence,
we implemented a second strategy which first performs the forward elimination using
algebraic simplifications for the coefficients, and then performs the back substitution
over the finite field, reconstructing the result with FireFly.

In Section 3.3.1, we describe the interpolation of rational functions in more detail
and emphasize the new ideas published in Refs. [46, 47]. Similarly, we proceed for
the RR in Section 3.3.2. We also discuss the role of polynomial factors in Section 3.3.3
and some performance critical technical features like parallelization and overhead
reduction in Section 3.3.4. In Section 3.3.5, we present selected benchmarks to quantify
the performance improvements. For more details and benchmarks we refer to Refs. [46–
48].

Most of the algorithms in FireFly [46, 47] were implemented by Jonas Klappert,
who also developed some parts of the overhead reduction and of the user interface,
most notably the executable ff_insert, which can be used to perform replacements in
mathematical expressions with the help of FireFly. Sven Yannick Klein implemented
the Ben-Or/Tiwari algorithm [78] as well as the polynomial racing algorithm of Refs. [81,
82] in the course of his Bachelor’s thesis [90]. I implemented a few algorithms and
some parts of the user interface as well as most of the interface to Kira. Most of the
parallelization as well as its interplay with the overhead reduction has been developed
by me.

In Kira 2.0 [48] most of the interface to FireFly was implemented by me. Beyond
the standard options, this includes the features specifically designed for the combination
with FireFly. Jonas Klappert also developed some parts of the interface to FireFly.
In addition, I participated in improving the reduction of user-defined systems, which
we then applied to the reductions of the gradient flow integrals for this thesis. Philipp
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Maierhöfer and Johann Usovitsch implemented most of the other new features not
directly related to FireFly.

3.3.1 Interpolation of Rational Functions

In this section we explain the basic ideas behind the interpolation of rational functions just
from their evaluations, the probes. This problem class is known as black-box interpolation
problem in computer science. Additionally, we outline the new ideas of the algorithms
implemented in FireFly [46, 47].

To fix the notation, we start by defining multivariate polynomials as follows. Given a
set of n variables ~z = (z1, . . . , zn) and an n-dimensional multi-index α = (α[1], . . . , α[n])
containing integers α[i] ≥ 0, we define a monomial ~z α as

~z α ≡
n

∏
i=1

zα[i]
i (3.6)

with a degree

d =
n

∑
i=1

α[i]. (3.7)

A polynomial f , which is an element of the polynomial ring Zp[~z] in the variables ~z, is
defined as

f (~z) =
T

∑
j=1

cαj~z
αj , (3.8)

where T is the number of non-zero terms. The total degree D is defined as the maximum
of all individual d of the monomials. The coefficients cαj are elements of Zp corresponding
to different multi-indices αj.

Rational functions can be constructed by combining two polynomials. Given two
polynomials P, Q ∈ Zp[~z], we define a rational function f ∈ Zp(~z), where Zp(~z) is the
field of rational functions in the variables ~z, as the ratio of P and Q:

f (~z) =
P(~z)
Q(~z)

=
∑Tn

i=1 nαi~z
αi

∑Td
j=1 dβ j~z

β j
. (3.9)

In order to provide a unique representation, we define the lowest degree coefficient in
the denominator to be equal to one. If several monomials contribute to the lowest degree
dmin, we choose to define that coefficient of the monomial ~z α to be equal to one whose
multi-index α is the smallest in a colexicographical ordering, e.g.

(1, 1, 0) < (1, 0, 1) < (0, 1, 1), (3.10)

for d = 2 with three variables.
In the univariate case, a rational function can be expressed as a continued fraction

through Thiele’s formula [91]

τ(t) = b0 + (t− t1)


b1 + (t− t2)

(
b2 + (t− t3)

(
· · ·+ t− tN

bN

)−1
)−1



−1

, (3.11)
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with t1, . . . , tN+1 being distinct elements of Zp. The coefficients b0 . . . , bN can be obtained
recursively from the probes of the rational function f (t) at t1, . . . , tN+1,

bi ≡ bi,i, bi,j =
ti+1 − tj

bi,j−1 − bj−1
, bi,0 = f (ti+1). (3.12)

With each probe f (ti) the interpolated function τ(t) describes the full function f (t)
better and better. If one finds agreement between f (ti) and τ(ti), the interpolation can be
terminated since the full functional dependence is known with high probability. Thiele’s
interpolation formula can be extended to the multivariate case, but it scales abysmal
with the number of variables.

Another univariate interpolation strategy is based on the extended Euclidean algo-
rithm [73].

At this point, it is useful to introduce the notions of dense and sparse: A polynomial
of n variables and a total degree D can have up to (n+D

D ) terms. We call a polynomial,
or a rational function, sparse if most of the monomial coefficients cαj vanish, and dense
otherwise. Extending this notion to the interpolation algorithms, we call an algorithm
which performs well for dense functions dense and one which performs well for sparse
functions sparse. In this sense, the univariate interpolation with Thiele’s formula is a
dense algorithm because it requires 2D or 2D + 1 probes, depending on whether the
maximum degree term is in the numerator or denominator, plus additional probes to
check for termination, while the actual number of terms T does not affect the scaling.

Our algorithm for the interpolation of multivariate rational functions implemented
in FireFly is based on the sparse algorithm of Cuyt and Lee [83]. There are other
algorithms, both dense and sparse, in the literature, see e.g. [76, 92–97], but we found
that the algorithm of Cuyt and Lee performs best in our applications.

The idea of the algorithm of Cuyt and Lee is to perform the multivariate rational
function interpolation with a univariate rational function interpolation and embedded
multivariate polynomial interpolations. First, one introduces a homogenization variable t
and defines the auxiliary function [98]

f̃ (t~z) = f (tz1, . . . , tzn). (3.13)

f̃ can be interpreted as univariate rational function in the variable t, whose coefficients are
multivariate polynomials in ~z. By interpolating f̃ univariately in t at different values for
~z, one thus obtains probes which can be used for multivariate polynomial interpolations
of the polynomial coefficients. As optimization, one can set z1 = 1 and reconstruct its
power by homogenizing w.r.t. the corresponding power of t, after the dependence of all
other variables has been successfully interpolated. However, the algorithm requires a
constant term in either numerator or denominator to fix the normalization of the rational
function. By introducing a variable shift~s = (s1, . . . , sn), one can ensure that

f̃ (t~z)→ f̂ (t,~z,~s) ≡ f̃ (t~z +~s) = f̃ (t + s1, tz2 + s2, . . . , tzn + sn) (3.14)

has a constant term. However, the shift introduces many additional terms so that f̂ is
usually much denser than f̃ . The maximum degree terms in t are not affected by the shift
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though and retain their sparsity. Thus, one first interpolates these polynomials and stores
the probes for all lower degree polynomial coefficients for later use. After termination of
these interpolations, one knows how these terms affect the lower degree terms through
the shift. By subtracting the shift-induced terms, the next-to-highest degree terms are
no longer affected by the shift and can be interpolated sparsely, preferably by using the
probes already stored while interpolating the higher degree terms and only computing
new probes if those are not sufficient. By repeating this procedure from the highest to
the lowest degrees, the whole rational function can be interpolated without interpolating
the artificial terms introduced by the shift.

We identified three areas to improve this algorithm: First, removing the shift requires
to subtract the additional terms for every probe, which becomes very expensive for
many variables or high degrees. Secondly, the univariate interpolation with Thiele’s
formula (3.11) is dense and does not take into account that most of the terms will be
known at intermediate stages of the interpolation. Thirdly, the lower degree terms can be
interpolated with very few probes even if they are completely dense. This is especially
relevant for dense rational functions, where this sparse algorithm requires much more
probes than a dense algorithm because the high degree terms are interpolated first.

To address the first point, we perform a scan before the actual interpolation. By
checking different shift configurations, we can choose the one which shifts the minimum
amount of variables while still generating a constant term. The number of probes required
for this scan is negligible compared to the number of probes for most multivariate
interpolations, but it avoids some expensive subtraction steps and saves some probes,
especially in physical applications. It also works well together with our second and third
suggestion.

Secondly, we only perform the interpolation with Thiele’s formula once. Afterwards,
we know all the nonvanishing polynomial coefficients of the rational function with high
probability. This allows us to construct equations of the form

∑
i

nu,i(~z,~s)ti − f̂ (t,~z,~s)∑
j

du,j(~z,~s)tj = f̂ (t,~z,~s)∑
j

ds,j(~z,~s)tj −∑
i

ns,i(~z,~s)ti, (3.15)

where the subscripts s and u denote the solved and unsolved coefficients, respectively.
In this notation the normalizing coefficient is included in the solved subset. Each of
the solved coefficients can be computed by evaluating the corresponding multivariate
polynomial. Instead of interpolating the function with Thiele’s formula, we can thus
construct and solve a system of equations which requires less probes, because we can
prune the system, i.e. remove all known coefficients. This is inspired by the temporary
pruning idea of Refs. [81, 82].

Thirdly, instead of only interpolating the highest degree unsolved terms sparsely,
we additionally interpolate all lower degree terms densely. Due to their small degrees,
the low degree terms can be interpolated with few probes, which allows us to prune
the system earlier. If for some degree the dense interpolation is still running while all
higher degree terms have been interpolated, we abort the dense interpolation and restart
it sparsely while reusing the probes. The effect of the shift on the terms interpolated
densely is subtracted after the interpolation of the whole rational function terminated.
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Based on the third idea, we call our algorithm hybrid racer, because it races a dense
against a sparse interpolation. It is applicable for both dense and sparse rational functions
and avoids the oversampling of the algorithm of Cuyt and Lee for dense functions, while
still maintaining a good performance for sparse functions. The hybrid racer is described
in Ref. [47] in detail, while the other two improvements are described in Ref. [46]. This
includes examples as well as benchmarks.

Let us briefly mention the polynomial interpolation algorithm implemented in FireFly.
We employ the multivariate Zippel algorithm [77, 80] which interpolates one variable
after the other. Each univariate interpolation is performed with the racing algorithm
of Refs. [81, 82] which races the dense Newton algorithm [91] against the sparse Ben-
Or/Tiwari algorithm [78]. We describe our implementation of the Zippel algorithm in
Ref. [46] and the racing algorithm in Ref. [47].

All of the mentioned algorithms have a probability of failing. Usually, this probability
can be related to the DeMillo-Lipton-Schwartz–Zippel lemma [77, 86, 87]. It states that
the probability that a polynomial f of total degree D over a field F evaluates to zero when
selecting ~y independently and uniformly randomly from a subset S of F is bounded by3

Pr[ f (~y) = 0] ≤ D
|S| . (3.16)

For example, while recursively constructing the rational function with Thiele’s formula,
one can hit a zero in the denominator of Eq. (3.12) which leads to the failure of the
algorithm. Similarly, Zippel proved that his algorithm fails at the interpolation of a
polynomial with n variables, total degree D, and T non-zero terms over Zp with a
probability less than

nD2T2

p
(3.17)

if the variables are chosen uniformly randomly from Zp [80].4 The probability of the
univariate Newton algorithm yielding a wrong result after interpolating a polynomial
with total degree D over a field F and checking its termination criterium η > 0 times
with uniformly randomly chosen points from a subset S of F is less than [81, 82]

ηD
(

D
|S|

)η

. (3.18)

Lastly, the probability of the Ben-Or/Tiwari algorithm terminating wrongly is less than

T(T + 1)(2T + 1)D
6|S| (3.19)

for a polynomial with total degree D and T nonzero terms over a field F when selecting
the interpolation points uniformly randomly from a subset S of F [81, 82]. All of these
probabilities are inversely proportional to the characteristic prime number of the prime

3 The bound when selecting of the entirety of a finite field was already proved by Ore in 1922 [99].
4 Actually, the anchor points have to be chosen uniformly randomly from Zp. We did not introduce this term

in this thesis because it is only relevant for some of the polynomial subalgorithms.
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fields Zp used in FireFly. Since we use large 63-bit prime numbers, these probabilities
are small enough that they should not concern us at the moment. Nonetheless, one
should keep in mind that the algorithms are probabilistic.

3.3.2 Rational Reconstruction

With the algorithms discussed in the previous section, one obtains the image of the
rational function in Zp(~z), i.e. all monomial coefficients are integers in Zp. While there
is no inversion from Zp(~z) to the field of rational functions over rational numbers Q(~z),
one can employ rational reconstruction (RR) algorithms. They are based on the extended
Euclidean algorithm [73] and the first algorithm was published by Wang in 1981 [84].

His algorithm leads to a guess for a rational number a = n/d from its image

e = a mod m, (3.20)

where n, d, and m > e ≥ 0 are integers. If |n|, |d| ≤
√

m/2, it succeeds and yields a
unique a as was proven in Ref. [100]. However, a still might not be the correct rational
number in Q, because the unique guess may differ for different moduli m. Moreover, the
bound of

√
m/2 leads to failures of Wang’s algorithm for large n and d if m is restricted

to machine-size integers.
Both problems can be solved with the help of the Chinese remainder theorem (CRT) [73]:

The theorem states that for pairwise coprime moduli m1, . . . , mk and integers e1, . . . , ek
fulfilling 0 ≤ ei < mi one can find exactly one integer x such that 0 ≤ x < M ≡
m1 ·m2 · · ·mk and

e1 = x mod m1,
...

ek = x mod mk.

(3.21)

Thus, if the RR fails, one can interpolate the rational function over different prime
fields Zpi and apply the CRT to the images of the coefficients to obtain new unique
images x = a mod p1 · p2 · · · . Repeating this several times, one effectively increases
the modulus which in turn increases the bound of the RR. If the RR succeeds with
the same rational number a for two consecutive prime fields, we consider the guess as
correct. This procedure is applied to all monomial coefficients of the rational function
until we obtained probably correct guesses for all of them. Afterwards, we check if the
resulting rational function coincides with the probes over another prime field. If this
check succeeds as well, we finally terminate the whole procedure and return the rational
function in Q(~z).

Wang’s RR algorithm is not optimal for arbitrary n and d because it only succeeds
if both |n| and |d| are smaller than

√
m/2. In the worst case they differ by many orders

in magnitude and only one of them fails the bound. In Ref. [85] it was observed that
the guess of the rational number comes together with a huge quotient in the Euclidean
algorithm. Based on this observation, a modified version of Wang’s algorithm called



30 integral reduction

maximal quotient rational reconstruction was proposed. It can only be proven that it returns
a unique solution if |n||d| ≤ √m/3. However, it performs much better in the average case
because large quotients from random input are rare.

Instead of deciding on one of the algorithms, we race both against each other to reap
the advantages of both. Hence, we run both algorithms and consider a guess a as correct
if either of the two algorithms reconstructs the same number in two consecutive prime
fields. More details of our implementation in FireFly can be found in Ref. [46].

3.3.3 Factors

The rational functions appearing in physical calculations usually include polynomial
factors. Once these factors are found, they lead to simpler results and can be divided out
to reduce the number of probes required for the interpolations. Recently, algorithms and
tools have been published that make it possible to determine the denominators of all
coefficients in the result of an IBP reduction without performing the full reduction [101,
102]. Our improvements in this direction are twofold.

On the one hand, we implemented a feature into Kira which allows the user to provide
factors of the master integral coefficients, for example obtained by the tools mentioned
above. During the interpolation with FireFly, the results of the reductions over finite
fields are divided by these factors so that only simpler functions have to be interpolated.
In the optimal case, this not only reduces the number of terms but also removes all
denominators so that no shift is required. In the final result, all factors are restored. This
feature is described in Ref. [48] in detail.

On the other hand, we proposed a general algorithm to search for univariate factors
in Ref. [47]. For each variable, it performs a univariate interpolation while setting all
other variables to fixed random values. The resulting univariate rational function is
then factorized. By performing another univariate interpolation and factorization with
different random values for the other variables in the same prime field, one can identify
univariate polynomial factors. These steps are then repeated over additional prime fields
until all monomial coefficients are reconstructed over Q as described in Section 3.3.2. We
implemented this algorithm into FireFly and divide out the detected factors to simplify
the interpolation. Of course, they are restored in the final result. We refer to Ref. [47] for
a detailed discussion as well as some benchmarks.

3.3.4 Parallelization and Overhead Reduction

FireFly offers the Reconstructor class as an interface between the user and the lower-
level algorithms. The user just has to provide an implementation of the black-box
functions which shall be interpolated. The Reconstructor class then handles the whole
interpolation process. It offers a parallelization based on the thread-pool pattern, i.e.
most computational tasks are queued and the threads of the thread pool work their
way through the queue. This ensures that the threads are occupied as long as there are
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enough tasks. The two main classes of tasks are the evaluation of the probes and the
interpolations. In most cases, the former require almost all of the computation time.

We thus implemented an additional parallelization with MPI [103] to utilize several
nodes on a computer cluster. While the main node handles the whole interpolation
procedure, the evaluation of the probes can be distributed to the additional worker
nodes. While MPI support was originally implemented into FireFly, we also extended it
to Kira.

Another possibility to speed up the evaluation of the probes is to perform the individ-
ual computational operations on vectors instead of scalars inspired by the vectorization
of modern CPUs. For example, instead of solving a system of equations multiple times
for different input values, one can combine the input values to an array and only solve it
once by performing each operation on the entries of the array. This reduces the overhead
of the calculation for some problems, most notably when solving systems of equations.
However, one pays with an increased memory footprint. FireFly allows the user to set
the maximum size of these arrays, called bunches, and the Reconstructor then dynam-
ically handles the size depending on the current workload. We favor parallelism over
overhead reduction.

Both features are described in Refs. [47, 48] with more details as well as benchmarks.

3.3.5 Selected Benchmarks

In this section we briefly present some selected benchmarks to quantify the performance
improvements gained through the combination of Kira and FireFly.

p2 P6

P7

P2

P1

P5 q1

p1 P4 P3
q2

Figure 3.1: A non-planar double box which occurs, e.g., in virtual corrections to single top
production at NNLO. Both the double line and the wiggly line represent massive
lines with masses m1 and m2, respectively, cf. Eqs. (3.22) and (3.23).

The first benchmark is the reduction of the two-loop double-box topology shown in
Fig. 3.1 with the propagators

P1 = k2
1, P2 = k2

2, P3 = (q2 − k1)
2, P4 = (p1 − k2)

2,

P5 = (q1 + k1)
2 −m2

1, P6 = (q1 + k1 − k2)
2 −m2

1,

P7 = (q1 − p2 + k1 − k2)
2 −m2

2, P8 = (k1 − p1)
2, P9 = (k2 − q2 − p2)

2,

(3.22)
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where P8 and P9 are auxiliary propagators. The scalar products of the external momenta
can be expressed through the kinematical invariants by

p2
1 = p2

2 = q2
2 = 0, q2

1 = m2
2, (p1 + p2)

2 = s,

(q2 − p1)
2 = t, (q2 − p2)

2 = m2
1 − s− t.

(3.23)

We perform the reduction with rmax = 7 and smax = 4, which is sufficient for the
virtual NNLO corrections to the amplitude of single top production. This results in
about 1.6 million probes in total over four prime fields to complete the reduction. The
calculations were performed on cluster nodes equipped with two Intel Xeon Platinum
8160 processors with 24 cores each and 192 GiB of RAM in total with hyper-threading
disabled. Table 3.1 shows the runtime of Kira ⊕ FireFly in comparison to Kira ⊕
Fermat, i.e. the algebraic reduction utilizing Fermat [72] to process the coefficients. Not

Table 3.1: Reduction of the double box in Fig. 3.1 with rmax = 7, smax = 4 utilizing FireFly and
the overhead reduction with bunches described in Section 3.3.4. As a comparison we
present the algebraic reduction with Kira and Fermat.

maximum bunch size Runtime Memory
CPU time

per probe

1 18 h 40 GiB 1.73 s

2 14 h 41 GiB 1.30 s

4 11 h 46 GiB 1.00 s

8 10 h 15 min 51 GiB 0.91 s

16 9 h 45 min 63 GiB 0.85 s

32 9 h 30 min 82 GiB 0.84 s

64 9 h 30 min 116 GiB 0.83 s

Kira ⊕ Fermat 82 h 147 GiB -

only is the runtime faster by a factor of four, also the memory footprint reduces by more
than a factor of three. The free memory can be traded against an even better performance
when increasing the bunch size to reduce the overhead of solving the system of equations.
This however reaches a plateau at bunch size 32 while costing more and more memory.

Table 3.2 shows the same reduction while utilizing multiple nodes of the cluster. The
performance increases significantly, but again, at some point the gain through additional
nodes reaches a plateau.

The most impressive benchmark is the reduction of the double-pentagon topology that
appears in the amplitude of five-light-parton scattering at the two-loop level illustrated in
Fig. 3.2. There are five external momenta p1, . . . , p5 fulfilling p2

i = 0. All pi are assumed
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Table 3.2: Reduction of the double box in Fig. 3.1 with rmax = 7, smax = 4 utilizing FireFly and
multiple nodes with MPI. As a comparison we present the algebraic reduction with
Kira and Fermat.

# nodes Runtime Speed-up

1 18 h 1.0

2 10 h 15 min 1.8

3 7 h 15 min 2.5

4 5 h 45 min 3.1

5 5 h 30 min 3.3

Kira ⊕ Fermat 82 h -

p1 P1

P4

P5

P2 P7

P8

p3

p4

p2 P3 P6
p5

Figure 3.2: The double-pentagon topology for five-light-parton scattering.

to be incoming, i.e. ∑i pi = 0. The kinematical invariants are defined by

s12 = (p1 + p2)
2, s23 = (p2 + p3)

2, s34 = (p3 + p4)
2,

s45 = (p4 + p5)
2, s51 = (p5 + p1)

2.
(3.24)

Including D, the reduction of the double-pentagon topology is a six variable problem. By
setting s12 = 1 and restoring its dependence by dimensional analysis after the reduction,
it can be reduced to a five variable problem. The set of denominators describing the
topology depicted in Fig. 3.2 is chosen as

P1 = l2
1 , P2 = (l1 + p1)

2, P3 = (l1 + p1 + p2)
2, P4 = l2

2 ,

P5 = (l2 + p3)
2, P6 = (l1 + l2 + p1 + p2 + p3)

2, P7 = (l1 + l2 − p4)
2,

P8 = (l1 + l2)2, P9 = (l2 + p1)
2, P10 = (l2 + p2)

2, P11 = (l2 + p4)
2,

(3.25)

where the last three entries are auxiliary denominators. The system of equations used
in this reduction is taken from Ref. [104], which provides it in block-triangular form.
This form is much better suited for the reduction than a naive IBP system as generated,
e.g., by Kira. Additionally, we used FireFly to transform the coefficients in the system
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to the Horner form for faster evaluations. We benchmark the reduction of all integrals
including five scalar products. The reductions are performed on a machine with two Intel
Xeon Gold 6138 with 20 cores each and 768 GiB of RAM in total with hyperthreading
enabled. The results of this benchmark are shown in Table 3.3. The most complicated

Table 3.3: Reduction of all integrals with five scalar products in the double-pentagon topology.

Runtime Memory Probes

12 d 540 GiB 38278000

master integral coefficient has a maximum degree in the numerator of 87 and in the
denominator of 50 thus yielding a dense bound of roughly 5.46 · 107 possible non-zero
monomials. Fortunately, many of these are zero such that only about 107 monomials
contribute. Without the scan for factors, the maximum degree of the denominator of the
most complicated coefficient rises to 85. The database of the reduction occupies 25 GiB
of disk space.

These and more benchmarks are studied in detail in Refs. [47, 48], displaying the
impact of many options offered by Kira and FireFly.

3.3.6 Conclusions

We described the ideas behind the interpolation and RR techniques and how they can be
applied to IBP reductions over finite fields. Additionally, we developed some improved
algorithms as well as some technical advancements, which are implemented in our
public general-purpose C++ library FireFly [46, 47]. Moreover, we integrated support for
FireFly into the public IBP reduction program Kira [48], which reduces the memory
footprint and runtime of many reduction problems significantly. Of course, finite field
and interpolation techniques are not limited to IBP reductions. We thus hope that these
tools can be used to finish some of the challenging calculations on the forefront of
high-energy physics as well as other fields.

3.4 reduction of gradient flow integrals

After describing the new techniques and tools, we now turn back to the gradient flow. As
mentioned before, we generate the system of equations based on the relations introduced
in Section 3.1 with a Mathematica [71] code developed in Ref. [45] and then solve this
system with Kira ⊕ FireFly employing the feature to reduce user-defined systems.
Since t is the only dimensionful scale and can thus be factored out, the coefficients of
the integrals in the linear system are simply rational functions in D. However, even
with these improvements, the whole system required for the higher-order terms in the
expansion of the quark masses at the three-loop level did not fit in our main memory of
768 GiB before removing the linearly dependent equations. We thus had to divide the
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system into 24 subsystems, solve them one after each other, and finally perform another
reduction for the temporary master integrals to arrive at the final basis. The largest of
the subsystems consisted of more than 14 million linearly independent equations with
more than 145 million terms in total. Solving this subsystem once over a finite field takes
more than half an hour and more than 35 GiB of RAM so that we could only solve a few
in parallel. Luckily, we only required a few hundred probes per subsystem since this is a
univariate problem in D and the maximum degrees in the master integral coefficients
are at most 51. Thus, we were able to finish the whole reduction in less than two weeks.

Finally, we found one master integral at one-loop level, six at two-loop level, and 216
at three-loop level. However, these numbers may not be absolute because there might
exist additional master integrals which are not required for the integrals we encountered.
In the next section, we discuss how these master integrals can be solved.





4
C A L C U L AT I O N O F T H E M A S T E R I N T E G R A L S

In this chapter we discuss methods to calculate the master integrals. The simplest master
integrals can be solved analytically to all orders in ε by direct integrations described
in Section 4.1. However, many master integrals are too complicated for this strategy to
succeed. In Section 4.2, we describe how the integrands can be expanded in ε despite
their singularities and integrated afterwards, but also this method has its limitations.
The most general method is a numerical integration following the sector decomposition
strategy [105, 106], which works well for all gradient flow integrals. The application
to gradient flow integrals was worked out by Tobias Neumann in his PhD thesis [107].
Therefore, we only discuss the main ideas in Section 4.3.

Let us briefly comment on other common techniques for the calculation of master
integrals. Since there is only the flow time t as sole mass scale after the expansion
in the quark masses, we cannot use differential equations [108–111], because they only
produce trivial relations. Dimensional recurrence relations [112, 113] on the other hand yield
nontrivial difference equations, which can be used to determine the master integrals
up to periodic functions. However, these have to be fixed by knowing the solution of
the integrals in some limit. We did not find an exploitable limit and thus abandoned
this approach for now. Finally, we also explored the Mellin-Barnes representation [114,
115]. In Ref. [45], we developed a procedure to construct Mellin-Barnes representations
of gradient flow integrals based on the modified method of brackets [116]. The obtained
representations are quite high dimensional though so that the speed of convergence in
the numerical evaluation with MB [117] or MBresolve.m [118] is outclassed by the sector
decomposition based method by orders of magnitude. Hence, we did not attempt an
analytic solution of these representations.

All analytical results for the master integrals in this thesis were calculated by myself:
a subset of simple master integrals employing direct integration as part of my Master’s
thesis [45] and the remainder as part of this thesis. Tobias Neumann calculated all
numerical results. Section 4.3 is thus based on the compact discussion of Ref. [41].

4.1 direct integration

The simplest method to calculate the master integrals is to solve the momentum integrals
with the help of the Gaußian integral

∫

q
e−sq2

(q2)−α =
sα

(4πs)D/2
Γ(D/2− α)

Γ(D/2)
, (4.1)

37
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where Γ(x) is the well-known gamma function. However, starting at two-loop level,
there are multiple momentum integrations which are interconnected in general. By
introducing Schwinger parameters xi as

1
(q2)a =

1
Γ(a)

∫ ∞

0
dx xa−1e−xq2

(4.2)

one can rewrite some or all of the propagators as exponential functions. By completing
the square in the loop momenta, one can then again apply Eq. (4.1) so that only integrals
over the flow-time and Schwinger parameters remain. These can be solved with the
help of Mathematica [71] for all master integrals up to two-loop order and the simplest
three-loop master integrals. Often, this results in hypergeometric functions which can be
expanded with the package HypExp [119, 120].

4.2 integrand expansion

When the integrations of the Schwinger and flow-time parameters proof too difficult
to be integrated with the exact dependence in D, one can simplify the integrands by
expanding in ε, which would be done at a later stage anyway. However, one cannot
perform a naive expansion as long as there are divergences in the integration region.
Usually, they are encountered at the integration boundaries. Ref. [121] introduced a
strategy to both detect and extract the singularities so that the finite integrand can be
expanded. We briefly summarize it in the following.

To unify the integration variables, we substitute the flow-time parameters by u = x
1+x

to map them from u ∈ [0, 1] to x ∈ [0, ∞) and denote all Schwinger-like parameters as xi.
One can compute the degree of vanishing degK

J (F) of an integrand F by

Fxj→λxj ∀j∈J and xk→λ−1xk ∀k∈K ∝ λdegK
J (F) for λ→ 0, (4.3)

where all xj in the set J tend to zero and all xk in the set K to infinity. The degree of
divergence is then defined as

ωK
J (F) ≡ |J| − |K|+ degK

J (F). (4.4)

If ωK
J (F) > 0 for all disjoint sets J and K, the integral is absolutely convergent.1 Further-

more, it was shown in Ref. [121] that the operators

DK
J ≡ 1− 1

ωK
J

[
∑
j∈J

∂

∂xj
xj − ∑

k∈K

∂

∂xk
xk

]
(4.5)

fulfill [
E

∏
i=1

∫ ∞

0
dxi

]
F =

[
E

∏
i=1

∫ ∞

0
dxi

]
DK

J F (4.6)

1 This assumes that there are no divergences inside the integration domain.
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and improve the degree of divergence. By applying such operators a finite number of
times, one can turn all integrals absolutely convergent. Of course, there are still poles in
ε after this procedure, but they are explicit and can be factored out of the integrals.

As an example, let us discuss the two-loop master integral
∫ 1

0
du
∫

p,k
e−(2−u)p2−uk2−u(p−k)2

=
1

(4π)D

∫ 1

0
du (4u− u2)−

D
2

=
1

(4π)D

∫ ∞

0
dx (1 + x)2−2ε (3x2 + 4x)ε−2 ≡ 1

(4π)D

∫ ∞

0
dx F.

(4.7)

It is immediately clear that the integral diverges at ε → 0 for x → 0 and is finite for
x → ∞, which can also be read off from

ω{x}(F) = 1, ω{x}(F) = ε− 1. (4.8)

Applying the operator of Eq. (4.5) to F, we obtain
[

1− 1
ε− 1

∂

∂x
x
]

F =
((3x + 5) ε− 2) (1 + x)1−2ε

(ε− 1) x1−ε (3x + 4)3−ε
≡ F̃ (4.9)

and find that the degrees of divergence improved to

ω{x}(F̃) = 1, ω{x}(F̃) = ε. (4.10)

Repeating this step with

[
1− 1

ε

∂

∂x
x
]

F̃ =
9xε

((
x + 5

3

)2
ε2 +

(
x2 + 2x + 1

3

)
ε− 4

3 x− 10
9

)

ε (ε− 1) (1 + x)2ε (3x + 4)4−ε
≡ F̂, (4.11)

the degrees of divergence improve again to

ω{x}(F̂) = 1, ω{x}(F̂) = 1 + ε. (4.12)

Hence, the integral
∫ ∞

0 dx F̂ converges absolutely and one can safely expand the inte-
grand in ε to the desired order. Note that the pole in 1/ε is now explicit.

The Maple [122] package HyperInt [123] provides the convenient functions to compute
the degrees of divergence in Eq. (4.4) for all sets of variables and to apply the operator
in Eq. (4.5) to the integrand. For integrals with more than one variable, there are usually
several variable sets with negative degrees of divergence and, thus, several operators
could be applied. Quite often, applying one operator directed towards a specific degree
of divergence improves others as well. Hence, we test several possible operators and
application orders to obtain the smallest integrand which is absolutely convergent. After
expanding the integrands to the desired order in ε, we use HyperInt to solve the integrals
in terms of hyperlogarithms2. Conveniently, HyperInt can also convert them to multiple
polylogarithms [125, 126]

Lin1,...,nr(z1, . . . , zr) = ∑
0<k1<···<kr

zk1
1 · · · zkr

r

kn1
1 · · · knr

r
, (4.13)

which we prefer in this thesis.

2 Hyperlogarithms have already been studied in the 19th century. For an overview of their properties and
application to Feynman integrals we refer to Ref. [124].
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4.3 sector decomposition

In this section, we briefly describe the numerical approach based on the sector decompo-
sition algorithm [105, 106]. For the gradient flow integrals, it was worked out in Ref. [107]
and we refer to this reference for details.

As a first step of the numerical evaluation of the gradient flow integrals given by
Eq. (2.77), we express the propagators through Schwinger parameter integrals and map
them from x ∈ [0, ∞) to y ∈ [0, 1] using the simple transformation x = y

1−y . Momentum
integrations are performed as D-dimensional Gaußian integrals after a diagonalization,
cf. Section 4.1. The overall result is an integral over a unit hypercube.

The integrand typically involves a number of (overlapping) singularities, which we
factorize using FIESTA [127–129], an implementation of the sector decomposition algo-
rithm. As opposed to regular Feynman integrals where sector decomposition is typically
employed in combination with Feynman parameterization, it appears that we cannot
restrict the singularities to the lower integration bound only. To identify cases where
singularities appear at the upper bound, we determine the degree of divergence for each
subset of integration variables at the level of the Schwinger parameterization as already
discussed in Section 4.2. If an integral involves singularities both at the lower and the
upper bound, we split all integration intervals in the middle, and map the singularities
to the lower bound by an appropriate change of variable.

The sector decomposed integrals obtained from FIESTA are then integrated with our
implementation of fully symmetric integration rules of order 13 [21, 107, 130], which can
handle integrable logarithmic-like singularities at the integration boundaries very well.
We perform all arithmetic with 256-bit precision using the MPFR library [131], and use a
local adaptive bisection in the direction of the largest fourth difference. A high precision
arithmetic turns out to be necessary to achieve a relative numerical accuracy of 10−10 or
better. The integration uncertainty is estimated by the difference between the integration
results of rules of order 13 and 11.
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Using the methods described in Chapters 2 to 4 and Appendix C, we can calculate the
VEVs of E(t, x), S(t, x), and R(t, x) defined in Section 2.4 through three loops, i.e. NNLO
in perturbation theory. Sample diagrams for these quantities are shown in Fig. 5.1. The
number of diagrams in each case is given in Table 5.1. Note that it takes the re-writing of
the four-gluon vertex into trilinear vertices as described in Appendix C into account. Not

Table 5.1: The number of Feynman diagrams contributing to the quantities computed in this
chapter. At three-loop level, the number for “quenched QCD” (marked as TR = 0) is
shown separately.

#loops 1 2 3 3 (TR = 0)

〈E(t)〉 1 11 232 211

〈S(t)〉 1 8 210 202

〈R(t)〉 1 11 311 300

included in this number are diagrams with closed flow-line loops, but integrals with
scale-less sub-loops are counted in.

Since 〈E(t)〉, 〈S(t)〉, and 〈R(t)〉 are gauge independent, we are free to choose Feynman
gauge for the QCD gauge parameter (ξ = 1) and κ = 1 for the gradient flow gauge
parameter for the evaluation of the results presented in the following sections, which
facilitates the actual calculation significantly. However, we also checked gauge invariance
explicitly for the leading terms in the quark masses: At two-loop level, we computed the
result with general gauge parameter ξ and its dependence vanishes in the final results.
Keeping the gauge parameter fully general at three-loop level unfortunately leads to
intermediate expressions which exceed our available computing resources. Nonetheless,
we were able to evaluate the terms with the highest power in the gauge parameter ξ, i.e.
ξ4 for 〈E(t)〉 and ξ3 for 〈S(t)〉 and 〈R(t)〉, and show that their coefficients vanish. This
already happens algebraically after the reduction to master integrals, even before their
numerical values are inserted.

As further check, we computed the numerical expressions for all integrals at vanishing
quark masses before the reduction to master integrals and checked that they lead to the
same results within their (larger) uncertainties.

The results for 〈E(t)〉, 〈R̊(t)〉, and 〈S̊(t)〉 are presented and discussed in Sections 5.1
to 5.3.

We are also interested in the quark mass effects of O(m2t) on 〈E(t)〉 and 〈R̊(t)〉. They
can be calculated by a naive expansion in the bare masses before the loop integrations,

41
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Figure 5.1: (a) The only diagram contributing to 〈E(t)〉 at one loop; (b) a two-loop diagram for
〈S(t)〉 and 〈R(t)〉; and four three-loop diagrams: (c,d) two diagrams for 〈E(t)〉; (e)
one diagram for 〈S(t)〉 and 〈R(t)〉; (f) and one diagram for 〈R(t)〉.

while higher orders require a more sophisticated treatment. For the calculation in
Chapter 7, we additionally require the naive terms to O(m4

Bt). Quark masses only appear
in form of (flowed) quark propagators, see Eq. (B.2), which we expand as

−i/p + mB

p2 + m2
B

=
−i/p + mB

p2 − −i/pm2
B + m3

B
p4 +

−i/pm4
B

p6 +O(m5
B). (5.1)

Therefore, mB becomes a multiplicative factor, which can pulled out of the integrals,
and we again end up with massless integrals of the form in Eq. (2.77). Terms of higher
orders in mB produced by the multiplication of multiple propagators are immediately
discarded. Additionally, it is enlightening to split the nf quarks into nl massless quarks
and nh degenerate massive quarks with mass m (and bare mass mB). The quark mass
effects are discussed in Section 5.4.

Finally, our results can be used to introduce a gradient flow coupling and a gradient flow
mass in Section 5.5.

This chapter is based on parts of Ref. [41], where I was mainly responsible for the
calculation of the VEVs and for collecting the final results. The two color factors T2

Rn2
f

and CFTRnf for 〈E(t)〉 were already computed in my Master’s thesis [45]. The discussion
of the quark mass effects is new, even though the results can already be extracted from
Ref. [132].
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5.1 results for the gluon action density

We write the perturbative result for the gluon action density as

〈E(t)〉 = 3αs

4πt2
NA

8

[
1 +

αs

4π
e1(µ

2t) +
( αs

4π

)2
e2(µ

2t) +O(α3
s)

]
+ Em(t, m), (5.2)

where αs = αs(µ), with µ the renormalization scale. Em(t, m) captures the quark mass
effects which are studied to O(m2t) in Section 5.4. Without masses, the ei depend only
on the product z ≡ µ2t. It is convenient to parameterize this dependence in terms of

L(z) ≡ ln(2z) + γE, (5.3)

which is motivated by the product of the typical factor (8πt)ε occurring in flow-time
integrals [4] and the usual definition of the renormalization scale in the MS scheme,
see Eq. (A.8): (8πt)ε(µ2eγE /(4π))ε = 1 + ε L(µ2t) + O(ε2). A natural choice for the
renormalization scale is defined by the inverse smearing radius q8 ≡ 1/

√
8t of the

gradient flow, cf. Eq. (2.31). However, from explicit higher order calculations, we find
that the slightly larger value

µ0 =
e−γE/2
√

2t
≈ 1.5 q8, (5.4)

corresponding to L(µ2
0t) = 0, improves the stability of the perturbative corrections

both for the VEVs computed in this chapter as well as for the EMT in Chapter 6

(see also Ref. [21]). This was corroborated by the behavior of the t → 0 extrapolation
for thermodynamical quantities evaluated in Ref. [133] using the two-loop results of
Chapter 6, which are published in Ref. [43].

We thus write the coefficients of Eq. (5.2) as

e1(z) = e1,0 + β0 L(z),

e2(z) = e2,0 + (2β0 e1,0 + β1) L(z) + β2
0 L2(z),

(5.5)

with β0, β1 from Eq. (A.10). For the coefficients ei,j, we find

e0,0 = 1, e1,0 =

(
52
9

+
22
3

ln 2− 3 ln 3
)

CA −
8
9

TRnf (5.6)

e2,0 = 27.9784 C2
A − (31.5652 . . .)CATRnf +

(
16ζ(3)− 43

3

)
CFTRnf +

(
8π2

27
− 80

81

)
T2

Rn2
f ,
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where ζ(z) is Riemann’s ζ function with ζ(3) = 1.20206 . . .. The three dots in the
coefficient of CATRnf indicate that we were able to obtain the expression in analytical,
albeit cumbersome, form:

−(31.5652 . . .) =
2
81

(
− 108 Li3

(
− 1

3

)
− 792 Li2

(
3
4

)
+ 216 Li2

(
− 1

3

)

+ 108 Li1,2

(
− 3,−1

3

)
− 216 Li1,2

(
1,−1

3

)
+ 216 Li2,1

(
− 3,−1

3

)

− 216 Li2,1

(
1,−1

3

)
+ 216 Li1,1,1

(
− 1,−3,−1

3

)

− 864 Li1,1,1

(
− 1, 3,−1

3

)
+ 216 Li1,1,1

(
1, 3,−1

3

)
(5.7)

+ 432 Li1,1,1

(
3, 1,−1

3

)
− 1134ζ(3) + 90π2 − 641− 54 ln3 3

+ 324 ln3 2 + 324 ln 2 ln2 3 + 270 ln2 3− 648 ln2 2 ln 3− 2232 ln2 2

+ 504 ln 2 ln 3− 18π2 ln 3 + 1890 ln 3 + 108π2 ln 2− 2148 ln 2

)
,

with the multiple polylogarithms Li defined in Eq. (4.13). Only four decimal places of
the numerical result for the C2

A coefficient are displayed here, while our estimate of the
numerical accuracy, obtained by propagating the uncertainty of the individual integrals
to the final result, is at least six digits beyond that. This estimate matches the observed
differences between the numerical and analytical results in the cases where the latter
have been computed. The same statements hold for the other observables listed below.
The NLO coefficient e1 was first evaluated in Ref. [4]. Setting µ = q8, one finds that the
NNLO result agrees with Ref. [21] at the sub-percent level.1

The logarithmic terms en,kLk(z) obey the all-order recursion formula (1 ≤ k ≤ n)

k en,k =
n−1

∑
l=0

(n− l)en−l−1,k−1βl , (5.8)

which follows from renormalization-group invariance, i.e.

µ2 d2

dµ2 〈E(t)〉 = 0 (5.9)

and Eq. (A.7). This provides a welcome check of our calculation.
Even though 〈E(t)〉 is formally independent of the renormalization scale µ, we intro-

duce a residual scale dependence by truncating the series. We study this dependence by
varying µ around different central scales µ0. The running of αs is evaluated with the help

1 To be precise, all color coefficients of Ref. [21] are compatible with our new calculation, except for the
C2

A term, for which “only” the first three digits agree, corresponding to an overly optimistic uncertainty
estimate of Ref. [21] for that term. The effect for any practical application should be irrelevant.
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Table 5.2: Settings for the different renormalization scales. Additionally, we display the corre-
sponding size of t on the lattice in the last column.

µ0 nf α
(nf)
s (µ0) t

3 GeV 3 0.248 (0.03 fm)2

10 GeV 5 0.178 (0.01 fm)2

130 GeV 5 0.112 (8 · 10−4 fm)2

RunDec [134, 135] at the corresponding loop order, i.e. we apply one-loop running for the
LO result, two-loop running for the NLO result, and three-loop running for the NNLO
result. The number of fermion flavors nf is fixed during the running and no decoupling
is performed. Table 5.2 shows the chosen values for nf as well as the value α

(nf)
s (µ0) for

the coupling at the central scale. The residual dependence on µ is shown in Fig. 5.2.
For large values of µ, the renormalization scale dependence drops significantly when
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Figure 5.2: Renormalization scale dependence of t2〈E(t)〉 in QCD for three different values of
the central scale µ0 = e−γE/2/

√
2t. The detailed settings are given in Table 5.2.
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going to higher order results. This improvement diminishes when reducing the scale
towards the non-perturbative regime. Especially, the perturbative expansion seems to
break down at around 1− 1.5 GeV. Taking the variation of µ by a factor of two around
the central scale as an estimate of the uncertainty due to missing higher orders, one
finds that the NLO and NNLO uncertainties overlap nicely for all three values of µ0:
The NNLO corrections amount to 3.4 % at 3 GeV, 0.68 % at 10 GeV, and 0.29 % at 130 GeV,
whereas the NLO uncertainty estimates with 19 %, 7.9 %, and 3.3 %, respectively, are
significantly larger. Therefore, we also expect the NNLO uncertainty estimates of 6.6 %,
1.8 %, and 0.48 % to be extremely conservative. Probably, this can be mainly attributed to
the choice of µ0, which is particularly well suited for this observable. The same study
was performed in Ref. [21] more thoroughly with similar conclusion.

5.2 results for the vacuum expectation value of the quark kinetic

operator

Due to Eq. (2.62), 〈R̊(t)〉 is already fixed to all orders in perturbation theory neglecting
quark masses, cf. Eq. (2.67). However, we have to compute 〈R(t)〉|m=0 to obtain Z̊χ(t, µ)

as renormalization constant for the ringed scheme. For the conversion factor from MS to
the ringed scheme, defined in Eq. (2.65), we find

ζχ(t, µ) = 1 +
αs

4π

(
γχ,0L(µ2t)− 3CF ln 3− 4CF ln 2

)

+
( αs

4π

)2
{

γχ,0

2
(β0 + γχ,0) L2(µ2t) +

[
γχ,1 − γχ,0 (β0 + γχ,0) ln 3

− 4
3

γχ,0 (β0 + γχ,0) ln 2
]

L(µ2t) + c(2)χ

}
+O(α3

s),

(5.10)

with
c(2)χ = −23.7947 CACF + 30.3914 C2

F − (3.92255 . . .)CFTRnf. (5.11)

Again, we only keep the six leading digits even though our uncertainty is at least six
digits beyond that. As indicated by the three dots, the coefficient of CFTRnf was obtained
in analytical form:

−(3.92255 . . .) =
1
18

(
48 Li2

(
1
9

)
− 2400 Li2

(
1
3

)
+ 672 Li2

(
3
4

)
− 131 + 46π2

+ 960 ln2 2− 1068 ln2 3 + 1888 ln 2− 1032 ln 3 + 624 ln 2 ln 3
)

.
(5.12)

The NLO result has been obtained in Ref. [11] and we computed the NNLO terms as part
of this thesis. An important consistency check is that 〈R(t)〉|m=0 can be renormalized
with the flowed-quark field renormalization constant Zχ in Eq. (2.59).

Additionally, there are quark mass corrections Rm(t, m) following

〈R̊(t)〉 = − 2NCnf

(4πt)2 + R̊m(t, m) (5.13)
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which are studied to O(m2t) in Section 5.4.

5.3 results for the quark condensate

Let us now turn to the quark condensate 〈S̊(t)〉. Since it vanishes in the chiral limit
m f = 0, we compute the leading coefficient of the expansion in the quark masses m f ,

〈ζχS(t)〉 ≡ 〈S̊(t)〉 =
nf

∑
f=1

s f (t) +O(m2t), s f (t) ≡ m f
d〈S̊(t)〉

dm f

∣∣∣∣
m=0

, (5.14)

where it is understood that all quark masses are set to zero after taking the derivative.
We thus write

s f (t) = −
NCm f

8π2t

[
1 +

αs

4π
s1(z) +

( αs

4π

)2
s2(z) +O(α3

s)

]
. (5.15)

Renormalizing the quark masses in the MS scheme according to Eq. (A.13), we find

s1(z) = s1,0 + γm,0 L(z),

s2(z) = s2,0 + [(γm,0 + β0) s1,0 + γm,1] L(z) +
1
2
(γm,0 + β0)γm,0 L2(z),

(5.16)

with z = µ2t and the γm,i and βi from Eqs. (A.10) and (A.12). The non-logarithmic terms
are given by

s0,0 = 1, s1,0 = (4 + 4 ln 2− 3 ln 3)CF,

s2,0 = 19.6422 C2
F + 41.3897 CFCA − (15.7975 . . . )CFTRnf,

(5.17)

where again the CFTRnf term is known analytically, as indicated by the three dots:

−(15.7975 . . . ) =
16
3

Li2

(
1
9

)
− 800

3
Li2

(
1
3

)
+ 104 Li2

(
3
4

)
− 71

6
+

23π2

9

+ 192 ln2 2− 362
3

ln2 3 +
544
9

ln 2− 100
3

ln 3 +
56
3

ln 2 ln 3.

(5.18)

The NLO term has been obtained in Refs. [11, 136]2, the NNLO term is new. Again,
only four decimal places are displayed and our uncertainty estimate for the numerical
integration is several digits beyond that. An important consistency check is that 〈S(t)〉
can be renormalized with the flowed-quark field renormalization constant Zχ in Eq. (2.59)
such that both 〈S(t)〉 and 〈S̊(t)〉 are finite.

The logarithmic terms sn,kLk(z) obey the all-order recursion formula (1 ≤ k ≤ n)

k sn,k =
n−1

∑
l=0

[γm,l + (n− l − 1)βl ] sn−l−1,k−1, (5.19)

2 To be more precise, it was computed in the arXiv version v2 of Ref. [11].
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which follows from RG invariance, i.e.

µ2 d2

dµ2 s f (t) = 0 (5.20)

and the RG equations for αs and m f given in Eqs. (A.7) and (A.11). This again provides a
welcome check of our calculation. The residual dependence on µ can be used as probe of
the perturbative behavior. It is displayed in Fig. 5.3 for three values of the central energy
scale µ0 = (2teγE)−1/2, see Eq. (5.4). The curves are normalized to the LO result at the
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Figure 5.3: Renormalization scale dependence of n · s f (t) in QCD for three different values of
the central scale µ0 = e−γE/2/

√
2t. The curves are normalized to the LO result, cf.

Eq. (5.21). The detailed settings are given in Table 5.2.

central scale µ0, i.e.

n = − 8π2t
NCm f (µ0)

. (5.21)

We observe a qualitatively similar behavior as was found for 〈t2E(t)〉 in Section 5.1.
While for large µ0, the reduction of the renormalization scale dependence with increasing
perturbative order is quite significant, this improvement reduces as µ0 gets closer to the
non-perturbative regime. Taking the variation of µ by a factor of two around the central
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scale as an estimate of the uncertainty due to missing higher orders, one finds that they
overlap between successive perturbative orders for all three values of µ0: The NNLO
corrections amount to 6.0 % at 3 GeV, 2.8 % at 10 GeV, and 1.1 % at 130 GeV, and the NLO
uncertainty estimates with 6.4 %, 2.9 %, and 1.2 %, respectively, are almost of the same
size. Hence, we also expect the NNLO uncertainty estimates of 5.7 %, 1.4 %, and 0.37 %
to be reliable. However, the trend of the curves does not explicitly support µ0 as the
central scale in this case, but seems to favor a slightly smaller scale.

5.4 quark mass effects to O (m2 t)

As described in the beginning of this chapter, we split the nf quarks into nl massless
quarks and nh degenerate massive quarks with mass m. The naive expansion in Eq. (5.1)
is sufficient to calculate the quark mass effects to O(m2t). Of course, the bare masses
in the calculation have to be renormalized in the MS scheme according to Eq. (A.13) in
addition to the renormalization in the previous sections.

For the quark mass effects for the gluon action density 〈E(t)〉, cf. in Eq. (5.2), we write

Em(t, m) = m2tE(2)(t) +O(m4t2). (5.22)

For the O(m2t) term we find

E(2)(t) =
3αs

4πt2
NA

8
· αs

4π
16TRnh

[
1 +

αs

4π
e(2)2 (µ2t) +O(α3

s)
]

(5.23)

with
e(2)2 (z) = e(2)2,0 + 2(γm,0 + β0)L(z) (5.24)

and the non-logarithmic terms

e(2)1,0 = 1, e(2)2,0 = 29.7516 CA + 8 CF −
40
9

TRnf. (5.25)

Since quark loops appear only at the two-loop level, Em(t, m) starts at O(α2
s). The term

e(2)1,0 coincides with the limit of the exact quark mass effects at O(α2
s) which have been

computed in Ref. [21], while the NNLO term e(2)2,0 is new. Once again, we only write the
six leading digits of the numerical result even though our numerical precision is at least
six order of magnitude beyond that. The logarithmic terms e(2)n,k Lk(z) obey the all-order
recursion formula (1 ≤ k ≤ n− 1)

k e(2)n,k =
n−2

∑
l=0

[2γm,l + (n− l)βl ] e(2)n−l−1,k−1, (5.26)

which is again derived from RG invariance following Eq. (5.9) and serves as a check of
our calculation.

In Fig. 5.4, we show the size of the mass effects presented above for a single heavy
quark, nh = 1, relative to 〈E(t)〉|m=0 slightly above the charm and bottom thresholds.
In addition, we show the exact mass dependence at NLO computed in Ref. [21]. The
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Figure 5.4: Relative size of the mass effects for 〈E(t)〉 for a single heavy quark, nh = 1, compared
to the massless result at different orders in αs. We use nf = 4 and α

(4)
s (3 GeV) = 0.254

at µ0 = 3 GeV and nf = 5 and α
(5)
s (10 GeV) = 0.178 at µ0 = 10 GeV. The exact result

at NLO is taken from Ref. [21].

expansion variable m2t is rewritten as

m2t =

(
m√

2eγE/2µ0

)2

≈
(

m
1.88736 µ0

)2

. (5.27)

The quark mass effects are negligible for small ratios m/µ0 but reach the percent level
when m and µ0 are of a similar size. For µ0 = 3 GeV, the effect of the charm mass of
mc ≈ 0.63 GeV corresponds to corrections of 0.14 % at NLO with O(m2t) terms, 0.11 %
with the exact NLO result, and 0.39 % at NNLO with O(m2t). The effect of the bottom
mass of mb ≈ 3.5 GeV at µ0 = 10 GeV amounts to 0.30 %, 0.21 %, and 0.68 %, respectively.
Interestingly, the relative size of the mass effects at O(m2t) increases significantly at
NNLO compared to NLO in αs. While the mass effects are still smaller than the uncer-
tainty estimates at NNLO in Section 5.1 for the two examples, they certainly become
relevant when a smaller central renormalization scale is chosen. However, around the
ratio m/µ0 ≈ 0.3 the O(m2t) approximation at NLO starts to significantly deviate from
the exact correction. The form of the exact curve at NLO might indicate that the O(m2t)
results at NNLO exaggerate the exact mass effects.

The quark mass effects for 〈R̊(t)〉, cf. in Eq. (5.13), can be expressed as

R̊m(t, m) = m2tR̊(2)(t) +O(m4t2), (5.28)

where the NNLO result of R̊(2)(t) reads

R̊(2)(t) = −2NCnh

(4πt)2 · (−2)
[

1 +
αs

4π
r(2)1 (µ2t) +

( αs

4π

)2
r(2)2 (µ2t) +O(α3

s)

]
. (5.29)
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Note that R̊m(t, m) is only proportional to the number of massive quarks nh in contrast
to 〈R̊(t)〉

∣∣
m=0 which is proportional to nf. The coefficients read

r(2)1 (z) = r(2)1,0 + 2γm,0 L(z),

r(2)2 (z) = r(2)2,0 +
[
(2γm,0 + β0)r

(2)
1,0 + 2γm,1

]
L(z) + (2γm,0 + β0)γm,0 L2(z)

(5.30)

and the non-logarithmic terms are given by

r(2)0,0 = 1, r(2)1,0 = (7− 3 ln 3)CF,

r(2)2,0 = 32.8252 C2
F + 33.7424 CFCA − 4.30254 CFTRnf.

(5.31)

The logarithmic terms r(2)n,k Lk(z) obey (1 ≤ k ≤ n)

k r(2)n,k =
n−1

∑
l=0

[2γm,l + (n− l − 1)βl ] r(2)n−l−1,k−1 (5.32)

due to RG invariance, which provides a check for our calculation.
In Fig. 5.5 we again show the relative size of the quadratic mass effects compared

to 〈R̊(t)〉
∣∣
m=0. In comparison to the gluon action density, the mass effects are larger:
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Figure 5.5: Relative size of the mass effects for 〈R̊(t)〉 for a single heavy quark, nh = 1 compared
to the massless result at different orders in αs. We use nf = 4 and α

(4)
s (3 GeV) = 0.254

at µ0 = 3 GeV and nf = 5 and α
(5)
s (10 GeV) = 0.178 at µ0 = 10 GeV.

For example, for the charm mass effects at µ0 = 3 GeV, they amount to 0.62 % at LO,
0.68 % at NLO, and 0.73 % at NNLO, and for the bottom mass effects at µ0 = 10 GeV to
1.4 % at LO, 1.5 % at NLO, and 1.5 % at NNLO, respectively. Since 〈R̊(t)〉

∣∣
m=0 is known

to all orders, the mass effects constitute the main uncertainty which becomes quite
sizeable when going to smaller renormalization scales due to the quadratic growth in
our approximation. On the other hand, the differences between the different orders in
perturbation theory are much smaller than for 〈E(t)〉. Thus, calculating the quark mass
effects to higher orders in m2t might be more relevant than to higher orders in αs.
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Higher order effects in the quark masses for the observables considered in this chapter
require more sophisticated methods. On the one hand, one can perform an expansion
by regions [137–139] to obtain results also from regions other than the “naive” region
considered in this section. Luckily, those regions do not contribute up to O(m2t) in our
case, but they are necessary to calculate higher order effects. On the other hand, one can
perform an OPE, cf. Chapter 7, and compute the relevant operator mixing to obtain the
desired quark mass effects. We leave this for future work.

5.5 gradient flow coupling and mass

5.5.1 Gradient Flow Coupling

The RG invariance of 〈E(t)〉 allows us to fix a scale µ =
√

ρ/t with constant ρ ∈ R, and
its proportionality to αs suggests to define a gradient flow coupling

α̂ρ(µ) ≡
32πρ2

3NAµ4 〈E(ρ/µ2)〉|m=0 ≡ αs(µ)

[
1 +

∞

∑
n=1

(
αs(µ)

4π

)n

en(ρ)

]
. (5.33)

For the usual definition of the gradient flow coupling [4], ρ is set to 1/8 = 0.125, while
ρ = 1

2eγE = 0.281 . . . appears to be more suitable from a perturbative point of view (cf.
Eq. (5.4)).

Perturbatively solving Eq. (5.2) for αs results in

αs = α̂ρ

[
1− α̂ρ

4π
e1(ρ) +

(
α̂ρ

4π

)2

(2e2
1(ρ)− e2(ρ)) + . . .

]
, (5.34)

with the coefficients en(ρ) given in Eq. (5.5). Such a transformation between mass-
independent renormalization schemes leaves the first two coefficients of the β function
invariant, i.e.

µ2 d
dµ2 α̂ρ(µ) = α̂ρ(µ)β̂ρ(α̂ρ),

β̂ρ(α̂ρ) = −
∞

∑
n=0

(
α̂ρ

4π

)n+1

β̂ρ,n = − α̂ρ

4π
β0 −

(
α̂ρ

4π

)2

β1 −
∞

∑
n=2

(
α̂ρ

4π

)n+1

β̂ρ,n.
(5.35)

The third coefficient is given by

β̂ρ,2 = β2 − e1(ρ) β1 + (e2(ρ)− e2
1(ρ)) β0, (5.36)

with the MS coefficients βi from Eq. (A.10).

5.5.2 Gradient Flow Mass

Similarly, we may define a gradient flow quark mass as

m̂(ρ)
f (µ) = − 8π2ρ

NCµ2 m f
d〈S̊(ρ/µ2)〉

dm f

∣∣∣
m=0

= m f (µ)

[
1 +

∞

∑
n=1

(
α̂ρ(µ)

4π

)n

ŝn(ρ)

]
, (5.37)
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where
ŝ1(ρ) = s1(ρ), ŝ2(ρ) = s2(ρ)− s1(ρ) e1(ρ), (5.38)

with the sn and e1 given in Eqs. (5.5) and (5.16). The inverse relation is

m f = m̂(ρ)
f

[
1− α̂ρ

4π
ŝ1(ρ) +

(
α̂ρ

4π

)2

(ŝ2
1(ρ)− ŝ2(ρ)) + . . .

]
. (5.39)

The new mass obeys the RG equation

µ2 d2

dµ2 m̂(ρ)
f (µ) = γ̂

(ρ)
m (α̂ρ) m̂(ρ)

f (µ) ≡ −m̂(ρ)
f (µ)

∞

∑
n=0

(
α̂ρ(µ)

4π

)n+1

γ̂
(ρ)
m,n (5.40)

where

γ̂
(ρ)
m,0 = γm,0, γ̂

(ρ)
m,1 = γm,1 − γm,0 e1(ρ) + β0 ŝ1(ρ),

γ̂
(ρ)
m,2 = γm,2 − 2 γm,1 e1(ρ) + γm,0

[
2 e2

1(ρ)− e2(ρ)
]

+ β1ŝ1(ρ) + β0
(
2 ŝ2(ρ)− ŝ2

1(ρ)
)

,

(5.41)

with β0, β1, γm,0, γm,1, and γm,2 given in Eqs. (A.10) and (A.12).

5.6 conclusions

To demonstrate the viability of our setup described in Chapters 2 to 4 and Appendix C,
we reproduced and improved the three-loop result for the gluon action density of an
earlier calculation, which was based on explicit field-theoretic calculations at the level of
Wick contractions [21].

We then evaluated the three-loop approximations to the quark condensate and the
conversion factor from MS renormalized to ringed quark fields, both of which are new
results. Checks on gauge parameter independence, RG invariance, as well as alternative
calculational approaches (with and without reduction to master integrals) convinced us
of the correctness of these results.

In addition, we studied the quark mass effects of O(m2t) on the gluon action density
and the VEV of the quark kinetic operator. While they can be safely neglected as long as
the quark masses are well below the scale set by the flow time t, they already become
relevant sources of uncertainties for the examples slightly above the charm and bottom
quark thresholds. For both observables higher orders in m2t seem desirable.

The gluon action density and the quark condensate lend themselves for straightforward
definitions of a gradient flow gauge coupling and a gradient flow quark mass, for which
we derive the three-loop matching relations to the MS scheme. Provided that sufficiently
accurate lattice results for these quantities become available, the conversion factors
evaluated in this chapter should allow for precise first-principle determinations of the
gauge coupling,3 and possibly also quark masses.

While focusing on the calculation of vacuum matrix elements in this chapter, we
demonstrated that our setup is ready to be applied to other perturbative calculations in
the gradient flow formalism such as those in the following chapters.

3 First steps in this direction have been taken in Ref. [140].





6
T H E E N E R G Y- M O M E N T U M T E N S O R W I T H I N T H E G R A D I E N T
F L O W F O R M A L I S M

The energy-momentum tensor (EMT) as Noether current of the translational symmetry is a
central object of every Quantum Field Theory. Especially, it contains thermodynamical
information like the energy density or the pressure. Since calculations at finite tempera-
ture are hardly accessible by perturbative approaches, the lattice seems to be the ideal
tool for these computations. However, the lattice breaks the translational invariance to
a discretized version with severe consequences: The EMT is no longer finite and, thus,
ill-defined. Refs. [141, 142] developed a strategy to construct it on the lattice, which how-
ever requires the calculation of renormalization constants. These have been calculated
perturbatively to one-loop order in Refs. [143–146]. The transition to a non-perturbative
definition of the EMT was not clear though.

As discussed in Section 2.4, composite operators at finite flow time t do not require
UV renormalization beyond the one of the involved parameters and fields. This means
that the operators do not mix under RG running, which makes it particularly simple
to combine results from different regularization schemes, e.g. lattice and perturbative
schemes. A particularly powerful way to exhibit this possible interplay is obtained by
considering the expansion of composite operators in the limit of small flow time, which
expresses flowed operators in terms of QCD operators at t = 0, with t-dependent Wilson
coefficients [8]. This method has been used by Makino and Suzuki [10, 11] to derive a
regularization-independent formula for the EMT Tµν which has already led to promising
thermodynamical results like the energy density and pressure of QCD [12–16].

Shortly after, Refs. [147, 148] presented another method to define the EMT on the
lattice non-perturbatively without employing the gradient flow formalism. Nonetheless,
we follow the gradient flow based approach of Refs. [10, 11] in this chapter.

In Section 6.1 we introduce the EMT of QCD as well as its flowed version with the
help of the small-flow-time expansion. The universal Wilson coefficients that occur in
the formula of Ref. [11] for the EMT have been calculated through NLO in perturbation
theory [10, 11]. This corresponds to a one-loop calculation in the sense that it involves
integrals over a single D-dimensional momentum. In this chapter, we will carry this
calculation to the next perturbative order using the setup described in Chapters 2

to 4 and Appendix C. Additionally, we introduce the method of projectors [149, 150] in
Section 6.2 to compute the Wilson coefficients. This method also plays an important role
for the following chapters of this thesis.

We present our NNLO results of the Wilson coefficients of the EMT in Section 6.3.
By suitable renormalization, they can be defined in such a way that they are formally
renormalization scale independent. Based on the form of the analytical result, we again
argue for the specific choice of µ0 in Eq. (5.4) as renormalization scale. Our numerical
study shows that the higher-order terms indeed lead to an appreciable reduction of the
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µ-variation. However, by comparison of the successive higher-order terms, it appears
that the uncertainty estimate from a variation within µ ∈ [µ0/2, 2µ0], as it is common
practice in regular perturbative QCD calculation, might be too optimistic.

As pointed out in Ref. [11], the trace anomaly of the EMT allows for a welcome check
of the calculation; we briefly describe the derivation of the resulting relations among the
coefficient functions in Section 6.4.

While the NNLO expressions for the Wilson coefficients of the EMT are the main
result of this chapter, we additionally compute the matrix of anomalous dimensions for
the set of operators which form the EMT in regular QCD through NNLO in Section 6.5.

This chapter is based on Ref. [43] which itself is based on Yannick Kluth’s Master’s
thesis [151]. Since I only had a supporting role in this project, the chapter stays close
to Ref. [43] whereas Ref. [151] describes much more details. In the original publication
of Ref. [43], the computation of the anomalous dimension and mixing matrices in
Section 6.5 was only performed while summing the quark flavors. The same calculation
distinguishing the flavors was later added as additional ancillary files to Ref. [43] as part
of this thesis.

6.1 energy-momentum tensor

In a continuous D-dimensional space-time, the gauge invariant part of the EMT reads

Tµν(x) ≡ 1
g2

B

[
O1,µν(x)− 1

4
O2,µν(x)

]
+

1
4
O3,µν(x)− 1

2
O4,µν(x)−O5,µν(x), (6.1)

where gB is the bare coupling constant of QCD. The operators are defined as

O1,µν(x) ≡ Fa
µρ(x)Fa

νρ(x),

O2,µν(x) ≡ δµνFa
ρσ(x)Fa

ρσ(x),

O3 f ,µν(x) ≡ ψ̄ f (x)
(

γµ
←→
D F

ν + γν
←→
D F

µ

)
ψ f (x),

O4 f ,µν(x) ≡ δµνψ̄ f (x)
←→
/D Fψ f (x),

O5 f ,µν(x) ≡ δµνm f ,Bψ̄ f (x)ψ f (x),

Oi,µν(x) =
nf

∑
f=1
Oi f ,µν(x) , i ∈ {3, 4, 5},

(6.2)

where f labels the nf different quark flavors, m f ,B is the bare quark mass, and
←→
D F

µ = DF
µ −
←−
D F

µ with
←−
D F =

←−
∂ µ − Aa

µTa. (6.3)

The notation i f ∈ {i1, . . . , inf} for the indices which label different flavors will be useful
later on in this chapter. In general, Tµν may contain gauge-dependent operators which
vanish when evaluating physical matrix elements [152]. Here and in what follows, we
implicitly assume that the vacuum expectations values of all composite operators have
been subtracted1 so that 〈Oi,µν(x)〉 ≡ 0 ∀i.

1 In other words, the precise definition of O1,µν, for example, would be given by Fa
µρFa

ρν − 〈Fa
µρFa

ρν〉.
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In this chapter, we will focus on the case where physical matrix elements of the
EMT itself are considered, i.e. no other operator multiplies the EMT at the same space-
time point. In this case, the equations of motion (EOM) render the set of operators in
Eq. (6.2) redundant because all Green’s functions including EOM vanish through the
Schwinger-Dyson equations [11]. In particular, the EOM for the quark fields in regular
QCD implies

0 = O4,µν(x) + 2O5,µν(x), (6.4)

which allows us to eliminate O5,µν from the set of operators in Eq. (6.2). Note that due to
this relation, the last two terms in Eq. (6.1) cancel.

We will further assume all quark masses to be equal to each other

m f ,B = mB, f = 1, . . . , nf. (6.5)

Therefore, the different quarks are indistinguishable and the mixing between two differ-
ent quark flavors cannot depend on the flavors.

Defining the analogous operators of Eq. (6.2) for flowed fields, we write

Õ1,µν(t, x) ≡ Ga
µρ(t, x)Ga

νρ(t, x),

Õ2,µν(t, x) ≡ δµνGa
ρσ(t, x)Ga

ρσ(t, x),

Õ3 f ,µν(t, x) ≡ Zχ f χ̄ f (t, x)
(

γµ
←→D F

ν + γν
←→D F

µ

)
χ f (t, x),

Õ4 f ,µν(t, x) ≡ Zχ f δµνχ̄ f (t, x)
←→
/D Fχ f (t, x),

Õi,µν =
nf

∑
f=1
Õi f ,µν, i ∈ {3, 4},

(6.6)

where Zχ f ≡ Zχ is the renormalization constant for the flowed quark fields given in
Eq. (2.59). Since we have eliminated O5,µν from the set of operators by using Eq. (6.4),
we do not need to include a flowed version of this operator in Eq. (6.6). Similar to the
composite operators of regular QCD, we assume that the VEVs of the flowed composite
operators have been subtracted, i.e. 〈Õi,µν(t, x)〉 ≡ 0 ∀i.

We can now use the expansion in small flow time [8]

Õi,µν(t, x) = ζij(t)Oj,µν(x) + O(t), (6.7)

to get a relation between flowed and regular QCD operators. In Eq. (6.7), and similarly
in what follows, a sum ∑4

j=1 is understood. The higher order terms that vanish as t→ 0
will be neglected throughout this thesis. As discussed above, matrix elements of the l.h.s.
of this equation are finite after renormalization of the QCD parameters, while those of
the regular QCD operators on the r.h.s. are in general divergent. The mixing matrix ζij(t)
will therefore be divergent as well.

Inverting Eq. (6.7) and using it to re-express the regular QCD operators in the EMT in
terms of flowed fields, one arrives at

Tµν(x) = ci(t)Õi,µν(t, x), (6.8)
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where

ci(t) ≡
1
g2

B

(
ζ−1

1i (t)−
1
4

ζ−1
2i (t)

)
+

1
4

ζ−1
3i (t), i = 1, . . . , 4 . (6.9)

Since matrix elements of the Õi as well as the EMT itself are finite (after mass and
charge renormalization), the universal coefficients ci(t) of Eq. (6.9) are finite as well.
However, due to the quark-field renormalization Zχ, the individual factors on the r.h.s.
are renormalization scheme dependent. By employing ringed quark fields as discussed
in Section 2.4 they become RG invariant.

As pointed out in Ref. [11], the small flow-time expansion, which is used to express
the EMT in terms of flowed fields, only holds if there is no other operator contribution
at the same space-time point as the EMT. Therefore we have to require that the EMT
is separated from all other operators and hence we can always use EOM to arrive at
Eq. (6.9), which would contain additional terms otherwise.

In Ref. [11], the coefficients ci(t) have been calculated in perturbation theory through
NLO QCD. The goal of the current thesis is to evaluate them through NNLO QCD.

6.2 the method of projectors

To compute the elements ζij(t) of the mixing matrix we use the so-called method of
projectors [138, 149, 150], which consists of constructing external states |k〉 and differential
operators Dk such that

Pk[Oi(x)] ≡ Dk〈0|Oi(x)|k〉 = δik, (6.10)

where we have dropped the Lorentz indices for convenience, and we define the matrix
element to include only diagrams which are one-particle irreducible (1PI) w.r.t. QCD
particles. Applying Pk on both sides of Eq. (6.7), one obtains

Pk[Õi(t, x)] = ζij(t)Pk[Oj(x)]. (6.11)

Since the ζij(t) only depend on the flow time t and the renormalization scale µ, we can
choose arbitrary values for all other dimensional parameters in this equation. Setting
them to zero turns all higher-order corrections on the r.h.s. into massless tadpoles so that
Eq. (6.10) resembles an all order equation for the regular operators. One thus obtains

ζij(t) = Pj[Õi(t, x)]
∣∣∣

p=m=0
, (6.12)

where p and m collectively denote all masses and external momenta. The r.h.s. thus
results in vacuum diagrams whose only dimensional scale is t.

In order to find suitable projectors, we first derive the Feynman rules for the operators.
In the case of O1,µν this leads to the two-point vertex

α, a β, b
p2p1 t

µν
=

g2
Bδab[− p1,µ p2,νδαβ + p1,β p2,µδαν + p1,ν p2,αδβµ

− (p1 · p2)δανδβµ + (µ↔ ν)
] (6.13)
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as well as the three- and the four-point vertex in Eqs. (B.24) and (B.25) in Appendix B.3.
Instead of mentioning all occurring Feynman rules for all of the following operators, we
refer to Appendix B.3. The first term of Eq. (6.13) suggests to use the projector

P1[X] = − δab

g2
BNA

Pαβ|ρµ|σν

[
∂

∂p1,ρ

∂

∂p2,σ
〈0|Âa

α(p1)Âb
β(p2)Xµν|0〉

]

p=m=0
, (6.14)

where the hats on the fields denote that they are external fields. Their open indices in the
matrix elements emphasize that the polarization vectors are removed from the matrix
element and the indices are instead contracted with the Lorentz structure of the projector.
The same holds true for all other indices of the external fields, in particular spinors when
quarks are used as external state. The projector onto the Lorentz structure is defined by

Pα1β1|···|αnβn Tα1β1···αnβn =





1 for Tα1β1···αn βn = δα1β1 · · · δαnβn ,

0
for any other linearly

independent Lorentz tensor.

(6.15)

It ensures that only the first term contributes at LO because all other terms have a
different Lorentz structure. Since this definition does not simply contract the Lorentz
indices, we have to perform a tensor reduction of the matrix elements. Using the Gram-
Schmidt process, one can construct a basis of generalized, symmetric metric tensors with
up to six indices, which are the only objects allowed after setting all external momenta to
zero and employing symmetry arguments. This allows us to express all tensor integrals
in terms of this basis and apply Eq. (6.15). We refer to Ref. [151] for more details on the
tensor reduction.

Similarly, for O2,µν with the two-point vertex

α, a β, b
p2p1 t

µν
= g2

Bδabδµν

[
−4(p1 · p2)δαβ + 4p1,β p2,α

]
(6.16)

we construct the projector

P2[X] = − δab

4g2
BNA

Pαβ|µν|ρσ

[
∂

∂p1,ρ

∂

∂p2,σ
〈0|Âa

α(p1)Âb
β(p2)Xµν|0〉

]

p=m=0
. (6.17)

The different Lorentz structures ensure that P1/2[O2/1] = 0.
The remaining operators consist of quark fields. We choose to distinguish the different

quark flavors during the calculation and, hence, the two-point vertex ofO3 f ,µν represented
by

β̂, j α̂, i
p1p2 t

µν
= iδij

[
(p1,ν − p2,ν)γµ + (p1,µ − p2,µ)γν

]
α̂β̂ (6.18)
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exists once for every flavor. Therefore, we use an external state with quarks of the same
flavor f for the projector

P3 f [X] = i
δij

4NC
Pρµ|σνγ

ρ

β̂α̂

[
∂

∂p2,σ
〈0|ψ̂j

f ,β̂
(p2) ˆ̄ψi

f ,α̂(p1)Xµν|0〉
]

p=m=0
, (6.19)

where we project onto the second term of the Feynman rule. The open spinor indices of
the external quarks in the matrix element are contracted with the Dirac matrix in the
projector. The ensuing trace helps to remove unwanted terms because the matrices

Γa = {1, γµ, γ5, γµγ5, σµν} (6.20)

form a basis in spinor space, i.e.

Tr[ΓaΓb] ∝ δab. (6.21)

Similarly, for O4 f ,µν we project onto the two-point vertex

β̂, j α̂, i
p1p2 t

µν
= iδijδµν

(
/p1 − /p2

)
α̂β̂ (6.22)

with

P4 f [X] = i
δij

4NC
Pµν|σργ

ρ

β̂α̂

[
∂

∂p2,σ
〈0|ψ̂j

f ,β̂
(p2) ˆ̄ψi

f ,α̂(p1)Xµν|0〉
]

p=m=0

− 1
2

δij

4NC
Pµνδβ̂α̂

[
∂

∂mB
〈0|ψ̂j

f ,β̂
(p2) ˆ̄ψi

f ,α̂(p1)Xµν|0〉
]

p=m=0
.

(6.23)

The second term corresponds to a projector onto O5 f ,µν with the Feynman rule

β̂, j α̂, i
p1p2 t

µν
= δijδα̂β̂δµνmB (6.24)

so that
P4 f [O4 + 2O5] = 0 (6.25)

in order to ensure that only those fermionic operators are taken into account which do
not vanish according to the EOM, see Eq. (6.4). If P4 f is constructed this way, one does
not have to include O5 f ,µν in the calculation.

With this procedure, we get a mixing matrix which distinguishes between different
quark flavors. To avoid confusion with ζij(t), which is the mixing matrix between
operators summed over all flavors, we will call it Ωij(t). This matrix is then defined by

Õi,µν(t, x) = Ωij(t)Oj,µν(x), (6.26)
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where double indices in this expression are summed over {1, 2, 31, . . . , 3nf , 41, . . . , 4nf}
(see Eq. (6.2)), in contrast to Eq. (6.8), where double indices are summed over {1, 2, 3, 4}.
Its general structure is given by

Ω =




Ω11 Ω12 Ω13
T Ω14

T

Ω21 Ω22 Ω23
T Ω24

T

Ω31 Ω32 Ω33 Ω34

Ω41 Ω42 Ω43 Ω44


 , (6.27)

where an element Ωij represents the mixing between Oi and Õj, taking into account
individual flavors. Therefore, an underlined and a double underlined element denotes
an nf-dimensional vector and an nf × nf dimensional matrix, respectively. Their elements
describe the mixing between different flavors. As the quarks are indistinguishable, the
nf and n2

f dimensional objects appearing in Eq. (6.27) can each be described by the two
independent parameters ωij and ωij:

Ωij = ωij for i, j < 3,

Ωij = ωij




1
...
1


 for i < 3, j > 2 or i > 2, j < 3,

Ωij =




ωij ωij ωij . . . ωij
ωij ωij ωij . . . ωij
ωij ωij ωij . . . ωij

...
...

...
. . .

...
ωij ωij ωij . . . ωij




for i, j > 2.

(6.28)

Summing over the different flavors occurring in Eq. (6.27), the relation between Ω(t) and
ζ(t) can be easily established by

ζij = ωij for i < 3,

ζij = nf ωij for i > 2, j < 3,

ζij = ωij + (nf − 1)ωij for i > 2, j > 2.

(6.29)

6.3 coefficient functions through next-to-next-to-leading order

We can now compute the mixing matrices Ω(t) and ζ(t) and from them the Wilson coeffi-
cients ci by employing the setup described in Chapters 2 to 4 and Appendix C to calculate
matrix elements and then applying the projectors introduced in the previous section. The
strong coupling and the quark mass require the regular QCD renormalization according
to Eqs. (A.8) and (A.13) and the flowed quark fields require the renormalization with Zχ

given in Eq. (2.59), thus leading to the factor Zχ in the definition of the operators Õ3,4 in
Eq. (6.6). The finiteness of our results provides a valuable consistency check of both this
calculation and our whole setup in general.2

2 Note that since c4 = 0 at LO, this coefficient only requires NLO renormalization.
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This allows us to evaluate the coefficients of the EMT in the MS scheme through
NNLO QCD:

c1(t) =
1

4παs

{
1 +

αs

4π

[
−7

3
CA +

3
2

TRnf − β0 L(µ2t)
]

+
( αs

4π

)2
[
− β1 L(µ2t) + C2

A

(
−14482

405
− 16546

135
ln 2 +

1187
10

ln 3
)

+ CATRnf

(
59
9

Li2

(
1
4

)
+

10873
810

+
73
54

π2 − 2773
135

ln 2 +
302
45

ln 3

)
(6.30a)

+ CFTRnf

(
− 256

9
Li2

(
1
4

)
+

2587
108
− 7

9
π2 − 106

9
ln 2− 161

18
ln 3

)]

+O(α3
s)

}
,

c2(t) =
1

16παs

{
− 1 +

αs

4π

[
25
6

CA − 3TRnf + β0 L(µ2t)
]

+
( αs

4π

)2
[

β1 L(µ2t) + C2
A

(
56713
1620

− 1187
10

ln 3 +
16546
135

ln 2
)

+ CATRnf

(
− 59

9
Li2

(
1
4

)
− 6071

405
− 73

54
π2 +

2287
135

ln 2− 361
90

ln 3

)
(6.30b)

+ CFTRnf

(
220
9

Li2

(
1
4

)
− 1757

54
+

10
9

π2 − 164
9

ln 2 +
247
9

ln 3

)]

+O(α3
s)

}
,

c3(t) =
1
4

{
1 +

αs

4π

(
3
2

CF + γχ,0L(µ2t)
)

+
( αs

4π

)2
[

γχ,0

2
(β0 + γχ,0)

(
L2(µ2t) + L(µ2t)

)
+ γχ,1L(µ2t)

+ C2
F

(
− 137

9
Li2

(
1
4

)
− 559

216
+

103
108

π2 − 1736
27

ln 2 +
122

3
ln 3− 4 ln2 2

)

+ CFTRnf

(
− 136

9
Li2

(
1
4

)
− 3377

810
− 7

9
π2 +

1232
135

ln 2− 136
15

ln 3

)
(6.30c)

+ CACF

(
− 365

9
Li2

(
1
4

)
+

261829
3240

+
77
108

π2 +
5788
45

ln 2
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− 2102
15

ln 3− 4 ln2 2

)]

+O(α3
s)

}
,

c4(t) =
CF

2

{
αs

4π
+
( αs

4π

)2
[
(β0 + γχ,0) L(µ2t)

+ CF

(
− 161

18
Li2

(
1
4

)
− 41

54
− 55

108
π2 − 1105

27
ln 2 +

101
6

ln 3

)

+ TRnf

(
25
9

Li2

(
1
4

)
− 20573

1620
+

5
18

π2 +
6559
135

ln 2− 679
30

ln 3

)
(6.30d)

+ CA

(
257
36

Li2

(
1
4

)
− 137

405
+

11
216

π2 − 419
90

ln 2 +
1157
60

ln 3

)]

+O(α3
s)

}
,

with L(µ2t) defined in Eq. (5.3). Through NLO, these results are in full agreement with
those of Ref. [10, 11]. We have carried out the calculation in the general Rξ gauge of
regular QCD; the fact that the gauge-parameter dependence cancels in the final result
serves as another welcome check. The gauge parameter κ of Eq. (2.2) has been set to 1.

While the EMT Tµν(x) is renormalization-scheme independent, this is not necessarily
the case for the operators Õi,µν(t, x) and the coefficient functions ci(t). Since Õ1,µν

and Õ2,µν do not require operator renormalization, their matrix elements as well as
the coefficient function are indeed renormalization-scheme independent. On the other
hand, using the quark-field renormalization Zχ of Eq. (2.59) in the MS scheme, matrix
elements of Õi,µν and coefficient functions ci(t) become explicitly dependent on the
renormalization scale µ for i ∈ {3, 4}.

However, this renormalization-scheme dependence can be avoided by introducing
the ringed quark fields as discussed in Section 2.4. This corresponds to replacing Zχ

in Eq. (6.6) by Z̊χ defined in Eq. (2.62) by multiplying with ζχ, cf. Eq. (2.65). Indeed,
dividing c3(t) and c4(t) by ζχ found in Eq. (5.10) renders them µ-independent up to
higher order terms. This again provides a welcome consistency check.

Hence, the set of coefficients

{c1, c2, c̊3, c̊4} with c̊i ≡ ζ−1
χ ci (6.31)

is formally µ-independent, i.e.

µ2 d2

dµ2 {c1, c2, c̊3, c̊4} = 0. (6.32)

As in any perturbative calculation, the µ-independence only holds up to higher orders
in αs. The decrease of the residual µ-dependence is thus commonly used as a qualitative
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check of the perturbation expansion for the specific observable under consideration. We
thus study the µ-dependence of the four coefficients in Eq. (6.31) by fixing a characteristic
value for the flow time t and varying the renormalization scale µ around the central
value µ0 given in Eq. (5.4), i.e. L(µ2

0t) = 0. Figs. 6.1 and 6.2 show the LO, NLO, and the
NNLO approximation of c1, c2, c̊3, and c̊4 as functions of the renormalization scale for
two different values of the flow time t, corresponding to µ0 = 3 GeV and nf = 3 as well as
µ0 = 130 GeV and nf = 5, respectively.3 The running of the coupling around the central
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Figure 6.1: Renormalization scale dependence of the coefficients c1, c2, c̊3 = ζ−1
χ c3, c̊4 = ζ−1

χ c4 in
QCD at the central scale µ0 = 3 GeV. The detailed settings are given in Table 5.2.

values in Table 5.2 is again evaluated with the help of RunDec [134, 135] at one-, two-,
and three-loop order for the LO, NLO, and NNLO curve, respectively. At µ0 = 3 GeV,
the NNLO corrections increase the modulus of the coefficients c1 and c2 by 7.1 % and
8.9 % relative to NLO, respectively. This is within twice the NLO uncertainty due to
missing higher-order effects as estimated by varying µ/µ0 between 1/2 and 2, where one
finds 3.9 % for c1, and 4.2 % for c2. We are therefore confident that the NNLO uncertainty

3 There is a mistake in the running for the 3 GeV plots of Ref. [43] which exaggerates the breakdown of
perturbation theory for small values of µ/µ0. Hence, the uncertainties at 3 GeV were overestimated. This is
corrected in this thesis.
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Figure 6.2: Renormalization scale dependence of the coefficients c1, c2, c̊3 = ζ−1
χ c3, c̊4 = ζ−1

χ c4 in
QCD at the central scale µ0 = 130 GeV. The detailed settings are given in Table 5.2.

estimated in the same way is rather reliable: it is given by 1.6 % for c1 and 2.0 % for
c2. Note that the dominant contribution to these numbers comes from the downward
variation of µ, where αs(µ) starts to become sensitive to the non-perturbative region.

As opposed to the gluonic coefficients c1 and c2, the coefficients of the fermionic
operators c3 and c4 exhibit a residual scale dependence only from the NLO term onwards.
One therefore expects a stronger µ-dependence at NNLO for these terms. Nevertheless,
for c̊3, the estimate of the theory uncertainty due to scale variation still decreases from
5.1 % to 2.9 %. The increase of the result due to the NNLO effects is 4.4 % relative to the
NLO result at µ = µ0.

The behavior of c̊4, on the other hand, is less satisfactory at µ0 = 3 GeV. The NNLO
effects nearly double the NLO result in this case, and the uncertainty estimate due to
scale variation actually increases from 31 % to 33 % when going from NLO to NNLO.
Note, however, that c4 = 0 at LO, which means that this coefficient is numerically
sub-dominant.

As one would expect, for µ0 = 130 GeV, the perturbative behavior of all coefficients
is significantly improved, cf. Fig. 6.2. For c1, c2, and c̊3, the scale uncertainty is at the
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sub-percent level already at NLO; at NNLO, it amounts to less than 0.2 % in all three
cases. The effect of the NNLO corrections relative to the NLO result is 1.8 % for c1, 2.1 %
for c2, and 0.83 % for c̊3. Also for c̊4, the situation improves significantly: the NNLO
terms add 38 % to the NLO result, and the uncertainty goes down from 10 % at NLO to
5.8 % at NNLO.

It is also worth pointing out that the choice of the central scale µ0 as defined in Eq. (5.4)
seems justified by the behavior of the successively higher orders. In almost all cases,
the NLO and the NNLO corrections are both relatively small at µ = µ0. At the same
time, the NNLO corrections relative to the NLO result are always smaller than the NLO
corrections compared to the LO result. The only exception to this is c̊4 at µ0 = 3 GeV,
where, however, no choice of µ seems to stand out over any other.

However, the NLO and NNLO uncertainty bands, derived from scale variation as
described above, do not always overlap. Since the proximity of the non-perturbative
region in the case µ0 = 3 GeV leads to a relatively large NNLO uncertainty band, this
effect is less pronounced in this case compared to the situation for µ0 = 130 GeV. In the
latter case, the distance between the uncertainty intervals suggests a more conservative
error estimate of at least twice the one obtained from varying µ/µ0 within [1/2, 2].

In summary, we conclude that the NNLO terms lead to a significant improvement of
the perturbative accuracy of the Wilson coefficients. The perturbative behavior, however,
makes it desirable to aim for the next order in perturbation theory, in order to firmly pin
down the remaining uncertainty.

6.4 trace anomaly

As a test of our result, we use the trace anomaly of the EMT. As suggested in Ref. [152],
a simple derivation consists of taking the trace of the EMT in D = 4− 2ε dimensions.
By use of the EOM, this gives for the gauge invariant part

Tµµ =
ε

2g2
B

Fa
ρσFa

ρσ −
nf

∑
f=1

m f ,Bψ f ψ f =
1

2D

(
ε

g2
B
O2,µµ +O4,µµ

)
, (6.33)

where we have used Eq. (6.4) in the last step. At LO in perturbation theory, the first
term of Eq. (6.33) vanishes in four dimensions. However, since the operators in this
expression are understood as bare, it generates finite terms at higher orders. Using the
mixing matrix ζij(t), we can rewrite this in terms of flowed operators:

Tµµ = c̄i(t)Õi,µµ(t, x), c̄i(t) =
1

2D

(
ε

g2
B

ζ−1
2i (t) + ζ−1

4i (t)
)

. (6.34)

Note that c̄1(t) = c̄3(t) = 0, as Õ1,µν(t, x) and Õ3,µν(t, x) have a non-trivial index
structure and therefore O2,µν(x) and O4,µν(x) cannot mix with them. Since Õ2,µµ =

DÕ1,µµ and 2Õ4,µµ = DÕ3,µµ, we cannot equate coefficients with Eq. (6.8) for all i
individually. Instead, only the weaker conditions

c1(t) + Dc2(t) = Dc̄2(t), 2c3(t) + Dc4(t) = Dc̄4(t). (6.35)

can be derived. We checked that these equations are indeed fulfilled by our result.
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6.5 operator renormalization

Using the fact that flowed operators are finite after mass and field renormalization, we
can also compute the renormalization matrix for the regular QCD operators {O1,µν(x),
O2,µν(x),O3 f ,µν(x),O4 f ,µν(x)} where f = 1, . . . , nf labels the quark flavor, i.e. the indices
in this section run over {1, 2, 31, . . . , 3nf , 41, . . . , 4nf}. Thus, in contrast to the set of oper-
ators in Eq. (6.2) we distinguish quark flavors in this section. The original publication
of Ref. [43] only considered the flavor summed operators and the discussion for the
non-summed operators was later added as an ancillary file to the arXiv version.

Similar to Ωij(t), cf. Eqs. (6.26) to (6.28), the matrices in this section which distinguish
the quark flavor can be expressed as

MF =




MF,11 MF,12 MF,13
T MF,14

T

MF,21 MF,22 MF,23
T MF,24

T

MF,31 MF,32 MF,33 MF,34

MF,41 MF,42 MF,43 MF,44




(6.36)

with
MF,ij = mF,ij for i, j < 3,

MF,ij = mF,ij




1
...
1


 for i < 3, j > 2 or i > 2, j < 3,

MF,ij =




mF,ij mF,ij mF,ij . . . mF,ij
mF,ij mF,ij mF,ij . . . mF,ij
mF,ij mF,ij mF,ij . . . mF,ij

...
...

...
. . .

...
mF,ij mF,ij mF,ij . . . mF,ij




for i, j > 2.

(6.37)

They are related to the matrices which are summed over the flavor by

Mij = mF,ij for i < 3,

Mij = nf mF,ij for i > 2, j < 3,

Mij = mF,ij + (nf − 1)mF,ij for i > 2, j > 2.

(6.38)

These are the same relations as for ζ ↔ Ω in Eq. (6.29).
It is convenient to define an equivalent set of operators as

Ôi,µν(x) = HF,ijOj,µν(x), where HF,ij =





1/g2
B for i = j ∈ {1, 2},

1 for i = j ∈ {3 f , 4 f },
0 for i 6= j,

(6.39)

where the subscript F indicates that the quark flavors are distinguished as described
above in contrast to the equivalent matrix in Ref. [43]. This multiplication of O1,µν and
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O2,µν by 1/g2
B ensures that the mass dimension of all operators Ôi,µν is equal to D. A

similar redefinition of the flowed operators is appropriate:

O̊i,µν(t, x) = H̃F,ijÕj,µν(t, x), where H̃F,ij =





1/(µ̂εg)2 for i = j ∈ {1, 2},
ζχ for i = j ∈ {3 f , 4 f },
0 for i 6= j,

(6.40)

where the multiplication of Õ3 f ,µν and Õ4 f ,µν by ζχ ensures that they are RG invariant,
cf. Section 2.4. Keeping track of the non-integer mass dimension of O̊1,µν and O̊2,µν

becomes relevant in Chapter 7. The renormalization matrix for the regular operators is
then defined as

{Ôi,µν}R(x) = ZF,ijÔj,µν(x). (6.41)

Expressing the Ôi,µν(x) in terms of flowed operators O̊i,µν(t, x), one can determine its
entries in the MS scheme by demanding that

{Ôi,µν}R(x) = ZF,ij HF,jk Ω−1
kl (t) H̃−1

F,lm O̊m,µν(t, x) ≡ MF,im(t) O̊m,µν(t, x) (6.42)

be finite, where Ωkl was defined in Eq. (6.26) and MF,il(t) is the mixing matrix between
the renormalized regular and ringed flowed operators.

In analogy to Eqs. (2.59) and (A.13), we write

ZF,ij = δij −
αs

4π

ΓF,0,ij

ε
+
( αs

4π

)2
[

1
2ε2

(
ΓF,0,ikΓF,0,kj + β0ΓF,0,ij

)
− ΓF,1,ij

2ε

]
+O(α3

s), (6.43)

where the anomalous dimension matrices ΓF,n also have the form in Eqs. (6.36) and (6.37).
For the individual matrix elements at NLO we find

γF,0,11 = −4
3

TRnf, γF,0,12 =
11
12

CA, γF,0,13 =
2
3

CF, γF,0,14 =
7
6

CF,

γF,0,21 = 0, γF,0,22 =
11
3

CA −
4
3

TRnf, γF,0,23 = 0, γF,0,24 = 6CF,

γF,0,31 =
16
3

TR, γF,0,32 = −4
3

TR, γF,0,33 = −8
3

CF, γF,0,34 =
4
3

CF,

γF,0,41 = 0, γF,0,42 = 0, γF,0,43 = 0, γF,0,44 = 0.

(6.44)

and
γF,0,ij = 0 ∀ i, j, (6.45)
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which is in agreement with Ref. [11] when Eq. (6.38) is used. At NNLO, we find

γF,1,11 = −70
27

CATRnf −
148
27

CFTRnf, γF,1,12 =
17
3

C2
A −

56
27

CATRnf −
5

27
CFTRnf,

γF,1,13 =
94
27

CACF −
28
27

C2
F −

52
27

CFTRnf, γF,1,14 =
406
27

CACF +
85
54

C2
F −

22
27

CFTRnf,

γF,1,21 = 0, γF,1,22 =
68
3

C2
A −

40
3

CATRnf − 8CFTRnf,

γF,1,23 = 0, γF,1,24 =
194
3

CACF + 6C2
F −

40
3

CFTRnf,

γF,1,31 =
280
27

CATR +
592
27

CFTR, γF,1,32 = −136
27

CATR −
196
27

CFTR,

γF,1,33 = −376
27

CACF +
112
27

C2
F +

80
27

CFTR +
128
27

CFTRnf, (6.46)

γF,1,34 =
122
27

CACF −
8

27
C2

F −
232
27

CFTR −
40
27

CFTRnf,

γF,1,41 = γF,1,42 = γF,1,43 = γF,1,44 = 0.

and

γF,1,33 =
80
27

CFTR, γF,1,34 = −232
27

CFTR, γF,1,ij = 0 for all other i, j. (6.47)

Utilizing Eq. (6.38), this agrees with our flavor summed matrix in Ref. [43].
Of course, Eq. (6.42) also allows us to express the renormalized regular operators

through their flowed counterparts. Expanding it in terms of the individual operators, we
find

{Ôi,µν}R(x) = mF,i1(t) O̊1,µν(t, x) + mF,i2(t) O̊2,µν(t, x)

+ mF,i3(t) O̊3,µν(t, x) + mF,i4(t) O̊4,µν(t, x) for i = 1, 2,
(6.48)

where

O̊i,µν =
nf

∑
f=1
O̊i f ,µν for i = 3, 4, (6.49)

and

{Ôi f ,µν}R(x) = mF,i1(t) O̊1,µν(t, x) + mF,i2(t) O̊2,µν(t, x)

+ mF,i3(t) O̊3 f ,µν(t, x) + mF,i4(t) O̊4 f ,µν(t, x) (6.50)

+ ∑
f ′ 6= f

[
mF,i3(t) O̊3 f ′ ,µν(t, x) + mF,i4(t) O̊4 f ′ ,µν(t, x)

]
for i = 3, 4.
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For example, the gluonic energy-density operator can be expressed through
{

1
g2

B
Fµν(x)Fµν(x)

}

R
=

1
D

[
mF,22(t) O̊2,µµ(t, x) + mF,24(t) O̊4,µµ

]

=
1

4παs
Gµν(t, x)Gµν(t, x)

{
1− 7

2
CA

αs

4π

+
( αs

4π

)2
[(
−3

2
C2

A − 2 CATRnf − 14 CFTRnf

)
L(µ2t)

+ C2
A

(
−1427

180
+

87
5

ln 2− 54
5

ln 3
)
+

8
9

CATRnf −
34
3

CFTRnf

]
+O(α3

s)

}

+ Z̊χ

nf

∑
f=1

χ̄ f (t, x)
←→
/D Fχ f (t, x)

{
αs

4π

(
5CF + 2γχ,0L(µ2t)

)
(6.51)

+
( αs

4π

)2
[

2γχ,0β0L2(µ2t)

+

(
304

3
CACF + C2

F (3 + 24 ln 2 + 18 ln 3)− 80
3

CFTRnf

)
L(µ2t)

+ CACF

(
−2 Li2

(
1
4

)
+

2923
30
− 4

3
π2 +

8546
15

ln 2− 2139
5

ln 3
)

+ C2
F (6 + 20 ln 2 + 15 ln 3)− CFTRnf

(
30 +

4
3

π2
)]

+O(α3
s)

}
.

Through NLO, this result agrees with Refs. [11, 153]. For the quark kinetic operator we
find
{

ψ̄ f (x)
←→
/D Fψ f (x)

}
R
=

1
D

[
mF,42(t)O̊2,µµ(t, x) + mF,44(t)O̊4 f ,µµ + mF,44(t) ∑

f ′ 6= f
O̊4 f ′ ,µµ(t, x)

]

=
1

4παs
Gµν(t, x)Gµν(t, x)

{
− 5

3
TR

αs

4π

+
( αs

4π

)2
[

CATR

(
−17

15
− 36

5
ln 2 +

27
5

ln 3
)
+ CFTR

(
8 Li2

(
3
4

)
− 19

6
− 2

3
π2

− 60 ln 2 + 37 ln 3 + 32 ln2 2− 16 ln 2 ln 3
)]

+O(α3
s)

}

+ Zχχ̄ f (t, x)
←→
/D Fχ f (t, x)

{
1 +

αs

4π
CF

(
−1

2
+ 4 ln 2 + 3 ln 3

)

+
( αs

4π

)2
[(

CACF

(
− 11

6
+

44
3

ln 2 + 11 ln 3
)
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+ CFTRnf

(
2
3
− 16

3
ln 2− 4 ln 3

))
L(µ2t) (6.52)

+ C2
F

(
51 Li2

(
3
4

)
− 45

8
− 115

12
π2 − 230 ln 2 +

213
2

ln 3 + 216 ln2 2 + 9 ln2 3

− 78 ln 2 ln 3
)
+ CFCA

(
12 Li2

(
3
4

)
+

691
24
− 13

12
π2 + 110 ln 2− 63 ln 3

+ 44 ln2 2− 24 ln 2 ln 3
)
+ CFTR

(
4 Li2

(
3
4

)
− 179

5
+

3052
15

ln 2− 498
5

ln 3

+ 16 ln2 2− 8 ln 2 ln 3
)
+ CFTRnf

(
− π2

3
− 35

6

)
− c(2)χ

]
+O(α3

s)

}

+ Zχ ∑
f ′ 6= f

χ̄ f ′(t, x)
←→
/D Fχ f ′(t, x)

{( αs

4π

)2
CFTR

(
4 Li2

(
3
4

)
− 179

5

+
3052
15

ln 2− 498
5

ln 3 + 16 ln2 2− 8 ln 2 ln 3
)
+O(α3

s)

}

These mixings are relevant for Chapter 7. Equivalent expressions for the other two
operators can be extracted from the mixing matrices in the ancillary files of Ref. [43].

6.6 conclusions

We have presented the universal Wilson coefficients for the gradient flow definition of
the EMT through NNLO QCD. The NNLO corrections modify the three numerically
dominant coefficients c1, c2, c̊3 at the level of 10 % (1 − 2 %) for a central scale of
µ0 = 3 GeV (µ0 = 130 GeV), where µ0 is related to the flow time t according to Eq. (5.4).
We observe a reduction of the theoretical uncertainty relative to the NLO result as derived
from varying the renormalization scale by a factor of two around its central value. The
behavior of the fourth coefficient c̊4 is less satisfactory, but its impact is expected to be
numerically suppressed. Moreover, we observed that the uncertainty estimate from a
variation within µ ∈ [µ0/2, 2µ0] might be too optimistic.

Our results were published in Ref. [43] and have already been used in Refs. [133,
154–156] to study thermodynamics on the lattice with the help of the gradient flow. In
Ref. [133] it was shown that our NNLO coefficients significantly decrease systematic
uncertainties for energy density and pressure, especially in the t→ 0 extrapolation. The
choice of µ0 as the central scale decreases them further compared to the traditional choice
q8 = 1/

√
8t. Additionally, the N3LO result of the Wilson coefficient c2 has been computed

by exploiting the trace anomaly in quenched QCD. However, it appears that the EOM
suffer from large discretization errors on the lattice, which then lead to discrepancies
for observables affected by the EOM, e.g. the trace anomaly beyond the quenched
approximation [155]. We also computed the Wilson coefficients without exploiting the
EOM, but it turns out that they are divergent and, moreover, the divergences depend
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on the gauge parameter ξ (see also Ref. [151]). Therefore, it is not clear how to proceed
when the EOM play a role.

Aside from the Wilson coefficients as main outcome, we computed the anomalous
dimension matrix for the regular QCD operators which make up the EMT and the
mixing matrix between the renormalized regular operators with the flowed operators.



7
H A D R O N I C VA C U U M P O L A R I Z AT I O N U S I N G G R A D I E N T F L O W

The vacuum polarization function (VPF) for (axial-)vector and (pseudo-)scalar particles
are among the most important objects when studying QCD. On the one hand, this is
because their imaginary part is directly related to physical observables such as the decay
rates of the Z- or the Higgs boson, or the hadronic R-ratio. If the characteristic energy
scale is far above the QCD scale, a perturbative evaluation of the polarization functions
is sufficient in these cases to arrive at high-precision results (see, e.g., Ref. [157]).

But VPFs also contribute indirectly to physical observables such as anomalous mag-
netic moments [38, 39], the definition of short-distance quark masses [158], or hadronic
contributions to the coupling of Quantum Electrodynamics (QED) [159, 160]. These ap-
plications involve an integration of the VPFs over the non-perturbative regime, which
is typically achieved with the help of experimental data and dispersion relations. Only
very recently, first-principle lattice calculations have become competitive with these
dispersive approaches. In the case of the hadronic vacuum polarization contribution
to the muon’s anomalous magnetic moment, the two approaches turn out to lead to
incompatible results [40]1. It would therefore be highly desirable to have additional
independent first-principle calculations of the VPF.

Utilizing the small-flow-time expansion in Eq. (6.7), we present the flowed OPE for the
time-ordered product of two currents through NNLO QCD in this chapter. Taking the
VEV leads to the VPF. This should thus allow for an alternative first-principle evaluation
of VPFs on the lattice. Section 7.1 introduces the regular OPE of current-current corre-
lators with operators up to mass dimension four. This includes the renormalization of
these operators as well as an overview of the literature which provides the corresponding
perturbative Wilson coefficients. The transition to the flowed OPE is presented in Sec-
tion 7.2. Section 7.3 describes the calculation of the mixing matrix between regular and
flowed operators in the small-flow-time limit. While a large part of this mixing matrix is
already known by reusing the results obtained in Chapters 5 and 6, the missing compo-
nents require the naive expansion of the VEVs of the flowed dimension-four operators
to O(m4

Bt2) and a sophisticated renormalization with the help of the vacuum-energy
renormalization constant. These results complete the ingredients required for the flowed
OPE of the VPF through NNLO.

In addition, we derive a general logarithmic flow-time evolution equation for flowed
operators in Section 7.4, which resembles the RG equation of regular operators.

This chapter is based on Ref. [132]. My main responsibility in this project was the
computation of the VEVs and the higher order terms in ε for the mixing matrix of the
EMT operators. I also checked the flow-time evolution in Section 7.4.

1 The lattice calculation of the light-by-light contribution to (g− 2)µ is in agreement with other determinations
though [161, 162].

73



74 hadronic vacuum polarization using gradient flow

(a) (b) (c)

(d) (e)

Figure 7.1: Sample diagrams contributing to the perturbative calculation of the VPF, i.e., the
l.h.s. of Eq. (7.1). The currents are symbolized by wavy lines, gluons by spirals. We
consider the case where nl quarks are massless (thin straight lines), and nh quarks
are degenerate with mass m (thick straight lines). (a) One-loop contribution for non-
diagonal currents; (b-e) sample three-loop diagrams for diagonal currents. In (d), the
currents couple to massless quarks. (e) is a “singlet” diagram.

7.1 current-current correlators

7.1.1 Operator Product Expansion

The role of the perturbative and the non-perturbative regime of VPFs can be made most
explicit through the OPE (see, e.g., Ref. [163]):

T(Q) ≡
∫

d4x eiQx〈Tj(x)j(0)〉 Q2→∞∼ ∑
k,n

C(k),B
n (Q)〈O(k)

n (x = 0)〉, (7.1)

where j(x) generically stands for a scalar, pseudo-scalar, vector, axial-vector, or tensor
current, and k labels the mass dimension. Fig. 7.1 shows sample Feynman diagrams
which arise from the perturbative evaluation of the current correlator in Eq. (7.1). In
the following, we only consider the so-called non-singlet diagrams, where the currents
are connected by a common quark line. An example for a singlet-diagram, on the other
hand, is shown in Fig. 7.1(e).

The coefficients C(k),B
n on the r.h.s. of Eq. (7.1) depend on the quantum numbers of the

currents and may thus carry Lorentz indices. We suppress these indices throughout this
chapter. We furthermore assume that, upon transition from the left- to the right-hand
side, possible global divergences are subtracted off of T(Q).

Up to mass dimension two, the only operators of QCD which contribute to physical
matrix elements are proportional to unity, i.e.,

O(0)
1 ≡ O(0) = 1, O(2)

1 ≡ O(2) = m2
B 1, (7.2)

where mB is the bare mass of the nh degenerate massive quarks. This means that

C(0)
1 ≡ C(0) ≡ C(0),B, C(2)

1 ≡ C(2) ≡ Z2
mC(2),B (7.3)
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are UV-finite, where Zm is the renormalization constant of the quark mass defined in
Eq. (A.13).

At mass dimension four, we choose the following basis of operators (the space-time
argument is suppressed in most of what follows):

O(4)
1 ≡ O1 =

1
g2

B
Fa

µνFa
µν,

O(4)
2 ≡ O2 =

nf

∑
f=1

ψ̄ f
←→
/D Fψ f ,

O(4)
3 ≡ O3 = m4

B.

(7.4)

In D space-time dimensions the mass dimensions of O1 and O2 are actually equal to
D, while that of O3 is equal to 4. Higher dimensional operators are neglected in the
following.

The set in Eq. (7.4) does not contain gauge dependent operators or operators that
vanish due to the EOM when acting on physical states, since they are irrelevant for the
scope of this chapter. In fact, in this respect the upper limit of the sum over f in O2

could be replaced by nh, because the terms with massless quarks vanish on-shell. For
the same reason, one could use O′2 ≡ −2mB ∑nh

f=1 ψ̄ f ψ f instead of O2 in the definition of
the operator basis (7.4). Other choices are possible as well, but the basis in Eq. (7.4) is
particularly suitable for our purposes, because it is most directly related to the operators
used in Chapters 5 and 6.

Matrix elements of the dimension-four operators are divergent in general. However,
one may define renormalized operators OR

n as linear combinations among them, for
which physical matrix elements become finite:

OR
n = ∑

k
ZnkOk . (7.5)

Analogously, one defines renormalized coefficient functions through the condition

∑
n

CB
nOn

!
= ∑

n
CnOR

n ⇒ Cn = ∑
m

CB
m(Z−1)mn, (7.6)

where CB
n ≡ C(4),B

n , cf. Eqs. (7.1) and (7.4). It is well known that, since the operators of
Eq. (7.4) are part of the QCD Lagrangian, the renormalization matrix Z can be expressed
in terms of the anomalous dimensions of QCD [164, 165]:

Z =

(
Z2×2 ~Z3
~0 T Z−4

m

)
, where Z2×2 =

(−ε/βε −2γm/βε

0 1

)
,

~Z3 = 4µ̂−2εZ−4
m

(
αs

∂
∂αs

Z0

2 Z0

)
.

(7.7)

βε, γm, Zm, and µ̂ are defined in Appendix A.2. The ’t Hooft mass µ ensures that each
renormalized operator OR

n in Eq. (7.5) has the same mass dimension as the corresponding
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bare one, and µ̂ appears in the MS scheme by default. Z0 is the MS renormalization
constant for the vacuum energy [165]. It is related to the corresponding anomalous
dimension γ0 through

γ0(αs) = [4γm(αs)− ε] Z0(αs) + βε(αs)αs
∂

∂αs
Z0(αs) ≡ −

NCnh

(4π)2 ∑
n≥0

(
αs

4π

)n

γ0,n, (7.8)

which leads to

Z0(αs) =
NCnh

(4π)2ε

{
1 +

αs

4π

(
γ0,1

2
− 2γm,0

ε

)
+

(
αs

4π

)2[ 2
3ε2

(
β0 γm,0 + 4 γ2

m,0
)

− 1
6ε

(β0 γ0,1 + 4 γ0,1γm,0 + 8 γm,1) +
1
3

γ0,2

]}
+O(α3

s).

(7.9)

The first three perturbative coefficients are given by [165, 166]2

γ0,0 = 1, γ0,1 = 4CF,

γ0,2 = −C2
F

(
131
2
− 48 ζ(3)

)
− CFCA

(
−109

2
+ 24 ζ(3)

)
− CFTR (10nf + 48nh) .

(7.10)

7.1.2 Coefficient Functions

The OPE form of the current correlators is usually inconvenient for their perturbative
evaluation. Instead, one rather evaluates the l.h.s. of Eq. (7.1) directly by calculating
the relevant two-point functions to the appropriate order. The exact analytical result
for general quark masses is known at the two-loop level [168–171], while higher orders
up to the four-loop level have been reconstructed by combining various kinematical
limits [172–182], or through integral reduction and subsequent numerical evaluation of
the resulting master integrals [183].

Since the dimension-zero and -two operators in Eq. (7.1) are proportional to unity, the
coefficients C(0) and C(2) are immediately determined from the small-mass expansion of
these perturbative results for the VPF. They are thus known up to the four-loop level at
the moment [184–192].3

The Wilson coefficients Cn of the dimension-four operators, on the other hand, require
a dedicated calculation which keeps track of the contributions from the individual
operators. This has been done through O(α3

s) for C1 and C2, and through O(α2
s) for C3 in

Refs. [166, 197–199]. For the purpose of this chapter, only the O(α2
s) results are required.

7.2 flowed operator product expansion

Having introduced the setup in the regular theory, we now translate this to the flowed
OPE for the current correlators.

2 Higher orders have been computed in Ref. [167].
3 The imaginary parts of the VPFs are known even at the five-loop level in the phenomenologically most

relevant cases [193–196].
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7.2.1 Flowed Operators

We introduce the flowed operators as

Õ1(t, x) =
Zs

g2
B

Ga
µν(t, x)Ga

µν(t, x) =
1

µ̂2εg2 Ga
µν(t, x)Ga

µν(t, x) =
4

µ̂2εg2 E(t, x),

Õ2(t, x) = Z̊χ

nf

∑
f=1

χ̄ f (t, x)
←→
/D F(t, x)χ f (t, x) = R̊(t, x),

Õ3(t, x) = m4,

(7.11)

where E(t, x) and R̊(t, x) are the composite operators already introduced in Section 2.4.
Compared to E(t, x), we divide Õ1(t, x) by g2

B to have the same normalization as in
Section 6.5 which allows us to reuse the results for the operator mixing. The strong
coupling renormalization constant Zs then ensures that matrix elements of Õ1(t) are
finite. The reason for keeping track of the non-integer mass dimension of Õ1(t) is
clarified later.

Similar to the regular operators in Eq. (7.4), one could trade the flowed operator Õ2(t)
for Õ′2(t) = −2mZ̊χ ∑nf

f=1 χ̄ f (t)χ f (t). However, in this case the final results to be derived
below would be different, because the EOM for the flowed operators relate Õ′2(t) to both
Õ2(t) and Õ1(t) (see Section 6.1). A transformation of the results in this chapter to Õ′2(t)
is straightforward though.

7.2.2 Small-Flow-Time Expansion

The small-flow-time expansion in Eq. (6.7) allows us to relate the regular QCD operators
and coefficients with their flowed counterparts as follows:

Õn(t) = ζ
(0)
n (t)1 + ζ

(2),B
n (t)m2

B1 + ∑
k

ζB
nk(t)Ok + . . .

≡ ζ
(0)
n (t)1 + ζ

(2)
n (t)m21 + ∑

k
ζnk(t)OR

k + . . . ,
(7.12)

where the ellipsis denotes terms that vanish as t→ 0, and

ζ
(2)
n (t) = ζ

(2),B
n (t) Z2

m, ζnk(t) = ∑
l

ζB
nl(t) Z−1

lk (7.13)

are the renormalized, finite mixing coefficients. Inversion of Eq. (7.12) gives

OR
n = ∑

k
ζ−1

nk (t) Ōk(t) + . . . ,

Ōn(t) ≡ Õn(t)− ζ
(0)
n (t)1− ζ

(2)
n (t)m21.

(7.14)

This lets one define the “flowed OPE” for the current correlator:

T(Q)
Q2→∞∼ C̃(0)(Q2, t)1 + C̃(2)(Q2, t)m21 + ∑

n
C̃n(Q2, t)Õn(t) + . . . (7.15)
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where the corresponding coefficient functions are related to the regular Wilson coeffi-
cients through

C̃n(Q2, t) = ∑
k

Ck(Q2)ζ−1
kn (t),

C̃(0,2)(Q2, t) = C(0,2)(Q2)−∑
n

C̃n(Q2, t) ζ
(0,2)
n (t).

(7.16)

The regular QCD coefficients C(0) and C(2) are given by the first two terms in m2/Q2 of
the large-Q2 expansion of the VPFs. Through the required order, they can be found in
Ref. [188] for vector-, in Ref. [190] for axial-vector-, and in Ref. [189] for scalar- and
pseudo-scalar currents, for example. The dimension-four coefficients can be found in
Refs. [197, 199].4

7.3 calculation of the mixing matrix

We now determine the mixing matrix ζ in a perturbative calculation through NNLO.
By using the known results for the regular Wilson coefficients, one can determine the
flowed coefficients of Eq. (7.16) to the same order. Together with an evaluation of the
flowed operator matrix elements on the lattice, the VPFs can be extracted and used in
the determination of various physical quantities.

The bare mixing matrix ζB can be determined with the help of the method of projectors
introduced in Section 6.2:

ζ
(0,2),B
n (t) = P(0,2)[Õn(t)], ζB

nk(t) = P(4)
k [Õn(t)], (7.17)

where we construct P(n) such that

P(n)[O(m)] = δnm, P(n)[Ok] = P(4)
k [O(n)] = 0, P(4)

k [Ol ] = δkl , (7.18)

for n, m ∈ {0, 2} and k, l ∈ {1, 2, 3}.
Specifically, the projectors onto 1, m2

B1, and OB
3 are given by derivatives of vacuum

matrix elements w.r.t. mB:

ζ
(0)
n (t) = P(0)[Õn(t)] ≡ 〈Õn(t)〉

∣∣∣
mB=0

,

ζ
(2)
n (t) = Z2

m P(2)[Õn(t)] ≡ Z2
m

1
2!

∂2

∂m2
B
〈Õn(t)〉

∣∣∣
mB=0

,

ζB
n3(t) = P(4)

3 [Õn(t)] ≡
1
4!

∂4

∂m4
B
〈Õn(t)〉

∣∣∣
mB=0

.

(7.19)

A crucial point of the method of projectors is that the derivatives and limits are taken
before loop integration [149, 150]. This guarantees that all loop contributions of projections
on the r.h.s. of Eq. (7.12) lead to scaleless integrals and thus vanish in dimensional
regularization. On the other hand, it implies that the projections on the l.h.s. of Eq. (7.12)

4 Since the latter reference is only available in German, they have also been included in Ref. [132].
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can be divergent, even though physical matrix elements of Õn(t) are finite. This is
why we need to carefully account for a possible non-integer mass dimension of these
operators, see Eq. (7.11).

We directly obtain

ζB
33 =

1
4!

∂4

∂m4
B

m4 = Z−4
m , ζ

(0),B
3 = ζ

(2),B
3 = 0, ζB

31 = ζB
32 = 0, (7.20)

where the third set of equations follows from Õ3(t) = m4 = O3 and the projector
property P(4)

1 [O3] = P(4)
2 [O3] = 0, see Eq. (7.18).

The bare and renormalized mixing matrices for the dimension-four operators thus
take the form

ζB =

(
ζB

2×2
~ζ B

3
~0 T Z−4

m

)
, ζ =

(
ζ2×2 ~ζ3
~0 T 1

)
, (7.21)

where~0 T = (0, 0), and

ζB
2×2 =

(
ζB

11 ζB
12

ζB
21 ζB

22

)
, ζ2×2 = ζB

2×2Z−1
2×2,

~ζ B
3 =

(
ζB

13, ζB
23

)T
, ~ζ3 = (~ζ B

3 − ζ2×2~Z3)Z4
m.

(7.22)

ζ2×2 can be obtained from the mixing matrix of the operators occurring in the EMT. This
is easily derived from the relation between the operators Oi defined in Eq. (7.4) and the
Ôi,µν defined in Eq. (6.39), (O1

O2

)
δµν =

(Ô2,µν

Ô4,µν

)
, (7.23)

as well as the equivalent relation
(Õ1

Õ2

)
δµν =

(O̊2,µν

O̊4,µν

)
(7.24)

for the flowed operators Õi defined in Eq. (7.11) and the flowed EMT operators O̊i,µν in
Eq. (6.40). Note that O̊4,µν = ∑nf

f O̊4 f ,µν. Following Eqs. (6.38) and (6.42), we thus find

ζ−1
2×2 =

(
mF,22 mF,24

nfmF,42 mF,44 + (nf − 1)mF,44

)
(7.25)

with the NNLO mixing matrix elements from Eqs. (6.51) and (6.52).
The coefficients ζ

(0)
n are simply the VEVs of Õn(t) for m = 0. Thus, we can reuse the

results obtained in Chapter 5 and we have

ζ
(0)
1 (t) = 〈Õ1(t)〉

∣∣
m=0 =

1
µ̂2επαs

〈E(t)〉|m=0 ,

ζ
(0)
2 (t) = 〈Õ2(t)〉

∣∣
m=0 = 〈R̊(t)〉

∣∣
m=0 = − 2NCnf

(4πt)2 ,
(7.26)
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where the latter all-order result follows from the definition of the ringed scheme in
Eq. (2.62), cf. Eq. (2.67). For Õ1(t) the VEV has been calculated through NNLO in
Eqs. (5.2) and (5.5) to (5.7).

The renormalized expressions for ζ
(2)
n correspond to the mass effects calculated in

Section 5.4 and we directly find

ζ
(2)
1 (t) = Z2

m
1
2!

∂2

∂m2
B
〈Õ1(t)〉

∣∣∣
mB=0

=
t

µ̂2επαs
E(2)(t),

ζ
(2)
2 (t) = Z2

m
1
2!

∂2

∂m2
B
〈Õ2(t)〉

∣∣∣
mB=0

= tR̊(2)(t),
(7.27)

with E(2)(t) given through Eqs. (5.23) to (5.25) and R̊(2)(t) through Eqs. (5.29) to (5.31).
ζ13 and ζ23 require the naive expansion of the VEVs to O(m4

Bt2), which did not suffice
to obtain the mass effects to O(m4t2) in Section 5.4 because other regions contribute
at this order. Hence, we only present the results for ζ13 and ζ23 after the sophisticated
renormalization given in Eq. (7.22). It is important here to work consistently in D space-
time dimensions. Since ~Z3 contains a 1/ε pole already at O(α0

s), we need to keep the
O(ε2) terms of ζ2×2 at NLO, and the O(ε) terms at NNLO. We did not include these
terms in Eqs. (6.51) and (6.52) and instead refer to the ancillary file of Ref. [132]. Using
the identity NATR = NCCF [200], our final result for ~ζ3 reads

ζ13(t) =
nhNCCF

16π2
αs

π

{
5− 6 ζ(2)− 6 L(µ2t)− 6 L2(µ2t)

+
αs

π

[
− 3.31445 CA − 27.5707 CF − 15.0886 TRnh + 19.5780 TRnl

+ L(µ2t)
(
− 5.68293 CA − 32.7594 CF − 4.17386 TRnh + 19.8261 TRnl

)

+ L2(µ2t)
(
− 433

12
CA −

33
2

CF +
26
3

TRnf

)
(7.28a)

+ L3(µ2t)
(
− 22

3
CA − 6 CF +

8
3

TRnf

)]}
+O(α3

s),

ζ23(t) =
NCnh

2π2

{
1 + L(µ2t) +

αs

π
CF

[
67
16

+
13
2

ln 2− 15
2

ln 3− 9
4

Li2

(
1
4

)

+

(
33
8
− ln 2− 3

4
ln 3
)

L(µ2t) +
3
2

L2(µ2t)
]

+
(αs

π

)2
CF

[
− 0.710509 CA + 6.97943 CF − 6.43804 TRnh − 2.87689 TRnl

+ L(µ2t)
(

1.53754 CA + 4.22899 CF − 4.47865 TRnh − 1.47865 TRnl

)

+ L2(µ2t)
(

2.57807 CA + 4.09934 CF − 0.931798 TRnf

)
(7.28b)

+ L3(µ2t)
(

11
24

CA +
3
2

CF −
1
6

TRnf

)]}
+O(α3

s),
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where we only display the six leading digits of the numerical results. Similar to the
results in Chapter 5, our numerical uncertainty is about six orders of magnitude beyond
that. The logarithmic terms at O(αn

s ) are determined by the RG equation derived in the
next section. Thus, they are in principle available analytically. However, for all practical
purposes we consider these numerical numbers as equivalent.

This completes the results for the small-flow-time coefficients of the OPE up to
dimension four of Eq. (7.15). They are available with higher accuracy in the ancillary file
of Ref. [132].

7.4 flow-time evolution

In the final section of this chapter we derive a general flow-time evolution equation
for flowed operators. It resembles the RG equation for regular operators but with a
“flowed anomalous dimension matrix”. While studies of the relation between the RG
and the flow-time evolution have also been performed elsewhere in the literature (see,
e.g., Refs. [136, 201–208]), to our knowledge the treatment described here has not been
discussed before.

Let us return to the small-flow-time expansion of the operators Ō defined in Eqs. (7.12)
and (7.14), employing a matrix rather than component-wise notation for the sake of
clarity:

Ō(t) = ζB(t)O = ζ(t)OR. (7.29)

Since we work in the small-flow-time limit, the dependence of ζ(t) on t can be only
through L(µ2t), defined in Eq. (5.3). Taking the logarithmic derivative w.r.t. t of Eq. (7.29),
one thus obtains

t∂tŌ(t) = (t∂tζ(t))OR. (7.30)

Using Eq. (7.29) to eliminate the regular operators OR, we find the flow-equation for
flowed composite operators

t∂tŌ(t) = γf(t) Ō(t), where γf(t) ≡ (t∂tζ(t))ζ−1(t). (7.31)

So far the discussion is general and holds for any flowed OPE. Specializing to our case
of the QCD dimension-four operators, we can write the “flowed anomalous dimension”
matrix as

γf =

(
γf

2×2 ~γf
3

0 0

)
, γf

2×2(t) = (t∂tζ2×2(t)) ζ−1
2×2(t),

~γf
3(t) = −γf

2×2(t)~ζ3(t) + t∂t~ζ3(t).
(7.32)

Through O(α2
s), the result can be directly evaluated from Eqs. (7.25) and (7.28). A

consistency check is obtained by noting that ζ(t) depends on t only through L(µ2t):

t∂tζ(t) = µ2 ∂

∂µ2 ζ(t) = µ2 d
dµ2 ζ(t)− αsβ

∂

∂αs
ζ(t). (7.33)
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On the other hand, we know that αsÕ1(t) and Õ2(t) are RG invariant [4, 8, 11] and
therefore, with Eq. (7.12),




0
0

4m4γm


 = µ2 d

dµ2 H−1(αs)Õ(t)

= µ2 d
dµ2 H−1(αs)

(
ζ(0)(t)1 + ζ(2)(t)m21 + ζ(t)OR

)
,

(7.34)

where

H(x) =

(
H2×2(x) ~0
~0 T 1

)
, with H2×2(x) =

(
(4πx)−1 0

0 1

)
. (7.35)

Since operators of different mass dimensions do not mix under RG evolution and
ζ
(0,2)
3 (t) = 0, we can drop the first two terms in the brackets on the r.h.s. of Eq. (7.34).5

We thus arrive at

µ2 d
dµ2 ζ(t) =




0 0 0
0 0 0
0 0 4γm


−




β 0 0
0 0 0
0 0 0


 ζ(t)− ζ(t)γO, (7.36)

where γO is the anomalous dimension of the operators OR, defined through

µ2 d
dµ2O

R = γO(αs)OR. (7.37)

It can be written as

γO =

(
µ2 d

dµ2 Z
)

Z−1 =

(
γO2×2 ~γO3
~0 T 4γm

)
, (7.38)

with Z from Eq. (7.7). Using the expressions of Section 7.1.1, one derives [164, 165]

γO2×2 =

(
µ2 d

dµ2 Z2×2

)
Z−1

2×2 =



−αs

∂
∂αs

β −2 αs
∂

∂αs
γm

0 0


 ,

~γO3 = Z4
m

(
µ2 d

dµ2
~Z3 − γO2×2

~Z3

)
=




4αs
∂

∂αs
γ0

8γ0


 .

(7.39)

The QCD RG functions β and γm are defined in Eqs. (A.9) and (A.11), respectively. Since
they are of O(αs), the explicit µ-dependence of ζ2×2(t) can be derived through O(α3

s)

from the results of Section 6.5. Thus, for γf
2×2, Eq. (7.33) is not just a consistency check,

5 This can also be seen by noting that these two terms, multiplied by H−1(αs), are αs〈Õ1(t)〉 and 〈Õ2(t)〉,
expanded through order m2.
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but a means to derive higher order terms. In our case, we can obtain the result through
O(α3

s):

γf
11 =

(αs

π

)2
[

3
32

C2
A +

1
8

CATRnf +
7
8

CFTRnf

]
+
(αs

π

)3
[
− 7

48
CAT2

Rn2
f

− 35
36

CFT2
Rn2

f + CACFTRnf

(
11891
2880

+
27
40

ln 2− 81
160

ln 3
)

+ C2
ATRnf

(
1687
2880

+
29
40

ln 2− 9
20

ln 3
)
+ C3

A

(
6643

11520
− 319

160
ln 2 +

99
80

ln 3
)

+ C2
FTRnf

(
25
64

+
45
8

ln 2− 111
32

ln 3 +
3
4

Li2

(
1
4

)
− 3

8
ζ(2)

)
(7.40a)

+

(
1
6

C2
ATRnf +

11
64

C3
A +

77
48

CACFTRnf −
1

12
CAT2

Rn2
f −

7
12

CFT2
Rn2

f

)
L(µ2t)

]

+O(α4
s),

γf
12 = −3

2
αs

π
CF +

(αs

π

)2
{
− 367

48
CACF +

5
3

CFTRnf + C2
F

[
− 3

16
− 3

2
ln 2− 9

8
ln 3
]

+

[
− 11

4
CACF + CFTRnf

]
L(µ2t)

}

+
(αs

π

)3
{

C2
FCA

[
− 391

768
− 431

24
ln 2 +

3
8

ln2 2 +
11
64

ln 3 +
9
8

Li2

(
1
4

)
− 33

64
ζ(2)

]

+ CFT2
Rn2

f

[
− 25

18
− 1

2
ζ(2)

]
+ C3

F

[
− 1401

256
+

339
16

ln 2− 9
8

ln2 2

− 657
64

ln 3− 9
4

ln 2 ln 3− 27
32

ln2 3 +
153
32

Li2

(
1
4

)
+

39
64

ζ(2)
]

+ C2
ACF

[
− 5291

144
− 2311

24
ln 2 +

4641
64

ln 3 +
11
32

Li2

(
1
4

)
+

11
8

ζ(2)
]

(7.40b)

+ C2
FTRnf

[
8827
960
− 2089

120
ln 2 +

847
80

ln 3 +
3
8

Li2

(
1
4

)
− 3

16
ζ(2)− 9

2
ζ(3)

]

+ CACFTRnf

[
5861
360

+
4273
120

ln 2− 2139
80

ln 3− 1
8

Li2

(
1
4

)
+

7
8

ζ(2) +
9
2

ζ(3)
]

+
3
32

CF c(2)χ +

[
− 4445

192
C2

ACF +
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48

CACFTRnf −
5
3

CFT2
Rn2

f

+ C2
FCA

(
− 33

64
− 33

8
ln 2− 99

32
ln 3
)
+ C2

FTRnf

(
15
16

+
3
2

ln 2 +
9
8

ln 3
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L(µ2t)

+

[
− 121

32
C2

ACF +
11
4

CACFTRnf −
1
2

CFT2
Rn2

f

]
L2(µ2t)

}
+O(α4

s),

γf
21 =

(αs

π

)3
[

C2
ATRnf

(
599
5760

+
33
80

ln 2− 99
320

ln 3
)
+ CAT2

Rn2
f

(
41

1440
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− 3
20

ln 2 +
9

80
ln 3
)
+ CACFTRnf

(
209
1152

+
55
16

ln 2− 407
192

ln 3

+
11
24

Li2

(
1
4
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− 11

48
ζ(2)
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+ CFT2

Rn2
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(
43
144
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4
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48

ln 3 (7.40c)

− 1
6

Li2

(
1
4
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+

1
12

ζ(2)
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+O(α4
s),
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22 =
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(
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12
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+ CFTRnf
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+
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1
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2521
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6
ln2 2
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160

ln 3− 1
24

Li2

(
1
4

)]
+ C2

ACF

[
− 7397

2304
− 213

16
ln 2 +
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Li2

(
1
4
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20
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Li2
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4
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+
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12
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(
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+
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(7.40d)

+ C2
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253
384
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209
8
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24

ln2 2− 99
8

ln 3− 11
8

ln 2 ln 3− 33
64
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32

Li2

(
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4
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+
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ζ(2)
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+

(
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1
24
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c(2)χ

+
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(
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72
ln 2− 121

96
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4
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9
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11
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}
+O(α4

s).

We verified that this agrees through O(α2
s) with the result which is obtained by directly

inserting Eq. (7.25) into Eq. (7.32). Due to the factor of 1/g2 in Õ1 (see Eq. (7.11)), γf
2×2 is

not RG invariant, while H−1
2×2γf

2×2H2×2 is. It may be useful to note that, by subtracting
the VEVs off of Õ1 and Õ2,

Õ1,sub(t, x) = Õ1(t, x)− 〈Õ1(t, x)〉,
Õ2,sub(t, x) = Õ2(t, x)− 〈Õ2(t, x)〉, (7.41)

the resulting operators do not mix with Õ3 under t-evolution. Rather, their logarithmic
t-evolution is fully governed by γf

2×2 and thus known through O(α3
s).
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Eq. (7.36) does not analogously allow one to derive the O(α3
s) terms of ~γf

3, because
it involves γ0 which, in contrast to β and γm, starts at O(α0

s) rather than O(αs), see
Eq. (7.8). Therefore, we can only give the result through O(α2

s) for ~γf
3:

γf
13 =

3NCnh

8π2
αs

π
CF

{
1 +

αs

π

[
9.24729 CA − 2.47340 CF − 2.91787 TRnh

+ 1.08213 TRnl + L(µ2t)
(

11
6

CA + 3 CF −
2
3

TRnf

)]}
+O(α3

s), (7.42a)

γf
23 =

NCnh

2π2

{
1 +

αs

π
CF

[
33
8
− ln 2− 3

4
ln 3 + 3 L(µ2t)

]
+
(αs

π

)2
CF

[
2.81363 CA

+ 4.22899 CF − 4.31769 TRnh − 1.31769 TRnl + L(µ2t)
(

6.43224 CA + 8.19868 CF

− 1.70263 TRnf

)
+ L2(µ2t)

(
11
8

CA +
9
2

CF −
1
2

TRnf

)]}
+O(α3

s). (7.42b)

We checked, of course, that Eq. (7.36) is consistent with the results for ζ13 and ζ23 of
Eq. (7.28).

7.5 conclusions

We presented the flowed OPE for general current-current correlators and its matching to
regular QCD through NNLO in the strong coupling αs and through mass dimension four
by using the small-flow-time expansion. Our calculation is based on the renormalization
procedure for the regular QCD dimension-four operators worked out in Ref. [164, 165],
the mixing matrix between flowed and regular EMT operators derived in Section 6.5, the
method of projectors described in Section 6.2, and the results for the VEVs presented in
Chapter 5.

Overall, our results allow to combine the known perturbative results for the regular
QCD current-current correlators from the literature to gradient flow lattice calculations.
This lays out the path for an alternative determination of hadronic contributions to
observables such as the anomalous magnetic moment of the muon. In addition, we
derived a general logarithmic flow-time evolution equation for flowed operators and
presented its explicit form for the dimension-four operators considered in this chapter.





8
T H E E L E C T R O W E A K H A M I LT O N I A N I N T H E G R A D I E N T F L O W
F O R M A L I S M

Flavor observables play an important role in the verification of the Standard Model. For
example, neutral kaon oscillations provide an insight into indirect charge conjugation
parity (CP) violation. Calculations of such flavor observables are usually performed in
the effective theory of weak interactions described by an effective Hamiltonian. In its
generic form, it reads

Heff = −
4GF√

2
VCKM ∑

i
QiCi, (8.1)

where GF denotes the Fermi constant, VCKM is the relevant Cabibbo-Kobayashi-Maskawa
(CKM) element for the operators Qi, and Ci are the corresponding Wilson coeffi-
cients [209]. This OPE separates the perturbative UV from non-perturbative infrared
contributions. The perturbative electroweak effects are captured in the Wilson coefficients.
Due to the small scale of hadronic physics, calculations of the matrix elements with
insertions of the operators Qi require non-perturbative treatment. The full result of the
effective theory is then obtained by combining the perturbative Wilson coefficients with
lattice determinations of the hadronic matrix elements [210]. These matrix elements are
often expressed as so-called bag parameters. However, while the perturbative Wilson
coefficients are usually computed in the MS scheme, the bag parameters are usually
obtained in some scheme related to the lattice. The necessary perturbative matching of
the schemes is one of the dominant sources of uncertainties for theoretical predictions of
kaon mixing [210].

As already discussed in Section 2.4, flowed composite operators do not require
renormalization beyond coupling and field renormalization. In particular, they do
not mix under RG running so that they can simply be transferred between different
regularization schemes. Applying this to the operators of the electroweak Hamiltonian
might thus help to avoid the scheme matching of the perturbative and the lattice
calculations.

We introduce the relevant operators for ∆F = 2 transitions, e.g. kaon or B meson
mixing, in Section 8.1. Since those operators include γ5, we discuss its treatment in
dimensional regularization as well as the appearing evanescent operators. Employing
the small-flow-time expansion of Eq. (6.7), we then express the regular operators through
their flowed counterparts with the help of a mixing matrix in Section 8.2. In the same
section, we also discuss the renormalization of the regular operators and its impact on
the mixing matrix. In Section 8.3, we outline our calculation of the mixing matrix based
on the method of projectors already introduced in Section 6.2 and discuss some of the
delicate aspects of the calculation. Section 8.4 then presents our preliminary results,
while we discuss possible next steps of the project in Section 8.5.
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8.1 operator basis

The operator basis of the Hamiltonian for weak interactions in Eq. (8.1) up to mass
dimension six consists of 18 operators, which can be divided into five classes: Current-
current operators, QCD penguin operators, electroweak penguin operators, magnetic
penguin operators, and semileptonic operators [209]. All operators are of dimension
six except for the magnetic penguin operators which are of dimension five. In addition,
Ref. [209] shows a sixth class for ∆F = 2 operators. In the effective theory they are
essentially current-current operators just with a different quark content, which are
generated by different diagrams in the Standard Model. Since we are only interested
in the operator basis of the effective theory and not their source, we also call them
current-current operators.

Not all of the 18 operators contribute to all problems. In this thesis, we focus on a pure
QCD calculation and can directly neglect all electroweak and semileptonic operators.
Moreover, we require no penguin operators by restricting us to the case that no quark-
antiquark pair has the same flavor. This can be simply understood by the fact that pure
QCD corrections cannot generate penguin diagrams in this case because it conserves
flavor. Fig. 8.1 shows the eponymous penguin diagram in the Standard Model as well as
penguin diagrams in the effective theory.

(a) (b) (c)

Figure 8.1: (a) The eponymous penguin diagram in the Standard Model, (b) and (c) penguin
diagrams in the effective theory.

We choose the two current-current operators as [211]

O1 = −
(
ψ̄1,LγµTaψ2,L

) (
ψ̄3,LγµTaψ4,L

)
,

O2 =
(
ψ̄1,Lγµψ2,L

) (
ψ̄3,Lγµψ4,L

)
,

(8.2)

where the subscript L denotes the left-handed component of the spinors

ψR/L = P±ψ = 1
2 (1± γ5)ψ. (8.3)

Note that the sign difference in O1 compared to Ref. [211] is induced by the different
conventions for the color matrices Ta, cf. Appendix A.1.

Similar operators with ψ2 and ψ4 exchanged can be eliminated by the Fierz identities.
Moreover, color non-singlet operators like

(
ψ̄1,L,iγµψ2,L,j

) (
ψ̄3,L,jγµψ4,L,i

)
(8.4)
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can be eliminated by employing the relation

Ta
ijT

a
kl = TR

(
δilδjk − 1

N δijδkl
)

(8.5)

which is only valid in the fundamental representation of SU(N) [212]. Hence, if the color
non-singlet operators are eliminated through Eq. (8.5), any calculation in the remaining
basis is no longer independent of the gauge group.

We restrict ourselves to the case of four different flavors throughout this chapter,
which allows us to easily compare with the literature. Penguin operators do not appear
due to ψ2 6= ψ1 6= ψ4 and ψ2 6= ψ3 6= ψ4. For ∆F = 2, i.e. ψ1 = ψ3 or ψ2 = ψ4, the two
operators in Eq. (8.2) are related by a Fierz identity and, thus, are no longer linearly
independent. However, the physical ∆F = 2 mixing matrix can be obtained from the
result in the basis of Eq. (8.2) by transforming to a basis in which one of the operators
vanishes algebraically due to the Fierz identity.

Naturally, the basis choice is not unique and one can construct linear combinations
or add nonphysical or vanishing operators. For example, the current-current operators
in Eq. (8.2) differ from the corresponding operators in the standard basis introduced in
Ref. [213]. However, there are different preferences of these two operators even in the
standard basis, e.g. comparing Ref. [213] and Ref. [214]. Of course, all these operators
are related through the Fierz identities and Eq. (8.5). Instead, the advantage of the basis
introduced in Ref. [211], from now on abbreviated as Chetyrkin-Misiak-Münz (CMM)
basis, concerns the QCD penguin operators and the treatment of γ5.

In dimensional regularization the anticommutativity of γ5 with the other γ matrices

{γµ, γ5} = 0 (8.6)

is incompatible with the trace requirement

Tr(γµγνγργσγ5) 6= 0 −→
D→4

4iεµνρσ, (8.7)

which is needed for a meaningful transition to four dimensions [215]. There are many
schemes on how to deal with this problem, but we will just mention the two most
prominent. The ’t Hooft-Veltman scheme splits the D-dimensional Lorentz space into
a four- and a −2ε-dimensional subspace [216]. γ5 only anticommutes with the γ ma-
trices of the four-dimensional subspace. However, this violates gauge invariance and
introduces anomalies [215]. Moreover, the ’t Hooft-Veltman scheme leads to tedious
calculations, especially at higher orders in perturbation theory. On the other hand, the
naive dimensional regularization scheme drops the requirement (8.7) and just uses a
fully anticommuting γ5. This makes calculations much simpler, but still forces one to
adopt some prescription for treating traces with γ5 in D dimensions if they appear.
Then, one also has to carefully check that spurious anomalies cancel [215]. Recently, Zerf
performed a sophisticated analysis on the treatment of traces with γ5 and developed an
algorithm to obtain unambiguous results in D dimensions in Ref. [217]. Although it is
applicable to traces with an arbitrary number of γ matrices, a central ingredient is still
missing for traces with more than ten γ matrices.



90 the electroweak hamiltonian in the gradient flow formalism

The advantage of the CMM basis over the standard basis in perturbative calculations
can be illustrated by the one-loop diagram in Fig. 8.1(c) with the insertion of a penguin
operator. For example, in the standard basis one of the penguin operators is chosen as

O3,SB =
(
ψ̄1,Lγµψ2,L

)
∑

f

(
ψ̄ f ,Lγµψ f ,L

)
, (8.8)

where the sum runs over the different quark flavors. The corresponding operator in the
CMM basis reads

O3,CMM =
(
ψ̄1,Lγµψ2,L

)
∑

f

(
ψ̄ f γµψ f

)
. (8.9)

The fermion loop in Fig. 8.1(c) and with it the trace contains γ5 in the standard basis.
In the CMM basis, on the other hand, there is no γ5 in the loop and, thus, the trace is
free of γ5. Instead, γ5 only appears on the fermion lines which are connected to the
external fields. Hence, one can unambiguously use an anticommuting γ5, because one
does not have to specify how γ5 shall be treated in traces. Since we aim to extend our
calculation to the QCD penguin operators in the future, we choose the CMM basis over
the standard basis.

However, there is a further complication for four-fermion operators: Each order in
perturbation theory introduces additional operators [218]. These operators are called
evanescent, because they vanish for D = 4, i.e. algebraically they are of O(ε). Nonetheless,
they mix with the physical operators in dimensional regularization and are necessary to
remove all UV divergences. On the other hand, one can prevent the physical operators
from mixing into the evanescent operators by a finite renormalization such that all
Green’s functions of evanescent operators vanish [218–220].

Also for the evanescent operators we follow Ref. [211] and choose

E(1)
1 = −

(
ψ̄1,Lγµ1µ2µ3 Taψ2,L

) (
ψ̄3,Lγµ1µ2µ3 Taψ4,L

)
− 16O1,

E(1)
2 =

(
ψ̄1,Lγµ1µ2µ3 ψ2,L

) (
ψ̄3,Lγµ1µ2µ3 ψ4,L

)
− 16O2

(8.10)

with γµ1···µn ≡ γµ1 · · · γµn as the evanescent operators at NLO, as denoted by the super-
script (1). At NNLO, we additionally require

E(2)
1 = −

(
ψ̄1,Lγµ1µ2µ3µ4µ5 Taψ2,L

) (
ψ̄3,Lγµ1µ2µ3µ4µ5 Taψ4,L

)
− 20E(1)

1 − 256O1,

E(2)
2 =

(
ψ̄1,Lγµ1µ2µ3µ4µ5 ψ2,L

) (
ψ̄3,Lγµ1µ2µ3µ4µ5 ψ4,L

)
− 20E(1)

2 − 256O2.
(8.11)

Ref. [211] also introduces an operator which vanishes by the EOM. It cannot mix into
the operators introduced above as long as we can discard the penguin operators.

8.2 small-flow-time expansion and renormalization

We now want to express the physical current-current operators in Eq. (8.2) through the
corresponding flowed operators

Õ1 = −Z̊2
χ

(
χ̄1,LγµTaχ2,L

) (
χ̄3,LγµTaχ4,L

)
,

Õ2 = Z̊2
χ

(
χ̄1,Lγµχ2,L

) (
χ̄3,Lγµχ4,L

) (8.12)
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with the help of the small-flow-time expansion, cf. Eq. (6.7). Z̊χ denotes the field renor-
malization constant for ringed quarks defined in Eq. (2.62). Due to the operator mixing
described in Section 8.1, we also have to include the flowed evanescent operators

Ẽ(1)
1 = −Z̊2

χ

(
χ̄1,Lγµ1µ2µ3 Taχ2,L

) (
χ̄3,Lγµ1µ2µ3 Taχ4,L

)
− 16Õ1,

Ẽ(1)
2 = Z̊2

χ

(
χ̄1,Lγµ1µ2µ3 χ2,L

) (
χ̄3,Lγµ1µ2µ3 χ4,L

)
− 16Õ2,

(8.13)

Ẽ(2)
1 = −Z̊2

χ

(
χ̄1,Lγµ1µ2µ3µ4µ5 Taχ2,L

) (
χ̄3,Lγµ1µ2µ3µ4µ5 Taχ4,L

)
− 20Ẽ(1)

1 − 256Õ1,

Ẽ(2)
2 = Z̊2

χ

(
χ̄1,Lγµ1µ2µ3µ4µ5 χ2,L

) (
χ̄3,Lγµ1µ2µ3µ4µ5 χ4,L

)
− 20Ẽ(1)

2 − 256Õ2

(8.14)

at NLO and NNLO, respectively. By inverting the small-flow-time expansion and ne-
glecting the O(t) terms, we find

(
~O
~E

)
= ζ−1

(
~̃O
~̃E

)
≡
(

ζ−1
PP ζ−1

PE
ζ−1

EP ζ−1
EE

)( ~̃O
~̃E

)
, (8.15)

where ~OT = (O1,O2)T and ~ET = (E(1)
1 , E(1)

2 )T at NLO and ~ET = (E(1)
1 , E(1)

2 , E(2)
1 , E(2)

2 )T at

NNLO, respectively. ~̃O and ~̃E are defined equivalently. The subscripts P and E in the
submatrices of ζ−1 denote the mixing of the two sets, e.g. ζ−1

PE describes the mixing of
the flowed evanescent operators (E) into the regular physical operators (P).

Even though the flowed operators do not require renormalization apart from the field
and coupling renormalization, the regular operators have to be renormalized with the
renormalization matrix Z according to [209]

{
~O
~E

}

R

= Z

(
~O
~E

)
≡
(

ZPP ZPE

ZEP ZEE

)(
~O
~E

)
. (8.16)

Accordingly, the Wilson coefficients in Eq. (8.1) are renormalized by ~CB = ZT~C. Each
matrix element Zij can be expanded as the power series

Zij = δij +
∞

∑
k=1

( αs

4π

)k
Z(k)

ij with Z(k)
ij =

k

∑
l=0

1
εl Z(k,l)

ij . (8.17)

In the MS scheme, ZPP, ZPE, and ZEE are given by pure 1/εl poles, while ZEP contains
finite terms [218–220]. The anomalous dimension γij is defined by

µ2 d2Ci(µ)

dµ2 ≡ γjiCj(µ) =

[
∞

∑
k=0

(
αs

4π

)k+1

γk,ji

]
Cj(µ). (8.18)

In Refs. [219, 220] it was shown that γ possesses an upper-block-triangular form, i.e.
γEP = 0. Since in any mass independent renormalization scheme the only µ-dependence
of Zij resides in αs, we obtain the relation

γij = αsβεZik
∂Z−1

kj

∂αs
, (8.19)
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which allows us to express some of the coefficients Z(k,l)
ij of the renormalization matrix

through the coefficients γn,ij of the anomalous dimension. Through NNLO we can write
the renormalization matrix as [211, 221]

Zij = δij +
αs

4π

[
γ0,ij

ε
+ Z(1,0)

ij

]
+

(
αs

4π

)2[ 1
2ε2 (γ0,ikγ0,kj − β0γ0,ij)

+
1
2ε

(
γ1,ij + γ0,ikZ(1,0)

kj + Z(1,0)
ik γ0,kj − β0Z(1,0)

ij

)
+ Z(2,0)

ij

]
+O(α3

s).

(8.20)

By inserting Eq. (8.16) into Eq. (8.15), we arrive at
{
~O
~E

}

R

= Zζ−1

(
~̃O
~̃E

)
=

(
ZPP ZPE

ZEP ZEE

)(
ζ−1

PP ζ−1
PE

ζ−1
EP ζ−1

EE

)( ~̃O
~̃E

)

≡ ζ−1
R

(
~̃O
~̃E

)
=

(
ζ−1

R,PP ζ−1
R,PE

ζ−1
R,EP ζ−1

R,EE

)(
~̃O
~̃E

)
,

(8.21)

where ζ−1
R is the renormalized (inverse) mixing matrix. Of course, we are only interested

in the physical submatrix ζ−1
R,PP, i.e. the mixing of the flowed physical operators into the

regular physical operators. Especially, we do not want any contributions from the flowed
evanescent operators to the regular physical operators through the submatrix ζ−1

R,PE. If
ζ−1

R,PE is finite after renormalization, this requirement is trivially fulfilled, because the
evanescent operators only contribute with O(ε) terms which vanish for D = 4. More
importantly, the regular evanescent operators must not receive any contributions from
flowed physical operators through ζ−1

R,EP in order for their Green’s functions to vanish.

Therefore, we have to demand ζ−1
R,EP

!
= O(ε), i.e. the finite renormalization through ZEP

has to subtract all finite terms in this submatrix. The mixing of the evanescent operators
with themselves described by ζ−1

R,EE is irrelevant for us as long as it is finite.

8.3 calculation of the mixing matrix

For the calculation of the mixing matrix ζ we again use the method of projectors
introduced in Section 6.2. The Feynman rules for the operators can simply be read off
from Eqs. (8.2), (8.10), and (8.11) and we find

O1,ijkl,α̂β̂γ̂δ̂ =− Ta
ijT

a
kl{P+γµP−}α̂β̂{P+γµP−}γ̂δ̂,

O2,ijkl,α̂β̂γ̂δ̂ = δijδkl{P+γµP−}α̂β̂{P+γµP−}γ̂δ̂,

E(1)
1,ijkl,α̂β̂γ̂δ̂

=− Ta
ijT

a
kl{P+γµ1µ2µ3 P−}α̂β̂{P+γµ1µ2µ3 P−}γ̂δ̂ − 16O1,ijkl,α̂β̂γ̂δ̂,

E(1)
2,ijkl,α̂β̂γ̂δ̂

= δijδkl{P+γµ1µ2µ3 P−}α̂β̂{P+γµ1µ2µ3 P−}γ̂δ̂ − 16O2,ijkl,α̂β̂γ̂δ̂, (8.22)

E(2)
1,ijkl,α̂β̂γ̂δ̂

=− Ta
ijT

a
kl{P+γµ1µ2µ3µ4µ5 P−}α̂β̂{P+γµ1µ2µ3µ4µ5 P−}γ̂δ̂ − 20 E(1)

1,ijkl,α̂β̂γ̂δ̂

− 256O1,ijkl,α̂β̂γ̂δ̂,
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E(2)
2,ijkl,α̂β̂γ̂δ̂

= δijδkl{P+γµ1µ2µ3µ4µ5 P−}α̂β̂{P+γµ1µ2µ3µ4µ5 P−}γ̂δ̂ − 20 E(1)
2,ijkl,α̂β̂γ̂δ̂

− 256O2,ijkl,α̂β̂γ̂δ̂.

The flowed operators defined in Eqs. (8.12) to (8.14) have the same Feynman rules except
that they are multiplied by Z̊2

χ and that the incoming propagators can be flow lines.
Hence, we depict them by the same graphical Feynman rule

β̂, j

α̂, i

δ̂, l

γ̂, k

t
(8.23)

and easily differentiate between them by the flow time assigned to the vertex, i.e. flow
time 0 corresponds to a regular QCD operator. Then, all flow-line contributions trivially
vanish for the regular operators. Moreover, all operators have the same field content and,
thus, their graphical Feynman rule is exactly the same.

This means that we can use the same external state for all projectors. However, while
it is trivial to construct diagonal projectors for the two color structures of the operators,
their spinor structure is heavily intertwined. For example, we can choose

P̂1[O] = −
Tb

jiT
b
lk

T2
RNA

{γν}β̂α̂{γν}δ̂γ̂ 〈0|ψ̂4,L,δ̂,l
ˆ̄ψ3,L,γ̂,kψ̂2,L,β̂,j

ˆ̄ψ1,L,α̂,iO|0〉
∣∣∣

p=m=0
,

P̂2[O] =
δjiδlk

N2
C
{γν}β̂α̂{γν}δ̂γ̂ 〈0|ψ̂4,L,δ̂,l

ˆ̄ψ3,L,γ̂,kψ̂2,L,β̂,j
ˆ̄ψ1,L,α̂,iO|0〉

∣∣∣
p=m=0

,

(8.24)

which fulfill P̂i[Oj] ∝ δij for O1 and O2 due to

P̂1[O2] ∝ P̂2[O1] ∝ δijδklTb
jiT

b
lk = 0. (8.25)

However, at NLO we have to include the evanescent operators E(1)
1 and E(1)

2 and, thus,
have to compute additional zero-loop diagrams with insertions of the new operators. It
is immediately clear that

P̂1[E
(1)
1 ] 6= 0 (8.26)

already at zero-loop order, which means that the projectors are no longer diagonal.
Hence, not only do we have to construct new projectors for the new operators, we also
have to construct new projectors for O1 and O2. In general, for each additional order in
perturbation theory additional evanescent operators have to be included. Their spinor
structure is not diagonal w.r.t. the projectors constructed at lower orders already for the
new zero-loop contributions. Since there is an infinite tower of evanescent operators, it
is impossible to construct projectors which are diagonal to all orders in perturbation
theory. Instead, we use projectors which are only diagonalized and normalized in color
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space but not in spinor space and construct diagonal linear combinations of them after
computing the matrix elements. In our calculation up to NNLO, we choose the projectors
in Eq. (8.24) and additionally

P̂3[O] = −
Tb

jiT
b
lk

T2
RNA

{γν1ν2ν3}β̂α̂{γν1ν2ν3}δ̂γ̂ 〈0|ψ̂4,L,δ̂,l
ˆ̄ψ3,L,γ̂,kψ̂2,L,β̂,j

ˆ̄ψ1,L,α̂,iO|0〉
∣∣∣

p=m=0
,

P̂4[O] =
δjiδlk

N2
C
{γν1ν2ν3}β̂α̂{γν1ν2ν3}δ̂γ̂ 〈0|ψ̂4,L,δ̂,l

ˆ̄ψ3,L,γ̂,kψ̂2,L,β̂,j
ˆ̄ψ1,L,α̂,iO|0〉

∣∣∣
p=m=0

, (8.27)

P̂5[O] = −
Tb

jiT
b
lk

T2
RNA

{γν1ν2ν3ν4ν5}β̂α̂{γν1ν2ν3ν4ν5}δ̂γ̂ 〈0|ψ̂4,L,δ̂,l
ˆ̄ψ3,L,γ̂,kψ̂2,L,β̂,j

ˆ̄ψ1,L,α̂,iO|0〉
∣∣∣

p=m=0
,

P̂6[O] =
δjiδlk

N2
C
{γν1ν2ν3ν4ν5}β̂α̂{γν1ν2ν3ν4ν5}δ̂γ̂ 〈0|ψ̂4,L,δ̂,l

ˆ̄ψ3,L,γ̂,kψ̂2,L,β̂,j
ˆ̄ψ1,L,α̂,iO|0〉

∣∣∣
p=m=0

.

After calculating all these basis elements, we construct the linear combinations

Pi[O] = ci,jP̂j[O] (8.28)

and fix the coefficients by demanding Pi[Oj] = δij at zero-loop level. Due to their color
structure, we immediately find that ci,j = 0 if i is odd (even) and j is even (odd). Moreover,
the coefficients ci,k obey c1,k = c2,k+1, c3,k = c4,k+1, . . . , because the Dirac structure of
each set of operators is the same.

In particular, this strategy allows us to reuse the results obtained at lower orders in
perturbation theory by simply adjusting the coefficients of the linear combinations. For
example, if we are only interested in the LO result, it is sufficient to only include O1 and
O2 and we can set ci,k = 0 ∀k > 2. For the NLO result, we have to include E(1)

1 and E(1)
2

as well as the corresponding projectors P̂3 and P̂4 in the linear combinations. However,
the known results for P̂1/2[O1/2] at zero-loop level do not have to be recomputed. Thus,
for the NLO result, we have to compute the one-loop corrections to P̂1/2[O1/2] as well as
all zero- and one-loop results for P̂1/2[E

(1)
1/2] and P̂3/4[O1/2/E(1)

1/2].
Strictly speaking, this procedure is not necessary for the physical operators, because

P̂1/2[E] = O(ε) at zero-loop level for all evanescent operators. Hence, all their nondi-
agonal mixing matrix elements vanish automatically for ε → 0 at zero-loop level and
this submatrix is effectively diagonal. However, this no longer holds for the nondiagonal
mixing matrix elements of the evanescent operators with themselves and we have to
perform the procedure introduced above for their mixing at NNLO at the latest.

The subscript L in the external states of the matrix elements of the projectors indicates
that we remove the left-handed spinors uL = P−u. By using a strictly anticommuting
γ5, all appearances of γ5 through P± in the Feynman rules can be commuted to the
external spinors where they combine with them through P2

± = P±. The Feynman rules,
with the exception of the operator insertions, always introduce an even number of γ

matrices, which means that no term vanishes through P+P− = 0. By removing uL, no γ5

is left in the traces obtained by contracting the spinor indices of the external spinors and
the γ matrices in the projectors. As discussed in Section 8.1, the choice of the operator
basis additionally prevents traces with γ5 appearing through loop corrections. Hence,



8.3 calculation of the mixing matrix 95

no traces with γ5 appear in our calculation and we are allowed to consistently use an
anticommuting γ5.

As described in Section 6.2, we set all external momenta and masses to zero to sig-
nificantly simplify the calculation. Again, all loop corrections on the r.h.s. of Eq. (6.11)
trivially vanish in dimensional regularization because scaleless loop integrals vanish.
However, for the gradient flow integrals one might be concerned whether one has to
perform a sophisticated expansion or whether one is allowed to directly set all external
momenta and masses to zero, which corresponds to a naive expansion to LO. Of course,
one is allowed to set all external momenta and masses to zero if no denominator in the
diagram vanishes through this procedure. The only Feynman rules introducing denomi-
nators in the momenta and masses are the propagators, see Appendix B. Flow lines and
vertices are free of them. Only propagators outside of loops possess problematic denomi-
nators of the form 1

p2
i

or 1
p2

i +m2
j
. Thus, they only appear in one-particle-reducible diagrams.

All other propagators contain an additional loop momentum such that 1
(k+pi)2 −→

pi→0
1
k2 .

The external fermions have to be connected to the corresponding fermions of the opera-
tors through continuous fermion lines, because they cannot annihilate and create new
pairs through QCD alone, cf. the discussion on penguin operators in Section 8.1. Thus,
only fermion propagators can connect the subdiagrams of the one-particle-reducible
diagrams other than tadpoles. Then, at least one of the two subdiagrams has to be a
correction to one of the external legs, while the other subdiagram contains the operator
insertion or is another correction to the external leg. Furthermore, the vertex in the
former subdiagram connected by the propagator cannot be a flow vertex, because those
require a flow line flowing towards the operator insertion instead of a normal propagator.
Thereby, the outer subdiagram contains a loop without a flow time scale solely produced
by the Feynman rules of regular QCD. The simplest example is shown in Fig. 8.2(a).
But this subdiagram also appears in the loop corrections of the regular operators and,

(a) (b)

Figure 8.2: (a) A pure regular QCD correction to one of the external legs, (b) a correction induced
by the flowed Lagrangian.

by performing a suitable tensor reduction, can always be reduced to a scaleless scalar
integral which vanishes in dimensional regularization. Therefore, the whole diagram
can safely be set to zero, e.g. by naively setting the external momenta and masses in the
numerator of the propagator to zero and neglecting the denominator. On the other hand,
similar subdiagrams connected by flow lines do not vanish in general, but do not contain
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problematic denominators either. The corresponding example is shown in Fig. 8.2(b).
Thus, we are allowed to naively set all external momenta and masses to zero, first in
the numerator and, if the diagram does not vanish, also in the denominator. However,
this argument only holds for our calculation with just the current-current operators. It
breaks down when penguin-type corrections are included, because at least one fermion
flavor is allowed to annihilate in this case and the problematic propagators also appear
beyond corrections to the external legs, cf. Figs. 8.1(b) and 8.1(c).

Let us conclude this section by discussing the effect of quarks or antiquarks with the
same flavor in the operator, i.e. ψ1 = ψ3 and/or ψ2 = ψ4, on the diagrammatic level,
ignoring the fact that four-fermion operators become linearly dependent on the operator
level as discussed in Section 8.1. Compared to the case with four different flavors, new
diagrams contribute, in which the external lines for the fermions with the same flavor
are crossed, effectively doubling or quadrupling all diagrams. Since this applies to both
the regular and the flowed side of Eq. (6.11), the mixing matrix stays the same.

8.4 preliminary results for the mixing matrix

In this section we present our preliminary results. Since we applied Eq. (8.5) to reduce
the operator basis, they are only valid in SU(N). This translates to the fact that we have
to utilize the relations in Eq. (A.4) and set TR = 1/2 to cancel the 1/ε2 poles at NNLO (at
least partially, see below). We do not understand the restriction to TR = 1/2 yet.

If we include all operators in Eqs. (8.2), (8.10), and (8.11), the coefficients of the
projectors in Eq. (8.28) read

c1,1 = c2,2 =
432− 900D + 364D2 − 35D3

128D(1− D)(6− 5D + D2)
, c1,3 = c2,4 =

136− 78D + 7D2

64D(1− D)(6− 5D + D2)
,

c1,5 = c2,6 =
10− D

128D(1− D)(6− 5D + D2)
, c3,1 = c4,2 =

12− 24D + 7D2

64D(1− D)(6− 5D + D2)
,

c3,3 = c4,4 =
13− 6D

96D(1− D)(6− 5D + D2)
, c3,5 = c4,6 =

1
192D(1− D)(6− 5D + D2)

,

c5,1 = c6,2 =
24− 50D + 15D2

1920D(12− 7D + D2)(2− 3D + D2)
,

c5,3 = c6,4 =
1

192D(1− D)(12− 7D + D2)
, (8.29)

c5,5 = c6,6 =
1

1920D(12− 7D + D2)(2− 3D + D2)
, ci,j = 0 for all other i, j.

For the anomalous dimension at NLO we find

γ0,PP =

(−6
NC

−3
2N2

C
+ 3

2

6 0

)
, γ0,PE =

(−1
NC

+ NC
4

−1
4N2

C
+ 1

4 0 0

1 0 0 0

)
,
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γ0,EE =




6
NC
− 3NC

3
2N2

C
− 3

2
−1
NC

+ NC
4

−1
4N2

C
+ 1

4

−6 0 1 0

0 0
[

8
NC

+ 5NC
2

]
[0]

0 0 [0] 8
NC
− 8NC




, (8.30)

and for the finite renormalization

Z(1,0)
EP =




−24
NC

+ 24NC
−12
N2

C
+ 12

48 24
NC
− 24NC[

2760
NC

+ 390NC

] [
330
N2

C
− 330

]

[−1320] 1440
NC
− 1440NC




, (8.31)

where we remind that γEP = Z(i,0)
PP = Z(i,0)

PE = Z(i,0)
EE = 0. Everything except those

elements marked by square brackets coincides with the results from Refs. [211, 221, 222].
At NNLO we find

γ1,PP =


 −

135
4N2

C
+ 151

12 −
11N2

C
3 −

2nf
3

(
5

NC
−NC

)
− 39

4N3
C
+ 377

24NC
− 143NC

24 −
5nf
6

(
1

N2
C
−1
)

39
NC
− 71NC

6 +
10nf

3
21

4N2
C
− 21

4


,

γ1,PE(1) =


 −

1
N2

C
− 49

9 +
259N2

C
144 +

nf
36

(
4

NC
−NC

)
1

4N3
C
− 77

288NC
+

5NC
288 +

nf
36

(
1

N2
C
−1
)

− 1
NC

+
365NC

72 −
nf
9 − 2

N2
C
+2


,

γ1,PE(2) =


 −

21
32N2

C
+ 7

32−
N2

C
64 − 7

32N3
C
+ 35

128NC
− 7NC

128

7
8NC
− 7NC

32
7

32N2
C
− 7

32


,

γ1,EE(1) =




[
− 931

4N2
C
+ 499

12 −
85N2

C
6 −

11nf
3

(
2

NC
−NC

)] [
− 263

4N3
C
+ 251

2NC
− 239NC

4 − 5nf
2

(
1

N2
C
−1
)]

[
263
NC
−23NC+10nf

] [
121

4N2
C
− 539

12 +
44N2

C
3 +

8nf
3

(
1

NC
−NC

)]

{
1930
N2

C
+ 50

3 +
1235N2

C
6 +

nf
3

(
520
NC

+110NC

)} {
230
N3

C
− 1340

3NC
+

650NC
3 +

50nf
3

(
1

N2
C
−1
)}

{
− 920

NC
+

980NC
3 − 200nf

3

} {
1010
N2

C
− 8630

3 +
5600N2

C
3 +

320nf
3

(
1

NC
−NC

)}




, (8.32)

γ1,EE(2) =




[
− 393

16N2
C
+ 539

144−
283N2

C
288 +

nf
36

(
4

NC
−NC

)] [
− 127

16N3
C
+ 5381

576NC
− 809NC

576 +
nf
36

(
1

N2
C
−1
)]

[
127

4NC
− 89NC

144 −
nf
9

] [
115

16N2
C
− 115

16

]

7 7
7 7


,

Z(2,0)
EP =




[
− 6207

8N2
C
+ 3295

24 −
3809N2

C
48 − 20nf

3

(
1

NC
−NC

)] [
− 1989

8N3
C
+ 25787

96NC
− 1919NC

96 − 10nf
3

(
1

N2
C
−1
)]

[
1989
2NC
− 767NC

24 +
40nf

3

] [
1749
8N2

C
− 4447

24 −
100N2

C
3 +

20nf
3

(
1

NC
−NC

)]

7 7
7 7


,

where we split γ1,XE =
(

γ1,XE(1) γ1,XE(2)

)
so that the matrices fit the page width. In

addition to elements that do not agree with the results from Refs. [211, 221, 222],



98 the electroweak hamiltonian in the gradient flow formalism

we marked those elements which we did not find in the literature by curly brackets.
Moreover, 7 denotes those elements that require further careful treatment: In the case of
γ1,EE(2) the 1/ε2 poles do not cancel and in the case of Z(2,0)

EP the corresponding elements of
γ1,EP do not vanish. While this is certainly a severe problem, it only affects the physical
results beyond NNLO.

Concerning the elements differing from the literature, one might wonder whether
this is at least partially an effect of the choice of evanescent operators, because these
elements are all unphysical. After all, it is well known that even the physical anomalous
dimension, except for the first term γ0,PP, depends not only on the basis of physical
operators but also on both the renormalization scheme and the choice of evanescent
operators [218–220].

If we only consider NLO and discard the evanescent operators E(2), which corresponds
to the coefficients

c1,1 = c2,2 =
5D2 − 26D + 16

32D (D2 − 3D + 2)
, c1,3 = c2,4 =

6− D
32D (D2 − 3D + 2)

,

c3,1 = c4,2 =
2− 3D

96D (D2 − 3D + 2)
, c3,3 = c4,4 =

1
96D (D2 − 3D + 2)

, (8.33)

ci,j = 0 for all other i, j,

for the projectors in Eq. (8.28), we observe that the elements of the anomalous dimension
do not change except for the fact that we remove those entries concerning E(2). However,
the finite renormalization now reads

Z(1,0)
EP =

([
156
NC
− 21NC

] [
33
N2

C
− 33

]

[−132] 24
NC
− 24NC

)
(8.34)

and thus differs from Eq. (8.31). This also affects the unphysical mixing ζ−1
R,EE, which

differs at O(αs). On the other hand, both ζ−1
R,PP and ζ−1

R,PE yield exactly the same result at
O(αs) as in the case including E(2).

Since we only consider operators with four different flavors, our operator basis in
Eqs. (8.2), (8.10), and (8.11) differs from those in Refs. [211, 221, 222]. These bases not
only include additional physical operators but also the associated additional evanescent
operators. Even though these evanescent operators cannot mix with our basis, the simple
fact that there are more of them might cause some differences in the unphysical terms.

On the other hand, both the physical mixing matrix ζ−1
R,PP as well as ζ−1

R,PE can be
renormalized with the anomalous dimension found in the literature through NNLO.
Hence, the mixing into the regular physical operators seems to be under control. More-
over, all our results, including the problematic non-physical elements discussed before,
are independent of the QCD gauge parameter ξ, which we kept general throughout
the calculation. In fact, all dependence on ξ already drops out before constructing the
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diagonal projectors, cf. Eq. (8.28). Thus, our physically relevant result might very well be
correct already. Through NNLO we find

ζ̄−1
R,PP,11 = 1 +

αs

4π

{
31

2NC
− 3NC

2
+ 3 L(µ2t)

(
1

NC
+ NC

)}

+
( αs

4π

)2
{

1
N2

C

[
− 56 Li2

(
1
4

)
+ 82 Li2

(
3
4

)
+

405
2
− 85π2

6
+ 326 ln2 2

− 80 ln 2 + 54 ln 3− 164 ln 2 ln 3
]
+ 10 Li2

(
1
4

)
− 26 Li2

(
3
4

)
+

1381
72

+
91π2

24
− 96 ln2 2 + 54 ln 2− 27 ln 3 + 52 ln 2 ln 3 + N2

C

[
− 14 Li2

(
1
4

)

+ 19 Li2

(
3
4

)
+

2441
72
− 61π2

24
+ 70 ln2 2 + 48 ln 2− 54 ln 3− 38 ln 2 ln 3

]

+ nf

[
− π2NC

6
− 115NC

36
− π2

6NC
− 185

36NC

]
+ L(µ2t)

[
− 4 ln 2

N2
C

+
877
12

+ 16 ln 2 +
361N2

C
12

+
57
N2

C
− 12N2

C ln 2 + nf

(
− 10

3NC
− 10NC

3

)]
(8.35a)

+ L2(µ2t)
[

19 + 10N2
C − nf

(
1

NC
+ NC

)]}
+O(α3

s),

ζ̄−1
R,PP,12 =

αs

4π

{
15

4N2
C
− 15

4
+ L(µ2t)

(
3

2N2
C
− 3

2

)}

+
( αs

4π

)2
{

1
N3

C

[
− 17 Li2

(
1
4

)
+

47
2

Li2

(
3
4

)
+

493
8
− 101π2

24
+ 94 ln2 2

− 19 ln 2 +
27
2

ln 3− 47 ln 2 ln 3
]
+

1
NC

[
19 Li2

(
1
4

)
− 113

4
Li2

(
3
4

)
− 4217

72

+
83π2

16
− 113 ln2 2 +

87
2

ln 2− 135
4

ln 3 +
113
2

ln 2 ln 3
]
+ NC

[
− 2 Li2

(
1
4

)

+
19
4

Li2

(
3
4

)
− 55

18
− 47π2

48
+ 19 ln2 2− 49

2
ln 2 +

81
4

ln 3− 19
2

ln 2 ln 3
]

+ nf

[
− π2

12N2
C
− 145

72N2
C
+

π2

12
+

145
72

]
+ L(µ2t)

[
87

4N3
C
− 83

24NC
− 439NC

24

+ nf

(
− 5

3N2
C
+

5
3

)]
+ L2(µ2t)

[
29

4NC
− 29NC

4
+ nf

(
− 1

2N2
C
+

1
2

)]}

+O(α3
s), (8.35b)

ζ̄−1
R,PP,21 =

αs

4π

{
− 15− 6 L(µ2t)

}
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+
( αs

4π

)2
{

1
NC

[
68 Li2

(
1
4

)
− 94 Li2

(
3
4

)
− 493

2
+

101π2

6
− 376 ln2 2 + 76 ln 2

− 54 ln 3 + 188 ln 2 ln 3
]
+ NC

[
− 8 Li2

(
1
4

)
+ 19 Li2

(
3
4

)
− 245

9
− 47π2

12

+ 76 ln2 2− 98 ln 2 + 81 ln 3− 38 ln 2 ln 3
]
+ nf

[
145
18

+
π2

3

]
(8.35c)

+ L(µ2t)
[
− 87

NC
− 475NC

6
+

20nf

3

]
+ L2(µ2t)

[
− 29NC + 2nf

]}
+O(α3

s),

ζ̄−1
R,PP,22 = 1 +

αs

4π

{
1

2NC
− NC

2
+ 3 L(µ2t)

(
− 1

NC
+ NC

)}

+
( αs

4π

)2
{

1
N2

C

[
12 Li2

(
1
4

)
− 12 Li2

(
3
4

)
− 44 +

8π2

3
− 50 ln2 2− 4 ln 2

+ 24 ln 2 ln 3
]
+ 2 Li2

(
1
4

)
− 7 Li2

(
3
4

)
+

227
24
− π2

8
− 20 ln2 2− 44 ln 2

+ 54 ln 3 + 14 ln 2 ln 3 + N2
C

[
− 14 Li2

(
1
4

)
+ 19 Li2

(
3
4

)
+

829
24
− 61π2

24

+ 70 ln2 2 + 48 ln 2− 54 ln 3− 38 ln 2 ln 3
]
+ nf

[
π2

6NC
+

35
12NC

− π2NC

6

− 35NC

12

]
+ L(µ2t)

[
− 30

N2
C
− 4 ln 2

N2
C
− 37

12
+ 16 ln 2 +

397N2
C

12
− 12N2

C ln 2

+ nf

(
10

3NC
− 10NC

3

)]
+ L2(µ2t)

[
− 10 + 10N2

C + nf

(
1

NC
− NC

)]}

+O(α3
s), (8.35d)

where ζ̄−1
R = ζ−1

R ζ2
χ is renormalized in the MS instead of the ringed-quark scheme to

minimize the error sources until the issues are resolved. ζ−1
R,PE is finite and thus irrelevant,

because matrix elements of the evanescent operators vanish in D = 4 dimensions, cf.
Section 8.2.

8.5 outlook

We obtained preliminary results for the mixing matrix of the regular current-current
operators with their flowed counterparts, which together with the known Wilson coeffi-
cients yield the flowed OPE for the electroweak Hamiltonian in Eq. (8.1). However, there
are some unresolved issues: We cannot cancel all 1/ε2 poles in the evanescent-evanescent
mixing matrix and our anomalous dimension does not preserve its block-triangular form
at NNLO. In addition, we still have to understand why we have to demand TR = 1/2 to
cancel the other 1/ε2 poles. Moreover, while the physical submatrices of the anomalous
dimension coincide with the results from the literature, some of the evanescent subma-
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trices as well as the finite renormalization disagree. Some of this might be explained by
the fact that the literature considers an increased operator basis with both more physical
and more evanescent operators.

While the physical mixing matrix might not be affected by these problems through
NNLO in QCD, we cannot completely trust our results until these issues are resolved.
Afterwards, one has to perform a transformation to a basis in which one of the two
operators becomes Fierz evanescent. The coefficient of the remaining ∆F = 2 operator
can then be used to combine the lattice determination of the bag parameters for Kaon
and B meson mixing with the perturbative Wilson coefficients, hopefully reducing the
uncertainty of the overall predictions of the effective electroweak theory.

While working on this project, Ref. [223] was published. In this reference, the same
calculation was performed to NLO accuracy in a different operator basis and with the
dimensional reduction scheme for γ5. Thus, the two results cannot directly be compared
but require a sophisticated basis and scheme transformation. We leave this for future
work.

Afterwards, our calculation can be extended to the ∆F = 1 basis, i.e. including penguin
operators.





9
C O N C L U S I O N S

In this thesis, we developed a framework for the calculation of correlation functions
in the perturbative gradient flow formalism. It employs tools and techniques from
standard perturbative QCD calculations, in particular Feynman diagrams and rules.
The calculation of correlations functions is fully automatized. For the calculation of the
ensuing Feynman integrals we employ IBP reductions generalized to the perturbative
gradient flow and a subsequent calculation of the master integrals.

The IBP reductions of three-loop gradient flow integrals proved to be beyond the
capabilities of existing programs so that we had to resort to finite-field and interpolation
techniques which seeped into the field of precision calculations over the last decade.
Since no public implementation of these algorithms was available, we participated in
the development of the open source C++ library FireFly implementing these algorithms.
It can be applied to many problems due to its general nature. Moreover, we integrated
support for FireFly into the public IBP reduction program Kira.

With these newly developed tools, we were able to complete the three-loop reduction
for the calculation of VEVs to check the validity of our whole gradient flow setup. Not
only did we improve on the accuracy of the previous result for the gluon action density
of Ref. [21], we also extended the calculation to the quark condensate and the VEV of
the quark kinetic operator. Moreover, we calculated the mass effects to second order. The
gluon action density and the quark condensate allow for a straightforward definition of
a gradient flow coupling and a gradient flow mass as well as a subsequent extraction
of the gauge coupling and the quark masses as soon as corresponding lattice results
become available.

We then employed our setup and the method of projectors to calculate the Wilson
coefficients of the gradient flow definition of the EMT through NNLO. These results
have already been used in Refs. [133, 154–156] to study thermodynamics on the lattice.
However, it turned out that operators affected by the EOM suffer from large discretization
errors on the lattice [155].

The results and techniques of the preceding chapters were then assembled to the flowed
OPE for current-current correlators. It allows to combine the known perturbative results
for the Wilson coefficients of regular QCD with lattice determinations of the flowed
operators through the OPE. This might pave the way for an alternative determination of
the hadronic corrections to the anomalous magnetic moment as well as other observables.
Moreover, we derived a general flow-time evolution equation for flowed operators.

Finally, we applied these methods to the current-current operators of the electroweak
Hamiltonian and computed the mixing matrix between the regular and the flowed
operators through NNLO. While there are some unresolved issues within our calculation,
our physical result might already be correct. Apart from solving these problems, the
non-trivial comparison with the NLO results from Ref. [223] seems desirable. After a
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basis transformation, our results can then be used to extract the bag parameters of Kaon
and B meson mixing from lattice QCD and the extension to penguin operators can be
pursued.

Moreover, our methods can be applied to similar problems like CP violating operators
relevant for the nucleon electric dipole moment [224] to higher orders in perturbation
theory.



Part II

A P P E N D I C E S





A
C O N V E N T I O N S

In this chapter we summarize our conventions for the gauge group and its invariants as
well as the QCD RG functions. Moreover, we often use the short-hand notation

∫

p
≡
∫ dD p

(2π)D ,
∫

x
≡
∫

dDx (A.1)

for integrals throughout this thesis, where it should be clear from the context whether
an integration variable is in position (x, y, z, . . .) or momentum space (p, k, q, . . .).

a.1 gauge group

Throughout this thesis we perform calculations for a general non-Abelian gauge theory
based on a simple compact Lie group with nf quark fields ψ1, . . . , ψnf in the fundamental
representation, of which the first nh are degenerate with mass m, while the remaining nl
are massless. The generators Ta of the fundamental representation obey the commutation
relation

[Ta, Tb] = f abcTc, (A.2)

where f abc are the structure constants. Traces over the generators are normalized to

Tr(TaTb) = −TRδab (A.3)

with TR > 0. The dimensions of the fundamental and the adjoint representation are NC

and NA, respectively, and their quadratic Casimir eigenvalues are denoted by CF and
CA. While these numbers are usually sufficient to display all results, we additionally
encounter the two contractions dV,33 and dV,44 in the fundamental vector representation
in Chapter 8. For the gauge group SU(NC), the invariants can be expressed through [200]

NA = N2
C − 1

NC=3, TR=1/2
= 8,

CF = TR
N2

C − 1
NC

NC=3, TR=1/2
=

4
3

,

CA = 2TRNC
NC=3, TR=1/2

= 3,

dV,33 =
T3

R
2
(N2

C − 1)(N2
C − 4)

NC

NC=3, TR=1/2
=

5
6

,

dV,44 =
T4

R
6
(N2

C − 1)(N4
C − 6N2

C + 18)
N2

C

NC=3, TR=1/2
=

5
12

,

(A.4)

where we show the numerical results for QCD with NC = 3 and TR = 1/2 in the third
column. For brevity, we often use QCD also to refer to the more general gauge group in
this thesis.

107



108 conventions

Note that our convention for the generators and structure constants in Eqs. (A.2)
and (A.3) deviates from the more common convention

[T̂a, T̂b] = i f̂ abcT̂c,

Tr(T̂aT̂b) = TRδab,
(A.5)

where the hat distinguishes the two conventions. This convention is for example imple-
mented in the package color [200], which we employ to evaluate the color factors within
FORM [225, 226], cf. Appendix C. The transformation from the convention in Eqs. (A.2)
and (A.3) to the one in Eq. (A.5) is simply given by

Ta = iT̂a, f abc = − f̂ abc. (A.6)

a.2 renormalization group functions

The D-dimensional beta function of the QCD coupling is defined as

µ2 d
dµ2 αs(µ) = αs(µ)βε(αs(µ)), (A.7)

where αs ≡ g2/(4π). The renormalized coupling g = g(µ) is related to the bare one
through

gB ≡ µ̂εZ1/2
s (αs(µ)) g(µ) with µ̂ ≡ µeγE/2

√
4π

, (A.8)

where Zs is the MS renormalization constant, µ the renormalization scale, and γE =

0.5772 . . . the Euler-Mascheroni constant. From this follow the relations

βε(αs) = −ε

(
1 + αs

∂

∂αs
ln Zs(αs)

)−1

= −ε + β(αs) ≡ −ε− ∑
n≥0

(
αs

4π

)n+1

βn,

Zs(αs) = 1− αs

4π

β0

ε
+

(
αs

4π

)2 (
β2

0
ε2 −

β1

2ε

)
+O(α3

s).

(A.9)

Throughout this thesis we only need the first two perturbative coefficients for the
renormalization of all results, while β2 is required in order to define the β function of
the gradient flow coupling to O(α3

s) in Section 5.5.1 and to derive the O(α3
s) terms of γf

in Section 7.4:

β0 =
11
3

CA −
4
3

TRnf, β1 =
34
3

C2
A − 4CFTRnf −

20
3

CATRnf,

β2 =
2857
54

C3
A + 2C2

FTRnf −
205
9

CFCATRnf −
1415
27

C2
ATRnf

+
44
9

CFT2
Rn2

f +
158
27

CAT2
Rn2

f .

(A.10)

The anomalous dimension of the quark mass is defined through

µ2 d
dµ2 m(µ) = mγm(αs),

γm(αs) = −αsβε(αs)
∂

∂αs
ln Zm(αs) ≡ − ∑

n≥0

(
αs

4π

)n+1

γm,n,
(A.11)
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with the first three perturbative coefficients given by

γm,0 = 3CF, γm,1 =
3
2

C2
F +

97
6

CACF −
10
3

CFTRnf,

γm,2 =
129
2

C3
F −

129
4

C2
FCA +

11413
108

CFC2
A + C2

FTRnf(−46 + 48ζ(3))

+ CFCATRnf

(
−556

27
− 48ζ(3)

)
− 140

27
CFT2

Rn2
f .

(A.12)

It determines the MS renormalized mass m through

mB = Zm m, Zm = 1− αs

4π

γm,0

ε
+

(
αs

4π

)2 [γm,0

2ε2 (γm,0 + β0)−
γm,1

2ε

]
+O(α3

s). (A.13)

Similarly to βε, the third coefficient γm,2 is needed only in Sections 5.5.2 and 7.4.





B
F E Y N M A N R U L E S

In this chapter we list all the Feynman rules appearing in this thesis. The first section
lists all general gradient flow Feynman rules and the following sections the Feynman
rules for the operator insertions of the different problems considered in this thesis.

A few general rules apply to all Feynman rules: All momenta are considered to be
outgoing. Lines with a solid arrow are flow lines and lines with a dashed arrow can be
both flow lines or flowed propagators. The regular QCD vertices denoted by black dots
are always defined at flow time 0. The symbols p, q, r denote Euclidean four-momenta,
s, t real-valued flow-time variables, µ, ν, ρ, . . . D-dimensional Lorentz indices, α̂, β̂, γ̂, . . .
spinor indices, a, b, c, . . . color indices of the adjoint representation, and, finally, i, j, k, . . .
color indices of the fundamental representation. ξ is the usual QCD gauge parameter and
κ the additional gradient flow gauge parameter introduced by the flow equations (2.2).

All Feynman rules are given in their bare form. To obtain renormalized results, the
gauge coupling gB and the quark mass mB have to be renormalized according to Eqs. (A.8)
and (A.13), respectively, and the Feynman rules for the composite operators have to
be multiplied by Z1/2

χ or Z̊1/2
χ for each (anti-)quark field in the operator, cf. Eqs. (2.59)

and (2.62).

b.1 general gradient flow feynman rules

The following Feynman rules are derived from the Lagrangian in Eq. (2.10) as discussed
in Section 2.3 and are relevant for all perturbative calculations in the gradient flow
formalism.

Propagators and flow lines

• gluon propagator:

s, ν, b t, µ, a
p

=

δab 1
p2

[(
δµν −

pµ pν

p2

)
e−(t+s)p2

+ ξ
pµ pν

p2 e−κ(t+s)p2
] (B.1)

• (anti)quark propagator:

t, α̂, is, β̂, j
p

= δij
(−i/p + mB)α̂β̂

p2 + m2
B

e−(t+s)p2
(B.2)
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• ghost propagator:

b a
p

= δab 1
p2 (B.3)

• gluon flow line:

s, ν, b t, µ, a
p

=

δab θ(t− s)
[(

δµν −
pµ pν

p2

)
e−(t−s)p2

+
pµ pν

p2 e−κ(t−s)p2
] (B.4)

• quark flow line:

s, β̂, j t, α̂, i
p

= δijδα̂β̂ θ(t− s) e−(t−s)p2
(B.5)

• antiquark flow line:

s, β̂, j t, α̂, i
p

= δijδα̂β̂ θ(t− s) e−(t−s)p2
(B.6)

Vertices

• three-gluon vertex:

p

q

r
µ, a

ν, b

ρ, c

= igB f abc[δµν(p− q)ρ + δνρ(q− r)µ + δρµ(r− p)ν

]
(B.7)

• four-gluon vertex:

µ, a

ν, b

σ, d

ρ, c

=

−g2
B
[

f abe f cde(δµρδνσ − δµσδνρ)

+ f ace f bde(δµνδρσ − δµσδνρ)

+ f ade f bce(δµνδρσ − δµρδνσ)
]

(B.8)
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• ghost-gluon vertex:

p

µ, a

b

c

= −igB f abc pµ (B.9)

• quark-gluon vertex:

µ, a

β̂, j

α̂, i

= gB Ta
ij
(
γµ

)
α̂β̂ (B.10)

• two-plus-one gluon flow vertex:

q

r
µ, a

ν, b

ρ, c

s
=
−igB f abc

∫ ∞

0
ds
[
δνρ(r− q)µ + 2δµνqρ − 2δµρrν

+ (κ − 1)(δµρqν − δµνrρ)
] (B.11)

• three-plus-one gluon flow vertex:

µ, a

ν, b

ρ, c

σ, d

s
=

−g2
B

∫ ∞

0
ds
[

f abe f cde(δµρδνσ − δµσδνρ)

+ f ace f bde(δµνδρσ − δµσδνρ)

+ f ade f bce(δµνδρσ − δµρδνσ)
]

(B.12)
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• quark-one-gluon flow vertex:

p

q

α̂, i

β̂, j

µ, a

s
= igB δα̂β̂Ta

ij

∫ ∞

0
ds
[
2pµ + (1− κ)qµ

]
(B.13)

• antiquark-one-gluon flow vertex:

p

q

α̂, i

β̂, j

µ, a

s
= −igB δα̂β̂Ta

ji

∫ ∞

0
ds
[
2pµ + (1− κ)qµ

]
(B.14)

• quark-two-gluons flow vertex:

α̂, i

ν, b

β̂, j

µ, a

s
= g2

Bδα̂β̂δµν

{
Ta, Tb

}
ij

∫ ∞

0
ds (B.15)

• antiquark-two-gluons flow vertex:

α̂, i

ν, b

β̂, j

µ, a

s
= g2

Bδα̂β̂δµν

{
Ta, Tb

}
ji

∫ ∞

0
ds (B.16)
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b.2 operators for the vacuum expectation values

The composite operators introduced in Section 2.4 have the following Feynman rules:

• E(t, x) ≡ 1
4 Ga

µν(t, x)Ga
µν(t, x):

– two-gluon vertex:

µ, a ν, b
qp t

= −g2
Bδab(δµν p · q− pµqν

)
(B.17)

– three-gluon vertex:

k

p

q
ρ, c

µ, a

ν, b

t
=

ig3
B f abc[δµν(q− p)ρ + δνρ(k− q)µ

+ δµρ(p− k)ν

] (B.18)

– four-gluon vertex:

µ, a

ν, b

σ, d

ρ, c

t
=

g4
B
[

f abe f cde(δµρδνσ − δµσδνρ)

+ f ace f bde(δµνδρσ − δµσδνρ)

+ f ade f bce(δµνδρσ − δµρδνσ)
]

(B.19)

• S(t, x) ≡ χ̄(t, x)χ(t, x):

β̂, j α̂, i
t

= δijδα̂β̂ (B.20)

• R(t, x) ≡ χ̄(t, x)
←→
/D Fχ(t, x):

– quark-antiquark vertex:

β̂, j α̂, i
pq t

= iδij(/p − /q)α̂β̂ (B.21)
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– quark-antiquark-gluon vertex:

µ, a

β̂, j

α̂, i

t
= −2gBTa

ij(γµ)α̂β̂ (B.22)

b.3 operators composing the energy-momentum tensor

In this section we list all Feynman rules for the flowed operators in Eq. (6.6) composing
the EMT discussed in Section 6.1.

• Õ1,µν(t, x) ≡ Ga
µρ(t, x)Ga

νρ(t, x):

– two-gluon vertex:

α, a β, b
qp t

µν
=

g2
Bδab[− qµ pνδαβ + qµ pβδαν

+ qα pνδβµ − (q · p)δανδβµ

+ (µ↔ ν)
]

(B.23)

– three-gluon vertex:

q

p

r
β, b

α, a

γ, c

t

µν
=

ig3
B f abc[(rµδργ − rρδµγ)(δανδβρ − δβνδαρ)

+ (qµδβρ − qρδβµ)(δγνδρα − δναδγρ)

+ (pµδρα − pρδµα)(δβνδγρ − δγνδβρ)

+ (µ↔ ν)
]

(B.24)

– four-gluon vertex:

α, a

δ, d

β, b

γ, c

t

µν
=

g4
B
[

f edc f eba(δνβδρα − δναδρβ)(δµδδγρ − δρδδγµ)

+ f edb f eca(δβρδµδ − δρδδµβ)(δνγδαρ − δγρδαν)

+ f eda f ecb(δαρδµδ − δαµδρδ)(δβρδνγ − δβνδγρ)

+ (µ↔ ν)
]

(B.25)
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• Õ2,µν(t, x) ≡ δµνGa
ρσ(t, x)Ga

ρσ(t, x):

– two-gluon vertex:

α, a β, b
qp t

µν
= 4g2

Bδabδµν

[
qα pβ − (q · p)δαβ

]
(B.26)

– three-gluon vertex:

q

p

r
β, b

α, a

γ, c

t

µν
=

4ig3
B f abcδµν

[
δαβ(qγ − pγ) + δβγ(rα − qα)

+ δαγ(pβ − rβ)
] (B.27)

– four-gluon vertex:

α, a

δ, d

β, b

γ, c

t

µν
=

4g4
Bδµν

[
f edc f eba(δαγδβδ − δαδδβγ)

+ f edb f eca(δαβδγδ − δαδδβγ)

+ f eda f ecb(δαβδγδ − δαγδβδ)
]

(B.28)

• Õ3 f ,µν(t, x) ≡ χ̄(t, x)
(

γµ
←→D F

ν + γν
←→D F

µ

)
χ(t, x):

– quark-antiquark vertex:

β̂, j α̂, i
pq t

µν
= iδij

[
(pν − qν)γµ + (pµ − qµ)γν

]
α̂β̂ (B.29)

– quark-antiquark-gluon vertex:

α, a

β̂, j

α̂, i

t

µν
= −2gBTa

ij
(
γµδαν + γνδαµ

)
α̂β̂ (B.30)
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• Õ4 f ,µν(t, x) ≡ δµνχ̄(t, x)
←→
/D Fχ(t, x):

– quark-antiquark vertex:

β̂, j α̂, i
pq t

µν
= iδijδµν (/p − /q)α̂β̂ (B.31)

– quark-antiquark-gluon vertex:

α, a

β̂, j

α̂, i

t

µν
= −2gBTa

ijδµν (γα)α̂β̂ (B.32)

b.4 electroweak current-current operators

For the Feynman rules of the flowed current-current operators in the electroweak Hamilto-
nian defined in Eqs. (8.12) to (8.14) we use nested definitions to compress the expressions.
Moreover, γµ1···µn ≡ γµ1 · · · γµn and P± = 1

2 (1± γ5). Note that the quarks have different
flavors.

• Õ1 ≡ −
(
χ̄1,LγµTaχ2,L

) (
χ̄3,LγµTaχ4,L

)
:

β̂, j

α̂, i

δ̂, l

γ̂, k

t
= −Ta

ijT
a
kl{P+γµP−}α̂β̂{P+γµP−}γ̂δ̂ (B.33)

≡ O1,ijkl,α̂β̂γ̂δ̂

• Õ2 ≡
(
χ̄1,Lγµχ2,L

) (
χ̄3,Lγµχ4,L

)
:

β̂, j

α̂, i

δ̂, l

γ̂, k

t
= δijδkl{P+γµP−}α̂β̂{P+γµP−}γ̂δ̂ (B.34)

≡ O2,ijkl,α̂β̂γ̂δ̂
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• Ẽ(1)
1 ≡ −

(
χ̄1,Lγµ1µ2µ3 Taχ2,L

) (
χ̄3,Lγµ1µ2µ3 Taχ4,L

)
− 16Õ1:

β̂, j

α̂, i

δ̂, l

γ̂, k

t
=

− Ta
ijT

a
kl{P+γµ1µ2µ3 P−}α̂β̂{P+γµ1µ2µ3 P−}γ̂δ̂

− 16O1,ijkl,α̂β̂γ̂δ̂

(B.35)

≡ E(1)
1,ijkl,α̂β̂γ̂δ̂

• Ẽ(1)
2 ≡

(
χ̄1,Lγµ1µ2µ3 χ2,L

) (
χ̄3,Lγµ1µ2µ3 χ4,L

)
− 16Õ2:

β̂, j

α̂, i

δ̂, l

γ̂, k

t
=

δijδkl{P+γµ1µ2µ3 P−}α̂β̂{P+γµ1µ2µ3 P−}γ̂δ̂

− 16O2,ijkl,α̂β̂γ̂δ̂

(B.36)

≡ E(1)
2,ijkl,α̂β̂γ̂δ̂

• Ẽ(2)
1 ≡ −

(
χ̄1,Lγµ1µ2µ3µ4µ5 Taχ2,L

) (
χ̄3,Lγµ1µ2µ3µ4µ5 Taχ4,L

)
− 20Ẽ(1)

1 − 256Õ1:

β̂, j

α̂, i

δ̂, l

γ̂, k

t
=

− Ta
ijT

a
kl{P+γµ1µ2µ3µ4µ5 P−}α̂β̂{P+γµ1µ2µ3µ4µ5 P−}γ̂δ̂

− 20 E(1)
1,ijkl,α̂β̂γ̂δ̂

− 256O1,ijkl,α̂β̂γ̂δ̂

(B.37)

• Ẽ(2)
2 ≡

(
χ̄1,Lγµ1µ2µ3µ4µ5 χ2,L

) (
χ̄3,Lγµ1µ2µ3µ4µ5 χ4,L

)
− 20Ẽ(1)

2 − 256Õ2:

β̂, j

α̂, i

δ̂, l

γ̂, k

t
=

δijδkl{P+γµ1µ2µ3µ4µ5 P−}α̂β̂{P+γµ1µ2µ3µ4µ5 P−}γ̂δ̂

− 20 E(1)
2,ijkl,α̂β̂γ̂δ̂

− 256O2,ijkl,α̂β̂γ̂δ̂

(B.38)
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b.5 auxiliary feynman rules

The following Feynman rules are auxiliary Feynman rules for our implementation as
described in Appendix C. They replace the vertices with four gluons or gluon-flow
lines in our implementation and allow us to factorize the color structure of all Feynman
diagrams.

• four-gluon vertex:

– Σ propagator:

ρ, σ, b µ, ν, a = δabδµρδνσ (B.39)

– Σ-gluon-gluon vertex:

ρ, σ, c

µ, a

ν, b

=
igB√

2
f abc (δµρδνσ − δνρδµσ

)
(B.40)

• three-plus-one gluon flow vertex:

– Σ flow line:

s, ρ, σ, b t, µ, ν, a
= δabδµρδνσδ(t− s) (B.41)

– outgoing Σ-gluon-gluon flow vertex:

ρ, σ, c

µ, a

ν, b

s
=

igB√
2

f abc (δµρδνσ − δνρδµσ

) ∫ ∞

0
ds (B.42)

– incoming Σ-gluon-gluon flow vertex:

ρ, σ, c

µ, a

ν, b

s
=

igB√
2

f abc (δµρδνσ − δνρδµσ

) ∫ ∞

0
ds (B.43)
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• four-gluon vertex of E(t, x) ≡ 1
4 Ga

µν(t, x)Ga
µν(t, x):

– ΣE flow line:

s, ρ, σ, b t, µ, ν, a
= δabδµρδνσδ(t− s) (B.44)

– outgoing ΣE-gluon-gluon vertex:

ρ, σ, c

µ, a

ν, b

s
=

g2
B√
2

f abc (δµρδνσ − δνρδµσ

) ∫ ∞

0
ds (B.45)

– incoming ΣE-gluon-gluon vertex:

ρ, σ, c

µ, a

ν, b

t
=

g2
B√
2

f abc (δµρδνσ − δνρδµσ

)
(B.46)

• four-gluon vertex of Õ1,µν(t, x) ≡ Ga
µρ(t, x)Ga

νρ(t, x):

– ΣÕ1,µν
flow line:

s, σ, b t, ρ, a
= δabδρσδ(t− s) (B.47)

– outgoing ΣÕ1,µν
-gluon-gluon vertex:

ρ, c

α, a

β, b

s

ν = g2
B f abc (δναδβρ − δνβδαρ

) ∫ ∞

0
ds (B.48)
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– incoming ΣÕ1,µν
-gluon-gluon vertex:

ρ, c

α, a

β, b

t

µ = g2
B f abc (δµαδβρ − δµβδαρ

)
(B.49)

• four-gluon vertex of Õ2,µν(t, x) = δµνGa
ρσ(t, x)Ga

ρσ(t, x):

– ΣÕ2,µν
flow line:

s, ρ, σ, b t, α, β, a
= δabδραδσβδ(t− s) (B.50)

– outgoing ΣÕ2,µν
-gluon-gluon vertex:

ρ, σ, c

α, a

β, b

s
= g2

B f abc (δαρδβσ − δασδβρ

) ∫ ∞

0
ds (B.51)

– incoming ΣÕ2,µν
-gluon-gluon vertex:

ρ, σ, c

α, a

β, b

t

µν = g2
B f abcδµν

(
δαρδβσ − δασδβρ

)
(B.52)
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We generate the Feynman diagrams including symmetry factors and signs (from closed
fermion loops) with the help of the program qgraf [227, 228]. In the notation of this
program, the propagators for the gluon, the ghost, and a single quark flavor can be
defined as

[g,g,+], [c,C,-], [fq,fQ,-].

The sign in the third entry of each square bracket denotes whether the particle is a boson
or a fermion. The flow lines for the gluon and the quark are implemented by introducing
separate fields b, fr, and fs for L, λ, and λ̄, respectively. They are implemented as

[b,B,+], [fr,fR,-], [fs,fS,-],

where the latter two represent the 〈χλ̄〉 and 〈λχ̄〉 bilinears (see Eqs. (2.53) and (2.54)).
With these fields, we can then define the regular as well as the flow vertices. For example,
for the trilinear flow vertex of the pure gauge theory defined in Eq. (2.55), we define

[B,b,b], [B,b,g], [B,g,g],

which corresponds to the three combinations of Fig. 2.1.
Already in regular QCD it is convenient to separate the color structure from the rest of

the calculation. This becomes non-trivial in cases which involve the four-gluon vertex. It
is thus convenient to introduce an auxiliary “particle” Σa

µν whose “propagator” is given
by (see [229] and the references therein)

ρ, σ, b µ, ν, a = δabδµρδνσ. (C.1)

The four-gluon vertex can then be replaced by a trilinear ggΣ vertex whose Feynman
rule reads

ρ, σ, c

µ, a

ν, b

=
igB√

2
f abc (δµρδνσ − δνρδµσ

)
. (C.2)

This allows to factorize the color factor off all Feynman diagrams, albeit at the cost of
increasing their number.1 We proceed correspondingly for the quartic gluon flow vertices

1 By constructing a general algorithm, it was shown in Ref. [62] that four-gluon (flow) vertices can always be
factorized as long as the momentum dependence is polynomial.
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by introducing an additional Σ particle which is directed in flow time. It forms trilinear
vertices with gluons and gluon flow lines, as shown explicitly in Appendix B.5. Again,
they contain exactly one outgoing (Σ or gluon) flow line. The quartic gluon vertices from
operators like E(t) with the vertex in Eq. (2.70) are treated in the same way. All of them
can be found in Appendix B.5 as well.

By default, qgraf also generates diagrams with closed flow-line loops. We use a Perl

script to parse the qgraf output in order to eliminate such diagrams before the actual
calculation. They vanish trivially algebraically though, as discussed earlier. In the same
way we multiply diagrams by a factor nh or nl for each closed heavy or light fermion
loop, respectively. We then process the diagrams with the help of q2e/exp [230, 231] in
order to insert the Feynman rules and convert the diagrams to FORM code.

Within FORM [225, 226], we contract the Lorentz indices, take the fermion traces, and
simplify the resulting expressions to the standard form of scalar integrals in Eq. (2.77).
The color factor is evaluated separately with the help of the color package [200]. The
projectors for the calculations in Chapters 6 to 8 are implemented in FORM as well. More
details of the implementation thus far can be found in Ref. [42] and some more details
of the implementation of the projectors for the operators of the EMT in Ref. [151].

Afterwards, we collect all scalar integrals and try to map them onto each other by
exploiting symmetries in the loop momenta and flow-time variables. For the remaining
integrals, we then construct a system of equations employing the relations discussed
in Section 3.1 with the help of a Mathematica [71] code developed in Ref. [45]. This
system is then solved with Kira ⊕ FireFly [46–48, 70] employing the feature to reduce
user-defined systems, as discussed at length in Chapter 3. The master integrals are
computed with the strategies discussed in Chapter 4. Ultimately, we assemble the final
results with Mathematica.



D
A C R O N Y M S

CKM Cabibbo-Kobayashi-Maskawa

CMM Chetyrkin-Misiak-Münz

CRT Chinese remainder theorem

CP charge conjugation parity

EMT energy-momentum tensor

EOM equations of motion

IBP integration-by-parts

LO leading order

NLO next-to-leading order

NNLO next-to-next-to-leading order

OPE operator product expansion

1PI one-particle irreducible

QCD Quantum Chromodynamics

QED Quantum Electrodynamics

RG renormalization group

RR rational reconstruction

UV ultra-violet

VEV vacuum expectation value

VPF vacuum polarization function
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