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Abstract

The simulation of traffic flow on networks requires knowledge on the behavior across traffic
intersections. For macroscopic models based on hyperbolic conservation laws there exist nowa-
days many ad-hoc models describing this behavior. Based on real-world car trajectory data we
propose a new class of data-driven models with the requirements of being consistent to networked
hyperbolic traffic flow models. To this end the new models combine artificial neural networks with
a parametrization of the solution space to the half-Riemann problem at the junction. A method
for deriving density and flux corresponding to the traffic close to the junction for data-driven
models is presented. The models parameter are fitted to obtain suitable boundary conditions for
macroscopic first and second-order traffic flow models. The prediction of various models are
compared considering also existing coupling rules at the junction. Numerical results imposing the
data-fitted coupling models on a traffic network are presented exhibiting accurate predictions of
the new models.
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1 Introduction

Mathematical modeling of vehicular traffic flow is considered on diffent scales and we refer to [4,27,49]
for recent reviews. Here, we are interested in continuum models that evolve aggregated quantities like
the vehicle density or the mean vehicle velocity in space and time. Those models are also called
fluid-dynamic or macroscopic models and a rich literature exists today (e.g., [3,5,11,14,15,21,22,36,

,43,45,47,48,53,56,57]). Among the (inviscid) macroscopic models one typically distinguishes
between first-order models given by scalar hyperbolic conservation laws and second-order models
comprised of systems of strictly hyperbolic equations. The most prominent first-order model has been
introduced by Lighthill and Whitham [45] and Richards [53] and it is based on a fixed relation between
mean car velocity and density. This has later been extended e.g., towards a general family of functions
by Aw and Rascle [3] and Zhang [57] leading to a second-order model.

In order to extend those macroscopic models road networks, coupling or boundary conditions are
required. The appropriate junction modeling strongly influences the dynamics on the roads and has
been the focus of recent research in the field, see e.g., [8, 18,21]. It is clear, that the conservation

*Corresponding author



of mass at the junction needs to hold, but from a mathematical point of view this condition is not
sufficient to obtain a well-posed initial boundary value problem. Therefore, further conditions have
been imposed to obtain unique coupling conditions. As an example, the non-negative flux at the
junction might be distributed according to given ratios modeling the preferences of the drivers and
the total flux through the junction maximized according to specified ratios [12]. Many studies focus

on suitable coupling conditions for the LWR model, see [12, 18,21,23,29,33] while for second order
ARZ-type models similar considerations have been conducted. Coupling conditions for ARZ models
have been proposed e.g. in [9, 18,20,21,26,31,32,39,40, 44, 54], whereas in [13, 19] the authors

proposed coupling conditions for ARZ phase transition models. We also refer to [25] for a comparison
and novel conditions. Typically, well-posedness results are obtained using the notion of (nodal or half-)
Riemann solvers to classify consistent boundary conditions. The precise definition of the Riemann
solver depends on the system at hand and we refer to [18,32,44] and below for more details.

Depending on the level of detail, some models have been employed and tested against data. Recently,
it has been proposed that macroscopic models provide suitable flexibility to incorporate on-line traffic
data and, in particular, fundamental diagram data [1, 10, 16]. While those models are now widely used
only little work has been conducted on validation with traffic data [1,2,7,28]. This situation is even
more pronounced for traffic flow on road networks. Our manuscript contributes to the development
of macroscopic coupling conditions using vehicle trajectory data. We will provide a framework for
the development of general models at the junction that are consistent with the requirements given by
the, also possibly data-fitted, macroscopic models on the road. In particular, a new class of machine
learning models is proposed that combine trained artificial neural networks with a parametrization of
the solution space of the half-Riemann problem at the junction to substitute for the nonlinear coupling
conditions. We compare numerically the predictions of the novel models with existing classical models
taken from [21] and [25]. We not only compare the coupling conditions but also conduct long-time
predictions for upstream and downstream traffic simulated through a finite-volume method.

The outline of the manuscript is as follows: in Section 2 we provide an overview on traffic flow models
on networks, focusing on first order models, introduce a description of coupling models in terms of
Riemann solvers and discuss admissible coupling fluxes in case of a 2-to-1 junction. In Section 3
we introduce various coupling models and describe them in the case of a 2-to-1 network. Along
with established coupling rules from the literature we introduce our new machine-learning approach.
Section 4 considers the handling of vehicle trajectory data in the example of an on-ramp on a freeway.
We discuss a normalization procedure with respect to the coupling delay and the estimation of road
dependent fundamental diagrams. After elaborating on the parameter estimation of the coupling
models in Section 5 we validate these models on the road network in Section 6.

2 Networked Traffic Flow Models

In this section we give a summary on the mathematical modeling of traffic flow at a junction, introduce
our notion of coupling models and show some properties on Riemann solvers and admissible conditions
that will be used in the modeling in the following sections. The modeling of general junctions is
considered in Section 2.1 and properties of 2-to-1 junctions that apply to the particular case of an
on-ramp are discussed in Section 2.2.

2.1 Macroscopic models and Riemann solvers

Road networks are generally modeled by means of a directed graph with nodes representing the
junctions and edges representing the roads, on which macroscopic traffic flow models, e.g., (1) or (5)
are imposed. While our approach can be generalized to road networks we focus here on the scenario
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Figure 1: A road network consisting of three roads connected by a single junction. We assume that
road 1 denotes the entry lane, road 2 denotes a stretch of the freeway leading into the junction and
road 3 denotes a stretch of the freeway going out of the junction. The roads are parameterized by the
corresponding intervals I} = (—o0,0], I = (=00, 0] and I3 = [0, o0) assuming the junction at position
x=0.

of an on-ramp on a freeway modeled by a single junction with two incoming and one outgoing road.
The three roads that meet at the 2-to-1 junction are the entry lane (road 1), the stretch of the freeway
leading into the junction (road 2) and the stretch of the freeway after the merge (road 3) as shown in
Figure 1. The junction itself is imposed at the physical location x = 0, whereas the two incoming roads
are parameterized by the intervals I} = I, = (o0, 0] and the outgoing one by the interval I3 = [0, o0).
Coupling conditions will be imposed at the junction that give rise to boundary conditions for the
(system of) hyperbolic conservation laws.

On each road k € {1,2,3} we describe traffic flow using the one dimensional Lighthill-Whitham-
Richards (LWR) model [45, 53], a hyperbolic conservation law that reads

8,0 + 8, (pk Vk(pk)) —0 in(0,00) X I. (1)

In this model p* = p* (¢, x) denotes the time and space dependent vehicle density on road k. The flux
in (1) is given by the density flow fX(p*) = p* VX (p¥). A set of functions p for k € {1,2, 3} is called
a weak solution at the junction if for all families of test functions ®F : I x (0, c0) — R being smooth
across the junction, i.e., ®'(¢,07) = ®>(¢,07) = ®3(¢,0") for all > 0, the following equation holds:

> //[pk8t®k+fk8xd>k]dxdt=
0 I

/ %0k (0, x) dx. 2)
ke{1,2,3} Ix

ke{1,2,3}

In the above equation, p*¥ denotes initial data. Note that the weak formulation (2) implies that
conservation of mass is as necessary coupling condition, see e.g., [33]. The mass conservation
condition is also called Kirchhoff condition and reads

p 1,07 V(! (2,07)) + p2(1,07) V2(p*(1,07)) = p(¢,0) V3 (p' (z,0%)), forae. 7>0. (3)

In the LWR model, the velocity V* depends on both the road k and the density pX, the latter relation
being known as fundamental diagram. We assume these diagrams to be chosen such that the flux
functions f* for k € {1,2,3} are concave with respect to the density, satisfy f¥(0) = f*(pk,.) =0
and have a unique global maximum 0 < o < pK . with pk  denoting the maximal vehicle density
on the road. A possible choice is the Greenshields model [24]

k
Vk(pk)zvr’;ax(l— ’i ) (4)

pmax




where the maximal/stagnation density pX,. and the maximal velocity vX, are road dependent param-

eters. In the second order model by Aw, Rascle [3] and Zhang [57] model (1) is complemented by the
additional equation

8, (pk wk) +0, (pk wk vk) —0 in (0,00) x I, 5)

where w* denotes the Lagrangian marker on road k carrying information about the traffic at a given
point in space and time. The velocity in the ARZ model is determined by the marker and a pressure
law p(p*, w*) through the relation
VE=wk = p(p*,w") (6)
replacing the fundamental diagram (4) in the first order model. Choosing the pressure p(pX, w*) =
k
plf];]ax
vk .. Other choices for the pressure have been investigated e.g., in [16]. A corresponding weak
formulation for the momentum equation (5) states the conservation of the quantity pw across the

junction as necessary condition:

Z (o'w'v') (¢, b;) = Z (o’w’v’) (t,a;), t > 0.

i€d, JjESy

pk we recover relation (4) so that the variable marker w* takes the role of the maximal velocity

For both models, the relations accounting for conservation across the junction are not sufficient to
obtain well-defined boundary conditions.

In order to formalize the coupling condition in a unified presentation we will in the following use the
notion of Riemann solvers (RS), see e.g. [21]. Although those solvers are also available for the second-
order models, see [32], we will consider RS for the first-order models only. This is also due to the data
available that does not yet include information on the Lagrangian marker w*. However, motivated by
the approximation qualities of the ARZ model, below we consider coupling conditions that also allow
to modify the variable maximal velocity vX_in (4). This corresponds to having a spatially constant

marker w* whose value can be changed at the junction through the coupling condition. The details
will be given in the forthcoming section.

Definition 1. A Riemann solver (RS) fo the LWR system (1) on the 2-to-1 network is a function
RS, : R}, > R,

that maps data (p,~, p(z)_, p(3)+) accounting for initial conditions of a Riemann problem at the junction
(being constant on each road) to the coupling data (pllz, p%e, pz). On the roads 1, I and I the solution
of the network system is given by the solution of the initial value boundary problem with initial data
pé and Dirichlet boundary data p%/pi. Coupling data imposed by the RS is such that waves of the
network solution have negative speed on incoming roads and positive speed on outgoing roads. The
RS is consistent if the following condition holds

RS, (RSp(py™- P37 P3N = RSp(0h™ 937 P31)-

By its definition the RS provides boundary conditions for p*(z, 0) under suitable assumptions. Then,
using wave-front tracking, well-posedness of macroscopic first- and second-order models has been
established, and we refer to [8] for a recent survey on those techniques. In case of non-constant data
on the roads the role of the Riemann data is transferred to traces of the densities at the coupling node.
Under our assumptions on the flux functions f* the wave speed property of the RS is implied by the
demand and supply conditions [42]

fo<d' (), fy<d0g). Sy <5 (05 (7)



where, denoting the density of maximal flow as 0%, the demand and supply functions are defined by

ko ky _ fk(Pk) ifpkfo'k
d(p)_{fk(crk) if pk > ok

) ifp’ <o, ®
) ifp’ >’
We note that the density flow obtained from the Greenshield model (4) attains maximal flow at density
ok = pk /2. Demand and supply have also been defined for ARZ-type models in [25,32,44].

© fork € {1,2}, s3(p3):{

As shown e.g., in [33] the Kirchhoff condition and the notion of demand and supply are not sufficient
to define unique boundary conditions for p* at the junction and hence the RS needs to incorporate
additional conditions. To describe these in the following we use an alternative representation of a RS
of the form

RS : (ob7 03 .07) o (i 50 13). ©)

which maps Riemann data to coupling fluxes instead of coupling data in terms of densities as considered
in Definition 1. This alternative form allows for a simplified and consistent description of the coupling
models in Section 3. The output of (9) can be transformed to corresponding coupling data.

Proposition 1. Let RS : R;O — R;O be a RS of the form (9) to the LWR system (1) at the junction
of the 2-to-1 network. Suppose that the flux functions f', f* and f> are concave with respect to the
density, satisfy f*(0) = f*(pk ) = 0 and have a unique global maximum 0 < oy < pX . Further
assume that for given p(l)_, p(z)_ and p8+ the coupling fluxes fol, f02 and fo3 satisfy the demand and
supply conditions (7). Then, defining the densities

. {p’g if fX = f(pk),
PR =

] o if fg = 1> (p),
(f_k)_ ( fok) otherwise

3 _
fork € {1,2}, PL = {(f_S)‘l(f(;) otherwise

with (F)_1 denoting the inverse function of f* on the interval [o*, pk .| and (f*)~' the inverse
function of f* on the interval [0, %], a RS in the sense of Definition I is obtained.

Proof. This result follows from the analysis in [33], the necessary details are provided here for
convenience. A suitable RS is defined if for each edge k € {1, 2, 3} either pg L= pg or the Rankine-
Hugoniot shock velocity at the junction,
fE=r*wf)

pﬁ_p(l)( k€{1’2}9

SE b1 ’
L SN p =
Py =PI 3

k _
Sy =

is nonpositive in incoming edges (k = 1 or k = 2) or nonnegative in the outgoing edge (k = 3). We
consider an incoming edge and exclude the trivial case pﬁ = p(')‘. If on the one hand pg > o then
by the demand condition in (7) pfe € [o%, pk..] and due to fok =f k(pg) clearly sg is the secant
slope of a strictly monotonically decreasing function and thus negative. If on the other hand pg <ok

— -1
the demand condition requires pI’i e ((f& (fk (p(’)‘)), pk. 1. Since f¥ is strictly monotonically
decreasing in this interval this implies fok < fK( p’(j) and p;g > pg and therefore sg is also negative in
this case. Nonnegativitity of sg is shown analogously exploiting the monotonicity of £ in the interval
[0, 0]. O

Consistency of an RS of the form (9) is defined analogously to Definition 1 and is inherited when
following the transformation in Proposition 1. Conversely, coupling data in terms of densities can
be transformed to coupling fluxes by applying the flux functions corresponding to the respective
roads. Existence and uniqueness of network solution for suitable coupling rules has been established
in [21,33]. These results have also been extended to second-order models in e.g., [25,32].



d* | S N
N
.

dl s3 dl S3

Figure 2: The restricted admissible set G’ in the two configurations d*> < d' < 53 < d' + d* (left) and
d' < 53 < d? (right).

2.2 Admissible coupling fluxes

In this work we focus on coupling models of the form (9) determining coupling fluxes fol, fo2 and f(f
that in addition to the demand and supply conditions (7) need to fulfill the mass conservation condition
(3) point-wise in time, i.e.,

o+ fi=1;. (10)

In the following, we analyze the set of admissible coupling fluxes.

Definition 2. For given trace data p(l)_, pg_ and p(3)+ and concave flux functions f', % and f> that
satisfy f*(0) = fX(pk ) = 0 and have a unique global maximum 0 < oy, < p*__ the admissible set
G C R3 refers to the set that includes all fol, foz, f03) satisfying both the Kirchhoff condition (10) and
the demand and supply conditions (7).

Due to (10) any (fol,foz, f03) € G has the form (fol, f02, f03) = (fol,foz, fO1 + foz), thus we focus on the
restricted set G’ = {( fol, f02) :( fol, foz, fo1 + f02) € G} to characterize the admissible set. Because of
the demand and supply conditions (7) it holds

(fo-f) g it 0<ff <min{d (o575 (05" - f5}
and 0 < f2 < min{d?(p37),s*(p3") - fi},
hence, G’ is a rectangle in R? that is (possibly) cut by a line as shown in Figure 2 for two cases,
see also [21, Section 5.2.2], where the flow maximization approach (see C1 below) is geometrically

illustrated. We note that the admissible set depends only on the demand and supply at the junction and
therefore write G = G(d', d?, s*). We state two properties of G in the following proposition.

(1)

Proposition 2. The set G is non-empty and there is a bijective function Xg : [0, 11> - @'

Proof. The first statement holds as (0,0) € G’ for all trace data. A bijection is constructed as follows
Xg : (01,62) — (61 min{d', s*}, 6 min{d?, 5* - ; min{d', s’}}), (12)

where we have neglected the arguments of the demand and supply functions for brevity. |

In the following we assume that the velocity on the three roads of the network is given by the
Greenshields model (4). Motivated from (6) in the second order traffic model, we consider the
parameterized flux functions

k
ek, wky = wk p* (1— ’,Z ) w* € [0,0F ] (13)

p max

6



defined, such that f*(p*,vk ) = f*(p*). Including this parametrization by the Lagrangian marker
also in (8) gives rise to the generalized demand and supply functions d'(p*, w*), d*(p*, w*) and
s3(p*, w*). The following result motivates the construction of our second order coupling models in

the next section.

Proposition 3. Let w* € [0,0v% | for k € {1,2,3} and suppose that RS* : Rio — Rio is of the form

(9) and such that the generalized demand and supply conditions

fo <d'(phmwh), i), f3 <SPy, (14)

as well as (10) hold. Then RS™ defines a RS.

Proof. As the generalized demand and supply functions are monotonically nondecreasing in the marker
parameter w* it holds

G(d' (py~,w"), d* (0™, w), s (05", w?)) € G(d' (py ), d*(pg ), 5> (03 1))

by the characterization (11), see also Figure 2. Therefore the original condition (7) is implied so that
RS™ satisfies the conditions in Proposition 1 and thus defines a RS. |

3 Coupling Models

In this section we recall various coupling models that impose coupling conditions of the type (9) and
satisfy both the Kirchhoff condition (10) and the demand and supply conditions (7) by construction. We
distinguish between classical models derived from literature conditions that are discussed in Section 3.1
and novel machine learning models that are discussed in Section 3.2. All models are also summarized
in Table 1. The models are stated for the 2-to-1 junction depicted in Figure 1 for convenience. However,
the presented framework can be generalized to an arbitrary junction. It is supposed that on all three
roads the velocity is governed by the Greenshields model (4).

3.1 Classical Coupling Models

We consider four different classical coupling conditions also for comparison with the novel machine
learning models later. The models assume fixed preferences of the drivers with respect to their
distribution at the junction, which is reflected by model parameters. For those as well as the Lagrangian
markers used in our second order models parameter fitting is considered and described in Section 5.

C1: first order flow maximization

A common approach discussed in [21] is the maximization of the flux in the junction such that the
Kirchhoff condition (10) and the demand and supply conditions (7) are fulfilled. Given the traces p(l)‘,
p%‘ and pS* the demand in the incoming roads and the supply in the outgoing road according to (8)
is computed. Only, two cases can occur: In the case d' (p(l)‘) +d? (p(z)‘) < s’ (p8+) the total flux is
limited by the demand and maximal flux is obtained by taking

fo=d'(py),  fg=dpg),  fy =d(pgT) +d(pg) (15)

In the contrary case d! (p(l)‘) +d? (p%‘) > 53 (pg"), the supply limits the total flux and an additional
right of way parameter 3 € [0, 1] is required to determine the (preliminary) coupling fluxes according
to

fo=BsW,  F=0-pS@WN,  f =5 (16)



It might occur that one of the preliminary coupling fluxes fol and f02 violates the demand condition.
Suppose this happens in the first road, i.e., we have f} > d'(p}), then we use f) = d'(p)”) and
fo2 =5 (p8+) —d! (p(l)‘). In the case foz > d? (p%‘) the same procedure is applied with reversed indices
1 and 2. Otherwise the preliminary incoming coupling fluxes determine the final ones, i.e. fO1 = fol
and fo2 = foz. This procedure extends to the general case of multiple incoming and outgoing roads, see

e.g. [12].

C2: second order flow maximization

This model generalizes C1 and allows for changes in the fundamental diagrams. In more detail,
we assume that in the junction the fluxes take the form (13) for some constant marker parameter
0 < w* < vk .. Note that due to Proposition 3 this leads to a RS of the original coupled problem.
Since w', w? and w? may be pre-computed during parameter estimation, the computation of the
coupling fluxes follows the steps of C1 considering the updated fundamental diagrams. This procedure
could also be used with spatially varying values of w* leading to conditions for the ARZ model as

discussed in [20, 32].

C3: alternative flow maximization

While models C1 and C2 prioritize flow maximization over fixing a flux distribution as in (16), some
publications such as [20, 25] take the converse approach. Likewise, this model maximizes the fluxes
subject to the constraints (10), (7) and (16). Additionally, this model employs the modified flux
functions (13) in the junction and allows for changes of the parameter w* as considered in model C2.
Its coupling fluxes are consequently given by

d'(py~ w') d*(pg,w?)
B To1-p

fo=Bfe, fo=0-pf f03=min{ ,s3(p3+,w3)} (17)

for an priority parameter 8 € (0, 1). Due to the prioritized flux distribution all coupling fluxes become
zero whenever d' = 0, d> = 0 or s* = 0, which is not the case in the maximization approach in models
C1 and C2.

C4: homogenized pressure model

In [25] another coupling approach has been considered. If the coupling of model C3 is applied to
the ARZ model, then, the priority will influence also the pressure p(p,w) on the outgoing road. The
computation of the homogenized pressure p' composed of the pressures corresponding to the mixture
of w! and w?, requires in general, to solve a nonlinear problem. Therefore, in [25] an approach based
on the linearization of p' has been presented, that shows to be sufficiently close to the homogenized
pressure and that governs the flux computation of this model. The coupling between the fluxes is as in
model C3 but the dynamics introduced by modifying p may lead to different boundary conditions for
the densities pX.

Proposition 4. The coupling models C1, C2, C3 and C4 each define a consistent RS of the form (9)
that satisfies the demand and supply conditions (7) and therefore gives rise to suitable coupling data
at the node using the construction in Proposition 1.
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Figure 3: Machine learning model architecture for ML2 and ML3. Trace data are first extended by
incoming fluxes then normalized and processed by a four layer ANN determining the two parameters
01 and 6,. In parallel demand and supply are computed from the model input, which together with the
parameters are used to determine the output fluxes in the last layer of the model. In ML1 the trainable
ANN part of the model (blue) is replaced by a single dense layer.

3.2 Machine Learning Coupling Models

In this section we introduce new machine learning models for the coupling of the network problem
from Section 2, which aim to mirror dynamics observed in real-word. To this end a significantly larger
set of parameters is required in comparison to the models introduced in Section 3.1. Besides the model
architecture, on which we elaborate in this section, the training of the parameters plays a crucial role
in the model performance, see Section 5 for details.

Neural network based machine learning models consists of multiple mappings (the /ayers) that are
applied successively and in parallel to assign a given model input to a suitable model output. In
part, the layers are highly parameterized to allow the models to be fit to data in the training. Our
models are constructed such that the predicted fluxes are included in the set of admissible coupling
fluxes defined in Definition 2. To achieve this, various problem specific layers are designed using the
theoretical results in Section 2 and combined with an artificial neural network (ANN). In the following
the construction is described for the 2-to-1 on-ramp junction but generalizations are straightforward.

3.2.1 Problem specific layers

Let the trace data pé‘, p(z)‘, pg" > 0 be given. Then we define the flux extension layer as the map
adding the incoming fluxes at the junction to the input data, i.e.,

UrE (0,057 Pa) = (00 P P ey 7)s £2(057), (). (18)

Similarly, the demand and supply layer evaluates the functions (8) for given vehicle densities at the
junction, i.e.,

Ups = (g 05 - p07) = (d(pg ), d*(p57)s 8> (pp1)- (19)
For the model output we first determine the admissible set G from the demand and supply at the

junction and then select a state within this set with the help of an ANN. To this end the mapping (12)
serves as a parametrization of the set G’. For given demand and supply obtained by the layer (19) and



parameters 0 < 61, 0, < 1 goverened by the ANN, see below, we define the junction output layer
W0 : [0,1PxRix = Ry, (01,62,d"d%5%) = (fy. /. f3) (20)

such that (fol,foz) = Xg(61,8,) for G = G(d', d?, 5°) and fo3 = fo1 + foz. The problem specific layers
are parameter free, i.e., they cannot be trained and its output depends only on the input obtained from
previous layers of the model.

3.2.2 Artificial neural network layers

Dense ANN layers successively apply a linear affine map and a component-wise non-linear function
(activation function) [46,50]. We employ such layers that map m ; input neurons to n; output neurons
and have the form

Pl R™ — [0,1]%, x> o (Wx+b)), 1)
where W/ € R™*" and b/ € R" are the weight and bias parameters that are fit in the training of the
model. The sigmoid activation function that is used in (21) is component-wise given by

1
l4+ex"

o(x) =
We consider fully connected ANNSs that constitute compositions of N such dense layers, i.e.,
Yann = PN o W10, 9 (22)

such that n; = mjy for j = 1,...,N — 1. Our model architecture moreover requires m; = 6 and
nnN = 2.

3.2.3 Model architecture

In our machine learning approach we combine the defined layers to obtain coupling models of the form
(9). In parallel we 1) add incoming fluxes to the trace data, normalize the resulting vector and pass it
to an ANN and 2) compute demand and supply from the trace data. The results are eventually used to
compute coupling data using the mapping (20). We refer to Figure 3 for a diagram of the procedure
in the particular case of ML2 and ML3, see below for their definition. Formally our machine learning
models are thus mappings of the form

ML (py 08, pa") = W0 (Pann o ¥y o Yre(py e 000 Pos(py 5 - p07).  (23)

Here ¥y : R® — RO refers to the normalization layer, which is component-wise affine linear using
parameters computed from the training data that are not trainable, see Section 5 for further details. The
three model variants that we consider differ in the choice of the ANN architecture and their training.

ML1: single layer machine learning model

To study the complexity of the problem we consider at first a machine learning model of the form (23),
in which W4y n consists only of a single layer. In other words, the ANN part of the model here has
the form

Wann () =0 (Wx+b), W e R>O, b € R, (24)

This model has 14 parameters to be determined in the training. To this end a loss function computing
the mean squared error with respect to the data is minimized over the parameter space, i.e., a minimizer
of the optimization problem

min (g fas £0) = Fos fos S G (25)

raimn
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Table 1: Summary of the considered coupling models. Table entries indicate the model parameters
and whether the consistency condition is satisfied.

model consistency parameters remark

Cl first order flow maximization yes | 1 proposed in [21]

c2 second order flow maximization yes 4: B, vln",ax generalization of C1

C3 alternative flow maximization yes 4: B, U{fm proposed in [20]

C4 homogenized pressure model yes 4. B, Urlfmx proposed in [25]
MLI1 single layer machine learning model no 14: W.b single layer variant of Figure 3
ML2  four layer machine learning model no 6911: W/, b7 for j € {1,2,3,4}  model from Figure 3
ML3  consistent four layer machine learning model ~ approximately ~— 6911: W/, b7 for j € {1,2,3,4}  ML2 with training constraints

is sought, where the index d indicates data and # the model parameters, being the entries of the matrix
W and the vector b in this case. For details on the data and the used norm we refer to Section 4. The
numerical solution of (25) is explained in Section 5.

ML2: four layer machine learning model

This variant of our machine learning approach increases the model complexity compared to ML1. This
is achieved by employing the four layer ANN

Yany =PhoW) oWh oW, ¥, :R°—R"7Z ¥ :RZ SR,

3 .75 75 4 . p75 2 (26)
Y, :R”—>R7, ¥,:R” >R,

where each of the dense layer is of the form (21). The number of layers, input and output neurons

has been chosen so that good training performance was obtained when testing the model capability,

see Section 5. In this case the ANN has 6.911 parameters that are trained solving the optimization

problem (25). Figure 3 shows a diagram of the machine learning model (23) in this variant.

ML3: consistent four layer machine learning model

Lastly, we introduce a modification of the four layer model ML2 with a modification of the training. The
approach (23) guarantees a coupling model/RS that satisfies both conditions (7) and (10). Unlike the
classical models introduced in Section 3.1 the machine learning models are not necessarily consistent
RS in the sense of Definition 1. This model variant aims for consistency by including it as a training
constraint. Given the traces pll, pfl and pfl together with the corresponding fluxes f(}, fj and fj in
the training data we consider the machine learning model output (f, /2, ) = ML(pl, p2. p3).
Corresponding to the model output we compute the coupling data ( p(l), pg, pg) following Proposition 1.
The four layer model is then trained solving the constrained problem

min ICFas fis 1) = o fo S o
subject to (fo- f5- 13) = ML(py. p5- £7)-

Details about the numerical solution of (27) are given in Section 5. We note that the additional
constraint in the training only leads to an approximate consistency in the resulting machine learning
model.

4 Traffic Data

We consider car trajectory data, which provides a Lagrangian description of vehicle movement, at
the German freeway A565 near the interchange Bonn-Beuel collected in May 2019. Traffic on and
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Figure 4: Bonn-Beuel entry lane with control volumes. Traffic either passes the three main lanes
from left (east) to right (west) or enters from the on-ramp north. The east-west axis is inverted for
consistency with Figure 1.

around an on-ramp was recorded by drone photography and vehicle trajectories were obtained from
image processing of the recordings and then interpolation by third order polynomials. The recorded
freeway stretch, shown in Figure 4, covers approximately 270 meters and (including the on-ramp)
4 unidirectional lanes. In total, 31 data sets were recorded over 4 days either in the morning or in
the afternoon, each one covering the traffic over periods of approximately 5 minutes in average. The
number of vehicles entering the junction varied with the time of day, in average 44 vehicles passed the
junction per minute throughout the data. More details on the datasets including the time of recording
and average speeds are given in Table 6.! Each data set Dy, is represented by a family of smooth curves,
Xj:Ir— R? with j € D, and I, C R denoting the relevant time interval, describing the position of
the vehicle barycentres with respect to time. We note that the time intervals I, are disjoint and denote
the collection of all data by D = U3! D;.

To obtain macroscopic coupling information we define specific regions/volumes at the junction as
shown in Figure 4. The first volume V is passed by vehicles entering the junctions from the on-ramp,
the second volume V; is passed by the transit traffic and the third volume V; is passed by the vehicles
coming out of the junction. Traffic from the on-ramp can enter the freeway by changing to the northern
main lane while passing a long stretch of the on-ramp, the position of lane change depends on various
factors, such as vehicle speed and the current transit traffic. For this reason the volume V; covers a
longer stretch of road than the volumes V, and V3 and we assume a gap, i.e., a stretch of road that is
included in neither volume, between the volumes V, and V3 to guarantee that the volume V; is only
passed by transit traffic.

From the data we can compute at each time the empirical vehicle density in volume k by
pfl(t) =card{j € D: x;(t) € Vie} diam(Vy) ™!, (28)

where formally completed trajectories x; : R — R?U{co} such thatx; () = oo forall ¢ I, and j € Dy

are considered. These quantities serve as Riemann data input to the coupling models introduced in
Section 3. We define the time dependent empirical velocity in volume k by computing the averages

i < [ €D X0 €V Synen IO (1) > 0 09)

d 0, if pk(1) = 0.

As the vehicle trajectories are given by polynomials, the derivative x;. (7) used in (29) is well-defined
for any ¢ € I, assuming j € D,. The empirical velocities allow us to define the empirical traffic flows
f ; = pfl UZ’ which are used to fit the coupling models. The introduced quantities will be considered

IThe data is available upon request.
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Figure 5: Estimation of the coupling delay in data set £ = 13. The optimization problem (31) (top panel
shows the functional to be minimized with respect to the delays) attains a minimum for 72 = 0 and
73 = 9. The accordingly shifted total influx approximately matches the shifted outflux qualitatively
(bottom left) and the Kirchhoff condition is satisfied up to an absolute error of approximately 0.5
point-wise in time (bottom right) on average.

on the discretized time intervals / g’, which partition each second in I, into 4 equidistantly spaced time
instances.

We associate the Bonn-Beuel junction in Figure 4 with the network model introduced in Section 2
and assume that (1), (4) and (9) are a suitable model of the measured dynamics at the junction. In
particular, we make the assumption that the vehicle densities (28) at the junction interact with each
other in a way that allows for a prediction of the traffic flow at the network node. In the following
sections we address the question if this interaction can be described by the coupling models from

Section 3.

4.1 Coupling Delay

In this section we are concerned with the timing of the coupling in the data. Due to our modeling
approach and the choice of the volumes, the empirical vehicle densities (28) do not necessarily all
interact at the same time. Instead we assume that there are fixed time delays T;‘ € R such that the
coupling relation can be described by a Riemann solver, of the form

RS (pjl(t +7l). P2+ T2), p(t + Tg)) ~ (f;(t o) 2+ 12), 3+ Tg)) . (30)

Here we assume t+Té‘ € Iy for k = 1,2, 3. Since the average velocity, which contributes to the coupling
delay, varies with the time of day (clf. Table 6) we allow for different delays in each data set.

To identify suitable delays, we set T[} = 0 and assume that it holds |T§| < 5and |T2| < 25 for all data
sets £ = 1,...,31. We choose the delays such that the empirical traffic flow in (30) approximately
satisfies the Kirchhoff condition (10), i.e., as minimizers of the optimization problem

min |1/ () + /3¢ +72) = f3C+ D s 31)

Tf’Tﬁ
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for a norm taking into account the full time interval. We optimize over the discretized time intervals
and use the root-mean-square norm

1
lgllze = | D 8()? for g:ile >R (32)
| fl l,'E[é7
In (31) the norm is taken over suitably shortened intervals such that 7 + Té‘ € Iy for k = 2,3. For
simplicity, we identify the minimizers by sampling, where we allow only for multiples of the grid size
in I, (i.e., 0.25) as candidates for the delays T{? and Tg.

In Figure 5 we show the optimization landscape of problem (31) in case of data set £ = 13. The
unique global minimizer given by Tl,z =0 and TS = 9 determines the coupling delay in this case. The
shifted empirical traffic flows approximately satisfy the Kirchhoff condition point-wise in time, see
Figure 5 (bottom). The estimated coupling delays for all data sets are shown in Table 6. In general,
similar delays were obtained at similar times of day. Positive 73 were estimated for all data sets. The
estimated 72 range from —5 to 5 and seem to be related to the difference in average speed between
passing and entering vehicles.

In the rest of this work, we only consider shifted empirical quantities taking into account the coupling
delays and, by abuse of notation, associate pfl(t), v(’}(t) and fj(l) with pfl(t + T[If), vfl(t + T;f) and
f Cf(t + Té‘) assuming ¢ + T;f € Iy for k = 1,2,3. Moreover, we accordingly shorten the time intervals
Iy such that r + T;C is included in the original time interval for all t € I, and k = 1,2, 3.

4.2 Fundamental Diagrams

We randomly grouped the 31 data sets into training data (consisting of 8 data sets), testing data
(consisting also of 8 data sets) and application data (consisting of 15 data sets), for details see
Appendix A. The training data is used for parameter estimation for both the fundamental diagrams and
the coupling models. While the testing data is used for first validations of the coupling models and to
avoid over-fitting, the application data is employed to compare coupling models to traffic data on the
full network. As the fundamental diagrams are employed in all considered coupling models they were
estimated in the first step.

We fit the networked LWR model (1) to the data by estimating the parameters of the fundamental
diagram (4) from the training data. We allow for different fundamental diagrams on the roads of the
network but assume that they do not vary with respect to the time of day or the data set, respectively.
Variability with the time of day in our approach is only reflected in the coupling delays. We use the
empirical densities and velocities in the control volumes to estimate the fundamental diagram on the
corresponding road of the network. We take a least-square approach and on each road k£ = 1, 2, 3 select
the parameters minimizing

2

k
U
> (vr’;ax—pr}ja"pﬁ(ti)—vﬁ(ti) : (33)

max

tie[tlrlain
where It}r‘;ﬁl is the union of all time intervals considered in the training data excluding all #; with
ps(ti) = 0. As is often the case even for much larger data collections, see [16], large vehicle densities
are not well represented in the data, which complicates the estimation of the stagnation densities of
the fundamental diagrams. For this reason we constrain the parameters while minimizing (33) using a
typical stagnation density as upper bound, i.e.,

K card{lanes on road k}
max = 7.5m ’

(34)
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Figure 6: Fundamental diagrams of a 2-to-1 network corresponding to the Bonn-Beuel on-ramp (see
Figure 4). The density-flow form of the diagrams (blue lines) and the training data (gray dots) are
shown. While the training data is congestion free when considering the individual roads congestion of
the junction, i.e., d I+ d% > §3 occurs in the data.

where 7.5 m is an estimate of the minimal distance between the centers of vehicles taking the average
vehicle length and safety distance into account. As result we obtain the maximal velocities v, = 62.94
km/h, v2,, = 77.59 km/h and 3. = 75.28 km/h and the stagnation densities pl .. = 84.99 km™!,
p2.. =400km~!and p3 = 400km™!. On roads 2 and 3 the maximal density due to (34) is attained.
We show the estimated fundamental diagrams together with the data in Figure 6. While the training
data does not include vehicle densities in the congestive regime with respect to the individual roads,
congestion of the junctions, i.e. d' +d? > s3 is observed in the training data (for approximately 0.17%

of the data points).

S Model Fitting

To calibrate the coupling models we estimate their parameters so that the model error with respect
to the training data is minimized. The model error compares the empirical fluxes f é‘ introduced in
Section 4 to the fluxes obtained by the coupling models applied to the empirical vehicle densities (28)
over the relevant time windows. Thus, the road dependent model errors read

&' = fa = RS (g P P (35)
for k =1,2,3, where It’:ain denotes the union of all discretized time intervals for the training data and
RSkM refers to the coupling flux for road k corresponding to model M. The root-mean-square norm
(32) is used to compute an average over all time data. The average over the errors (35) for all coupling
fluxes, i.e., influxes 1 and 2 and the outflux at the network node defines the total model error &M .

Coupling models and parameter estimation are implemented in the Julia programming language [6],
we use the Flux library [34] to implement the machine learning models and the global optimization
library [17] for parameter estimation in the classical models. Our developed codes are publicly
available from the repository [41]. As we aim to estimate parameters over generally large and
partly high-dimensional spaces and expect high nonlinearity of the coupling models we employ the
differential evolution method [55] for the classical models. This metaheuristics algorithm samples
initial populations of parameter states that evolve by forming combinations between its members
potentially replacing previous members if the combinations achieve a better fit. We use an adaptive
variant of the original algorithm that initially guesses suitable control parameters and during the
iteration optimizes them [51]. Although convergence of this algorithm has not been proved in our
application it reliably identified minimizing parameter states in a feasible number of iterations.
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Table 2: Maximal velocity on the roads due to the fundamental diagrams as computed in Section 4.2
(first column) and empty road velocities at the junction in the second order coupling models after
parameter estimation.

FD Cc2 C3 C4

influx 1  6294km/h  5420km/h  60.55km/h  62.91 km/h
influx2  77.59km/h 7128 km/h  72.48 km/h  74.07 km/h
outflux 7528 km/h 6893 km/h  73.18 km/h  60.29 km/h

The classical coupling models C1-C4 are calibrated by minimizing the total model error &Y with
respect to the training data over the corresponding parameter space. We allow the right of way
parameter 3 to take values within the full interval [0, 1] and constrain the empty road velocity in the
second order models by 0.1v%, < w* < vk with vk, taken from the estimation of the fundamental
diagrams, see Section 4.2. The computed optimal S varies with the flow maximization approach; the
coupling models using the second approach predicted 8 = 5.23% in C3 and 8 = 5.59% in C4 and the
coupling models using the first approach predicted slightly smaller priorities (8 =~ 4.94% in C1 and

B = 3.11% in C2).

In Table 2 we compare the maximal velocities on the roads due to the fundamental diagrams in
Section 4.2 to the empty road velocity at the junction in the second order coupling models C2—-C4.
While the velocities of the coupling models remain within a 10 % interval around the velocity of the
fundamental diagram in case of transit traffic on road 2, larger deviations on the entry lane (road 1)
occur, most notable in model C2, which predicts an approximately 14 % smaller velocity than the
fundamental diagram. On the outgoing segment (road 3) model C4 assumes an exceptional decrease
in velocity of approximately 20 % at the junction compared to the velocity on the road.

A plethora of training methods specialized for neural networks has been introduced in recent years.
Instead of the metaheuristic algorithm used for the calibration of the classical models we use the Adam
method [38], an extended version of stochastic gradient descent (SGD), to train the machine learning
models introduced in Section 3.2. SGD approximates the descent direction by computing the gradient
of the cost function based on a single randomly selected sample from the training data set. A series of
successive SGD updates taking into account all training samples in this way is referred to as a training
epoch. The Adam method makes use of running averages over the gradients and its second moments in
the computation of the descent direction and to adapt the learning rate in each iteration. We specifically
use the AMSGrad variant of the Adam method [52]. To account for the constraint in the training of
ML3 in (27) we introduce the penalty term

Pe = |13+ 135 1) = MLob 8 DI (36)

and train the model using the cost function EM + %PC.

To test the capabilities of the machine learning model we use the model architecture of ML1-ML3
to approximate/learn the flow maximization model in a standardized setting. Let C1’ refer to the flow
maximization model as defined in Section 3.1 assuming that the velocities on the roads are given by
the Greenshield model (4) with parameters chosen vk, = pk. =1 for k € {1,2,3} and priority set to
B = 0.5. Discretizing the set of suitable input traces [0, 1]? by 20 equidistantly spaced points in each of
the three dimensions and computing the coupling fluxes using C1° defines the training data set. The test
data set is similarly defined using a finer discretization by 80 points per dimension. We train the three
machine learning models over 500 epochs using this training data and present the mean and standard
deviation of both the training and the test loss over five training runs in Table 3. In case of ML3
the penalty term is neglected in the table. In all machine learning models the training loss decreases
over the training. While in ML1 the decrease mostly stagnates after 100 epochs further significantly
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Table 3: Training progress while testing the machine learning model capability to approximate the
flow maximization model C1’. The mean and standard deviation over five training runs is shown.

training epoch MLI ML2 ML3

0 2.897x103+£1.141x1073  3.618x 103 +£1.795%x 1073 5.152x 1073 £1.328 x 1073

1 4.154x107%+£3.250x 1075 5.285x 107% £2.068 x 1075 2.037 x 1073 £2.934 x 1073
10 2.365x107%+£7.822x 1070  2.362x107%+£2.619x 107>  9.552 x 1074 +£2.239 x 1077
100 1.935x 1074 +£2.316 x 1077 1.056 x 107> £9.123 x 10~7  3.609 x 10 + 1.416 x 107>
500 1.931x 1074 +2.909x 1077  6.516 x 107 £5.393 x 10~7  1.127 x 10~% £ 1.736 x 1073

training loss

0 2811x1073+1.134x 1073 3.508 x 1073 £1.804 x 1073 5.309 x 1073 £ 1.268 x 1073

1 3.712x107%£2.730x 1075 4.573x 1074 +£2.536 x 107 2.416 x 1073 £4.301 x 107
10 2,136 X 107%£7.838 x 1070 2.149x 1074 £3.025x 107> 8.923 x 1074 +£2.154 x 107>
100 1.711x107* +8.832x 1077 1.079x 1075 £9.557 x 10~7  3.625 x 10~* £ 1.907 x 1073
500 1.705x 1074 £5.025x 1077 7.570 x 1070 £ 6.491 x 10~7  1.578 x 104 +2.031 x 107>

test loss

Table 4: Road dependent and total mean square model errors (35) with respect to the training and the
test data for the introduced coupling models.

Cl 2 C3 c4 ML1 ML2 ML3
g influx 1 4.816x107*  7.612x 107*  9.122x 1073 8.693 x 1073  4.470x 1073  3.456x 1073 3.642x 1073
T, influx2 1091 x 1072 1.687x 1072 1.880x 107! 1.871x 107! 2.498 x 1072 2.595x 1072  2.418 x 1072
€ outflux  1.843x 107" 1.667x 107" 2.773x 107" 2.782x 107" 1.204x 107! 1.167x 107" 1.182x 107!
E  total  6.523x 1072 6.143x 1072 1.581x 107" 1.580x 1071 4.996x 1072 4.871x 107>  4.866 x 1072
o influx1 2.309x107*  6.723x107*  8.040x 1073 7.668 x 1073 3.523x 1073  2.954x 1073  3.155x 1073
3 influx2  6.226x 1073 1.505x 1072 2.830x 1071 2.817x 107! 1.986x 1072 2.132x 1072 2.030 x 1072
7 outflux  7.921x107%  6.651x 1072 2.437x 107" 2.440x 107" 3.693x 1072 3.256x 107>  3.385x 1072

total 2856 x 1072 2.741x 1072 1.782x 107!  1.778 x 107!  2.010x 1072 1.894x 1072 1.910x 1072

improvements in ML2 and ML3 with respect to the training loss are still visible in later epochs. The
model ML2 is trained faster than ML1 and ML3 and achieves a training loss of approximately 6 x 1076
after 500 epochs. In all models the test loss continuously follows the decrease of the training loss.
Experiments with different architectures have revealed a significant benefit of ML3 over two and three
layer approaches with respect to the training performance, whereas improvements have become less
significant when even higher number of layers have been considered.

We analogously train our machine learning models to the data from Section 4. Although it minimizes
the costs only locally the Adam method significantly reduces the costs in its first training era. Testing
against the test data to avoid over-fitting training is conducted over 100 training eras in total.

In Table 4 we present the road dependent and total model errors of all the coupling models for best-fit
parameters considering both the training and the test data. Among the classical models C2 achieve
the best total fit to the data with its first order variant C1 achieving only slightly larger errors. The
second order models C3 and C4 achieve the largest total errors within all tested models. With respect
to the total model error the machine learning models outperform the classical ones. All three yield
similar total model errors with ML3 yielding the smallest with respect to the training data and ML2 the
smallest with respect to the test data. Overall the results are consistent both in the training and in the
test data. Surprisingly, most models (all except for C3 and C4) yield an even better fit to the test data
than to the training data. This might be due to the fact that the training data covers more situations of
junction congestion compared to the test data, see Appendix A. Regarding the roads at the junction all
models achieve the best fit in the coupling flux with respect to the entry lane with the classical models
performing significantly better in the training data when compared to the machine learning models.

Figure 7 provides a qualitative insight into the flux predictions of the coupling models. We consider
approximately half a minute of busy traffic on the Bonn-Beuel on-ramp captured in the training data.
The time evolution of the empirical fluxes is shown in the upper left panel. It is evident that during the
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Figure 7: Empirical fluxes (top left) compared to coupling flux predictions by the coupling models. A
time window with busy traffic from data set 10 within the training data set (see Table 6) is considered.
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observed time window the Kirchhoff condition (10) is partly violated as the influx from road 2 (and
therefore clearly the total influx) exceeds the outflux. This is due to the approach we use to compute
macroscopic data not being able to exactly capture the coupling fluxes at the junction. The coupling
models correct this as they all predict the outflux to exceed the influx from road 2 at almost all times.
The models C1 and C2 generally predict the largest differences between the concerned fluxes. Both
predict an increased influx from road 2 compared to the data with qualitatively similar evolution in
time. They slightly overestimate the influx from the on-ramp in comparison to the data. Both models
exhibit almost indistinguishable fluxes with only model C1 yielding sometimes larger outflux. Also,
the results of models C3 and C4 are very similar to each other. In comparison to models C1 and C2
they predict smaller outflux and influx from the on-ramp. While the fluxes by the classical models,
similar to the data, develop plateaus, i.e., constant fluxes on a shorter time-scale, the fluxes by the
machine learning models appear more time varying and almost noisy. Unlike the classical models the
machine learning ones predict influx from the on-ramp around zero at certain times. All three exhibit
again almost similar dynamics but minor differences between the results of the models; an example
occurs around time ¢ = 15, where the single layer models predict almost zero influx from the on-ramp
which is not the case in the four layer models ML2 and ML3.

6 Model Validation

In this section we validate the developed coupling fluxes by investigating their behavior in the setting
of the network model (1). To this end we associate the freeway junction on Figure 4 with the network
in Figure 1. We assume left boundaries of road 1 and 2 with x-position at the left interface of volume
V, and a right boundary of road 3 with x-position at the right edge of volume V3. Considering these
boundaries we estimate the length of the junction to be 2s = 270.28 m and for simplicity assume that
all roads of the network model are of length s. On the network we impose the fundamental diagram (4)
with road dependent parameters as estimated in Section 4.2.
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In order to test the coupling models and compare the vehicle densities of the network model a
numerical scheme is required. We consider an adapted variant of a recently introduced central scheme
for networks [30]. The roads and their parametrisations [—s, 0] (road 1 and road 2) and [0, s] (road 3)
are discretized in m equidistant cells of length Ax. Let pk " denote an approximate average of p* over
the cell I; = [(j — 1/2)Ax, (j + 1/2)Ax] at time 1nstance t, and consider a time increment A¢. The
scheme can then be written in conservative form as

At
plomtt = phon 2L (F’."" _ pkn ) 37)

J Ax \ J+1/2 Jj=1/2)"
In our numerical experiments we choose the time increment according to the CFL condition Af =
CFL A—/{‘. The cell indicating index in (37) can be taken j = -m,...,—1fork=1,20r j=0,1,...,m
for k = 3. The numerical fluxes are given by
k¢ k.n k k,n e
- LU + RS = 4 (o = pl) it #0, %)
12~ o
- RSQ/I(p_’l ,/o_’l ,pO’ if j =0.

The coupling node of the network is located at the interface between the cells C_; and Cy and therefore
the coupling models give rise to the fluxes Fk o /2 The relaxation speed 4 > 0 is a parameter that
stems from a relaxation approach used in the scheme derivation, see [35]. It is chosen such that the
subcharacteristic condition =4 < f/ (p*¥) < A holds on all roads. To also account for the coupling
fluxes we adaptively update A (and consequently also the time increment) in each time step such that

g

2 In k 2, k 3.n 3,
/1>Emm{’F 1/2 AT "F—lr;Z s ”fk(po’ - F

6.1 Boundary Fluxes

In this section we derive ingoing and outgoing fluxes at the network boundaries from the application
data and use them to validate the coupling fluxes. Employing the freeway junction boundaries as
defined above, we can for any vehicle trajectory Xx; compute the time at which the corresponding
vehicle enters the network on either road 1 or road 2 and the time at which it leaves the network
again from road 3. If a vehicle is already on the junction at start time of the recording or has not
left the network at end time of the recording the times of entering and leaving can be computed by
extrapolating its polynomial trajectory. Taking into account a full dataset 9, the entering and leaving
times are used to compute the histograms

Vk(t) = card{vehicles passing the boundary on road k between time || and |7] + 1} (39)

fort € Iy and k = 1,2,3. These histograms are a representation of the boundary fluxes in the data.
As the discontinuity of V with respect to time might lead to instabilities when applied in the time- and
space continuous network model (1) we consider a regularization using a (weighted) kernel density
estimator with Gaussian kernel and define

=5 e (57), )

t,e‘T

where the set 7;" includes all entering/leaving times on road k within the data set Dy, the bandwith is
chosen & = 0.75 and ® denotes the standard normal density function.

Fixing an application data set D, we use the incoming boundary fluxes from the data as boundary
information for the network. In the scheme given by (37) and (38) we therefore impose the left
boundary fluxes

For = —(f Kol + VE@™)  fork =1,2 1)
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Figure 8: Left and right boundary fluxes over time from dataset 18 and model predictions by the
network for classical (center) and machine learning (bottom) coupling models. The predictions at the
right boundary are simulated using the left boundary fluxes from the data (top) as boundary conditions.
The models C3 and C4 as well as ML1 and ML2 predict indistinguishable results, respectively.

in correspondence to the interior fluxes in (38). On the right boundary we instead impose homogeneous
Neumann data, i.e. d,p>(s) = 0, and keep track of fluxes going out of the network, which are given
by VI%,I ) = f3 (pf,;"). Initial data is taken constantly zero. In the computations we use m = 200 cells
per road, the Courant number CFL = 0.24 and minimal relaxation speed 4 = 10.

We present a time excerpt of the boundary fluxes from the data set 18 in Figure 8 together with
the model predictions Vfl(t"). While the models cannot reproduce the exact structure of the right
boundary fluxes from the data, the classical models predict the boundary outflow reasonably well.
In particular, we observe a good indication at which times boundary outflow occurs and also the
position of some extrema of the trajectory is fit well. The models C1 and C2 predict a slightly larger
magnitude of the trajectory and are therefore closer to the data than the models C3 and C4. For the
given boundary inflow the one layer model ML1 apparently block the junction once a certain density
threshold is reached and therefore the predicted right boundary flux first rises but then falls to zero
after 30 seconds and afterwards stays constant; therefore this models do not fit the data. The four layer
models ML2 and ML3 perform significantly better, they show a similar qualitative behavior as the
models C3 and C4 with ML3 predicting generally larger fluxes and a sharper drop around ¢t = 65 due
to the gap of passing cars. In Table 5 we present the relative errors

V3 = V32,
V31 221,

(42)

with respect to all coupling models and data sets from the application data. The computed errors
and their averages over all considered data sets generally confirm our findings from the discussion
of Figure 8 and show that ML2 performs similarly well as the classical models C1 and C2 while the
relative error of ML3 is in a similar range to the ones of C3 and C4.
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Table 5: Relative L? errors (42) of the predicted boundary fluxes with respect to the data. Errors for
all coupling models and all data sets from the application data are shown.

data set Cl C2 C3 C4 MLI1 ML2 ML3

2 4715x1071 4708 x 1071 4.937x 107! 4.935x 107!  9.281x 107! 4.866x 107!  5.660 x 107!

3 4.404x107"  4.385x 1071 4.463x 107! 4.458x 107! 9.818 x 107!  4.558 x 107!  6.118 x 107!

5 3.689x1071  3.691x1071  3.993x 107! 3.984x10"! 9.952x10"! 3.979x 107! 3.851 x 107!

7 3.557x1071 3.559%x 1071 4.579%x 107! 4.632x 107! 4.187x 107! 3.584x 107! 3.494 x 107!

9 4355x107!  4369x 107" 4.657x 107! 4.651x 107!  9.544x 107!  4.696 x 10~'  6.854 x 107!
12 5226x107'  5.223x107!  5344x10°!  5.375x 107! 1.002 5331 x 107! 6.679 x 107!
13 4.929%x 1071 4.926x 107!  5.256x 107! 5.254x 107! 1.001 5.294%x 107! 5.018 x 107!
17 4.841x1071  4.842x 107! 5727x107!  5.814x107!1 8.827x1071 5057 x 107!  4.949 x 107!
18 4.927x107'  4.926x 107! 5.102x 107!  5.105x 107!  9.634x 107!  5.197x 107! 4.982 % 107!
23 4.981x 107! 4.982x 107!  6.220x 107!  6.940x 107" 9.473x 107! 4.872x10°!  7.586x 107!
25 4.580x 1071 4.584%x 107! 9.319 x 107! 1.008 9.369 x 107! 4.443x 107! 4.584 x 107!
27  5378x 107" 5.385x 107" 5.699x 107!  5.705x 1071 9.848 x 107! 5.582x 107!  7.228 x 107!
28 4.872x 107! 4.874x 107! 5374x 107! 5383 x 107! 9.785x 107!  4.970x 10°!  7.020 x 107!
29 4710x 1071 4.717x 107! 5.417x107!  5.503x 107! 9.455x 1071 4.837x 107!  5.834 x 107!
31 5.146x 107" 5.146x 107! 7.022x 107! 7.541x 107" 9.452x 107"  5.250x 107!  5.123 x 107!

average  4.687 x 1071 4.688 x 10”1 5.541 x 107! 5.691 x 107! 9.244x 107! 4.834x 10™'  5.665 x 107!

6.2 Model Prediction

In a last test we analyze the capability of the coupling models to predict dynamics not observed in the
data. In particular, we consider congestion of the freeway. Again we employ the network model (1)
and the numerical scheme given by (37) and (38). We employ the same scheme parameters as done in
Section 6.1 but this time assume homogeneous Neumann boundary conditions at all boundaries. We
impose a Riemann problem with road-wise constant initial data

10_ 20_ 30_

0. Spmax’ (43)

O7pmax’ Ospmaw

i.e., we assume congestion behind the on-ramp as the vehicle density reaches 80% of the road capacity
and busy traffic on the motorway before the junction (50% occupied) as well as a congested entry lane
(70% occupied).

Figure 9 shows the model prediction addressing the evolution of this state after 10 seconds. Models
C1 and C2 predict congestion on roads 1 and 2 as backwards traveling traffic waves on both roads
occur, where the one on the entry-lane moves faster. Model C2 suggests a slightly slower propagation
of the wave on the freeway compared to C1. In models C3 and C4 a slight reduction in wave speed over
C1 is also observed on the entry-lane. As observed in Section 6.1 the single layer model ML1 blocks
the junction and no traffic is admitted to road 3. Congestion waves occur on road 1 and road 2 with
magnitudes close to the stagnation densities and with the wave on road 2 being significantly faster than
in the classical models. The models ML3 and ML4 predict a different behavior from the other models:
a backward propagating congestion wave occurs only on road 2 while the vehicle density slightly
decreases on the entry-lane. The congestion wave on road 2 is predicted faster than in the classical
models. These dynamics are comparable to a situation, where the reduction of traffic congestion for
entering cars is assigned a higher priority than the flow on the main lanes of the freeway.

7 Conclusion

We have presented a new modeling framework for junctions based on vehicle trajectory data using
macroscopic models of traffic flow. Focusing, in particular, on the LWR model we have discussed
the modeling of traffic networks and introduced a unified description of coupling models in terms
of Riemann solvers. To preserve the mass of vehicles at the junction the models need to satisfy the
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Figure 9: Numerical vehicle densities on the incoming roads 1 and 2 (left) and on the outgoing road
3 (right) of the traffic network as predicted 10 seconds after the congested state (43) by the coupling
models. Dotted lines represent the respective second model of the panel. The solutions are computed
by the scheme (37).

Kirchhoff- as well as the demand and supply conditions. As these conditions are not sufficient to obtain
well-defined coupling conditions we considered various coupling models that determine the coupling
fluxes. We have introduced a new class of machine learning models that combine problem specific
layers with ANNs. Employing a new parameterized representation of the admissible set the ANNs
are trained to select suitable coupling fluxes. These new models have been compared to established
coupling rules that mainly rely on flow maximization. We have tested our framework using vehicle
trajectory data from an on-ramp junction, and thereby compared the considered coupling models.
Macroscopic data in terms of vehicle densities and velocities has been derived by tracking vehicles in
pre-defined control volumes right before and after vehicles from the different roads interact with each
other. To both account for the synchronization between the interaction and variability with respect to
the time of day we propose a normalization based on time delays by fitting the data to the Kichhoff
condition. The normalized macroscopic data is further used to estimate the fundamental diagram,
relating vehicle densities and velocities, on each road. Employing training data covering traffic in the
environment of the on-ramp of approximately 37 minutes the model parameters have been estimated.
For this purpose an evolutionary algorithm and a variant of stochastic gradient descent in case of the
neural network has been used. The machine learning models have achieved a better fit to the data than
the classical ones in both, the training data and an equally large test data set. The best-fit models have
been tested in the networked PDE setting. Using additional data over the on-ramp we have compared
throughput of the junction predicted by the coupling models combined with a finite volume scheme and
the measurements. In a second test the models have been used to predict traffic in case of congestion,
which has not been well represented in the data. The classical models based on flow maximization
achieved a good fit to the data and reasonable predictions in these tests. While single layer machine
learning models have still yield unrealistic network solution (complete blockage of the junction) an
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increase to four layers has resulted in a boundary flux prediction similarly accurate as the one obtained
by the best classical models in the first test and realistic results (strong prioritization of the traffic from
the on-ramp) significantly differing from the prediction of the classical models in the second one. The
results indicate that coupling models based on machine learning constitute a promising alternative
to classical coupling rules as they are also able to predict realistic phenomena of traffic that are not
present in the classical models. In addition, these models might further improve if more training data
is available.
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A Data sets

Table 6 provides details on the considered data sets, such as time of day, number and average speed of
passing and entering cars and the estimated coupling delays in Section 4.1. Training data consists of
the 8 data sets 1, 4, 10, 11, 16, 19, 20 and 30, test data of the 8 data sets 6, 8, 14, 15, 21, 22, 24 and 26
and application data of the 15 data sets 2, 3, 5, 7,9, 12, 13, 17, 18, 23, 25, 27, 28, 29 and 31. Out of
the two data sets capturing slowed down traffic (data sets 10 and 12) the first is included in the training
data and the second one in the application data.
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