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Abstract

Motivation, Goal and Task of the Dissertation

The frequency range between about 0.1 THz and 10 THz of the electromagnetic spectrum
is commonly referred to as the THz-region. Although there are many promising appli-
cations in fields such as security, spectroscopy, communication technology, medicine,
biochemistry and more, the efficient generation of THz-radiation is still a challenging
task. With rising frequency the efficiency of traditional electronic oscillators diminishes,
while for optical devices the opposite is true. This leads to a frequency region, where no
efficient method of generation is known, the so-called THz-gap.

In their influental paper from 1993, Dyakonov and Shur theoretically investigated
electron plasma oscillations in semiconductor devices, and drew an analogy with the
shallow water equations. By applying asymmetric boundary conditions, they predicted
the formation of an electron plasma instability, with an oscillation frequency in the THz-
range. Devices that exhibit this instability could then be used to efficiently generate
THz-radiation. Therefore, the mechanism was proposed as a major step towards clos-
ing the THz-gap. Furthermore, the passive detection of THz-waves using such plasma
oscillations is another important application.

The goal of this work is the theoretical investigation of electron plasma effects in
semiconductor devices by using multiple different models for the electron transport.
These models are to be evaluated in terms of their accuracy compared to the Boltzmann
transport equation, by applying them to the simple homogeneous device model used by
Dyakonov and Shur. In addition, more advanced numerical device simulations are to
be perfomed. To that end, a completely new numerical scheme needs to be developed,
since commonly used numerical stabilization schemes do not work when plasma effects

are included in the transport model.



Abstract

Major Scientific Contributions

In this work, multiple transport models of various complexity are derived from and
compared to the Boltzmann transport equation. The Dyakonov-Shur plasma instability
is investigated and it is shown, that it is most likely just an artifact stemming from the
improper application of unrealistic boundary conditions. Nevertheless, in the second part
of the thesis, numerical device simulations are performed, with the main focus on the
development of a novel numerical stabilization scheme. Despite the relative simplicity of
the considered transport models, the inclusion of plasma effects fundamentally changes
the type of partial differential equations from parabolic to hyperbolic, for which no
known stabilization exists in the context of device simulation. Typically, hyperbolic
equations often arise in the field of computational fluid dynamics. Therefore, some
of the methodologies from that field are adapted to solving the semiconductor device
equations. This is, however, not a straightforward process, due to certain properties
exhibited by the equations. For instance, in semiconductor devices the carrier density
can vary over many orders of magnitude within very small transition regions. Related
to that, large source terms occur in the equations, which are usually missing in fluid
dynamics. Among other things, the stability problems resulting from these effects are
solved within this work. In addition to a low-order numerical scheme, a high-order
scheme with superior properties is developed as well. The numerical scheme is also
extended from one to two dimensions. Since the developed method is quite general, it
can be (and in parts already is) adapted to more advanced equations commonly used

for device simulation, e.g. the Boltzmann transport equation.

vi
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Notation

x Scalar quantity

T Vector quantity

X Matrix quantity

T Complex quantity

(x) Expected value

T Average value

T Fluctuation, i.e. deviation from average

x* Interface value, computed by Riemann solver
x’ Stationary value

x4 Dynamic value

J{f,x} Jacobian matrix, i.e. the derivatives of f w.r.t.

Diva Surface divergence, defined as Dive = ny s+ (€2 — @), where x; and x, are
given by the vector  evaluated on the two sides of a surface, and n; , is the
normal vector of that surface pointing from side 1 to side 2. Diva = 0 implies

that the normal component of x is continuous across the surface.

Rotx Surface rotation, defined as Rot & = ny s X (22 — 1), similar to Diva. Rotx =
0 implies that the tangential components of & are continuous across the sur-

face.

Symbols

c Speed of Light

Co Vacuum Speed of Light

ix
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Thermal Velocity
Capacitance

Electric Flux Density
Positive Elementary Charge
Electric Field
Electrostatic Permittivity
Vacuum Permittivity
Relative Permittivity
Kinetic Energy
Frequency, Distribution Function
Force, Flux Term
Hamilton Function
Reduced Planck Constant
Current

Particle Current Density
Wave Vector

Boltzmann Constant
Length

Effective Mass
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Mobility
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Fundamental Solution to the Laplace Equation
Angular Frequency

Size of a Finite Volume

Hole Density

Momentum

Electrostatic Potential

Quasi Fermi Potential

Metal-Semiconductor Workfunction Difference
Plasma Wave Number

Position Vector

Charge Density

Shock Wave Speed

Complex Frequency

Scattering Term

Energy Current Density, Source Term
Growth-Factor

Time

Temperature

Dynamic Temperature

Lattice Temperature

Scattering /Relaxation Time

Vector of Transport Variables
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Notation

Ud Drift Velocity

Vsat  Saturation Velocity

W Energy Density

w Gauss-Legendre Weight
13 Gauss-Legendre Node
Y Admittance
Acronyms

2DEG Two-dimensional Electron Gas

BOX Buried Oxide Layer

BTE Boltzmann Transport Equation

CCFVM C(ell-Centered Finite-Volume Method
CDD Convective Drift-Diffusion

CHD Convective Hydrodynamic

DD Drift-Diffusion

FET Field Effect Transistor

FVM Finite-Volume Method

HD Hydrodynamic

KCL Kirchhoff Current Law

LDLR Local Double Logarithmic Reconstruction
ME Maxwell Equation

MOSFET Metal-Oxide-Semiconductor Field-Effect Transistor
NLPE Non-Linear Poisson Equation

ODE Ordinary Differential Equation

PDE Partial Differential Equation

PE Poisson Equation
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PSS Periodic Steady-State

QCL Quantum Cascade Laser

QFP Quasi-Fermi Potential

SG Scharfetter-Gummel

SHE Spherical Harmonics Expansion

SOl Silicon-On-Insulator

TCAD Technology Computer-Aided Design

TB Thermal Bath

TM Ten Moments

VCFVM Vertex-Centered Finite-Volume Method
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1 Introduction

The frequency range of about 0.1 THz up to 10 THz from the electromagnetic spectrum
is often referred to as the THz region. Waves from that frequency region can easily
penetrate many materials like plastic or paper, while being strongly absorbed by wa-
ter. These unique properties lead to many promising applications not only in security,
spectroscopy, communications but also in medicine and biochemistry. Unfortunately,
they prove to be very difficult to generate efficiently. While for traditional electronic
oscillators based on solid-state devices (e.g. the sources in [10] or [11]) the efficiency di-
minishes with rising frequency, for optical devices like Quantum Cascade Lasers (QQCLs)
it is the opposite case, with diminishing efficiency for falling frequency. This leads to
the formation of the so-called THz-gap (see Figure 1.1), where no efficient method of
generation is known.

To solve this efficiency problem, Dyakonov and Shur proposed a novel mechanism
for THz-wave generation, using the oscillations of the electron plasma in semiconductor
devices. Under the right conditions, they predicted an instability which would then lead
to the emission of THz-waves [13, 14]. To increase efficiency even further, several more
advanced geometries have been proposed [15, 16].

While to the author’s knowledge an efficient device operating under this principle has
not yet been experimentally shown, in [17, 18, 19] at least the detection of THz-waves
by passive resistive mixing was successfully demonstrated, by implementing an actual
THz-wave camera operating at about 600 GHz.

A simple way, often used to simulate such devices, is the transmission line approach [18],
where the device is replaced by an equivalent circuit, resulting in a single differential
equation. This might be sufficient if only qualitative results are needed, however, for
more accurate results and especially when more advanced geometries are considered, the
actual microscopic electron transport should be modeled.

Accurate results could be gained from transient simulations of the Boltzmann Trans-

port Equation (BTE). However, at this point this is still computationally too demand-
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Figure 1.1: Typical output power for various electronic and optical device types at dif-
ferent frequencies [12].

ing, especially in more than one dimension of transport. Alternatively, simplified trans-
port models based on the moments of the BTE, like the Drift-Diffusion (DD) or the
Hydrodynamic (HD) model, can be used. These models are also extensively used in
commercially available Technology Computer-Aided Design (TCAD) simulators, e.g.
Sentaurus Device, though such simulators usually employ rather drastic approxima-
tions. For instance, certain time derivatives are neglected, which effectively suppresses
any plasma oscillations. This is done to improve the computational efficiency as well as
the numerical stability, but at the same time it renders such simulators useless, when
plasma effects are to be studied. In this work such moments-based transport models are
investigated, but without the usual approximations.

The thesis is structured as follows: In the second chapter the theoretical background of
the used equations is outlined. Using the BTE, several moments-based transport models
of varying complexity are derived, all of which include the terms necessary to describe
plasma oscillations. The instability predicted by Dyakonov and Shur is investigated for
homogeneous devices, and the models are compared to results gained from homogeneous

BTE simulations. Finally, the influence of the boundary conditions is investigated.



In the third chapter, a stable numerical discretization scheme for one-dimensional
devices with a hyperbolic transport model is developed. Results for an NT-N-N*-device
are calculated and discussed.

In the fourth chapter the discretization scheme is extended to two dimensions, and
results for a double-gate Metal-Oxide-Semiconductor Field-Effect Transistor (MOSFET)
and a Silicon-On-Insulator (SOI) device are shown.

The last chapter contains a conclusion as well as an outlook.






2 Theoretical Background

To simulate semiconductor devices, a suitable model that includes all the relevant phys-
ical effects is needed. Such a model usually leads to a system of coupled Partial Differ-
ential Equations (PDEs), which subsequently can be discretized and solved numerically.
To be able to describe electron plasma oscillations, the model must first of all include
electromagnetic effects, which are described by the Maxwell Equations (MEs). Further-
more, electron transport effects must be included. A well-suited transport model for the
nearly mesoscopic devices considered in this work is the semi-classical BTE.

In this chapter, it is shown that the MEs can be approximated by the simpler elec-
trostatic Poisson Equation (PE). In addition to that, due to the high computational
cost involved in the solution of the BTE, multiple simplified transport models based
on its moments are derived. These models are then applied to a simple device with
a homogeneous channel, and the prediction of a plasma instability by Dyakonov and
Shur [13, 14, 20] is investigated. Finally the influence of the boundary conditions on the

predicted instability is shown.



2 Theoretical Background

2.1 Poisson Equation

The speed of light in a medium is given by

Co

VEr e

where ¢y &~ 3-10®m/s is the vacuum speed of light, &, the relative permittivity and s,

CcC =

(2.1)

the relative permeability. In a typical semiconductor, like silicon or gallium arsenide,

they are approximately given by €, ~ 10 and u, ~ 1, which results in
c~1-10°m/s. (2.2)

Therefore, for a typical device length of about L = 1pum, the time it takes for an

electromagnetic signal to propagate through the whole device is about
L
tign = — ~ 1-107s, (2.3)
c

or, expressed as a frequency,

Jiight = ~ 100 THz. (2.4)

light
Since the usual frequencies considered in this work are on the order of f ~ 1 THz, which
is well below figne, the wave nature of light can be neglected, and it is assumed to
propagate instantaneously.
Introducing a quasi-stationary electrostatic potential ¢(r,t), the electric field is then
given by
E(r.t) = =Vo(r,1), (2.5)

where the potential fulfills the PE
V.:D=-V-(eVyp) =0, (2.6)

with the electric flux density D = ¢ E = ¢,69F and the charge density o. In a semicon-

ductor, the charge density can be expressed by

o=e(Np— Ny —n+p), (2.7)



2.1 Poisson Equation

where e is the positive elementary charge, Np and N, are the donator and acceptor
doping concentrations, and n and p the electron and hole densities. Often, instead of n
and p, the Quasi-Fermi Potentials (QFPs) for both electrons and holes (®" and ®P) are

used. The QFPs are defined by the nonlinear transformations

_ @ HP _
n:niexp((pVT ) and p:niexp( VT(p)’ (2.8)

where n; is the intrinsic carrier density specific to the semiconductor material and Vi =

% is the thermal voltage, with the Boltzmann constant kg and the lattice temperature

Th.
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2.2 Boltzmann Transport Equation

To model electron transport (or transport phenomena in general), solving the BTE is
the method of choice, when the requirements for physical accuracy are high and effects
like quantum mechanical tunneling can be ignored. It describes, how an ensemble of
particles, specified by the particle distribution function f(r,k,t), behaves over time
under the influence of external forces and scattering events. Even though the particles
are not treated as waves, and obey Newton’s laws of motion, instead of the classical
momentum p often the quantum mechanical wave vector k is used. Furthermore, the
included scattering mechanisms can take quantum mechanical effects into account, with
transition rates usually being calculated by Fermi’s golden rule. This is why the BTE
is often called semi-classical.
The BTE is given by the first-order PDE [21, 22]

(% + FT%Vk + vTV,,> flr k,t)=S{f}, (2.9)
where F' = F(r, k,t) is the external force, v = v(r, k) is the particle velocity and S{f}
is the scattering term. It incorporates all relevant scattering processes, with the most
important being electron-phonon interactions and impurity scattering. No further details
about it are given here, since in the later derived moments-based transport models, it is
approximated quite drastically by a single or multiple macroscopic relaxation times.
Using the Hamilton function H(r,k,t), describing the total energy of a particle, the

force and velocity can be expressed as

1
F=-V,H and v= ﬁVkH, (2.10)

with the reduced Planck constant A. In this work, a simple isotropic effective mass
approximation is made for both electrons and holes, resulting in parabolic bands. The

Hamilton function for electrons and holes is then

h2k?

Hy(r, k,t) =€, —ep(r,t) = omr ep(r,t)
h2k?

H,(r k,t) =¢, +ep(r,t)= +ep(r,t), (2.11)
Zm;



2.2 Boltzmann Transport Equation

*
n?p

holes, respectively. The forces and velocities are therefore given by

where €, is the kinetic energy and m;  is the scalar effective mass of electrons and

Lk
np

F,=—-¢eE, F,=¢E and wv,,= (2.12)
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2.3 Balance equations

Even though the BTE is well suited for describing electron transport in semiconductors,
its dimensionality is prohibitively large. For three-dimensional devices, the complete
phase space is actually seven-dimensional, with three dimensions for both r and k, as
well as one time dimension. To reduce the dimensionality, the BTE can be projected
onto a finite number of moments, thus removing the k-dependency. Together with
appropriate closure relations, this strategy can be used to derive simplified transport
models.

Using the placeholder X (k) for either a scalar or vectorial microscopic quantity, bal-

ance equations for electrons [23, 24, 25, 22, 1]

ox 1 T T r—z
— —ViX') E+ (V. n{vX" =-— 2.13
at+en<h . >k (VIn(eXT),) Tm (2.13)
can be derived, where expressions in angled brackets are integrated over the full k-space.
Corresponding to the microscopic quantity X (k), the macroscopic quantity x = x(r,t)

is given by
2

(2m)°”

where the 2 in the numerator is the spin degeneracy factor. The scattering term is

2(r,t) = n(X(k)), = foac)f(r, k,t) %k (2.14)

approximated using a corresponding macroscopic relaxation time 7, for each moment

and the equilibrium value

2
(2m)°

fﬂX(k:)feq(r, k,t) &k . (2.15)

xeq -

For X =1 the continuity equation can be derived

on
— +V-.5=0, 2.16
5 J (2.16)
where n(r,t) = n (1), is the electron density and j(r,t) = n (v), is the electron current
density. Consequently, the next microscopic quantity to consider is therefore X = wv,
leading to a balance equation for j
93

e T
En + m*nE +(Vion(vo") ) = o (2.17)

10



2.3 Balance equations

The next moment typically used is the kinetic energy X = e and correspondingly the
macroscopic energy density © = W:
ow W —-Ww,
A  E+V.8§=—— "% 2.18
ot + “J A ( )
where Weq = %kBTOn is the energy density at equilibrium, and S = n (ev),, is the energy
current density. The final balance equation considered here is then given by
E N E+ (V] Y .
WE+en(vv') E+ (Vin(evv') ) =——. (2.19)

7s

95
ot  m*

To get a set of closed equations, appropriate closure relations for the remaining unknown
terms n <’U’UT>k and TL<€’U’UT>k need to be derived, i.e. expressions depending on the

moments n, 3, W and S must be found.

2.3.1 Drift-Diffusion Model

For the DD model, only the moments n(r,t) and j(r,t), and correspondingly egs. (2.16)
and (2.17) are considered. To close this set of two equations, an expression for n <'U'UT> X
in terms of n and j is needed. By making an assumption for the distribution function,
it can be directly calculated. For the DD model, a Maxwellian distribution with a

temperature equal to the lattice temperature is assumed

h2k?
k,t) = - .
foo(r,k,t) = fopo eXP( 2m*kBT0) : (2.20)

where fppo = fopo(T,t) is chosen such that fpp is consistent with the electron density

DD 2 37, L
n (1)D :@maﬂIﬁﬂnhwdk—n

1 orh? \*®
— = — ) 2.21
fovo 2" (m*kBTO) (221)

11
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The missing term is then calculated by explicitly performing the integration [1]

T\DD 2 T 3
n(vv >k :ijffvv fop(r, k,t) d°k

2 h2 3 h2k?
— o kkT e 3
m2 " \/(27rm*kBTo) Il eXp( 2m*kBTg) &k
SELUPY .

2.22
00, (222)
where the off-diagonal elements kk' are odd functions, resulting in zero off-diagonals
after integration. This expression is then inserted into eq. (2.17)

83 e kBTO

— E Vn=-= 2.23
8t+m*n +m* " 7’ ( )

which together with eq. (2.16) constitutes the hyperbolic DD model. Neglection of the

time derivative of the current density results in the classical DD model

j=—unE+VyVn), (2.24)

er;

with the electron mobility u =

m* "’

2.3.2 Convective Drift Diffusion Model

The distribution function used in eq. (2.20) is an even function, and therefore inconsistent

with a non-zero current density, because [1]

n (v)PP = (;)3 {[f Z—"’ Fon(r k,t) 3k =0. (2.25)

To address this problem, the distribution can be shifted, which breaks its symmetry

R2(k — ko)?
k.t) = - 2.2
feop(r, k,t) = fopoexp ( STy ) (2.26)

where the scaling factor is the same as before, because the shift does not change the ze-

roth moment of the distribution function. The shift ky = ko(r, t) results in an additional

12



2.3 Balance equations

degree of freedom, and is chosen such that

hk h
(v),"P = o — feon(r, k. t) d*k = —kzon—g #0
m* .7
— ky=—F1=. 2.27
" hon ( )
Like before, the missing term is obtained by calculating the integral [1]
n<'vv CDD fff vv' fepp(r, k,t) Pk
p— .
Compared to eq. (2.22), there is an extra term 44— resultmg in the constitutive equation
X e kgT; T j
9 py B =2V +(VT” ) S (2.29)
815 n T

This model is called Convective Drift-Diffusion (CDD) model, since the additional term

T\ T
(VT“TT) is related to the transfer of heat in the electron gas (convection).

2.3.3 Hydrodynamic Model

Up until now, the electron gas temperature in the assumed distribution function was
fixed to the lattice temperature Ty. However, acceleration and subsequent scattering
of electrons can lead to heating of the electron gas, well above the lattice temperature.
To take this effect into account, the energy and energy current density as well as the
corresponding balance equations should also be considered, resulting in the HD model.

As a start, a similar distribution function as for the DD model is used [1]

h2k?
k.t)= - 2.30
fup(r, k1) fHDpeXp( 2m*kBT*)’ ( )
with the dynamic temperature [26] kgT™* = _E as opposed to the lattice temperature

(for W = W,y they coincide: kT, = kBTO). Replacing T by 7T, the results from

13



2 Theoretical Background

eqs. (2.21) and (2.22) can be reused

1 orh? \°
= — 2.31
Jup,0 5" (m*kBT*> (2.31)
THD kT & 2 .
n{ve') =~ = - nl = v WiI. (2.32)
Additionally [1],
T\HD 10 W2 .
= —1 2.
nevv '), =g (2:33)

is calculated in a similar way. Together with eqgs. (2.16) and (2.18), the HD model is
then given by

X e 2 7

- EFE+—VW=-= 2.34

ot * m* b 3m* T ( )
oS 5e 10 _ W? S
— WE V— = ——. 2.35
ot * 3m* * IYm*  n Tq ( )

2.3.4 Convective Hydrodynamic Model

Just like fpp, fup is inconsistent with a non-zero current density. To alleviate this issue,

shifting the distribution by the same kg as before [1] yields

R (k — ko)?
feun(r, k,t) = foup, exp <_W ) (2.36)
where
1 orh2 \*
= — . 2.
fenp,o 5" (m*kBT> (2.37)

The energy density is then given by the thermal energy, in addition to the kinetic energy

resulting from the average drift velocity %

HD 3 1 *j2 !
nie), =n §kBT + M | = w (2.38)
2 1 2
=2V L (2.39)
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2.3 Balance equations

Note, that the distribution function is now consistent with n, 7 and W, but not with S,

which would need three additional degrees of freedom. The unknown terms are given
by [1]

rcop kT -~ gg' 2 7°\ s, 43"
n{ve'), ol = <3m* W ™ += (2.40)
and
-\ CHD 10 W2 742W 1 g\ s (TW 2 5\ T
_ w- T Srd Vi (L2 2 s VI o
n<evv >k <9m* - 9 2 —|—9m 3 + 3 3?7”& 02 n ( )
resulting in
9 e 2 7’ AN
-+ —nE+V W —=— V' &=—)] =-= 2.42
ot * me + (3m* 3n * n Tj (242)

and

08 5 2N\ . g7 10 W2 7w me gt
—+e((3m*W—J—>I+L>E+V< =1 +m'7—)

ot 3n n Im* n 9 n2 9 n3
TWoo2 .2\ ji’\' S
T~ x*dJ ) JJS _ _ =
+ <V <3 ——3m n2> - o (2.43)

The obtained model is called Convective Hydrodynamic (CHD) model.
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2 Theoretical Background

2.4 Small-Signal Analysis

Yy

G
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Figure 2.1: Double-gate device with a quasi 2DEG and a homogeneous channel.

To assess the accuracy of the balance equations compared to the BTE, the double-gate
device from [1] with a length of L = 60nm, shown in Figure 2.1, is used. Sandwiched
between two oxide regions with a thickness of d,, = 20nm and a permittivity of e, =
3.9 g, the transport is confined to a quasi two-dimensional layer with dg, < d,x and a
constant electron sheet density of ng = 2-10'?/cm?. Since the device is assumed to be
homogeneous in z-direction, this results in a one-dimensional transport model. For the
BTE simulations, the material of the channel is chosen as silicon, with the scattering
and band structure model from [27]. For simplicity, the non-parabolicity of the valleys
is ignored and an isotropic effective mass of m* = 0.28621 m, is used. The temperature
is fixed to Ty = 77K, resulting in a very high electron mobility, which is necessary to
not dampen the plasma waves too much.

Under stationary conditions, the electric field as well as all transport moments are
assumed to be constant in the channel. The dynamic behavior is then described by a

small-signal wave ansatz, where the total quantities are given by

E(z,t) = Ey + Re{E exp( jqz ) exp(jwt)} (2.44)
n(x,t) = ng + Re{nexp(—jqz) exp(jwt) } (2.45)
j(z,t) = jo+ Re{jexp(—jgz) exp(jwt)} (2.46)
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2.4 Small-Signal Analysis

with the wave number ¢ and the frequency w. Underlined quantities represent complex
numbers, and all transport quantities are two-dimensional sheet quantities.

The small-signal continuity equation then reads [1]

ﬂ:

j. (2.47)

ISEIES

The remaining equations of each transport model contain scattering terms, which depend
on the respective macroscopic relaxation time. These times, as well as their derivative
w.r.t. the electric field, are extracted from homogeneous simulations of the BTE for
silicon. This involves discretizing the BTE on an energy grid, while the dependence
of the distribution function on the direction of k is modeled by a Spherical Harmonics
Expansion (SHE) [28, 29, 30, 31]. Thus, the BTE is expressed in terms of the quantities

Gim( €,1) = # ([ (e — ctk)Yin0.0) £ 1) Pk (2.48)

with [ = 0,1,...,00 and m = —I,...,[. §(e) is the Dirac delta function, and Y}, (6, ¢)
denote the real-valued spherical harmonics, with € and ¢ being the spherical coordinates
of k. Even though the quantities ¢;,, are also projections of the distribution function,
in contrast to the moments n, j, .., they are still energy dependent. Therefore this ap-
proach is far more accurate (and computationally expensive), since for instance physical
scattering processes can be modeled directly.

The expansion is cut off at a certain order, denoted by N;. It was found that N; = 3
is sufficient, as there is no discernable difference between N, = 3 and N; = 5 in the
homogeneous case [1]. In general, going to a higher order increases the amount of
anisotropy of the distribution function that can be modeled using this approach.

The electric field used in the BTE simulation is then transformed to a corresponding

effective field strength for each transport model, leading to equations of the form [1]
(Mo +jwP —jgQ)U + e E+ (ra —jgsa) n=0, (2.49)

where U contains the transport moments except for n. For the DD and CDD models it is
T
therefore given by U = (l>’ while for the HD and CHD models it is U = (j w §> .

The specific values for My, P, Q, rg, r, and s, can be found in [1]. For a_given w and
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2 Theoretical Background

g, egs. (2.47) and (2.49) can then be transformed to yield the small-signal mobility [1]

e J
=——=. 2.50
£ ng & ( )
2.4.1 Small-Signal Mobility
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Figure 2.2: Small-signal mobility of bulk silicon at Ty = 77K for ¢ = 0 and Ey =
0kV/cm, —0.1kV/cm, —0.2kV/cm, —0.5kV/cm and —1kV/cm.

In Figure 2.2 the small-signal mobility depending on the frequency is compared be-
tween the DD, HD and the BTE for different electric field strengths. Since ¢ = 0 is chosen
in this case, the convective derivatives present in the CDD and CHD models have no
influence here and thus, these models are omitted from the plot. For small frequencies,
the results are consistent with the BTE, originating from the fact, that the relaxation
times are directly extracted from the BTE results. In other words, the DC mobility at
f = 0Hz is fitted to the BTE result. Under equilibrium conditions (Fy = 0kV /cm) the
results from the DD and HD model coincide, since the assumed shape of the distribution
function is the same for both models and the drift terms vanish. Compared to the BTE,
there is however a deviation for medium to high frequencies due to the approximation
of the scattering term by a macroscopic relaxation time [4, 1].

For larger absolute values of the electric field (a positive drift velocity is achieved by

applying a negative Ej), the results for the three models differ from one another quite
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2.4 Small-Signal Analysis

significantly. In the real part of u an overshoot develops both for the BTE and the HD
model, which is completely missing in the DD model. This overshoot stems from the
difference in momentum and energy relaxation times, which can not be captured by the
single relaxation time assumption in the DD model, as opposed to the HD model [24, 1].
Similarly for Im{ ﬁ}, the HD model is also in much better agreement to the BTE, com-
pared to the DD, which fails to capture the region of positive Im{ H} at low frequencies

under moderately high electric fields [1].
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Figure 2.3: Small-signal mobility of bulk silicon at T, = 77K for f = 1 THz and Ey =
—1kV/cm.

Next, the ¢ dependency is investigated. In Figure 2.3 the absolute value of the small-
signal mobility is shown both for negative and positive real valued ¢ at a frequency of
f = 1THz and an electric field of Ey = —1kV /cm for all models, including the CDD and
CHD model. For ¢ — 0/m, the DD models underestimate the mobility, as opposed to the
HD models, which again is related to the single relaxation time that cannot capture the
overshoot. For small values of |g|, both of the convective models CDD and CHD show a
better agreement to the BTE, compared to the DD and HD model. Especially the CHD
model is in excellent agreement with the BTE, while the CDD model at least gives a
similar shape [1]. This shows, that the assumed shifted Maxwellian distribution function
is a good approximation to the BTE result for small ¢, at least under homogeneous bulk
conditions.

For larger values of ¢, all of the moments-based transport models fail to reproduce the
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2 Theoretical Background

BTE results. This is to be expected, since the small-signal mobility in eq. (2.50) has only
a very small number of poles in the complex g-plane [1] (whose influence can be seen as
peaks in Figure 2.3), compared to the large number of poles for the BTE [4, 5. Since the
position and strength of each pole completely determines the behavior of y in the whole
complex plane, even for the CHD, the correct behavior at small g necessarily results in
regions where the behavior is completely wrong; the number of degrees of freedom is
simply to small. This means, that if the poles were placed differently, the behavior at
large ¢ could be improved, but only at the cost of worse behavior for smaller q. At least

for very large ¢ — oo, all of the models show the correct relation of |u| oc g2 [1].

2.4.2 Dispersion relation

Up to this point, w and g were assumed to be independent. However, when the PE
is solved as well, this is no longer the case and a dispersion relation between the two
quantities can be found. To that end, a similar small-signal wave ansatz is made for the

potential
p(x,y,t) = po(x,y) + Re{p ¥ (y) exp(—jgz) exp(jwt) } , (2.51)

where the additional y-dependency is modeled by the function ¢ (y), which is normalized
in the channel center to Q(O) = 1. Under the assumption of dg, < doy, the small-signal
PE then reads

, 02 e
g(—g ; a—yg)wy) — — 5(y)n. (2.52)

- €ox

The solution is given by [1]

_ Slnh(g (dox - |y|)) and ('0 = —¢ dCh tanh((_]dox> n (253)

vy = sinh(gdox) - 26 ox q

resulting in the small-signal electric field in the channel

. . dch
E=jgp=-je;

tanh (qdox)n . (2.54)

3 oxX

For ‘ q ‘dox < 1, the hyperbolic tangent can be approximated by its argument and a
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2.4 Small-Signal Analysis

relation consistent with the gradual channel approximation is recovered

B(q) = tanh(qdox) = q dox

dch dox
. 2.
2€0x = (2.55)

Q

— p~ —e

When eqs. (2.47) and (2.54) are inserted into the expression for the small-signal mo-

bility (see eq. (2.50)), a nonlinear equation relating w and g can be found [1]:

N

1—] B(q) plw q) =0. (2.56)

ISEIES

2 Eox

For a given ¢, this can be transformed into an eigenvalue problem in w, or, alternatively,
for a given w and using the approximation from eq. (2.55), into an eigenvalue problem
in ¢ [1]. Both solution strategies result in multiple branches for the dispersion relation,
where the number of branches corresponds to the number of moment equations. The

branches with positive and negative real part are grouped such that

Re{¢"} >0 and Re{q } <0. (2.57)
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Figure 2.4: Dispersion relation for £y = 0kV /cm.

In Figure 2.4 the positive branches of Re{g} and all branches for Im{g} are shown
for the DD and HD model under equilibrium conditions. The CDD and CHD model are
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2 Theoretical Background

omitted again, since the convective derivatives have no influence at equilibrium. The
HD model yields the same two branches as the DD model, plus an additional two modes

which can be separated from the other two, due to their large imaginary parts leading

to strong damping. The modes are antisymmetric (¢~ = —¢*) [1].
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Figure 2.5: Dispersion relation for Ey = —1kV/cm.

Figure 2.5 shows the results under non-equilibrium conditions, including the convec-
tive models. For Ey # 0, the symmetry between the positive and negative branches
is broken, which can be easily seen when Im{g*} and Im{g‘} are compared. Even
though under these conditions the results from the HD models differ quite substantially
from the DD models, it is still possible to select the two modes with a comparatively
low amount of damping, as opposed to the highly damped modes, due to their large

separation considering Im{ g}.

2.4.3 Dyakonov-Shur Instability

In their influential paper [13]|, Dyakonov and Shur proposed a new mechanism for the
generation of THz-waves, by using the electron plasma oscillations in a ballistic Field
Effect Transistor (FET) with a 2DEG. They suggested using the one-dimensional Euler
equation [13]

0vq 0vg e

— —_— = — E 2.58
ot + U ox m* ( )
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2.4 Small-Signal Analysis

to model the electron transport, where vq is the drift velocity. This equation is actually
equivalent to the one-dimensional CDD model, under the assumption of no scattering
(r; — o0) and a homogeneous density in the channel (Zn = 0). Together with the
gradual channel approximation for the solution of the PE, an analogy to the shallow
water equations [32] can be found, which for asymmetric boundary conditions leads
to the prediction of an instability for electron plasma waves. By applying the same
procedure to the transport models used in this work, as well as the BTE, they can be
evaluated in regards to their applicability to describe THz-wave generation.

The asymmetric boundary conditions used by Dyakonov and Shur consist of fixing
the density at the source terminal to a constant value, while on the drain terminal the
current is fixed instead. In the small-signal regime this means that the corresponding

small-signal quantities should vanish at those points
n(0) =0 and j(L)=0, (2.59)

where L is the device length (see Figure 2.1). To fulfill both of these boundary conditions,
a superposition of two waves with the same frequency is assumed, which, in the case of
the two drift-diffusion models, are the two g(w) branches with positive and negative real
part. For hydrodynamic models, out of the four modes, the two with the least amount
of damping are chosen, which are separated from the other ones [1]. For the BTE, the
two Vlasov modes are chosen [5].

The small-signal density and current density are then given by

n(z) = n"exp(—jg*z) +n” exp(—jg ) (2.60)
j(z) = j"exp —jg*x) +J7 exp —jg’a:)
= q%ﬂ+ exp(—jgtz) + q%ﬁ exp(—jg ), (2.61)

where n™ and n~ are constant coefficients. Inserting the source boundary condition
yields
n(0)=n*+n =0 = n~ =-n*, (2.62)

which together with the drain boundary condition finally gives a nonlinear equation for
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w [1]

¢ (w) _

=——exp(jl¢T(w) —q¢ (w))L) —1=0. 2.63

o P @ - @)) 263
This equation is then solved by a Newton iteration, and the frequency f = % and
growth-factor ¢ = —Im{w} are extracted from the solution. When ¢ > 0, the system

is unstable, leading to an exponential growth of the plasma modes. This results in the
emittance of waves in the THz-range.

The original model by Dyakonov and Shur gives [13]

2,2 2 _ 2
ps S — Y . ST — g s+ v
W = s lo 2.64
- 2Ls ) 2Ls g(s—vo) (2.64)
for the plasma velocity s = /&% and the DC drift velocity vp, under the assumption

of s > vy. The gate capacitance for a double-gate device is approximated by C' = %.
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Figure 2.6: Growth factor for the Dyakonov-Shur instability.

In Figure 2.6 the growth-factor depending on the DC drift velocity is shown for the
different models. To avoid clutter, the models are split into two different groups with
similar characteristics. In the first group, the DD and HD model without convective
derivatives are shown, together with the results of a first-order SHE of the BTE. For
all three models, the growth-factor stays negative, and the HD model shows excellent

agreement to the BTE.
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The second group consists of the CDD and CHD model, as well as a third-order SHE
of the BTE and the original model by Dyakonov and Shur from [13]. In contrast to the
other group of models, here the growth-factor actually becomes positive. As opposed to
the first-order SHE, the third-order SHE takes the anisotropy of the distribution function
into account, which makes it more accurate. Both the DD and HD model are derived
under the assumption of an isotropic distribution function, which explains the similarity
to the first-order SHE [1]. All of the models in the second group have a similar slope,
which is consistent with the original model by Dyakonov and Shur. However, the original

model neglects scattering, which is why the growth-factor is consistently overestimated.
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Figure 2.7: Frequency of the Dyakonov-Shur instability.

For small drift velocities, all models give a similar result for the frequency of about
f = 3THz. For larger electric fields (and therefore larger vp), a huge discrepancy
between the DD and CDD on the one hand, and all other models on the other hand
arises. Overall, the best agreement to the BTE results is given by the CHD model [1].

2.4.4 Impact of the Boundary Conditions

Even though the approach by Dyakonov and Shur can provide a good tool for comparing
the accuracy of the moments-based transport models to the BTE, its ability to predict
actual plasma wave instabilities seems to be at least questionable. In [7] transport

through a silicon nanowire transistor was investigated under quasi-ballistic transport
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conditions using very large electron mobilities, which are also required for the Dyakonov-
Shur instability. The BTE was compared to the DD model, as well as a transport
model based on Ten Moments (TM). For the BTE, Thermal Bath (TB) boundary
conditions were used, where electrons in the contacts follow a Maxwellian distribution.
This distribution is then imposed at each contact as a boundary condition only on the
inflowing particles, not on the outflowing ones. For the other models both Dirichlet
and TB boundary conditions were considered. In the latter case, the TB conditions are

included by projection onto the moments.
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Figure 2.8: Influence of boundary conditions on plasma resonances.

In Figure 2.8 the resulting small-signal drain self-admittance is shown for both types of
boundary conditions. For Dirichlet conditions, which correspond to the kind of bound-
aries used by Dyakonov and Shur, the DD model shows some very sharp peaks, cor-
responding to electron plasma resonances. Increasing the number of moments leads to
more of these resonances (see results of the TM model). As opposed to that, the BTE,
which uses the more realistic TB boundary conditions, does not show any sharp reso-
nances. When TB conditions are applied to the DD and TM model as well, the results
are more consistent with the BTE, however there are still large deviations. Especially
for low frequencies the moments-based transport models give a far too large value for
Re{Ypp} [33, 34, 7].

In conclusion, the moments-based transport models fail in the near-ballistic transport
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2.4 Small-Signal Analysis

regime, and the situation gets worse for Dirichlet boundary conditions [7]. The plasma
instability predicted by Dyakonov and Shur can therefore be interpreted as simply an
artifact of the transport model in combination with unrealistic boundary conditions.
Nevertheless, the passive detection of THz waves (in contrast to their generation) us-
ing electron plasma oscillations is still a possibility. In the diffusive regime even the
DD model can give somewhat accurate results [7], and in the remainder of this work,
numerical algorithms for the simulation of both one and two dimensional devices using

moments-based transport models are developed.
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3 One-Dimensional Device Simulation

In this chapter, the focus is on one dimensional devices only, i.e. devices that can be
approximated to be homogeneous in all but one direction. The goal is to develop a stable
numerical scheme for solving the relevant equations, i.e. the PE coupled to a transport
model. Due to simplicity reasons, only the DD and CDD models are considered, serving
as a proof of concept. Because of their hyperbolic nature, typically used stabilization
strategies do not work anymore, and the scheme needs to be newly developed from the
ground up. Using many similar concepts, a low-order and a high-order scheme is created,
and stationary as well as small-signal results are presented for a simple one-dimensional

device.
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3 One-Dimensional Device Simulation

3.1 Grid

To solve a system of coupled PDEs numerically, the device under consideration needs to
be discretized. For that purpose, a grid is introduced, i.e. a device of length L is split
into a finite number of intervals with a finite length each. The interval length can be

the same for all intervals (equidistant grid), however that is not necessarily the case.
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Figure 3.1: Exemplified 1D device where the hatched patterns indicate contacts.

By introducing N grid nodes, denoted by x; where 1 < ¢ < N, the device is split
into N — 1 intervals, which will be called cells here. These cells are then numbered by

half-integers (see Figure 3.1), where the cell centers are given by
1
Tiifz = 5(Ti + Tiv1), (3.1)
and the corresponding cell extents are
A$i+1/2 =Tjy1 — X5 (32)

In addition to this, adjoint cells, numbered by whole integers, can be defined by using

the values 1/, as interval end points. For non-boundary cells, the adjoint cell size is
AT = Ty, — Ty = §(x,~+1 -z 1), (3.3)
while at the boundaries
Ary =x3, — 21 and Azy =aony —Tn_1ps. (3.4)

All spatially varying material constants, such as the electrostatic permittivity e(x) or
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3.1 Grid

doping concentrations, are approximated as piecewise constant on the direct grid cells,

e.g.
€($) = Ei+1/2 for z € (ZL’Z', $7;+1) . (35)

At both ends of the device (at x; and xy), metal-semiconductor contacts are attached,

which require special boundary conditions, when solving the device equations.
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3 One-Dimensional Device Simulation

3.2 Poisson Equation

There are many different methods for discretizing and solving the PE numerically. Most
of these methods can be grouped into one of the three categories: Finite-Difference,
Finite-Volume and Finite-Elements. Finite-Volume Methods (FVMs) have the advan-
tage, that the conservation of the electric flux can be achieved with relative ease, as
opposed to methods from the other two categories. In the context of semiconduc-
tor device simulation, usually the Vertex-Centered Finite-Volume Method (VCFVM)
is used [35, 36] (often referred to as the “Box-Integration Method”), which is discussed
in the next section. In addition to that, in this work a high-order Cell-Centered Finite-
Volume Method (CCFVM) is developed, which has a better resolution and can be cou-
pled more easily to the transport model, especially in two dimensions. Coupling to the
transport model is achieved by providing an expression for the electric field.

In one dimension the PE reads

—D(x) = oa) (36)

where for the sake of brevity the dependence on the time ¢ was dropped. The electric

flux density in one dimension is a scalar

D(z) = — 3.7
(@) = —e—5 = (3.7)
and similarly the electric field is given by
D(z) __ 9p(x)
E p—t e . 3 8
(0)= = = -2 (33)

3.2.1 Vertex-Centered Finite Volume Method

For the VCFVM, the adjoint cells are used as finite volumes (see Figure 3.2). Integrating

eq. (3.6) over the interval from Ti_1js 10 Tipr, Where ¢ # 1, N results in

Titl/2 aD Qo — Titl/2 d
[ p@dr= [ ) da

Ti_1/2 Ti_1/2

— Di+1/2 — Di,1/2 = Afﬁléz (39)
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Figure 3.2: Vertex-Centered Finite Volume Method using the adjoint cells as finite vol-
umes.

where Dj11/, = D(xiiw) are the electric fluxes on the adjoint cell boundaries and p; is

the average charge density in the interval

5= L [y d 3.10
b= | elw)de. (3.10)

Ti_1/2

Introducing the discrete electrostatic potential ¢; = ¢(x;) defined at each vertex, the

fluxes can be approximated by

5i+1/2
Axi+1/2

Dz’+1/2 ~ (i — 302'+1) = Ci+1/2(90i — Qiy1), (3.11)

with the capacitance coefficients Cj;1/,. Since the same expression is used at either side

of the cell interface, flux conservation is automatically achieved, i.e. Div D by = 0.
Titl/2
Inserting eq. (3.11) into eq. (3.9) leads to
— Cim1ppio1 + (Ci—l/z + Cz‘+1/2)90i - Cz‘+1/290i+1 = Ax;p; . (3.12)

For the contacted boundary points (i = 1 and i = N), Dirichlet conditions are applied
by setting the potential at these points directly to its boundary value

o1 =Vs+ouss and on =Vp+ dusp, (3.13)

where V5 and Vp are the external source and drain contact potential which are shifted by
the work function differences at both contacts ¢nmg s and ¢ms p, respectively. For ideal

ohmic contacts and assuming a homogeneous material, the work function differences are
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3 One-Dimensional Device Simulation

given by

Np - N
éus = Vrasinh (—D% A) (3.14)

when electrons and holes are considered, or

N
oms = Vr 10%( >

1

) (3.15)

when holes are neglected.
Writing ¢; and g; as column vectors, where ¢ denotes the i-th component, eqgs. (3.12)

and (3.13) can be combined in matrix-vector form yielding
Cp=Rp+ by, (316)

where C contains the capacitance coefficients, R is a diagonal matrix containing the cell
sizes Ax; and by is a vector containing the right-hand sides of eq. (3.13). Assuming
the charge densities p; and the external contact potentials Vs p are given, the discrete
potentials ¢; can then be calculated by solving eq. (3.16). In addition to that, at the

adjoint points the electric field can be calculated using the expression

Dy, _ Pi— Pin

~ 3.17
Eit1/2 A$i+1/2 ( )

Ei+1/2 =

While the VCFVM has the advantage of being quite simple, in general it is only first-
order accurate (second-order for equidistant grids). Moreover, eq. (3.17) is only accurate
at the adjoint points, which can lead to problems depending on how the transport model

is discretized.

3.2.2 Cell-Centered Finite Volume Method

As an alternative to the VCFVM, the CCFVM uses the direct grid cells as finite volumes.
Like before, integration over a volume results in a relation between the fluxes at the cell

boundaries and the average charge density contained in the cell

Titl § 4 Tit1 q
/xi %D(x) x:/xi o(z)dz

— Di+1 — DZ = AJIZ‘+1/2@Z~+1/2, (318)
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3.2 Poisson Equation

with D; = D(z;) and 9,1/, = ﬁ [Z% o(x) dz. Similar to the VCFVM, the flux can
i+1/2 i
now be expressed in terms of the potential, e.g. by connecting the relevant capacitances

in series

CZ'_I/QCiJ'_l/Q

D; ~ 2T
Cifl/z + Ci+1/2

(Pic1e = Pivrys) - (3.19)

This results in a method which is very similar to the VCFVM in terms of accuracy. How-
ever, in order to achieve a high-order method, where the electric field can be evaluated
everywhere in the cell, this approximation will not be used here. Instead, the electric
fluxes themselves will be used as discrete solution variables, as well as the cell averages of
the potential rather than its value in each cell center. Thus, there is one discrete solution
variable per cell (potential) and additionally one per vertex (flux), implying that there
also needs to be one discrete equation per cell and one per vertex. The cell equation is

already given by eq. (3.18), while for the vertex equation at first an expression for

Cirp(x) =@(x) for € (z5,241) (3.20)

in each cell is found. Subsequently, the continuity of ¢(x) at the vertices is enforced, i.e.

the left- and right-hand limits at each vertex must coincide

!

801'—1/2(951‘) = SDi+1/z(95i) ) (3.21)

which is the desired vertex equation. For the first and last vertex, this equation is

replaced by the corresponding Dirichlet boundary condition

g03/2(x1) =Vs+ oduss and QON_1/2(SL’N) =Vp+ dumsp - (3.22)

In the following, for the sake of brevity the cell indices are dropped. The notation shown
in Figure 3.3 is used, and the origin is shifted to the cell center.

The general idea for finding an expression for ¢(x) is to solve the PE exactly in each
cell. To that end, some information about the distribution of charges in the cell is
required, i.e. o(x) must be known instead of just p. It is therefore assumed that the

charge density at the Gauss-Legendre quadrature nodes and at the cell boundaries is

o(56) = (3.23)

known

35



3 One-Dimensional Device Simulation

2
_____ S
1 1
| Ok )
1 I
):(X X X X X):(
I I
| I
I I
_____ ) [
D~ Dt
| | | >
1 1 1 "
_ Az 0 Az

Figure 3.3: Cell-Centered Finite Volume Method using the direct cells as finite volumes.
The red markers indicate the position of the Ng = 5 Gauss-Legendre nodes
as well as the boundary values gy and on;+1-

with k£ € {0,1,..., Ng, Ng + 1}, where Ng is the number of utilized Gauss-Legendre
nodes. The Gauss-Legendre quadrature rule then gives an approximation for the cell-

average charge density

R Y 18
k=0 k:l

The values for &, as well as the corresponding integration weights w, depending on Ng
are given in Table 3.1 [37]. In addition to the values given in the table, the values for

the additional nodes at the cell boundaries are
f(] = —1, gNGJrl =1 and Wy = WNg+1 = 0. (325)

To get an expression for o(z), the interpolation polynomial through the values gy is

constructed. In the Newton basis it is then given by

Ng+1 Ng+1 r—1

= Z Z amH (x — )05, (3.26)

r=0 s=0 t=0

where the values a,s are the newton interpolation coefficients which are calculated by
the method of divided differences. Because the Gauss-Legendre nodes are more densely
distributed at the interval endpoints than in the middle, Runge’s phenomenon [38] is
avoided. The interpolation polynomial has a degree of Ng + 1, while polynomials up to
a degree of 2Ng — 1 are integrated exactly by the quadrature formula. This demands

that Ng > 2, otherwise the polynomial would not be consistent with the cell average.
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Ng  Order 19
1 1
2 3 +

B
S
el

%l“ o

N
\]
H_
W
|
o
ﬁx ﬁx oﬁx
N
-+
=
%\ ﬁ! ©loo ©lut N

3, 2 1 1

+ 7 + 7 2 6
1 . 10 322413v70

i?) 5—2 7 900

5 9

1 10 322—13V70

i3 5+2 7 900
128
0 255

Table 3.1: Gauss-Legendre nodes and weights for different values of Ng. Polynomials
with a degree up to the given order are integrated exactly.

Assuming the charge density to be given by eq. (3.26), in the following the PE is
solved exactly, resulting in an expression for ¢(z) in terms of the g, € {00, ..., OnNg+1}s

D%, D~ and @, which is the cell average of the potential

[

Az
p= é/_ o(x)de . (3.27)

Az/g

Since the permittivity € in the cell is constant, the PE can be written as

d—igp(x) = —ﬁ, (3.28)

d (z) D~
_ €x e
dxtp _Aa €
d Dt
—o(x = ——. 3.29
W) - (329)
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3 One-Dimensional Device Simulation

This problem in connection with eq. (3.27) is well-posed, as long as eq. (3.18) is fulfilled.

The solution strategy is to split the charge density into an average and a fluctuation

o(r) =2+ o(z), (3.30)
where
Ng+1Ng+1  r—1
o(r) = Z Z Qrs (x —x)(0s — 0)

r=0 s=0 t=0
Ng+1 Ng+1 r—1 Ng+1 w

= ars | | (z — ) Z <5u5 — 7)& ) (3.31)
r=0 s=0 t=0 u=0

Because of the linearity of the PE, it is useful to split the potential in a similar manner

p(x) = "(x) + ¢(z) (3.32)

where ¢*(x) should not be confused with @ (which is constant). In fact, it is the solution
to the modified problem

a 0

2 @ =-2, (3.33)
which should also fulfill eq. (3.27) and the boundary conditions from eq. (3.29). The

solution is given by the second degree polynomial

a L 1/ Az =z T + 1 Arx =z T _
90(95)‘“5(5‘5(”@))” +g(—ﬂ—§(1—m)>D - 339

Note that even though this result does not depend on p, it is still consistent with the
right-hand side of eq. (3.33), as long as eq. (3.18) is satisfied.
The potential fluctuation can then be calculated by solving the PE with the charge
fluctuation on the right-hand side
d? _

) = -2 (3.35)

together with homogeneous Neumann boundary conditions, where

1 Aac/g 1 Az/g
¢(x)dz =0 and o(x)dx=0. (3.36)

ar ) a, ar ) a,
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3.2 Poisson Equation

This Neumann boundary problem is also well-posed, resulting in

Ng+1 Ng+1 Ng+1

3D LY N N ) (CETET D SRR O PeRS
,Ax/g 7Aac/2 k=0 2
(3.37)
with
NG+1 Nc;—l-l a Az/ Nc;+1 wk
Do = — / / 2" — x;)d2” da’ dw <6ks — —) Ok -
5—=0 6A.T _AI/Q —AI/Q —AI/QH kX; 2
(3.38)
By converting the product to the monomial basis
r—1 r—2 r—1 r—3 r—2 r—1
(x —xg) = 2" — Z rpr Tl 4 Z Z Ty X LTy T
t=0 t=0 u=t+1 t=0 u=t+1 v=u+1

= Z byna” (3.39)
n=0

the integrals can be solved, finally giving

Ng+1

=Y di(@)(e.— D). (3.40)

where
Ng+1 a
ds(z) = e, 3.41
@)= el (3.41)
and
d brn Az 2(1 4 2n(n+4) + 7)(-1)")
cr(z) =
— (n+1)(n+2) 2n+3(n 4 3)
n+1
+(—Aag) (Az(n+1)+2(n+2)z) x"“) (342)
2n+2
Alternatively, the potential fluctuation can be expressed solely in terms of the g,
Ng-i-]. "
P(z) =) diz)os, (3.43)
s=0
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3 One-Dimensional Device Simulation

with
N(;—l-l

d,(z) = Z d () (5us - “’7) (3.44)

Inserting eqgs. (3.34) and (3.43) into eq. (3.32), the potential can now be evaluated
with high accuracy at every point inside of the cell, as well as on its boundaries. Writing

egs. (3.18) and (3.21) in matrix form results in an equation system

0 C. R. 0
) = (0 e , (3.45)
Cvt,go Cvt,D D th bV

which is similar to the one for the VCFVM. However, it is about twice as large due to
the introduction of the fluxes D; as solution variables, and there are also about Ng + 1
times as many entries as before in o.

After solving the system, the electric field can be evaluated by

E(z) = B*(x) + E(x), (3.46)

with
E*(z) = —G};z = é(é(D* +D7) + Aix(D+ — D‘)) (3.47)

and
By =~ ==Y Sa@e-n=- Y Sd@e.  (349)

3.2.3 Nonlinear Poisson Equation

In the previous section the charge density was assumed to be known. However, when
the quasi Fermi potentials ®"(x) and ®P(x) are provided instead, the charge density is

effectively coupled to the potential

_$n P _
Q:@(ND—NA—niexp(gpv )—i—niexp( 7 90)), (3.49)
T T

resulting in the Non-Linear Poisson Equation (NLPE). In the case of the VCFVM it

can easily be solved by a Newton iteration, since there is the same number of discrete

charge densities as there are discrete potential values; the number of equations therefore

does not increase and the system size stays the same. However for the CCFVM this is
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3.2 Poisson Equation

not the case, since the number of charge densities is much larger than the number of
potentials and fluxes.

To avoid having to solve a larger system, the solution strategy is to use a two-level
Newton iteration, i.e. at the bottom level the NLPE is solved cell-wise by introducing
potentials at each Gauss-Legendre node, while the average potential and the fluxes are
kept constant. This part of the iteration can be effectively parallelized, because all cells
are independent. From the resulting node potentials the charge density at each node
and the potential at the cell boundaries can be calculated, which is then used at the top
level of the iteration to yield the cell average potentials and the electric fluxes.

Considering a single cell, the potential at the Gauss-Legendre node x; is

br= + @, (3.50)

where

JAN x
= DT —D7) - =(D"+ D" bl
=TS <(24 2Am)( )-S50+ )) (3:51)
is given by eq. (3.34) and can be evaluated directly. When eq. (3.49) is inserted into

eq. (3.43), an indirect equation for the potential fluctuation is received

Ng+1 — Pn q)p _
oL = Z d(z1)e( Np — Na — njexp ek + n; €xp —k Tk : (3.52)
pe VT VT

Inserting this relation into eq. (3.50) yields the residual equation

a & or — P}, Py — i, !
o1—pF— kz_; dk(ml)e<ND — Np — my exp< A ) + exp(T)) = fr(p) =0
- (3.53)
where the components of ¢ are the sought-after ¢;. Equation (3.53) is a coupled system
of Ng + 2 equations, which is solved by a Newton iteration. For the initial guess of the
solution the values ¢} can be used, which results in only a few iteration steps in most
cases. After the solution has been found, derivatives w.r.t. the parameters p, D*, D~

as well as @ and ®} are calculated by indirect differentiation, e.g.

%2 _ _git.0)

7 (3.54)

8—’
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3 One-Dimensional Device Simulation

with the Jacobian matrix J{f, ¢}. Finally, with eq. (3.49), the charge density and its
derivatives are calculated, after which egs. (3.18) and (3.21) can be evaluated for the

top level of the Newton iteration.

3.2.4 Equilibrium Results

Under equilibrium conditions the QFPs should be zero in the whole device
¢"(z) =0 and PP(x) =0, (3.55)

and so the NLPE can already be solved for this case, without consideration of any
transport model. As an example, an NT-N-N* device is used here, with a doping con-
centration of Np = 10?° cm ™3 in the contact regions and Np = 10'° cm ™2 in the channel.
The electrostatic permittivity is chosen as € = 11.7¢y and the intrinsic carrier density as
n; = 10'% ecm 3. The lengths of the contact regions and the channel are Lg = L = 40 nm
and Lc = 160 nm, respectively. An equidistant grid is used with Az = 5nm. Holes are

neglected.

065 T T T T T T T T T T T

0.6

0.55

0.45

—— VCFVM

~-- CCFVM Ng = 2
~--CCFVM N¢ =3

7 CCFVM Ng = 4

—CCFVM Ng =5

0.4

035 | | | | | | | | |
-120 -100 -8 —-60 —40 —20 0 20 40 60 80 100 120

Figure 3.4: Potential for the NT-N-N* device at equilibrium.
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Figure 3.5: Electron density for the NT-N-N* device at equilibrium.
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Figure 3.6: Electric field for the N*-N-NT device at equilibrium.
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Figure 3.7: Electron density for NT-N-N* device at equilibrium for the CCFVM with
N¢ = 2 and different grid constants.

In Figure 3.4 the potential under equilibrium conditions is shown for both the VCFVM
and the CCFVM with a varying number of Gauss-Legendre nodes per cell. While all
curves have an overall similar shape, differences become apparent at the transition be-
tween the highly doped contact regions and the channel. The VCFVM with its piecewise
linear behavior has in general the lowest resolution, on the other hand it appears to be
also the most stable method, without any over- or undershoots. In contrast to this, the
CCFVM shows some oscillatory behavior, which gets worse for smaller values of Ng.
This is to be expected, because the interpolation of o(z) should get better, the more
nodes are used.

The corresponding graphs for n(x) are shown in Figure 3.5. Due to the exponential
relationship between ¢ and n the oscillations of the CCFVM are even more pronounced
here. For Ng = 2, the oscillations become so strong, that even unphysical negative
densities occur. However, this can happen only between the interpolation nodes, since
for each node k in a cell n, = ny exp(ﬂ> > (0. Next, in Figure 3.6 the electric

Vr
field is shown. Here the problem with the VCFVM becomes apparent, because its low
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resolution leads to a piecewise constant field. The sharp peak shown by the CCFVM is
therefore not resolved properly.

Finally, the effect of the grid constant Az is shown in Figure 3.7. Using a grid constant
of Az = 2.5nm, the oscillations are suppressed considerably, even for the small value of
N¢g = 2, and negative densities do not occur anymore. When the grid spacing is reduced
even more to Axr = 1.25nm, the oscillations vanish completely. In conclusion, the
CCFVM provides a much better resolution for the electric field inside of a cell than the
VCFVM. However, when the grid is not chosen carefully, the CCFVM can be unstable,
leading to spurious oscillations that can even produce unphysical negative densities. In
addition to using a finer grid, the effect can also be mitigated somewhat by increasing
Ng.
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3 One-Dimensional Device Simulation

3.3 Classical Drift-Diffusion Model

Under non-equilibrium conditions, a model is needed to describe electron transport in
the device. Here, the classical DD model is presented, which is stabilized using the
well-known Scharfetter-Gummel (SG) scheme [39]. It can serve as a benchmark for the
numerical schemes developed in the following sections.
Neglecting holes as well as carrier generation and recombination, the classical DD in
one dimension is given by the continuity equation
g—? + % =0, (3.56)

where the electron current density j(x,t) is given by

, 9
iz, t) = —p (En + vTa—Z) , (3.57)

with the electron mobility y = £5. The SG scheme is closely related to the VCFVM for

m*’

the PE, and is similarly derived by integration over an adjoint finite volume

Axig + Jitis — Jicipy = 0. (3.58)

The current density at the adjoint grid points is calculated by assuming that it is constant
on each interval

J(x) = jiyrp = const  for € (x5, 2541), (3.59)

leading to the boundary value problem
on
Eiiion + VT8_I = const, where n(x;)=n; and n(x;1)=n;. (3.60)

The electric field is also assumed to be constant in each interval, and is calculated by

eq. (3.17). Solving the boundary value problem yields

. puVr Dit1 — Pi Vi — PYit1
1y = — B i1 — Bl ————— |n;|, 3.61
J +Y AZL’HJ/Q |: ( VT )n i ( VT )n 1 ( )
where
X
B = ith B(0)=1 3.62
@)= =1 M BO (3.62)
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3.3 Classical Drift-Diffusion Model

is the non-negative Bernoulli function. Together with the Dirichlet boundary conditions

ny = n; exp % and ny = n;exp m , (3.63)
Vr Vr

this results in a stable numerical scheme which guarantees non-negative densities n;.

47



3 One-Dimensional Device Simulation

3.4 Hyperbolic Transport

To capture the effects of electron plasma oscillations, the time derivative of the current
density must be included in the transport model, turning it into a hyperbolic system of
partial differential equations. In one dimension such a model can be expressed in the

following form

oU |, oF _

ot Ox ’
with the state vector U lumping together all transport variables. The flux is a function
of that state F' = F(U), while the source term S = S(U, E) depends on the state as
well, but is additionally dependent on the electric field. For the hyperbolic DD and the

CDD model, these vectors are given by

v=("). F=(,{ .1] ad s= O (3.65)
j Gn[+L] —=Bn—1

where the convective term indicated by the square brackets is only present in the CDD
ksT
m*

make more sense in the context of the later introduced Riemann solvers. As opposed to

(3.64)

model. The thermal velocity cr = is introduced as an abbreviation, which will

the parabolic classical DD model, hyperbolic transport models can not be stabilized by
the SG scheme, and different methods need to be developed.

3.4.1 Godunov’'s Scheme

One of the simplest methods to solve equations in the form of eq. (3.64) numerically is
Godunov’s Scheme [40], which is also a finite volume scheme. Integration of eq. (3.64)
over a grid cell leads to
aU + ! (F, F)=S8 (3.66)
ot~ Axiiy, o EE .
where UHl/Q and §7;+1/2 are cell averages of U and S, respectively. In order to ensure
conservation, at each cell interface a single numerical flux F; must be used, which is

shared between the two neighboring cells. Using the UHl/Q as solution variables, the
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3.4 Hyperbolic Transport

state in each cell is obtained from the piecewise constant reconstruction

U([L’) =~ Ui+1/2 for z ¢ (l’i,l'sz) . (367)

The problem that arises, is that at the cell interfaces the reconstructed state is discon-
tinuous, however, a single, unambiguous flux must be computed to ensure conservation.
Using a simple arithmetic average F; = F(%(ﬁHI/Q +Ui,1/2)) is highly problematic,
since it does not take the direction of information flow into account and therefore leads
to spurious oscillations. Instead, the flux must be properly upwinded, to which end a
Riemann solver is used. This results in a special interface state

U =U; (U (z;),U(z])), (3.68)

)

that is given by either an exact or approximate solution of the underlying system of

partial differential equations.

3.4.2 Riemann Solver

—u(z,0)
=== u(z,ty)
UR ;
: at1 :
™
u* .
up, pP————— - === = - - - —
O | |
0

t

—

t [a.u]
u [a.u.]

0 at1
z [a.u] x [a.u]
(a) Curves along which u = const. (b) Corresponding solution.

Figure 3.8: Characteristic curves and the corresponding solution to the linear advection
equation with @ > 0 for the two times ¢t =0 and t = ¢; > 0.

To understand the functionality of a Riemann solver, it is best to start with the
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simplest possible hyperbolic PDE, the linear advection equation

ou ou B

5 Tan- =0, (3.69)

where u(z,t) is a scalar quantity and a = const is the constant advection velocity. Given
the initial data
u, for =z <0
u(z,0) = , (3.70)
ugr for x>0
the solution at a time ¢; > 0 can be computed directly by the method of characteristics.
It is given by
u;, for z < at;
u(z,ty) = : (3.71)
ugr for x> aty
The initial discontinuity is therefore traveling as a wave with the constant velocity of a

(see Figure 3.8), resulting in the interface state

. u, for a>0
u* =u(0,t) = : (3.72)
ug for a <0

With this trivial result as a starting point, a Riemann solver for linear systems of
PDEs, e.g. the linear DD model is developed first. Next, Burgers’ equation is used to
showcase the effect of nonlinearity in the underlying PDE system. This is then adapted
to the nonlinear CDD model which includes the convective derivative. Finally, for the
sake of completeness, Roe’s solver is shown as an example for approximate Riemann

solvers that can be used for more complex systems.

3.4.2.1 Riemann Solver for the hyperbolic Drift Diffusion Model

The hyperbolic one-dimensional DD model without source term can be written as

0 [n 0 Ji 0
020

The inclusion of the source term would lead to the gradual change of the interface state

over time. It can be safely ignored, since only the state at an infinitesimal time ¢; > 0
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is of interest here.
As before, the initial conditions are assumed to be two constant states connected by

a discontinuity

(2,0) n;, for <0 4 j(z.0) g, for z <0
n(x,0) = and  g{x,Y) =
ng for x>0 Jr for x>0

(3.74)

To get the solution at t; > 0, the two equations need to be decoupled. To that end,
the flux Jacobian A = J{F,U}, containing the derivatives of F w.r.t. U, and its

eigendecomposition are calculated

0 1 1 1\ [ —cr 0\ ([} 5L
A=, - o 2 TEer ) (3.75)
cr 0 —cr CT 0 e 3 Ber
Multiplying eq. (3.73) by the left eigenvector matrix then yields the decoupled system
0 - 0\ 0 0
Y (T (") =), (3.76)
ot \p 0 ec¢p) O0x\p 0

where both equations have the same form as the linear advection equation, with the two

characteristic velocities £cr. The corresponding characteristic variables are

<5> - ( ﬁT> <]> - (g +£> : (3.77)

Since cr > 0, the interface state for the transformed system is then

D= D=

o o R TR
R™79 7 9
* nr jL
_g =ML 3.78
B B, 5 + %r ( )

Back transformation to the original variables finally yields

’ 1( + )+1(' R)
n = —=(n n — —
5 L R 2CT]L JR

1, , c
J = §<]L + Jr)+ %(RL — nR) . (3.79)
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3 One-Dimensional Device Simulation

In addition to the arithmetic average, this also contains a correction term which mixes

n and j. The resulting flux

1{ jr+j -
o T I R (3.80)
2 \cing + g, 2 \jr—1Jo

is closely related to the Lax-Friedrichs flux [41].

T T
—n(z,0) —j(z,0)
- - n(x,ty) Ju . --- o, )
NnR + :
cT tl : :
1
';‘ n* 1 ';‘ :
s ntl EEEEEEEE s TEEEEETE ' 1 & IR .
'g' . :‘ 1 —Cr t1 crty ‘:
1 - g
| —crt : :
' | . i
: -k ! J :
1 B ®--=====- B
"’LL 1 .
| | | | | |
—CT tl 0 cT tl —CT t1 0 cT tl
x [a.u] x [a.u]
(a) Electron density. (b) Electron current density.

Figure 3.9: Example solution for the linear, hyperbolic DD model without source term
for the times t = 0 and ¢t = ¢;.

In Figure 3.9 an example solution is shown. In contrast to the scalar advection equa-
tion, there are now two moving waves with the velocities +cp, in between which a

constant state develops.

3.4.2.2 Riemann Solver for Burgers’ Equation

The simplest nonlinear hyperbolic PDE is Burgers’ equation [42, 43], which in conser-

ou 0 (1
% " B (§u2> =0. (3.81)

In regions where u is continuously differentiable, this is equivalent to the non-conservative,

vative form is given by

quasi-linear form

ou ou

a + u% = O, (382)
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3.4 Hyperbolic Transport

which highlights its similarity to the linear advection equation. However, unlike before,
the wave velocity in Burgers’ equation is not constant, but rather given by the state
variable u(z,t) itself. This has some important consequences, in that the wave is not a

simple moving discontinuity anymore. Using the initial conditions

(2.0) u, for z<0 (3.83)
u(x,0) = , .
ugr for x>0

depending on the relation between uy, and ug, rarefaction or shock waves can develop.

ty I
— u(z,0)
UR e m (e, ) ’
uty e
,
0 ' s
/"’_
e Utl
Uy, z' |
0 | | |
0

t [a.u]
u [a.u.]

ury, tl 0 UR tl
z [a.u] z [au]
(a) Characteristic curves. (b) Corresponding solution.

Figure 3.10: Rarefaction Wave for Burgers’ Equation with ur, < ug, in fact uy, < 0 and
ugr > 0.

Starting with the case that u;, < ug, it is clear that characteristic curves starting from
x > 0 will move at a faster speed than curves starting from x < 0. Therefore, a gap

between the two straight lines
zp(t) =urt and xg(t) = urt (3.84)

will form (see Figure 3.10). Since all information about the solution at ¢t > 0 must
be contained in the initial data from ¢ = 0 (otherwise the entropy condition would be

violated), all characteristic curves must start at ¢ = 0, and so in the gap a so-called
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3 One-Dimensional Device Simulation

rarefaction fan develops (shaded area in Figure 3.10a).

t1 —
u*
uy, -- |
: Stl:
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0

t [a.u.

u [a.u]

0 Stl
x [a.au] x [a.u]
(a) Characteristic curves. (b) Corresponding solution.

Figure 3.11: Shock wave for Burgers’ Equation with up, > ug.

In the opposite case, where uy, is larger than ugr, the curves will collide with each other
and a shock wave will form (see Figure 3.11). The velocity of the shock wave is given by
the Rankine-Hugoniot jump conditions [44, 45, 46], where the flux difference is assumed

to be proportional to the state difference over the wave

1 1
s(ur —uy) = §u§ — iui , (3.85)

with the proportionality factor s being the velocity of the shock wave. In this case it is
given by
1
s = §(uL + ug) . (3.86)
The solution procedure consists of determining the kind of wave that will develop by
checking whether uy, < ug (rarefaction) or uy, > ugr (shock). The interface state is then

given by the corresponding value

ug, for up, >0 Uy, for s>0
Uppre = 4 0 for up, <0<ur, Ushook =40 for s=0 . (3.87)
UR for ug <0 UR for s<0
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3.4 Hyperbolic Transport

3.4.2.3 Riemann Solver for the nonlinear CDD Model
The nonlinear CDD model without source term is given in conservative form by

U oF
ot or

n J
U = and F = . ) 3.89
(j) ( + —) )

Similar to Burgers’ equation, in regions where U is continuously differentiable, it is

0, (3.88)

with

equivalent to the non-conservative, quasi-linear form

U  oU
LA = :
5 TAS =0, (3.90)

with the flux Jacobian
0 1
A=J{F, U} = o 2 9] (3.91)
Cr n?2 n
Diagonalization of the quasi-linear system yields

U oU
12 AR = .
R+ AR S =0, (3.92)

™= Q=

_ o 15} %—CT 0
ali-en) shren)\" 0 drar

with the right eigenvector matrix R and the eigenvalues A\; = % —cr and Ay = % + cr
corresponding to the wave velocities. The scaling factors o = «(n, j) and 5 = B(n, j) are
introduced because of the non-uniqueness of eigenvectors. Using characteristic variables,

the system can then be written as

oV IV

- = 94
8t+ B 0, (3.94)
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3 One-Dimensional Device Simulation

where

- R, (3.95)

with R; being the i-th column of R.

Similar to Burgers’ equation, the nonlinearity leads to rarefaction and shock waves
in the solution to the Riemann problem. However, because there are two characteristic
velocities, there will also be two waves like in the linear DD model. Between those two
waves, which from here on will be called 1-wave and 2-wave (corresponding to A; and
A2), a constant state Uc develops. To calculate this center state, equations relating the
states across each wave need to be found.

Starting with a l-rarefaction wave and using eq. (3.95), the relations

on dj Ji
v =« and a a(n CT) (3.96)

are found, where the partial derivative w.r.t. V; is taken under the assumption that the
second characteristic V5 is kept constant. This is indeed the case across a 1-rarefaction
wave, and the two equations can be combined into

dj _J

— =% —c7, 3.97

dn n T ( )

where the scaling factor a has been canceled. Integration of this separable differential

equation yields
' n
L1 10g<—) = const = V4, (3.98)
n N
where the integration constant can be identified as the second characteristic variable V5.

Analogously, for a 2-rarefaction wave the equation

l — 7 log(ﬁ) = const = ‘/1 (399)
n No

is found. The constants V; and V5 are sometimes referred to as generalized Riemann

invariants [47]. The scaling factors can now be determined as

a=—— and f=—. (3.100)
n n
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3.4 Hyperbolic Transport

A 1-rarefaction wave connecting the left (L) and the center (C) state then gives

jo = no <‘7—L +or log<@>). (3.101)
ny, ng
For shock waves, eq. (3.95) cannot be used, since U is not continuous across shocks.

Instead, similar to Burgers’ equation, the Rankine-Hugoniot jump conditions are used,
e.g. for a 2-shock, which connects the center (C) and the right (R) state

s(Up —Uc) = F(Ug) — F(Uc), (3.102)
which results in '
s = ]—R+CT\/":C, (3.103)
nR nR
and finally
jo = Jjr +s(nc —nr). (3.104)

Equating egs. (3.101) and (3.104), the density for the center state n¢ can then be found

by a Newton iteration.

tl tl
£l El
<, =,
0 0
0 0
z [a.u] z [a.u.]
(a) Characteristic curves with = = A\jt. (b) Characteristic curves with x = Aat.

Figure 3.12: Example characteristic curves for the nonlinear CDD model with a
1-rarefaction and 2-shock wave for the subsonic case.

Since a l-rarefaction combined with a 2-shock (see Figures 3.12 and 3.13) is just one

57



3 One-Dimensional Device Simulation
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Figure 3.13: Example Riemann solution for the nonlinear CDD model with a
1-rarefaction and a 2-shock wave for the subsonic case.

of four cases, for simplicity the following function is defined

no( L + ¢ log( 2 for n; > ny

. / . ni n2

Jo(csm, 1) = A , (3.105)
J1+ <fl—11 - Z—f) (ng — ny) for ny < mny

which gives the current density of the center state for both 1- and 2-waves. The wave
is selected by the sign of ¢/, i.e. ¢ = +c¢t for the 1-wave and ¢ = —cr for the 2-wave.
Depending on the densities, either the shock or the rarefaction formula is used, in ac-

cordance to the entropy condition. Finally, the equation

!

ja(+er, nu, ju,ne) — ja(—cr, nr, jr,ne) =0 (3.106)

is solved by a Newton iteration to find nc and subsequently jc.

In the subsonic case (|%| < cr everywhere), the interface state is then given directly
by the central state U* = Ug, while in the supersonic case (|%| > cr everywhere) the
interface state is either the left or right initial state. Another possibility is the transsonic
rarefaction case (similar to Figure 3.10), where the interface lies somewhere in the middle
of a rarefaction wave. One part of the wave therefore travels in positive and another in

negative x-direction. In that case, the characteristic speed of the wave at the interface
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3.4 Hyperbolic Transport

has to be zero: A = 0. Together with the corresponding rarefaction wave relation, this

can be used to calculate U*.

3.4.2.4 Roe’s approximate Riemann Solver

For more complex systems, the procedure shown for the CDD model might be too
cumbersome, since the number of waves to be considered will be larger and the eigenvalue
decomposition of the flux jacobian might also become quite complex (as in complicated,
it should of course still be real-valued for hyperbolic systems of PDEs). Instead, the
approximate Riemann solver of Roe [48] can be used. The main idea is to linearize the

system by replacing the flux Jacobian by a suitable constant matrix, the Roe matrix
A =AU, Ug), (3.107)

which depends only on the two initial states, not on the instantaneous state. Addition-
ally, A must be diagonalizable with real eigenvalues to preserve hyperbolicity, and it

should be consistent with the nonlinear Jacobian

lim A =A(U). (3.108)
U, —U
UR—>U

Furthermore, to ensure conservation, it is required that

A (Up—Up) = F(Uy) — F(Uy). (3.109)

For example, a possible choice for the CDD model is

— 0 1
Acpp = ) 3.110
ol PR e
for which egs. (3.108) and (3.109) can easily be verified.
The approximate system
ou —_oU
—+A—=0 3.111
ot * Ox ( )

can then be solved in the same way as described for the linear DD model, by diago-
nalization of A and therefore as a series of linear advection equations. The eigenvalue

decomposition of A can be done numerically, since the analytic result is not needed.
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3 One-Dimensional Device Simulation

Solving the Riemann problem using the linearized Roe matrix has the effect, that the
nonlinear rarefaction and shock waves of the original system are approximated by linear
waves, which works reasonably well in most cases. However, a problem arises when the
original system develops a transsonic rarefaction wave. In the linearized system this wave
is replaced by a single linear wave either traveling in positive or negative x-direction,
giving a wildly inaccurate solution for the interface state U™, and violating the entropy
condition. To address this issue, a so-called entropy fix [49] can be used, e.g. the one
by LeVeque [50], where in the case of a transsonic rarefaction wave, the linearized wave
is explicitly split into two waves connected by a constant intermediate state. Assuming
the state before and after the k-th wave are denoted by Uy, and Uy, a transsonic
rarefaction wave is detected, if the wave velocities fulfill \g(Uy ) < 0 and A\, (Ugr) > 0.

In that case, the intermediate state (and therefore the interface state) is given by [50, 51]

T ()\_k — Ak(Uk,L))Uk,L + ()\k<Uk,R) — Xk)Uk,R _

= U, 3.112
g Me(Uir) — Me(Un) (3:112)

where \; is the wave velocity of the linearized wave, i.e. the k-th eigenvalue of A.

3.4.3 Boundary Riemann Solver

A Riemann solver can be used to determine the interface state at each cell interface
inside of the device. However, at the boundaries of the device the solver needs to be
modified, since a boundary interface has only one neighboring cell as opposed to inner
interfaces, and the appropriate boundary conditions must be taken into account. Start-
ing with contacted boundaries, Dirichlet boundary conditions for the electron density

are implemented. Thus, parts of the interface state are already known
Ny = Net (3.113)

where ct is a placeholder for a vertex index of a contact. To get the current density, in the
Riemann solver only the wave that flows into the device is considered, and through this,
the interface state is connected to the state directly inside of the device. For example, in
the case of the CDD model, eq. (3.105) is used to calculate the current density directly,
since n* is already known.

For uncontacted boundaries (not relevant in the one-dimensional case), the normal
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3.4 Hyperbolic Transport

component of the current density is assumed to be zero on the interface (no incom-
ing/outgoing flow of electrons)
Jji=0. (3.114)

The process is therefore exactly the opposite of the one for contacted boundaries: The
current density is known and the density is calculated by connecting the interface state
with the device state via the wave flowing into the device, while ignoring the wave that

is flowing out.

3.4.4 Source Terms and Well-Balancing

So far in this work, not much thought has been given to the source term. The original
scheme [40] does not contain a source term, and a naive approach would be to simply
add a cell average of §. However, such an approach will only work in rare cases. For pure
conservation laws, a stationary solution simply consists of a constant state Usg.g(z) =
const, since without source terms the condition %2t = 0 implies that 2 F (Usa(2)) =
0. Such a constant state can easily be approx1mated numerically by a finite volume
scheme on a grid. On the other hand, balance laws with S # 0 generally exhibit non-
constant stationary solutions, where the flux derivative is exactly canceled by the source
term

O P (Usae(2)) = $(Unaa(x). (3115
These solutions are often smooth [52], even though under certain conditions stationary
shock waves will develop, leading to isolated discontinuities [53]. A numerical scheme
should be able to approximate these stationary solutions reasonably well, i.e. a smooth
stationary solution of the continuous system should be approximated by a smooth sta-
tionary solution of the discretized system. The simple finite volume approach as dis-
cussed before will treat flux derivatives and source terms quite differently (evaluation
of fluxes at the cell surfaces vs. integration of the source term over the cell), making it
difficult to exactly balance these terms, while keeping the solution smooth. The naive
approach therefore leads to spurious oscillations. On the other hand, a numerical scheme

which preserves smooth stationary solutions exactly is called well-balanced [54].

One way to achieve a well-balanced scheme is to introduce a new artificial variable o,
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3 One-Dimensional Device Simulation

and write the system in quasi-linear form as [55]

o (U A -8\ o0 (U 0
QR HIGR R

where A = J{F,U} is the flux Jacobian and 8%0 = 1 in the continuous case. By

making a piecewise constant reconstruction
U(x)=U;yyp, and o(x) =z, for z € (v5,i41), (3.117)

the effects of the source term are therefore shifted to the cell interfaces. The resulting
Riemann solution will exhibit an additional stationary wave, since the modified matrix
has an additional eigenvalue of 0. This can be treated by using a specialized Riemann
solver, e.g. the Rankine-Hugoniot-Riemann solver from [56]. Unfortunately, it will fail
in the transsonic regime, where the original waves will mix with the new stationary
wave, and a much more complicated exact solver has to be used [57]. Even if such a
solver is used, the solution will not necessarily be unique [57, 58], since the system is not
strictly hyperbolic anymore and multiple waves can have the same wave velocity of 0.
Furthermore, the piecewise constant reconstruction results in a first-order scheme, which
will introduce a large amount of damping, especially at high frequencies. Nevertheless,
for equations with a linear flux term, like the BTE discretized in k-space, this approach
appears to work reasonably well [7, 8].

In this work, it is not necessary to achieve well-balancedness for all possible stationary
solutions, since the electron plasma oscillations are simulated by a transient approach
around a stationary state. Therefore, the requirement for the numerical scheme, to be
well-balanced for all possible stationary solutions, can be relaxed. Instead, it will be
balanced only for one particular stationary state. Hence, all variables including the

electric field are split into a stationary and a dynamic part [2]

U(z,t) = Us(x) + U%(x,1)
E(x,t) = E5(x) + E%(x,1), (3.118)
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where the stationary part must satisfy

oF*
=5° A1

with F® = F(U®) and S* = S(U®, E®). First, the stationary eq. (3.119) is solved
separately, while taking special care to ensure a smooth solution. In the next step,

eq. (3.119) is subtracted from eq. (3.64), resulting in

ou 0

o T (F—F)=8-8 (3.120)

which will then automatically be well-balanced for the specific solution U®(z), i.e. in-
serting U = U? in eq. (3.120) results in

ou

That way, most of the problems arising from large source terms, e.g. resulting from the
large built-in fields at the transition between different doping regions [2], can be treated

by solving eq. (3.119) separately.
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3.5 Stationary System

The strategy for solving the stationary system in eq. (3.119) numerically, involves cal-
culating pseudo time derivatives for each cell, and subsequently bringing them to zero

by a Newton iteration [2]. To that end, the discrete solution variables
S = U (Tigry) (3.122)

are introduced. Next, for each direct grid cell, local stationary conditions are assumed,
i.e. the Ordinary Differential Equation (ODE)

a S — S S S
%Ui—i—lh (.1’) =A ! (Ui-i-l/z(x))S(Ui-i-l/z(x)? Ea:,i-i-l/z(x)) (3'123)

is solved separately for each cell, where the discrete values U}, 12

values. Thus, the ODE is solved both in positive and negative z-direction, starting from

are used as initial

the center of each cell, up to the corresponding cell interface. Both the DD and CDD
model contain the continuity equation, and so the current density is already known to

be constant, and does not have to be solved for:
7)) = jihap, for x € (mi2i40). (3.124)

The ODE for the electron density on the other hand is

a S 1 S
n_ ——2( P ‘7—) (3.125)
Oz cp \m* T
for the DD model, and '
ons e* Esns + J°
o wZ M (3.126)
8&: C% — 7]152

for the CDD model respectively. Note, that because the denominator can become zero,
the CDD model does not always have a smooth stationary solution [53], so this method
is limited to the subsonic case (|| < cr).

When the PE is discretized by the VCFVM, the ODE for the DD model can be solved
analytically, since the electric field is constant in each interval. The result is consistent
with the SG scheme. In contrast to this, for the cell centered approach and for the
CDD model in general, the ODE is solved by utilizing a numerical ODE solver. Because
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the ODE is stiff in general, a fifth-order fully implicit Runge-Kutta ODE solver of type
Radau ITa [59] with adaptive step-size control was chosen.

This procedure results in two values at each cell interface coming from both of the
two neighboring cells

U =1limU%z) and U;" =1imU(z). (3.127)

7
ztx; AR

Integration of the original PDE system then yields [2]

0 1 1 Fit1

—U? , —(F (U ) — F(U™)) = S(U? dx | 3.128

Ut g (FU) - FUR) = o [ s mar, (329
where the time derivative of the cell average was approximated by % By Like before,

the states denoted by an asterisk U;* are solutions to the Riemann problem at each cell
interface, using U= as initial left and right values. With eq. (3.123), the integral over

the source term can then be replaced by a flux derivative, which yields [2]

a s 1 Sk S— Sk S

ot ity - m(—F(UiH) + F<Ui+1) +FU) - F(Ui+)) : (3.129)
Finally, using a Newton iteration, these time derivatives are brought to zero, indirectly
resulting in

Ur=U*=U"=U;. (3.130)

The solution is therefore not only smooth inside of each cell, but also continuous at the

cell interfaces (vertices).

3.5.1 Coupling to the Poisson Equation

The stationary transport model needs to be solved self-consistently with the PE. For a
Newton iteration of a fully coupled system, an initial guess that is reasonably close to
the actual solution is needed, otherwise the iteration will not converge. To get such an
initial guess, a typical relaxation method is the Gummel iteration [60]: Starting with an
approximation for the QFP, the NLPE is solved and the electric field is calculated. In
the next step, the electric field is kept constant, and the stationary transport model is
solved. Finally, the resulting electron density is used in conjunction with the potential
to update the QFP. The iteration is repeated, until both the potential and the QFP
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change from one iteration to the next is smaller than some threshold (usually about
1mV). For the VCFVM, only one value for the QFP per vertex is needed, while for
the CCFVM the QFP at all Gauss-Legendre nodes in the cell and additionally at the
vertices is required. Therefore, the solution to the ODE from eq. (3.123) needs to be
evaluated at each of the QFP points, such that the electron density at those points is
known and the QFP can be updated.

Once the solution is known up to the desired accuracy, a full Newton iteration of the
coupled system is executed. For the VCFVM this is quite simple; instead of the QFP,
the electron density at the vertices is used directly for solving the PE. In contrast to
this, since the CCFVM requires multiple values of either the density or the QFP per cell,
additional solution variables are needed. Here, the QFPs located at all of the required
positions are used, i.e. ®7,,, , for the k-th Gauss-Legendre node in cell i + 1/ and O
for vertex ¢, and the NLPE instead of the PE is solved. For the additional variables,
additional equations are necessary. Since the NLPE and the stationary transport model
both produce values for the electron density, the consistency between them can be used

for that purpose. The resulting equations are then given by

(’02 L ) _Q? 1/2
ok “”“) L0 (3.131)

s
n.; — N exp
i+1/2.k 1
/ ( Vi

and

_@n
ni — n; exp (%) =0. (3.132)
T

3.5.2 Stationary Results

The same NT-N-NT device as in section 3.2.4 is used here. Additional parameters re-
quired for the non-equilibrium case are the effective mass of m* = 0.28621 m, and the
scattering time 7 = 0.1 ps, which for simplicity is assumed to be constant. The applied
voltage is set to Vpg = 0.148 V, which is close to the maximal value for that the CDD
still has a smooth solution for this particular device. For larger voltages, the subsonic
condition ‘%‘ < c¢r would be violated in the channel region of the device, leading to a
zero denominator in eq. (3.126). The solution would not be smooth anymore, in fact
even discontinuous [53], and cannot be described using the described approach.

A grid cell size of Az = 5nm was chosen, however, close to the transitions between

the contact and the channel regions, this size was gradually reduced until Ax = 0.5 nm,
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making the grid non-equidistant with a total number of points of N = 61. Because for
this grid the results for both the VCFVM and the CCFVM are quite similar, only the
CCFVM results are shown here. The number of Gauss-Legendre nodes used is Ng = 4.
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Figure 3.14: Stationary electron density for the N*-N-N* device.

In Figure 3.14 the electron density for both the DD and the CDD model at the same
applied voltage and with the same transport parameters are shown. For most regions
in the device, the results are almost identical, only in the region of about x = 10nm
to x = 50 nm deviations can be seen, with the CDD model producing smaller densities.
To understand this result, the additional term of the CDD model has to be examined

more closely. Since the current density is constant under stationary conditions, the

035 _ _i2om
ox n n? Ox "

the denominator results in a negligible effect of this term, so it will only influence the

convective derivative can be written as For large densities, the n? in
solution in the channel.

Another way to look at it, is to consider the electron drift velocity vq = %, shown in
Figure 3.15. The denominator of eq. (3.126) is then ¢& — v2, which becomes zero when
vq — cr; limiting the maximal drift velocity to c¢r. However, only when vq has the
same order of magnitude as cr, the convective derivative becomes non-negligible. For

the chosen voltage, the maximum of vq comes very close to the limit ¢t at z ~ 40 nm,
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Figure 3.15: Stationary electron drift velocity for the NT-N-N* device.

and exactly in that area the effects of the term are the most pronounced.

In conclusion, at least under stationary conditions, the convective term appears to be
rather unimportant, especially when more advanced mobility models including velocity
saturation are considered (not shown here). The model by Caughey and Thomas [61]
results in a maximal drift velocity of vg &~ 11 - 10% cm/s in silicon, which is smaller than

cr ~ 12.6 - 10°cm/s at room temperature.
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3.6 Dynamic System

3.6.1 Vertex-Centered Discretization of the Dynamic System

The dynamic part of the transport model is discretized differently, depending on whether
the VCFVM or the CCFVM is used for the PE, because the finite volumes that are used
should be the same, to avoid problems with charge conservation. For the vertex-centered

approach, eq. (3.120) is integrated over an inner adjoint cell [2]

a TT - S
Al’laUl + <E+1/2 - ES_H/Q) - (-F‘ifl/g - _F;-S_l/Q) = AZL’Z (Sl — Sz) s (3133)
where U; = U} + U?. The dynamic part of the state is reconstructed as a piecewise

constant function

Ud(z) = U? for € (zimip, Tiy1pa), (3.134)

and the fluxes are given by

E+1/2 = F(U;;l/g) and _F;-S+1/2 = F(UZS+1/2) . (3135)
U, /2 is the Riemann solution with U}, , pnt U? and U}, , 5t U?H as the left and right

initial states, respectively. The source terms are calculated using weighted averages

e 1 A'ri— /2 = AI‘Z 5 —

S, = Ar ( ; ! S(UZ‘, E¢71/2) + T—H/S(Ui’ EHI/Q)) (3.136)
q° 1 Axi_ 2 S S AJ;z 2 s "

S, = Au, ( ; 1/ S(Um z‘—l/z) + 2+1/ S<Ui’ i+1/2)> ) (3.137)

with the piecewise constant electric fields given by the VCFVM.

At the boundaries, instead of integrating over a finite volume and using the modified
boundary Riemann solver, in the vertex-centered approach the state at the corresponding
vertex is used directly as a solution variable. The corresponding equation is eq. (3.120),
where the flux derivatives are evaluated by finite differences. To that end, an expression
for U(x) at these points is needed, which can be derived from the boundary conditions.

For ideal ohmic contacts, the electron density is given by a Dirichlet boundary condition,
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3 One-Dimensional Device Simulation

while the current density should satisfy a homogeneous Neumann boundary condition [2]

9j
ox

_or
Oz

n(ze) = n’(ze) and =0, (3.138)

Tct Tct

where ct denotes the index of the contacted vertex (ct is a placeholder for either 1 or N).

Additionally, the state in the adjacent cell at ct£1 is used for deriving the expressions [2]

T — X
net(w) m () + My ———— (3.139)
Let+1 — Lt
. s —d , 12(2 — 2t)?
Jeo(x) = 5° + jo + (Jctﬂ - Ji) ( ) 5 (3.140)

13(xcti1 - xct)

which are consistent with the cell averages nd_, and jftil in the neighboring cells, as
well as the boundary conditions.

Due to the piecewise constant reconstruction, this approach is only first-order accu-
rate. An additional disadvantage is that an extension to two dimensions is not possible,
because the two-dimensional current density would have non-constant components even
in the stationary case. The piecewise constant reconstruction allows the current density
to change only at the integration volume interfaces, which in turn leads to the forma-
tion of moving waves with a non-vanishing amplitude, even in the stationary case. This

results in artificial oscillations.

3.6.2 Cell-Centered Discretization of the Dynamic System

For the cell-centered approach, eq. (3.120) is integrated over a direct grid cell, resulting
in

9 . S = =
Axi_l'_l/Q EUHJ/Q + (E+1 - EJrl) - (E - E ) = AJTHJ/Q (Si+1/2 - Si+1/2> s (3141)

where the cell averages ﬁHl/Q are the discrete solution variables. The fluxes are given
by F; = F(U;) and F; = F(U?), where the interface states U; = U7 (U; ,U;") are
calculated with a Riemann solver, with U:" being the state directly to the left and right
of each interface.

To evaluate the source term averages, the Gauss-Legendre quadrature is used, similar
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to the CCFVM for the PE. The averages are then given by

Ng Ng
q <° 1 s s
S =~ kz:; S(Uisyjor, Birjog)wr and S =~ 3 kz:; S(Ui+1/2,k, Ei+1/27k)wk . (3.142)

with Ui(i)l/zk =Ub (ZEiJrl/g,k) and Ei(i)l/z,k

o 1
position Tk = Tiyije + 5A%5410 &g

= E® (l’i+1/2’k> at the Gauss-Legendre node

The problem therefore has been reduced to finding approximations for U at the Gauss-
Legendre nodes inside of the cell, as well as on the cell interfaces. In contrast to the
original first-order scheme by Godunov, a high-order reconstruction is preferable. How-
ever, as opposed to the elliptic PE, the transport model system of PDEs is hyperbolic.
Thus, U is not necessarily continuous, and any procedure reconstructing functions from
cell averages must be able to take shock waves, i.e. moving discontinuities, into account.
A simple piecewise polynomial ansatz function for U yields a scheme which is linear
with respect to the cell averages. Yet, Godunov’s theorem [62] proves that a linear and
also monotonicity preserving scheme can be first-order accurate at most. In other words,
when considering polynomial reconstructions, only the first-order piecewise constant re-
construction will not introduce spurious oscillations. If a higher order scheme is desired,

a nonlinear reconstruction is therefore required.

3.6.3 Local Double Logarithmic Reconstruction

One candidate for such a nonlinear reconstruction is the limiter-free third order Local
Double Logarithmic Reconstruction (LDLR) procedure described in [63]. Using the cell
averages of three neighboring cells, it yields a reconstruction of a scalar variable for
the center cell. In contrast to a polynomial reconstruction, the LDLR is local variation
bounded [63], i.e. when a discontinuity is present, the local variation of the function is
bounded by the cell size and therefore decreases as the grid becomes finer.

Let wy, uc and ugr denote the cell averages of the three neighboring cells with the
respective sizes of Axy,, Axrc and Axg. The goal is to find a third order accurate recon-

struction u(x) for the center cell. To that end, second order accurate approximations
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for the slopes at both ends of the cell

0
p u(z) = ag, Uy, + ac Uc + ar UR + O(sz) =dy, + (’)(AxQ)
_ g
2
0
% u(x) N = BL ur, + BC ﬂc + BR ER + O(AZL‘2) = dR + O(AZL‘Q) s (3143)
+250
are constructed, with
o — 4Axc 4+ 2AxR
b (Azy, + Azc)(Azy + Aze + Azg)
e = 6Azc(Azc + Azgr) + 2(Axd — Ax})

(AJ?L + AJJC)(AI‘C + AI‘R) (AJIL + AZL'C + AZL’R)

Q(AZL‘L + AJTc)
= 3.144
R (Azc + Azg)(Axy, + Axc + Azg) ( )

and

2(ACL’C + ACL’R)

b= (Azy, + Azc)(Azy, + Azc + Azg)
B = — 6Azc(Azy, + Axc) + 2(Ax? — Axg)
(AZL‘L + Aaic)(Al’c + AJZR)(AZEL + ALEC + ALER)
4A£L’C + QAZEL
= ) 3.145
Pr (Azc + Azg)(Azy + Azc + Axy) (3-145)
Using these two numerical slopes, as well as requiring that
1 AxC/Q
_ dz = ¢, 3.146
Azc J_ e ulw) dw =T ( )
the function is then reconstructed as
1 Azc/g
u(z) = e + ¢(x) ¢(x)de (3.147)

Af]jc —AJCC/Q

where eq. (3.146) is fulfilled by construction and the integral is evaluated by Gaussian
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quadrature. The actual LDLR then gives an expression for the function ¢(z)

(=)
S )

where the “Double Logarithm” in the name refers to the two logarithms used here. The

_ Axc(a—1) . o
o) = "ot =3 (o = 1)+ o

—(d, + (a — 1)dg) 10g<

remaining parameter is

2|dy|?|dr|* + TOL
a:(l—TOL)(1+TOL— ';’ e o ) (3.149)
|d|™ + |dr|™ 4+ TOL
which is evaluated using the recommended values of [63]
TOL =0.1Az{ and ¢=14. (3.150)

Note, that before applying the reconstruction procedure, all quantities have to be nor-
malized to commonly encountered values, to remove physical units as well as scaling

factors. For instance, the values of the cell sizes are divided by the total length of the

device.
— —
...... upoly upoly
=== Uldlr === Uldlr
= =
<, s,
3 3

x [aau] z [a.u]
(a) Coarse grid. (b) Fine grid.

Figure 3.16: Example for the local variation bounded LDLR compared to a polynomial
(quadratic) reconstruction.

In Figure 3.16 the LDLR was applied to some example data for two different grid
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3 One-Dimensional Device Simulation

sizes. For comparison, a simple quadratic reconstruction also satisfying eq. (3.143) and
eq. (3.146) was included as well. In smooth regions both reconstructions yield almost
the same result. However, at the discontinuity the situation is quite different. Even
though both functions exhibit over- and undershoots at that point, only the LDLR is
local variation bounded, i.e. for finer grids the magnitude of the over- and undershoots
becomes smaller, while for the polynomial reconstruction it only becomes narrower. To
avoid unphysical spurious oscillations in the solution, this property of local variation
boundedness is of utmost importance.

The procedure described so far only works for scalar variables in one dimension. How-
ever, U generally has multiple components, e.g. n and j. These have different require-
ments with regards to positivity: The current density may be positive or negative, while
the density must be strictly non-negative. Even though the LDLR is much better than
a polynomial reconstruction concerning over- and undershoots, even slight undershoots
can result in negative values and are therefore highly problematic. To solve this issue,
a modification of the LDLR that only produces non-negative values is introduced and
applied to the density. For the current density, there is no requirement of non-negativity
and therefore the LDLR can be applied directly. Note that in this case, the splitting
into stationary and dynamic parts still needs to be taken into account, i.e. the LDLR is

only applied to the dynamic part of the current density.

3.6.4 Non-Negative Local Double Logarithmic Reconstruction

In order to avoid negative values from undershoots in the reconstruction, the LDLR
method is modified to work, roughly speaking, on the logarithm of the quantity to

reconstruct. Thus, instead of eq. (3.147), the reconstruction of n is given by
n(z) = n*(x) + nd(z) = n*(z) N exp(o(z)). (3.151)

To ensure consistency with the cell average value, it is required that

1 A:cc/g

Arc s (n(z) —n®(z)) de = 7, (3.152)
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and therefore the scaling factor must be

Azc (ﬁsc + ﬁ%)
Aecla )

L (@) exp(6(a)) da

A:

(3.153)

where the integral is again evaluated by Gaussian quadrature. Because the exponential
term and n®(z) are both non-negative, as long as ic = 1§, + A is also non-negative, A
and consequently n(x) will be non-negative as well.

To apply the LDLR, the two numerical slopes at the cell boundaries are still needed.

To that end, the approximation
n(z) ~ n®(z)exp(p(x)) (3.154)
is used, where p(z) is the quadratic polynomial

1
p(E) = po+ Pat + SPe” (3.155)

Using the cell averages for the three cells, the following three equations can be found:

1 7Azc/2
_— / n®(x) exp(p(x))de =71y, + ﬁ“Ll
A‘TL —Azp,—Azc/2

1 ACL’C/Q

— n®(x) ex 2))dx = 7 + nd
Arc s ( ) P(P( )) C C

1 Azg+Aec/2
— n®(z) exp(p(z)) do = 7% + 1% . (3.156)
AxR Jaeg /2

Evaluating the integrals by Gaussian quadrature, Newton’s method is then used to find
the coefficients pg, p, and p,,. The two numerical slopes at the cell boundaries can then
be calculated as dy, = p, — %pm and dg = p, + %pm.

In Figure 3.17 the regular LDLR is compared to the non-negative reconstruction using
example data for the cell averages, which was generated by directly calculating averages
of two smooth functions, one for the stationary and a different one for the total values.
Despite the data varying over multiple order of magnitudes, the reconstruction stays

positive. In contrast to the non-negative reconstruction, the regular LDLR exhibits a

negative undershoot (see Figure 3.17b).
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Figure 3.17: Comparison between the non-negative n,,(z) and regular LDLR nq,(z).

3.6.5 Testing the Dynamic System
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Figure 3.18: Equilibrium, stationary and total electron density for the dynamic system
under stationary conditions for Vpg = 0.148 V using the CDD transport
model.
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In this section, both the vertex and the cell centered discretizations of the dynamic
system are tested, by solving them under stationary conditions and then comparing
them to the solution of the stationary system. The same NT-N-N* device as before is
used (however with a much more refined grid using N = 263 points) and the applied
voltage is set to Vpg = 0.148 V. Only the CDD model is considered. The number of
Gauss-Legendre nodes per cell for the CCFVM is set to Ng = 4.

To solve the dynamic system, an additional stationary solution is still required, which
is chosen here to be the equilibrium solution U®4(z). The full solution to the dynamic
system is then given by U®(z) + U%(z), which is compared to the solution to the
stationary system U®(x).

In Figure 3.18 the electron density for both the stationary and the dynamic system
is shown. Only the results for the CCFVM are included, since the VCFVM results
are practically indistinguishable. There is an excellent agreement between n’(x) and
n®(x)+nd(x), even though the latter is only approximately well-balanced. The solution
exhibits no spurious oscillations, and, as expected, the density stays non-negative.
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Figure 3.19: Dynamic electron density for both the VCFVM and the CCFVM.

Next, to compare both reconstruction methods, in Figure 3.19 only the dynamic part
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3 One-Dimensional Device Simulation

of the solution is shown. Overall, both methods yield very similar results, however, due
to the piecewise constant reconstruction, the VCFVM solution is much more jagged.
It is important to note, that even though the solution for the CCFVM appears to be
perfectly continuous (in contrast to the VCFVM), this is in fact not the case. At each
cell interface a very small discontinuity persists, which, due to its size, is not visible in
the graph.
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Figure 3.20: Electron current density for the stationary and dynamic system.

In Figure 3.20 the corresponding current density is shown, where j¢ and j* can be
compared directly, because the equilibrium current density is zero. Here, the importance
of well-balancedness becomes apparent: Under stationary conditions the current density
should be constant (0,j = 0), however, only the solution to the stationary system reflects
that. While j° is perfectly constant, j¢ shows some artifacts for both the VCFVM and
the CCFVM, especially in the transition regions where the doping concentration changes.
Compared to the CCFVM, the VCFVM performs much worse, with artifacts of a much
larger magnitude than those of the CCFVM. These artifacts are also found in a much
wider area, even though in both cases the same grid was used.

To explain this difference, consider the Riemann solution for the current density. Since
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in general no analytical solution exists for the CDD model, to keep the explanation
simple, the DD model is used as an approximation here (see eq. (3.79)):

(i + ) + 5 (n = ). (3.157)

Jr

| —

In addition to the average of the two current densities directly to the left and right of an
interface, the difference of the two densities is an important part of the solution for the
interface current density. This difference is multiplied by 5, which is a comparatively
large value. Even small discontinuities in the density therefore have a large effect on
the interface current density. Under stationary conditions it is this interface current
density 7* which becomes constant, therefore leading to a discontinuous cell current
density for a discontinuous density. Since the VCFVM has larger gaps in the density,
unsurprisingly the artifacts in the current density are also much more pronounced. Note
that even though the current density is not entirely constant, charge conservation is still
guaranteed both for the VCFVM and the CCFVM, since the continuity equation couples
only to 5%, which is perfectly constant across the whole device and at each interface it

is always the same value for both of the neighboring cells.
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3 One-Dimensional Device Simulation

3.7 Terminal Equations

To be able to couple the device to an external circuit simulator, it is convenient to define
discrete solution variables and associated equations for the external contact potential,
as well as the terminal current for each contact. Since the contact potential is given

externally, the corresponding equation for the i-th contact is simply given by
V; = V;Lppl,i . (3158)

The terminal current on the other hand is given by the integral over the corresponding
contact surface of the current density, describing the electrons that enter and leave the
device, and, in addition to that, the displacement current which measures the electrons
that are charging and discharging the contact itself, but never actually enter the device
and thus do not contribute to the current density. The displacement current can be

calculated by evaluating the time derivative of the electric flux density, resulting in

L=|f (J + D) “dA | (3.159)

where J = e(jn — Jo) contains both the electron and hole current density. For one
dimension and neglecting holes, the total current for a device surface area A through

both the source and drain contact is then given by

9 o
s - <—ege+§D)A and I — (+eje— g )A, (3.160)

where inflowing currents are counted positive by convention. Depending on the dis-
cretization scheme that was used, special care must be taken to avoid losing the property
of charge conservation, when evaluating these equations using discrete variables. Charge

conservation requires that at all times

Y I=o, (3.161)

i.e. the Kirchhoff Current Law (KCL) must be fulfilled.
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3.7.1 Vertex-Centered Scheme

In the case of the VCFVM, there is no direct access to the electric flux at each contact,
since these are located at direct grid points and the electric field is defined only on
the adjoint nodes. This makes it difficult to evaluate eq. (3.160) without violating
eq. (3.161). Rather than calculating it directly, the Ramo-Shockley theorem [64, 65, 66]

is used instead
Hf Vi, JdV + Z ”a (3.162)

where the volume integral runs over the whole device, while 4,7 € {1,2,..., Neontacts -
The function v; is the ¢-th fundamental solution to the Laplace equation, which is equal
to one on the i-th contact, and zero on all other contacts. The capacitance coefficients
are given by

Cy = [[[ eV vy av . (3.163)

Since ), v; = 1 everywhere in the device, it is easy to see that the KCL is fulfilled by
construction.
For the discrete one-dimensional case, the volume integrals are replaced by weighted

sums over all grid cells

2

-1

jjj V= (- ')k+1/2Axk+1/2 . (3.164)

1

>
Il

The fundamental solutions are calculated by reusing the PE matrix, where v, is then
the discrete value of v; at the k-th vertex. The discrete gradient at an adjoint point is
given by
Vik+1 — Vik
Vy; - - 3.165
( )k+1/2 A.I'}H_l/Q ( )

The capacitance matrix is then

N—
€k
Z ke (Vs k+1 Vi,k)(’/j,kJrl - Vj,k) ) (3.166)
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and finally, the terminal current is
0
Ii = (Vigs1 — Vi k)Jk+1/2 + Z Uy Vi. (3.167)

3.7.2 Cell-Centered Scheme

As opposed to the VCFVM, for the CCFVM the electric flux density on the cell surfaces
is given by discrete solution variables, which means that eq. (3.160) can be evaluated
directly at each contact.

To prove the KCL in this case, the general three-dimensional case is considered here,
where the device is split into three-dimensional cells. The discrete terminal current can

then be written as the sum

L= s;A;(J;+0:D;) (3.168)

j€ec;

where C; denotes the set of cell surfaces belonging to the i-th contact, and A; is the
surface of the j-th cell face. J; and D; are the normal components of the average
current and electric flux density on each surface, respectively. The sign s; = £1 is
chosen such that inflowing currents are counted positively.

Summing over all terminal currents yields

ZI_ZZSJ (J;+0D;) = s;4;(J; + 0:Dy) , (3.169)

i jeC; jec

where C = |J; C; is the union of all contacted cell faces. Since both the current density

and the electric flux density vanish on all uncontacted boundary faces, i.e.
Ji=0 and D;=0 for jeB\C, (3.170)

where B is the set of all boundary faces, the sum can be extended to

Z L= s;A;(J;+0:D;). (3.171)

jEB

Assuming the PE was discretized properly, the sum over the electric fluxes can then
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be expressed in terms of the charge density in each cell

jeB j€D

where D is the set of all device cells, and €2; is the cell volume. The time derivative is
then
> sjA0D; == 0, =~ s;AT;, (3.173)
jeB jED jeB
where the discrete continuity equation Q;0,0; — >, spApJr = 0 was used. The index
k runs over all surfaces of cell j. The current densities on the inner faces then cancel
each other out, as there is only a single current density defined per face, i.e. the current
flowing through a face out of one cell, equals the current flowing into the neighboring

cell which shares the face. The sum over all currents is therefore
d =0, (3.174)
and the KCL is fulfilled.

3.7.3 Stationary Terminal Current

In Figure 3.21 the stationary output characteristic for the NT-N-NT device is shown
for both the DD and CDD model using the CCFVM. For the DD model, the current
increases superlinearly with the voltage and does not saturate due to the punch through
effect. The CDD model gives very similar results at small voltages, as expected. Only
for voltages close to the maximal allowed value of Vpg = 0.148 V, a slight deviation due
to the convective term can be seen. As shown before, higher voltages would lead to a

discontinuous solution and can therefore not be simulated with this approach.
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Figure 3.21: Stationary current over voltage for the N*-N-N* device for both the DD
and CDD model.
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3.8 Small-Signal Analysis

Including the terminal voltage and current equations, the complete discrete system can

be written in the form

D%u b f(u) =0, (3.175)

where u contains all of the discrete solution variables, D is a constant matrix, and f(u)
is a nonlinear function.
To analyze the small-signal behavior of the system, the equations are linearized around

a stationary state, by assuming a harmonic time dependence for all variables
u = uy + Re{uwexp(st)}, (3.176)

where s = 0 4 jw is a complex frequency. The small-signal phasor u is considered to
be small in magnitude compared to the stationary value uy. The linearized equation

system is then given by

sDu+ J{f,u}| u=0, (3.177)

uo

where the application of the real part operator was dropped.

3.8.1 Admittance

To calculate the small-signal admittance parameters, the terminal voltage equations in
eq. (3.177) are replaced by
V., =0, (3.178)

L)

with the Kronecker delta ¢;;,

not have a physical unit, all results will be normalized to the corresponding voltage, e.g.

assuming that the j-th contact is analyzed. Since this does

instead of the actual terminal currents, the admittance parameters Y, = é will be
—J
received.

The modified equation system then contains a right-hand side

<§D + J{f, u}

>gj = b, (3.179)
u

which is given by the Kronecker delta for the terminal voltage equations, and is zero

everywhere else. For a given frequency, this system can be solved to yield the small-signal
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quantities u; for a sinusoidal voltage source at the j-th contact.
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Figure 3.22: Small-Signal admittance at equilibrium for the one-dimensional N*-N-N*
device.

Using the same NT-N-NT device as before, in Figure 3.22 the small-signal parameters
Y = % are plotted over a real-valued frequency f = 5= with o = 0. The applied DC
voltage is set to zero (equilibrium conditions). As expected, Re{Y} is greater than zero
for the whole range of frequencies, implying that the device is asymptotically stable at
equilibrium. Both the VCFVM and the CCFVM deliver similar results, even though the
VCFVM should have a larger dampening effect at high frequencies, due to its first-order
piecewise constant reconstruction [2], which is not visible for this device. There is only
a single resonance at about 40 THz, which is closely related to the length of the highly
doped contact regions, and therefore of no special interest. At even higher frequencies,

the real part of Y drops off quickly with Re{Y } #

3.8.2 Eigenvalues

Equation (3.177) has the form of a generalized eigenvalue problem. Because the PE
and the terminal voltage equations do not contain a time derivative, the matrix D is
not invertible. To simplify the calculation, these equations can be eliminated leading
to a regular eigenvalue problem. For this purpose, the rows and columns of the system

are permuted, such that the equations (and the corresponding variables), that are to be
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eliminated, are located in the upper rows of the system. In block form the system then

s 0 0 u, + Jiu Ji u, ) _ 0 ‘ (3.180)
Dy Dy U, Jor Jo U, 0

Next, the variables w, = —J7;' J12u, are eliminated from the system, leading to

reads

$(Das — Doy I J12) g + (Joo — o1 I J12)u, = 0. (3.181)
This constitutes a regular eigenvalue problem
Mu, = su,, (3.182)
with the dense matrix
M = —(Dgs — Doy J11' J15) " (o2 — I I1 J1a) - (3.183)

The eigenvalues s then correspond to the poles of Y in the complex plane. Since the
terminal voltage equations were not changed, this has the effect of fixing their small-
signal values to zero. In place of the voltage, there is also the possibility to fix the
drain current instead (I, = 0), which corresponds to the boundary conditions used by
Dyakonov and Shur. The eigenvalues of such a modified system then coincide with the
zeros of Y.

In Figure 3.23 the eigenvalues for the N*-N-N* device at equilibrium are plotted in
their entirety. All of the eigenvalues have a negative real part, which again shows that
the device is stable at equilibrium. The poles at f &~ +40 THz and Re{s} = 0 correspond
to the peak which is visible in Figure 3.22. On the other hand, most of the eigenvalues
are damped to such an extent, that they are essentially irrelevant and can be ignored.

In Figure 3.24 both the poles and the zeros of Y are shown for a small region close
to the origin. Additionally, Y is calculated in that region and its complex phase plotted
in the background. Note how at each zero the phase changes in opposite rotational
direction compared to a pole.

The real part of the poles reveals some more information. First of all, there is a pole
at zero frequency with a growth factor of o = —10/ps, which is equal to the inverse of

the scattering time 7 = 0.1 ps. Additionally, all other poles (and most zeros) visible in
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3 One-Dimensional Device Simulation
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Figure 3.23: Eigenvalues for the CCFVM at equilibrium for the N*-N-N* device.
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Figure 3.24: Poles, zeros and phase of Y at equilibrium close to the origin.
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3.8 Small-Signal Analysis
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Figure 3.25: Poles, zeros and phase of Y for Vpg = 0.148 V.

this figure have a real part of o0 ~ —% = —5/ps.
In Figure 3.25 a DC voltage of Vpg = 0.148V was applied. While most of the poles
and zeros change their positions quite drastically, they still remain in the left half-plane

(o < 0), therefore the system is still stable.
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4 Two-Dimensional Device Simulation

In this chapter, the methods developed for the one-dimensional case are adjusted and
generalized to two dimensions. This is in general a non-trivial task, and even impossible
for certain parts, e.g. the strategy to solve the stationary transport model with an ODE
solver can not be adapted to more than one dimension.

The first part of this chapter focuses only on the extension of the PE to two dimensions,
while the transport model is still solved only in one dimension. Only in the second
part the fully two-dimensional case is considered. Results are given for two different
devices, first a double-gate MOSFET, which can be described using only one-dimensional

transport, and later a SOI device including two-dimensional transport.
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4 Two-Dimensional Device Simulation

4.1 Two-Dimensional Grid

Yj+2 =+
Yj+3/2 1
Yj+1 +
Yj+1/2 1

Yi +

Yj—1 <+

Yj—2 <+

) ) T
Ti—2 Ti—1  Ti-1/2 T; Titi/a  Xig Tit2

Figure 4.1: Exemplified two-dimensional tensor grid with a highlighted direct (red) and
adjoint (blue) cell, where the variously shaded areas indicate some position
dependent material constant.

As opposed to the one-dimensional case, in two dimensions many different types of
grids can be used to split the solution domain into tiles, e.g. unstructured triangular
grids. For simplicity reasons, only rectangular devices are considered in this work, and a
simple and natural way to discretize such a device is by using a two-dimensional tensor

grid, i.e. the tensor product of two one-dimensional grids. The grid nodes are then given

by
'ri,j = i s (4 ].)
Yj

where 1 <47 < N, and 1 < j < N, are integers. Like in the one-dimensional case, the
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4.1 Two-Dimensional Grid

resulting grid cells are then numbered by half-integers, where the cell centers are

(.CEZ‘ + ZT; 1)
Tit1/2j11/2 = ( I (4.2)

(Y5 + Y1)
The cell extents for both directions are

N= N

Azipi, = 21 — 2 and Ay, = yje1 — Y- (4.3)

Using the cell centers as corners, adjoint cells are again introduced and numbered by
whole integers (see Figure 4.1).
Like before, material constants are approximated as piecewise constant on the direct

grid cells, for instance

£(x,y) = €ipypjrpp for x € (v5,241) and y € (y5,Y541) - (4.4)

As a two-dimensional device usually consists of some oxide and semiconductor regions,
these regions are also modeled at a per cell basis, i.e. the Poisson equation will be solved
for all oxide and semiconductor cells, while the transport model will be solved only
for the semiconductor cells. Because some devices are best described by a transport
layer embedded in a non-conductive environment, the case of mixed dimensionality will
also be considered, e.g. solving a two-dimensional Poisson equation together with a one-
dimensional transport model. In this case, that layer will be approximated by a single
row of cells. For instance, all cells with some y index will belong to the transport layer,
and the transport model will only be solved for these cells and only in z-direction.

The contacts in two dimensions are modeled by grouping one or more cell surfaces
(lines in 2D) together. As opposed to one-dimensional devices, in addition to contacted
boundaries also uncontacted boundaries exist, which require different boundary condi-

tions.
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4 Two-Dimensional Device Simulation

4.2 Two-Dimensional Poisson Equation

In two dimensions the PE is given by

0 0
V-D = %Dx(x,y) + a—yDy(%y) = o(z,y). (4.5)
As in the one-dimensional case, two different methods of discretization are shown here: A
vertex-centered and a cell-centered finite volume method. Both methods are extensions

of the corresponding one-dimensional ones.

4.2.1 Vertex-Centered Finite Volume Method in 2D

Y Y
A j A Pij+1

Yji+1 + = Il Yji+1 4+ -~ I ------------ )
1 I I

1 I : I

1 I I I

1 I I I
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yj 11 + y] i PG I

I I I
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Vi j—1 i j—1
Ti-1 Ti_1 Z; Tipl Tig1 T Ti-1 Ti—1 T Tiyl iz *
(a) Internal node away from boundaries. (b) Inverse corner in the lower left.

Figure 4.2: Two different local device geometries surrounding a direct grid node with
equivalent circuit diagrams highlighted.

In two dimensions, the integration volume for the VCFVM is again the adjoint cell,
which can have different shapes depending on the local device geometry, i.e. boundaries,
corners and inverse corners must be considered (see Figure 4.2). Integration over the

cell yields

Ai+1/2,jDi+1/2,j - AZ',1/2’J'DZ‘,1/2’]' + A’i,j+1/2Di,j+1/2 - Ai,j71/2Di,jfl/2 = Qi,j@i,]’ y (46)

where Aji1,; and A; j11/, are the adjoint cell z- and y-surfaces respectively, and €2, ; is
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4.2 Two-Dimensional Poisson Equation

the adjoint cell volume. Eiil/m and Bm-il/z are the normal components of the electric
flux density averaged over the adjoint cell surfaces, while g; ; is the average charge density
in the adjoint cell.

Similarly to the one-dimensional case, it is convenient to introduce the capacitance

coefficients
i+1/2,j+1/2 — §m Eit1/2,5+1/2 and Ciy+1/z,j+1/2 = §m Eit1/2,5+1/2 (4-7)

for each direct grid cell belonging to the solution domain. For cells outside of the
solution domain, the coefficients are set to zero. Between two vertices, the capacitances
from the two relevant cells are connected in parallel (see the equivalent circuit diagram
in Figure 4.2), and can therefore be combined into

Ci+1/2»j = C1;?-&-1/2,]'—1/2 + C(zér—|-1/2,j-&-1/2 and Oi,j+1/2 = Ozy—l/z,j—i-l/Q + Cvzfy—i-l/;j-q—l/z : (48)

The discrete PE can then be expressed by

—C’i_1/27j Pi-1,j — Citi/aj Pit1,5 — Ci,j—l/z Pij—1 — Ci,j—i-l/2 Pi,j+1
+ (Cicvaj + Cirpaj + Cijorp + Cijrap) i = Qi 0 - (4.9)

In more than one dimension, there are two different types of boundaries: Contacted
and uncontacted ones. For the uncontacted boundaries, homogeneous Neumann bound-
ary conditions are used. These are automatically fulfilled with this approach, since the
corresponding partial cell surfaces are not included in the integration of the electric flux
density, which has the same effect as setting the electric flux to zero on these surfaces.
For contacted vertices, the corresponding equation is replaced by the discrete Dirichlet

boundary condition
@ij = Vi + Omsk s (4.10)

where £ is the index of the associated contact.
Finally, the normal component of the electric field for each adjoint cell surface is

approximated by

_Pitlj — Piy

Pij+1 — Pij
—_— 4.11
Axi+l/2 ( )

Ay]+1/2

Ei_i'_l/Q’j = and Ei’j+1/2 = -
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4 Two-Dimensional Device Simulation

4.2.2 Cell-Centered Finite Volume Method in 2D
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Figure 4.3: Single grid cell for the Cell-Centered Finite Volume Method in 2D.

The cell-centered method in two dimensions involves integrating the PE over a direct
grid cell. Since the focus is on a single cell, for the sake of brevity, the cell indices are
dropped and the origin is shifted to the cell center. The two-dimensional integration

then yields

Ay<52—5;> +Am<53—5y_> =AzAyo, (4.12)
where
— 1 [ ( Ax ) 1 (o ( Ay)
D =— D\ +—,y|d and D Dyl x,=2— |dax (4.13
v Ay —Ayf2 2 4 4 AiL' —Azfz Y 2 ( )

are the normal components of the electric flux density averaged over the four cell surfaces.

The average charge density is given by

1 Ay/2 Az/y
0= z,y)dzrd 4.14
¢ Ax Ay —Ay/2 /Az/2 y v ( )
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4.2 Two-Dimensional Poisson Equation

The integrals are approximated using the Gauss-Legendre quadrature

L X L 1 X 1 NotlNe+l
At L + DT~ = + -t
D, =~ 5 ;wk Dy, D, = 5 ;wk D, and o~ 1 lz_; W;) Wy Wiy O1m » (4.15)

2 72
Olm = Q(%&, %fm) have been introduced (see Figure 4.3). The index k runs from 1 to

to which end the discrete values Dik = qu(j:M %fk), D;k = Dy(%gk,i%) and

Ng, while the two charge density indices [ and m are extended to run from 0 to Ng + 1,
to include the surface values as well. Note, however, that the weights wy = wy 11 =0
vanish, which is why they do not actually contribute to the value of the integral and are
just included to get a more accurate interpolation polynomial.

Similar to the one-dimensional case, the idea is to solve the Neumann problem for a
single cell, while using an interpolation polynomial to get a continuous expression for
the charge density in the cell. In addition to that, the electric flux density on each
cell surface is also expressed by an interpolation polynomial, giving a high resolution
boundary condition. The solution variables are the average cell potential and the electric
fluxes at the Gauss-Legendre points on each surface. The corresponding cell equation is
eq. (4.12), while for the face equations, continuity of the potential across the interface

at each Gauss-Legendre point on the face is demanded

Ay ! Ay
it 12,541/ (% Yjrija + 751@) = Qi—1/aj41/2 <Ii7 Yjrip + 7&)
Ax | Ax
Pit1/2,j+1/2 (l‘i+1/z + 7&7 yj) = Pit1/2,j-1/2 <$¢+1/2 + 7&;» yj) . (4.16)

The resulting solution satisfies Div D = 0 everywhere, i.e. the normal component of
the electric flux density is continuous across the interfaces. However, Rot E = 0 is in
general only approximately fulfilled, i.e. the tangential components of the electric field
are not guaranteed to be continuous. For that to hold, the potential would need to
be continuous on the whole interface, not just on isolated points, which would require
Ng — oo.

In the following sections, the solution procedure is explained in more detail.
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4 Two-Dimensional Device Simulation

4.2.2.1 Exact Solution for a single Cell

The two-dimensional interpolation polynomial for o is given in the Newton basis as

Ng+1 Ng-i-]. re—1 T‘y—l
= E : : : a'rz""ys:tsy H (x - xtz) H (y - yty)QSzSy ) (417)
72,y=0 8z,4=0 ty=0 ty=0

with the interpolation coefficients a,,,,s,s,. Analogously, the electric flux interpolation

polynomials are

Ne Ng r—1
=> > oIl —wDz, (4.18)
r=1 s=1 t=1

and
Ng Ng r—1

=> > v ][ @—=)D;,, (4.19)

r=1 s=1 t=1
where in contrast to the charge density, the interval end points (in this case the grid
vertices) are not included in the interpolation (see Figure 4.3).

Since the permittivity is a cell-wise constant, the PE for a single cell can be written

as
Vio(z,y) = - Q(i’ v, (4.20)
with the Neumann boundary conditions
9 D3 (y)
€ r=+Ax/2 €
Dy (z)
ERAC) =——. (4.21)
y==1Ay/2 €
Additionally, the condition
Ay/g Az/Q
o(x,y)dx dy = (4.22)

AIAy —Ay/2 —A1/2

must be fulfilled, which completes the Neumann problem. It is well-posed, as long as
eq. (4.12) is satisfied.
Solving the Neumann problem for a two-dimensional rectangular cell is a bit more

involved than in the one-dimensional case. Like before, the charge density is split into
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4.2 Two-Dimensional Poisson Equation

an average and a fluctuation

o(r,y) =0+ o(z,y), (4.23)
with
Ng+1 Ng+1 re—1 ry—1
o(x,y) = Z Z Aryrysesy H (2 —2,) H (y - yty) (Qszsy - @) . (4.24)
Tz,y=0 84 4y=0 tx=0 ty=0

Additionally, the same is done to the electric flux density on each surface

Di(y) =D, + DX(y) and D¥(x) =D, + D (), (4.25)
where
_ Ng Ng r—1 .
DEw) =YD . JTw—w) (P2, - D2) (4.26)
r=1 s=1 t=1
and

Ng Ng r—1

DE@) =YY 0. [ (@ — ) (D;ES - ﬁj) . (4.27)

r=1 s=1 t=1
The potential is then split into six parts, one for the average, one for the density fluc-
tuation and four for the boundary fluctuations, which can be done because the PE is

linear:
p(@,y) = ¢"(2,y) + Bz, ) + " (@,9) + ¢ (z,9) + ¢ (,9) + " (2,y) . (4.28)
The corresponding electric field is similarly split
E(z,y) = B*x,y) + E(v,y) + B (x,y) + B (v,y) + E**(z,y) + B (2,y), (4.29)

With B = Vgt B = V5 and B — G
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4 Two-Dimensional Device Simulation

4.2.2.2 Average Contribution

The average contribution ¢?(x,y) is calculated by solving a modified Neumann problem,

where only averages are considered. The PE in that case is

v230a(‘r7 y) - _g ’ (430)
with the boundary conditions
—+
a Dac
—— (.Y ===
9 (®:5) a=+Az/ €
—+
J . D
5,7 (@) =-——". (4.31)
Y y=1A4vy/2 €

The solution is simply given by the quadratic function

1/ Az «x x — 1 Ar = x -
sy =pr- (22 P IV VD o222 21— X)) D
o zy) S0%(24 2( +A$>) x+a< 24 2( Ax)) o

1Ay y Yy \\m+, 1 Ay vy ¥y \\p-
+€(24 2<1+Ay>)Dy+€( TR Gy D,. (4.32)

where eq. (4.22) is already fulfilled by ¢?, resulting in the fact that all the other con-
tributions to the potential should have vanishing averages. Like in the one-dimensional
case, this solution depends only indirectly on g via eq. (4.12).

The contribution to the electric field is then

Op? 1/1 r \—+ 1/1 T\ —_
Bray) = -2 — (22 2\ 42 (=2 \D
+(@,9) Ox 5<2+Ax) m+5<2 Aw) ’
' 1/1  y\esr 1/1 y \ov
E? = — =—(=-+-2—1|D | === 1D . 4,
o(®:9) ==, 5(2+Ay) ”e(z Ay) v (433)

4.2.2.3 Charge Density Fluctuation Contribution

The contribution due to the charge density fluctuation is given by the solution to the

Neumann problem

V(ry) = - 22U, (431

100



4.2 Two-Dimensional Poisson Equation

with the homogeneous boundary conditions

0 0
=0 and —¢(x, =0. 4.35
577 Y) s aysa( y) a (4.35)

Additionally, the cell average of @(z,y) must also be zero, as already mentioned in the
previous section.
Since an analytical solution does not exist in general, a cosine series expansion is used

instead, where the ansatz

Z Z Pnm COS(mT < + A;)) 008(% (y + %)) (4.36)

n=0 m=0

fulfills the boundary conditions by construction. The application of the Laplacian to

B S ) (D)

. <(Z_7;)2 i (Z_Z)Q> . (4.37)

To derive an expression for @, the right-hand side of eq. (4.34) is similarly expanded

this ansatz yields

into a cosine series, such that the method of equating coefficients can be applied:

Ng+1 Ng—+1 re—1 T'yfl
T y) = Z Z aTxTySa:Sy H (I - xtx) H (y - yty) (QS;\cSy - @)
T2,y=0 8z, 4y=0 te=0 ty=0
1 nm Ax mm Ay
_§;QnmCOS( ( + 5 ))cos(A—y<y+7>> , (4.38)
where
Ng+1 Ng+1

Enm - Z Z Oryrysesy C T:cn C%{ym (stcsy - @) . (439)

Tz,y=0 84, 4y=0

101



4 Two-Dimensional Device Simulation

For simplicity, the values
1 for n=0 | 1 [~ nm Ax
o= — X — Xy) COS +— ) )dr and
" { 2 for n>0 }AOC/_AZ/QE( 2 (Ax( 2 >>
1 for n=0 | 1 [ nm Ay))
= — —ycos| —(y+—=))d 4.40
are calculated by numerical integration using the well-known QUADPACK library [67].

Note that 099 = 0, since the cell average of the fluctuation vanishes by construction.

Equating the coefficients then results in

N(;+1 N(;+1

a’TzT Sz S rzn cr m —
&nm - Z Z 2 - - (QSg;Sy - Q) (441)
T2,y=05g,y=0 € < gc) + (Ay) )

for n > 0 and/or m > 0. For n = 0 and m = 0 the value of ggy = 0 is chosen such that

the condition of a vanishing cell average of ¢(z,y) is met.

Finally, the charge density fluctuation contribution can be written as

N(;—l-l

- Z ds,s, (%, ) (0s,s, — 0) 5 (4.42)

Sz,y=0

where
Ng+1l o u
sty I y Z Z Z a’r‘xT’ysxSy rxn gym Zm
rz,y=0 n=0 m=0
A A
- cos (ZZ ( + %)) cos (Z—;r (y + Ty)) , (4.43)
with
0 for n=m=
Uy, = . ) (4.44)

—— else
(z2) +(%5)
The infinite series converges rather quickly, and in practice is only evaluated up to

Nmax = Mmax = 2NG + 1
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4.2 Two-Dimensional Poisson Equation

The contribution to the electric field is given by

Ng+1

E(:L‘,y) - - Z VdSzSy(x7y) (QSg;Sy - @) . (445)

Sz,y=0

4.2.2.4 Boundary Fluctuation Contributions

In addition to the charge density fluctuation, the boundary fluctuations of the electric
flux density must be considered. For each boundary, a modified Neumann problem is
solved, where at all but one boundary the flux is set to zero. The charge density inside

of the cell is also set to zero, since its effects are already completely contained in ¢* and

Q.
Considering for example the boundary at x = —|— , the Laplace equation

V" (z,y) =0, (4.46)

with
0 ot
%90 (937 y)

_ (4.47)
r=+4Az/2

on the inhomogeneous boundary, and

=0 and 2go””“(:c,y) =0 (4.48)

r=—Az/2 ay y==+4y/2

o ..
pa (z,v)

on the remaining boundaries is solved. Note, that even though one of the boundaries is
inhomogeneous and a charge density of zero is considered, the problem is still well-posed,
since the average value of the electric flux density on the inhomogeneous boundary is
zero by construction (fluctuations have an average of zero).

Similar to the charge density fluctuation, the general idea is to use a series expansion
together with the method of equating the coefficients, to get a solution. An ansatz, that
fulfills the Laplace equation including all of the homogeneous boundary conditions and

also has a vanishing cell average, is

S a2 (e 2o+ 2)) .
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4 Two-Dimensional Device Simulation

The coefficients ¢** must be chosen such that the remaining inhomogeneous boundary

condition eq. (4.47) is also fulfilled. To that end, the normal derivative at the z = +4%
boundary
0 L. =~ nT <n7rA:v) (mr ( Ay))
— " (z,y = @ T —sinh cos| —|y+ — 4.50
ox (z.9) PENNA nz:: Ay Ay Ay 2 ( )

is calculated first. Next, the electric flux density fluctuation is expanded into the cosine

series

| e— ~ A
=Y Dt cos(Z—Z (y+ 7y>> : (4.51)

where the coefficients are given by

~ 2 [ L nm Ay
D =_— DF cos(—( —i——))d
=Ry Lt (y) ACAEE y
Ne Na

-3 S e, (D;S - Ej) . (4.52)

r=1 s=1

The quantities

2 [A (mr ( Ay))

Yy o

Y = —-— y—y)cos| —(y+—) ) dy 4.53
Ay _ayja g( t) Ay ( )

differ from c¥,, in that the case n = 0 is excluded, and that the product in the integrand
starts from ¢ = 1 instead of ¢ = 0. They are again calculated by numerical integration.

Inserting eqs. (4.50) and (4.51) into eq. (4.47) and equating the coefficients then yields

N+
D{L"I’L

nw o nrAzx '
€Ay smh( Ay )

o = - (4.54)
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4.2 Two-Dimensional Poisson Equation

Finally, the contribution by that particular boundary is given by

PHoy) =Y et (w,y)(DE ~ Dy ). (4.55)

with
Ng oo

SCEESSY bgsgé’l@ h(%(“%»(%(y*%))

r—1 n— 15A sinh

(4.56)
The remaining boundaries are treated analogously, resulting in
Ng
= ey (DE, - D7)
s=1
Ne .
P (ry) = Y e (@) (DE - Dy ) (4.57)
s=1
with
jFii by.CY, h(mr( im)) (mr( +Ay))
cos r+t— ) )cos| —|y+ —
i 15 Slnh<n7rAz> Ay 2 Ay 2
Ay Ay
Ng oo
b¥ C nm Ax nm Ay
yi TSSTN o i h{ == 4+ =7 )
e =213 it (5 (4 7)) (502 7))
(4.58)
The contributions to the electric field by the boundary fluctuations are then
E**(z,y) ZV@””jE z,y) ( Di>
EY*(x,y) ZVeyjE x,y ( Di) . (4.59)

This concludes the solution procedure in two dimensions, where due to the linearity of
the PE, the sum of all contributions fulfills the PE for a single grid cell including all

boundary conditions.
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4 Two-Dimensional Device Simulation

4.3 Double Gate MOSFET
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Figure 4.4: Double-Gate MOSFET including discretization grid, where the shading in
the channel indicates the doping concentration Np.

At this point, it is already possible to simulate somewhat more complex devices,
where the PE is solved for two dimensions, but the transport is still one-dimensional.
In Figure 4.4 a double-gate MOSFET similar to the one from [2] is shown, with a
one-dimensional channel in the middle, sandwiched between two non-conducting oxide
regions. Contacted boundaries are indicated by thick red, while uncontacted boundaries
by thick black lines. The source and drain contact sizes are chosen as Lg = Lp = 10 nm,
the spacer length is Ly, = 10nm and the gate length Lg = 60nm. The channel and
oxide thicknesses are d., = 5nm and d,, = 2.5nm, respectively. The permittivities are
Eox = 3.9¢0 and ey, = 11.7¢y. The contact regions are doped with Np = 4 - 102 cm ™3,
which is reduced to Np = 10?° cm™3 in the spacer regions and Np = 10! cm™3 between
the gate contacts, with transition regions of about ¢4,, = 2nm. The relaxation time is
again set to the constant value 7 = 0.1ps. The work function difference for the gate
contacts is set to ¢mg = 0.3 V.

For the discretization, a base grid size of Az = 0.5nm is chosen, which is refined
to Ax = 0.25nm in the spacer regions. In y-direction a grid size of Ay = 0.5nm is
used for the oxide. For the CCFVM, the channel consists only of a single row of cells,
while the VCFVM needs an additional grid line in the middle of the channel as the
one-dimensional transport region, which is indicated by the dashed line in Figure 4.4.

To get a consistent coupling between the one-dimensional transport model and the
two-dimensional PE, depending on the discretization method two different approaches

are taken, which are related to the way the charge carriers are distributed perpendic-
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4.3 Double Gate MOSFET

ular to the channel. For the VCFVM, the carriers are assumed to be located in an
infinitesimal sheet in the middle of the channel, while the CCFVM assumes a uniform
distribution in the channel. Quantum effects due to confinement are ignored in both
cases.

For the VCFVM, coupling between the PE and the transport model is straight-
forward, the only thing to note is that the adjoint cell size in y-direction must be replaced

by the actual channel thickness for the two-dimensional PE:

When calculating the terminal currents, this must be handled in a similar manner.
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Figure 4.5: Two-dimensional PE cell merged with one-dimensional transport cell.

In the case of the CCFVM, the PE and the transport model have different Gauss-
Legendre nodes (indicated by the cross-marks for the PE and the circles for the transport
model in Figure 4.5). The charges given by the transport model are therefore uniformly
distributed from the circles to the cross-marks, while on the other hand, the electric field
supplied by the PE is averaged from the cross-marks to the circles (both processes are
indicated by the dotted lines).

4.3.1 Stationary Results

In Figure 4.6 the cell averages of the potential ¥ for the CCFVM at equilibrium with a

gate voltage of Vi = 0.2V are shown. The solution appears to be very smooth, and no
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Figure 4.6: Cell averages of the potential at equilibrium for the double-gate MOSFET
using the CCFVM at Vg =0.2V.

artificial over- or undershoots are visible.

Similarly to the completely one-dimensional NT-N-N* device from the previous chap-
ter, the density and current density in the one-dimensional channel are compared for
both discretization methods. In Figure 4.7 the equilibrium and non-equilibrium (Vpg =
50mV) electron density is shown for both the CCEFVM and the VCFVM using the CDD
model in both cases.

Like before, the results from the stationary system and the dynamic system under
stationary conditions are in excellent agreement for the CCFVM. For the VCFVM how-
ever, the results show small deviations from the CCFVM. This is to be expected due to
the different electron distribution perpendicular to the channel. To somewhat alleviate
this difference, the gate voltage was increased slightly to Vg = 0.203V for the VCFVM,
since otherwise the density would have been consistently smaller (the graph in Figure 4.7
was calculated using the slightly increased voltage). Nevertheless, some small differences
in the density between the VCFVM and the CCFVM persist.

Analogously, the current density is shown in Figure 4.8. As expected and similar

to the purely one-dimensional case, there are artifacts in the dynamic system solution,
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Figure 4.7: Electron density under equilibrium and non-equilibrium (Vpg = 50 mV) con-
ditions for the double-gate MOSFET using the CDD model at Vo = 0.2'V.

which are much more pronounced in the only first-order accurate VCFVM compared to
the third-order accurate CCFVM.

In Figure 4.9 the stationary output characteristics of the double-gate MOSFET using
both the DD and CDD model are shown. For the DD model there are no limitations to
the applied voltages, and the typical transition between linear and saturation behavior
for MOSFETSs can be seen. For small voltages, both models coincide, however, due to
the limitation on the allowed drift velocity in case of the CDD model, it can not be
solved for larger drain-source voltages. Keeping the drain-source voltage constant and
increasing the gate voltage, leads to a larger density in the channel and at the same
time a reduced drift velocity. Therefore, the CDD model is solvable for a larger region
of drain-source voltages, when the gate voltage is increased.

The transfer characteristics are shown In Figure 4.10, where a DC voltage of Vpg =
50mV is applied. In the subthreshold region the DD model has a slope of about
62mV /dec, which is very close to the theoretical limit of 60mV /dec at T = 300 K.
Therefore, almost no drain-induced barrier lowering takes place, as the double-gate ex-

ercises a very tight control over the relatively long channel. Again, the CDD model can
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Figure 4.8: Current density for the double-gate MOSFET using the CDD model at Vi =
0.2V and Vpg = 50mV.

not be solved for arbitrary voltages, but yields similar results in the regions where it can

be solved.

4.3.2 Small-Signal Results

In addition to the stationary results, the small-signal results for both discretization
methods are compared. In Figure 4.11 the drain-drain admittance for a wide frequency
range is shown. Slight deviations between the two methods can be seen especially for
lower frequencies, which can be explained in part again due to the different distribution
of carriers in the channel. On the other hand, for very high frequencies the methods are
in nearly perfect agreement, because the displacement current becomes the dominant
term. At these high frequencies there is no relevant electron transport in the channel,
and the device acts more like a capacitor.

For the more relevant frequency range of 1 THz to 10 THz, some resonances can be
seen, which appear to be much more pronounced for the CCFVM compared to the
VCFVM. This effect can be seen much more clearly in Figure 4.12, which shows the
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Figure 4.9: Output characteristics of the double-gate MOSFET.
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Figure 4.11: Real (solid) and absolute value of the imaginary (dashed) part of Y, at
equilibrium.

drain-source admittance in that range. In [2] it was already shown, that this effect
is due to the first-order nature of the VCFVM, which introduces a large amount of
damping at higher frequencies. In contrast, the resonances are almost undamped by the
third-order accurate CCFVM.

4.3.3 Large-Signal Transient Results

For further analysis, the detector circuit from [18, 3], shown in Figure 4.13, is consid-
ered. Similar to [68, 3, 2], the circuit is simplified by applying the AC voltage to the
source terminal and keeping the gate and drain terminals AC-wise grounded, which
can be justified due to the high admittance of the coupling capacitance Cgp ext at high
frequencies.

The large-signal results shown in this section are generated using the CCFVM in
combination with the method of lines approach. After discretization of the spatial

derivatives, the equation system has the form

D%u + flu,t)=0. (4.61)
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Figure 4.12: Real (solid) and imaginary (dashed) part of Y ¢ at equilibrium.

Transient analysis is done by applying the linear multistep BDF2 method [69, 70]. The

time derivative at a time step t™*1) is approximated by

9. r @MY 4 B gy () g (g (nt1) (4.62)
ot t=t(n+1)
with
At
o —
At(n—U(At(”) + At(n—l))
(n n—1)
) _ A )+ Atl

At A1)
my ALY 427
B At ’

y (4.63)

and At = (1) () Alternatively, the modified BDF2 (MBDF2) method based on
trigonometric functions [71] with frequency dependent weights and much less numerical

damping can be used.
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Figure 4.13: Detector circuit for resistive mixing [18, 3].
The resulting non-linear equation system
D (™™D 4 By 4 Ayt o f () () — g (4.64)

is solved for w1

) by a Newton iteration, similar to the steady-state. The time step
size is automatically adjusted by a heuristic adaptive step size algorithm, which does
not require any additional information about the equation system [2].

In Figure 4.14 the source and drain currents over time for a sinusoidal voltage applied
to the source terminal Vs(t) = Vj sin(wt) with different amplitudes are shown. The
frequency was fixed to f = 1 THz. Especially for large amplitudes, the non-linearity of
the device can be seen in the drain current, which becomes asymmetric and deviates
significantly from a harmonic oscillation. For the largest amplitude of 40 mV, a high-
frequency oscillation that is superimposed on the base signal can be seen.

After only a few oscillations, the transient simulation reaches the PSS, which alter-
natively could also be calculated directly by the harmonic balance approach [72]. Fig-
ure 4.15 shows the cell averages of the dynamic part of the density, as well as the total
interface current density for a single period of the PSS. In the contact regions the den-
sity stays almost constant, however at the transition between source region and channel
a large oscillation is visible, which travels as a damped wave into the channel. Corre-
sponding to the almost constant density in time, the current density is nearly constant

in space in the contact regions. Only in the channel a moving wave can be seen, leading
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4.3 Double Gate MOSFET

to a phase shift for the current density between the source and drain side [2]. Since for
the actual charge transport the interface current density is relevant, only this quantity
is shown here. It is smoother than the cell average current density, which exhibits some
numerical artifacts, as demonstrated before in the steady-state simulations.

Using the PSS results, the current responsivity of the detector can be calculated by
dividing the DC component of the drain current by the source AC input power [3]

D

where the AC input power is given by the time average of the instantaneous power

T

1
PC = T, Vs(t)Is(t) dt . (4.66)
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Figure 4.16: Detector responsivity over frequency for the classical and the hyperbolic
DD model as well as the CDD model.

In Figure 4.16 the responsivity is shown for frequencies up to f = 3 THz for both
the DD and the CDD model as well as the classical (non-hyperbolic) DD model. The
amplitude of the AC signal was set to V4 = 0.1mV, which is small enough to not

117



4 Two-Dimensional Device Simulation

influence the result, since the responsivity is independent on V, for small V. For low
frequencies, all three models yield the same result, with a responsivity of Ry ~ 8.5 A/W.
However, for larger frequencies in the THz regime, the responsivity given by the classical
DD model is simply monotonically decreasing, while the hyperbolic DD and the CDD
model show some oscillatory behaviour, due to the resonant coupling between the signal
and the electron plasma. Furthermore, the CDD model yields a much larger responsivity
compared to the hyperbolic DD model, which at first glance seems counterintuitive, since
for a DC bias of 0V the convective term has no effect on small-signal results. Then
again, the responsivity is a non-linear effect which can not be captured by the linearized
small-signal calculations [2], as there is no DC shift of the current in the small-signal
regime. The difference in the responsivities shown here therefore highlights the need for

non-linear large-signal simulations.
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4.4 Two-Dimensional Transport Model

4.4 Two-Dimensional Transport Model

Up to this point, the transport was only simulated in one dimension. However, for fully
two-dimensional devices, it should be solved in two dimensions as well. In that case, the

models considered in this work have the form

0 0 0
aU + %FI + a_yFy =S, (4.67)
with F, = F,(U), F, = F,(u) and § = S(U, E).

For instance, the two-dimensional CDD model is given by

n Jx Jy 0
] 9 C o .
U=\l . F=|dn+&| F=| & and §=|—<cEn_ i
. 9 ]
: JzJy 2 Jy ___e _Jy
Jy n crn + n m* Eyn T

(4.68)
In order to discretize such equations in a well-balanced way, the variables are again

split into a stationary and a dynamic part

E(r,t) = E5(r) + E%(r,1), (4.69)

where the stationary part must satisfy

0 0

—F+—F'=8§° 4.70

GE = S (1.70)
with F; = F,(U®), F,;, = F,(U°) and §° = S(U® E*). In contrast to the one-
dimensional case, this is still difficult to solve, and it is not possible to adapt the approach
using a numerical ODE solver to this case. Instead, the well-known equilibrium solution

is used as a stationary solution
Us(z,y) =Ux,y). (4.71)

Subtracting eq. (4.70) from eq. (4.67) then results in

0 9 54 9 N s
aU+a—x(Fm—Fm)+a—y(Ey—Fy)_S S, (4.72)
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4 Two-Dimensional Device Simulation

which is well-balanced exactly for the equilibrium state by construction.

4.4.1 Discretization of the Two-Dimensional Transport Model

Unfortunately, for two dimensions the piecewise constant reconstruction used by the
vertex-centered method is not applicable, because even under stationary conditions,
although it is divergence-free, the current density is not necessarily constant in the
device. The piecewise constant reconstruction allows the current density to change only
on the integration volume interfaces, resulting in discontinuities at these points. These
do not even approximately vanish for stationary conditions, resulting in the creation of
moving waves with non-zero amplitude by the Riemann solver. This in turn leads to
strong artificial oscillations.

To alleviate this problem, the components of the current density must be allowed to
change inside of the cells. Therefore, only the high-order cell-centered discretization is

considered for the two-dimensional transport case.
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Figure 4.17: Discretizing the transport model using four Gauss-Legendre nodes for both
directions.

Like before, only a single cell is considered for the derivation of the discretized scheme,

which is why all grid indices can be dropped. Integrating eq. (4.72) over a rectangular

120



4.4 Two-Dimensional Transport Model

cell yields

-+ =5+ = 58— -+ =5+ = a5 —
%ﬁ+ (7, - F, >A_$<Fw -F,) X (F, - F, >A_y<Fy -F

> =8§-5", (4.73)

where the cell average value

Ay/2 Az/a
/ U(x,y)dzdy (4.74)

Ay/a J —Az/2

T Az Ay

is chosen as the discrete solution variable. Similarly, the source terms are given by

Ay/2 Az/o
— S (z,y)dzdy , 4.75
Ax Ay —Ay/2 /—Aw/Q y Y ( )

and the average fluxes on the cell surfaces are

— 1o A
F)" = A_/ FY (ﬂ:;w) dy
Y J—aypm

A;v/g
)+ 1 (s) Ay
F = — F +— | dx . 4.
Y Ax /Az/g Y (x7 2 v ( 76)

Both egs. (4.75) and (4.76) are approximated using the Gauss-Legendre quadrature
(see Figure 4.17)

NG Ng

NG NG (S) A.ZU Ay S)
SWI —¢&, =&, | ww,, = = Z Z Sy w Wy, (4.77)

klll

and

xX X 2
k=1
Ng

—(s)+ 1 s A:L’

P ~ 3 Fy()<2§k )wk— Zkak, (4.78)
k=1

where the surface fluxes at the individual points are calculated using a one-dimensional

Riemann solver in the direction normal to the face. For example, at a face in z-direction,
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the equation
0 0
— —F,
8tU + or~*

is solved for each Gauss-Legendre point on the surface, using initial data for U from

(U)=0 (4.79)

both neighboring cells. Note, that in addition to the normal component of the vectorial
variables, in two dimensions also a tangential component is included in U, so the Rie-
mann solver needs to be changed to account for that. For instance, the state vector of
the CDD model in two dimensions has three components (one density and two current
densities), leading to a Riemann solution with three waves, instead of two. However, the
additional wave is a simple linear wave, only coupling to the tangential current density.
Therefore, no drastic changes to the solver have to be made. The tangential current
density on the interface is simply given by either one of the two initial values on both
sides of the interface, depending on the sign of the drift velocity normal to the interface.

In Figure 4.17 all Gauss-Legendre points needed for the flux and source term calcu-
lation are shown. To reconstruct U at these points, the one-dimensional reconstruction

procedure used before has to be extended to two dimensions.

4.4.2 Two-Dimensional Extension of the LDLR

As the LDLR is inherently one-dimensional, in order to extend it to two dimensions, it
is simply applied successively in both directions.

Starting with the x-direction, the LDLR is applied to the center, left and right cells
to reconstruct values on the cell surfaces as well as at the Gauss-Legendre nodes inside
of the center cell. The surface values are located infinitesimally close to the surfaces,
however still inside of the center cell. Since no reconstruction in y-direction has been
performed yet, the reconstructed values represent point values in x-, but average values
in y-direction (see Figure 4.18a). In the second step, these y-averages can then be used
to reconstruct point values in both x- and y-direction. For that purpose, the LDLR is
applied in y-direction once for each of the half average values (see Figure 4.18b). The
resulting point values are third-order accurate in both x- and y-direction, and the full
stencil shown in Figure 4.18 is used, consisting of nine cells in total. The point values
are also consistent with the average value for the center cell, which is given by the
two-dimensional Gauss-Legendre quadrature rule.

In contrast to the one-dimensional case, additional boundary conditions have to be
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Figure 4.18: Reconstruction procedure in two dimensions.

implemented for the transport cells bordering on oxide regions, or uncontacted device
boundaries. Since electrons can only enter and leave the device through its contacts, the
normal component of the current density on such boundaries must be zero, correspond-
ing to a Dirichlet boundary condition. For the tangential component, homogeneous
Neumann boundary conditions are used. Finally, to get a consistent boundary condition
for the electron density as well, the underlying PDE is considered. Assuming a transport
cell is bordering an uncontacted device boundary at x = —%, the constitutive equation

for the current density in x-direction for the CDD model is then given by

0. 0, | J 0 ( July e Jo

— e+ — = — (== | =—-——FEn—*=. 4.80

at’ + Ox <CTn * n * dy\ n meT T (4.80)
Using jx‘i Aefy = 0, the resulting boundary condition involving n, %n and F, is then
given by

~0, (4.81)

mzfA:E/Q

on e
2
— 4+ —F,
<CT or m* n)

which is the same for both the DD and CDD model. This condition then replaces one

of the equations from eq. (3.156) in the non-negative reconstruction of the density.

123



4 Two-Dimensional Device Simulation

4.5 Silicon-On-Insulator MOSFET
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Figure 4.19: Simplified SOI MOSFET including discretization grid.

In this section the discretization scheme is applied to a two-dimensional SOI MOSFET,
as shown in Figure 4.19. For simplicity reasons, a back gate is connected directly to the
Buried Oxide Layer (BOX), and the substrate is neglected. The thicknesses of the
BOX, the silicon layer and the gate oxide are given by dgox = 50 nm, dg; = 25nm and
dox = 5 nm respectively. The source and drain regions have a length of Lg = Lp = 25 nm.
The spacer length is Ly, = 10nm and the gate length is Lg = 100nm. The buried as
well as the gate oxide have the same permittivity of e, = 3.9y, while the silicon
permittivity is eg; = 11.7¢9. The relaxation time in the whole transport region is
assumed to be constant at 7 = 0.1ps and an effective mass of m* = 0.28621 m, is
used. The doping concentrations are Np = 102° cm ™2 in the contact regions, while the
region under the gate is slightly p-doped with Ny = 10'% cm™3. For both gate contacts

a metal-semiconductor work-function difference of ¢yg = 0.3V is assumed.
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Figure 4.21: Cell average electron density at equilibrium.
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Figure 4.20 shows the average potential in each cell for the whole device under equilib-
rium conditions. In Figure 4.21 the corresponding electron density in the semiconductor
region is shown. The solution seems to be sufficiently stable and no artificial oscillations
are visible, demonstrating the stability of the two-dimensional discretization scheme for
the PE. In the following the steady-state is calculated when a small drain-source voltage

is applied.
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Figure 4.22: Dynamic density under stationary conditions.

Figure 4.22 displays the the dynamic density (n? = n — n®) for a stationary applied
drain-source voltage of Vps = 20mV. While the total density is still positive, near
the drain contact and close to y = Onm a spike is clearly visible, hinting at numerical
instability.

When the current density is considered, the situation can be seen more clearly, as
shown in Figures 4.23 and 4.24. While the two spikes in current density located directly
at the corners of the source and drain contact are to be expected, in the highly doped
spacer region on the drain side artificial oscillations are visible, especially close to the
gate oxide but also at the BOX. While the cell averages of the current density show
numerical artifacts even in the one-dimensional case, at least the cell surface current

densities are smooth. However, for the two-dimensional case this does not seem to hold,
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Figure 4.24: Face average current density in y-direction.
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since in the figures already only the surface currents are shown.
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Figure 4.25: Face average current density in y-direction using a refined grid.

A strategy to suppress these instabilities could be the refinement of the grid. As
shown in Figure 4.25, this actually works somewhat, and especially the instability close
to the BOX at y =~ —25nm is significantly reduced. Unfortunately, to fully suppress the
instabilities, the grid would probably have to be multiple orders of magnitude finer, which
quickly becomes computationally infeasible. For that reason, no further simulations for
the fully two-dimensional case are presented here, since such results would be highly

questionable, when the stationary case already appears to be numerically unstable.
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5 Conclusion and Outlook

In this work several simpler models for electron transport in semiconductor devices were
derived from the BTE and analyzed with special regard to plasma oscillations. For
the homogeneous case, the models were compared to the BTE, and the plasma wave
instability predicted by Dyakonov and Schur was investigated. It was found, that the
convective hydrodynamic model is the most accurate and gives results most similar to
the homogeneous BTE. The convective term was shown to be necessary to properly
capture the anisotropy of the distribution function. Furthermore, the influence of the
boundary conditions was investigated, leading to the conclusion that the instability is
presumably just an artifact due to improperly chosen boundary conditions.

In the next part of the thesis, numerical device simulations were performed. Ap-
proximations usually done for numerical stabilization purposes could not be made, and
typically used schemes proved to be unstable under these aggravated conditions. There-
fore, an entirely new discretization scheme had to be developed, and it was successfully
applied to purely one-dimensional devices.

After this, the discretization was extended to two dimensions. Starting with a two-
dimensional PE, a double-gate MOSFET with one-dimensional transport was investi-
gated. By performing large-signal simulations, the influence of the convective derivative
under dynamic conditions for frequencies in the THz-range could be demonstrated suc-
cessfully.

As the final step, the discretization scheme for the transport model was extended to
two dimensions as well. Unfortunately, the scheme proved to be too unstable to be used
for transient simulations. While the refinement of the grid could improve the situation
somewhat, it would be computationally infeasible to completely suppress the numerical
instabilities; especially considering that the simplified transport models considered in
this work are supposed to be more efficient to simulate than the BTE.

The problem seems to be the collocation of scalar and vectorial quantities, i.e. the

solution variables for the density and current density are defined on the same grid prim-
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5 Conclusion and Outlook

itives (grid cells). In the case of the Scharfetter-Gummel stabilization for the simple
drift-diffusion model, a staggered grid is used instead, where the current densities are
calculated for the adjoint grid points. However, when the convective derivative is in-
cluded in the model, this approach leads to further problems, since both the density and
current density are needed at the same position to evaluate that term. This results in the
need for some kind of interpolation, which introduces further instability and ultimately
renders it unusable for this case.

A transport model, which only contains scalar quantities would be the BTE, dis-
cretized in k-space. Even though it is expected to be computationally far more expen-
sive, due to its higher dimensionality, the underlying structure could be considered quite
a bit simpler than the CDD model, since the flux term contains no non-linearity. In the
future it would be quite interesting to apply the insights developed in this work to the
BTE instead, hopefully resulting in a more stable, as well as physically more accurate
solution. Especially the non-negative reconstruction procedure could be valuable in de-
veloping a high-order scheme for the BTE, since its distribution function also has the

requirement to always stay non-negative.
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