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REDUCED ORDER MODEL PREDICTIVE CONTROL FOR PARAMETRIZED
PARABOLIC PARTIAL DIFFERENTIAL EQUATIONS

SASKIA DIETZE! AND MARTIN A. GREPL!

Abstract. Model Predictive Control (MPC) is a well-established approach to solve infinite horizon optimal control
problems. Since optimization over an infinite time horizon is generally infeasible, MPC determines a suboptimal
feedback control by repeatedly solving finite time optimal control problems. Although MPC has been successfully
used in many applications, applying MPC to large-scale systems — arising, e.g., through discretization of partial
differential equations — requires the solution of high-dimensional optimal control problems and thus poses immense
computational effort.

We consider systems governed by parametrized parabolic partial differential equations and employ the reduced
basis (RB) method as a low-dimensional surrogate model for the finite time optimal control problem. The reduced
order optimal control serves as feedback control for the original large-scale system. We analyze the proposed RB-
MPC approach by first developing a posteriori error bounds for the errors in the optimal control and associated cost
functional. These bounds can be evaluated efficiently in an offline-online computational procedure and allow us to
guarantee asymptotic stability of the closed-loop system using the RB-MPC approach in several practical scenarios.
We also propose an adaptive strategy to choose the prediction horizon of the finite time optimal control problem.
Numerical results are presented to illustrate the theoretical properties of our approach.

2020 Mathematics Subject Classification. 35K15, 35Q93, 49K20, 65M22, 93C20.

INTRODUCTION

Model Predictive Control (MPC) — also called Receding Horizon Control (RHC) —is an advanced control technique for
linear and nonlinear systems. Since the solution of infinite horizon optimal control problems is, in general, computationally
intractable, MPC computes an approximate controller by solving finite time horizon optimal control problems in a receding
horizon manner. To this end, a finite time optimal control problem is solved over a particular time interval, only the first
control input is applied to the system, and the process repeats with an updated initial condition over a shifted time horizon.
We refer to the monographs [201[55] or survey papers [13}138.44] for more details.

Even though MPC is widely used in industry [12152]], its applicability to high-dimensional systems is limited due to the
large compuational cost for solving the associated optimization problems. Thus, reduced order models (ROMs) are often
used to lessen the computational effort [1,923]25H277,142,145/148,|59H61.163]. In this case, the high-dimensional model
is typically substituted by a low-dimensional surrogate model and the prediction and computation of the control is based
on the ROM. Although the use of ROMs results in significant computational savings, it also introduces an approximation
error in the computation of the control which may jeopardize the (asymptotic) stability of MPC. In [40], it was shown
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that controllers based on ROMs might stabilize only the reduced model but not the original plant. Assuming the control
computed from the (original) high-dimensional model resulted in a stable MPC scheme, this property should be inherited
by the reduced control computed from the ROM. Robustness of the MPC closed-loop system with respect to the ROM
approximation error is thus a crucial ingredient.

The stability of MPC — without model order reduction (MOR) — has been analyzed in detail in the literature. Whereasitis
known that the optimal controller of the infinite horizon optimal control problem always stabilizes the system, this property
may be lost within the MPC scheme [55] Chapter 1]. It is therefore crucial to ensure (asymptotic) stability of the controller,
i.e., to guarantee that the solution trajectory converges to the desired state and stays close to it. In MPC, terminal constraints
or terminal costs or a combination of both are often used to guarantee stability, see e.g. [10,130,42.143/46.166]. However,
also MPC schemes with neither terminal constraints nor costs have received considerable attention in the literature since
they are easier to implement and less restrictive. Without additional terminal constraints or cost the length of the prediction
horizon is crucial since the stability and performance of the controller depend on it. In [51], it was shown that stability of
a constrained time-discrete linear system can be guaranteed if the prediction horizon is chosen sufficiently large; the result
was generalized to nonlinear problems in [29]. However, the computational complexity grows rapidly with the length
of the optimization horizon. Therefore, estimates regarding the minimal horizon that guarantees stability are of utmost
interest. In [[17,[18L121156], an analysis of the minimal stabilizing horizon based on relaxed dynamic programming [[39,/54]]
was proposed. Here, the main idea is to ensure stability by estimating the degree of suboptimality of the MPC feedback
law and subsequently — since the degree depends on the prediction horizon length — to estimate the minimal stabilizing
horizon. These ideas have been applied to MPC for partial differential equations in [2H4].

Although ROMs has been widely used in combination with MPC as mentioned above, the stability of the combined
ROM-MPC approach has received less attention [[1,9/26142//60]. In [1], proper orthogonal decomposition (POD) was used
to derive a reduced order model. The stability analysis is based on the relaxed dynamic programming principle [17,21]
and does not require terminal costs or constraints. However, it directly applies the analysis from [17,21] to the reduced
order model, thus showing stability of the ROM but not of the closed-loop systems, i.e., the reduced control applied to the
high-dimensional system. Results from robust MPC are used in [26] and [60]. In [26]], stability is ensured by designing the
cost function parameters so as to satisfy a set of linear matrix inequality (LMI) conditions. Since the approach requires the
solution of LMIs involving the full system matrices, it is not applicable to high-dimensional systems. The work in [60]] does
not show asymptotic stability of the original but only of a set around the origin. The approach in [9] provides asymptotic
stability of the origin but is limited to modal decomposition to generate the reduced order model. Also, the stability
analysis is quite conservative since a global error bound between the MOR and the high-dimensional system instead of
the actual trajectory is used. Finally, the reduced order model considered in [42] is based on a general Petrov-Galerkin
projection and not limited to a specific MOR technique. Here, asymptotic stability can be achieved despite the MOR error
using a terminal cost and the definition of terminal sets. An error bound is given then by the solution to a scalar ordinary
differential equation which is also used in the design of the MOR feedback controller thus accounting for the MOR error.

Main Idea and Contributions

In this paper, we propose a reduced basis MPC (RB-MPC) approach for parametrized partial differential equations
(PDEs) without terminal constraints or costs. We briefly sketch the main idea and contributions — precise definitions,
formulations, and assumptions will follow in the next section. Let us consider the generic discrete time control system
given by

YAy = FO(*), u@ ) (1)

with inital condition y(t°) = y,, state y* = y(t*) € Y, and control u* = u(t*) € U, where Y and U are appropriate function
spaces for the state and control, respectively. In MPC, we first wish to find a control sequence (uk)f=1 which minimizes
the finite horizon cost functional

K
Tw) =Y 20k o) u) ©)
k=1
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with running cost I(+,+) : Y XU — Rg and prediction horizon K € N. Here, y’;(yo) denotes the state solution trajectory

for a given initial condition y, and control sequence (u*),oy. We denote the optimal control sequence as u** and the

associated finite horizon optimal value function as J*(:) : Y — Rg, where J*(y,) = min,y J(u). In MPC, we then

apply only the first control u™! to the system, compute the state y’;:r (), shift the horizon by one timestep, and solve the

finite horizon problem again with the newly computed state as initial condition.
Under certain conditions, asymptotic stability of the MPC feedback law can be shown if

T* () = J* (L) + @ 1y, u™h) A3)

holds for all y, € Y and some @w € (0, 1]. Here, w is called the suboptimality degree. The optimal value function J*
depends on the prediction horizon K and it can be shown that — if the prediction horizon is chosen sufficiently large — we
have w € (0, 1], i.e., stability of the MPC controller can be guaranteed. Unfortunately, checking condition (@) requires the
solution of two finite horizon optimal control problems. If system (L) is given by a (discretized) partial differential equation
of (typically) very large spatial dimension N, solving for the optimal control u*! in each MPC loop is computationally
expensive, testing condition (3) multiple times for increasing prediction horizons K becomes prohibitive.

To this end, we introduce an RB approximation y e Yy C Y to the full-order solution y(t*) € Y given by

yNEY = NN E) uy ) )

with inital condition yy (1) = y ~.0- Here, we assume that the control u (t*) lies in U and that the RB space Yy, satisfies
dim(Yy) = N < N. We then employ the RB approximation to solve the finite time optimal control problems required
in each MPC loop. Although generation of the RB approximation requires an up-front (offline) cost, we can then compute
the reduced order optimal control uj\}l efficiently online. To check whether the closed-loop system — i.e. the original

high-dimensional system (1)) with reduced order control uj\}l — is stable, we use condition (). However, in order to avoid

the solution of original (full-order) optimal control problems, we (i) derive lower and upper bounds for the error between
the optimal value function J* and its associated reduced order approximation J,, and (ii) replace J* appropriately by its
lower and upper bounds. Since the reduced order value function J J"\‘] and the associated a posteriori error bound can be
evaluated using an offline-online computational procedure, we can thus also confirm the stability of the RB-MPC approach
efficiently online. Finally, based on the above ideas, we propose an adaptive algorithm to choose the minimal stabilizing
prediction horizon of the RB-MPC closed-loop system and discuss possible convergence issues.

We note that although we employ the RB method as a surrogate model in this paper, other model reduction techniques
like POD or balanced truncation could also be used. The a posteriori error bounds as well as the proposed RB-MPC
approach remain valid if we replace the RB test and ansatz spaces with the corresponoding spaces generated by POD or
balanced truncation (assuming the reduced order model inherits the stability properties of the original system). In fact,
even reduced spaces generated from data could be used in this framework.

After introducing the general problem statement in Section [1| we focus on the RB approximation and associated a
posteriori error bound formulation in Section[2l We propose the RB-MPC approach and analyze its stability in Section[3]
before assessing our approach with two numerical examples in Section

1. GENERAL PROBLEM STATEMENT

In this section we introduce the infinite horizon optimal control problem and the associated finite time horizon optimal
control problem for the MPC approach. We consider systems governed by parametrized linear parabolic partial differential
equations and introduce a finite element truth discretization of the continuous problem. Finally, we state the MPC algorithm
and recall existing MPC stability results which are the basis for our analysis. Note that we restrict our attention to state
feedback MPC in this work.
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1.1. Preliminaries
Let Q c R?, d = 1,2,3, be a bounded Lipschitz domain with boundary I" and let Y, with H(% @cy,c H'(Q) be
a Hilbert space over Q[l The associated inner product and norm are given by (-, ')Ye and || - ”Ye =4/C, ')Ye’ respectively.

Additionally, we assume the norm || - ||y, is equivalent to the H 1(©)-norm and denote the dual space of Y, by Y]. Next,
we recall the Hilbert space W (0,T) = {v € L*(0,T; Y,) : v € L%(0,T; Ye’ )} for a fixed time T with its standard inner
product; for more information see e.g. [53167./69]. We also introduce the control space U,(T') = LZ(O, T;R™,m e N, with
inner product (u, U)Ue = /OT(u(t), v(t))rm dt and induced norm || - ||Ue =4/C, ')Ue; the dual space is denoted by (UE(T))/.
Furthermore, we define U, ,,(T) as the non-empty convex subset of admissible controls, given by U, ,,(T) = {u, €
U (T) & uyo(t) S u(t) S up ()} CUL(T). Here, u, (), up (-) € L?(0,T; R™) with Uy () Suy(t)faa t €[0,T] are
given lower and upper bounds for the control input (hard constraints). Finally, let D C RP be a prescribed P-dimensional
compact parameter set, i.e., an element y € D will serve as our P-tuple input parameter.

We now introduce the bilinear forms. For the sake of simplicity the first one is parameter independent and defined
through m(w, v) = (w, v) L2(Q) forall w,v € L%(Q). The second parameter-dependent bilinear form is given by a(-, -; ) :
Y, XY, = R. We assume that a(-, -; u) is continuous,

a(w, v; 4)
v)= sup  sup — L <y <o, VueD, 5)
wex,\ [0} ver,\{o} [Wlly, [Ivlly,
coercive,
() ALV S S0 VueD ©)
a = i ———2>a , ,
T a0 o2 0 g
and admits an affine representation,
Q4
a(w,v:u) = Y O(a’(w.v). Vw,v €Y, VueD, ™
q=1
for some (preferably) small integer Q,. The coefficient functions ®/ : D — R are continuous and depend on the

parameter u, whereas the continuous bilinear forms a? do not depend on p. Last, we also require a continuous bilinear
form b(-,-) : R™ XY, - R, defined by

m
b(u,v) = Y b(v)u,, ®)
i=1
where by, ..., b, are given bounded linear functionals on L*(Q). We assume the b; do not depend on the parameter;

however, affine parameter dependence is readily admitted [[16]. In addition, we define the continuous and linear operator
B, : U(T) » L*(0,T;Y!) by

((Beue) ), -)yry, = bluy(0), ) = 2 bi()u, (7). €))
i=1

Here, (-,-)yy, denotes the dual pairing between Y/ and Y, and u, € U,(T) is the control input with time-dependent
components u,; € L?(0,T), 1 < i < m. The associated adjoint operator (linear and bounded) is denoted by By

IThe subscript e refers to "exact".
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L?(0,T;Y,) — U,(T), where we identify (L(0,T; Ye’))/ with L*(0,T,Y,) and (Ue(T))’ with U,(T). It can be shown
that, for a given ¢ € L%0,T; Y,), the adjoint operator B:¢) can be expressed as (B:q'))i(t) =bi(p(), 1<i<m, te
[0, T] [33]]. Finally, we require an observation subdomain D C €, which is a measurable set with inner product (1, v)p =
/D uv dt and an associated semi-norm |v|p = 4/(v,v)p foru,v € L2(€). We shall assume that the system is LTI (linear
time-invariant), this is the case when all linear and bilinear forms are time independent.

We note that the affine parameter dependence of all of the parameter dependent quantities is crucial for the offline-online
dependence and thus the online efficiency of our proposed approach. Although this assumption might seem restrictive, it
naturally holds for many material and geometrical parametrizations [S8]. In the nonaffine case, the Empirical Interpolation
Method (EIM) may be used to obtain an approximately affine representation of the involved (bi-)linear forms [6}15]].

1.2. Infinite Horizon Control Problem

In this paper we consider parametrized parabolic partial differential equations of the form
d—im(yg(t), ) +a(y, (1), v; u) = b(u,(1),v), YveY, faa re(0, ), (10)

where y,(f) € Y, for a given parameter u € D, control u,(f) € R™, and initial condition y,(0) = y, , € LZ(Q)H Given all
assumptions in the previous section, (I0) is well-posed [53]. Next, we introduce the infinite horizon cost defined by

Jes(Ves i 1) = /0 | 51560 = .60 + 5 1e(6) = g (O] i an

The integral measures the deviation of the state y, and the control u, from the desired state y, ,(t; u) € L*(Q) and the
desired control u, ,(r) € R™, respectively. It either has a well-defined nonnegative finite value or it diverges to infinity.
We assume that the (parameter-dependent) desired state y, ,(#; u) has an affine representation

0y,

Vel 1) = )04 (1] (%), (12)
q=1

where the coefficient functions @gd : [0, 00) XD — R are parameter and (possibly) time-dependent, whereas the functions
yz’e € L*(Q) are parameter-independent. The control uy (1) is assumed to be parameter-independent. However, affine
parameter dependence is readily admitted.

Our goal is to steer the system towards the desired trajectories by minimizing J, , subject to the PDE constraint (10).
If y, . = 0 this is called a stabilization problem, otherwise we solve a so called tracking problem.

Since infinite horizon optimal control problems are, in general, infeasible, we apply a receding horizon approach. We
introduce the associated finite horizon control problem in the next section.

Remark 1.1. It is well-known that — under certain assumptions — optimal control problems with a large time horizon
satisfy the so-called turnpike property, i.e., the optimal (state and control) solution trajectories stay exponentially close to
the optimal solutions of the corresponding steady-state problem for most of the time. One of these assumptions — which
we do not require — are time-independent or periodic in time desired states and controls. For more details on the turnpike
property we refer e.g. to [[L1] and [7,150].

2Often, we omit dependencies to simplify the notation, for instance y, = y,(x,; ). Whenever we want to point out the underlying control to a
trajectory, we write y, (1, ).
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1.3. Finite Time Horizon Control Problem

For simplicity - and because the system is LTI - we only present the optimal control system for the time interval [0, T'].
We consider the parametrized optimal control problem

minJ,(y,, ups ) st (y,.u,) € W(0,T) X U, 44(T) solves

Veslle
d (P,)
am(ye(t), V) + a(y (1), vs u) = b(u,(1),v), VYveY, faate(0,T],

with initial condition y,(0) = y,, € L?(Q). The quadratic cost functional J,(5m) 2 WO, T) XU, (T) = R, is defined
by

oo [l 2 o2 Y 2
Je(yg’ueil’l) - 7 |ye(t)_yd’g(t’/’l)|Ddt+ ?lye(T)_yd’g(T’M)lD—i_ E”ue _ud,e”U . (13)
0 e

Note, that y, ,(#) acts only locally on the subdomain D (although it is defined on Q) due to the definition of J,. The desired
state y, (1) again satisfies the affine parameter dependence (12) with G)g , replaced by G)Zd 0.1’ i.e., the restriction of G)g g
to [0, T']. The parameters 4 > 0, 64, 0, > 0 are responsible for the weighting between the deviation from the desired control
and the desired state (for the whole time interval and/or the final time). They are chosen depending on the application and
the desired performance of the optimal controller. Under the stated assumptions there exists a unique optimal solution
(i ul)to [41l/62].

To solve the optimal control problem we employ a Lagrangian approach. We define the parametrized Lagrangian
functional using the parabolic PDE and the definition of the cost functional

T T
Lo 1) =T (Ve s ) + / a(y,(t), p,(t); u) dt + / m(diye(t),pe(t)) dt
0 0 ! (14)

T
- / b(uy (1), p (1)) dt + m(y,(0) — yg ¢ p.(0)),
0

where &, = (y,, p,,u,) € W(0,T)x W(0,T) x U,(T) and p, is the adjoint variable. Differentiation of the Lagrangian
functional leads to the first-order optimality system consisting of the state equation, the adjoint equation and the
optimality condition: Given y € D, the optimal solution (to ) 5. py.u;) € WO, T)Xx W(0,T) X U, ,4(T) satisfies

%m(y:m, @)+ a(y (), ; w) = b (1), b) Ve, faatre(0.T], (15)
¥5(0) = Yo (15b)

—%m((p, o) +ale.pi(1): ) = 01(Vy (W) = Y1), 9)p Ve €Y, faa tel0,T), (15¢)
m(@, pH(T)) = 03y o(T: 1) = V(D) 0)p Vo €Y, (15d)

(AW —ug,) = BEpiw —ul)y >0 Vy €U, 4 (15¢)

These conditions (I3)) are necessary and sufficient for the optimality of ( yZ, u:) [41,162].

Remark 1.2. Regularization parameters often serve as design parameters which are tuned to achieve a desired performance
of the optimal controller. In terms of our reduced basis approach it is therefore convenient to consider these parameters as
additional input parameters. This procedure allows us to efficiently design the optimal controller during the online phase
of the algorithm. We will consider 4 as an additional parameter in the numerical experiments in Section [5
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1.4. Truth Finite Element Approximation

Since we cannot expect to solve the optimal control problem analytically, we apply a finite element method for the
spatial discretization while the backward Euler method] is used for the temporal approximation. This yields the so called
"truth" approximation. To this end, we divide the time interval [0, 7] in K subintervals of length = = T /K and define
t* = kr,0 < k < K,and K = {1,...,K}. Furthermore, let Y C Y, denote a finite element space of (typically) large
dimension N'. The finite dimensional space Y inherits the inner product and induced norm from Y,, i.e., (-, )y = (-, ')Ye
and || - |ly =1l - ”Ye as well as the continuity and coercivity properties, i.e.,

a(w, v u)
}’(M) = Sup Sup TTu u.u S Ye(/’l) S Y() < oo, VM € D’ (16)
wer\ (0} ver\ (o} l1wlly llolly

and

a(v, v; 1)

—_— > >ay>0, VueD. 17
o 1ol (1) 2 ag u 7

a(u) =

We define the operator B : U — (Y')X by

m
(B, yyry = bk, )= Y bk, kK, (18)
i=1
with U = (R™)K being the discrete control space with inner product (u, Vy =7 Z,’;l(uk, Uk)Rm and norm || - ||y =

1/ (-, )y- A control is denoted by u = (ul, ..., uX), with u* € R™. We introduce the discretized admissible control set as
Ugy={ueU : uk €U, keK},whereUF ={zeR" : vk <z<uf}andut =u, () € R, uf =u, (i) € R™.
The corresponding truth optimal control problem now reads as follows

minJ(y,u; u) s.t. (y,u) € YK x U, solves
y.u

(P)
m(y*, v) + ta(y*, v ) = mGF L, v) + Th(F,v), YveY, Vkek,

with initial condition y° = ¥y Here, y, is the L?-projection of Yo,.- Moreover, y* denotes the truth solution at time ¥, i.e.,

y* = y(t%), and uf.‘ € R corresponds to the i-th control input at time t* ie., uf.‘ = ui(tk). The discretized cost functional is

givenby J(-, ;) 1 YE XU - R,

K K
o1 o2 A
T =7 Y Y = Yi0lh + S = yi ol + 57 3 I — g,
k=1 k=1
(19)

K-1 K

_ 0 k2 o (CL %2\ K K2 o A k_ k2

=7 2 = yiln + (S e+ 5 ) Y5 -yl + S Y e — gl
k=1 k=1

Here, u = uy (%) € R™ and y* () € Y is the L?-approximation of y, ,(t*; u) € L*(Q).

3Mtis also possible to apply high-order schemes like Crank-Nicolson or a general ®-scheme instead [[14].
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Analogously to the procedure in the previous section, we employ a Lagrangian approach to obtain the first-order opti-
mality system: Given u € D, the optimal solution (to (P)) (y*, p*,u*) € YK x YK x U, satisfies

m(y** — yk=1 @) + ra(y* K, s w) = Tk, ) VpeY, Vkek, (20a)
¥ =y, (20b)

m(@, p** = p***) + za(e, p**s p) = 10, V(W) — y*. 0)p VpeY, VkeK\{K}, (20c)
m(p, p**) + ra(p. pX: 1) = (vo, + o)V () — K. @)y Vo eV, (20d)

AW —uy) — B*p*,w —u*)y >0 Yy € Uy,. (20e)

The adjoint operator B* : YX — U is given, for ¢ € YX, by (B* qb)f.c = b,-(qﬁ"). Note, that we use the same trial and test
spaces in the discretization.

Given the definition of the cost functional, we introduce the (running cost) function /(, -; ) measuring the deviation of
the state and the control from the desired trajectories at a time tX. The function I(-, s p) : Y X R™ — IR; is defined as

o A
15 u ) = SelyF = VG0l + Sl — I, 1)

Remark 1.3. The system (20) was derived by first discretizing the cost functional and state equation and then optimizing,
i.e., the first-discretize-then-optimize (FDTO) approach. However, for the time discretization scheme used here we obtain
the same optimality system using the first-optimize-then-discretize (FOTD) approach, i.e., both approaches commute. We
note that this is not always the case and depends on the specific time discretization scheme, see e.g. [S]] for more details.

Remark 1.4. The discrete infinite horizon problem corresponding to the continuous case (I0) and (1)) attempts to mini-
mize the infinite horizon cost functional

o
o A
T i) = 3 | S ey = sl + el =, 22)
k=0

subject to the system dynamics
m(y*, v) + ra(y*, v; u) = m(* 1 v) + bk, v), YoeY, VkeN, (23)
with initial condition y(0) = y,.

1.5. Model Predictive Control Algorithm

The classical MPC algorithm computes a feedback control for the plant by solving optimal control problems for a finite
time interval and moving the horizon forward: At every sampling instance tX, we solve the optimal control problem (P}
over the finite interval [, * + T'] with the state measurement y(t*) as initial condition. Here, T is the finite optimization
horizon corresponding to K = T /z discrete time-steps. Subsequently, we apply the computed optimal control to the
system from time * until **! = ¢k 4+ 7. Next, we take a new measurement of the state to update the initial condition
and repeat the process for the shifted interval [t**!,#**1 + T]. The resulting controller in feedback formx : Y — U,
with k(¥(t%)) = u*™! allows us to react to the current deviation of the state y from Y4 at time t*. The MPC algorithm is
summarized in Algorithm[Il

Remark 1.5. We shall denote the control horizon of the MPC algorithm by 7., i.e., the time period over which the control
is applied to the plant. So far, we assumed 7.,, = 7 for the sake of readability and since this choice corresponds to the
"classical" (discrete) approach. However, it is possible to decouple the (discrete) timestep 7 used for the time discretization
from the control horizon 7, resulting in a so-called multi-step feedback law, see e.g. [17]. In particular, if we consider
the first n control moves in the MPC algorithm instead of only the first one, we have 7 = 7., /n, n € N. Note thatn = 1
corresponds to the classical approach.
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Algorithm 1 Model Predictive Control

1: Given: time step = > 0; finite optimization horizon T = Kz, K € N, parameter 4 € D, initial condition yK(tO) =Y.

2 Set () = yh(u). ik =k k=1,2,....

3: fori=0,1,2,... do

4 Sett =i, yy =y (1), and YA () = FH (), uk =@ k=1,... K.

5: Solve the optimal control problem (P) with initial condition y(0) = y, and obtain the optimal solution (y*, u*)
with optimal control u* = (u*!,u*2, ... u*K).

6: Define the feedback value x(y(t')) = u*! and use this control to compute the associated state yK(ti+1).

Remark 1.6. There exists a wide range of stability results depending on the MPC scheme, i.e., MPC with stabilizing
terminal constrains and/or cost as well as without terminal constraints or costs. We refer the interested reader to the survey
paper [44] or the monographs [20,[55]. Although we included a terminal cost in the cost functional in (19), all of the
following results are also valid for problems without terminal cost, i.e., o, = 0 in (T9).

Definition 1.7 (Optimal value function). Let y, € Y be a given initial state. We define the infinite optimal value function
JECiw 1Y - Rg as

X (i ) = inf {Joo (v, us 1) | 5.t 23)}. (24)
Similarly, we define the finite horizon optimal value function J*(-; ) : Y — Rg as
T (o ) = min{J (y,us p) | s.t. @3} (25)
Given a feedback law x : Y — U, we denote the associated solution by y,., i.e., y,. satisfies
k koo — k—1 k—1 0 _
m(yX, v) + ra(k, v ) = mOF 0) + T (AT o), YweY, VkeN, )=y, (26)

The corresponding cost functional value is denoted by J (yo; #) 1= J oo (Vie» K(¥); 1)-

A feedback law stabilizes the system if it steers the state towards the desired trajectory and holds it there. For definitions
and further theory we refer the reader e.g. to [20,135,155]. In [20, Chapter 4] it is shown that the solution of the optimal
control problem over the infinite horizon always stabilizes the system since the optimal value function J7 serves as a
Lyapunov function. To ensure the desired property in the receding horzion approach, we rely on results in relaxed dynamic
programming [391/54] and thus follow the ideas presented e.g. in [[17,21]. Here, we use the following main result, see [20]
for a proof.

Proposition 1.8. Consider a feedbacklaw x : Y — U, the corresponding solution y,. to (26) with yg = ¥y, and a function
17(’; w:Y - R(J)r that satisfies the inequality

V(yo: 1) 2 V(i 1) + () 13, €(3); 1) @7)
for some w(pu) € (0,11 and all yy € Y. Then forall y € Y the estimate

()5 (v 1) < o(u)J 5 (v pu) < V(v 1) (28)

holds. The value w(u) is called the suboptimality degree of the feedback law k. If, in addition, there exist py, p,, p3 €
Ko=1{p: IR(J)r - Rg | p is continuous, strictly increasing, unbounded and p(0) = 0} satisfying

p1lyo = YElly) 2 V (vos 1) = pallyo — Ye(lly)  and min 1(yo, 15 1) 2 p3(lly = ¥z (lly) (29)
ad

forally, €Y, k €N, then the closed-loop system @8)) is globally asymprtotically stable.
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Remark 1.9. The assumptions posed in Proposition[[.§] can be weakened, see e.g. [20,[55]. For example, we introduced
the cost functional using the observation subdomain D C Q. Hence, in general, | - |, defines only a semi-norm on L?(Q)
resulting in a semidefinite function /(, -; #). Since the condition min,cy; , 1(yo, us 1) > p3(llyy — y:;(/t)IIY) is not satisfied
for all y, € Y, an additional assumption is necessary in order to establish asymptotic stability, see [35]. One appropriate
choice for such an requirement is detectability, which essentially says that although not all modes of a system can be
observed, all unobservable modes are stable. Another possibility is to check if the system is input/output-to-state-stable
(IOSS), see [53] Section 2.7].

Definition 1.10. Let u* be an admissible minimizing control for (P) with initial value y, € Y. We define the MPC
feedback law by

k(o) = u™!. (30)

To ensure stability of the MPC controller k¥ we utilize the relaxed dynamic programming result from Proposition [I.8]
for the choice V' = J*. Using the definition of x, we obtain that satisfying (27) is equivalent to ensuring the inequality

T*os 1) = T*(yLes ) + o) 1(yg, u™'5 ) @31

holds for all y, € Y and some w(u) € (0, 1] (preferably close to one). We note that the cost functional and the stability
condition depend on the prediction horizon K. It is well known that — if the prediction horizon is chosen sufficiently
large — stability of the MPC controller can be guaranteed [29]. Unfortunately, the computational complexity grows rapidly
with the length of the optimization horizon. We are thus interested in the minimal horizon that guarantees stability of the
controller.

Remark 1.11. A common assumption in the literature is the following exponential controllability condition: There exist
real constants C > 1 and o € (0, 1) such that for each y, € Y there exists a control function u, € U, satisfying

15 uf s p) < Cof min 1(yg, u; 1) (32)
Uy~ Y0 ueUOd

for all k € N. It was shown in [21] that holds under this premise if the prediction horizon K is chosen sufficiently
large. In particular, one can show that wg () = 1 if K — co0. A similar result was presented in [29] for continuous time
problems.

Remark 1.12. There exist a wide range of stability and suboptimality analysis for MPC schemes based on Proposition[T.8]
The goal is to estimate the suboptimality degree based on the inequality (27) and, since w(y) depends on the prediction
horizon, in turn to estimate the minimal stabilizing horizon. In [17,121]], the controllability assumption mentioned in the
last remark is used to express the stability and suboptimality condition in Proposition[I.8] as an optimization problem to
bound w(x). This allows to analyze and explain the qualitative behaviour of the prediction horizon K on the stability and
suboptimality of the MPC scheme [2]. Nevertheless, the bound on @w(y) — and, as a consequence, the bound on K — tends
to be conservative since it presents a global estimate [4,/17]]. To actually determine the minimal stabilizing horizon, it is
also possible to use an adaptive approach as was suggested in [[18,[19] and in [49] for the multi-step approach. Here, the
calculation of a global minimal stabilizing horizon is omitted and, hence, less conservatism is expected.

Remark 1.13. In [57] the stability of the MPC algorithm for continuous time problems was studied. A comparison of the
continuous time and the discrete time suboptimality estimates revealed that the continuous time case is less conservative.
To overcome this gap, [68] employed a multi-step approach and showed that the discrete estimate converges to the con-
tinuous result when the sampling period 7 tends to zero. We note that the stability result of Proposition needs to be
adapted for the analysis of the multi-step approach, i.e., inequality (27) is replaced by

n—1

T o 1) 2 T* (Vs 1) + () Y 10k, u™ s ), (33)
k=0



REDUCED ORDER MPC FOR PARAMETRIZED PARABOLIC PDES 11

where we directly considered V = J*. The n-step MPC feedback law x : Y X {0, ...,n— 1} — U is then defined through
K(yg,1) = wtl i =0,...,n—1, for an initial value yo € Y. If y; is the current state in the MPC algorithm then yz* refers
to the state reached after applying the control input, i.e., the starting point in the next loop. We refer to [[17] for details.

In each step of the MPC algorithm, the optimality system (20) consisting of 2K N + Km coupled equations and in-
equalities has to be solved. The associated computational cost for large-scale problems, arising e.g. through discretization
of PDEg, is thus considerable and may even be prohibitive in actual practice. Our goal in the remainder of this paper is
thus the following: We want to significantly speed up the computation of the feedback law while maintaining the stability
of the closed-loop system. To this end, we first substitute the PDE constraint in (P) with a reduced basis model and use the
optimal "reduced” control u, as feedback in the MPC algorithm. We then derive a posteriori error estimation procedures
which allow us to confirm the stability of the closed-loop system, i.e., the reduced control applied to the original full-order
system. Finally, based on the stability condition, we propose an adaptive approach to determine the minimal stabilizing
horizon for the reduced feedback controller.

2. REDUCED BASIS METHOD

2.1. Approximation

We assume we are given the integrated reduced basis spaces Yy = span{{,, | <n < N},1 < N < N, where {,
are (-, -)y-orthogonal basis functions. The space Yy is constructed using the POD/Greedy procedure illustrated in Section
Note that we incorporate both state and the adjoint solutions in Yy — thus the term “integrated” — in order to guarantee
stability of the reduced basis approximation and to obtain a good approximation for the state and adjoint using a single
space.

The reduced basis optimal control problem reads

min J(yy,un; @) st (Yn.uy) € Y]f,( x U,, solves
YNSUN

(Py)
m(yk;, 0) + ra(yy, v ) = mOAT v) + b v), VveYy, Vkek,

with initial condition y(])v = yn.o- Here, yy ¢ is the projection of y, onto Y} and the cost functional is given by (I9).
We solve the minimization problem employing the corresponding first-order optimality system: Given y € D, the
optimal solution (to (Py)) WV Py uy) € ij[( X ijf x U, satisfies

myy =y ) + Ta(yit o) = ThwE. b) Vp €Yy, VkeK, (34a)
m(yy’, d) = m(yy. b) Vo € Yy, (34b)

m(q. p* = p*h) + vate. pif ) = 1o, 0w - v @) Vo €Yy, Vkek, (34c)
m(e. py*) + ta(e. pyfi ) = (ro) + o)X () = ¥K . @)p Vo €Yy, (34d)

(Aluy —uy) — B*p*]'v, v —uy)y 20 Yy e U,,. (34e)

We note that the FOTD and FDTO also commute in the reduced basis setting. The idea to combine the MPC algorithm with
the reduced optimal control model is straightforward: Instead of solving (P) in each MPC loop we compute the reduced
basis opltlimal control u*N from (Py) and set x(y(1')) = uj‘\}l. However, it remains to discuss and show the stability of this
approach.
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2.1.1. Computational Procedure - Approximation

To determine the complexity of the proposed method, we first derive the matrix-vector representation of the reduced
optimal control problem. To this end, we express ylj‘v (u) and p’j‘v (u) using the reduced basis consisting of N elements, i.e.,

N N
YR = D9 oG and G = Y PR, (i (35)

i=1 i=1

The corresponding coefficient vectors are denoted by y’j‘V(;t) = [y’]‘V 1(;4), cees ylj‘v N(y)]T € RY and p’j‘v(,u) = [plj‘v 1(,u), s

p’jv N(ﬂ)]T e RN, respectively. Next, we choose ¢ = {;, 1 <i < N, @ =¢;, 1 <i < N and y = ¢;, the i-th unit vector,
1 <i < m, as test functions in (34), which leads to the matrix-vector representation of the reduced optimal control problem

(My +7Ay() YA ) = My Y )+ 7 Byul, k €K, (36a)
MyyS () =2"My, (36b)
My +7A5G0) 24,60 = MyphH o + 70y (VG0 = Dyl (). keK\(K},  (36c)

(
(My + A% 0) & (1) = (v01 +02) (Y00 = DyK ). (36d)

(a(u’;v—u’;)—BJTvg’;V(y)) (wk —uk) 20, vk e UK ke K. (36¢)

Here, Z = [{;,....{y] € RMNXN i the change of basis matrix, M € RNXN denotes the finite element mass matrix
associated with the inner product (-,-);> and Y, € R is the coefficient vector of Yo € Y in the finite element basis.
The matrices My € R¥*N, Dy € R¥*N and By € RV*" are given by (My);; = m(, &), (Dy);; = (¢)ps
1 <i,j < N,and (By);; = b;j(§), 1 <i < N, 1 < j < m. Exploiting, the affine-parameter dependence of the

bilinear form a(-, -; u) for the matrix Ay € RV*N leads to the representation Ay (u) = Zqu“l ©(u)A%,. The matrices
Af, € RN*N are parameter-independent and defined by (A} ),j a,(§;,¢), 1 <9< 0Q, 1 <i,j < N. Likewise, using

the affine representation of y,; (12) we obtain de, N(,u) Z O @i o T](tk ; ”)Y;, N The parameter independent vectors

Yq € RN are given by (Y qN), =0 ¢p 1<g < 0,1 <i< N.Inaddition, we save the matrix Y, , € R9va*Pa
deﬁned by (Yg.0)p4 =0’y d) p1<p,g< Q to ensure an efficient evaluation of the cost functional.

We now summarize the most important steps of the offline-online decomposmon In the ofﬂlne phase, we compute the
parameter independent components, i.e., the matrices My, Dy, By, A N, 1<¢<0,7Y dN, 1<qgc< Q and Y, ; .
Clearly, the computational cost depends on the truth finite element dimension N, but it is only performed once for the
reduced basis Y. During the online phase, we first assemble the parameter-dependent quantities A (1), de, N, k€
K U {0}, which can be done in O(Q,N %) and O(Q, KN), respectively. The optimal control problem is then solved
iteratively using the BFGS Quasi-Newton method [47]. We state the effort for one iteration of the algorithm. By first
computing an LU-factorization of the system matrix My + 7A(u) we can solve the reduced basis state and the adjoint
equation in O(N3 + K N?) operations. However, since the initial condition Y is in general nonzero and unknown during

the offline stage, we note that we must also compute the right hand side of (36b) at cost O(N N') and then solve for X(J)V(,u)

at cost O(N?), i.e., we cannot avoid a linear scaling with A" during the online stage due to the projection of y, € Y onto
the reduced basis space Y.
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For an efficient evaluation of the cost functional, we rewrite

K T T
Joxuyin) =27 Y <(va) Dy =2 (Yiy) ¥+ Yd’fd(u)>
k=1
37)

K
o) \T K % T K 1 . .
+7<<XN> DNXN‘2<Yd,N(M)) N Y +§T];1||MN—ud|| .

with Yj’ S = Zp’; dz | @5 g t*; y)@)g d(tk; w(Yy 4), 4 Evaluating the cost functional using this representation then requires

O(KN? + K o, N+K Qid + Km) operations. Furthermore, we compute the gradient and the optimal step size of
J(yn(up), up; 1) in the search direction u ;. The former can be done in O(KmN), the latter can be determined in O(N 34
K N?), see Appendix D in [31]]. Finally, the update of the inverse Hessian approximation is computed in O((Km)?)
operations, which leads to an overall cost of O(N3 + KN? + Kde + KQid + Km + KmN + (Km)?) for one BFGS
iteration. To ensure compliance with the control constraints, we use the primal-dual active set method (PDAS) [24],
implemented as an outer loop around the BFGS iteration. Experience shows that the PDAS method requires only a few
iterations to find a solution. In our numerical experiments the algorithm stopped after no more than six iterations. In
summary, all listed calculations — except for computing the projection of y, — can be performed independently of N'. We
therefore expect a significant speed-up compared to the solution of (P)), since in general N < N'. We present numerical
evidence in Section

2.2. A Posteriori Error Estimation

We now develop reliable and computationally efficient a posteriori error bounds for the error in the optimal control and
the associated cost functional. As shown in the next section, these bounds will allow us to efficiently verify the stability
of the proposed reduced basis MPC algorithm. To begin, we require the following definitions.

Definition 2.1. The residuals for the state and adjoint equation and the optimality condition are defined by

P ) = bl ) — a0 — TG = v ), Vo Y. Vk €K, (382)
rh(@s ) = 01w = ¥ @)p — ale, Py ) - %m(rp,pj‘\}k -y, Ve ey, Vk e K\(K}, (38b)
K = (o1+ 2) 065G = 3. 000 — a@. 035 10 - m(o. 035, Vo e, (380)
r Wi n) = (/l(uj\}]; —ul ) - bi(pxk)> v, Yl eUl vkekK, i=1,..,m (38d)

We shall assume that we are given a positive lower bound a; 5 : D — R™ for the coercivity constant () such that
a(u) > apg(u) > ag >0, Vu €D, (39)
and define the constant

loll 2
Cp= sup ﬂ. (40)
vervio)  llvlly

We also define, for all k € K, the energy norms

1 1

k 3 K =
|||v"|||ys(m(uk,uk>+rZa(uk/,u’“;u)) and ||| 4]l <m<uk,uk>+rZa(ukﬂuk/;u)) @D

k'=1 kK'=k
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as well as the standard "spatio-temporal" energy error bounds

vk
MK

! 1
k 3
T k' - 2, d Ap,k . 4
(aLB(”) kgl lIr, ( M)“Y) an N (1) <aLB( ) 2 Z I " w3 ) (42)

2.2.1. Optimal Control Error Bound

We first present two auxiliary results for the state and adjoint optimality error. The results are based on [33]] but taking
the nonzero error in the initial condition into account. We present a short sketch of the proofs in the appendix.

Lemma 2.2. The state optimality error ef =y K@) - ny(u’;‘\,) satisfies

1

m K
2
|||ef|||ys( po—p )Zurk( Wl LB(M)(;||b,-||§,>rkzz‘1||e’;||2m+m(e‘;,e‘;)> : (43)

Furthermore, we have

0
10112

K K
3 ek 2 <- z k Y lib, 3 ek + ——2, 44
Tk=1 lleylly < )2 llry (s M)ll < Il || ) Tk:1 lle, llgm + P (44)

Lemma 2.3. The adjoint optimality error e = p*l(y*w*)) — pN (yN(u )) satisfies

1

K 2
el < ( Z I Gl ek e+ «rg(ef,ef)D) . (43)

ap () &= pm

with Cy, defined in @0Q). Furthermore, we have

2
2

O,
Zn K15 < B( 72 Zn el LB( )2 Z( D+ (e e (46)

We note that the following bound for the error in the optimal control is valid both in the (control) constrained and
unconstrained case. The proof follows ideas presented in [32]] and is also sketched in the appendix.

Proposition 2.4. Let u* and u be the optimal solutions of the truth and reduced basis optimal control problems (P)) and
(Py), respectively. Given u € D the error in the optimal control satisfies

la* — iy lly < A% (u), @7

where A;‘\}*(;t) 1= ¢ (u) + V¢ (U)?* + cy(u) with nonnegative coefficients

1
e1(w) = Dbl ) R, (48)
\f aLB(mz( )
c? (o
os(p) = 2v2 R, + 1+\/§R0 R, + Do, % R? + 7LD g (49)
/1 ap () NC) o () 2 arg(u)? 2005w ) 7
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and the terms R, R, and R, are given by

K 3 K 3
=<rZ||r,’§<.;m||§,) : Ry=<rZ||r’;<.;u>||§,) . Ro=lyo - ynoll2e (50)
k=1 k=1

2.2.2. Cost Functional Error Bound

Before we derive a bound for the optimal cost functional error, we require the following a posteriori error bounds for
the optimal state and adjoint. The following two lemmata extend the results in [33] to nonzero initial conditions. We thus
omit the details and refer to [33]] for the proof.

Lemma 2.5. The state optimality error e§ = yokw*) — yxk(u*j‘v) satisfies
ekl < AY“(w),  Vu €D, Vk €K, 51)

where the error bound Ajy\’]*’k(y) is defined as

1

n 2
ok K 2 2 u,* 2 2
N (m( )kzl (GO LB(”)<;IIbil|Y,)(AN(/4)) +||y0—yN,o||L2(Q)) NG

Lemma 2.6. The adjoint optimality error e’; = p*k(y*(u*)) — pj\}k(y*j'v (uy)) satisfies

ek, < A%“(u), Vu €D, Vk €K, (53)

where the error bound Af\}*’k(y) is defined as

1

2C462 62 2\ ?
P,k — y:#,K
A%y :(aLB( > 2 Il < (u>2+7>(AN W) ) , (54)

with Cy, as defined in (@Q).

The error bound for the cost functional is based on the dual weighted residual approach [65]]. At this point we have to
distinguish between the control constrained and unconstrained case since we cannot bound the absolute value of the cost
functional error in the constrained case.

Proposition 2.7. Let J* = J(y*,u*; ) and J5, = J(y},, w3 #) be the optimal values of the cost functionals of the truth
and reduced basis optimal control problems, respectively. In the control constrained case, the cost functional error then
satisfies

m K 2
we_ 1% , 1 K 1 1 K & |2 ,*
T—INE S A Goim) 1= 5 (10l 2y + A% G0 ) A% G + a8 Ay (M)+<722 P ) AV |
=1 k=1

VueD, (55

where F r ;= A(uN P ud :) —b; (pN ). If we consider the problem without control constraints, the bound reduces to

* * * 1 s %, 5 flos
e = a5 < AR i = 5 (1Dl + A% 00 ) A% G0 + A% oAl ) Yu e D (56)
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Proof. We use the result in [65]] to estimate the cost functional error by

K K m K
k * k * 1
T ) = TGy ) < 5 <m<e;’,e2) D NACIIELDWACHIEE DI rb’;i(e’;;u)) . 6D
k=1 k=1 i=1 k=1

Next, we derive from the Cauchy-Schwarz inequality and eg = e; that

1 % 1

2 2

TS 1) = Ty ) < 5 e Ol 2@ 1€l 20 + ( Zurk< w3 ) <r2||ef,||§>
k=1

1

1 K % K 2 m K %
+3 (; IrsC Iy ) (; ||e’;||i) +3 ( Z 2 “Cml ) leully
1 m K 2 %
<3 (ue 20 + AL (M)) AP ) + AR o A% K () + <r N A ) A ], (58)
i=1 k=1
We obtain the bound in (36)) as the estimate in (37) simplifies to
K K
TOFu*s 1) = I iy tiys ) = (m(eo )Y rielim - Zr,’j(e’;;m) (59)
k=1 k=1
in the unconstrained case. O

Remark 2.8. If y, € Y, the error in the initial condition is zero. The error bounds derived in the last section simplify
accordingly, i.e., all of the terms containing the error eg =Yy —Ynoand Ry = IIe(y)II 12(q) vanish. Also, the last term in

¢, (p) in @9) is multiplied by 1/2.

2.2.3. Computational Procedure - Error Estimation

The offline-online decomposition of the error bounds — mainly the dual norm of the residuals — is fairly standard by
now. We therefore only summarize the computational costs involved. We assume here that the projection of the initial
condition onto the reduced basis space is given since it was already computed during the solution of the optimal control
problem.

For the evaluation of the error bounds, the following components have to be computed: the dual norms of the state and
adjoint residual equations ||r§(o; W|lyr and ||r’l§(-; W|ly for k € K, the dual norms ||b;||y, for 1 < i < m, the constant Cp,
and the lower bound ay g () for the coercivity lower bound a(y). In addition, we need to compute all terms related to the
initial error e(y) =Yy — YN o» i.€., the norms ||e(y)||Lz(Q) and ||e(y)||Lz(D). For the dual norms ||r§(~; Wllys and ||r’;(-; Wy we
employ the standard offline-online decomposition [[16]. In the online phase we need O((Q,N + m)?) operations for the
evaluation of ||r§(o; W|ly, and O((Q,N + de)z) for ||r’;(o; Wlly:, k € K. Likewise we calculate the dual norms ||b; ||y
during the offline phase utilizing the Riesz representation theorem. The constant Cp, can be computed offline solving a
generalized eigenvalue problem, see Appendix E in [31]]. There are several possibilities to determine the coercivity lower
bound oy g(p). For instance, the min-©® approach is a simple method in case of parametrically coercive problems. In
general, the successive constraint method [28] can be applied. Overall, for a given parameter y € D and corresponding
solution ( yj‘v, p*N, u*N) to the online computational cost to compute the error bounds A'j‘\}*(y) and AJJV’* (¥gs 1) scales

with O(K(Q,N + de)Z + K(Q,N + m)?) and is thus independent of N
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Algorithm 2 Optimal POD/Greedy Sampling Procedure

Given: E,,,;, C D, an arbitrary u!' € Z,,,;, and a tolerance € > 0.
if yy # O then

Set N « 1, ¢ = yg, Y| < span{{; }
else

Set N « 1,¢; =PODy({y**(u") : k€ K}), ¥; « span{{;}

Set N « 2,8, = PODY({ez’rij,N_l(yl) : keK)), Y, « Y, @ span{&, )}

A A T oA

b

p* < argmax,cz . Ay(p)
8: while A (u*) > e do

K
9: Set N « N+1,¢{y = PODY({egrOjJV_1

. — p.k

10: Set N « N+1,{y = PODY({eproj,N—l
11: u* « arg max,cs Apn(p)
122 N, « N

max

(W) : k€K}), Yy < Yy_; @span{{y}
(W) @ keK}), Yy < Yy_; @span{{y}

2.3. Greedy Algorithm

The reduced basis spaces Yy are constructed using the POD/Greedy approach for optimal control problems introduced
in [33]; the approach is summarized in Algorithm 2] Here, the operator PODy ({v, : k € K}) returns the largest POD
mode for a given time history vy, k € K with respect to the (-, -)y-inner product. The state and adjoint projection errors

: Y , . K . .
are given by {e: . \ (u*) =y (u) - y:r';j’N(u) D k€ K}and {eb (1) = piu) - p;’;j,N(M) . k € K}, where

U’Sroj’ N denotes the Y -orthogonal projection of v, (u) onto Yy.

Given a desired error tolerance € > 0 and a (sufficiently fine) training sample Z,,,;, C D, we initialize the reduced basis
space Yy as follows: If the initial condition of the state equation is nonzero, we set Y; < span{y,} and thus obtain e(y) =0,
cf. [16]. In the case of a zero initial condition, we initialize Y, with the largest POD mode of the optimal state solution
at a parameter value u! € E,,,;, (usually g, OF 4p,y) and then append the largest POD mode of the adjoint projection
error at the same parameter value. We then successively expand Yy by repeating the following two steps: first, we search
the parameter space for a parameter value * that maximizes the error metric A 5 (); and second, we enlarge the reduced
basis with the largest POD modes of the state and the adjoint projection errors at u*, see steps [0 and The algorithm
finishes as soon as the error metric is below the desired error tolerance for all parameters in =,,,,. As the error metric
AN (p) in the unconstrained case we propose to use either the relative cost functional error bound AIJ\;*(/J) /J 1"\‘](;4) or the
relative control error bound A‘;\}*(M) / ||u’;‘v( 1|y - In the constrained case we only use the relative control error bound since
we cannot bound the absolute value of the cost functional error in this case.

We note that the POD/Greedy approach requires the solution of several truth optimal control problems and may thus be
fairly expensive. However, reduced order models are usually beneficial in two contexts: the many-query context and the
real-time context, see [58]] for a discussion. The MPC framework clearly belongs to the latter, our primary interest is in a
minimal marginal cost. Reduced order models may allow us to apply the MPC framework to problems which might not
be feasible with classical discretization approaches. Finally, we note that — if the problem is LTI — it is possible to avoid
the solution of the truth optimal control problem during the POD/Greedy procedure by training the reduced basis on an
impulse response, see [33]] for more details.

3. STABILITY OF THE RB-MPC CONTROLLER

We introduce our RB-MPC approach by combining the MPC stability results from Section with the certified RB
results for optimal control problems derived in the last section. We can thus not only efficiently evaluate the RB-MPC
controller but also guarantee its stability. Whenever necessary we add a superscript c in the control constrained or uc in
the unconstrained case.
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Definition 3.1. Let u}, be an admissible minimizing control for (Py)) with initial value yy , the projection of y; onto Yy.
We define the RB-MPC feedback law by

Ky () =y (60)

Definition 3.2 (Optimal value function J). Let y; € Y be a given initial state and yy q be its projection onto Yy. We
define the finite horizon optimal value function J;(o; WYy = Rg by

JNONo ) = mir%]{J(yN,uN;y) | s.t. the PDE constraint in (Py)}. 61)
’ uN€

We address stability of the controller by giving estimates related to its degree of suboptimality. We utilize the relaxed
dynamic programming result from Proposition L8] for the choice k = k' from (60) and V' = J*. To guarantee stability,
we thus need to ensure that the inequality

T (o 1) 2 T* vy s 1) + 0() Lo, Ky (9)s 1) = J"‘(y,ijv L) + () 1o, uly's ) (62)

holds for all yy € Y and some w(u) € (0, 1] (preferably close to one). We note that yi* is the state reached by plugging
N

uxl into the full-order system and J *(yi* ; 4) is the cost function value corresponding to the solution of the full-order
N

optimization problem (P) with initial state yi* .

Although we can compute the RB-MPC fl\é:edback law & (yg) efficiently as shown in the last section, checking the
validity of (62) for a given k() requires the solution of two full-order optimal control problems and is thus not online-
efficient. However, given the a posteriori error bounds derived in the last section, we can bound the optimal value functions
of the full order problem with their respective reduced basis approximations. The latter can be computed online-efficient,
thus allowing us to derive an estimate for w(u) that can also be computed online-efficient and used to enforce the validity
of (62). We recall that variants of algorithms computing w(u) online were already considered in [20, Chapter 7], but these
approaches focused only on the high-fidelity model and did not consider model order reduction.

3.1. Unconstrained Case

We first consider the problem without control constraints. We present the following result only for the single-step
approach, i.e., where 7., = 7 as discussed in Remark [[.3] The extension to the multi-step approach based on (33) is
straightforward and thus omitted.

Proposition 3.3. Given y, € Y, let yy  be the projection of y, onto Yy, y}‘v and u"z‘v be the optimal state and optimal

control solution to (Py]) with initial condition YN .o and optimization horizon T = K. Furthermore, let yi* be the state
N

reached by plugging u?}l into the full-order system and yi* N be its projection onto Y. We define
o

TV N0 = Ao ) = TGOl i) = AL )
N N (63)

aN g(1) = -
’ 1 A |1
77|)’0 - yg(u)lﬁ) + ET”M; - u111||2m

If there exists a horizon K such that &y g (u) > 0 then (€2) holds for an w(u) € (0, 1].

Proof. Since J*¥¢(y; u) refers to the optimal cost functional value of (P)) over the time horizon [0, T'] with initial condition
yo € Y, we invoke the error bound (56) to obtain

T (03 1) 2 T 0s 1) = AR (o3 ). (64)
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By definition of @ g (u) we have

*uc J k,uc

(Y(),//l) N (y* N’M)+A

*uc J x,uc

A 1
T 1) = lyo = 5008, + el —uhla )

(65)

(y* ,M)+wzv1<(u)( >

We apply (36) a second time and employ the definition of /(- -; i) to get

*MC

J. A 1wl
TR0l 10+ ATOL 0+ G ) (Selvo = 350orh + Syt = ulih )

J* uc(y * ,/’l)+a)N K(M) 1()’0, ’/’l) (66)
It thus follows from (64), (63), and (66)) that

TH0; 1) 20y s 1)+ O g () 1,y s )
(67)
2y 0+ 0G0 [, 10315 0,

with w(u) :=min(@y g(u), 1). If there exists a K such that @y g (u) > 0 then (&2) holds for w(u) € (0, 1]. O

3.2. Constrained Case

Unfortunately, in the presence of control constraints the cost functional error bound cannot serve as a lower bound.
However, for a given input parameter y the optimal value function of the constrained problem is an upper bound for the
optimal value function of the unconstrained case since U,; C U. Hence, we again invoke the corresponding error bound
for the unconstrained case since

T5 (o3 1) 2 T (s 1) 2 T5" w03 1) = AL s ). (68)

The proof of the following result directly follows from the proof of Proposition and (68)) and is thus omitted.

Proposition 3.4. Given y, € Y, let yy  be the projection of y, onto Yy, yy, and u be the optimal state and optimal

control solution to (Py]) with initial condition YN0 and optimization horizon T KT. Furthermore, let yu* be the state
N

reached by plugging u?}l into the full-order system and ybll* N be its projection onto Y. We define
o

Joue, | : . Joreoul
TN N 03 1) = AN (o> ) — J;}C(yl* N A C(y},;, 1)

N g(u) = . (69)

0] 1
= 7lyo = Vgl + Eruu* —ul 12,

If there exists a horizon K such that @y g (u) > 0 then (€2) holds for an w(u) € (0, 1].

3.3. RB-MPC Algorithm

In the RB-MPC approach we do not aim to find a global minimal stabilizing horizon for all y € Y since this usually
results in very conservative (worst case) estimates for the prediction horizon K and associated higher computational cost.
Instead, we propose an adaptive online computation of the reduced basis feedback controller. To this end, we first note
that — for a given parameter u € D, state y,, and prediction horizon K — computing the RB-MPC feedback law (60) and
evaluating the associated suboptimality degree @y g (p) in (63) (resp. (69)) only requires online computations: we need
to solve the reduced basis optimal control problem and subsequently evaluate the a posteriori error bounds and the term

%ﬂyo - y2(;4)|2D + %T”M}:}l - Lt‘171||2 .- The computational cost is summarized in Sections and2.2.3] Although the
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online cost still depends linearly on N due to the projection of y, and evaluation of |y, — yg( ,u)lzD, we expect and observe
— see Section [3] — considerable computational savings compared to a full order MPC approach, i.e., evaluation of w(u)
based on (3T).

To ensure stability of the feedback controller xy, it is sufficient to guarantee that (62) holds for all states along the
closed-loop trajectory y,. . The following approach attempts to find the minimum stabilizing horizon for a given reduced
basis size N by adaptively changing the prediction horizon, see Algorithm[3]for a summary: Given the state measurement
y(t) at a sampling instance t* we compute @y k() as indicated in Proposition [3.3] for the unconstrained case (resp.
Proposition[3.4 for the constrained case) for increasing horizons K = 1,2, ... . For each K (starting with the smallest), this
involves solving the reduced optimal control problem twice. First, we optimize over [t¥, t*+ K 7] with initial condition

pronN (3(t%)), the projection of y(t*) onto Yy, to obtain the reduced basis control candidate uj\,1 Afterwards, we solve

the optimization problem over [/**1,#*+! 4 K] with initial condition projy, (yl, ) and evaluate the suboptimality degree
N

@y () from (@3) (resp. (69). Once @y k(1) becomes positive for a horizon K, we are guaranteed that the control

candidate uxl stabilizes the original high-fidelity system. We thus define xy (y(#)) = uxl, update the state estimate

Yien (t**1) and proceed to the next timestep.

We first note that if Algorithm[3]finishes without reaching K., the computed reduced basis feedback controller guar-
antees stability of the original system. However, whether the suboptimality degree @y g (#) computed in the while-loop
in Algorithm 3] becomes positive before reaching K, strongly depends on the choice of K, and the accuracy of the
RB approximation and thus N. To this end, we first comment on the unconstrained case and distinguish between two
scenarios: (i) the suboptimality degree w(y) based on (BI) becomes positive for K = K, sufficiently large, i.e., the full
order MPC approach results in a stabilizing control for K ,,; and (if) w(u) remains negative for all K. Concerning the
former scenario, we know that yX — y¥ and uX, — u¥ for1 < k < K andall 4 € Das N — N; the reduced basis
control will thus also stabilize the original dynamics for K = K, as N — N. In order to adjust the accuracy of the RB
approximation we may modify Algorithm[3]as follows: after line 10 we check if @y x(4) <Oand K = K ,, and N < N
is true, and then set N = N + 2 and K = 0. Once the while-loop finishes, we additionally reset N to the initial basis
size N, in line 4. The modification would gradually improve the accuracy of the RB approximation and theoretically
guarantee stability of the RB-MPC approach for scenario (i). However, we note that considering the limit N — N in
practice is not only inefficient but also unnecessary from a computational point of view, since the a posteriori error bound
is sensitive to round-off errors and converges to approximately square root of machine precision usually for N < N [8].
Unfortunately, we cannot determine a maximum N* which guarantees sufficient accuracy of the RB approximation due
to a lack of an a priori error bound for the optimal cost and the unknown minimal decrease in the cost functional in (63).
Considering the second scenario, let us know assume that w(y) in (31) remains negative for all K, i.e., the full-order MPC
approach does not result in a stabilizing control even for K — oo0. Since the RB approximation is build on the full-order
system, we of course cannot expect the RB-MPC approach to deliver a stabilizing control (even as N — A'). In this
case the problem is inherent to the full-order approach, e.g., the high-fidelity discretization, and not a failure of the RB
approach. To summarize, for scenario (i) we can theoretically guarantee stability of the RB-MPC approach using the
modified Algorithm[3] but remaining issus are round-off errors and efficiency as N — M. For scenario (ii) we cannot
guarantee stability of the RB-MPC approach since even the standard (full-order) MPC approach would fail.

In fact, numerical/round-off errors are an issue not only for the RB-MPC approach, but also for the full-order MPC
approach. Even if the full-order system is — in theory — stabilizable using MPC, the suboptimality degree w(y) computed
from may never become positive due to numerical errors. Especially in a neighborhood of the desired trajectory this
will always be true since numerical errors start to dominate at one point [19,22]. We also observe this behaviour in our
second numerical example in Section[5.2]once the actual state is close to the desired state. This issue has been addressed
in the literature under the notion “practical optimiality”, see e.g. [19,22]]. The idea here is drive the system towards a small
e-neighborhood of the desired trajectory in order to account for numerical errors. In the RB context it may be possible to
link the size of the e-neighborhood to the accuracy of the RB approximation through the a posteriori error bounds. We
may thus be able to account for round-off in the offline-online decomposition and in turn guarantee convergence to the
e-neighborhood of the desired trajectory.
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Algorithm 3 Adaptive Reduced Basis Model Predictive Control

1: Given: time step 7 > 0; maximal prediction horizon K, ,, € N, parameter y € D, reduced basis space Yy, initial
condition y, % = y,.

2 Set (u) = yh(u), ik =k k=1,2, ...

3: fori=0,1,2,... do

4: K < 0;0n5 (1) < -1

5: while @ x(4) <0 and K < K, do

6: K<K+1 . .

7: Sett! = it, yo = yy, (1)), and yh(u) = P (w), ub =@ k=1, K.

8: Solve the optimal control problem (Py)) with y(z)v = projy,, (y) and obtain the optimal solution (y},, u}).
9: Solve the optimal control problem (Py)) with y(z)v = pronN (ybll*N) and obtain the optimal solution ()7}*‘\,, L?}*‘V).
10: Compute @y () according to Proposition[3.3or Proposition[3.4l

11: Define the feedback value ky (y(1)) = u;}l and compute the associated state y, #th.

It remains to comment on the choice of K,,. In [2H4]], the authors derived global estimates for the minimal stabilizing
horizon K specifically for MPC of partial differential equations. The dependence of K, on system and regularization
parameters was shown and confirmed in numerical studies. Since the global bounds for K, are usually quite pessimistic,
a valid choice for K, would be to set K ,, = K, if such an estimate exists for the problem at hand. In fact, we used the
results in [3] to choose a suitable K., for our first numerical example in Section[5.11 Otherwise, we can only resort to
(offline) parameter studies for various initial conditions and desired trajectories in order to find a suitable and conservative
Kmax‘

Finally, we note that our discussion above only holds for the unconstrained case. In the control constrained case we
cannot guarantee that the suboptimality degree @y g (1) eventually becomes positive even if we gradually improve the RB
approximation quality, i.e., by modifying Algorithm[3l The reason is that we need to use the unconstrained solution and
cost in order to obtain a lower bound for the cost of the constrained problem. If the constrained cost always exceeds the

unconstrained one, the suboptimality degree is negative even if the reduced model is perfect.

Remark 3.5. In each loop of the algorithm, we compute the smallest K with @y g > 0. Although this approach guar-
antees the stability of the RB-MPC controller, the controller may not meet desired performance criteria due to the low
suboptimality degree. As a result, the actual state of the closed-loop system can converge rather slowly towards the de-
sired state. In case we want to enhance the suboptimality of the controller and thus achieve faster stabilization, we propose
to incorporate a threshold w;, > 0 for the suboptimality degree. The prediction horizon in the RB-MPC algorithm is
then only accepted as soon as @y g (4) > @, > 0 holds.

Remark 3.6. The proposed approach starts from the smallest possible prediction horizon in each loop, which is obviously
not very efficient. In fact, we expect the minimal prediction horizon to vary rather slowly along trajectories. In practice,
we would thus suggest to start each loop with an initial guess for K depending on previous horizons. Then, starting from
this initialization, the stability condition can be verified and K may be accepted, decreased or increased accordingly. If
the goal is to determine the minimal stabilizing horizon, we may apply a strategy to reduce K if the initial guess directly
results in a stabilizing controller. However, investigating different adaptive strategies is beyond the scope of the paper and
we thus revert to Algorithm[3]for the numerical experiments in Section [3

Finally, we would like to note that the suboptimality degree may not increase monotonically in K, also see Section
This should be taken into account in the adaptive choice of K.

4. APPLICATION TO WEAKLY COERCIVE PROBLEMS

The proposed analysis is not restricted to systems with a spatially coercive bilinear form a(-, -, u). We can extend our
RB-MPC approach and treat optimal control systems where the governing PDE is only weakly coercive, thus making the
proposed approach applicable to a wider range of problems. To this end, we introduce a temporal transformation to again
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obtain a spatially coercive but now time-variant optimal control problem. We first state the problem and then show how
the reduced basis approximation and especially the a posteriori error bounds need to be adapted for the class of weakly
coercive problems.

4.1. Problem Statement

We now assume that the bilinear form a(-, -; 4) in the parametrized PDE (I0) — the PDE constraint of — is only
weakly coercive. More precisely, instead of satisfying (6) we assume that the bilinear form a(-, -; y) only satisfies the
weaker Garding inequality, i.e., there exist constants §,(u) > 0 and a,(u) > ay > 0 such that

a(v,v; ) + 8,0Vl ) 2 @ WIIVIG, . Vo EY,. Vu € D. (70)

If we introduce the standard change of variables J,(x,t) := e~ 0! v.(x,1), see e.g. [I53]], it is well-known that the new
unknown y,(x, t) satisfies the variational problem

%m(ﬁg(ﬂ, D)+ az(,(1), s ) = e %' b(u (), ), VP €Y, faa te(0,), (71)

where the bilinear form az(-, -; u) : Y, XY, — R is defined by az(w, v; y) 1= a(w, v; u) + 6, (w, U)LZ(Q). It thus follows
that ag(-, -; u) is coercive, i.e., in particular it holds that

as(v, v u) 2 a Wl . Vv €Y, Yu €D, (72)

with a,(u) as in (Z0).

In the optimal control context, we additionally introduce a change of variables for the adjoint and the control given by
Do(x, 1) 1= e‘se’pg(x, t)and 4,(t) := e‘5e’ue(t), respectively. Instead of solving the optimal control problem where
the bilinear form a(-, -; i) is only weakly coercive, we can solve the transformed problem with the coercive bilinear form
ag (-, -; u). More precisely, for a given parameter ¢ € D, we consider the parametrized optimal control problemﬁ

min JoDorligsi) st (P,.0,) € W(,T) X U, .q(T) solves

Yerlle A

%m(f/e(t), 0) + a5 (9. (1), 0y w) = b, (1), 0), VoeY, faare(0,T],

with initial condition $,(0) = y,, € L?(Q). The quadratic cost functional is fe(~, su) P WO, T)xU,(T) - R, defined
by

6,(T)

T T
A 1 . N N N A 1 A A o
oot 1) = 3 / G1(D1P(1) = Pt |3 dt + lee(T>—yd,e(T;u>|%)+ 3 / ADa,@) = g Ol
0 0

with time dependent optimization parameters 6,(t) := e?%c'c|, 6,(T) := ¢**T 5, and A(t) := e?%' ). The desired state
and control are defined through §,,(t; ) 1= ey, (t; 4), Pgo(s ) € L*(0,T; LX(Q)) and iy (1) 1= e %uy (1),
iy, € U,(T), respectively. Hence, the desired state §, () admits an affine representation based on the decomposition of
Vd e in (12),

(O
Paelets )= ) 08 (1 )y (), (73)
q=1

4Often we omit the dependence of u to simplify the notation, for instance 6, = 6,(u).



REDUCED ORDER MPC FOR PARAMETRIZED PARABOLIC PDES 23

with G)y L) = e % ’G)q L) The now parameter dependent desired control i, , can be decomposed in the obvious way.
In the presence of control constraints we set i, ,(f) 1= e“se’ua’e(t), (1) 1= e~d! up, (). We denote the associated control
space by U, Ae ad(T) {u, € U(T) @ 4,,(1) Su, (1) <y ()} CUL(D).

The problem (P,) is well-defined for every u € D, i.e., there exists a unique solution (§7,47). The associated first-
order optimality system is derived analogously to (I3) and reads as follows: Given u € D, the optimal solution to l)
3. p5.43) € WO, T)x W(0,T) x ead(T) satisfies

im( “(1), ) + a5(VE(0), s 1) = b@Z (D), b) Ve, faate(0.T], (T4a)
90) = Yoo (74b)

—%m((p,ﬁj(t)) +ag(@, B0 1) = 8\ () Pa (1) = 920, @)p Ve €Y, faarel0,T), (T4c)
m(@, BE(T)) = 6)(T) 9y o(T: 1) — 5 (T).@)p Vo €Y,, (74d)

@ = g,0) = Bty — )y, 2 0 Vy € U, 4(T). (T4e)

It directly follows that (y,, p,, u,) solves if and only if ($,, p,, &i,) solves .

4.2. Reduced Basis Approximation and A Posteriori Error Estimation

Since the transformed optimal control problem satisfies the assumptions of Section[l, we can directly apply the
reduced basis approximation and associated a posteriori error bounds from SectionPlas well as the RB-MPC approach from
Section 3] We note, however, that — given e.g. estimates for the primal (coercive) solution j,(x, ) — the corresponding
estimates for the (noncoercive) solution y,(x, ) exhibit an additional multiplicative factor e We refer the interested
reader to [64]], where certified reduced basis methods for space-time variational formulations of noncoercive parabolic
PDEs have been analyzed. The exponential growth of the a posteriori error bounds is certainly not suitable in long-time
integration. In the MPC context, on the other hand, the prediction horizon is often quite small and the exponential growth
— although not desirable — thus very limited. We consider a numerical example in the next section showing that the growth
poses no significant detriment to our approach.

Since the derivation of the following results is analogous to the derivations in Sections 2l and 3] we omit the details.
Note that, due to the time-dependence of the optimization parameters, we use lower and upper bounds for A(r) and 6,()
in the error bounds, i.e., we introduce

Imin (=A< A=A0), 6,(1)=e"0; <¥To| =1 6y 0. VIEIOTI. (75)
We only present the results for the error bound in the optimal control and the optimal cost functional. Concerning the
former, we directly obtain from the definition of the control energy norm and the temporal transformation for t = K 7 that

lully < X7 llally, (76)

which leads us directly to an estimate for the optimal control error bound for the weakly coercive case by invoking Propo-

sition

Proposition 4.1. Let u* and u’y; be the optimal solutions of the truth and reduced basis optimal control problems (P) and
(Py) and let &* and i be the solutions to the corresponding transformed problems, respectively. Given u € D, the error
in the optimal control satisfies

lu* =iy lly < K7)a* = aylly < & KTAY (), a7
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where A'J‘\}*(M) 1= c;(p) + e;(1)? + ¢y (u) with nonnegative coefficients

m 2
1 2
e (u) = ——— < ||b,-||y,> R, (78)
\/zaLB(M)’imin i=1

C2 A ~ C2 A ~
CZ(M) _ AL 2\/5 Ry + 1+ \/5 R() Rp + p%1,max " 0'2(T) R(z) " Dp%1,max + GQ(T) R2 . (79)
A app(p) Vo g(y) o g(H) 2 ag(w? 205w )Y

The shortcuts R, R, and R, are given by

min

K K 2
R,= (r > ||f,’:(-;u>||§,> . Ry = (r > ||f’;(-;u>||§,> . Ry=llyo - ywoll2ar (80)
k=1 k=1
Considering the transformations §*K := =0k -k gk = ¢=0ktyk and the definition of the cost functionals J and

J we notice that

JO  uts p) = JGF, i p). 81

The same result holds for the cost functional values of the corresponding reduced basis optimal solutions. Hence, we can
avoid an additional exponential factor in the cost functional error bounds. Here, we just invoke the estimates of Proposition

Proposition 4.2. Let J* = J(y*,u*; ) and J5, = J(y},, w3 #) be the optimal values of the cost functionals of the truth
and reduced basis optimal control problems, respectively. The error then satisfies

T = J% <AV (voiw). VueD, (82)
where AJJV’*(yO; u) as in (33). If we consider the problem without control constraints it holds
|7* = T3 < A (s ). Vi€ D. (83)

with AJJV’*(yO; 1) as in (36)).
5. NUMERICAL RESULTS

5.1. One-dimensional Reaction-Diffusion Equation

We first test our approach on a model problem that was already studied in [2}3]] with the classical MPC approach. We
consider the one dimensional linear reaction-diffusion equation with Neumann boundary control on Q = (0, 1) given by

y[(xit)zyxx(x’t)+l’l1y(x3t) OHQX(O, 00)9

¥(x,0) = yo(x) onQ,
’ (84)
»0,1=0 on (0, c0),
v (L 1) = u(?r) on (0, o),
where y, € Hé (€2); in particular, we set y(x) = % sin(zx). Here, we impose a homogeneous Dirichlet condition on the

left boundary and the control acts only on the right boundary. It is well-known that the uncontrolled equation, i.e., setting
u(t) = 0, is unstable if 4, > z>/4 for Q = (0, 1) [37].
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Our goal is to stabilize the system using our RB-MPC approach, i.e., we wish to steer the system towards the equilibrium
point y; = 0 using the RB-MPC feedback law from Section We also compare the computed minimal stabilizing
horizons with numerical and theoretical results for the classical MPC controller [2,13,21]] which serves as our reference.
To this end, we briefly state the truth approximation of the problem and all necessary definitions for the reduced basis
method.

We use Euler-Backward for time integration with time step v = 0.01 and linear finite elements for the truth approxi-
mation subspace Y C Y, = {v e H 1(Q) | v(0) = 0} over a triangulation of Q (dimension N = 199). The field variable
y*(u) € Y satisfies the governing equation in (P). The bilinear and linear forms are

1 1 1
m(w, v) = / wodx, a(w,v;u)= / wy v, dx — py / wovdx, b)=u0(l). (85)
0 0 0

The bilinear form a(-, -; 4) admits the affine representation (7)) with @(11(;4) =1, @g(,u) = —u; and Q, = 2. Moreover,
we note that a(-, -; u) is only weakly coercive. In particular, the Gérding inequality (Z0) holds with 6(s) = p; > 0 and
a(p) =1 (: O‘LB(M)) > 0. Hence, we utilize the transformation and the error bounds from Section @ For the cost
functional (T9) we choose D = Q and fix the regularization parameters ¢; = 1 and 6, = 0. Since we want to investigate
the performance of the RB-MPC approach for different values of A we consider the four values A = 10~!, 1072, 1073, and

10~4. Furthermore, we set u"; = 0 and the desired state y’; =0, k € N, resulting in the quadratic cost functional

K K
1 A
J (s ) = 57; 141 20 + 51; 2 (86)

for an optimization horizon K > 1. Besides the regularization parameter A we allow the parameter y; in the reaction term
to vary. Our parameter and parameter domain is thus g = (y;, 4) € D =[1,15]1x {107},i=1,...,4.

We consider the control unconstrained case in this section and construct the reduced basis space Y, using the POD/Greedy
procedure proposed for optimal control problems in Section2.3] During the sampling we assume K = 20, corresponding
to the finite time interval [0, T'] = [0, 0.2], and we sample on Ay (u) = AIJV’*(M)/J; (n).

5.1.1. Effectivity

We present numerical results for the maximum relative errors, bounds and average effectivities for the cost functional.
We recall that the optimal value function and the a posteriori error bound are the crucial ingredients entering the RB-MPC
stability analysis. We first investigate the influence of the regularization parameter 4 on the effectivity of the error bound.

To this end, we define the set =2 C [1, 15] consisting of |E | = 20 uniformly distributed elements in y; and

’ py.train i
specify training sets & . = By arain X {107} for i = 1,2, 3, 4. We thus only vary the first parameter in this setting while

keeping the second parameter fixed. We use y, # 0 to initialize the Greedy sampling procedure and construct a reduced

py.train

basis space for each training sample. Next, we introduce parameter test sets E;est = Em,m, x {1077}, i = 1,2,3, 4, with
B pest © [L 15118, o] = 30, and uniformly distributed parameter points in y;. We define the maximum relative

optimal errors and bounds as

< ¢ NS
e =Tyl AW
N = max —————, A = max , (87)
,max,rel =i Jx N ,max,rel =i *
HEE max % est max
£ — . 3 — -3
where J = max;_; 534 max, ez JH(u) =9.29-107-,
A Uk
. () -, lly ePKT AN (1)
1\} ,I’nax,rel = m_a,-x * ’ A]\’/ ,;nax,rel = m_a,-x * : (88)
E=test Ymax HEE o5t Unax
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A=107" A=10"2 A=1073 A=10"*
N J 1 J 1 J 1 J 2 J %2 J %2 J %3 J %3 J %3 J x4 J x4 J x4
eN.rel max N.rel.max ave eN.rel max N.rel.max ave eN rel,max N .rel.max ave eN rel,max N .rel.max ave
1 3.32E-1 1.77E+4 8.10E+3 | 5.08E-1 1.30E+5 143E+5 | 6.19E-1 1.24E+6 3.83E+5 | 6.40E-1 1.23E+7 3.57E+6
3 5.13E-5 7.54E+1 2.07E+5 3.24E—-4 1.17E+3  3.91E+5 3.11E-2 3.32E+5 1.37E+6 | 2.02E-3 3.66E+5 7.51E+7
5 | 994E-8 232E—1 3.10E+5 | 328E-7 261E+0 1.03E+6 | 8.88E—7 254E+1 3.69E4+6 | 1.716E—6 2.01E+2 147E+7
7 | 447E-10 1.73E-3 5.62E+5 1.23E-9 1.19E-2 1.15E+6 | 4.89E-9 276E-1 7.36E+6 | 8.94E-9 2.35E4+0 3.32E+7
9 | 1.00E-12 1.10E-7 2.62E+4 | 2.85E—13 9.086—7 142E+6 | 501E—-13 1.59E-5 530E+6 | 9.51E—13 1.74E—4 2.56E+7
TABLE 1. Maximum relative optimal cost functional errors and error bounds and average effectivities
over the test samples 2}, as a function of N for various regularization parameters.
A=107" A=1072 A=1073 A=10"*
N u,x,1 ux,1 u,,1 u,x,2 u%,2 u,%,2 u%,3 u%,3 u,#,3 u#,4 u#,4 u, 4
eN rel.max N.rel.max Mave eN rel.max N .rel.max ave €N rel.max N .rel.max Mave €N rel.max N _.rel.max Mave
1 | 462E-1 188E+2 894E+1 | 556E—1 138E+3 429E+2 | 7.57E—1 131E+4 292E+3 | 1.00E+0 131E+5 221E+4
3 | 1.09E—4 922E+0 1.67E+4 | 1.66E-3 6.62E+1 742E+3 | 3.03E—1 199E+3 138E+43 | 142E—1 421E+3 5.69E+3
5 | 429E-7 5.02E—-1 2.14E+5 | 707E-6 299E+0 7.83E+4 | 728E-5 171E+1 429E+4 | 3.15E—4 934E+1 533E+4
7 3.64E-9 432E-2 2.11E+6 | 431E-8 2.03E-1 8.68E+5 | 7.34E-7 1.79E4+0 448E+5 | 2.87E-6 1.03E+1 647E+5
9 | 437E-13 345E—4 136E+8 | 3.32E—12 183E-3 1.16E+8 | 5.94E—11 140E-2 422E+7 | 287E—10 945E-2 5.78E+7
TABLE 2. Maximum relative optimal control errors and error bounds and average effectivities over the
test samples E;  as a function of N for various regularization parameters.
where u” = max;_; 534 max,ezi [[e* ()|l = 0.785, and
5Kt A Y+ K
- I1y* () = Yy (ol - e?RTAY T (W)
o = max R o = max —8M8, (89)
N ,max,rel =i * N ,max,rel =i *
”e“lesl ymax ”euresr ymax

where y* ues! IRl y = 0.368. Here, error bounds denoted with a hat refer to the quantities of
“test

the transformed problem, see Section4l Note that no additional exponential factor appears in the error bound of the cost
functional. We also define the average effectivity naJ\;: * as the average over =/ of AIJ\;*(M) ST (w) = J ;\}(,u)l, the average

= maxi=1’2’3’4 max

“test
effectivities for the state and control are defined similarly. The defined quantities are presented in Table [l as a function

of N for each test set E‘iest' We observe a very fast decay in the maximum relative errors and bounds as N increases,
but also a significant overestimation of the actual error. Whereas the effectivities remain constant for the state and cost
as N increases, the effectivities for the control grow considerably with N. Also, the effectivities for the cost functional
deteriorate as A decreases, see [34] for a discussion of this behaviour in the elliptic case. Although not visible from the
table, we note that for fixed A the effectivity increases with 4, i.e., as the problem becomes more unstable. Nevertheless,
we do overestimate the cost functional error significantly even for larger 4. However, there are two remedies which help
mitigate the large effectivities: the growth of the effectivity with the prediction horizon K and the dependence of the
minimal stabilizing horizon on A.

We first comment on the former remedy. Since we are interested in the performance of the bounds for varying prediction
horizons, we plot the maximum relative optimal cost functional errors and bounds for fixed basis size N as a function of
the optimization horizon K in Figure [Tl on the left. In the right plot we show the corresponding average effectivties. We
again consider the four different bases with regularization parameters A, = 10~ for i = 1,2,3,4. Depending on the
parameter A, we observe exponential growth of the estimator in K resulting in the high effectivities of Table[ll However,
the effectivities are approximately ()(10%) smaller — and the error bounds hence considerably sharper — for the smallest
prediction horizon K Z 1 compared to the largest one. The fact that the effectivities are larger for smaller A also holds for
K small. We discuss the minimal stabilizing horizon and the second remedy in the next section.
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A=10""1 A=1072 A=1073 A=10"*
Yo, 1 pENE Vi, 1 y#,2 y#,2 V,i#,2 5,3 yo#,3 V4,3 yo,4 yad Va4
N N rel.max N rel,max Mave eN.rel.max N rel.max Nave N rel,max N.rel.max Mave N rel,max N.rel.max Mave
1 | 753E-1 5.67E+2 207E+2 | 1.17E+0 4.17E+3 977E+2 | 131E+0 3.96E+4 6.84E+3 | 1.38E+0 3.93E+5 621E+4
3 | 333E-2 278E+1 1.67E+2 | 579E-2 2.00E+2 6.90E+2 | 452E—1 598E+3 2.75E+3 | 3.15E—1 127E+4 7.77E+3
5 | 1.37E-3 1.51E40 2.14E+2 | 242E-3 9.00E+0 7.05E+2 | 425E-3 5.15E+1 231E+3 | 591E-3 281E+2 9.10E+3
7 | 1.40E—4 130E—-1 1.77E+2 | 2.13E-4 6.12E—1 5.63E+2 | 527E—4 5.40E+0 2.01E+3 | 7.70E-4 3.10E+1 7.99E+3
9 | .1I3E—6 1.04E-3 1.78E+2 | 2.09E-6 5.50E—3 5.54E+2 | 413E—6 4.22E-2 2.14E+3 | 6.17E-6 2.85E—1 9.83E+3
TABLE 3. Maximum relative optimal state errors and error bounds and average effectivities over the test
samples E,  as a function of N for various regularization parameters.
= 108
101 - é‘ll\/.rel,max( ])

g - é‘ll\/.rel,max( 2) 107
=1
g 10_2 —- élll\/.relvmax(lﬂ
é A}V .relvnlax(l“) 106
: e eJN,rel,nlax(/l'l) ° 5
2 1075 " ey,m,max“z) & 10k
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FIGURE 1. Maximum relative optimal cost functional error and error bound (left) and average effectivity
(right) as a function of K for fixed basis size N = 7.

A=10"! i=1072 A=1073 A=1074
wm |2 5 8 11 14 |2 5 8 11 14 |2 5 8 11 14 |2 5 8 11 14
N Kave Kave Kave Kave
5|1 1181 16 16 1323 |1 197 4 6 702|101 1 1 2 974|1 1 1 20 20
701 1173 16 16 1416 |1 197 4 6 7001 1 1 2 391 1 1 1 299
9 |1 1173 16 16 1416 |1 197 4 6 7 1 11 2 39|11 1 1 299
« [1 1086 15 15 13481 196 4 502 675[1 1 1 2 36[1 1 1 1 299

TABLE 4. Average minimal stabilizing horizons over [0, 1] for different parameters y = (4, A).

5.1.2. Minimal Stabilizing Horizon

We now investigate the performance of our proposed RB-MPC algorithm. We follow the approach presented in Algo-
rithm[3lwith the (known) initial condition y, and K, = 20. We keep the four distinct parameter sets D' = [1, 15]x {107},
1,...,4, and employ the reduced basis approximations generated for these sets in the previous section. We consider
the time interval [0, 1] corresponding to 100 iterations in the RB-MPC algorithm. Note that we generated the reduced
bases for the shorter interval [0,0.2]. We present the average minimal stabilizing horizons (over the 100 iterations) for
different representative parameter values — p = (u;, 4) € {2, 5, 8, 11, 14} X {1071}, i =1, ...,4 — and reduced basis
dimensions N =5, 7, and 9 in Table[dl Note that we do not present results for N = 1 and 3 because the approximations
were not sufficiently accurate for most parameter values, i.e., the RB-MPC algorithm did not result in a stabilizing control
before reaching the maximal prediction horizon K, ,, = 20. For comparison, we also show the corresponding values for
the feedback controller ¥ computed with the classical (high-fidelity) MPC approach in the last row of the table.

Concerning the feedback law x, we observe that the minimal horizon K = 1 is stabilizing for the (already) stable

problem y; = 2 for all values of A. In the unstable regime y; > #>/4 the minimal stabilizing horizon decreases with

i =
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FIGURE 2. Suboptimality degrees @g (u) (blue) and @y g () as a function of K for the initial condition
10, %
Yo =y (u").

decreasing regularization parameter A. These observations are consistent with the results in [3]]. For the RB-MPC approach
we observe that the average minimal stabilizing horizon is close to the reference values for all N — especially for ; small
— and approaches the reference value with increasing RB size N. For the maximum basis size (N = 9) the RB-MPC
stabilizing horizons are identical to or only slightly larger than the reference value.

Returning to the second remedy, we recall that we obtained the largest effectivities of the cost functional error bound
for small A and large K. We observe from Table ] however, that for small values of A the minimal stabilizing horizon is
also very small, i.e., K is often close to 1. Due to the correlation between 4 and the prediction horizon K, the worst case
scenario — small A and large K — does not appear and thus mitigates the exponential growth of the effectivity.

To summarize, we note that the RB-MPC algorithm performs very well thanks to the exponential convergence of the
cost functional error bound despite the fairly large effectivities. We can replicate the results of the classical MPC approach
as soon as the reduced basis approximation is sufficiently accurate, in the present example already for fairly small N.

5.1.3. Suboptimality Degree

The suboptimality degree @y g (#) defined in is the key ingredient in order to gauge stability of the RB-MPC
controller. We therefore study the behaviour of @y g () as a function of K and compare it to the suboptimality degree of

the FE-MPC feedback law x(y,) = u™!. To this end, we define the suboptimality degree

J*os ) — J* (™1 w)

o1 A .
5 7o = yg(ly + Sl — gl

og(u) = , (90)

for y, € Y. We use the same RB approximations as in the last sections.

To illustrate the behavior of the suboptimality estimates, we choose two representative parameter values from Table ]
and y, = y'9w*). In Figure 2l we plot the suboptimality estimates @ k(1) and @ g (u) as a function of K for different
basis sizes. In the left plot we observe that the suboptimality degree is not necessarily a monotonically increasing function
in K. The functions intersect the x-axis between K = 6 and K = 7. Hence, K = 7 is the minimal stabilizing horizon at
this point. For the parameter pair in the right plot @ (1) and @y (u) are positive for all K, i.e., the minimal stabilizing
horizon is K = 1. We also observe that @y g () approaches &g (u) with increasing N in both cases.

5.2. Control of a Welding Process

Based on [36], we consider the problem of controlling the heat flow in a welding process. The non-dimensionalized tem-
perature distribution within the workpiece is governed by the non-dimensionalized unsteady convection-diffusion equation

%y(x, 0+ Pe%y(x, 0 — 1y V2 1) = q(u(t), x € Q, 1 € [0, 0) o1)
1
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and initial condition y(x,0) = Veo = 0, i.e., we consider the start-up of the welding process. A sketch of the domain
and setup is illustrated in Figure Bl The spatial domain is Q = (0,5) X (0,1) € R? and a point shall be denoted by
x = (x, x,) € Q. The heat flux input is modelled as a a Gaussian distribution centered at the torch position xT =@3.5,1)
given by

4(x) = 2L = 0:5(Cey =] e =00 92)
T

We assume homogeneous Neumann boundary conditions on I'j; and homogeneous Dirichlet boundary conditions on I'p,.
The torch moves in the x;-direction with fixed velocity Pe = 3.65 which enters as a convective term in the equation. We
consider the thermal diffusivity y; as a parameter which is allowed to vary in the range D = [0.5,2]. We use Euler-
Backward with a step-size ¢ = 0.02 for time integration and linear finite elements for the truth approximation subspace
(dimension N' = 3647). The bilinear and linear forms are

m(u, v):/uvdx, a(u, U;M)IMI/VM Vvdx+/v(w~Vu)dx, b(v,q(x)):/q(x)vdx, (93)
Q Q Q Q

where w = [Pe, 0]7. Note, that the bilinear form a(-, -) depends affinely on the parameter with @;(,u) = Uy, @g(,u) =1
and Q, = 2. We define the Y -inner product (4, v)y = % (a(u, v, i) +a(v,u, ﬁl)), Yu,v € Y, with reference parameter

i = 1. A lower bound for the coercivity constant is thus given by a; g(¢) = min(y, 1).

x2

05f--—-——-—-- -

Pe
Ty v =
I
|
|
|
|
|
I

X1
0 15 35 5

FIGURE 3. Sketch of the domain, the position of the laser and the observation domain.

We use a multi-step approach to control the heat flux of the welding process, see Remark[I.3l More precisely, we choose
an n-step controller with n = 5 resulting in the control horizon 7., = n 7 = 0.1. Since the quality of the weld is measured
by means of the welding depth, we define the output of interest as the average temperature over the measurement domain
Q. =[1.42,1.58]x[0.47,0.53] given by NGADE |QS|‘1 /Q y(x, t*; 41) dx. We choose D = Q, and the regularization
parameters are set to oy = 10 and o, = 10. The parameters 4 is allowed to vary and considered an additional input
parameter. The parameter input and domain are hence given by u = (y;, 1) € D = [0.5,2] x [107%, 10~#]. Furthermore,
we set u; = 0 and the desired state y’; (u) is chosen such that the output s = 1 for all k € Nindependent of . The quadratic
cost functional is thus given by

K K
o o A
T ) = 7 YV = V0ol + S5 =yl + 57 Y 1, (94)
k=1 k=1

with an optimization horizon K > n. Since we observe the state only on a part of the domain D = Q, the associated
running cost /(-,-; u) is semidefinite. However, the governing equation is stable for all 4; and hence we obtain
asymptotic stability based on the discussion in Remark[T.9] Due to physical limitations of the laser we incorporate control
constraints: a (natural) lower bound is given by u, = 0, and u, = 80 serves as an upper bound. To construct the reduced
basis space we use the POD/Greedy sampling procedure. We choose the training sample Z,,.,;, C D consisting of |Z,,,;,| =
10 - 20 = 200 elements logarithmically distributed in y; and 4, u' = (0.5,107%) € &,,,;, as initial parameter value, the
time interval [0, 7] = [0, 1.5] (K = 75), and sample on A  (u) = ALJ’\}*(y)/”uj‘V Wy -
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State Control Cost functional
N ey,* Yo pAS 1783 U 7% Jx J J
N rel,max N rel,max Nave N rel,max N ,rel,max Nave N rel,max N ,rel,max Nave

18 | 9.12E-3 1.26E+1 6.51E+2 | 247E-4 186E+0 4.64E+3 | 147E-4 1.13E42 5.66E+6
34 | 481E-4 4.62E—-1 3.57E+3 | 126E-6 692E-2 124E+5 | 3.73E-7 1.06E—1 4.69E+6
50 | 5.65E-5 7.50E-2 231E+4 | 485E-8 1.11E-2 1.0lE+7 | 158E-9 1.74E-3 236E+7
66 | 540E-6 1.16E-2 4.12E+5 | 2.52E-10 1.70E-3 747E+8 | 527E-11 230E-5 3.24E+8
82 | 9.68E-7 2.06E-3 1.10E+6 | 290E—-11 4.13E-4 7.18E+9 | 3.14E-12 120E-6 140E+8

TABLE 5. Maximum relative errors and error bounds with corresponding average effectivities over 5,
as a function of N.

5.2.1. Effectivity

We first present results for the maximum relative errors, bounds, and average effectivities. We define

¢ J
e el G AW s)
N ,max,rel — UEE J* ’ N,max,rel — = Jx
—test max HEEtest max
and
3 3 u,*
o lle*(p) = uy (Wly e Ay (W)
€x | = max , N | S max ———. (96)
smax,re HEE o5 u;;ax Mmax.re HEE og u:;]ax
where J = max,cz J*(p) and uy = max,cz [lu* ()|l - In addition, we define
« Lk, K
i _ lIly* () = ¥y (ollly AP _ AV (w) ©7
N ,max,rel — m:a X * ’ N ,max,rel — m@ X * ’
HEEest ymax HEZ et ymax

with yr = max,cz lly*Glll,- The parameter test set E,,,, C D is of size |E,, | = 6 - 10 = 60 with logarthmically
distributed parameter points in y; and A. The effectivity r/gv; is the average over &, ; of AJJV’*(;t) [1I*(u) = I, (W)]. The
average effectivities regarding the optimal state and control are defined analogously. The defined quantities are presented
in Table Bl as a function of N for the unconstrained case, where J;';lax =6.31-1072, ”jhax = 73.5, and y;;ax = 3.03. We
again observe exponential convergence of the state, control, and cost functional errors and bounds but also a considerable
overestimation of the actual error. Whereas the effectivities for the cost functional remain fairly constant over N, the

effectivities for the state and control deteriorate significantly with increasing basis size N.

5.2.2. Minimal Stabilizing Horizon

We test our proposed RB-MPC algorithm for the start-up of the welding process. We consider the initial condition
Yo(x,t = 0) = 0, choose the time interval I = [0, 3] corresponding to 30 iterations of the RB-MPC algorithm and set the
largest possible prediction horizon to K,,,,,, = 75. Note that we apply the first 5 controls in each iteration of the RB-MPC
algorithm since 7., = 57 = 0.1. We present results for the constrained and unconstrained case for various representative
parameter values u = (u;, A) with g, = 0.75,1.75,and A =2-1075,5.1076,8 - 1076,5 - 107°.

Unconstrained Case. We first consider the unconstrained case and focus on the minimal stabilizing horizons. In Table[6]
we present the average stabilizing horizons K, over the RB-MPC iterations of the feedback control kp for basis di-
mensions N = 34, 50, 66, and 82. For comparison, we also present the corresponding result for the feedback control x
resulting from the classical MPC approach in the last row. In Figure[] we plot the control and output as a function of time
for (uy, 4) = (1.75,2 - 1079). The FE-MPC result is shown on the left, the RB-MPC results for N = 50 and N = 82 is
shown in the middle and on the right, respectively. The dots in the control plots have a distance of 7., and represent the
starting points of the MPC loops.



REDUCED ORDER MPC FOR PARAMETRIZED PARABOLIC PDES

A 2-107° 5.107° 8.107° 5.107°
w | 075 175 | 075 175 | 075 175 | 075 175
N K, K, K K,

ave

ave

ave

31

ave

34 75 71.7 | 71.73 7057 | 7143 659 | 2297 7.13
50 | 29.87 39.33 6 14.7 557 693 | 527 52
66 | 11.03 14.97 5.6 8.93 537 617 | 517 5.07
82 | 11.03 15.03 5.6 8.9 533 617 | 517 507

« [ 1103 1503 ] 56 89 | 533 6.17] 517 5.07

TABLE 6. Unconstrained case: average minimal stabilizing horizons over [0, 3].

controls
controls
controls

wdo N =50

0 0.5 1 15 2 2.5 3 0 0.5 1 1.5 2 2.5 3

0.5 y

output s
output s
output s

FIGURE 4. Unconstrained case: controls and outputs for y; = 1.75, A =2 - 1076, FE-MPC on the left,
RB-MPC with N = 50 (middle) and N = 82 (right).

We again observe that the average stabilizing horizons decrease with increasing N and are almost identical to the
reference value for N = 66 and 82. Recalling that K, = 75 is the largest possible prediction horizon, we conclude that
the RB-MPC feedback control x,; obviously did not meet the desired stability criterion for y; = 0.75, 1 =2 - 107, and
N = 34. To further analyse the stability of the proposed RB-MPC approach — in view of our discussion in Section [3.3]
— we present the maximum prediction horizon computed along each trajectory in Table[/l We observe that the maximal
horizons also decrease with increasing reduced basis size and that the values coincide with the reference value at the latest
for N = 82. The only exception to this is the control problem for y; = 1.75 and A = 2-107%. Here, the maximal prediction
horizon reaches K, in all cases, including the FE reference. Since this parameter value seems to be the most critical,
we show all computed prediction horizons in Figure [5] over time. The instances where K, is reached decreases with
increasing N, and K, is in fact only reached once for N = 66 and N = 82. For the FE reference K., is also reached
once at the same timestep as for N = 82 (for N = 66 one timestep earlier). These outliers are not due to a lack of accuracy
of the RB approximation or the a posteriori error bounds, but correspond to instances where the actual state is close to the
desired state and numerical errors dominate.

Obviously, the approximation quality of the reduced model with basis size N = 34 is too poor to produce a stabilizing
RB controller. As discussed in Section[3.3] we thus initialize the RB size with N,;, = 34 and test the modified Algorithm[3]
i.e., where we also adaptively increase N. We do not consider the limit N — N butchoose a maximum RB size of N = 82.
We show the RB control, output, minimal stabilizing horizon, and reduced basis size over time in Figure[@l We observe that
the required RB size increases as the output approaches the desired output and that the system seems to reach a periodic
behaviour. There are four instances where the algorithm reaches the maximum prediction horizon despite having choosen
the maximum RB size. Since the reason is not a lack of accuracy of the reduced model but numerical errors, further
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A 2.107° 5.107° 81070 5.107
up | 075 1751075 175 (075 175|075 175
N K K K K
4|75 75|75 75 |75 75 | 75 10
50| 75 75 8 75 7 11 6 6
66| 19 75 7 14 7 8 6 6
8| 19 75 7 14 6 8 6 6
c [ 19 5] 7 146 8 ] 6 6

TABLE 7. Unconstrained case: maximal minimal stabilizing horizon K (< K. over [0, 3].
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FIGURE 5. Computed minimal stabilizing horizons using FE-MPC and RB-MPC for y; = 1.75, A =
2-1075.

increasing N would not alleviate this issue. Based on our discussion in Section[3.3] we believe that a further improvement
could be achieved by introducing an e-neighborhood around the desired state and extending the analysis presented here to
“practical optimality."

As opposed to the previous example, we note that the average minimal stabilizing horizon for this numerical example
is higher for smaller A. This is due to the fact that a smaller A results in a higher control effort and the desired output is
thus reached sooner for smaller values of A than for larger values of A. Since the stabilizing horizon is larger in this case
as just mentioned, we also obtain a larger horizon on average.

So far we accepted the RB-MPC feedback control k5 in Algorithm 3] as soon as the suboptimality degree @y x (1)
became positive. However, we can increase the stability margin of the feedback law by incorporating a threshold @;, > 0
in the algorithm, i.e., we modify the stability condition and accept K as soon as @y g(¢) > @, > 0 holds. Although
this approach will increase the minimal stabilizing horizon, it may improve the smoothness of the control and the control
performance. In Table[Bland Figure[Zlwe show the results corresponding to Table[6land Figuredfor a threshold w,;,, = 0.2.
As expected, we observe an increase in the minimal stabilizing horizon, but at the same time a smoother control and hence
output as a function of time. This effect will be more pronounced in the control constrained case discussed next.

Constrained Case. We finally consider the control constrained case with lower bound u, = 0 and upper bound u, = 80.
We present analogous results to the unconstrained case: the minimal stabilizing horizons for the RB-MPC and FE-MPC
controller as well as the controls and outpus as a function of time for w,;, = 0 are shown in Table[@land Figure[§] The
corresponding results with a suboptimality threshold @, = 0.2 are shown in Table[I0 and Figure [0l

We observe that the results are comparable to the unconstrained case. The minimal stabilizing horizons converge
towards the reference values for all parameters and they are higher for w,,;, = 0.2 compared to the setting with no threshold.
The smoothing effect of w,,;, is slightly more evident in the constrained case especially if the output is close to the desired
output. Overall, the performance of the RB-MPC approach is very close to the original MPC approach. We would like to
note, however, that the feasibility of the stability condition @y g > 0 for the constrained case, see Proposition[3.4] strongly
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FIGURE 6. Modified Algorithm[3]for parameter value y; = 1.75, A = 2 - 107°: control and output over
time (left column), computed minimal stabilizing horizon K and corresponding reduced basis size (right

column) with N;, = 34 and N, = 82.

A 2-1076 5-107¢ 81076 5107
w | 075 175 | 075 175 | 075 175 | 075 175
N Kave Knve Knve Knve

34| 75 7193 | 7343 7287 | 73.07 6593 | 37.07 13.73
50 | 41.27 57.03 | 647 293 | 593 783 | 69 623
66 | 2537 30.57 | 593 1857 | 57 707 | 683 603
82 | 2537 3053|593 1823 | 57 707 | 683 6.3
« [2537 3053 ] 593 1823 ] 57 707 [ 683  6.03

TABLE 8. Unconstrained case: average minimal stabilizing horizons over [0, 3] with threshold w,;,, =

0.2.

A 2.10°° 5.107° 8.107° 5.107°

up | 075 175 | 075 175 | 075 175 | 075 175
N Kave Kave Knve Kave

34| 75 701 | 7173 6643 | 66.67 63.7 | 22.97 7.13
50 | 2207 4337 | 6 1393 | 557 693 | 527 52
66 | 9.8 18 5.6 8 537 617 | 517 507
82| 98 1777 | 56 8 533 617 | 517 507
<] 98 1783 ] 56 8 [533 617] 517 507

TABLE 9. Constrained case: average minimal stabilizing horizons over [0, 3].
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depends on the ratio of the cost for the constrained and unconstrained problem. There are certainly examples conceivable

in which the cost of the former will significantly exceed the cost of the latter and our approach would thus fail.

5.2.3. Time

We finally report on the online computational times to evaluate the FE-MPC and RB-MPC feedback laws and associated
suboptimality degrees. In the FE case, we include the time to compute the feedback law x in (3Q) which corresponds to
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FIGURE 7. Unconstrained case with @, = 0.2: controls and outputs for y; = 1.75, 1 = 2 - 1078,
FE-MPC on the left, RB-MPC with N = 50 (middle) and N = 82 (right).
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FIGURE 8. Constrained case: controls and outputs for y; = 1.75, A = 2 - 10=%, FE-MPC on the left,
RB-MPC with N = 50 (middle) and N = 82 (right).

solving the optimality systems (20) and the time to evaluate the suboptimality degree w(u) from (ZI)). In the RB case, we
include the time to compute the RB-MPC feedback law (60) and the time to evaluate the suboptimality degree @y x (1)
from (G3) (resp. in the constrained case). Note that evaluating the suboptimality degree in the constrained case
requires an additional solution of the unconstrained RB optimal control problem due to the bound in (68). The average
computational times in seconds are presented for various values of the RB dimension N and the prediction horizon K in
Table [[T] and Table[T2] for the unconstrained and constrained case, respectively. We used MATLAB for all computations
on a computer with a 3.30 GHz Intel Core i5-6600 processor, where only three of the four cores were available to the
system. The average is taken over the parameter test set Z,,,, of size 60 introduced in Section[5.2.1

As expected, the RB times increase with N and K and the FE time also increases with K. For N = 66 and K = 10
(say), the speed-up gained by the RB approach is approximately a factor of 100. We also observe that the speed-up remains
almost the same for different prediction lengths K, the influence of N on the speed-up is obviously more pronounced. We
note that the speed-up of the RB vs. FE-MPC controller over the whole time interval would approximately be the same
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A 2107 5-107° 8-10-° 5-107°
W | 075 175 | 075 175 | 075 175 | 075 175
N Kave Kave Kave Kave

34| 75 7053 | 7207 68.6 | 713 63.8 | 37.07 13.73
50 | 3423 61 | 647 2927|593 783 | 69 623
66 | 11.73 371 | 593 1553 | 57 707 | 683  6.03
82 | 1173 371 | 593 1553 | 57 707 | 683 6.3
« [ 1173 371 [ 593 155357 707 683  6.03

TABLE 10. Constrained case: average minimal stabilizing horizons over [0, 3] with threshold w,,;;, =

0.2.
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FIGURE 9. Constrained case with ,;,, = 0.2: controls and outputs for y; = 1.75, 1 = 2-107%, FE-MPC
on the left, RB-MPC with N = 50 (middle) and N = 82 (right).

K 5 10 20 40 75
34 8.93-1073 1.26-1072 231-1072 4.69-1072 9.67-1072
50 1.19-1072 1.79-1072 299-107%2 5.99.1072 1.23-107!
66 1.69-1072 2.63-1072 4.08-1072 7.88-1072 1.56-10!
82 206-1072 3.00-1072 5.05-1072 9.63-1072 1.94.107!
FE [ 123-10° 279-10° 692-10° 1.84-10"7 4.69-10" |

TABLE 11. Unconstrained case: average online computational time in sec.

order of magnitude, assuming similar prediction lengths in the RB and FE case (which is guaranteed as long as N is large
enough as seen in the last section). To summarize, the RB-MPC approach provides a significant speed-up compared to the
classical (FE-)MPC approach while guaranteeing stability of the closed-loop system.

6. CONCLUSION

The goal of this work is to improve the applicability of MPC for high dimensional systems arising e.g. through the
discretization of partial differential equations. To this end, we proposed an RB-MPC controller for parametrized parabolic
partial differential equations. The key ingredients are reduced basis approximations and a posteriori error bounds which
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K 5 10 20 40 75

34 1.59-1072 2.88-1072 6.02-1072 1.16-10"! 2.53-107!
50 2121072 358.1072 7.92-1072 1.48-10"! 3.17.107!
66 3.03-1072 546-1072 1.10-107' 1.95-10"! 4.16-107!
82 3.84-1072 6.41-1072 1.32-107' 244.107! 5.11.107!

[ FE [ 1.62-10° 518-10° 1.87-100 436-100 1.13-10?

TABLE 12. Constrained case: average online computational time in sec.

can be evaluated efficiently in the online stage. This not only allows to compute the feedback control efficiently but also to
assess the stability of the closed-loop system during the online stage. We also proposed an adaptive algorithm for choosing
the minimal stabilizing prediction horizon in the MPC loop. Furthermore, we extended the theory to weakly coercive
problems and numerically investigated the effect of a suboptimality threshold combined with a multi-step approach.

Despite the pretty conservative error bounds, the RB-MPC approach worked very well for the two numerical examples
considered in this paper. The minimum stabilizing prediction horizon of the RB-MPC approach is very close to the
minimum stabilizing horizon of the reference FE-MPC approach as long as the RB approximation is sufficiently accurate.
At the same time, the RB-MPC approach delivers a substantial speed-up compared to the FE-MPC approach thus improving
the applicability of MPC for high-dimensional systems.

We are currently extending the methodolgy presented here to incorporate an e-neighborhood around the desired state
following the ideas on “practical optimality.” Another obvious next step is the extension of the methodology presented here
for state feedback MPC to output feedback MPC. In actual practice — and especially when considering PDEs — the entire
state is often unknown and only a (small) number of measurements of the state are available. Combining the presented
approach with a suitable observer is one topic for future work. Although our approach cannot be applied or extended
directly to nonlinear problems, another topic is to investigate how it may provide guidelines even for MPC of nonlinear
problems.

APPENDIX A. PROOFS

A.1. Proof of Lemma2.2

Proof. Choosing ¢ = e’y‘ in the state error residual equation
m(el — ek~ @) + ra(el, b ) — Thiel, §) = Tri(ps ), VY EY, Vk €K, (98)
with €9 = yo — yi o We obtain

m
m(e’;, e’;) + m(e’;, e’;) = m(e’y‘_l, e’;) +7 z; b,.(e’;)(e’;),. + rr’;(e’;; ). (99)
i=

From Cauchy-Schwarz and Young’s inequality (2ab < a® + b?) it follows that

k-1 _k k Jk k-1 _k—1
Zm(ey ,ey)Sm(ey,ey)+m(ey e ), (100)
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and from boundedness of the linear functionals b;, Young’s inequality, and Cauchy-Schwarz, we get

2
< Qo ()2 27 - oy g(H)
2r;b,-<e’;><ef,>,- < ZTZ il le} v (e 5 S (; ||b,-||w<ef,>,-) + —>—lley Iy

ap ()12

192
E m 2 TOCLB(II)
l15:113, (eb)? +——le"|I3
ai (Z 2z 2 el
2 - Ta g(u)
T 2 k2 LB k2
= ;15 | lle, llgm + —5—le I3
ag () (; Ayr )T 2

The definition of the dual norm and Young’s inequality also leads to

IA

2 oy (M)
2erk (e 1) < 22l1P5C mllyrlleblly < —=—IIrk s 3, + —2—lek |12
Le(#)
It thus follows from @9)) - (I02), invoking (T7) and (B39, and summing from k = 1 to K that

K m K
m(eX, e+ a(ek, et LB( )an"( Wl 2(M)(Zub,w@,)anef,nzm+m(e2,e2>.
k=1 i=1 k=1

From the previous equation we can also derive that

K
k2
T Y ek
k=1

K

T k ok
aLB(ﬂ) E a(e ) P )(m(e e )+ E Ta(e e )
. - lle (y)IILQ(Q)
Z llry (s M)II Z 15, || Z lle, Il m —)

B “LB( )2

A.2. Proof of Lemma 2.3

Proof. We choose ¢ = e’; in the adjoint error residual equation
m(g, ey — &™) + a(e, ep; ) + 7oy (e, @)p = Try(@i ). Yo €Y, Vk € K\ (K],
and ¢ = e in the finial condition
m(p, ex) + va(g, ens u) + 7oy (e, @)p + or(ef , @)p = Tri (@ ), VP €Y,
to get
k k k ko N — ok kL keok. oy _ k k
m(ep, ep) + ra(ep, ey H) = m(ep, e, )+ rrp(ep, ") ro-l(ey, ep)D,
for all k € K\{K} and

K _K K K. — K/ K. K _K K _K
m(ep ., )+ Ta(ep ., TH) = T, (ep T ) — ”L'O'l(ey ., )p — ()'2(ey ., )p-
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(101)

(102)

(103)

(104)

(105)

(106)

(107)

(108)
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From Cauchy-Schwarz and Young’s Inequality it follows that

k=1 _k k k k=1 k-1
2m(ep ,ep)sm(ep,ep)+m(ep ., ), (109)

and from the definition of the dual norm and Young’s Inequality

2 ra g(M) | g2
+ T”el’”Y' (110)

ko k k k
2er (e ) < 2l Gl llebly <

We again use Cauchy-Schwarz, Young’s Inequality, and the definition of the constant C}, defined in (40) to obtain

1 1 1
k k k k\2 k k\2 k ky2 k
2ro-1(ey,ep)D < 2761(6 e )Iz)(ep,ep)lz) < 2761(ey,ey)12)CD||ep||Y

B ZC%GIZT(ek &+ Toy g(H) e (8
= app YT T 1Sl
Similarly, we get
262(e;<,ellf)D < 202(ef,ef)%D(ef,ef)%D < ag(ef,ef),) + (ellf,ellf)D. (112)
It then follows from (I10) - (I12)), summing (I07) from k = 1 to K — 1, adding (108}, invoking and (39) that
K K
mel el +7 Y a(ek, ki) < az—fm 3 ikl + A)p+adek Ky (113)
k=1 LBV k=1
where we also used the fact that (-, ), < m(-, -). From the previous equation we directly obtain
S k2 k - % K K
rk; leplly < kGl ) TR (114)
O
A.3. Proof of Proposition 2.4
Proof. To begin, we recall the control residual equation
(2ef — (BT e))  w) qn = riwin). Vy €U, Vk €K. (115)

Summing up (I13) multiplied by 7 from k = 1 to K with y = ¢*, adding the sum of the adjoint (I03) from k = 1 to K — 1
with ¢ = e and the final condition (I06) with ¢ = e , and subtractmg the sum of the state (O8) with ¢ = e" fromk =1
to K, we obtaln

K K
k Jk T k Jk K _K K _K K _K K _K
AT Z(eu, e )jm — T 2((/3 e, e, )jm + m(ey e, )+ Ta(ey ., )+ Tal(ey e )p + 62(€y .e, )b
k=1 k=1
K-1 K-1 K K K
k k _ k+l o Kk k=1 _ky_ k k T \k k
+ Z m(ey,ep e, )+7T Z a(e e )+ Z ro-l(e y)D Zm(ey e, ,ep) TZ a(ey,ep)+r Z((B e, e, )pm
k=1 k= k=1 k=1 k=1
K K

<0+71 Z ri(ef) -7 Z (). (116)

k=1 k=1
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Here, we also used the fact that

(el —(BTe ) el)pn <0, (117)

which directly follows from (20€) and (34¢€) using the fact that both controls u* and uj‘v are admissible, i.e, u*, uj‘v eU,.
We observe that (T16) is equivalent to

K K K K
At Z(efl, eka)Rm + Z TUl(el;, e’;)D + 62(6)1)(, ef)D <z Z rl;(e’;) -7 Z rl;(ellj)+m(e2, ellj). (118)
k=1 k=1 k=1 k=1

Next, we apply the Cauchy-Schwarz inequality and obtain

K K
k2 k|2 K2
At Z lle, Il + Z ‘L'O'llele + 0'2|ey I
k=1 k=1

1 1 1 1
K 2 K 2 K 2 K 2 (119)
s<erlr’;(~)II§/> (rZue’;M) +(TZ||r’;<->||§,> <r2||e,’:||§> +llell 2 lley Il 2 -
k=1 k=1 k=1 k=1 . - _
M——————— S— IID)
) an

We now apply Lemma[2.2land Lemma[23]to (I) and (I I), respectively, and exploit that a> + b* + ¢2 < (a + b + ¢)? for
a,b,c > 0. This gives us

K K m K
2 2
T Y llekl2 < = SO, + | —— [ D512, )7 X ekl + (120)
k=1 (W) (2 a (1) \ o k=1
and
K K 2 2 K 2
2T ZCDo—lf %,
T ) llek|? < ik OI12, + (ek,e)p + (eX, eK) ). (121)
,Z{ ’ OCLB(M)Z,Z{ Py o p(u)? ,Z{ vy apg(p) ¥ 7

For the last term (I11) we apply Lemma 23] again, since ||e11,|| 2@ = m(e[l,, e},) < |||e[17||| - We define the following
shortcuts to simplify the representation

1
2

K 2 K
Eu=<r2||e’;||2m) . Ry =102 R.=<TZIIrf‘(';M)II§,) L v € {yp). (122)
k=1 k=1
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Plugging (120) and (IZ1}) into (I19), using @3) in term (I I11), and (v, v), = |v|2D we obtain

Ry

K \/_
2 Z E _
! : 121 »p 2 ap (1) Byt aLB(/‘) ! Varg(#)

+R,| ——
Y ap(w)

and

0'2 0'2 2 62 K2
R‘/—\/c)'zleKz < R+ —=|e |5
Y aLB(ﬂ) y'D ZaLB(ﬂ) Y 2 b

In addition, we invoke Young’s inequality also twice in the third term to get

2C%Ul
aLB(M)

0T E |ek|2 < D E |ek|2
! (M) Ry +
and

2
\/o, Ry \/0'2|€K 5 < 3 R2 |ef|%

such that the second and third term in (123) cancel. We now have

1
m 2
AE2 < V2 gy V2 <Z||b,.||§,> R E,+ R Ry——— + V2
i=1

“Tapw) Y ap(p)

C2
_2 RyR, + —2 o LR+ 2R
ag(u) B(M) 2

+ C%UI 4 R2
UfLB(M)2 201 5(1) v

R R, +
Varg(u) s

0'2 )
?) R

C2
lebll RE+ 2v2 R, + 1+\/§R0 R, + =%
O‘LB(M) apg(H) Vo () ap (M)

2
CDO'I

2 02

(123)

(124)

(125)

(126)

(127)

2

R
UfLB(M)2 Yo 2o (p) Y

(128)
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We thus obtain the quadratic inequality for E, given by

EZ = 2¢,(WE, — ¢y () <0, (129)
where
1
. 1
1 2
o) = ————( D515 | R, (130)
V2a 504 \ it
2¢/2 1+4/2 Clo Cls
02(;4)=l LR +—\/_R R + p7l % 24 D71 92 2 (131)

—L L2 )R + R
A ag(p) Vo g(p) 0] apg(p) 2 0 ag(u)?  2apg(w) ) 7

The inequality is satisfied if and only if

Ay < E, <A}, where A = ¢; (i) £ /¢ (1)? + cp (). (132)
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