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This thesis provides a framework of efficient experimental and analytical substructuring 
methods for the reliable prediction of spindle-holder-tool assembly dynamics. Specifically, 
the prediction of the tool tip Frequency Response Functions (FRFs) as well as the tool 
tip-Spindle Integrated Displacement Sensors (SIDS) transfer functions for a main spindle 
equipped with contactless displacement sensors. Here, the holder-tool assembly is model-
led analytically whereas the spindle substructure is modelled experimentally.
  
For achieving high-quality experimental response models, three important aspects are 
researched. Firstly, strategies for measurement of displacement-to-force compliances are 
systematically compared and assessed. Secondly, two new methods for the identification 
of rotational compliances are proposed based on a modal parameter approach and com-
mercially available rotational accelerometers. Thirdly, an experimental method for obtai-
ning the interface flange-SIDS transfer function matrix and corresponding measurement 
uncertainty is developed and validated. This is required for prediction the tool tip-SIDS 
transfer function along with propagated uncertainty bounds. 
 
A significant challenge in the analytical response modelling of holder-tool assemblies is 
that features like joint parameters cannot practically be modeled a priori and require 
additional reference measurements for their parametrization. This thesis proposes an  
extended tool model updating approach, where FRFs of the holder-tool assembly mea-
sured in an offline, freely constrained state are used for feature parameterization. Using 
this approach, a priori unknown parameters like joint stiffness and effective diameter of 
the fluted segment are reliably identified and validated for several different holder-tool 
assemblies. Furthermore, methods for the accurate beam modelling of various holder 
features such as balancing holes, tapered segment and holder-inserted tool segment were 
developed, analyzed and systematically validated.
 
Another valuable contribution of this thesis is demonstrating the utility of the predicted 
tool tip and tool tip-SIDS FRFs for estimating process forces and virtual workpiece quality. 
In this regard, the practical integration of the developed substructuring methods with an 
existing virtual quality framework is presented and successfully implemented to estimate 
process forces and workpiece quality for different milling operations and tool assemblies.
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Brief Summary 

Brief Summary 
This thesis provides a framework of efficient experimental and analytical substructuring 
methods for the reliable prediction of spindle-holder-tool assembly dynamics. Specifi-
cally, this implies the prediction of the tool tip Frequency Response Functions (FRFs) 
as well as the tool tip-Spindle Integrated Displacement Sensors (SIDS) transfer func-
tions for a main spindle equipped with contactless displacement sensors. Here, the 
holder-tool assembly is modelled analytically whereas the spindle substructure is mod-
elled experimentally. The knowledge of the spindle-holder-tool assembly dynamics is 
indispensable for a variety of applications such as prediction of stability behavior, pro-
cess forces, tool deflection during cutting as well as virtual surface quality. 

For achieving high-quality experimental response models, three important aspects are 
researched. Firstly, strategies for measurement of displacement-to-force compliances 
are systematically compared and assessed. Secondly, two new methods for the iden-
tification of rotational compliances are proposed based on a modal parameter ap-
proach and commercially available rotational accelerometers. Thirdly, an experimental 
method for obtaining the interface flange-SIDS transfer function matrix and corre-
sponding measurement uncertainty is developed and validated. This is required for 
prediction the tool tip-SIDS transfer function along with propagated uncertainty bounds.  

A significant challenge in the analytical response modelling of holder-tool assemblies 
is that certain features like joint parameters cannot practically be modeled a priori and 
require additional reference measurements for their parametrization. Instead of using 
FRFs of the tool clamped in the machine spindle, this thesis utilizes the measurement 
of reference FRFs in an offline, freely constrained state of the tool assembly. A precise 
feature parameterization is made possible by the developed extended tool model up-
dating approach. Using this approach, a priori unknown parameters like joint stiffness 
and effective diameter of the fluted segment are reliably parameterized and validated 
for several different holder-tool assemblies in a completely offline manner. Further-
more, methods for the accurate beam modelling of various holder features such as 
balancing holes, tapered segment and holder-inserted tool segment were developed, 
analyzed and systematically validated. 

Another valuable contribution of this thesis is demonstrating the utility of the predicted 
tool tip and tool tip-SIDS FRFs for estimating process forces and virtual workpiece 
quality. In this regard, the practical integration of the developed substructuring methods 
with an existing virtual quality framework is presented and successfully implemented 
to estimate process forces and workpiece quality for different milling operations and 
tool assemblies. 

 





Kurzzusammenfassung 

Kurzzusammenfassung 
Die vorliegende Dissertationsschrift stellt effiziente experimentelle und analytische 
Substrukturierungsmethoden für die zuverlässige Vorhersage der Dynamik von Spin-
del-Halter-Werkzeug-Baugruppen bereit. Konkret werden der Nachgiebigkeitsfre-
quenzgänge (engl.: Frequency Response Functions, FRFs) an der Werkzeugspitze 
sowie Übertragungsfunktionen zwischen Werkzeugspitze und spindelintegrierten Ver-
lagerungssensoren (engl.: Spindle Integrated Displacement Sensors, SIDS) prognos-
tiziert. Dabei wird die Halter-Werkzeug-Baugruppe analytisch modelliert, während die 
Spindel-Substruktur experimentell abgebildet wird. Die effiziente Vorhersage der Spin-
del-Halter-Werkzeug-Dynamik bildet die Grundlage für eine Vielzahl an Berechnungen 
wie die Vorhersage des Stabilitätsverhaltens, der Prozesskräfte sowie der virtuellen 
Oberflächenqualität. 

Zur Erzielung qualitativ hochwertiger experimenteller Response-Modelle werden drei 
zentrale Aspekte erforscht. Als Erstes werden Strategien zur Messung von translatori-
schen Nachgiebigkeiten systematisch verglichen und methodisch bewertet. Zweitens 
werden zwei neue Methoden zur Identifikation von rotatorischen Nachgiebigkeiten er-
arbeitet, die auf einer modalen Umrechnung und auf Rotationsbeschleunigungsmes-
sungen basieren. Drittens wird eine Mess- und Auswertungsmethode zur Ermittlung 
der Matrix der Werkzeugschnittstelle-SIDS-Übertragungsfunktion unter Berücksichti-
gung von Messunsicherheiten vorgestellt und validiert. Dies ist für die Vorhersage der 
Werkzeugspitze-SIDS-Übertragungsfunktion mit entsprechenden Konfidenzinterval-
len erforderlich. 

Eine wesentliche Herausforderung bei der analytischen Response-Modellierung von 
Halter-Werkzeug-Baugruppen besteht darin, dass bestimmte Eigenschaften (z. B. Fü-
gestellenparameter) a priori praktisch nicht modelliert werden können und somit zu-
sätzliche Referenzmessungen für ihre Parametrisierung erfordern. In dieser Arbeit 
werden solche Referenzmessungen in Form von FRFs nicht am eingebauten Werk-
zeug, sondern offline im frei eingespannten Zustand gemessen. Der erarbeitete und 
validierte Ansatz des Modelabgleichs mit erweitertem Werkzeug ermöglicht eine prä-
zise Identifikation der a priori unbekannten Eigenschaften im nicht-eingebauten Zu-
stand. Darüber hinaus werden Ansätze für die genaue Modellierung verschiedener 
Haltermerkmale wie Wuchtbohrungen, eine Kegelgeometrie sowie eingespannte 
Werkzeugsegmente entwickelt, analysiert und systematisch validiert. 

Ein bedeutender Beitrag dieser Arbeit ist die Darstellung des Nutzens der vorherge-
sagten Werkzeug- und Werkzeug-SIDS-FRFs zur Ermittlung der Prozesskräfte und 
der virtuellen Werkstückqualität. In diesem Zusammenhang wird die praktische In-
tegration der entwickelten Substrukturierungsmethoden in bestehenden Ansätzen zur 
Ermittlung der virtuellen Qualität vorgestellt und erfolgreich validiert. 
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Introduction 1 

1 Introduction 
The oriented Frequency Response Function (FRF) between the workpiece and tool of 
a milling machine significantly determines the allowable material removal rate without 
instability, surface quality as well as achievable form accuracy [BREC17a]. This dy-
namic behavior is further determined by the compliance behavior of all components 
and joints of the machine lying within the force flux. This includes the milling tool as-
sembly, main spindle, machine column and bed, feed drives, workpiece table, work-
piece itself, etc. Among these elements, the milling tool is frequently changed as per 
cutting requirements, thereby changing the dynamic behavior with each variation of 
tool dimensions. Figure 1.1 illustrates the influence of different tool assemblies on the 
vibration behavior at the tool tip. Despite a significant structural influence, several in-
dustries require a variety of milling tool assemblies to meet the growing demands of 
flexibility. Especially in the case of tool and die manufacturers, where milling represents 
47 % of the manufacturing processes and requires up to 450 different milling tools 
[BOOS18]. Since the measurement of the tool tip dynamics for each combination of 
tool and machine spindle is not feasible, there is a strong motivation for its efficient 
prediction. With the prediction of the tool tip dynamics, an inference about the response 
to external excitation as well as stability behavior can be achieved. 

Another motivating aspect is the growing research and industrial interest in the inte-
gration of various sensors in the main spindle for the estimation of milling forces, tool 
life and process condition, among others [ABEL10; CAO17]. In [BREC18b; BREC19c], 
an arrangement of Spindle Integrated Displacement Sensors (SIDS) was proposed, 
such that axial, radial and rotational deflections of a shaft mounted disc could be meas-
ured. The corresponding deflections were utilized for the estimation of milling forces 
and combined with a model-based material removal simulation, such that, a process 
parallel prediction of the milled surface quality could be achieved. However, the force 
estimation requires the knowledge of the tool tip-to-SIDS transfer function for each tool 
assembly. This further underlines the need for the efficient prediction of the spindle-
holder-tool assembly dynamics. 

 
Figure 1.1 Tool dynamics as a factor influencing the dynamic behavior of a machine tool  

Experimental-analytical dynamic substructuring offers a possibility for efficiently pre-
dicting the dynamic behavior of different combinations of the spindle-holder-tool as-



2 Introduction 

semblies. Here, the compliance behavior of each machine at the spindle-holder inter-
face is determined experimentally while the dynamic behavior of the holder-tool as-
sembly is modelled analytically. These behaviors are usually described in the fre-
quency domain. Subsequently, with the application of mathematical boundary condi-
tions at the interface, the analytical and the experimental models are coupled, such 
that the dynamic behavior at the tool tip of the spindle-holder-tool assembly can be 
predicted.  

Although this tool coupling approach has gained research interest in the past decade, 
the industrial application is still limited by the challenges in the reliable analytical and 
experimental modelling. Some of the challenges regarding the experimental charac-
terization of the spindle-holder interface include the difficulty in obtaining rotational 
compliances as well as choosing the appropriate measurement strategies given the 
variety of available actuator and sensor technologies. With respect to analytical mod-
elling of the holder-tool assembly, the efficient and reliable identification of the proper-
ties of the holder-tool joint remains a major challenge. Furthermore, the extension of 
the tool coupling framework to include the SIDS, which can measure rotational deflec-
tions as well, has not been explored in literature. 

Therefore, the focus of this thesis is on researching experimental and analytical mod-
elling strategies for the reliable prediction of the tool tip FRF as well as the tool tip-
SIDS transfer function for any combination of spindle-holder-tool assembly. In this the-
sis, only shaft mills and thermal shrink-fit holders are considered because of their im-
portance in finishing operations and the presence of non-negligible holder-tool joint 
dynamics.  

A further goal of this thesis is to demonstrate the utility of the predicted FRFs for the 
efficient estimation of process forces and monitoring of workpiece surface quality. In 
this regard, the SIDS deflections measured during the milling operation are evaluated 
with the predicted tool tip-SIDS transfer function to obtain an estimation of the process 
forces. The estimated forces are then used in combination with the predicted tool tip 
stiffness as well as a material removal simulation to allow a process parallel estimation 
of the milled surface quality.  

The results presented in this thesis were achieved as part of the research project ‘Ex-
perimental substructure coupling for vibration analysis in machine tools’ (BR 2905/55-
2) funded by the German Research Foundation (Deutsche Forschungsgemeinschaft, 
DFG). Part of the results have been published in: [BREC16a; BREC21; BREC22]. 
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Einleitung 
Das gerichtete Nachgiebigkeitsverhalten zwischen Werkstück und Werkzeug einer 
Fräsmaschine bestimmt maßgeblich das zulässige, stabile Zerspanvolumen, die Ober-
flächenqualität sowie die erreichbare Formgenauigkeit [BREC17a]. Dieses wird wie-
derum durch das Nachgiebigkeitsverhalten aller im Kraftfluss liegenden Bauteile und 
Fügestellen der Maschine bestimmt. Dazu gehören u. a. die Werkzeugbaugruppe, die 
Hauptspindel, der Maschinenständer, das Maschinenbett, die Vorschubantriebe, der 
Werkstücktisch sowie das Werkstück selbst. Von diesen Komponenten wird das Fräs-
werkzeug je nach Zerspanungsanforderung häufig gewechselt, wodurch sich das dy-
namische Verhalten auch ändert. Abbildung 1.1 veranschaulicht den Einfluss unter-
schiedlicher Werkzeugbaugruppen auf das Schwingungsverhalten an der Werkzeug-
spitze. Um den wachsenden Anforderungen an die Flexibilität gerecht zu werden, ist 
es für viele Branchen unvermeidbar, einen großen Bestand an verschiedenen Werk-
zeugbaugruppen zu unterhalten. Dies gilt insbesondere für den Werkzeug- und For-
menbau, wo das Fräsen 47 % der Fertigungsprozesse darstellt und bis zu 450 ver-
schiedene Fräswerkzeuge benötigt werden [BOOS18]. Da die Vermessung des 
Schwingungsverhaltens für jede Kombination von Werkzeug und Maschinenspindel 
nicht praktikabel ist, gibt es eine starke Motivation für ihre effiziente Vorhersage. Mit 
der Prognose der Werkzeugdynamik im eingespannten Zustand können Rückschlüsse 
über die Schwingungsantwort auf Selbst- und Fremderregungen gezogen werden. 

Ein weiterer motivierender Aspekt ist das wachsende Interesse in Forschung und In-
dustrie an der Integration verschiedener Sensoren in die Hauptspindel, u. a. zur Schät-
zung von Fräskräften, Werkzeugstandzeiten und Prozesszustand [ABEL10; CAO17]. 
In [BREC18b; BREC19c] wurde eine Anordnung von spindelintegrierten Wegsensoren 
(SIDS) vorgestellt, mit der axiale, radiale sowie rotatorische Auslenkungen einer wel-
lenmontierten Scheibe gemessen werden können. Die entsprechenden Auslenkungen 
wurden zur Abschätzung der Fräskräfte herangezogen und mit einer modellbasierten 
Abtragsimulation kombiniert, sodass eine prozessbegleitende Vorhersage der gefräs-
ten Oberflächenqualität erreicht werden konnte.  

 
Abbildung 1.1 Einfluss verschiedener Werkzeuge auf das dynamische Maschinenverhalten 

Die Kraftabschätzung erfordert allerdings die Kenntnis der Werkezug-SIDS Übertra-
gungsfunktion für jede Werkzeugbaugruppe. Dies unterstreicht die Notwendigkeit ei-
ner effizienten Vorhersage der Dynamik der Spindel-Halter-Werkzeug-Baugruppe. 
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Die experimentell-analytische dynamische Substrukturierung bietet eine Möglichkeit 
zur effizienten Vorhersage des dynamischen Verhaltens verschiedener Kombinatio-
nen von Spindel-Halter-Werkzeug-Baugruppen. Dabei wird das Nachgiebigkeitsver-
halten jeder Maschine an der Werkzeugschnittstelle experimentell bestimmt, während 
das dynamische Verhalten der Halter-Werkzeug-Baugruppe analytisch modelliert wird. 
Diese beiden Verhalten werden in der Regel im Frequenzbereich beschrieben. An-
schließend werden die analytischen und die experimentellen Modelle durch die An-
wendung mathematischer Randbedingungen gekoppelt, sodass das dynamische Ver-
halten an der Werkzeugspitze der Spindel-Halter-Werkzeug-Baugruppe vorhergesagt 
werden kann.  

Obwohl dieser Ansatz der Werkzeugankopplung im letzten Jahrzehnt an Forschungs-
interesse gewonnen hat, ist die industrielle Anwendung weiterhin durch die Herausfor-
derungen bei der zuverlässigen analytischen und experimentellen Modellierung be-
grenzt. Zu den Herausforderungen bei der experimentellen Charakterisierung der 
Spindel-Halter-Schnittstelle gehören die Ermittlung der rotatorischen Nachgiebigkeit 
sowie die Wahl der geeigneten Messstrategien angesichts der Vielfalt der verfügbaren 
Aktor- und Sensortechnik. Bei der analytischen Modellierung der Halter-Werkzeug-
Baugruppe bleibt die effiziente und zuverlässige Bestimmung der dynamischen Eigen-
schaften der resultierenden Fügestelle eine große Herausforderung. Darüber hinaus 
wurde die Erweiterung der Werkzeugankopplung um die SIDS, welche auch rotatori-
sche Auslenkungen ermitteln können, in der Literatur noch nicht untersucht. 

Daher liegt der Schwerpunkt dieser Arbeit auf der Erforschung experimenteller und 
analytischer Modellierungsstrategien zur zuverlässigen Vorhersage des Nachgiebig-
keitsfrequenzgangs an der Werkzeugspitze sowie der Übertragungsfunktion zwischen 
Werkzeugspitze und SIDS für jede beliebige Kombination von Spindel-Halter-Werk-
zeug-Baugruppen. In dieser Arbeit werden nur Schaftfräser mit Schrumpffutter als Hal-
ter betrachtet, da sie für die Schlichtbearbeitung relevant sind und eine nicht zu ver-
nachlässigende Dynamik der Halter-Werkzeug-Verbindung aufweisen.  

Ein weiteres Ziel dieser Arbeit ist es, die Nützlichkeit der vorhergesagten Nachgiebig-
keitsfrequenzgänge für die effiziente Abschätzung von Prozesskräften und die Über-
wachung der Oberflächenqualität von Werkstücken zu demonstrieren. Zu diesem 
Zweck werden die während des Fräsvorgangs gemessenen SIDS-Auslenkungen mit 
der vorhergesagten Übertragungsfunktion zwischen Werkzeugspitze und SIDS aus-
gewertet, um eine Schätzung der Prozesskräfte zu erhalten. Die geschätzten Kräfte 
werden dann in Kombination mit der vorhergesagten Werkzeugspitzensteifigkeit sowie 
einer Materialabtragsimulation verwendet, um eine prozessparallele Abschätzung der 
gefrästen Oberflächenqualität zu erzielen.  

Die in dieser Arbeit vorgestellten Ergebnisse wurden im Forschungsprojekt "Experi-
mentelle Substrukturkopplung zur Schwingungsanalyse in Werkzeugmaschinen" erar-
beitet. Dieses Projekt wurde von der Deutschen Forschungsgemeinschaft gefördert 
(Projektzeichen BR 2905/55-2). Ein Teil der Ergebnisse wurde bereits in [BREC16a; 
BREC21; BREC22] veröffentlicht.
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2 Literature Review 
Stand der Forschung und Technik 

This chapter aims to introduce the reader to the theoretical background regarding the 
subject matter of this thesis. In this context, methods for predicting process forces dur-
ing milling are briefly explained along with current approaches for their experimental 
measurement and estimation (Section 2.1). Subsequently, it is necessary to under-
stand the vibration behavior of structures and its modelling (Section 2.2). Here, the 
focus is on the continuous modelling of beam-like structures, as this approach is uti-
lized for the modelling of milling tool assemblies in Chapter 5. A major part of the liter-
ature survey is devoted to the introduction and discussion of the concept of dynamic 
substructuring and its applications (Section 2.3 and 2.4). Among the applications, the 
problem of experimental-analytical tool coupling is discussed in greater detail so as to 
understand the latest trends and limitations of literature. Finally, the chapter is con-
cluded by a summary of the deficits and research gaps in relevant, current literature 
(Section 2.5).  

2.1 Process forces in milling 
Prozesskräfte beim Fräsen 

The milling process involves intermittent material removal using a rotating and defined 
cutting edge. Due to the combined rotation and feed velocity, the cutting edges trace 
a trochoidal path, such that each tooth creates a varying but periodic chip thickness. 
Figure 2.1 illustrates a half radial immersion, up milling operation with a four toothed 
cutter. The intermittent nature of cutter engagement is an important source of external 
excitation for the machine tool. Additionally, an unfavorable dynamic compliance be-
tween the tool and workpiece can result in significant modulation of the undeformed 
chip thickness, which can lead to the phenomenon of regenerative chatter. Thus, the 
prediction, measurement or estimation of milling forces is crucial for design of machine 
tools, for time-domain stability calculations, tool life estimation, process monitoring, 
surface quality predictions, etc.  

 
Figure 2.1 Sketch of half immersion up milling with the unwound cutter circumference  

Skizze eines Halbtauchfräsens im Gegenlauf und der abgewickelte Fräsermantel 
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2.1.1 Prediction of milling forces 
Prognose der Fräskräfte 

In the pioneering work of F. W. TAYLOR from the early 20th century, a relation between 
cutting force (Fc) and the cross-section area of the chip (Ac) was identified [TAYL07; 
WALL08], 

 Fc kc Ac kc h b (2.1) 

where, kc represents the empirically obtained specific cutting force, h is the unde-
formed chip thickness and b the uncut chip width. Subsequently, several authors in-
vestigated and improved upon the above relation. A significant improvement was pro-
posed by KIENZLE in [KIEN52], where a more realistic, non-linear relation between the 
specific cutting force and undeformed chip thickness was identified from cutting trials, 

 kc kc1.1 h-mc. (2.2) 

Substituting in Eq. 2.1, the cutting force can be given as, 

 Fc kc1.1 h1-mc b. (2.3) 

Here, kc1.1 represents the cutting force for removing a chip of undeformed thickness 
and height of 1 mm, whereas mc is a material constant. Although these values can be 
obtained from cutting trials with the required combination of workpiece and tool mate-
rial, they are influenced by a verity of prevailing factors (rake angle, cutting speed, chip 
upsetting, etc.). Furthermore, the influencing factors themselves show varying degrees 
of interdependence. [DENK11] 

The linearization of the KIENZLE equation (Eq. 2.2) enables the consideration of the 
specific cutting force (kqc) as a constant, such that [ALTI12], 

 Fq kqc h b kqe b. (2.4) 

Here, q represents the direction of the force resolution. The edge coefficient kqe, ena-
bles the consideration of the friction between the tool edge and the workpiece such 
that a non-zero friction force exists even when no shearing occurs (h = 0). For deriving 
the equations for milling forces, consider the half immersion up milling operation in 
Figure 2.1. Here, only a single tooth is in contact with the workpiece at any point of 
time. The characteristic variation of the chip thickness with the angle of tool rotation is 
approximated as, 

The presence of a cutter helix angle (  > 0) allows for a smoother entry and exit of the 
cutting edge from the workpiece. To calculate the total force acting on the jth cutting 
edge in the tangential, radial and axial directions, the linearized formulation from 
Eq. (2.4) is applied first to an infinitesimal axial segment dz of the cutting edge. The 
corresponding differential equations of the forces for the engagement angle of j are 
as follows, 

  h fz sin . (2.5) 
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 dFt,j j ktc h j kte dz (2.6) 

 dFr,j j krc h j kre dz (2.7) 

 dFa,j j kac h j kae dz. (2.8) 

The integration of the above equation along the depth of cut ap gives the total cutting 
force at the corresponding cutting edge. This can be transformed to obtain the force 
acting at the Tool Center Point (TCP) in the tool coordinate system (see Figure 2.1),  

 Fx,j j  Ft,j cos j Fr,j sin j  (2.9) 

 Fy,j j  Ft,j sin j Fr,j cos j  (2.10) 

 Fz,j j Fa,j j . (2.11) 

In case multiple teeth are involved simultaneously in cutting, their individual force com-
ponents can be transformed to the tool coordinate system and added vectorially to 
obtain the total force acting at the TCP or tool tip. Now the prediction of the forces from 
Eq. (2.9) to (2.11) requires the knowledge of specific cutting forces or cutting coeffi-
cients kqc, kqe. These unknown coefficients are identified empirically using mainly two 
approaches: i) mechanistic identification, ii) orthogonal to oblique transformation 
[ALTI12]. 

In the widely used mechanistic identification, milling trials are conducted for the re-
quired tool-workpiece combination keeping constant radial immersion and depth of cut 
while the feed rates are varied [ALTI12]. The corresponding process forces per tool 
revolution are usually measured using a dynamometer. These are then averaged by 
the number of teeth and equated to the analytically obtained average force expression. 
The unknown coefficients are then identified using linear regression or other fitting 
strategies. Although this approach offers a convenient and simple identification of the 
coefficients, the validity of the values is limited to a narrow band of prevailing cutting 
conditions.  

BUDAK et al. proposed the use of parameters obtained from orthogonal cutting trials 
such as shear stress, friction coefficient and shear angle for the evaluation of cutting 
coefficients of an oblique cut [BUDA96]. This enables the convenient use of orthogonal 
cutting database for the evaluation of generic oblique cutting coefficients. However, 
the assumptions of the orthogonal to oblique transformation make it difficult to apply to 
end mills with complex geometries. 

Independent of the approach, the identification of cutting coefficients and the accurate 
prediction of milling forces remains challenging due to the underlying assumptions, 
approximations and uncertainties. This is especially valid for complex tool geometries 
and engagement conditions. Therefore, the experimental measurement of forces using 
dynamometers or estimation from sensor signals is more favorable in many situations.  
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2.1.2 Measurement / estimation of process forces 
Experimentelle Ermittlung von Prozesskräften 

The approaches for process parallel measurement of cutting forces can be broadly 
classified into direct and indirect approaches (Figure 2.2). The direct approach refers 
to the use of dynamometers within the force flux and in immediate proximity to the 
cutting processes. Thus, commercially available rotating [KIST19b] as well as station-
ary [KIST19a] dynamometers have been used in laboratory environment, mostly for 
measuring reference cutting forces [BUDA94; ALBR05; MILF05; SAAD18]. Their ap-
plicability in industrial practice is severely limited due to high procurement costs, re-
duced working space, and due to the modification of the dynamic behavior between 
workpiece and tool. Since the dynamometer is placed within the force flux, its intrinsic 
dynamics interacts with the machine dynamics, which can lead to a significant reduc-
tion of the measurable frequency bandwidth. For obtaining a usable measurement 
bandwidth, the compensation of the intrinsic dynamics of the dynamometer is unavoid-
able. For example, SCIPPA et al. suggest the use of a disturbance KALMAN filter for 
compensating the influence of the dynamometer dynamics from the force measure-
ments [SCIP15]. Due to the above-mentioned difficulties, several works in literature 
strive to estimate process forces indirectly, based on additional structure-integrated 
sensors or using available sensors of the machine tool drive and control system. 

Motor currents of the main spindle and servomotors have been commonly utilized in 
literature for estimating tangential and normal cutting forces [ALTI92; JEON02; 
BREC15; ASLA18]. The main advantage here is that cutting forces can be estimated 
independent of tool-workpiece combination and without additional sensors. However, 
considerable effort is required for modelling the feed-drive system, motor dynamics, 
friction behavior as well as filter tuning for compensating the structural vibration modes.  

 
Figure 2.2 Broad classification of experimental methods for process force monitoring 

Einordnung der experimentellen Methoden zur Überwachung der Prozesskräfte 

An alternative is provided in [FEY16; XI21], where the difference between the direct 
(linear scale) and indirect measurement system (motor encoder) of the feed drive is 
used to predict the experienced axes loads. This method requires the measurement of 
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position and velocity dependent errors along with the position dependent stiffness of 
each feed drive. In contrast to motor current, the difference in position measurements 
show a nearly linear relation to axes force according to [XI21].  

In literature, several additional sensors such as strain gauges, accelerometers, eddy-
current and piezoelectric sensors have been considered for process force estimation. 
Apart from accelerometers, the additional sensors must be integrated within a machine 
structure to allow precise force estimation. The commonly used structures for integrat-
ing additional sensors are, tool holders [FRAU15; CHEN17; PRO-21], workpiece fix-
tures [MÖHR10] and main spindles [PARK02; ALBR05; DENK12; BREC18b; 
POST19].  

A major focus in literature has been on researching spindle integrated vibration, force 
and displacement sensors for monitoring process forces, as can be seen in the number 
of review papers [MATS09; ABEL10; CAO17]. Unlike workpiece or holder integrated 
sensors, they are not limited to specific tool or workpiece dimensions. In addition, they 
do not significantly change the dynamic properties of the machine tool. A series of 
papers by PARK and ALTINTAS first proposed piezoelectric Spindle Integrated Force 
Sensors (SIFS) [PARK02; PARK04; ALTI04; PARK06], based on the concept of a 
‘force-ring’ [HOFF99], for estimating milling forces. Here, piezoelectric force sensors 
are applied in the force flux at the bolting holes of the spindle flange, such that cutting 
forces cause a change in the preload of the piezoelectric sensors. Later, ALBRECHT et 
al. proposed a more cost effective and robust approach of using capacitive displace-
ment sensors which measure the radial deflection of the spindle shaft relative to the 
housing [ALBR05]. Such a system can be termed as Spindle Integrated Displacement 
Sensors (SIDS). To further increase the industrial applicability, POSTEL et al. proposed 
the used of spindle mounted accelerometers for the estimation of both, tool tip deflec-
tion as well as cutting forces [POST19; POST20]. As part of a research project at the 
WZL, a special arrangement of non-contact SIDS was used to measure radial as well 
as axial displacements of a disc mounted on the spindle shaft during milling [BREC18b; 
BREC19c] (Figure 2.3a). The thermo-elastic shaft deflections measured by the SIDS 
were compensated using the novel approach from [FEY19]. With the information of 
axial displacements, the radial-axial cross compliance could be compensated, such 
that an accurate estimation of axial cutting forces was made possible. 

The main disadvantage of using spindle integrated sensors is that they are located 
away from the generation of cutting forces and thus the dynamic behavior between the 
tool tip and sensor location must be compensated from the measurements. This im-
plies that the tool tip to sensor transfer function is required for each holder-tool assem-
bly. Even different overhang lengths of the same holder-tool assembly can significantly 
influence the transfer function. Since the measurement of the transfer function for each 
combination requires considerable effort, a method for its prediction is highly desirable. 
Once this transfer function is available from experiments or from predictions, a disturb-
ance KALMAN filter [PARK02; ALBR05; POST19] or direct inversion method [BREC18b; 
BREC19c] (Figure 2.3b) can be applied to obtain the cutting forces.  
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Figure 2.3 a) Arrangement of SIDS and b) method for process force estimation [BREC18b] 

a) Anordnung von SIDS und b) Verfahren zur Kraftabschätzung [BREC18b] 

To reduce the measurement effort for obtaining tool tip-sensor transfer functions, PARK 
et al. proposed using a substructuring approach for predicting the tool tip-SIFS transfer 
function for simulated end mills of different lengths [PARK06]. However, the transfer 
functions of end mills of the same diameter and for the same holder could be predicted. 
Additionally, the rotational compliances (displacement-to-moment) between the inter-
face flange and sensor were assumed to be rigid due to the difficulties in measuring 
them. In [POST19], the system was divided into the holder-tool substructure and the 
spindle substructure with acceleration sensors. With such a substructuring formulation, 
the transfer function prediction is not limited to a specific holder-tool combination. Here 
as well, merely the translational transfer functions (displacement-to-force) between the 
interface flange and accelerometers were considered.  

Due to the arrangement of three radial and three axial SIDS in [BREC18b; BREC19c], 
it is possible to not only measure the radial and axial deflections but also the rotational 
deflections of the spindle shaft about tangential directions ( X and Y in Figure 2.3). 
This opens the possibility of considering rotational transfer functions between the in-
terface flange and the SIDS in the substructuring calculations such that a more realistic 
prediction of the tool tip-SIDS transfer function may be achieved. The measurement 
and consideration of rotational transfer functions is not possible with previously pro-
posed methods from literature. 

Another important aspect to be considered in the application of spindle integrated sen-
sors is that of measurement uncertainty and its propagation. Due to the spatial sepa-
ration between the point of force application (tool tip, interface flange) and point of force 
or displacement measurement (SIDS, accelerometer, etc.), a poor Signal-to-Noise Ra-
tio (SNR) can be expected. Although the disturbance KALMAN filter approach attenu-
ates high frequency noise, the explicit quantification and propagation of measurement 
uncertainty through the tool coupling calculations has not been researched in literature.  
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2.2 Modelling of structural dynamics 
Modellierung der Strukturdynamik  

The time-varying displacement, velocity and acceleration response of a structure to 
dynamic loading can be termed as its dynamic behavior. The mathematical modelling 
of structural dynamics involves defining the degree of abstraction, listing of assump-
tions, creation of a visual depiction and finally deriving the corresponding differential 
equations of motion. The solution of these equation while considering the method of 
excitation then gives the resulting vibration or dynamic behavior. [CRAI06] 

The mathematical model of the dynamic behavior is derived mainly based on the ab-
straction of the real structure as a discrete or continuous model. 

2.2.1 Discrete models 
Diskrete Modelle  

A rigid, point mass with a single degree of freedom (SDOF) attached to the surround-
ings via a spring represents the simplest discrete, vibratory system. In some cases, 
simple machine structures can be approximated as distributed SDOF systems. In most 
cases, real machine tool structures are complex, three dimensional (3D) structures that 
cannot be modelled with sufficient accuracy using SDOF models. The Finite Element 
Method (FEM) is an established method in industrial and research practice for numer-
ically approximating the static and dynamic behavior of continuous, linear structures. 
Essentially, the continuous structure is spatially discretized into a finite number of con-
tinuous elements, where each element is abstracted usually with linear or quadratic 
functions. This results in a mesh of elements connected to each other via nodes of 
varying degrees of freedom (DOFs). Based on the assigned material properties and 
the trial function of the element, the discretized mass (M), stiffness (K) and, if required, 
damping matrix (C) of the entire structure can be obtained. Subsequently, the non-
homogeneous Newtonian equation of motion can be solved to obtain the time re-
sponse to a dynamic exciting force Fext, 

  Mx(t) Cx(t) Kx(t) Fext(t). (2.12) 

Often, the dynamic characteristics of machine tools is evaluated based on the (un-
damped) eigenvalues and corresponding mode shape vectors. These are also derived 
from the above three system matrices by solving the undamped eigenvalue problem, 

 M 2 K 0. (2.13) 

In the case of general viscous damping, the damped eigenvalues and vectors can be 
calculated using a state space formulation of Eq. (2.12) [CRAI06]. The obtained modal 
parameters (eigenvalues and vectors) are the basis for the efficient calculation of nodal 
FRFs using modal superposition. For further details on the finite element analysis of 
structural vibrations, readers are referred to the following textbooks: [CRAI06; LINK14; 
GASC21]. 
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2.2.2 Continuous models 
Kontinuierliche Modelle 

Mathematical models which describe the exact structure mechanical behavior (under 
certain assumptions) using analytical Partial Differential Equations (PDEs) are referred 
to as continuous models. However, setting up and solving the required system of equa-
tions is feasible merely for simple beam, shell and plate structures. In this thesis, the 
dynamic behavior of the holder-end mill assembly is represented using the back-to-
back coupling of continuous beam elements (refer Chapter 5). Hence, this subsection 
focuses on providing a summary and relevant details about different continuous beam 
modelling approaches based on [HAN99; CRAI06; RAO06]. Here, the focus is on mod-
elling the two-dimensional transverse vibrations using the following engineering beam 
theories: EULER-BERNOULLI and the TIMOSHENKO beam theory. 

EULER-BERNOULLI Beam (EBB) 

Consider the undeformed, linear elastic uniform beam shown in Figure 2.4a. Under 
transverse vibration, an arbitrary segment of the EULER-BERNOULLI beam (shaded) will 
deform as shown in Figure 2.4b. The shear forces and bending moments acting at both 
ends of the incremental segment are also illustrated. The transverse and rotational 
deflections of the segment are represented by v and , respectively. The defining char-
acteristic of the EBB is that a plane perpendicular to the neutral axis remains perpen-
dicular during bending deformation as well. In addition, the rotational inertia associated 
with the rotation of the cross-section about the z direction is assumed negligible com-
pared to the translational inertia. The PDE of motion can be obtained by applying 
NEWTON’S second law to the illustrated beam segment,  

  EI
4v(x,t)

x4 A
2v(x,t)

t2 0.  (2.14) 

Solving the above equation is more convenient by separating the spatial and temporal 
components by assuming the following general solution, 

  v(x,t) V(x) sin( t). (2.15) 

Substituting the above relation in Eq. (2.14), and solving the fourth order PDE, the 
following general solution is achieved, 

  V(x) C1 cos x C2 sin x C3 cosh x C4 sinh x  (2.16) 

Now, for substructuring calculations, the free vibration behavior (in terms of FRFs) at 
the ends of an EBB with unconstrained boundary conditions (free-free) is required. 
Applying such boundary conditions, the coefficients C1, C2, C3 and C4 can be found 
and the corresponding eigenvalue problem can be setup. BISHOP and JOHNSON pre-
sented a closed form solution for obtaining the direct and cross FRFs at the ends of an 
EBB for different boundary conditions without explicitly solving the eigenvalue problem 
[BISH55; BISH11]. This convenient approach has been widely used in literature for the 
frequency based substructure modelling of holder-tool assemblies as EBB. However, 
a key disadvantage of the EBB is the inherent overestimation of the eigenfrequencies 
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due to the ignorance of shear deformation and rotary inertia. Thus, the EBB provides 
a dynamically stiffer estimation, especially for thick beams and higher modes 
[ERTÜ06]. 

 
Figure 2.4 Sketches of beam segments under bending deformation 

Skizzen von Balkensegmenten unter Biegeverformung 

Several beam theories have been proposed to address the drawbacks of the EBB. For 
example, the RAYLEIGH beam proposes a slight improvement by considering the rota-
tional inertia of the beam cross-section [STRU77]. However, this leads to only a mar-
ginal correction of the overestimation as the shear distortion is still ignored. The shear 
beam model adds the effect of shear distortion but without consideration of the rota-
tional inertia. This is a considerable improvement especially for thick beams, where the 
shear effects are more dominant than the rotational effects [HAN99]. The PDEs of 
motion for these theories are listed in Table 2.1 along with the mathematical terms 
corresponding to each considered effect.  

TIMOSHENKO Beam (TB) 

In the landmark papers from 1921-22, TIMOSHENKO proposed a beam model which 
accounted, additionally to the EBB, for the rotational inertia effect as well as the shear 
dependent distortion due to bending [TIMO21; TIMO22]. Figure 2.4c shows an incre-
mental segment of a TB under bending without time dependency for brevity. The slope 
at the end of the TB differs from that of the EBB by an angle d such that planes normal 
to the neutral axis do not remain perpendicular during bending. Due to the considera-
tion of shear, the TB model can accurately predict the eigenfrequencies and mode 
shapes compared to the EBB model. This is especially valid for non-slender beam and 
higher eigenfrequencies. The fourth order PDE of motion has two dependent variables 
v and  such that the non-homogenous equations of motion are given as follows, 
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Now, the vibration behavior of the TB with free-free end conditions is of interest for the 
analytical modelling of tool assemblies. The setting up and solving of the eigenvalue 
problem is, however, much more complex here, due to the coupling of the transverse 
and rotational deflections. Thus, a closed form solution for obtaining the FRF matrix at 
the ends of a TB does not exist. In an important contribution, ARISTIZABAL-OCHOA pro-
posed a classical formulation of the eigenvalue problem for TB such that the mode 
shapes and natural frequency could be derived for generalized end conditions 
[ARIS04]. This approach was first utilized by ERTÜRK for obtaining the compliance ma-
trix at the ends of segments of the tool beam model [ERTÜ06] and is addressed in 
more detail in Section 5.2. 

Table 2.1 PDEs of motion for different beam theories (summarized from [HAN99]) 
Bewegungsgleichungen diverse Balkentheorien (zusammengefasst aus  
[HAN99]) 

 

2.3 Dynamic substructuring 
Dynamische Substrukturierung 

The paradigm of ‘divide and conquer’ or breaking down complex problems into smaller, 
easier problems is of fundamental importance in engineering sciences. The first appli-
cations of this paradigm in the field of structural dynamics began in the 1960s. Large 
aerospace structures were subdivided into smaller, unique structures and analyzed 
individually due to the prevailing limitations of computational capacities [PRZE63; 
CRAI68]. Subsequently, compatibility and force equilibrium conditions were applied to 
the interface between the substructures to obtain the behavior of the assembly. In the 
same decade, the approach of representing dynamic behavior using a selection of 
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mode shape vectors such as normal, rigid body, constraint and attachment modes was 
proposed and further developed in the 70s [GLAD64; RUBI75; CRAI77]. With this 
Component Mode Synthesis (CMS) approach, a considerable model reduction could 
be achieved as merely a combination of ‘m’ mode shape vectors could describe rele-
vant dynamic behavior instead of the nodal information of ‘n’ DOFs of the discretized 
structure (where m << n). Thus, model reduction became an essential component of 
dynamic substructuring, especially, when large structural models were involved. 

There was already an early interest in including experimentally obtained mode shapes 
within the framework of CMS for achieving a realistic modal basis [MACN71; KLOS71]. 
With improvements in experimental testing equipment as well as computing capabili-
ties, first attempts were made in the 1980s at coupling experimental and analytical 
models using Frequency Based Substructuring (FBS) [CROW84]. Here, the research 
focus was mainly on the synthesis of FRFs of structures with simple modifications of 
lumped masses and stiffnesses. These initial approaches were impedance based, 
where the measured FRF matrix had to be inverted for the coupling calculations. 
JETMUNDSON et al. improved on the impedance based approaches by proposing a for-
mulation that directly utilized the measured FRFs and did not require their inversion 
[JETM88]. 

An important developmental step in FBS was the dual reformulation of JETMUNDSON’s 

approach by DE KLERK et al in [KLER06]. Here, LAGRANGE Multipliers (LM) serve to 
apply the force equilibrium at the interface nodes and a single signed Boolean matrix 
is required to define the coupling relationships. The resulting elegant reformulation was 
termed as LAGRANGE Multipliers Frequency Based Substructuring (LM FBS).  

In recent years, efforts have been made to apply the experimental-analytical FBS 
methods to complex, real-world problems such as wind turbine dynamics [VOOR10; 
HAEU21], automotive NVH [SEIJ16] and machine tool dynamics (refer Section 2.4), 
among others. However, experimental substructuring still remains a challenge. The 
current challenges with respect to FBS in general and specific to its application in ma-
chine tools are discussed in Subsection 2.3.2 and Section 2.4 respectively. 

2.3.1 Substructuring domains 
Domänen der Substrukturierung 

Although frequency based methods have gained popularity in the past decade, the 
dynamics of substructures can equally be described in physical, analytical, modal, 
state space and time domains. Figure 2.5 illustrates the different domains in which a 
substructure such as a beam can be represented along with the transformation meth-
ods between the domains. A brief introduction to each domain is provided in the fol-
lowing. For a more detailed description and formulations of each domain, the reader is 
referred to the review by DE KLERK in [KLER08b] as well as ALLEN et al. [ALLE20].  

In the physical domain, the dynamics are expressed in terms of physical displacements 
of the structure (spatial description). This can be for both, discretized as well as con-
tinuous models. In case of complex, discretized structures, the mass, stiffness and 
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damping matrices are required for calculation of the nodal displacements. On the other 
hand, simple structures can often be abstracted and modelled as continuous beam or 
plate elements. Here, analytical PDEs must be solved with boundary conditions to ob-
tain the continuous displacement field. Although continuous models are not extensively 
used in classical substructuring, the modelling of simple, beam-like structures as con-
tinuous analytical beams can be advantageous in many cases. Especially for quick 
and reliable estimations without the use of proprietary meshing software and algo-
rithms, continuous models may be preferable. Substructures represented in the phys-
ical domain can easily be transformed to other domains without loss of information 
(except for model reduction through modal truncation). 

 
Figure 2.5 Domains of substructuring (based on [KLER08b; SEIJ16]) 

Domänen der Substrukturierung (angelehnt an [KLER08b; SEIJ16]) 

In the modal representation or CMS, substructure dynamics are expressed by a linear 
combination of mode shape vectors instead of nodal deflections. This inherently leads 
to a reduction of the problem as the number of modes considered is usually much 
smaller than number of DOFs of a discretized structure. Different CMS techniques 
utilize different types of mode shape vectors and consequently result in different 
reduction basis.   

Frequency domain representation involves the description of structural behavior at dis-
creet points and DOFs using frequency response functions. The harmonic response 
can be expressed in terms of dynamic stiffness or receptance. Since FRFs can be 
obtained experimentally with relatively low measurement effort, the coupling of exper-
imentally and analytically derived models is convenient in the frequency domain. In this 
thesis, the experimentally obtained frequency based substructure models are termed 
as Experimental Response Models (ERMs), whereas the analytically (or numerically) 
obtained models are termed as Analytical Response Models (ARMs).   
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The time domain analogy of an FRF is the Impulse Response Function (IRF) and it 
captures the temporal vibration response to an impulse excitation. The corresponding 
Impulse Based Substructuring (IBS) technique using IRF was proposed in [RIXE10]. 
Although, experimental models can be obtained in this domain as well, the practical 
implementation of IBS is limited. This is mainly because the condition of ideal Dirac-
impulse cannot be achieved experimentally with an impact hammer. In addition, noise 
on the measured signal leads to instabilities in the coupling results [RIXE11]. 

As an alternative to modal parameter estimation required for CMS techniques, SU and 
JUANG proposed the use of system identification methods for describing substructure 
dynamics [SU94]. Here the identified transfer functions are expressed as a state-space 
model with displacement and velocity as independent state variables. The advantages 
of the state-space formulation are: firstly, a vast number of system identification tech-
niques from control theory can be applied and secondly, the handling of arbitrary vis-
cous damping becomes convenient such that damped eigenvalues and eigenvectors 
can be easily calculated. However, practical implementation is limited due to unavoid-
able system identification procedures based on the input, output data (refer to the 
works of SJÖVALL and ABRAHAMSSON  [SJÖV06; SJÖV07b; SJÖV07a; SJÖV08]). 

For the problem of structural modification, both, the modified as well as unmodified 
structure must be described in the same domain, so that the interface compatibility and 
interface force equilibrium conditions can be applied. Ideally, one of the components 
should be described experimentally as experimental-analytical coupling provides a 
more realistic prediction of dynamics as long as accurate models are obtained. Out of 
all the domains, the frequency based coupling of analytical and experimental models 
has high industrial relevance because of the following advantages: 

i) No system identification or modal parameter estimation from frequency re-
sponse data is required. 

ii) FRFs can be easily measured (in many cases) without significant equipment 
cost and effort. 

iii) The transformation from physical to frequency domain is possible without trun-
cating the influence of higher modes. 

iv) Measured FRFs inherently contain influence of higher modes. 

Despite the above advantages, the practical implementation of experimental-analytical 
FBS still has several challenges. These are discussed in the following subsection.  

2.3.2 Challenges in experimental-analytical FBS 
Herausforderungen bei der experimentellen-analytischen FBS 

To illustrate the major challenges, an exemplary coupling problem shown in Figure 2.6 
is discussed. Consider two plate-like substructures Q and R in the 3D space, which 
are to be coupled at their three interface nodes to give the assembly S. Here, Q repre-
sents a fixed-free structure whose dynamics is to be obtained experimentally. Whereas 
R represents a simulated structure who’s unconstrained (free-free) dynamic behavior 
is required for the coupling calculation. The aim is to predict the driving point FRFs at 
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node or coordinate 4 of the assembly. The equation for coupling the two substructures 
at their interfaces using the LM FBS formulation [KLER06] is given as, 

 YS Y YBT BYBT -1
BY . (2.19) 

The coupling equation requires the experimental response model containing the com-
pliance matrix of measured, direct and cross-FRFs at interface nodes (YQ). Also, the 
analytical response model containing the compliance matrix of simulated direct and 
cross-FRFs at the coordinates of R, YR is required. 

 
Figure 2.6 Example of frequency based substructure coupling 

Beispiel einer frequenzbasierten Substrukturkopplung  

Now, the size of the compliance matrices (or response models) depends on the num-
ber of substructure coordinates to be considered (internal and interface) as well as on 
the number of DOFs of each coordinate. For an exact coupling of 3D substructures, all 
six DOFs of the interface coordinates must be considered. For the below example with 
merely three interface coordinates of P and four coordinates of Q, response models of 
sizes YQ

18x18 and YR
24x24 are necessary. This means that 324 FRFs must be ob-

tained experimentally for the response model of Q. Under the assumption that the in-
terface and internal nodes only have two DOFs, say, y- and x-direction, then the size 
of the response models reduce to YQ

6x6 and YR
8x8. Still 36 FRFs must be measured. 

As an example, an element of the response model YQ is shown in Figure 2.6 with its 
FRFs considering two and six DOFs per coordinate. The calculation of the LM FBS 
equation gives the dynamics of the assembly in the fully occupied matrix YS. The pre-
diction of FRFs at coordinate 4 are available at the appropriate rows and columns of 
this matrix. Based on the above coupling problem, the following challenges become 
clear: 
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1. Measurement of rotational FRFs: As seen in the contents of G31
Q , rotational 

FRFs make up for 75 % of the compliance matrix for the 6-DOF as well as the chosen 
2-DOF coordinates cases. The importance of considering rotational FRFs in coupling 
calculations has been extensively discussed in literature [DUAR95; LIU99]. However, 
their direct measurement is extremely challenging. This is because, the application of 
a pure moment at a point on a structure (for e.g., Mz,1

Q ) is not practical with conventional 
measurement technology. Current approaches for pure moment excitation using mag-
netostrictive rods, twin shaker arrangement or synchronized hammers require signifi-
cant measurement effort and have not gained wide acceptance in experimental sub-
structuring. Even the direct measurement of dynamic angular displacement or rotation 
(for e.g., z,3

Q ) is challenging with conventional accelerometers.  
Over the past decades several techniques have emerged to measure or estimate ro-
tational compliances. DUARTE and EWINS [DUAR00] assign the available techniques 
into following six categories: i) block, ii) mass additive, iii) finite-difference, iv) estima-
tion, v) angular transducers, and vi) laser-based techniques. In the following, two rele-
vant and popular techniques are discussed: the finite difference method (iii) and use 
of angular transducers (v) (see Figure 2.7). For details on the other techniques refer to 
the comprehensive review in [DUAR00].  

 
Figure 2.7 a) Backward difference method for beam end; b) Rotational accelerometer  

[DUMO16] 
a) Rückwärtsdifferenzmethode für ein Balkenende b) Winkelbeschleunigungs- 
sensor [DUMO16] 

The finite difference method is based on the relationship that rotational deflections are 
derivatives of the translational deflections. Thus, rotational compliance can be approx-
imated from the measured displacement-to-force FRFs (H-terms) without additional 
structural attachments. Consider the 2D cantilever beam in Figure 2.7a with closely 
spaced accelerometers. Here, the rotational compliances at the free end of the beam 
(A) can be approximated based on the translational FRFs measured at coordinates A, 
B and C separated by the distance d. This corresponds to the second order finite back-
wards difference method. The transformation matrix ( ) for first, second and nth-order 
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backwards difference method are obtained by applying the TAYLOR series expansion 
at coordinate A [SATT80; ANSI84; DUAR00], 

 first order, f 0 1
- 1

d
1
d

; second order, s 1
2d

0 0 2d
1 -4 3 .  (2.20) 

The measured compliance matrix containing translational FRFs, HABC can then be 
transformed to obtain the collocated compliance matrix at A including rotational FRFs, 
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1
2d

0 0 2d
1 -4 3
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1
2d

0 0 2d
1 -4 3

T. (2.21) 

In the practical implementation of this method by [DUAR00], the rotation-to-moment 
FRFs (denoted by P) showed a much greater degree of noise contamination than the 
rotation-to force FRFs (denoted by N), especially at lower frequencies. Similar results 
were achieved in [ELLI12], where the second order central difference method was im-
plemented for simple beam structures. The problem of noise sensitivity and amplifica-
tion still remains a significant hurdle in application of estimation methods.  

The development of the new generation of rotational accelerometers was motivated by 
the need to measure angular accelerations experienced during automotive collision 
testing [KINS08; DUMO16]. Commercially available rotational accelerometers from 
KISTLER INSTRUMENTE GMBH are based on the shear cut arrangement of two piezoe-
lectric quartz systems (Figure 2.7b). In such an arrangement, linear accelerations are 
self-cancelling and the measured output is related only to the experienced rotational 
acceleration. This sensor thus allows for the direct and convenient measurement of 
rotation-to-force FRFs using impact or shaker excitation. However, the P-term still can-
not be directly measured due to the practical difficulties in creating pure moment exci-
tation. Also, the use of rotational accelerometers in experimental dynamic substructur-
ing of complex, real world structures has not yet been extensively studied in literature. 
Only laboratory-scale implementations of FBS coupling of simple, freely constrained 
beams and plates using such sensors has been demonstrated in [DROZ18a; 
DROZ18b]. However, the significant mass loading effect of rotational accelerometers 
in translational and rotational DOFs has not been addressed in these studies.  

2. Interface discretization and dynamics: In the example from Figure 2.6, interface 
coordinates were given to be the discrete coordinates 1 to 3. However, in real coupling 
problems it is not always obvious how to appropriately discretize a structural joint 
[ALLE20]. Into how many coordinates should a structural joint (such as welded joints 
or bolted joints with overlapping pressure cones) be discretized, has not been ad-
dressed in literature. Apart from this, joints are not ideal stiff but rather have a finite, 
usually non-linear stiffness and damping behavior. An accurate a priori modelling of 
such non-linear joints is often not feasible, such that a parameterization from experi-
mental data is unavoidable. Note that the problem of joint dynamics has two aspects: 
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firstly, choosing a suitable description or model of the joint and secondly, parameteriz-
ing the unknown variables of the joint model from experimental data. Examples of com-
monly used joints models are: spring-damper elements [TSAI88], point-mass model 
[MEHR13] and direct FRF description [TOL15; PARK08]. For the identification of 
model parameters, reference FRFs of the assembled substructures with the joint are 
measured. Subsequently the error between the rigidly coupled system FRF and refer-
ence FRF is minimized by optimizing the values of the unknown joint model parame-
ters.  
3. Measurement uncertainty: Experimentally obtained FRFs are subject to system-
atic and random errors. The inversion of the experimental response model in the cou-
pling equation (Eq. (2.19)), invariably amplifies measurement errors and propagates 
them to the coupling predictions. Since FRFs are complex-valued vectors, the quanti-
fied uncertainty is also complex-valued, and its treatment is different from real-valued 
variables. Although coherence provides a measure of consistency in repeated meas-
urements, it is not suitable for expressing complex uncertainty. This is because a com-
plex-valued treatment of uncertainty is necessary for propagation through FBS cou-
pling equations. Therefore, the quantification and propagation of uncertainty has be-
come a topic of high relevance in the field of experimental substructuring. 
The most common sources of systematic or bias errors are: incorrect, inconsistent po-
sition and orientations of dynamic excitation and response measurement equipment. 
Since bias errors are unavoidable in case of manual impact testing, DE KLERK studied 
their influence on substructure coupling. It was shown that bias errors in impact loca-
tion in collocated SISO FRFs can considerably propagate through FBS to the poles 
and zeros of the coupled system [KLER11].  
On the other hand, random errors are stochastic perturbations of the measurement 
signal mainly due to sensor noise, random variation of impact location and environ-
mental factors. Treating the measured FRF as a complex-valued random variable, a 
bivariate description of measurement uncertainty is often utilized [RIDL02; KIM07; 
MEGG18]. KIM and SCHMITZ illustrated the quantification of typical uncertainties en-
countered during impact testing. These are: the calibration coefficient, mass loading, 
cosine and stochastic uncertainty. It was shown that the uncertainty on the instrument 
calibration coefficient contributed the most to the quantified uncertainty [KIM07]. 
MEGGITT pointed out that operator error during impact testing for SIMO and MIMO 
FRFs can lead to inter-FRF correlation, which must be considered in uncertainty quan-
tification and propagation. Recently, TRAINOTTI et al. presented in [TRAI20] a compre-
hensive discussion on the practical handling of measurement uncertainty within the 
context of FBS, especially for impact based measurement. Thus, the focus of the cur-
rent literature has been on the quantification and propagation of uncertainty in manual 
impact-based experimental modelling as there are several sources of bias and random 
errors. The use of relative exciters such as piezoelectric, electrodynamic and electro-
hydraulic actuators has not been explored, as the absolute dynamic behavior is re-
quired for substructuring calculations.  
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2.4 Applications of dynamic substructuring in machine tools 
Anwendungen der dynamischen Substrukturierung in Werkzeugmaschinen 

This section presents the implementations of dynamic substructuring to milling ma-
chine structures. The goal of the applications has been to predict the influence of struc-
tural modifications on the dynamic behavior of the machine tool. In this context, the 
modifications can be classified into three categories: modification of structural compo-
nents other than tools and workpieces (Subsection 2.4.1), workpiece coupling and ma-
terial removal (Subsection 2.4.2) and change of milling tool assembly (Subsection 
2.4.3).  

2.4.1 Modification of general machine structures 
Modifikation allgemeiner Maschinenstrukturen 

The modification of structural components lying within the force flux directly impacts 
the working accuracy of machine tools. Such a modification can occur mainly in two 
ways: firstly, the change in position of structural components relative to each other can 
cause a change in vibration behavior; secondly, design changes in the dimension and 
geometry of structural members. 

The simulation of position-dependent machine tool dynamics in a full FEM or co-simu-
lation environment is usually computationally expensive due to the large number of 
nodes and DOFs involved (typically more than 106 DOFs). For efficient simulation of 
position dependency, LAW proposed a dynamic substructuring approach, where struc-
tural components are reduced using CMS and subsequently assembled at the inter-
faces for any position configurations [LAW13a; LAW13b; LAW13c]. This approach can 
be classified as coupling in the physical domain as all components are described nu-
merically or analytically. An inherent problem in simulating varying axes positions is 
the application of constraints for non-conforming meshes. For this, LAW proposed an 
interpolation-based Multi-Point Constrain (MPC), where the displacements of the con-
densation node are the weighted average of the deflections of the varying interface 
nodes in contact.  

Later, DANIELS also developed a similar, purely simulation framework, where structural 
components are reduced using the Dual CRAIG-BAMPTON formulation and saved in 
databanks of machine, workpiece, fixture and tool models [DANI17]. This allows for 
the efficient assembly of different configurations, such that relative FRFs can be syn-
thesized between any tool and workpiece model for any machine position (Figure 
2.8a). Furthermore, an alternate type of point-to-surface constraint called ‘RBE4’ was 
proposed in [BREC16b] for avoiding intermittent, mesh-dependent changes in dynam-
ics during motion of linear axes. Within such a framework, time and frequency domain 
simulation of the milling process can be performed to obtain position dependent stabil-
ity boundaries [DANI17]. Although promising first results were achieved by LAW and 
DANIELS, their work highlights the need to accurately model the structural joints in ma-
chine tools (bolted joints, ball screws, linear guideways, bearings etc.).  
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SEMM extended upon these methods by developing a more realistic treatment of joint 
damping effects for different axes positions [SEMM19a; SEMM19b]. Here, the effect 
of the variation of local damping due to the change in axes configuration (and corre-
sponding mode shape) was considered. This led to a better prediction of modal damp-
ing than constant or global damping.     

 
Figure 2.8 a) Milling machine model for simulating position dependent dynamics [DANI17]  

b) Example of experimental-analytical FBS from [BREC14] 
a) Simulationsmodell für die positionsabhängige Maschinendynamik [DANI17] 
b) Beispiel der experimentell-analytische FBS nach [BREC14]  

The most common design tasks in machine tool design are where only certain parts of 
an existing machine are modified or varied [ROMA94]. Thus, machine tool manufac-
turers often need to assess the effect of structural design changes of an existing ma-
chine on its dynamic behavior. This represents an ideal application for experimental-
analytical FBS as the existing, unmodified structure can be modelled experimentally 
and the virtual design modification can be modelled analytically. In [BREC14], the an-
alytical model of a slider (or carriage) was coupled with an experimental model of a 
test bench via joint models of the four guide way shoes (Figure 2.8b). It was shown 
that, merely the consideration of vertical DOF (z-direction) of the interface coordinates 
was sufficient to predict the FRF at the overhanging end of the assembled carriage in 
the z-direction. Here, the joints (guide way shoes) were modelled based on manufac-
turers data sheet and not included in the experimental model. 

In the DFG sponsored research project ‘Experimental substructure coupling for vibra-
tion analysis of machine tools’, the multi-point, multi-DOF experimental-analytical cou-
pling of machine structures was researched in detail (see summary at [DFG21]). A 
modelling approach was proposed here, which includes the joint interfaces in the ex-
perimental response model, such that elaborate joint modelling is completely avoided. 
As an example, an analytical model of a y-carriage was coupled to four guide shoes of 
the unmodified x-carriage using FBS (Figure 2.9). Here, the ERM was obtained from 
impact testing at the guide shoes in x and z-directions. It was shown that symmetry of 
the response model matrix as well as structural symmetry could drastically reduce the 
measurement effort. Thus, the prediction of the FRF at coordinate 5 could be achieved 
using merely four FRFs at symmetric coordinates 1 and 3 (or 2 and 4).  
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Figure 2.9 Frequency based multipoint coupling of machine carriage 

Frequenzbasierte Mehrpunktankopplung eines Fahrständers 

2.4.2 Workpiece coupling and material removal 
Werkstückankopplung und Materialabtrag 

With respect to workpiece-side dynamics, structural modification occurs mainly when 
the workpiece and fixture are attached to the machine table and when a significant 
volume of the workpiece is removed during machining. Thus, there are two main ap-
plications of dynamic substructuring for the prediction of the workpiece side compli-
ance: coupling of the workpiece to the machine table and the simulation of the influence 
of material removal on the workpiece compliance. 

The methods for workpiece holding in milling machines can be grouped into four cate-
gories: simple, standard, modular and special clamping devices [BREC19b]. The ap-
plication of dynamic substructuring for workpiece coupling has been limited to simple 
and modular clamping, where the clamping can be discretized to individual points on 
the workpiece and machine structures. This reduces the problem to a multi-point, multi-
DOF coupling problem, similar to coupling of machine structures to guide way shoes.  

In [CHAV20], the frequency based, coupling of a workpiece to a machine table via four 
bolted joints was demonstrated. Here, the machine table was characterized experi-
mentally, and the arbitrary geometry of the workpiece was modelled using the corre-
sponding FEM model (Figure 2.10a). In many situations, it is necessary to raise the 
clamping height of the workpiece to allow for machining at the side walls. This can be 
realized using modular, zero-point clamping systems. However, the discreet, raised 
clamping elements introduce a significant compliance in the clamped assembly. 
BRECHER et al. proposed the use of a clamped adapter for experimentally obtaining the 
compliance matrix at the ends of the clamping element [BREC19a] (Figure 2.10b). 
Subsequently the FEM based analytical response model of the workpiece was coupled 
to the discrete clamping element to predict the dynamic behavior of the assembly.  
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Figure 2.10 Substructuring techniques for predicting workpiece-side dynamics 

Substrukturierungsverfahren zur Vorhersage werkstückseitiger Dynamik 

With regards to material removal simulation, TUYUZ and ALTINTAS in [TUYS17] pre-
dicted the change in thin-walled workpiece dynamics during milling using a semi-ana-
lytical frequency based substructuring approach. This was realized by the frequency 
based decoupling of the removed material volume from the raw workpiece model. Al-
ternate to frequency based approaches, BRECHER et al. utilized decoupling in physical 
domain for representing the material removal [BREC18a]. The efficiency of this ap-
proach lies in the use of a common mesh grid for both, the workpiece discretization as 
well as for the voxel representation in the engagement simulation. Thus, the workpiece 
is meshed using cubic elements, such that the element coordinates can be used for 
the voxel representation of the workpiece in a subsequent engagement simulation. The 
tool-workpiece engagement simulation then identifies the elements to be removed for 
a machining state. The elements are then recursively decoupled from the workpiece 
model in the physical domain such that the FEM model of the machined state is directly 
achieved (Figure 2.10c). Solution of the corresponding eigenvalue problem then gives 
the dynamic behavior of the machined workpiece. 

2.4.3 Tool coupling 
Werkzeugankopplung 

Compared to the multipoint coupling of 3D structures like workpieces and machine 
carriages, the problem of coupling (abstracted) 2D tool models to a single coordinate 
of machine main spindles is less complex. However, the requirements of accuracy are 
much higher for prediction of tool dynamics, as these FRFs can then be utilized for 
estimating stability boundaries, process forces and workpiece quality. There are sev-
eral challenges involved in the accurate prediction of tool dynamics using experi-
mental-analytical FBS. To recognize these, the general tool coupling procedure is ex-
plained in the following along with the current research works. 

In [SCHM00], the Receptance Coupling Substructuring Analysis (RCSA) approach 
was first proposed for tool coupling, where the spindle-side displacement-to-force re-
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ceptance was obtained experimentally and the milling tool was simplified as an analyt-
ical EBB element. The main idea behind RCSA or experimental-analytical substructure 
coupling of milling tools is as follows: first, experimentally identify the absolute dynamic 
behavior of the spindle-machine substructure at a point, which is common to all as-
sembled tools. In literature, the tool end of the interface flange is widely used as the 
common coupling point (Figure 2.11). Second, analytically model the milling tool to 
obtain their dynamic behavior at both ends in an unconstrained or freely constrained 
state. Third, couple the response models of both the substructures at the interface 
flange to obtain the dynamic behavior of the tool-spindle-machine assembly at the tool 
tip. The coupling is considered in a 2D plane (xz in Figure 2.11) with the assumption 
of negligible cross sensitivity between the radial directions (x and y). The current state 
of research with respect to experimental and analytical modelling is presented below. 

 
Figure 2.11 Illustration of the procedure for tool coupling 

Skizze der Vorgehensweise für die Werkzeugkopplung 

Experimental Response Modelling  

In the early works of SCHMITZ et al. [SCHM00; SCHM01], only displacement-to-force 
terms were used in the experimental response model and the rotational terms were 
considered to be rigid. Later, PARK et al. showed that the consideration of rotational 
compliances resulted in a significant improvement of the prediction accuracy 
[PARK03]. However, as mentioned in Subsection 2.3.2, the accurate measurement or 
estimation of rotational compliances is not a trivial task. Specific to the problem of ex-
perimental response modelling in tool coupling, there are three main approaches for 
obtaining the rotational FRFs (Figure 2.12). These are discussed in the following. 

In [PARK03], it is proposed to conduct impact tests (displacement-to-force) at the free 
end of a short and a long calibration blank inserted in a spindle-holder assembly. Based 
on these FRFs and non-linear equation formulations, the complete 2x2 compliance 
matrix at the free end of the holder-spindle assembly could be obtained. However, due 
to the use of calibration blanks, the identified response model is valid only for the uti-
lized tool holder. Thus, the procedure must be repeated for each required tool holder. 
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Later, NAMAZI et al. extended PARK’s method to identify the complete compliance ma-
trix at interface flange instead of the tool holder end [NAMA07]. This allows for the 
coupling of different holder-tool assemblies. For obtaining the compliance matrix, dis-
placement-to-force impact tests are required at the free as well as at the interface 
flange end of a holder-spindle assembly (coordinates 1 and 2 in Figure 2.12b). Subse-
quently, a reformulation of the coupling equations gives the compliance matrix at the 
interface flange without the holder.  

In an alternative approach, SCHMITZ and DUNCAN [SCHM05] proposed the substructure 
decoupling of a standard holder (or adapter) for obtaining the translational and rota-
tional compliances at the interface flange. This approach uses a more intuitive and 
elegant decoupling formulation compared to the equations required in previous meth-
ods. For solving the decoupling equations, first the complete compliance matrix at the 
free end of the adapter (coordinate 3 in Figure 2.12c) is necessary.  

 
Figure 2.12 Methods for obtaining experimental response models: a) PARK et al. [PARK03], 

b) NAMAZI et al. [NAMA07], and c) SCHMITZ and DUNCAN [SCHM05]  
Methoden zur Ermittlung von experimentellen Antwortmodellen von a) PARK et 
al. [PARK03], b) NAMAZI et al. [NAMA07], and c) SCHMITZ and DUNCAN [SCHM05]  

For estimating the rotation-to-force FRF at coordinate 3, SCHMITZ proposes the use of 
the second order backwards difference method using three displacement-to-force 
FRFs measured at coordinated 3, 3b and 3c and applying Eq. (2.21) such that, 

 N33
3H33 4H33b H33c

2S  . (2.22) 

Here, reciprocity is assumed between the N33 and L33. For synthesizing the rotation-
to-moment term, the following complex division formulation was proposed [SCHM05], 

  P33
3

M3

F3 x3 3

x3 M3 F3

L33 N33

H33

N33
2

H33

L33
2

H33
 . (2.23) 

The analytical response model of the adapter is calculated using the closed form ex-
pressions for uniform free-free EBB and subsequently decoupled from the measured 
compliance matrix at 3. 
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The main advantage of this approach is the ease of application as well as low modelling 
and measurement effort. An important source of error in this method is the use of 
Eq. (2.23) for synthesizing P33. This is because the equation involves the division of 
two complex vectors and invariably leads to the creation of spurious poles and zero 
shifting as observed by several authors [ALBE13a; ALBE13b; JI18; BREC16a; 
KUMA12]. To tackle this, ALBERTELLI showed that the partial differentiation of the L-
term with respect to axial displacement gives the P-term for small axial displacements 
[ALBE13a]. Thus, P33 could be derived by applying the finite difference method, 

  P33
3L33 4L3b3 L3c3

2S  . (2.24) 

The synthesis of the L and P-terms in the above equation requires the measurement 
of nine displacement-to-force FRFs at three excitation locations, which represents sig-
nificant measurement effort. An alternate method was provided by KUMAR and SCHMITZ 
[KUMA12], where a single FRF (H33) is required for obtaining the rotational compli-
ances. This is realized by fitting the poles of H33 using the closed form FRF expression 
for fixed-free EBBs from [BISH55]. More concretely, it involves the recursive variation 
of geometric parameters and solid damping factors of multiple fixed-free beams so as 
to match the poles of the measured FRF. The rotational FRFs can then be calculated 
based on the identified physical parameters of the hypothetical fixed-free beams. Alt-
hough this method requires only a single FRF measurement, a considerable analysis 
effort is needed as each pole must be manually picked and fitted using the recursive 
algorithm.  

Independent of the approach, experimental response modelling requires the measure-
ment of absolute dynamic behavior, which is commonly obtained using an impact ham-
mer (absolute excitation) and mounted acceleration sensor (absolute response). The 
systematic analysis and comparison of other measurement equipment (displacement 
sensors, vibrometer, piezoelectric shaker, etc.) with respect to their suitability for ex-
perimental response modelling of the spindle-machine substructure has not been ad-
dressed in literature.  

Relative excitation between the workpiece and tool using, for example, piezoelectric, 
electrodynamic or electrohydraulic actuators is often utilized for performing experi-
mental modal analysis of a machine tool or for measuring the oriented compliance 
function [BREC17a]. Such a setup has several advantages. Firstly, the simultaneous 
application of a static preload and dynamic excitation provides a realistic representa-
tion of cutting conditions and eliminates non-linear effects of joint clearance and play. 
Additionally, relative excitation actuators allow for a better setup alignment and repeat-
ability such that bias errors associated with impact excitation are reduced. Further-
more, relative exciters such as piezoelectric actuators offer a wide excitation spectrum 
with flexible allocation of spectral energy. Despite the advantages, the question of 
whether and under which conditions the absolute vibration behavior can be obtained 
from relative excitation, has not been explored in literature.  
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Analytical Response Modelling 

The freely constrained vibration behavior of the tool or tool assembly is usually mod-
elled in literature as sequentially arranged analytical beam elements. Although FEM 
models can also deliver accurate ARMs, beam modelling has several associated ad-
vantages. The CAD models of tool assemblies required for FEM modelling are not 
readily available for each holder-tool combination. For beam modelling, the geometric 
measurement of the tool assembly with vernier calipers is often sufficient and is easily 
conducted in a workshop environment. Also, proprietary automated meshing algo-
rithms are not required in case of beam modelling. The corresponding (manual) in-
spection of mesh quality is also avoided.  

A holder-tool assembly, such as a thermal shrink fit and end mill assembly, has several 
structural features such as the tapered segment, unbalance holes, holder-tool contact, 
end mill flutes, etc. Analytical beam modelling in RCSA involves the abstraction of such 
tool assembly features into uniform cylindrical beam segments (or slices). The compli-
ance matrices at and between the ends of the tool assembly are derived using the 
concept of end-to-end coupling. Here, the compliance matrices in free-free state are 
calculated at the ends of each beam slice using analytical beam theories. Subse-
quently, all slices are coupled to each other at their ends by applying compatibility and 
equilibrium conditions in the frequency domain (Figure 2.13a). This approach is differ-
ent from the use of beam elements in FEM modelling, where the stiffness matrix of the 
discretized structure is derived based on the analytical stiffness of a uniform beam 
element. The derived mass and stiffness matrices are then used to solve the eigen-
value problem for the complete structure.   

Alternate to FEM and classical beam modelling, FILIZ et al. proposed the use of spec-
tral-TCHEBYCHEV method to solve the TIMOSHENKO beam equations [FILI09]. With such 
a method, the taper of the holder could be modeled more realistically as continuous 
beam segments with axially varying diameters (Figure 2.13b). An analysis of the error 
in the eigenfrequencies due to the assumption of constant diameter slices was found 
to be insignificant for the considered tapered holder [FILI09].  

 
Figure 2.13 Analytical tool modelling according to a) [SCHM05] and b) [FILI09]. 

Analytische Werkzeugmodellierung nach a) [SCHM05] and b) [FILI09]. 
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The most used beam theories in literature for tool assembly modelling are the EULER-
BERNOULLI Beam Model (EBBM) [SCHM04; SCHM05; SCHM06; SCHM07; SCHM19; 
KUMA12] and TIMOSHENKO Beam Model (TBM) [ERTÜ06; MANC14; TUNC18; 
BREC21]. In case of the EBBM, BISHOP formulated closed-form expressions of trans-
lational and rotational compliances under different constraint conditions [BISH55]. Alt-
hough these formulations are convenient and computationally efficient, the validity of 
EBBM is limited to slender beams (see Subsection 2.2.2).  

On the other hand, the TBM of holder-tool assemblies has been shown to provide a 
more realistic representation their dynamics by considering rotational inertia and shear 
effects [NAMA07; ERTÜ06]. However, there exists no closed form expression for ob-
taining the FRFs. In [ERTÜ6], ERTÜRK argues that the classical eigen solution of a 
multisegmented beam is not feasible for tool modelling because each beam segment 
corresponds to four differential equations such that a beam of ‘m’ segments results in 
an eigenvalue problem of size 4m x 4m. The solution of the determinant of such a 
matrix with highly non-linear elements makes it extremely difficult to calculate higher 
order roots. In the same work, a solution of this problem is proposed, where the eigen-
value problem is solved for individual, freely constrained TIMOSHENKO beam segments. 
The model of the tool assembly is obtained by end-to-end receptance coupling of the 
individual beam segments. The resonance frequencies predicted by this method 
showed a good correspondence with those calculated by a FEM model without being 
as computationally expensive. This TBM approach provides a viable alternative for 
accurate modelling of beams without requiring CAD and FEM tool models and corre-
sponding modelling software packages. 

Apart from the beam modelling approach, two important challenges in creating reliable 
ARMs of tool holders are: i) the accurate modelling and identification of the holder-tool 
joint and ii) the accurate modelling of the complex fluted segment of the shaft mill. 

The dynamic properties of the contact between a holder and end mill along its clamped 
length are difficult to obtain a priori. Therefore, several authors assume a model of the 
joint and parameterize the model properties indirectly, based on experimental results. 
One of the commonly used holder-tool joint models is the massless Spring-Damper 
Element (SDE) acting between the holder and overhanging tool [KIVA04; SCHM05; 
ÖZ A09; ÖZ A15] (Figure 2.14a). Such an element provides additional translational, 
rotational compliance and equivalent viscous damping that is caused by the joint con-
tact.  

PARK et al. [PARK08] pointed out that the consideration of joint inertia is necessary, 
where masses of the coupled structures are not several orders of magnitude higher. 
The authors proposed a formulation for identification of joint inertia, stiffness and 
damping for the bolted joints of modular tools. Like most of the methods for joint up-
dating, this method also requires the measurement FRFs of the assembled spindle-
holder-tool assembly. 



Literature Review 31 

 
Figure 2.14 Schematic illustration of different joint modelling approaches 

Darstellung der verschiedenen Ansätze zur Modellierung von Fügestellen 

A more realistic model was proposed in [AHMA07], where the joint properties are rep-
resented not as a single SDE between holder and overhanging tool, but rather as a 
zero-thickness elastic layer along the clamped length. This allows for taking into con-
sideration the variation of normal pressure and stiffness along the clamped length as 
well as surface roughness (Figure 2.14b). A simplification of the continuous layer 
model is the use of multiple, discrete and flexible connections between the holder and 
the inserted tool. SCHMITZ et al. proposed in [SCHM07] such a multiple connection joint 
model (Figure 2.14c). The values of the joint parameters at different positions along 
the clamped length were obtained from a corresponding FEM model with flexible con-
tact interface. This allowed for an a priori prediction of TCP FRF specific to the consid-
ered holder-tool combination. Later in [SCHM19], this multipoint approach was imple-
mented for 16 different combinations of tool diameter and lengths for an ER32 collet 
holder. Here, the parameters of the joint were updated using the tool tip FRF of the 
corresponding spindle-holder-tool assembly. The joint parameters were varied manu-
ally until a good correspondence between the measured and predicted TCP FRF was 
achieved. REZAEI et al. proposed an approach to directly identify the holder-tool joint 
FRFs at multiple points along the length of the holder using inverse RCSA [REZA12]. 
Due to the identification of multiple connection points at the holder, the effect of rotation 
is included implicitly and hence the rotational compliances were ignored. An alternate 
and direct approach for shrink fit holder joint modelling based on Hertzian contact the-
ory and fractal geometry was developed by LIAO et al. [LIAO17]. Here, the contact 
stiffness is assumed to be a function of elastic deformation of micro-asperities in con-
tact between the two surfaces. 

Irrespective of the method employed for modelling the joint, the parameters of the joint 
model are obtained in majority of approaches by comparing the predicted tool tip FRF 
with an experimentally obtained tool tip FRF of the tool clamped in a machine spindle 
[KIVA04; AHMA07; PARK08; ÖZ A15; SCHM19]. Subsequently, the error between 
prediction (from rigid coupling) and measurement is minimized by varying the joint pa-
rameters (usually translational, rotational stiffness and equivalent viscous damping fac-
tors). Three major disadvantages of such an approach are as follows:  
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Firstly, the analytical response model of the holder-tool assembly must be coupled with 
the experimentally derived spindle-interface receptance matrix to allow a comparison. 
This means that the errors and uncertainties associated with experimentally obtaining 
the spindle-interface receptance matrix are propagated in the predicted spindle-holder-
tool tip FRF. FILIZ et al. recognized this issue in [FILI09]. Secondly, using the tip FRF 
in the spindle can lead to identification of incorrect joint parameters which do represent 
the dynamic behavior of the tool assembly over a larger frequency range [MATT16]. 
Thirdly, the blocking of the operating time of the machine tool, which is required for 
conducting the measurements with different holders-tool combinations is a further dis-
advantage. 

The experimental identification of holder-tool assembly in an unclamped state (freely 
constrained) can overcome the above-stated limitations. MATTHIAS et al. demonstrated 
the identification of joint parameters between a collet holder and carbide blanks using 
tool tip FRFs measured in a freely constrained state of the holder-tool assembly 
[MATT16]. For this, the holder, including the standard spindle-holder interface, as well 
as the carbide blanks were modelled by receptance coupling of uniform cylindrical 
TIMOSHENKO beam segments. However, the modelling of the interface part of the holder 
as uniform cylindrical multi-segment beam introduces avoidable modelling errors. Es-
pecially since standard or normed interfaces are geometrically complex and may con-
tain clamping groove, orientation notch, manual clamping holes, hollow tapered shank, 
balancing holes, etc., a beam modelling is insufficient. Also, the use of laser vibrometer 
for the free-free displacement (from velocity) measurement resulted in poor signal-
noise ratio such that the location of anti-resonances could not be observed clearly. 
This limits the comparability of the predicted and measured FRF for joint identification. 

Apart from the joint, the modelling of flutes of the end mill also represents a major 
challenge in analytical response modelling. The fluted segment of end mills has, de-
pending on the number of teeth and helix angle, a complex cross-section, which varies 
along its length. KOPS and VO in [KOPS90] used a cylindrical beam with an equivalent 
diameter to represent the static stiffness behavior of an end mill. The variation of the 
area moment of inertia along the radial direction was ignored. They found that an equiv-
alent diameter of 80 % of the tool diameter was suitable for representing the static 
bending behavior of the 2- and 4-fluted end mills used in the study. Subsequently, 
other authors have used the simplification of 80 % of tool diameter to represent the 
fluted segment for receptance coupling [NAMA07; LIAO17]. Later, KIVANC and BUDAK 
extended KOPS and VO’s method by including the effect of the flute arcs on the area 
moment of inertia and also by considering the moment of inertia in two orthogonal 
directions [KIVA04]. In [ÖZ A15], the fluted segment was divided into multiple seg-
ments and the area moment of inertia for the tool-end segment was first calculated for 
the corresponding cross-section using KIVANC and BUDAK’s method. Then, the upper 
segments were rotated depending on the helix angle and the inertia about the fixed 
orthogonal coordinate system was calculated. A limitation of the methods presented in 
the literature is that an exact geometry of the flutes is not readily available and even if 
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it is available, the modelling of each end mill geometry is effortful and requires model-
ling expertise that might not be available in a workshop environment. The simplification 
of the equivalent diameter being 80 % of the fluted segment diameter gives a rough 
engineering estimate but cannot be satisfactorily representative for all combinations of 
number of teeth, helix angle, length of segments, cooling channels, etc. 

There are other features on the holder-tool assembly, which also influence its dynamic 
behavior. These include balancing holes on the holder, the holder’s taper, the hollow 
segment including the inserted tool, etc. In [SCHM06], the modelling of concentric 
beams using multipoint receptance coupling was proposed and compared with the 
equivalent composite beam approach. Nevertheless, the systematic modelling and ab-
straction of these holder features as uniform TIMOSHENKO beam elements has not been 
extensively studied in literature. 

2.5 Deficits in available literature 
Erkenntnisdefizite im Stand der Forschung 

The current literature demonstrates the necessity of accurate analytical and experi-
mental models for the reliable prediction of coupled dynamics. The identified research 
gaps specific to the topic of frequency based tool coupling are summarized in the fol-
lowing.  

The experimental response modelling using the adapter decoupling approach from 
[SCHM05] offers an efficient method for obtaining the compliance matrix at the inter-
face flange. Nevertheless, there are several aspects that require further research:  

 The accurate measurement of displacement-to-force FRFs at the adapter is re-
quired not only for the compliance matrix but also for estimating the rotational com-
pliances. However, the focus in literature has been merely on manual impact test-
ing which is known to introduce several bias and random errors [KLER08a]. Other 
translational excitation and response measurement equipment such as piezoelec-
tric shaker, displacement sensor, laser vibrometers, etc. have their own ad-
vantages and drawbacks. However, a systematic evaluation of the suitability of 
these equipment and their combinations for experimental response modelling has 
not been conducted. Especially the issue of utilizing absolute FRFs from relative 
excitation through piezoelectric actuators should be investigated as it may poten-
tially improve measurement quality. 

 The synthesis of rotation-to-moment FRF from translational FRFs using the 
straightforward complex division approach amplifies noise and leads to spurious 
poles. Other methods require significant experimental effort (as in [ALBE13a]) or 
considerable analysis effort (as in [KUMA12]). The transformation to modal domain 
offers the possibility to eliminate measurement noise and expand the compliance 
matrix with comparatively lesser analysis effort. This approach has not been ex-
plored for experiential response modelling of the spindle-adapter assemblies. 
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 Commercially available rotational accelerometers enable the direct measurement 
of rotation-to-force FRFs. However, the significant mass loading effect must be 
compensated from the rotational DOF before they can be applied for experimental 
response modelling. 

With respect to analytical tool modelling, the following research gaps are identifiable: 

 ARMs inevitably require model updating as the a priori modelling of holder-tool 
joint dynamics is not feasible. The common use of tool tip FRF in the clamped 
condition for parameterizing the joint model has several major disadvantages. On 
the other hand, the initial method by [MATT16] showed the potential of using freely 
constrained FRFs for efficient estimation of joint parameters. Further research is 
essential for improving upon the drawbacks of this methods such that the ac-
ceptance in industrial practice can be achieved.  

 Moreover, an updating approach should be researched, where not only joint pa-
rameters but also other a priori unknown or difficult to estimate feature parameters 
can be identified using FRF measured in the freely constrained state.  

The arrangement of spindle integrated displacement sensors developed at the WZL 
enables the measurement of radial, axial and rotational deflections of the shaft 
mounted disc. Nevertheless, the estimation of process forces and virtual quality using 
SIDS still requires the measurement of the tool tip-SIDS transfer function for each tool 
assembly. The extension of the tool coupling framework to include the SIDS plane has 
the potential to drastically reduce the measurement effort required for the estimation. 
However, there are several large gaps in research that must be addressed first: 

 An experimental method for reliably obtaining the transfer function between the 
interface flange and SIDS, including the rotational compliances, should be re-
searched. 

 The treatment of measurement uncertainty, especially due to random noise, has 
not been discussed in literature in relation to tool tip-SIDS transfer functions. This 
is of high relevance due to the non-collocation of force application and response 
measurement. Thus, the quantification and propagation of uncertainty represents 
an important research gap. 

 Based on purely predicted tool tip and tool tip-SIDS FRFs, a model-based frame-
work such as in [KÖNI18] can be utilized for the estimation of workpiece surface 
quality. Such an integration of the substructuring framework with a virtual quality 
framework has not been explored in literature and would be highly desirable for 
industrial implementation. 
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3 Objectives and Modus Operandi 
Zielsetzung und Vorgehensweise 

During milling operations, tool change represents a frequent and usually significant 
structural modification of a component lying within the force flux. The resulting change 
in the machine dynamics influences the maximum achievable stable depth of cut as 
well as the quality of the milled surface. Since the measurement of each tool tip FRF 
in each machine is not feasible, the approach of frequency based experimental-ana-
lytical receptance coupling has been widely proposed in literature for an efficient pre-
diction. However, the industrial applicability of this approach is still limited by the chal-
lenges in reliable experimental and analytical response modelling, as seen in the liter-
ature survey. With the increasing use of spindle integrated sensors, for not only force 
estimation but also providing surface quality estimates, the accurate prediction of spin-
dle-holder-tool assembly dynamics has gained even more importance. Here as well, 
the application of substructuring approach can considerably reduce the required meas-
urement effort. 

The goal of this thesis is, therefore, to provide a framework of efficient analytical and 
experimental substructuring methods for the reliable prediction of the spindle-holder-
tool assembly dynamics. Specifically, this implies the prediction of the tool tip FRF and 
the tool tip-SIDS transfer function for a spindle equipped with contactless displacement 
sensor system. To achieve the above stated goal, the identified gaps in current litera-
ture must be closed. A structural overview of the thesis is provided in Figure 3.1. 

To improve the accuracy and efficiency of experimental response modelling at the in-
terface flange using adapter decoupling, the following research questions should be 
answered: 

a) How do absolute and relative measurement strategies compare with respect to 
their suitability for experimental response modelling? Can the advantages of rela-
tive excitation using piezoelectric actuators be utilized for obtaining the absolute 
dynamic behavior at the interface flange? 

b) How can the disadvantages of complex division for synthesizing rotational compli-
ances be overcome without significant experimental or analysis effort?  

The accurate analytical response modelling of tool assemblies is often the aspect 
which limits the industrial applicability of the substructuring framework. This is mainly 
because the holder-tool features often cannot be modelled and parameterized a priori 
with reasonable effort. Since tool model updating using FRFs from the freely con-
strained state can significantly improve the efficiency and accuracy, the following re-
search question arises, 

c) How can a priori unknown parameters of the tool assembly model be precisely 
identified in a freely constrained state such that feature models (joint, fluted seg-
ment model, etc.) can be reliably parameterized and validated in a completely of-
fline manner? 
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The prediction of the tool tip-SIDS FRFs additionally requires the measurement of the 
transfer functions between the interface flange and the SIDS. Unlike other spindle in-
tegrated sensor systems from literature, the SIDS arrangement from [BREC18b; 
BREC19c] allows for the convenient indirect measurement of the rotational deflections 
at the shaft-mounted disc. This leads to the following research question, 

d) Which experimental and evaluation strategies should be used to obtain both, the 
translational and rotational transfer functions between the interface flange and 
SIDS for consideration in the coupling calculations? 

e) In what way can the effect of GAUSSIAN random noise on the measured SIDS signal 
be quantified and propagated through the coupling calculations such that uncer-
tainty bounds on the predicted tool tip-SIDS transfer function can be obtained? 

A secondary objective of this work is the demonstration of the effectiveness of using 
the proposed tool coupling methods in combination with an existing framework for 
model-based prediction of virtual workpiece quality developed in [KÖNI18]. In this re-
gard, the following research question arises, 

f) How can the tool coupling and virtual quality frameworks be integrated such that a 
process parallel estimation of cutting forces and surface quality is achieved? 

Chapter 4 deals with evaluating different measurement strategies as well as research-
ing alternate approaches for synthesizing rotational compliances. Chapter 5 presents 
a method for analytical tool modelling and feature parameterization in freely con-
strained state. A method for tool tip-SIDS transfer function measurement, uncertainty 
quantification is proposed in Chapter 6. Finally, an approach for the integration of the 
tool coupling methods with an existing virtual quality framework is demonstrated in 
Chapter 7. The thesis in summarized and concluded in Chapter 8. 

 
Figure 3.1 Overview of the contents of the chapters and their interlinkage 

Überblick über die Inhalte der Kapitel und deren Verkettung 



Experimental Response Modelling 37 

4 Experimental Response Modelling 
Experimentelle Response Modellierung 

Accurate experimental response models are necessary for successful frequency 
based substructure coupling. In this chapter, first, an overview of the mathematical 
formulation for tool coupling and the adopted convention for numbering the coupling 
planes is provided (Section 4.1). The displacement-to-force FRFs (H-terms) are re-
quired here for not only the coupling calculations, but also form the basis for estimating 
rotational compliances. Hence, Section 4.2 is dedicated to the evaluation of different 
measurement strategies with respect to their suitability for experimental response mod-
elling. Finally, Section 4.3 describes two novel methods for obtaining the rotation-to-
moment FRF (P-term) at the free end of the adapter. These are then compared with 
the complex division formulation by SCHMITZ [SCHM05] and suitable use cases for 
each method are provided.  

4.1 Overview of tool coupling formulation 
Überblick über die Formeln zur Werkzeugankopplung 

In order to enable a better understanding of the substructuring methods researched in 
this thesis, a brief description of the adopted tool coupling approach, its mathematical 
formulation and conventions is presented. As seen in Subsection 2.4.3, the prevalent 
methods by NAMAZI et al. [NAMA07] and SCHMITZ et al. [SCHM05] enable obtaining the 
experimental response model of the spindle-machine substructure at the interface 
flange. In this work, the approach of decoupling of a simple cylindrical artifact or 
adapter from [SCHM05] is chosen because of two reasons: i) The measurement of the 
required FRFs at the adapter end is much easier than the method in [NAMA07]; ii) The 
computational implementation is also more simple and a non-linear solver is not re-
quired. However, the estimation of rotational compliances at the free end of the adapter 
now becomes necessary and is therefore addressed in Section 4.3. 

Figure 4.1 illustrates the adopted approach for experimental response modelling and 
tool coupling. The goal is to experimentally obtain the response model at the interface 
flange coordinate, 4 of the interface-spindle substructure (G44

S ). The starting point for 
this, is the experimental determination of the 2 x 2 FRF matrix at the free end of the 
assembled adapter, G33

A . This is the focus of the current chapter. Next, the free-free 
ARM of the cylindrical adapter is derived from a TIMOSHENKO beam model based on 
the method for generalized end conditions by ARISTIZABAL-OCHOA [ARIS04] (refer to 
Section 5.2). Subsequently, the ERM at the interface flange is found by decoupling the 
adapter dynamics as follows [SCHM05], 

 G44
S G34

a G33
a G33

A -1G43
a G44

a  (4.1) 

The inversion of the measured FRF matrix G33
A  in Eq. (4.1) inevitably leads to the am-

plification of the measurement noise and errors and thus motivates the need for accu-
rate measurement and estimation of the components of G33

A , i.e. H33
A , L33

A , N33
A  and P33

A . 
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Figure 4.1 Adopted tool coupling formulation with coupling coordinates 

Verwendete Formulierung zur Werkzeugkopplung mit Kopplungskoordinaten 

Coordinate 5 in Figure 4.1 represents the disc mounted on the spindle shaft, where the 
SIDS measure displacements relative to the spindle housing. The dynamic behavior at 
coordinate 5 does not play any role in the coupling calculations for predicting tool tip 
behavior H88

SThT. However, it is relevant for predicting the tool tip-SIDS transfer function 
H58

SThT and is therefore considered in the corresponding measurement campaign (Sec-
tion 6.2). 

Once the ERM at coordinate 4 is obtained, any analytical holder-tool assembly model 
can be coupled to get the displacement-to-force FRF at the assembled tool tip 
[SCHM01; SCHM03], 

 H88
SThT H88

ThT  H84
ThT L84

ThT G44
ThT G44

SThT -1 H48
ThT

N48
ThT . (4.2) 

An important aspect, which has not been highlighted in literature, is that the diameter 
of the adapter used for ERM should be equal to the interface end diameter of the tool 
to be coupled. A difference in diameters will lead to different stiffness conditions and 
incorrect coupling. Hence multiple adapters of different diameters are required for a 
range of tool holder diameters.  

The experimental investigation and validation trails conducted in this thesis were im-
plemented at two horizontal milling machines. Machine Tool A (MCT A) is a 4-axis 
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machine built in a cross-bed design with a working room diagonal of 1090 mm and a 
42 kW main spindle. Machine Tool B (MCT B) is a 5-axis machine in cross-bed, trav-
elling column design with a working room diagonal of 1250 mm and a 40 kW main 
spindle. A rotary swivel table provides the fourth and fifth axis on the workpiece side. 
Both machines are equipped with an HSK-A 63 tool interface. 

 
Figure 4.2 Machine tools used for experimental response modelling and validation trials 

Verwendete Werkzeugmaschinen zur experimentellen Response-Modellierung 

4.2 Measurement of translational compliances 
Messung von translatorischen Nachgiebigkeiten 

The component of the compliance matrix G33
A , which can directly be measured, is the 

displacement-to-force FRF H33
A . This FRF along with further translational FRFs H32

A  and 
H31

A  serve as the basis for the estimation of rotational compliances, L33
A , N33

A  and even 
P33

A . Hence, it is essential to accurately and reliable measure displacement to force 
FRFs as errors in their estimation will propagate to 3/4th of the compliance matrix. This 
section, therefore, deals with the problem of accurate measurement of displacement-
to-force FRFs using different measurement strategies. Here, the term ‘strategy’ implies 
the combination of excitation instrument, response measurement sensor as well as the 
measurement setup used. For the purpose of substructure coupling, the absolute dy-
namic behavior at the coupling coordinates is required. The most common strategy for 
obtaining this is by measuring the absolute displacement (from integrated accelerom-
eter signal) due to an absolute excitation force (from impact hammer). Although the 
use of relative exciters such as piezoelectric or hydraulic actuators has several ad-
vantages, their application has not yet been considered in literature. Relative actuators 
allow for better structural excitation as the excitation spectrum can be designed as 
required, such that a good signal to noise ratio is achievable throughout the frequency 
range. The alignment and orientation errors of the excitation force associated with im-
pact excitation is minimized here through the measurement setup. Therefore, the fol-
lowing section investigates under which conditions a relative excitation can be used for 
experimental response modelling. 
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4.2.1 Conditional equivalence of relative and absolute excitation 
Bedingte Äquivalenz von relativer und absoluter dynamischer Erregung 

The sketch of a relative excitation setup for MCT B in x-direction at coordinate 3 is 
shown in Figure 4.3a. Here, a piezoelectric actuator produces the relative excitation 
force, whereas a Linear Variable Differential Transducer (LVDT) measures the relative 
displacement between workpiece and tool. Additionally, one uniaxial acceleration sen-
sor measures the absolute accelerations at the tool and workpiece side, each. Such a 
setup is common for the experimental investigation of the dynamic behavior of machine 
tools. Figure 4.3b shows the corresponding sketch for absolute excitation at the tool 
and workpiece side with the same acceleration sensor positions. Here, the absolute 
excitation force is introduced by an impact hammer. 

 
Figure 4.3 Sketches of measurement setups with a) relative and b) absolute excitations.  

c) Effect of static preload variation on measured relative FRF, Hxx,rel 
d) Comparison of absolute behavior from absolute and relative excitation 
Skizzen von Messaufbauten mit a) relativer und b) absoluter Anregung.  
c) Auswirkung der Variation der statischen Vorspannung auf Hxx,rel  
d) Vergleich des Schwingungsverhaltens aus absoluter und relativer Anregung 

In the case of relative excitation, assuming linear dynamics and that the ideal stiff ac-
tuator and the tool always remain in contact, it can be said that the relative displace-
ment in x-direction is given by, 
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 xrel xabs
T xabs

W  (4.3) 

where, the superscripts refer to the components (tool or workpiece) and the subscripts 
to the type of measurement or excitation (relative or absolute). The relative transfer 
function is then given by (based on [BRAV05]), 

 Hxx,rel
xrel

Frel

xabs
T xabs

W

Frel

xabs
T

Frel

xabs
W

Frel
Hxx,a/r

T Hxx,a/r
W Hxx,a/r

2abs  (4.4) 

Here, the frequency dependence of the terms is implicit and dropped for brevity. The 
terms xabs

T /Frel and xabs
W /Frel are usual by-products of experimental machine character-

ization where, in additional to the relative displacement, the absolute displacements of 
the workpiece and tool side are also recorded. The summation of these two terms, 
Hxx,a/r

2abs  is called the 2-times absolute dynamic compliance (German: Zweifachabsolut) 
and gives the same response behavior as relative dynamic compliance. Now, in rela-
tive excitation, equal and opposite forces act on the workpiece and tool side. The force 
acting on the workpiece side usually causes a negligible displacement on the tool side 
(and vice versa). This is because of the various dynamically stiff components and joints 
lying within the force flux between the workpiece, machine structures and the tool. 
Thus the cross compliance between the workpiece and tool side is stiffer usually by 
several orders of magnitude. Assuming such dynamically stiff or isolated linear struc-
tures, it can be approximated that only the force component acting directly on a partic-
ular side causes a deflection on that side such that, 

 

Hxx,a/r
T xabs

T

Frel
 xabs

T

Fabs
T Hxx,abs

T   

Hxx,a/r
W  xabs

W

Frel
 xabs

W

Fabs
W Hxx,abs

W . (4.5)  

This is an important inference as it allows the measurement technician to take ad-
vantage of the consistent excitation signals and flexible design of the excitation power 
spectrum provided by relative dynamic actuators or shakers while still obtaining the 
absolute dynamic behavior. Nevertheless, due to the presence of non-linear joints such 
as bolted joints, ball bearings, guide shoes, tool interface, etc., the assumption of line-
arity should be checked before applying the above approximation. A quick check for 
the effect of non-linearity is the variation of static preload during relative dynamic exci-
tation. As seen in Figure 4.3c, for the analyzed machine, the variation of static preload 
from 150 to 600 N did not result in any significant change of the dynamic compliance 
function. The assumption of dynamic separation can also be quickly checked experi-
mentally by measuring the absolute deflection of one side due an absolute dynamic 
excitation at the other side. This cross compliance is usually several orders of magni-
tude smaller than the collocated FRFs. This was validated for the FRF at the free end 
of the cylindrical adapter in the 5-axis MCT B. Once these preconditions are checked, 
the approximation in Eq. (4.5) can be applied. The absolute dynamic behavior of each 
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side due to a relative excitation (by a piezoelectric actuator) and due to absolute exci-
tation (by an impact hammer) is compared in Figure 4.3d. It can be observed that the 
absolute dynamic behavior of both, the workpiece as well as the tool side, exhibits a 
nearly identical behavior irrespective of the type of excitation and confirms the approx-
imation of Eq. (4.5). Thus, if the conditions of linearity and negligible cross talk between 
the tool and workpiece table are fulfilled, the absolute and relative excitations produce 
equivalent results (Hxx,abs

T Hxx,a/r
T ).   

Another way of checking the validity of Eq. (4.5), is to compare the 2-times absolute 
FRF from the complex addition of the absolute FRFs obtained from relative excitation 
(Hxx,a/r

T , Hxx,a/r
W ), with the directly measured relative FRF, Hxx,rel. These are shown in 

Figure 4.4 along with the 2-times absolute FRF obtained from the addition of the ab-
solute excitation FRFs, 

 Hxx,abs
T Hxx,abs

W Hxx,abs
2abs  (4.6) 

 
Figure 4.4 Comparison of relative FRFs 

Vergleich von relativen FRFs 

All three relative FRFs show a good correspondence throughout the measured fre-
quency range indicating the validity of Eq. (4.4) and (4.5). The advantage of the relative 
excitation setup becomes very clear at lower frequencies (below 100 Hz). Note that 
both Hxx,a/r

2abs  and Hxx,abs
2abs  are based on measurements at the same location and with the 

same uniaxial acceleration sensors. However, in the relative excitation setup, the ex-
citation force spectrum was chosen such that the lower frequencies were specifically 
excited with higher amplitudes. This resulted in better coherence and SNR up to 20 Hz 
for Hxx,a/r

2abs . This offers the possibility of estimating the static compliance based on the 
quasi-static compliance values where the coherence values start decreasing below 
0.9. As an example, these values are extrapolated to 0 Hz assuming that there are no 
significant resonances below 20 Hz and the phase shift remains at 0°. The estimated 
value of 0.058 μm/N is close to the relative static compliance value of 0.054 μm/N 
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measured using the LVDT sensor. Thus, the combination of relative excitation and 
absolute acceleration measurement allows for the excitation and reliable measurement 
of a wide frequency range, including the lower quasi-static frequencies. Another inher-
ent advantage of relative excitation is that the static preload eliminates mechanical play 
and clearances at the joints, such that a more realistic representation of the machine 
state during cutting can be achieved. 

Of course, absolute excitation with modal shakers also allows for the flexible design of 
the excitation spectrum. However, it is not considered here for comparison because of 
the high procurement costs, greater space requirement, and significantly longer setup 
and measurement times compared to impact hammers. These disadvantages make 
modal shakers unsuitable for experimental response modelling for tool coupling.  

4.2.2 Evaluation of measurement strategies  
Bewertung von Messstrategien 

Before different measurement strategies can be evaluated and compared, a discussion 
regarding the criteria for evaluation is necessary. An ideal strategy should achieve high 
measurement accuracy within the frequency range of interest by minimizing bias and 
random errors. On the other hand, measurements should be able to be conducted in 
a time and cost-effective manner. The evaluation criteria based on the above state-
ments can be defined more formally as follows: 

 Frequency range: In the context of conventional milling machines, the response 
model must be measured at least up to 1.5 – 2 kHz. Ideally, the response be-
havior at 0 Hz (static) should also be captured in the same setup or be extrap-
olated from the measured quasi-static response behavior. This is required for 
the subsequent prediction of the static compliance of the tool. 

 Scope of bias errors: The exciter-sensor pair should be chosen such that the 
possibility of bias error especially due to orientation and positioning error is min-
imized. 

 Setup time: Short setup and measurement times are highly essential for rapid 
measurement of the dynamic behavior at different positions and orientations. 

 Sensor mass loading: Low mass (< 5 g) or contactless sensors are preferable 
as the subsequent mass cancellation and associated errors are avoided. 

 Measurement under rotation: A setup, which allows the excitation and meas-
urement of the spindle speed-dependent dynamic behavior at the adapter, is 
desirable. 

 Equipment costs: High procurement costs of measurement equipment can po-
tentially prohibit the widespread industrial application of the tool coupling frame-
work. Hence, lower equipment procurement costs are favorable. The procure-
ment cost of an accelerometer, impact hammer and required amplifiers is taken 
as a benchmark. 

Three excitation instruments and three response measurement sensors, which are 
commonly used in literature and industrial practice, are evaluated for their suitability 
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for experimental response modelling. These include the conventionally used impact 
hammer and low-mass inertial accelerometer. Apart from this, a piezoelectric actuator 
and a linearly actuated impact hammer (see Figure 4.9) are considered. For dynamic 
response measurement at the adapter, a laser Doppler vibrometer and a LVDT dis-
placement sensor are applied. The manufacturer’s designation of each utilized instru-
ment is specified in Table 4.1 along with the evaluation of their properties with respect 
to the above-defined criteria. In order to allow comparison and evaluation of the instru-
ments, the criteria are expressed as statements, which can be applicable, partly appli-
cable or not applicable.  

Table 4.1 Evaluation of excitors and sensors with respect to derived criteria 
Bewertung von Erregern und Sensoren anhand von abgeleiteten Kriterien 

 
The evaluation in the above table highlights the constraints of each instrument and the 
fact that none of the instruments entirely fulfills all the criteria. Although the impact-
based instruments fulfill many of the criteria, they suffer from the disadvantage of tip-
dependent excitation spectrum [MALI18; PCB 21]. The piezoelectric actuator enables 
precise excitation in a wider frequency range but requires longer setup and measure-
ment times. With respect to the sensors, the miniature, low-mass accelerometer meets 
all the necessary criteria except the ability to measure at 0 Hz and under rotation. Note 
that both, the LVDT sensor as well as the vibrometer, measure the relative deflection 
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between the adapter and the sensor holder (usually a magnetic base clamped to the 
workpiece table). If an externally placed holder such as a tripod is used for holding the 
laser source of the vibrometer, it is considered an absolute measurement. 

Now, the three excitation instruments and three sensors allow for nine possible com-
binations or measurement strategies. In order to evaluate each combination and to 
understand practical limitations, each setup was implemented for the measurement of 
H33

A  at a 35 mm adapter clamped on MCT A. Prior to measurement, the preconditions 
for equivalence of absolute and relative excitation derived in Section 4.2.1 were vali-
dated and checked. FRFs for each sensor-exciter combination were measured with a 
sampling rate of 8 kHz and were windowed with 50 % overlapping HANN windows. The 
length of the window was adjusted, such that a resolution of 0.5 Hz could be achieved 
for each FRF. Five measurement repetitions were conducted to obtain the averaged 
FRF. Figure 4.5 shows three exemplary measurement setups for excitation with a pie-
zoelectric actuator.  

 
Figure 4.5 Measurement setups with piezoelectric actuator 

Messaufbauten mit piezoelektrischem Erreger 

The main effects, observations and implementation issues related to all the combina-
tions are summarized in the following.  

Firstly, it was observed, that nearly identical FRFs were obtained from manually oper-
ated and automatically actuated impact hammer, independent of the used sensor. Fig-
ure 4.6 (left) illustrates this for the case of the acceleration sensor. However, since the 
actuated impact hammer maintains relatively consistent orientation and impact loca-
tion, the resulting FRFs are still considered to be more reliable and repeatable. The 
quality of manual impact excitation is largely dependent on operator skills. 

Secondly, the combination of impact excitation (manual or actuated) and LVDT sensor 
proved to be problematic to implement and did not reliably produce acceptable FRFs. 
A probable cause for this was the occasional ‘jumping’ of the spring-loaded LVDT and 
short loss of contact with the adapter due to the impact at the radially opposite side. 
Thus, this combination is regarded as unsuitable and ruled out for the subsequent 
analysis. 
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Thirdly, the comparison of FRFs from piezo excitation with different sensors showed 
that the best coherence behavior throughout the frequency range could be achieved 
with the accelerometer. The FRFs from the other two sensors were susceptible to 
measurement noise especially at the anti-resonances or zeros as seen in the coher-
ence plot in Figure 4.6 (right) at about 1200 Hz. Apart from this, the vibrometer FRF 
shows a resonance peak at 90.6 Hz, which is not observable in any other FRF. This 
peak most probably corresponds to the resonance of the magnetic base holder of the 
laser source. Since it is fixed on the workpiece table, it also experiences an excitation 
from the piezoelectric actuator. Thus, the fixation of sensor holding devices on the 
workpiece table should be set up with great care or avoided by using an external tripod, 
if possible. 

 

Figure 4.6 Comparison of H33
A  obtained from different measurement strategies 

Vergleich der mit verschiedenen Messstrategien erhaltenen FRF, H33
A  

Fourthly, the accelerometer with piezoelectric actuator provided more reliable results 
at lower frequencies than with impact-based excitation. This effect is observable in 
Figure 4.6 (left) for MCT A as well as in Figure 4.4 for MCT B. Lower frequencies can 
be specifically excited with larger amplitudes with the piezoelectric actuator than with 
the PVC tip of the impact hammers. This results in better signal quality and coherence. 

Based on the insights attained from the practical implementations, each combination 
or measurement strategy can now be rated with respect to the criteria derived for ex-
perimental response modelling. The evaluation of each combination is summarized in 
form of a matrix in Figure 4.7. The matrix illustrates, that the choice of excitation and 
response measurement is strongly dependent on the goals and constraints of the 
measurement campaign. For example, if good quality measurements are required at 
different machine positions with minimum effort, time and cost, the accelerometer-ac-
tuated hammer combination offers the best compromise. The drawback is that lower 
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frequencies (<100 Hz) are not measured reliably or require additional measurements 
with a soft rubber tip. Therefore, this combination is suitable for cases where the pre-
diction of dynamic tool behavior is the primary goal. For example, in process stability 
calculations, the knowledge of tool-tip dynamic behavior is of greater importance than 
the static stiffness. 

On the other hand, when highly accurate measurements are required in a wide fre-
quency range, including quasi-static range, the accelerometer-piezoelectric actuator 
combination is most suitable. Since this strategy provides coherence above 0.9 up to 
20 - 40 Hz, the static stiffness can be reliably extrapolated as shown in Figure 4.4. This 
strategy is best suited for applications of virtual quality prediction, where the accurate 
static and quasi-static response of the tool to forced excitation is essential. 

 
Figure 4.7 Evaluation matrix for different measurement strategies 

Bewertungsmatrix für verschiedene Messstrategien 

Based on the above analysis and comparisons, it can be summarized, that the combi-
nation of piezoelectric actuator and acceleration sensor is most suitable for measure-
ment of displacement-to-force FRFs at non-rotating spindles. For measurement at dif-
ferent operating points of the spindle, the combination of vibrometer and the automat-
ically actuated impact hammer is the only viable option out of the analyzed instruments. 
However, the high equipment costs associated with the vibrometer limits their use to 
laboratory environment. In future works the non-contact capacitive and inductive (eddy 
current) sensors should be evaluated for their suitability for experimental response 
modelling using the developed assessment criteria. 
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4.3 Identification of rotational compliances 
Identifikation von rotatorischen Nachgiebigkeiten 

In this section, two new methods for identifying the rotational compliances at the free 
end of the adapter are introduced, analyzed and compared with the method by SCHMITZ 
et al. [SCHM05]. Here, the focus is not on the method of excitation but rather on the 
synthesis of rotational compliances based on measured FRFs. The first method is 
based only on the measured displacement-to-force FRFs (Section 4.3.1). The second 
method explores the use of rotational accelerometer for the measurement of rotation-
to-force FRFs and using these for synthesizing the rotation-to-moment FRF. A suitable 
method for cancellation of the significant mass loading effect on the rotational DOF is 
also provided (Section 4.3.2). 

4.3.1 Modal parameter expansion method 
Methode der modalen Expansion 

This method requires the measurement of three displacement-to-force FRFs (H33
A , H32

A , 
H31

A ) on the adapter at constant distances d, identical to the approach in [SCHM05]. 
These are then used for determining the rotation-to-force FRF (N33

A ) using, for example, 
a second order finite backward difference method as shown in Subsection 2.3.2. Ap-
plying Eq. (2.21) for calculating N33

A , 

 N33
A 3H33

A 4H32
A H31

A

2d . (4.7) 

Now, the available FRFs H33
A  and N33

A  are associated with the translational and rota-
tional degrees of freedom respectively and represent the first column of the compliance 
matrix G33

A . A modal parameter estimation of these FRFs and subsequent expansion 
is therefore applied to identify the rotation-to-moment FRF P33

A . For this, first, the global 
poles of the substructure are identified using the Least-Squares Complex Frequency 
(LSCF) algorithm and then the residues and residuals are estimated using the Least-
Squares Frequency-Domain Residue (LSFD) estimator [GUIL03; PEET04]. This step 
delivers the pole vector p as well as the residue matrix R, which has merely one row,  

 p p1 p2 … pn  and R2 1 n
x,3 x,3

,3 x,3
. (4.8) 

Here n is the number of poles identified and x is merely the example direction of meas-
urement. The mode shape (or eigenvector) associated with the rotational deflection 
( ,3) is now easily obtained by the following simple manipulations, 

 ,3 R(2,1,n)/ x,3, where x,3 R(1,1,n). (4.9) 

P33
A  is found by the superposition of modal parameters corresponding to rotational input 

and output degrees of freedom,  
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 P33
A j ,3(k) ,3(k)

j pk

,3(k) ,3(k) *

j pk
* .n

k=1

 (4.10) 

Thus, the FRF matrix is expanded by utilizing the estimated modal parameters of the 
measurable FRFs. Since all FRFs are measured at the same coordinate, MAXWELL’s 
reciprocal theorem can be applied to equate N33

A  with L33
A , 

  N33
A L33

A . (4.11) 

In this way, all the components of G33
A  are obtained. For analysis, this approach was 

implemented for a simplified adapter-spindle assembly. The dynamic analysis of the 
assembly was conducted in an FEM environment. Figure 4.8a shows the FEM model 
with condensation nodes on the adapter representing the three impact locations in x-
direction for H33

A , H32
A  and H31

A . Based on these three simulated FRFs, P33
A  is obtained 

using the SCHMITZ’s formulation as well as the proposed approach. A comparison of 
both approaches shows that the formulation in [SCHM05] creates spurious poles after 
each zero which are not present in the reference FRF in Figure 4.8b. A characteristic 
of this complex division formulation is the spurious phase shift above 0° at the anti-
resonances and the drop back to 0° at the spurious poles. The modal expansion ap-
proach, on the other hand, does not create spurious poles or phase shifts and corre-
sponds well with the reference FRF. Another advantage of the proposed approach for 
real measurements is that the propagation of measurement noise to P33

A  is completely 
avoided due to the transformation in modal domain. Certainly, the limitation due to 
modal truncation is always associated with any modal transformations.  

 
Figure 4.8 a) FEM model of adapter-spindle assembly; 

b) comparison of P33
A  FRFs [BREC16a] 

a) FEM-Model der Adapter-Spindel-Baugruppe;  
b) Vergleich von P33

A  [BREC16a] 
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4.3.2 Use of rotational accelerometer 
Verwendung von Winkelbeschleunigungssensor 

The use of commercially available rotational accelerometers for the measurement of 
ERMs of machine tools has not yet been explored in literature. In the proposed method, 
a lateral rotational accelerometer of Type 8840 from KISTLER INSTRUMENTE GMBH is 
used in addition to the previously introduced miniature uniaxial accelerometer Type 
4374 from BRÜEL & KJAER GMBH for obtaining the compliance matrix at the free end of 
an adapter. Figure 4.9 shows the rotational accelerometer mounted on a cylindrical 
adapter ( 35 mm, length 55 mm) using an M5 bolt such that the rotation about the y-
axis at coordinate 3 ( y,3

A ) is measured. An important aspect, which must be considered 
while using a rotational accelerometer, is the resulting mass loading effect.  

In this subsection, a method is proposed for cancellation of mass loading effect of the 
rotational accelerometer such that corrected rotation-to-force FRFs can be obtained at 
collocated (N33

A ) and non-collocated DOFs (N32
A , N31

A ). The finite difference method can 
then be applied to the mass cancelled FRFs to estimate the rotation-to-moment FRF 
at coordinate 3 of the adapter (P33

A ). The mass of the rotational accelerometer including 
the cable, washer and bolt amounts to approx. 28 g. This mass is significantly greater 
than that of the uniaxial sensor (0.65 g) and can influence the vibration behavior of the 
adapter, such that its effect must be compensated before further analysis. The trans-
lational inertia effects of conventional accelerometer can be cancelled using structural 
modification technique [ÖZ A10]. However, the compensation of mass loading effect 
on rotational compliances is not as simple and straightforward as for translational com-
pliance functions.  

 
Figure 4.9 Adapter measurement setup with rotational accelerometer 

Messaufbau mit Winkelbeschleunigungssensor 

Only few research works have dealt with the problem of compensation of sensor mass 
loading from rotational FRFs. MAIA et al. [MAIA97] propose a ‘Mass Uncoupling 
Method’ for removing the rotational inertia effects of the commonly used T-block from 
rotational FRFs. CAKAR and SANLITURK [CAKA05] presented a general formulation for 
the elimination of sensor translational and rotational inertia based on the SHERMAN-
MORRISON identity. The experimental implementation of this method for a simple over-
hanging beam and sensor mass showed promising results. Therefore, this method is 
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implemented and adapted here for the removal of inertia effects of the rotational ac-
celerometer. The general formulation for obtaining an FRF (without inertia effects), pq 
at any DOF p due to excitation at DOF q with the presence of a (sensor) mass at DOF 
r is given as [CAKA05], 

 pq
pq
r m 2

rr
r

pq
r

pr
r

rq
r

1 m 2
rr
r   (4.12) 

Note that p and q can be translational or rotational DOFs, such that the term m can be 
understood as the translational or rotational inertia. Applying the above general formu-
lation to the case of the adapter, where the effect of the sensor inertia m at coordinate 
3 on the measured rotation-to-force FRF is to be cancelled (p y,3

A ; q x3
A; r x3

A), 

 
y,3x3

y,3x3

x3

1 m 2
x3,x3

x3
 (4.13) 

The designation A in the superscript is excluded above for brevity. The above equation 
can now be expressed in familiar terms as, 

   
N33

A N33
Am

1 m 2H33
Am (4.14) 

Here m in the superscript of the FRF implies that it is measured with the rotational 
accelerometer attached to the adapter. Therefore, the H and N-terms must be meas-
ured simultaneously with both, the translational and rotational accelerometers, at-
tached to the adapter during impact testing. Note that the rotational sensor possesses 
inertia in all six DOFs and hence adds inertias along these DOFs to the adapter as 
well. With Eq. (4.14), the influence of mass (translational inertia) on N33

Am can be can-
celled. For the elimination of the influence of inertias in other DOFs, Eq. (4.12) has to 
be solved recursively [CAKA05]. Thus, the rotational inertia Jyy of the sensor about y,3

A  

can also be cancelled with (p y,3
A ; q x3

A; r y,3
A ), 

    
N33

A N33
Am

1 Jyy
2P33

Am (4.15) 

where, N33
Am is taken as the FRF obtained by solving Eq. (4.14). The information about 

the rotational inertia of the sensor about different axis is not available from manufac-
turer’s datasheet. Thus, it is merely estimated here by creating a corresponding model 
in a Computer Aided Design (CAD) environment and assuming a uniform material den-
sity based on the mass of the sensor. The corresponding estimated collocated rota-
tional inertias at the plane of the adapter (coordinate 3) are: Jxx

2.97×10-6 kgm2, Jyy 3.3×10-6 kgm2, Jzz 2.36×10-6 kgm2. Apart from the rotational 

inertia, Eq. (4.15) also requires the measurement of P33
Am, which cannot be acquired 

directly. Therefore, it is proposed to estimate it by using the finite backwards difference 
method applied to the rotation-to-force FRFs. For this, the dynamic exciter is moved to 
coordinates 2 and 1 (separated by a constant distance, d) and the rotation-to-force 
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FRFs (N32
Am, N31

Am) are measured. Now the formulation proposed by ALBERTELLI et al. 
[ALBE13b] can be adjusted such that the N-terms are used for estimating P33

Am, 

Eq. (4.15) can now be solved based on the above synthesized value. The removal of 
further inertia effects by the recursive solution of Eq. (4.12) requires the knowledge of 
cross compliance functions, which cannot practically be measured. Hence, further 
mass cancellation is not viable and therefore not conducted. Apart from mass loading, 
another minor effect that must be corrected is the longer lever-arm effect of the rota-
tional sensor. Due to the mounting situation and location of transducers, the rotational 
acceleration is measured at about 8 mm away from the location of the accelerometer, 
which is the assumed location of coordinate 3. This leads to greater acceleration am-
plitudes which are linearly compensated here. In this way, the mass cancelled and 
corrected rotation-to-force FRF at coordinate 3 of the adapter shown in Figure 4.9 is 
achieved.  

Figure 4.10 shows the comparison between the mass-cancelled (N33
A ) and the raw ro-

tation-to-force FRF (N33
Am) measured by the rotational accelerometer. Additionally, N33

Abd 
obtained by applying the second order backwards difference method to three displace-
ment-to-force FRFs, H33

A , H32
A , H31

A  is also plotted. This serves as an indicative refer-
ence because the displacement-to-force FRFs are measured at the adapter without 
the assembly of the rotational accelerometer. Note that N33

Abd is also subject to experi-
mental as well as approximation errors associated with the finite difference method.  

 

Figure 4.10  Comparison of rotation-to-force FRFs at coordinate 3, N33
A   

 Vergleich der Rotation-zu-Kraft FRFs an Koordinate 3, N33
A   

The amplitude of the raw, measured FRF N33
Am, however, deviates significantly from the 

N33
Abd and justifies the need to apply mass cancellation before utilization for estimating 

the rotation-to-moment FRF P33
A . 

The mass-cancelled FRF N33
A , on the other hand, matches very well with the indicative 

reference FRF up to ca. 1400 Hz. Above this, both have a similar run, but a deviation 

    
P33

Am 3N33
Am 4N32

Am N31
Am

2d . (4.16) 
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in amplitudes is observed. The uncancelled inertia effects most likely cause this devi-
ation from the indicative reference as inertia effects from only two DOFs can be can-
celled. Similar to the observations in [DROZ18a], lower frequencies show a significant 
noise contamination. A high level of noise is also observed in N33

Abd due to the inherent 
noise amplification associated with the finite difference method [KUMA12].  

Nevertheless, the proposed mass-cancellation method considerably improves upon 
the raw measured FRF and can therefore be applied to the non-collocated measured 
FRFs N32

Am and N31
Am using Eq.(4.12). The resulting mass-cancelled FRFs, N33

A , N32
A  and 

N31
A  are substituted in the following equation to obtain the mass-cancelled rotation-to-

moment FRF, P33
A ,  

Thus, with the proposed method, the formulation by ALBERTELLI can be applied using 
merely three rotation-to-force FRFs instead of the measurement of nine displacement-
to-force FRFs required in [ALBE13b]. This represents a significant reduction of meas-
urement effort. 

For clarity, the developed method for obtaining rotational FRFs is summarized below 
in four steps: 

i) Experimentally obtain the following FRFs at the adapter with the assembled 
rotational accelerometer: H33

Am, N33
Am, N32

Am and N31
Am 

ii) Calculate P33
Am based on the above measurements and Eq. (4.16) 

iii) Obtain mass-cancelled N33
A  using Eq. (4.14) and (4.15). Similarly calculate 

mass-cancelled, non-collocated FRFs N32
A  and N31

A  
iv) Based on N33

A , N32
A  and N31

A , calculate the mass-cancelled rotation-to-mo-
ment FRF, P33

A  using Eq. (4.17)  

4.3.3 Comparison of methods and recommendation 
Vergleich der Methoden und Empfehlungen 

In this subsection, first, the P33
A  terms derived by complex division, modal parameter 

expansion and rotational accelerometer are compared with each other, followed by an 
evaluation of each method. All three methods are applied to the same 35 mm cylin-
drical adapter assembled in the spindle as shown in Figure 4.9. The linearly actuated 
impact hammer is utilized for impulse excitation for all FRFs. For the modal expansion 
method, the modal parameters of H33

A  and N33
A  were estimated till 2000 Hz and P33

A  was 
obtained as described in Section 4.3.1. The four-step method developed in Section 
4.3.2 for obtaining the P-term using the lateral rotational accelerometer is also applied 
to the same adapter. In Figure 4.11, the amplitude and phase plots of P33

A  derived from 
the three methods are plotted.  

    
P33

A 3N33
A 4N32

A N31
A

2d . (4.17) 
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Figure 4.11 a) Comparison of the identified rotation-to-moment FRFs, P33
A ; 

b) Characteristics of H-terms at phase shift beyond -180°   

a) Vergleich der identifizierten Rotation-zu-Drehmoment FRFs, P33
A ;   

b) Verlauf der H-Terme bei Phasenverschiebung unter -180°   

All the three methods provide very similar estimates in the frequency range of interest. 
As expected, the complex division method leads to spurious poles at several frequen-
cies (640 Hz, 740 Hz and 1165 Hz). These are noticeable at the positive deviations of 
the phase. However, these are not as prominent as those observed in the simulated 
example in Figure 4.8b. Apart from this, a high level of noise is observable in the FRFs 
estimated from the rotational accelerometer as well as from complex division. Both 
these methods use the finite difference method, which inherently amplifies noise from 
the measured FRFs [KUMA12]. Furthermore, a phase shift beyond -180° is visible 
above ca. 1750 Hz, which is most likely caused by the violation of the assumption of 
the second order backwards difference method that H33

A > H32
A > H31

A  and 
H33

A > H32
A > H31

A . The same is valid for the N-terms. As an example, the amplitudes 
of H33

A , H32
A , H31

A  are plotted in Figure 4.11b and show a higher compliance at the inner 
coordinates than at the free end at the highlighted frequencies. The erroneous phase 
shift can therefore be avoided by reducing the constant distance between the impact 
coordinates 1, 2 and 3, such that all of them lie far enough from the nodes of adapter 
bending modes. The utilized constant gap of 20 mm between successive coordinates 
is clearly excessive for the 55 mm long adapter. 

The modal parameter expansion method offers the key advantage that measurement 
noise does not propagate to the estimated FRF. The adopted LSCF approach enables 
the identification of structural poles even for noisy FRFs and ignores spurious and 
computational poles. Another advantage of the modal domain is that estimations can 
be obtained at static and quasi-static frequencies, independent of the sensor used for 
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measurement. The main drawback of this method is that the modal truncation errors 
are unavoidable. They can, however, be minimized by fitting a wider frequency zone 
than required (usually 1.5 times the frequency range of interest). The benefits and 
drawbacks of all three methods are summarized and compared in Table 4.2. 

Table 4.2 Comparison of the three methods for identification of rotational compliances  
Vergleich der drei Methoden zur Identifikation von rotatorischen Nachgiebig- 
keiten 

SCHMITZ’s Method  Modal Parameter  
Expansion Using Rotational  

Accelerometer 
Measurement setup: 

 

Measurement setup:  

 

Required measurements: H33
A , H32

A , H31
A   H33

Am, N33
Am, N32

Am, N31
Am 

N33
A  obtained from back-

wards difference method 
N33

A  obtained from back-
wards difference method 

 N33
Am measured directly. 

Mass cancellation required 

 Only three FRFs must be 
measured 

 No domain transfor-
mation necessary 

 Simple formulation for 
calculating  P33

A  

 Only three FRFs must 
be measured 

 No measurement noise 
 No spurious poles cre-

ated 
 Static and quasi-static 

compliance estimated in-
dependent of sensor 
used 

 No spurious poles cre-
ated 

 Direct measurement 
of N33

Am 
 No domain transfor-

mation necessary 
 Low noise above ca. 

200 Hz 

 Spurious poles are cre-
ated in  P33

A  
 Prone to ‘noisy’ estima-

tions 

 Transformation to modal 
domain necessary 

 Modal truncation errors 
are unavoidable 

 Difficult to automate; re-
quires manual interven-
tion 

 Significant mass loading 
effect 

 Frequency range of sen-
sor limited to 2000 Hz 

 High noise content at 
low frequencies 
(<200 Hz) 

Not suitable for structures 
and adaptors with dominant 
poles and zeros.  

Wide applicability as long 
as backwards difference 
method provides reliable 
estimation of N. 

Applicability limited by fre-
quency range and low sig-
nal-to-noise ratio. 

Recommended application 

The applicability of the SCHMITZ’s method of complex division strongly depends on the 
dynamics of the structure under consideration. An observation of the spurious poles in 
Figure 4.8b, Figure 4.11 and results from [JI18] indicate, that amplitudes of the spuri-
ous poles and zero-shifting are directly related to the amplitudes of poles of the under-
lying structure. Therefore, the errors caused by complex division are more dramatic for 
lowly damped structures with dominant poles and zeros. For milling machines (without 
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tool assembly) with non-dominant poles and low dynamic amplification, the complex 
division formulation may still be applied to achieve acceptable tool coupling results. 

Rotational accelerometers allow for the direct measurement of rotation-to-force FRFs. 
Their use in experimental response modelling of machines is limited due their fre-
quency range, high measurement noise at low frequencies and substantial mass load-
ing effect. Nevertheless, the presented method for mathematical mass cancellation 
and synthesis of rotation-to-moment FRF, makes it possible to obtain the corrected 
response models within the limited frequency range. Because of their low sensitivity 
(35 μV/rad/s2), their application is best suited to large machine tools which exhibit rel-
atively high dynamic compliances (e.g.: portal milling machines with overhanging z-
carriage and compliances > 1 μm/N). Better sensor SNR is expected for such applica-
tions. 

The developed modal parameter expansion method enjoys a much wider applicability 
due to its robustness against measurement noise. A reliable estimate of P33

A  is possible 
for any adapter-machine combination as long as care is taken in obtaining H and N-
terms and the structure exhibits linear behavior. Successful tool coupling using the 
modal parameter expansion method is already demonstrated in [BREC16a]. 
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5 Analytical Response Modelling and Validation 
Erstellung und Validierung von analytischen Response-Modellen 

Unlike experimental response modelling, where modelling errors result from bias er-
rors, set-up errors, measurement noise, etc., errors in analytical response models re-
sult from the various abstractions and assumptions made in the representation of the 
structure and its behavior. The accurate representation of the holder-tool assemblies 
is essential for successful coupling. This chapter first introduces an efficient approach 
for tool assembly modelling called the Extended Tool Model Updating approach 
(ETMU) (Section 5.1). Then, different beam modelling approaches for obtaining the 
analytical response model are compared and their suitability for the ETMU approach 
is evaluated (Section 5.2). Furthermore, methods for modelling typical features of a 
shrink fit holder such as balancing holes, tapered geometry, composite beam seg-
ments, etc. are introduced and validated (Section 5.3). Subsequently the ETMU ap-
proach is implemented to obtain the unknown holder-tool joint parameters (Section 
5.4) as well as the effective diameter of the fluted segment (Section 5.5) of real holder-
end mill assemblies. The obtained results are validated against reference measure-
ments. 

5.1 Extended tool model updating approach 
Ansatz des erweiterten Werkzeugmodellabgleichs 

Within the framework of analytical tool modelling, three main questions have to be 
answered: i) which modelling approach should be used (EULER-BERNOULLI beam, 
TIMOSHENKO beam, FEM model, etc.), ii) how should different tool features such as 
holder-tool joint, balancing holes, composite beam segment, holder taper, etc. be mod-
eled and iii) how should the features be validated or updated in case they cannot be 
accurately described a priori? 

In literature, mainly the modelling and updating of the tool feature of holder-tool joint 
has been studied extensively. The modelling and subsequent validation (or updating) 
of other tool features has not been explored adequately. Furthermore, the tool tip FRF 
in the clamped state is utilized for updating the joint feature model. As seen in the 
literature survey (Subsection 2.4.3), this brings with itself several disadvantages: i) er-
rors associated with experimental response modeling are propagated to the identified 
joint model parameters [FILI09], ii) model parameters can be estimated incorrectly 
[MATT16] and iii) machine availability is reduced. Hence, there is a strong motivation 
for a completely offline estimation and validation of unknown model parameters of tool 
feature models. 

The aim of this chapter is therefore to introduce an approach for allowing the validation 
and updating of tool model parameters in an offline manner based on reference FRFs 
of the tool assembly obtained in a freely constrained state. In order to enable such a 
direct comparison between the freely constrained tool assembly and the analytical 
model, it is proposed to extend the freely constrained holder-tool assembly to include 
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the accurate dynamics of the spindle-holder interface (I) for parameter updating. The 
‘extension’ is achieved by means of frequency based substructuring. This approach is 
termed as the Extended Tool Model Updating (ETMU) approach. Using this approach, 
the two important challenges in modelling of thermal shrink fit holder and end mill as-
semblies are addressed: efficient identification of the holder-end mill joint properties 
and the modelling of the complex fluted segment feature of shaft mills. The validation 
of different tool feature models is also demonstrated using this approach.  

Thermal shrink fit tool assemblies used in milling and drilling spindles with automatic 
tool changers consist of an end mill, a tool holder and a standard spindle-holder inter-
face. Depending on the type of spindle and tool changer, different standard spindle-
holder interfaces can be used, for example, the Morse taper (DIN 228), SK (DIN ISO 
7388), HSK (DIN 69893), TS (DIN ISO 26622), etc. [BREC19b]. For a particular spin-
dle, this normed geometry and shape of the interface remains constant. Hence, for the 
purpose of modelling, the tool assembly is divided into two parts: the normed inter-
face (I) and the holder-tool assembly (ThT) (see Figure 5.1a).  

The geometry of the normed interface may contain complex groves, tapered shanks, 
balancing holes, clamping holes, notches, etc. Modelling these complex features as 
uniform cylindrical beam segments and subsequently using receptance coupling (as 
proposed in [MATT16]), can introduce significant and avoidable modelling errors. Fur-
thermore, merely a one-time accurate modelling is necessary as the interface geome-
try is normed. Hence, the ETMU approach proposes a one-time ad-hoc FEM modelling 
of the freely constrained spindle-holder interface. This model is then used to obtain the 
compliance matrix at the coupling point of the interface flange. In [DANI17] it was 
shown that ad-hoc FEM models of metal structures without joints or mechanisms can 
represent the dynamic behavior with high accuracy, such that model updating with a 
physical prototype is not necessary.  

The second part of the tool model consists of the tool holder and the end mill. Since 
this part changes with each unique holder-tool combination, it can be abstracted as a 
series of uniform cylindrical beam segments. The fluted segment can be modelled as 
a uniform beam of equivalent diameter. The compliance matrices at the ends of the 2D 
beam segments are obtained by solving the characteristic equation of the freely con-
strained analytical beam. The principal sketch of the implementation of the ETMU ap-
proach for a thermal shrink fit tool holder and end mill with an HSK-A 63 interface is 
shown in Figure 5.1. Here the coordinate 5 is reserved of the SIDS plane as shown in 
Figure 4.1. Apart from this, the blank tip is also assigned the coordinate 3 as it repre-
sents an auxiliary structure like the adapter. 

Due to the presence of slots, holes and the orientation groove, the HSK interface has 
a slightly varying dynamic behavior along different radial directions. Thus, before cre-
ating the extended analytical tool model, it is important to know the direction in which 
the reference FRFs for model updating will be measured. The response model of the 
HSK should then be created exactly in this direction.  



Analytical Response Modelling and Validation 59 

 
Figure 5.1 Extended analytical tool models for a) carbide blank and b) end mill assembly 

Erweiterte Werkzeugmodelle für a) Hartmetallrohling und b) Schaftfräser 

In this chapter, as an example, reference FRFs are measured in the y-direction of the 
local coordinate system shown in Figure 5.1 and hence the coupling calculations are 
considered only for this direction. Thus, in the freely constrained FEM model of the 
interface, a force Fy,4

I  and moment Mx,4
I  are applied at the master node of the multi-

point constraint at coordinate 4. The subsequent translational y4
I  and rotational dis-

placement x,4
I  are then recorded. The resulting direct compliance matrix of the inter-

face coordinate is given by, 

The analytical model of the holder or the tool is obtained by end-to-end rigid coupling 
of beam segments. Now, any given analytical holder model (Th) or holder-tool assem-
bly model (ThT) can be augmented with the above interface model (I) to create an 
extended model. The rigid coupling of the holder with the interface compliance matrix 
allows for the calculation of the compliance function at, for example, the end of the 
extended holder (ITh) at coordinate 6 (without tool), 

or at the end of the extended holder-tool assembly (IThT), 

or at any other required point on the extended holder-tool assembly. The augmentation 
of the analytical beam model allows for a direct comparison of analytical calculated 
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FRFs with the FRFs obtained experimentally in freely constrained state. This compar-
ison can then be used to validate or update the analytical model in a completely offline 
manner. A higher efficiency and accuracy of the method can be expected because the 
measurement and analysis of the clamped-free reference FRFs are avoided.  

5.2 Analytical beam modelling 
Analytische Balkenmodellierung 

The accurate analytical modelling of the static and dynamic behaviors of the holder-
tool assembly is of fundamental importance for reliable coupling calculations. Here, the 
choice of modelling approach determines the required computation effort and achiev-
able accuracy of the coupling calculations. In this section, the TIMOSHENKO Beam 
Model (TBM) is implemented, validated, and compared with the EULER-BERNOULLI 
Beam Model (EBBM). With this comparison, the suitability of the TBM for implementing 
the ETMU approach is justified.  

There exists relatively simple closed-form expressions for determining the transverse 
vibration behavior at the ends of an EBBM under different constraint conditions 
[BISH11]. These are computationally inexpensive but ignore shear deformation and 
rotational inertia effects, which are relevant for modelling non-slender beams. The 
TBM, on the other hand, considers these effects but no closed-form equations are 
available for obtaining the compliance matrices. Although the mathematical formulation 
for a TBM with generalized end conditions has been given in [ARIS04], its practical 
implementation for obtaining the compliance matrices at the beam-ends is relatively 
complex. Hence, for the sake of understanding and completeness, the adopted math-
ematical implementation based on [HAN99; ARIS04; ERTÜ06; ÖZ A15] is compiled 
and explained in the following.  

The first step for obtaining the compliance matrix is to find the eigenfrequencies of the 
free-free TBM. For this, equations of motion from Eq. (2.6) and (2.9) are decoupled 
into lateral and angular deflections and written in the homogeneous form as, 

Assuming harmonic excitation and applying constraints for free-free end conditions, 
the characteristic equation can be written as [ERTÜ06],  

where, 

 4v
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Here, 

represent the dimensionless frequency numbers. These are expressed in terms of ge-
ometric and material properties of the beam as, 

In order to solve the transcendental characteristic equation, the term ‘B’ is taken as the 
unknown variable such that Eq. (5.6) is expressed as a polynomial equation in B. The 
remaining terms are available from the material and geometric properties. Note that 
the transcendental Eq. (5.6) is nonlinear and has infinite roots (Figure 5.2). The fre-
quencies at which value of the equation is zero (roots) are also marked in the figure. 
In literature, iterative numerical approaches such as Newton-Raphson [IRVI99] and 
golden search method [TUNC18] are suggested for calculating the roots.  

 
Figure 5.2 Plot of a typical transcendental characteristic equation 

Verlauf einer typischen transzendentalen charakteristischen Gleichung 

In this thesis, a numerical solution for the characteristic equation is obtained for a cer-
tain frequency range by using the Symbolic Math Toolbox from THE MATHWORKS, INC. 
[MATL22]. As initial guesses of the roots for the numerical solution, multiples of the /s 
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terms are taken. Once the rth root of the characteristic equation is available, the corre-
sponding eigenfrequency r as well as the dimensionless frequency numbers ar and 
br are calculated along with r and r from Eq. (5.13), (5.12) and (5.11), respectively. 
Using these inputs, the rth lateral and rotational mode shape of the beam at any point 
(x) can be obtained from, 

where, 

Note that Ar is a constant scaling term which mass normalizes the rth eigenvector. In 
order to find this term, the modal mass matrix must first be calculated using the ex-
pression for each mode, 

The scaling term required for achieving unity modal mass is thus obtained as follows, 

In this way, the flexible mode shape functions of the freely constrained TIMOSHENKO 
beam are achieved. Due to the free-free end conditions, there also exist rigid body 
beam modes that are derived from simple inertia properties, 

Note that the above modes are already mass normalized. Now, the rigid and flexible 
body mode shapes at the ends of the beams (x = [0, L]) are derived from appropriate 
substitution in the mode shape functions Eq. (5.19), (5.14) and (5.15). Subsequently, 
the FRFs at the beam-ends are derived by applying modal superposition of each of the 
calculated modal parameters (see Eq. (4.10)). As an example, the equation for collo-
cated displacement-to-force FRF at one end of the TIMOSHENKO beam (x = L) is shown,  
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Where,  represents the structural damping loss factor. Similarly, the FRFs at different 
degrees of freedom and beam-ends can be obtained by modal superposition, giving 
the compliance matrices required for substructure coupling: GLL,G0L,GL0,G00.  

Validation and comparison of modelling approaches 

The developed ETMU approach involves the comparison and updating of analytical 
models in freely constrained states, where the resonance frequencies lie at signifi-
cantly higher ranges than in the fix-free state. Hence, for the successful implementation 
of the ETMU approach, it is necessary that the modelling approach accurately repre-
sents beam dynamics till higher frequency (ca. 20 kHz). Therefore, the adopted TBM 
described in this section, the EBBM as well as FEM modelling are compared here with 
each other and their suitability for ETMU implementation is evaluated. The displace-
ment-to-force FRF at an end of a uniform steel cylinder ( 30 mm, length = 120 mm, 
material no. 1.0503) in the freely constrained state is derived analytically using different 
approaches and compared with a reference measurement in Figure 5.3. The FEM 
model of the cylinder was created using quadratic tetrahedral elements of edge length 
of 5 mm. Identical material properties are taken for each approach (E = 206.9 GPa, 
 = 0.3,  = 7780 kg/m3,  = 0.001).  

 
Figure 5.3 Comparison of beam FRFs obtained from different approaches 

Vergleich der mit verschiedenen Ansätzen erhaltenen FRFs des Balkens 

All approaches show nearly identical response behaviors until about 5 kHz. Beyond 
this, only the TBM and the FEM model show an excellent correspondence with the 
reference FRF. The measured bending frequencies at 8440 and 19540 Hz as well as 
the anti-resonances match very well with the TBM. The EBBM, on the other hand, 
overestimates the resonance frequencies despite the relatively slender d/L ratio of 
0.25. In order to evaluate the influence of beam slenderness on the modelling accu-
racy, thick cylinders of d/L ratios of 0.5 and 1 are also modelled with the same diameter 
of 30 mm. Such thick beams are common in tool modelling because of the segmenta-
tion of the tool assembly into short, non-slender beams. Therefore, it is important to 
accurately depict their dynamic behavior. Figure 5.4 shows a lists the frequencies of 
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the first and second bending modes obtained from the beam and FEM modelling ap-
proaches. Since the eigenfrequencies exceed the excitation and measurement range 
of conventional equipment, the FEM model serves as the reference for validation. The 
EBBM consistently overestimates the eigenfrequencies independent of chosen slen-
derness due to the neglecting of shear distortion and rotational inertia effects. This 
overestimation is observable in the calculated relative errors in Figure 5.4 and in-
creases with each mode. This is consistent with the findings in literature (refer to 
[HAN99; ERTÜ06]). Despite the overestimation, EBBM can still reliably predict low fre-
quency dynamics, especially for slender beams and has been used for analytical mod-
elling in several works (for example [SCHM04; SCHM05; SCHM06; SCHM07; 
SCHM19; KUMA12]). This is because, the prediction of the tool tip FRF is usually re-
quired in the first few kilo Hertz range. In this frequency range, the convenient closed 
form solution of the EBBM can still provide sufficiently accurate models for receptance 
coupling as seen in the example from Figure 5.3. However, for the case of ETMU, 
where the accurate prediction of the eigenfrequencies is required till much higher fre-
quencies for different d/L ratios, the EBBM approach is not suitable.  

The TBM accurately and reliably predicts the bending mode frequencies of beams ir-
respective of slenderness and is thus ideally suited for the implementation of the ETMU 
approach. Even the eigenfrequencies of the thick beam of d/L ratio of 1 could be cal-
culated with good accuracy through the numerical solution of the characteristic equa-
tion (Eq. (5.6)). For model updating using the ETMU approach, the accurate prediction 
of the eigenfrequencies (usually the first bending mode) of the tool assembly is of great 
importance. Therefore, the TBM is chosen for the implementation of the ETMU ap-
proach.  

 
Figure 5.4 Comparison of beam modelling approaches 

Vergleich von Balkenmodellierungsansätzen  

Apart from model updating, another important aspect for analytical response modelling 
is the correct calculation of the location (frequency) of the first anti-resonance or zero. 
This is because the first zero of the free-free beam FRFs may lie within the relevant 
frequency range required for predicting tool dynamics. The calculation of their location 
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depends significantly on the number of roots of the characteristic equation considered 
in the modal superposition equation (modal truncation). Although the error in location 
reduces with the number of roots considered, this relationship is non-linear. Practical 
implementation of the TBM approach showed that the first 12 to 15 roots were sufficient 
for locating the first zero with reasonable accuracy. 

5.3 Modelling of shrink fit holder features 
Modellierung der Merkmale von Schrumpffuttern  

In the following subsections, methods for the analytical response modelling of three 
common holder features of the shrink fit holder as segmented TIMOSHENKO beams are 
introduced. The features considered here are: balancing holes, the tapered segment 
of the holder and the holder segment with the inserted tool (Figure 5.5). The proposed 
method for modelling each feature is subsequently validated either (where possible) 
with measurements by extending the model as per the ETMU approach or by FEM 
simulations. Here, the emphasis is also laid on the accurate prediction of the eigenfre-
quencies. This is because the subsequent model updating assumes that the only dif-
ference between the simulated and measured resonance frequencies results from the 
unknown model parameter and not modelling errors. Once the methods for feature 
modelling are validated, accurate analytical tool holder models can be reliably ob-
tained. This then allows for the correct identification of holder-end mill joint parameters 
as well as the subsequent modelling of the fluted segment. The accompanying imple-
mentation of the feature modelling methods in a MATLAB-based program for analytical 
tool modelling and coupling named ‘CouplingTools’ is also discussed briefly. 

 
Figure 5.5 Typical features of a shrink fit holder and end mill assembly 

Typische Merkmale einer Schrumpffutter-Schaftfräser-Baugruppe 

5.3.1 Modelling of balancing holes 
Modellierung von Wuchtbohrungen  

Unsymmetrical mass distribution in the milling tool assembly creates unbalance forces 
and moments on the spindle shaft bearing system. These forces and moments are 
directly proportional to the square of the spindle speed and hence can cause vibrations, 
machining errors as well as reduce bearing and tool life at high spindle speeds. There-
fore, tool holders are provided with one or more balancing planes in the form of radially 
distributed, threaded blind holes. Grub screws of appropriate weight can be inserted in 
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the threaded holes to compensate the unbalance vector. Usually, shrink fit holders 
have a balancing plane at the root-end (Figure 5.5), such that the unoccupied holes 
can cause a structural weakening of the holder shaft and affect the bending mode 
frequencies. This effect is of course amplified for smaller shaft diameters with large 
balancing hole diameters and depths. Although balancing holes are a common feature 
in tool holders and can influence dynamic behavior, their accurate modelling has not 
been considered in literature. 

Figure 5.6 shows a typical shrink fit holder model with four balancing holes and a cool-
ant channel. The taper of the holder is intentionally left out to consider the effect of the 
balancing holes in isolation. Now in the beam modelling approach, tool features can 
only be represented as hollow or full cylinders. Therefore, it is proposed to calculate 
an effective outer diameter (deff) of the balancing hole segment, area moments of iner-
tia (I) and cross-section area (A) based on the section (X-X) passing through the middle 
of balancing holes. The inner diameter of the segment corresponds to the coolant 
channel diameter (dcc). 

 
Figure 5.6 Method for modelling the balancing hole feature 

Verfahren zur Modellierung von Abschnitt der Wuchtbohrungen 

The balancing hole cross-section provides all the inputs required for calculating the 
effective geometric properties of the equivalent beam. Using the parametric inputs 
listed in Figure 5.6, a closed polygon representation of the cross-section can be cre-
ated without any CAD model. Based on this polygon, the cross-section area, area mo-
ments of inertia and subsequently the effective diameter can easily be calculated for 
any rotational position of the holder. The cross-section properties are then attributed 
to a beam segment which is as thick as the diameter of a balancing hole. This feature 
modelling method is integrated in the ‘Analytical Response Modelling Routine’ of the 
developed ‘CouplingTools’ software (see Appendix A.1). 

For the validation of the proposed feature modelling method, two holders with outer 
diameter of 35 mm and length 70 mm were custom manufactured with balancing holes 
and without any taper (identical to the one in Figure 5.6): one with four balancing holes 
(Th4H) and one with six holes (Th6H) as described in Figure 5.7. Analytical beam 
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models of each holder were created as a four-segment TIMOSHENKO beam, where the 
effective diameter and moments of inertia were calculated using the above proposed 
method. The compliance matrix at the ends of each of the beam segments were cal-
culated using the described TBM method (Section 5.2) and rigidly coupled with each 
other to obtain he compliance matrix at the ends of the complete beam model. In ac-
cordance with the ETMU approach, the analytical response model was extended by 
coupling the HSK-interface at one end applying Eq (5.2). Subsequently the displace-
ment-to-force collocated FRF at coordinate 6 (H6y6y

ITh ) of the extended holder model was 
calculated and obtained experimentally. The comparisons are presented in Figure 5.7. 

 
Figure 5.7 Validation of method for modelling balancing hole feature 

Validierung der Methode zur Modellierung von Wuchtbohrungen 

The predicted and reference FRFs show a very good correspondence for both tool 
holders. The resonance frequency as well as the anti-resonances could be predicted 
with good accuracy, indicating that the validity of the feature modelling method. The 
dynamic weakening effect is clearly observable in the shifting of the first bending mode 
from 7760 Hz to 7533 Hz for Th4H and Th6H respectively. For further comparison, an 
identical tool holder without any balancing holes was also experimentally analyzed. 
The corresponding first mode lies higher at 7974 Hz. This indicates that the effect of 
loss of dynamic stiffness due to the presence of balancing holes is greater than the 
effect of reduced mass. The proposed method can also be implemented in cases, 
where balancing masses in form of grub screws are inserted in the balancing holes. In 
these cases, the merely the shape of the section polygon must be modified by reducing 
the corresponding hole depth (hd). 

5.3.2 Modelling of holder-inserted tool segment  
Modellierung des Halter-Werkzeug-Abschnitts  

Since the tool and holder are made of different materials, the part of the holder with 
the inserted end mill is often modelled as a uniform composite beam, whose properties 
are a combination of the properties of the individual concentric beams [SCHM05; 
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SCHM06]. Here, it is assumed that the concentric beams share a common neutral axis 
during deflection and the effect of the holder-end mill joint stiffness and damping is not 
included. As an alternative, the internal, multipoint coupling along the length of the 
holder and end mill beams as EBBM is proposed in [SCHM06; SCHM19]. This requires 
the calculation of a large number of receptances and is hence not suitable for 
TIMOSHENKO beam modelling due to the comparatively higher computational effort. In 
[SCHM06], the equivalent mass (meq) and equivalent modulus-inertia product (EIeq) of 
the reference composite beam are derived easily because of their relation with beam 
diameter,  

Here, the subscript ‘o’ refers to the outer hollow beam (holder) and ‘i’ refers to the inner 
full beam (end mill or carbide blank). The calculation of other material properties of the 
composite beam such as density and damping loss factor are not explicitly described 
in literature. In the proposed feature modelling method, the relation of the individual 
beam’s cross-section area to the total cross-section area (A) is used for attributing 
properties to the composite beam. For example, the density of the composite beam is, 

In this way, all the equivalent geometric and material parameters of the composite 
beam can be obtained and the analytical response modelled can be derived by apply-
ing Eq. (5.6) to (5.20).  

For validation and analysis of the proposed feature modelling method, holder-tool seg-
ments of varying inner and outer diameters were created. As an analysis object, a 
hollow steel cylinder of length 64 mm outer diameter of 32 mm (do) and inner diameter 
di along with an inner carbide cylinder of the same diameter di was considered (Figure 
5.8a). Here again, the taper present on a real tool holder was left out in order to study 
the composite beam model in isolation. The diameter ratio di/do was varied from 0.25 
to 0.75. Real tool holders have a di/do-ratio that usually varies from 0.3 to 0.5 along the 
length of the taper. Values above 0.5 are not realistic and have been included merely 
for the sake of completeness. Now for each ratio, a composite beam was created using 
the proposed TBM approach. For validation, corresponding FE models of the concen-
tric beams were built, where the properties of inner and outer cylinders were retained. 
Figure 5.8b shows the plot of the relative error between the eigenfrequencies of the rth 
mode (first and second bending modes) obtained from the composite beam ( r

Comp) 
and FEM model ( r

FEM) over the diameter ratio. Additionally, the eigenfrequencies of 
uniform steel and carbide TIMOSHENKO beams are also calculated as reference. 

The negative values of relative error show that the composite beam slightly underesti-
mates the eigenfrequencies of the analysis object for all diameter ratios. Additionally, 
magnitude of relative error increases with increase in inner diameter. Nevertheless, 
the maximum relative errors are limited to merely -2.7 % and -4.2 % for the first and 
second bending modes for di/do-ratio between 0.3 and 0.5. This analysis gives an idea 

    EIeq 64 Eo do
4 di

4 Eidi
4 ; meq 4 o do

2 di
2

idi
2 L.   (5.21) 

    
eq

Ao

A o
Ai

A i. (5.22) 
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about the scale of error introduced due the composite beam abstraction using the pro-
posed method. The small error is deemed to be acceptable and the proposed method 
is implemented for the analytical modelling of the holder-tool segment.   

 
Figure 5.8 a) Dimensions of the analysis object;  

b) characteristics of relative frequency error 
a) Abmessung des Analyseobjekts; b) Verlauf des relativen Frequenzfehlers 

5.3.3 Modelling of tapered holder 
Modellierung des kegelförmigen Werkzeughalters 

Shrink fit holders are provided with a slight taper to allow for ease of clamping and 
unclamping of end mills. Since beam modelling can represent tool features only as 
hollow or full cylinders, the tapered section of the holder is usually modelled by multiple 
discrete slices of varying outer diameters. Now the following question arises: how many 
discrete slices are required to model the dynamics of the tapered segment with suffi-
cient accuracy and reasonable computational effort? Although previous works have 
utilized the slicing of tapered holder into shorter cylindrical beams [SCHM05; SCHM06; 
FILI09], the question of optimum number of discreet beams has not been analyzed.  

For the systematic analysis of this question, three different taper angles (3°, 4.5° and 
7°) are considered based on a brief survey of commercially available shrink fit holders. 
Thus, three non-hollow tapered steel cylinders of length 50 mm, lager diameter of 
40 mm and different taper angles are chosen as analysis objects. Each analysis object 
is now modelled using an FEM model with quadratic tetrahedral elements as well as 
using a sliced model of TIMOSHENKO beams. For the slicing, each analysis object is 
divided into one to seven number of cylindrical slices, where the outer diameters of the 
slices are varied linearly. The rigid, frequency based coupling of a set of slices repre-
sents the approximate dynamic behavior of the tapered analysis object. Applying the 
presented TBM approach and rigid coupling, the free-free FRFs at the ends of the 
tapered segment are obtained. Subsequently, the first bending frequencies are com-
pared with those derived from the FEM model and the relative errors are calculated for 
each analysis object and sliced sets (Figure 5.9a).   
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Based on the course of the relative errors, three main observations can be made: i) the 
smallest relative error is observed for the case of a single equivalent slice; ii) the error 
converges rapidly to about 3 to 4.5% with increasing number of slices; iii) for the 7°-
tapered analysis object, two slices lead to a significant relative error, whereas odd 
number of slices lead to smaller errors up to a point. The most probable cause for 
observation iii) is that the first bending mode results in the largest strain near the middle 
of the tapered beam. With the division of the beam into even number of equal slices 
(with different diameters), an interface lies exactly at the location of high strain. This 
amplifies the discretization error for even slices, especially for the two-slice model.  

 
Figure 5.9 a) Relative frequency errors of the first bending mode; 

b) Displacement-to-force FRF at the end of the 4.5°-tapered analysis object 
a) Relative Frequenzfehler der ersten Biegemode;  
b) Verlagerung-zu-Kraft-FRF am Ende des Untersuchungsobjekts mit 4,5°-Kegel 

It is interesting to note that irrespective of the taper angle, a single slice with the mean 
diameter of the tapered segment results in the smallest error. For further analysis, the 
FRF of the 4.5°-tapered analysis is illustrated in Figure 5.9b. Here, frequency range at 
the first bending mode is magnified for analysis. Increasing the number of slices seems 
to cause a certain stiffening effect, which leads to the shifting of eigenfrequency to 
higher frequencies than the reference. On the other hand, with merely two slices, the 
interface in the middle seems to dynamically weaken the assembly and shift the eigen-
frequency to the lower frequencies. The best correspondence and lowest computa-
tional time are achieved with the single slice approach. Therefore, based on the above 
analysis, a single equivalent slice with a mean diameter of tapered geometry is used 
for modelling the tapered holder segment. 
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5.4 Identification of joint properties and validation  
Identifikation von Fügestelleneigenschaften und Validierung 

The stiffness and damping effects between the holder and the clamped tool are caused 
mainly by the elastic deformation and the non-conservative slip of the micro asperities 
of the surfaces in contact. As seen in Subsection 2.4.3, several methods are proposed 
in literature for representing this joint behavior. In this thesis, the discreet massless 
SDE with one translational and one rotational degree of freedom is selected for math-
ematical modelling of the holder-tool joint feature. The complex stiffness matrix of such 
a spring-damper element is given by, 

where kxF corresponds to the translational stiffness and cxF to the equivalent transla-
tional frequency-dependent damping. Similarly, k M and c M correspond to the rota-
tional stiffness and damping factor, respectively. The cross-stiffness and damping 
terms are ignored for simplicity. Here, it is assumed that the SDE acts at the interface 
between the composite holder-tool segment and the overhanging tool, as shown in 
Figure 5.1. Such a feature model has been extensively used in literature and is hence 
an appropriate first case for demonstrating the efficiency of the ETMU approach. How-
ever, the proposed approach can also be applied for efficient parameterization of other 
joint models such as the uniform elastic layer or multiple point joint model as well. For 
this, merely the objective function formulation must be modified. 

For identifying the joint parameters between the shrink fit holder and a particular tool, 
first, a carbide blank of the same length and diameter as the tool is inserted in the 
holder with the same insertion depth. Subsequently, the joint model is parameterized 
based on the measured, freely constrained blank tip FRF. The assumption here is that 
the joint parameters identified for the carbide blank can be transferred to the joint be-
tween the holder and the end mill. This assumption is valid as long as the carbide blank 
and the tool are subject to identical geometric tolerances and surface roughness limits.  

As an example, the ETMU approach for joint identification is implemented for a shrink 
fit tool holder from HAIMER GMBH of the type A63.140.16 with an internal diameter of 
16 mm and an insertion depth of 50 mm. The holder of length 69 mm possesses four 
balancing holes and a tapered segment of 4° taper angle. The analytical beam model 
of the holder was created based on the findings from Section 5.3, which are imple-
mented in the developed ‘CouplingTools’ software. The equivalent diameter of the un-
balance hole segment was estimated to be 15.72 mm (refer Subsection 5.3.1). The 
tapered segment is modelled as a single cylindrical composite beam of the mean di-
ameter of the tapered segment (refer Subsection 5.3.3). The properties of the single 
composite beam are derived based on the ratio of the beam’s cross-section area to 
the total cross-section area (refer Subsection 5.3.2). Once the dimensions and prop-
erties of the individual beams of the holder model are defined, the TBM is used to 
obtain the compliance matrix at the ends of each beam. The individual slices are then 

     K kxF j cxF 0
0 k M j c M

 (5.23) 
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rigidly coupled to each other to get the analytical model of the holder including the 
inserted carbide cylinder denoted by ‘Th’. This is extended using Eq. 5.1 to obtain the 
compliance matrix at coordinate 6, G66

ITh. Now for obtaining analytical blank-tip FRF of 
the extended tool assembly, the interface-holder assembly (ITh) is elastically coupled 
with the carbide blank (C) using the following coupling equation, 

Here, the carbide blank is modelled as a single segment TIMOSHENKO beam. Consid-
ering only the displacement-to-force FRF, 

Initially, the above displacement-to-force FRF is calculated without the joint stiffness 
term, as the parameters are still unknown. This blank tip FRF of the rigidly coupled 
analytical tool assembly model is plotted in Figure 5.10b for the extended tool holder 
with carbide blanks of overhang lengths (Lo) of 50 mm and 100 mm. The corresponding 
blank tip FRFs are measured using the freely constrained measurement setup shown 
in Figure 5.10a.  

 
Figure 5.10 a) Freely constrained measurement setup; b) comparison of blank tip FRFs 

a) Messaufbau im freihängenden Zustand; b) Vergleich von Rohling FRFs 

    H33
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The influence of sensor mass loading on the measured FRF is compensated using the 
structural modification method [ÖZ A10]. The rigidly coupled and measured FRFs 
have similar courses, however, due to the missing joint parameters, the predicted FRF 
has resonance peaks located at relatively higher frequencies. The resonance peaks 
as well as anti-resonances are clearly observable in the FRF with a high SNR even up 
to 16 kHz. This is in contrast to the noisy reference measurements achieved using the 
experimental setup proposed in [MATT16]. Therefore, this comparison provides an 
ideal basis for updating the unknown joint parameters. 

The importance of accurate analytical modeling is also apparent from the Figure 5.10. 
The difference in the location of the eigenfrequencies is an indication of the unknown 
joint parameters. Only for an appropriately modelled extended tool assembly, can the 
difference in the rigidly coupled and measured system be attributed to the missing joint 
dynamics. Any errors in analytical tool modelling itself can be falsely compensated by 
the identified joint parameters. This is the reason for choosing the TBM and the sys-
tematic analytical holder-tool modelling proposed in this chapter.  

Three dominant eigenfrequencies are observable for both holder-blank assemblies in 
Figure 5.10b. These correspond to the first three bending modes of the feely con-
strained assembly as seen in the simulated vibration modes in Figure 5.11. The first 
bending mode mainly involves the vibration of the overhanging blank. A deformation 
of the holder and blank is observable in each of the mode shapes and therefore, the 
joint dynamics is expected to influence each of these modes. Thus, all three reso-
nances can be utilized for the identification of joint parameters. 

 
Figure 5.11 Mode shapes of the first three dominant resonance frequencies 

Schwingungsformen der ersten drei dominanten Resonanzfrequenzen 

Efficient optimization approach for joint identification 

Literature provides several approaches for identifying holder-tool joint parameters 
based on reference measurements. Some of them are: manual or visual tuning of pa-
rameters [ÖZ A15; SCHM19], parameter variation [AHMA07] and curve fitting or non-
linear optimization [PARK08; MATT16]. These approaches use an objective function, 
which reduces the difference between the predicted and measured FRF amplitudes 
within a large frequency range. This is suitable for reference FRFs measured in the 
clamped-free state in the spindle. For the freely constrained case, however, a much 
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better indicator of the influence of the joint stiffness is the location of the resonance 
peaks. This is because any change in joint properties results in a clear shifting of the 
relevant resonance frequencies. Hence, in the proposed approach, the objective func-
tion is defined to reduce the weighted difference between the location (frequency) of 
the predicted and measured resonance peaks. Additionally, the weighted difference of 
the absolute values of the FRF at the resonance peak is also considered, 

where, m corresponds to the frequency of the -th resonance peak of the measure-
ment and  to that of the calculated peak. W , Wabs are the weightages assigned to the 
-th frequency and absolute error, respectively. Where, the weightage on the frequency 

difference is set much higher (W Wabs) to enable a faster convergence of the optimi-
zation problem. The efficiency of this formulation results from two aspects: 

 First, the calculation of the objective function is simplified as only the FRF values 
at the resonance frequencies are required. 

 Second, the analytical response model has to be calculated only in the neigh-
borhood of the resonance frequencies as shown in Figure 5.10b.  

A genetic algorithm was utilized to solve the optimization problem so that a global min-
imum to the bounded problem could be found. The identified joint parameters were 
used to elastically couple the interface-holder assembly with the one segment beam 
representing the blank using Eq. (5.25). The resulting FRF is also plotted in Figure 
5.10b. A very good correspondence can be observed between the measurements and 
the prediction with identified join parameters. Both, the poles as well as the zeros could 
be matched very well and indicate accurate estimation. A summary of the proposed 
ETMU approach for joint identification is provided in Figure 5.12 in the form of a 
flowchart. Further analysis and validation are presented in the following.   

Analysis and validation  

A tool holder can be fitted with tools of varying lengths. Hence it is necessary to analyze 
the validity of the proposed approach for blanks with different (overhang) lengths. For 
this, the selected HAIMER holder was fitted with six carbide blanks of 16 mm diameter 
and varying lengths of 100, 110, 120, 130, 140 and 150 mm. Utilizing the maximum 
insertion length of 50 mm, gives overhang lengths Lo, ranging from 50 to 100 mm. 
Using the setup in Figure 5.10a, the freely constrained blank tip FRF H33m

IThC was meas-
ured for each holder-blank combination. Corresponding extended tool models were 
also created and the blank tip FRF predicted for the rigidly coupled assembly. Table 
5.1 lists the used blanks with the corresponding measured and predicted (without joint 
parameters) resonance frequencies for the first and second modes. These values are 
also plotted against overhang length in Figure 5.13.  

 

    
min W | m | Wabs H33,m

IThC ~ m H33
IThC ~

=1

 (5.26) 
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Figure 5.12 The ETMU approach for joint identification and fluted segment modelling 

Der ETMU-Ansatz zur Fügestellenidentifikation und Spannutmodellierung 

Both translational (kxf) and rotational (k M) stiffness show a decreasing trend with in-
creasing overhang. Between the minimum and maximum overhang, the identified 
translational stiffness reduces by 50.5 % and rotational stiffness declines by 25.0 %, 
indicating that the location of the resonance frequency of the assembly is more sensi-
tive to change in rotational than in translational stiffness. The decreasing trend corrob-
orates well with the decreasing relative difference between the predicted (without K) 
and measured resonance frequencies because a smaller magnitude of additional stiff-
ness is required to compensate for a small difference in resonance frequencies.  

Table 5.1 Details of carbide tools and identified joint stiffness 
Details der Werkzeugbaugruppen und ermittelte Fügestellensteifigkeit 

Tool 
holder 

Over-
hang 

length, 
Lo 

[mm] 

Identified stiffness 
Free-free 
measured  
frequency 

Free-free pre-
dicted freq. 
(without K) 

Relative 
difference 

 (without K) 

Adjusted 
joint  

damping 

kxF  

[N/m] 

k M 

[Nm/rad] 

1st 
Mode 

[Hz] 

2nd 
Mode 

[Hz] 

1st 
Mode 

[Hz] 

2nd 
Mode 

[Hz] 

1st 
Mode 

[%] 

2nd 
Mode 

[%] 

cxf  

[Ns 

/m] 

c M 

[Nms 

/rad] 

H
AI

M
ER

 A
63

.1
40

.1
6 

50 3.51 x109 2.67 x105 4030 8789 4495 9463 11.54 7.67 150 30 

60 3.39 x109 3.22 x105 3344 8181 3796 8502 13.52 3.92 150 30 

70 3.41 x109 2.15 x105 2869 7552 3227 7771 12.48 2.90 150 30 

80 2.98 x109 2.39 x105 2471 7026 2766 7140 11.94 1.62 150 30 

90 2.34 x109 2.22 x105 2150 6485 2422 6595 12.65 1.70 150 18 

100 1.70 x109 2.00 x105 1884 5935 2100 6084 11.46 2.51 150 10 
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However, for the same insertion length, there is no physical change in the joint when 
the overhang is increased. Other complex joint models that consider the variation of 
contact pressure and stiffness along insertion length like the continuous uniform dis-
tributed SDE model by REZAEI et al. [REZA12] or the multipoint RSCA joint model by 
SCHMITZ et al. [SCHM19] do not show a sensitivity to overhang length. These models 
provide a more realistic joint representation. The variation of joint parameters for the 
same insertion length is probably due to the composite beam-lumped SDE model, 
where the contact between the inserted tool and the holder is assumed to be rigid and 
the joint compliance is assumed to be acting at the interface between the composite 
beam and the overhanging tool. Therefore, a drawback of the SDE feature model is 
that the joint parameters have to be identified for each overhang length. However, this 
model can still accurately depict the joint behavior at different overhangs and is chosen 
in this work because of its simplicity and because the focus is on the method of identi-
fication. As mentioned previously, the proposed ETMU approach can also be imple-
mented to parameterize other joint models. 

 
Figure 5.13 Variation of resonance frequencies and identified joint stiffness with overhang 

Veränderung der Resonanzfrequenzen und der identifizierten Fügestellensteifig-
keit mit der Überhanglänge 

The identification of joint damping factors cxf and c M in the freely constrained state still 
remains a challenge for lowly damped structures. It was observed that the amplitude 
of the resonance frequencies in this state is extremely sensitive to the quality of impact 
and measurement setup such that a consistent, repeatable identification of joint damp-
ing was not possible. Hence, literature values for joint damping [ÖZ A15] were used 
as starting values in this study.  

Taking these values and the identified joint stiffness, the one-segment beam can be 
elastically coupled with the beam model of the holder to get the updated holder-blank 
assembly ‘ThC’. This can further be coupled to the experimental response model of 
any machine tool spindle such that the blank tip FRF in the clamped state (H33

SThC) can 
be predicted. In this way, the blank tip FRF was predicted in x-direction for all six com-
binations from Table 5.1. Here, the analytical models were coupled to the ERM of MCT 
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A, which was obtained using the combination of accelerometer and actuated impact 
hammer. The predicted blank tip FRFs for the analyzed overhang lengths are plotted 
in Figure 5.14. The corresponding reference FRFs H33m

SThC were measured with the help 
of a single-beam laser Doppler vibrometer and an impact hammer (Figure 5.15).  

 
Figure 5.14 Comparison of measured and predicted blank tip FRFs 

Vergleich der gemessenen und vorhergesagten FRFs an der Rohlingsspitze 



78 Analytical Response Modelling and Validation 

 
Figure 5.15 Measurement of blank tip FRF at MCT A 

Messung des FRF an der Rohlingsspitze an der WZM A 

The comparisons in Figure 5.14 show a very good correspondence in the amplitude 
and phase plots. The locations of the blank modes are also accurately predicted for all 
overhang lengths. This shows that the stiffness of the SDE model can be parameter-
ized accurately and reliably in the freely constrained state using the ETMU approach. 
The effect of decreasing blank vibration frequencies with increasing overhang length 
can also be observed in the predictions. The assumed values of equivalent viscous 
damping values taken from [ÖZ A15] resulted in acceptable correspondence at the 
resonance peaks. These were adjusted posteriori only for long overhangs of 90 and 
100 mm. However, the a priori experimental identification of the joint damping should 
be investigated in future works. 

5.5 Identification of effective fluted segment dia. and validation 
Idenifikation des effektiven Durchmessers des Spannutsegments und Validie-
rung 

In the framework of the ETMU approach, once the joint stiffness parameters have been 
identified, the carbide blank is replaced with the corresponding real tool with the same 
insertion and overhang length. The extended tool model is also modified by replacing 
the one-segment beam with the elastic coupling of a two-segment beam using the 
identified stiffness matrix (refer to Figure 5.1). The two segments are intended to rep-
resent the overhanging shank part of the real tool (Ts) and the fluted segment (Tf), 
respectively. Now, the collocated displacement-to-force FRF at coordinate 7, H77

IThT is 
chosen for updating the fluted segment model. The corresponding method is described 
below.  

Initially, the fluted segment beam diameter is taken as the shank diameter (ds). The 
shank segment Ts is then coupled elastically using the identified joint properties with 
the extended holder at coordinate 6 giving the compliance matrix at the free end of the 
shank as, 

    G77
IThTs G77

Ts G76
Ts G66

Ts G66
ITh K-1 -1G67

Ts . (5.27) 
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Applying the force equilibrium and compatibility conditions between the shank and the 
fluted segment at 7, gives the expression for the direct compliance matrix at coordinate 
7 of the complete, extended tool assembly, 

The compliance matrix G77
IThT includes collocated displacement-to-force FRF at coordi-

nate 7. Writing the above equation for the displacement-to force term, 

The corresponding reference FRF H77m
IThT, required for model updating, is obtained using 

the freely constrained measurement setup shown in Figure 5.16a. Here as well, an 
acceleration sensor is used to enable reliable measurement till higher frequencies 
(16 kHz) and its mass loading effect is compensated. A simple test bench for the quick 
measurement of freely constrained tool assemblies is described in Appendix A.2.  

 
Figure 5.16 a) Freely constrained measurement setup; b) comparison of FRFs at coord. 7 

a) Messaufbau im freihängenden Zustand; b) Vergleich der FRFs an Koord. 7 

Now, the unknown compliance matrix G77
Tf  in coupling Eq. (5.28) depends on the geo-

metric parameters of the equivalent fluted segment beam. Since the reference FRF is 
available, the geometric parameter (effective diameter, deff) can be varied until a good 
correspondence between the measured and predicted FRF is achieved. For this, the 

    G77
IThT G77

Tf G77
Tf G77

Tf G77
IThTs -1G77

Tf . (5.28) 
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same objective function (Eq. (5.26)) for minimizing the weighted error between the lo-
cation of simulated and measured eigenfrequencies is utilized. However, instead of the 
genetic algorithm, a simple, iterative, linear optimization algorithm was sufficient to ar-
rive near the optimum. 

The choice of the reference FRF at coordinate 7 for model updating has two main 
advantages: 

i) In the required coupling formulation (Eq. (5.28)), out of the four compliance matrices 
of the fluted segment beam Tf, only a single analytical compliance matrix G77

Tf  is 
required. This improves the efficiency of the optimization algorithm, as only the com-
pliance matrix at one end needs to be calculated.  

ii) The measurement of H77m
IThT on the shank is more convenient than tap testing on the 

free end of the fluted segment. This is because of the difficulty of attaching accel-
erometers on the tool edges and the risk of damage to impact hammer during tap 
testing. 

As an example, the H77
IThT FRF obtained experimentally and analytically for two real 

end-mills with tool diameter of 16 mm and overhang lengths of 58 mm (GARANT 
20225716) and 100 mm (HOLEX 20305916) are plotted in Figure 5.16b. For the analyt-
ical model, the initial diameter of the fluted segment is taken as the diameter of the 
shank (deff = ds). The simulated modal analysis of the tool assembly in Figure 5.11 has 
already shown that the bending of the overhanging tool or blank contributes signifi-
cantly to the first mode shape. Therefore, the first resonance provides an excellent 
reference for identifying the equivalent effective diameter. The higher bending modes 
do not include significant modal strains of the fluted segment alone. Hence, the corre-
spondence of the predicted FRF with deff is much more important at the first resonance 
than the higher ones. This can be considered in the optimization algorithm by adjusting 
the corresponding weightage for the frequency difference of the first mode. 

Similar to joint identification, the optimization is conducted only at frequency ranges 
near the resonance peaks. The effective diameter identified by the linear optimization 
algorithm is then used to modify the second beam of the two-segment beam. As a 
check, displacement-to-force FRFs H77

IThT with the identified effective diameters are 
also plotted in Figure 5.16b. Here as well, a good correspondence between the meas-
ured and predicted FRFs can be observed. Especially the first bending mode could be 
represented accurately. Clearly, the effective diameter is a simplification of the com-
plex tool geometry and cannot capture all dynamic effects corresponding to the higher 
modes. The following experimental implementation and validation shows that this sim-
plification provides sufficiently accurate prediction without extensive modelling effort. 

Analysis and Validation 

Four carbide end mills of different diameters, lengths, number of teeth, fluted lengths 
and helix angles were chosen for validating the identification of the effective diameter. 
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Each assembly of end mill and holder was analyzed for its joint stiffness using a cor-
responding carbide blank as proposed in Subsection 5.4. The details of the used hold-
ers, tools and identified joint stiffness are listed Table 5.2. Effective diameter of the 
fluted segment for each tool was identified based on the measured FRF H77m

IThT of the 
extended tool assembly as already introduced in this subsection.  

Table 5.2 Details of end mills used for validation and identified parameters 
Angaben zu den für die Validierung verwendeten Schaftfräsern und den identifi-
zierten Parametern 

Assem-
bly  

Holder End mill 
Over-
hang 
[mm] 

No. 
of 

teeth 

He-
lix 
[°] 

ds 

[mm] 

Tool 
dia. 

[mm] 

deff 

[mm] 

Fluted 
seg-
ment 
[mm] 

Joint  
stiffness 

kxF 
[N/m] 

Joint 
damping 

k M 
[Nm/rad] 

A 
GÜHRING 

472625063 
GARANT 

20304125 
85 4 38 24.5 25 20.66 80 

2.87 
x1010 

6.34 x105 

B 
HAIMER 

A63.140.20 
GARANT 

20227120 
74 3 45 19.5 20 15.9 49 

2.40 
x1010 

5.95 x105 

C 
HAIMER 

A63.140.16 
GARANT 

20303816 
100 4 38 15.5 16 12.8 41 1.70 x109 2.00 x105 

D 
HAIMER 

A63.140.10 
GARANT 

20702810 
58 2 45 9.4 10 6.22 31 8.43 x108 3.85 x104 

The identified translational and rotational joint stiffness show a decreasing trend with 
decreasing contact surface area (smaller diameter shafts have shorter insertion depths 
and thus lesser contact area compared to bigger diameter shafts). This trend is coher-
ent with the findings of [LIAO17], where a nearly linear relation between insertion depth 
and joint stiffness could be observed. However, further study is required to establish 
correlations between contact area, radial interference, surface roughness and joint 
stiffness. This is not within the scope and aims of this thesis.  

For validation, each tool assembly was clamped in the main spindle of the 4-axis 
MCT A and the tool tip FRF in x-direction was obtained using the vibrometer and the 
impact hammer. For the analytical model, the updated two-beam sub-assembly repre-
senting the end mill is elastically coupled to the tool holder model. The resulting up-
dated holder-tool model (ThT) is then rigidly coupled with an appropriate ERM of 
MCT A to give the tool tip FRF H88

SThT (refer Eq. (4.2)). Note that the four different tool 
holders have different diameters at the interface end. Therefore, four cylindrical adapt-
ers of corresponding diameters were used for obtaining four ERMs at MCT A. The 
predicted and measured tool tip FRFs of the clamped tool holder assemblies are plot-
ted in Figure 5.17.  

Assembly A: The four fluted end mill of 25 mm and 85 mm overhang represents the 
largest considered holder-tool assembly. The FRF of the updated model corresponds 
well with the reference FRF in Figure 5.17. Two tool vibration modes at 1305 Hz and 
1430 Hz could be predicted, but with a certain error. Due to the relatively long fluted 
segment, any estimation errors of the effective diameter will have a significant influ-
ence on the predicted FRF.  
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Figure 5.17 Comparison of measured and predicted tool tip FRFs 

Vergleich der gemessenen und vorhergesagten FRFs an der Werkzeugspitze 
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Nevertheless, the dominant modes, the quasi-static and dynamic behavior at lower 
frequencies (<1300 Hz) could be estimated with sufficient accuracy. Modelling the 
fluted segment as a full cylinder leads to erroneous predictions and motivates the need 
for a reduced level of abstraction. 

Assembly B: For the 20 mm end mill with three teeth, eigenfrequencies of the tool 
bending modes (1320 Hz and 1471 Hz) as well as the quasi-static, dynamic compli-
ance could be predicted with good accuracy. In this case, the phase drop below -90° 
at the resonance frequencies could be accurately predicted. 

Assembly C: Due to the long overhang of the four fluted end mill, the tool bending 
modes are located at lower frequencies and thus interact with the machine and spindle 
modes (at 880 Hz). Although a certain deviation is observed at around 1120 Hz, the 
dominant vibration mode as well as the quasi-static stiffness could be estimated with 
sufficient accuracy.  

Assembly D: The 10 mm ball nose cutter with only two teeth represents a challenging 
case for modelling as well as for reference measurement. The excitation and displace-
ment measurement at the very end of the tool and exactly in x-direction is difficult due 
to the rounded ball nose and the smaller number of flutes. The dominant tool mode at 
2494 Hz could be predicted accurately using the estimated effective diameter of 
6.22 mm. The dynamic characteristics at lower frequencies matches with the run of the 
reference, but a deviation in amplitude is observed. This results from the simplified 
equivalent model as well as the difficulties in exact reference FRF measurement.  

Independent of the fluted segment properties (helix angle, fluted length, diameter, 
teeth, etc.), the proposed approach for fluted segment modelling and subsequent up-
dating resulted in sufficiently accurate predictions of the considered tool tip FRFs. This 
is despite the low modelling and measurement effort required. An estimation of the 
dominant tool mode as well as the quasi-static behavior without extensive modelling is 
enough for predicting the surface location error due to tool deflection and for avoiding 
excitation of dominant resonance frequencies through the milling process. 

Conclusions 

This chapter proposes the extension of the beam model of the holder and tool or blank 
such that it can be updated using experimentally obtained FRFs of the tool assembly 
in freely constrained state. In this way, different unknown parameters can be identified 
accurately and without blocking the machine tool. For model updating in the freely con-
strained condition, the analytical response modelling using TIMOSHENKO beam theory 
is indispensable. Inaccurate modelling of holder features leads to a significant shifting 
of eigenfrequencies. Therefore, different feature models are developed, analyzed and 
validated.  

The prediction of carbide blank tip FRF of the extended model with the rigid coupling 
of the one-segment beam led to resonance frequencies, which were slightly higher 
than the measured resonance frequencies. This difference was a reliable indicator of 
the joint stiffness such that elastic coupling with the identified stiffness resulted in a 
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good conformance with the measured free-free FRF up to 16 kHz. The validation by 
comparing the measured and analytical tip FRF of the holder-blank assembly in a ma-
chine spindle confirmed that the stiffness values were correctly identified. Similarly, the 
comparison of freely constrained FRFs between the shank and flutes (at point 7) 
showed that an effective diameter of fluted segment could appropriately describe the 
dynamic behavior of the real tool for the first modes. The choice of point 7, for compar-
ing the dynamics, greatly facilitates the identification problem. The tool tip FRF could 
be predicted with reasonable accuracy for different tool diameters, fluted lengths, helix 
angels and number of teeth. This rough prediction can be used for process planning 
by avoiding the excitation of critical chatter frequencies. If a more accurate prediction 
of stability boundaries is required, a more detailed flute model is necessary. Hence, a 
sufficiently accurate, updated model of the holder-tool assembly could be achieved 
with only two offline reference FRF measurements, thereby increasing the efficiency 
of the tool modelling process. 
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6 Tool Tip-SIDS Transfer Function Prediction and 
Uncertainty Propagation 
Prognose der Werkzeug-SIDS Übertragungsfunktion und Unsicherheitsfort-
pflanzung 

In this chapter, the developed tool coupling framework is extended by including the 
spindle integrated sensor plane in the coupling calculations (Section 6.1). A key ele-
ment for the coupling calculation is the development of a method for experimental mod-
elling and uncertainty quantification of the transfer function between the spindle-holder 
interface and the sensor unit, G54

S  (Section 6.2). Subsequently, the uncertainty on the 
transfer function matrix is propagated onto the predicted tool tip-SIDS transfer function 
and systematically analyzed (Section 6.3). Here, the influence of uncertainty of individ-
ual FRFs of the spindle substructure on predicted transfer functions is also studied. 
The obtained transfer-functions with uncertainty bounds for different tools are then val-
idated by comparing with the measured transfer functions (Section 6.4).  

6.1 Extension of tool coupling planes 
Erweiterung der Kopplungsebenen 

The motor spindle concept used and analyzed in this chapter was developed at the 
WZL as part of a research project. Here, the motor spindle consists of a shaft-mounted 
aluminum alloy disc with six eddy-current sensors, three of which measure orbital dis-
placements and three measure axial displacements of the disc [BREC18b; BREC19c]. 
An abstracted sketch of the spindle and the coupling planes is provided in Figure 6.1, 
where the disc with the SIDS is represented as plane 5.  

 
Figure 6.1 Coupling planes for the prediction of the tool tip-SIDS transfer function  

Kopplungsebenen für Prognose der Werkzeug-SIDS Übertragungsfunktion 

The orbital as well as the axial sensors are radially separated from each other, for 
example by 120°. Due to this radial separation, the difference in displacements at the 
three axial sensors can be used to estimate the rotational deflections about both the 
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radial directions, x,5 and y,5. Additional to the displacements, the angular position of 
the shaft ( z) from the encoder signal is also recorded synchronously. This is required 
for compensating systematic errors occurring every revolution of the spindle such as 
run-out (including roundness and concentricity error of the disc) and errors due to spin-
dle kinematics [BREC18b; BREC19c]. These kinematic errors are first recorded during 
an air-cutting step and subsequently removed from the measurement during cutting. 
The tool interface of the spindle is of type HSK-63 A and is assembled in MCT B.  

For the prediction of the tool tip-SIDS transfer function matrix G58
SThT, the updated ana-

lytical tool substructure ThT must be rigidly coupled with the interface-spindle substruc-
ture S at coordinate 4. Here, the spindle substructure consists of two coupling planes: 
4 representing the interface flange-end and 5 representing the disc with the SIDS. As 
an example, the derivation of coupling equation is obtained for the yz-plane. Applying 
compatibility condition for rigid coupling at 4 gives, 

 y4
ThT y4

S and x,4
ThT

x,4
S  (6.1) 

or in vector form, 

 
u4

ThT y4
ThT

x,4
ThT u4

S y4
S

x,4
S . (6.2) 

The compliance matrices of the individual substructures to be coupled as shown in 
Figure 6.1 are, 

 u4
ThT G48

ThTq8
ThT; u4

ThT G44
ThTq4

ThT (6.3) 

for the analytical tool-holder-tool substructure and, 

 u4
S G44

S q4
S; u5

S G54
S q4

S (6.4) 

for the experimentally obtained response model of the spindle substructure. Here, q 
represents the two DOF excitation vector at the unassembled substructure coordi-
nates. In order to obtain the tool tip-SIDS transfer function matrix, an excitation vector 
Q8

SThT is applied at coordinate 8 (U8
SThT) of the spindle-holder-tool assembly. Assuming 

collocation of u8
ThT and U8

SThT, the displacements at coordinate 4 are given by, 

 u4
ThT G44

ThTq4
ThT G48

ThTQ8
SThT; u4

S G44
S q4

S. (6.5) 

Substituting above equation in the compatibility condition (Eq. (6.2)) gives, 

 G44
S q4

S G44
ThTq4

ThT G48
ThTQ8

SThT 0. (6.6) 

Applying force equilibrium condition at the coupling or interface coordinate 4, 

 q4
ThT q4

S 0. (6.7) 

Substituting the above equation in Eq. (6.6) and solving for q4
S by eliminating q4

ThT, 

 q4
S G44

S G44
ThT -1

G48
ThTQ8

SThT. (6.8) 
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Now the required transfer function is ratio of the dynamic response at coordinate 5 due 
to an excitation at coordinate 8 for the assembled system, 

 G58
SThT U5

SThT

Q8
SThT

G54
S q4

S

Q8
SThT  G54

S G44
S G44

ThT -1
G48

ThTQ8
SThT

Q8
SThT . (6.9) 

Here as well, it is assumed that for the assembled system, the DOFs at 5 are collocated 
(u5

S U5
SThT). Cancelling the common term in numerator and denominator,  

 G58
SThT G54

S G44
S G44

ThT -1
G48

ThT H58
SThT L58

SThT

N58
SThT P58

SThT

y5
SThT

F8
SThT

y5
SThT

M8
SThT

x,5
SThT

F8
SThT

x,5
SThT

M8
SThT

. (6.10) 

One can arrive at the same equation as above by applying the LAGRANGE multiplier 
formulation for frequency based substructuring. The utilized approach was chosen, as 
it is simpler and provides a more intuitive representation of the coupling terms. The LM 
FBS formulation is used in the next section for the propagation of uncertainties from 
the individual FRFs to the coupled system FRFs. Using Eq. (6.10), the complete 2x2 
tool tip-SIDS transfer function can be calculated. Now the question arises: which of the 
elements of the matrix G58

SThT should be used for force prediction? The aim of this work 
is to estimate the process forces at the tool tip (perpendicular to rotation axis) and not 
the occurring bending moment. This represents an important boundary condition for 
answering the previous question and thus precludes the use of P58

SThT and L58
SThT for 

force prediction. Since the SIDS system can measure translation as well as rotation 
(y5

S, x,5
S ), both, the displacement at SIDS to force at tool tip FRF (H58

SThT) as well as 

rotation-to-force FRF (N58
SThT) can be used for force estimation. Considering only the 

terms for calculating H58
SThT from equation (6.10), 

 H58
SThT H54

S L54
S H44

S L44
S

N44
S P44

S
H44

ThT L44
ThT

N44
ThT P44

ThT

-1

H48
ThT

N48
ThT . (6.11) 

Now considering only the terms for calculating N58
SThT, 

 N58
SThT N54

S P54
S H44

S L44
S

N44
S P44

S
H44

ThT L44
ThT

N44
ThT P44

ThT

-1

L48
ThT

P48
ThT . (6.12) 

The terms G48
ThT and G44

ThT in Eq. (6.10) are obtained analytically from the updated 
holder-tool assembly as shown in Chapter 1. The terms corresponding to the collo-
cated dynamics at coordinate 4 (G44

S ) are obtained experimentally by the decoupling of 
an adapter using the methods developed in Chapter 4. Now the terms associated with 
the transfer function matrix between the holder-spindle interface and SIDS, G54

S , must 
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also be obtained experimentally. Thus, the prediction of the tool tip-SIDS transfer func-
tion is based on two different experimental compliance matrices (G44

S , G54
S ) obtained 

from two different measurement campaigns. Although the ERM of a substructure con-
tains all the necessary compliance matrices, the spindle-interface substructure is de-
fined to have two ERMs for the sake of clarity and differentiation.  

Now, depending on whether H58
SThT or N58

SThT is to be predicted for process force esti-
mation, different elements of the G54

S  matrix have to be measured or calculated. 

As seen in Eq. (6.11), for predicting H58
SThT, the knowledge of L54

S  is required. This refers 
to the FRF obtained by applying a moment excitation at 4 and measuring the lateral 
displacement at 5. Such an FRF cannot be measured directly as application of pure 
moment excitation is not practically realizable. Additionally, the displacement-to-mo-
ment FRF L54

S  cannot be equated to the rotation to force FRF N54
S  by application of 

MAXWELL’s reciprocity theorem, 

 L54
S N54

S . (6.13) 

Thus, the convenience of direct measurement of N54
S  using SIDS cannot be utilized 

and L54
S  must be obtained using a different approach. The modal parameter expansion 

approach, which was used in Subsection 4.3.1 for the estimation of rotation-to-moment 
FRFs, is adopted here again for the calculation of L54

S . The proposed procedure is in-
troduced in Subsection 6.2.4. 

For predicting N58
SThT using Eq. (6.12), the required rotation-to-force FRF at the spindle 

substructure N54
S  can be measured by applying a dynamic radial force at the spindle 

interface (coordinate 4) and measuring the corresponding rotation using SIDS. How-
ever, the rotation-to-moment FRF P54

S  can neither be measured nor be calculated using 
SCHMITZ’s formulation because of the inequality in Eq. (6.13). Here again, the modal 
parameter expansion approach can be applied.  

Thus, both options require modal parameter expansion for the estimation of the un-
known FRF and involve comparable analysis effort. In this chapter, the prediction of 
the displacement to force FRF H58

SThT is demonstrated. Indeed, the same approach can 
be applied for predicting N58

SThT.  
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6.2 Measurement of interface-SIDS transfer function and uncer-
tainty quantification  
Vermessung der Schnittstelle-SIDS Übertragungsfunktion und Quantifizierung 
von Unsicherheiten 

As seen in the previous section, the response models of the unassembled spindle sub-
structure at coordinate 4 and 5 (G44

S , G54
S ) must be obtained experimentally for subse-

quent coupling calculations. Clearly, both these compliance matrices contain certain 
magnitude of additive measurement noise. However, the focus of this chapter is on the 
quantification and propagation of measurement uncertainty of the G54

S  transfer function. 
The measurement of the relevant terms of the transfer function G54

S  requires dynamic 
excitation at coordinate 4 at the holder-spindle interface and displacement measure-
ment at the SIDS coordinate 5. Due to the spatial separation between excitation and 
measurement coordinates, a poorer signal-to-noise ratio is observed at the SIDS com-
pared to collocated measurements. The presence of the significant GAUSSIAN random 
noise on the true displacement signal introduces measurement uncertainty, which af-
fects not only the transfer function but also the subsequent coupling calculations. It is 
therefore advantageous to estimate the experimental transfer functions H54

S  and N54
S  

along with the quantification of measurement uncertainties on each FRF. Although N54
S  

and its uncertainty quantification is not required for the prediction of H58
SThT, it is still 

considered for the sake of completeness and comparison. The focus is on the quanti-
fication of uncertainty purely due to additive measurement noise and not due to sys-
tematic errors, thermal effects, mass loading, etc. This section is organized as follows: 

1. Firstly, the excitation method and measurement setup are introduced for esti-
mating the transfer functions while also enabling the subsequent statistical anal-
ysis for uncertainty quantification (Subsection 6.2.1). 

2. Secondly, a method for consistent transformation of time data to frequency do-
main transfer function is provided (Subsection 6.2.2). 

3. Thirdly, the uncertainty on the transfer functions is quantified and analyzed 
(Subsection 6.2.2) 

6.2.1 Measurement and excitation method 
Mess- und Anregungsmethode 

Aim of the measurement campaign is to obtain the displacement-to-force transfer func-
tion H54

S  and rotation-to-force transfer function N54
S  along with uncertainty bounds in the 

same experimental setup. This means that the measurements must be repeated mul-
tiple times in order to perform statistical analysis for uncertainty quantification. The 
‘moment method’ proposed in [KLER08a; VOOR10; TRAI20] is used here for the quan-
tification and propagation of uncertainties. The key idea is that statistical moments can 
be used for describing the probability distribution of variables, which can then be used 
to obtain bounds of uncertainty with a certain confidence level. Random measurement 
noise follows a GAUSSIAN distribution and only the first two moments, i.e. mean and 
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variance are sufficient to fully describe the distribution function [BEND10]. The as-
sumption here is that the input and output signals contain only random errors and neg-
ligible systematic errors. Presence of systematic errors changes the probability distri-
bution and further moments are necessary for its description. Thus, an important crite-
rion for the choice of the excitation setup is that purely measurement noise is over-
lapped with true displacement or force signals.  

During dynamic excitation with manually operated impact hammers, the orientation 
and impact location can only be controlled to a certain extent. Even automated impact 
hammers have a finite impact location accuracy and precision. Thus, impact based 
excitation introduces a certain bias error in the measurements (referred to as ‘operator 
bias’ in [MEGG18]). Although these errors can be expected to be small [KIM07], they 
can be avoided by using a modal shaker or a piezoelectric actuator. Once setup, the 
excitation location and orientation does not change for these actuators. Hence, the 
operator and instrument bias which can cause inter-FRF correlation between the sim-
ultaneously measured FRFs [MEGG18] is prevented. This implies that, if identical ex-
citation signals are repeated, the difference in force and displacement amplitudes 
would most likely occur only due to random external influences (measurement noise). 
Therefore, an excitation using piezoelectric actuator is chosen for FRF measurement 
and uncertainty quantification. Although this corresponds to a relative excitation, the 
approximate equivalence of relative and absolute excitations is applied by confirming 
the preconditions stated in Subsection 4.2.1. Table 6.1 compares the different excita-
tion approaches with respect to their suitability for measurement uncertainty quantifi-
cation. 

Table 6.1 Suitability of excitation methods for transfer function measurement 
Eignung der Anregungsmethoden zur Vermessung von Übertragungsfunktionen 

 
The motor spindle described in Section 6.1 with the integrated displacement sensors 
is assembled in the 5-axis horizontal milling machine (MCT B). To enable the excitation 
of the unassembled interface-spindle substructure at 4, a dummy tool with an HSK-A 
63 interface was sawed off and the interface part was clamped in the spindle (Figure 
6.2). This is termed as a stub. For demonstration, the measurements and coupling 
calculations are conducted for the yz-plane. Therefore, the interface is excited in the 
y-direction and the displacements are measured at the y and x degrees of freedom of 
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the SIDS. The rough location of the plane of the SIDS is also shown in Figure 6.2. A 
piezoelectric actuator with a capacitive force sensor is oriented in the y-direction and 
placed between the workpiece table and the interface. A static preload of about 250 N 
was applied. For the dynamic excitation, a ten-second bidirectional quadratic sine 
sweep between 0 Hz and 2000 Hz was chosen. The quadratic nature ensures that 
sufficient spectral energy is available at lower frequencies as more time is allotted to 
long-wavelength frequencies. A single bidirectional sweep is considered one measure-
ment block and the displacement response to this excitation is used to estimate a sin-
gle FRF. For statistical analysis, the same sweep is applied repeatedly with a pause of 
one second between two blocks. The pause acts as a trigger for the recognition of the 
start and end time of one measurement block. The use of multiple, identical excitation 
blocks is similar to the Operational System Identification method from [KLER07] but 
instead of using fully deterministic pseudo-random noise, the quadratic sine sweep is 
utilized as it resulted in better signal quality. Figure 6.2 shows schematically how each 
measurement block is transformed to the frequency domain and then the FRF is esti-
mated for the corresponding block.  

 
Figure 6.2 Transfer function measurement setup and schematic signal processing 

Messaufbau zur Ermittlung der Übertragungsfunktion und Ablauf der Signalver-
arbeitung  
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6.2.2 Transfer function estimation 
Schätzung der Übertragungsfunktion 

The raw displacement response to the force excitation measured at the six SIDS must 
be first transformed to the displacements y and x of the coordinate 5. This is realized 
by solving the rigid plane equation based on the geometry of the sensor arrangement. 
The simultaneous measurement of y and x due to excitation force corresponds to a 
SIMO system. However, both the output directions are taken to be independent varia-
bles and their inter-FRF correlation is assumed negligible. Each measurement block 
now has to be windowed and transformed to the frequency domain using a Fast 
FOURIER Transformation (FFT) algorithm. Although the blocks are periodic and have a 
common start at end value, a multi-window approach is adopted instead of a single-
window approach as in [VOOR10]. This ensures that no leakage occurs due to meas-
urement noise and discretization errors of excitation (volt) signal. Indeed, it is recog-
nized that a higher number of windows averages out random errors and hence influ-
ence the magnitude of uncertainty. Especially if zero padded FFTs are calculated. On 
the other hand, windowing reduces unnecessary high frequency resolutions. There-
fore, a minimum number of windows, which give the desired frequency resolution of 
the FFT without zero-padding, is chosen. In the case of the used data acquisition sys-
tem, which samples at 50 kHz, ten HANN windows of 2 seconds each are applied with 
an overlap of 50 %, so that a frequency resolution of 0.5 Hz is achieved (Figure 6.3, 
left). This signal processing must be applied identically to each measurement block to 
avoid bias errors. The non-parametric FRF of the corresponding block is then esti-
mated using an H1 estimator which assumes noise on the output signal. The FRFs of 
the first five measurement blocks estimated using the proposed windowing and esti-
mation method are also shown in Figure 6.3, right. 

 
Figure 6.3 Windowing of a force and displacement block and five exemplary block FRFs 

Fensterung von Kraft und Verlagerungssignal eines Blocks und FRFs von fünf 
exemplarischen Blöcken 

6.2.3 Uncertainty quantification 
Quantifizierung von Unsicherheiten 

The multiple measurement blocks serve as a basis for the statistical analysis required 
for uncertainty quantification. Now, this analysis can be applied at different stages of 
FRF estimation: i) on the time domain data of force and displacement, ii) FOURIER 
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transform of the time domain data [KLER08a; VOOR10], or iii) the FRF itself can be 
treated as a random variable [TRAI20]. All approaches should produce equivalent re-
sults, however, options i) and ii) require the additional step of propagating uncertainties 
to the FRF estimate. Therefore, to avoid this additional step, statistical moments are 
calculated here on the complex FRF itself, which significantly reduces the analysis 
effort.  

It is important to note that measured FRFs are complex-valued random variables and 
that the treatment of uncertainty differs significantly from real-valued variables. For ex-
ample, the calculation of the statistical moment of variance requires not only the cal-
culation of variance of the real and imaginary parts but also the covariance between 
them. For a complex random variable, z Re jIm, the bivariate variance-covariance 
matrix is given as [RIDL02; MEGG18], 

  var(z)  var Re covar Re,Im
covar Re,Im var Im . (6.14) 

The analysis is simplified here by ignoring the correlation between the real and imagi-
nary parts (intra-FRF correlation). This reduces the above matrix to a diagonal matrix. 
Apart from this, an assumption was made in Section 6.2.2 that the inter-FRF correlation 
is negligible as operator and instrument bias is avoided by the piezoelectric actuator. 
This gives the correlation between the two measured complex random variables, 
var(H54

S ,N54
S ) 0, which further simplifies the statistical analysis.  

Quantification of Uncertainty on H and N-terms 

The measurement blocks obtained from the test setup in Figure 6.2 are now analyzed 
statistically. Let us say that Nb number of blocks are measured giving Nb FRFs of each 
transfer function: H54,1S , H54,2S , H54,3S , … H54,Nb

S  and N54,1S , N54,2S , N54,3S , … N54,Nb
S . Each FRF is 

a complex-valued vector of length Nf. For brevity, the statistical analysis of only the 
displacement-to-force transfer function H54

S  is shown here. The sample mean of the 
real and imaginary components at each frequency step are given by, 

  Re(H54
S )  

1
Nb

Re(H54,b
S )

Nb

b 1

; Im(H54
S )  

1
Nb

Im(H54,b
S )

Nb

b 1

 (6.15) 

where, b is the block number. Similarly, the dispersion of the random variables about 
the mean is estimated from the standard deviation, 

 ReH
1

Nb
Re(H54,b

S )  Re(H54
S )

2
Nb

b 1

 (6.16) 

 ImH
1

Nb
Im(H54,b

S ) Im(H54
S )

2
Nb

b 1

. (6.17) 
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The above moments describe or estimate the probability distribution of the sample real 
and imaginary terms. However, this is based on one random sample of Nb blocks and 
the true or expected value of the statistical moments can deviate from those of the 
sample. Now, the statistical moment of interest for frequency based substructuring is 
indeed the mean of the real and imaginary parts of the FRFs [KLER08a]. Therefore, it 
is important to estimate how the sample mean deviates from the true mean. This can 
be estimated by the calculating the standard deviation of the sampling distribution of 
the sample mean (also called standard error), given as [BEND10], 

 ReH
ReH

Nb
;  ImH

ImH

Nb
 (6.18) 

Note that the sampling distribution of the sample mean will also have a GAUSSIAN dis-
tribution [KIRK06]. Now, the standard error is a point estimator of the true mean and 
offers only a limited amount of information. It is much more useful to estimate an inter-
val within which, the true mean value lies with a certain confidence level. This interval 
represents the uncertainty associated with the mean value of the random variable. For 
a given confidence level, the corresponding standard normal variable Z is calculated 
and the interval on the true mean value is established as, 

 Re(H54
S ) Z ReH

Nb
Re(H54

S ) Re(H54
S ) Z ReH

Nb
 (6.19) 

for the real part and, 

 Im(H54
S ) Z ImH

Nb
Im(H54

S ) Im(H54
S ) Z ImH

Nb
 (6.20) 

for the imaginary part. Now the uncertainties on the means of the real and imaginary 
components of the FRF for a 95% confidence level can be expressed by the terms, 

 ReH 1.96 ReH

Nb
;  ImH 1.96 ImH

Nb
 (6.21) 

and the complex uncertainty is thus, 

 H54
S

ReH j ImH. (6.22) 

Although the uncertainties are now quantified on the real and imaginary parts, a more 
desirable representation of the uncertainty is in the form of upper and lower bounds on 
the amplitude and phase plot. The bounds on the amplitude are calculated in the con-
ventional way, 

 LBamp H54
S H54

S ; UBamp H54
S H54

S  (6.23) 

Now, the phase of the uncertainty is not merely dependent on its real and imaginary 
components but also on the amplitude of mean FRF as shown in [TRAI20], 
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 H54
S tan-1

H54
S

H54
S . (6.24) 

The bounds on the phase can now be calculated, 

 LBpha H54
S H54

S ;  UBpha H54
S H54

S . (6.25) 

As part of the measurement campaign using the test setup from Figure 6.2, the coor-
dinate 4 was excited with Nb = 100 blocks of the sweep function. Subsequently, the 
corresponding 200 transfer function FRFs were analyzed statistically using the method 
described in this section. The uncertainties on the mean of the real and imaginary parts 
are represented in terms of bounds on amplitude and phase of the FRFs in Figure 6.4 
along with the corresponding mean values.  

 

Figure 6.4 Uncertainty quantification and confidence intervals on H54
S  (left) and N54

S  (right) 

Unsicherheitsquantifizierung und Konfidenzintervalle für H54
S  (links) und N54

S  
(rechts)  

It can be observed that, for both measured FRFs, the uncertainty amplitudes are an 
order of magnitude smaller than the mean values. Comparatively higher amplitude and 
phase uncertainties are observed at quasi-static frequencies between 0 - 100 Hz. The 
course of the relative amplitude error shows increases at zeros (or anti-resonances) of 
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the FRF. For example, at ca. 1170 Hz, 1500 Hz for H54
S  and 580 Hz, 1400 Hz for N54

S . 
This behavior is expected due to the higher dynamic stiffness of the structure at its 
anti-resonances. Whereas a 4 - 5 % relative amplitude error is observed for the dis-
placement-to-force FRF, a slightly lower relative error of 3 - 4 % is seen for the rotation-
to-force FRF. The absolute uncertainty on the phase remains mostly in the range of 2° 
- 4° for both FRFs. Overall, it can be said that the quantified measurement uncertainty 
for Nb = 100 blocks and at a confidence level of 95 % appears to be insignificant at 
frequencies above 100 Hz. Clearly, increasing the number of measurement blocks can 
further reduce the uncertainty levels. It is also necessary to understand how these 
uncertainties are propagated and amplified through the coupling calculation. This as-
pect dealt later in Section 6.3.  

6.2.4 Estimation of the L-term with modal parameter expansion 
Schätzung des L-Terms durch Erweiterung der modalen Parameter 

The coupling calculations for predicting the tool tip-SIDS FRFs (Eq. (6.11), (6.12)) in-
clude one term each, which cannot directly be measured. For the prediction of H58

SThT, 
the displacement-to-moment FRF at the interface-spindle substructure, L54

S  is required. 
Figure 6.5a shows the compliance matrix of this substructure and highlights the re-
quired and measurable FRF. The inspection of the first column of the matrix, 

H44
S  N44

S  H54
S  N54

S T
 shows that all the terms of this column can either be directly meas-

ured (H54
S , N54

S ) or obtained by decoupling of the adapter (H44
S , N44

S ). The latter can also 
be obtained by the attachment of additional sensors at coordinate 4 during the meas-
urement of the interface-SIDS FRFs. For example, by attaching an accelerometer for 
measuring y4, the H44

S  FRF can be obtained in the same measurement setup (Figure 

6.5b). Similarly, with use of a rotational accelerometer, the FRF N44
S  can also be directly 

measured. However, this option was not explored in this work and FRF was obtained 
through adapter decoupling. Figure 6.5b summarizes the sources of the FRFs used for 
modal parameter estimation.  

 
Figure 6.5 a) Compliance matrix of the interface-spindle substructure 

b) Sketch of interface-spindle substructure with excitation and response DOFs 
a) Nachgiebigkeitsmatrix der HSK-Spindel-Baugruppe   
b) Skizze der HSK-Spindel-Baugruppe mit Anregungs- und Antwortfreiheitsgrade 

Once the four FRFs in the first column are obtained, first, the global poles of the sub-
structure are identified using the LSCF algorithm [PEET04], as in Subsection 4.3.1. 
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Second, the residues and residuals are estimated using the Least Squares Frequency 
Domain Residue estimator [GUIL03]. Thus, each identified FRF in the compliance ma-
trix can be expressed in terms of its modal parameters in the pole-residue form as,    

 FRF(j )
Rk

j pk

Rk
*

j pk
*

LR
2 UR

n

k

 (6.26) 

The frequency range for modal parameter estimation of the four FRFs was 0 - 2000 Hz, 
such that the lower residual term (LR) was not necessary. As an example, the ampli-
tude plots of the measured and ‘fitted’ FRFs H54

S  and N54
S  are compared in Figure 6.6. 

A good correspondence between the two is observed. Now, the calculation of eigen-
vectors from the residue matrix R is not as straight forward here as in Subsection 4.3.1. 
This is because non-collocated FRFs are involved. The complete residue matrix for 
the interface-spindle substructure can be written in terms of mode shapes as, 

 RNo Ni n

y,4 y,4 y,4 ,4

,4 y,4 ,4 ,4

y,4 y,5 y,4 ,5

,4 y,5 ,4 ,5

y,5 y,4 y,5 ,4

,5 y,4 ,5 ,4

y,5 y,5 y,5 ,5

,5 y,5 ,5 ,5

 (6.27) 

Note that in the above matrix, only the first column is known through identification. For 
the estimation of L54

S , the eigenvectors y,5 and ,4 are required. These are obtained 
based on the knowledge of the first column by the following formulations, 

 y,4 R(1,1,n) (6.28) 

 ,4  R(2,1,n)/ y,4  (6.29) 

 y,5  R(3,1,n)/ y,4 . (6.30) 

The calculated eigenvectors ( y,5 and ,4) can now be substituted in Eq. (6.26) to 

obtain L54
S  by modal superposition. The resulting estimate of L54

S  is plotted in Figure 
6.6. As expected, the L and the N-term differ in their amplitude, while sharing the same 
poles. This is unlike the case of collocated DOFs, where the L-term can be equated to 
N-term applying reciprocity. Although both the terms have a similar course, the ampli-
tude difference can shift the predicted tool tip-SIDS FRF along the y-axis. Therefore, it 
is necessary to estimate the L-term. The estimated L54

S  and the measured H54
S  can now 

be used for prediction of the tool tip-SIDS FRF. 
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Figure 6.6 Comparison of measured, fitted and estimated FRFs of G54
S  

Vergleich der gemessenen, gefitteten und geschätzten FRFs von G54
S  

Note that the fitted FRF H54
S  can also be used in the coupling calculations instead of 

the measured FRF. While this may avoid errors due to measurement noise, it intro-
duces other errors related to modal transformation, parameter estimation and trunca-
tion. In Figure 6.6, although a good correspondence between the fit and measured H54

S  
can be observed, some deviation in the amplitude plots are noticeable. Since these 
deviations from the mean are greater than the quantified measurement uncertainty at 
certain frequencies, it was decided not to utilize the fitted H-term for coupling calcula-
tions. 

6.3 Uncertainty propagation in tool tip-SIDS coupling calculations 
Fortpflanzung von Unsicherheiten in Werkzeug-SIDS Kopplungsrechnungen 

In this section, the uncertainty quantified on the measured FRFs of the spindle sub-
structure is propagated through the coupling calculations for estimating the uncertainty 
on tool tip-SIDS transfer function. As mentioned in Section 6.1, the coupling equation 
Eq. (6.10) can also be derived using the LM-FBS formulation. This formulation is used 
here because the illustration of the propagation of individual FRF uncertainties to the 
predicted FRF is more convenient and intuitive. The general LM FBS formulation from 
[KLER06] applied to the coupling of the spindle and analytical tool substructure using 
the mean FRFs of the spindle substructure is, 

 Yc Yu YuBT BYuBT -1
BYu (6.31) 

where, Yu is the block diagonal matrix of the mean uncoupled substructure FRFs, 
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 Yu GThT 0
0 GS

G88
ThT G84

ThT

G48
ThT G44

ThT 0

0 G44
S G45

S

G54
S G55

S

 (6.32) 

and Yc is the fully occupied matrix of the coupled substructure FRFs, 

 Yc

G88
SThT G84

SThT

G48
SThT G44

SThT
G84'

SThT G85
SThT

G44'
SThT G45

SThT

G4'8
SThT G4'4

SThT

G58
SThT G54

SThT
G4'4'

SThT G4'5SThT

G54'
SThT G55

SThT

. (6.33) 

Here, coordinate 4 of the spindle substructure is denoted as 4’ in the assembled state 
for distinction. B is the signed Boolean matrix representing the compatibility conditions 
for dual assembly in FBS. Note that the compliance matrices represented by G are of 
size 2x2 such that the matrices Yu and Yc are of size 8x8 each. Now applying the 
uncertainty propagation formulation for matrices to the coupling Eq. (6.31), we get the 
uncertainty of the mean values of the coupled substructure FRFs [KLER08a], 

 

Yc Yc

Y(r,c)
u Y(r,c)

u
2C

c=1

R

r=1

  

Prc E1Prc PrcE2 E1PrcE2 Y(r,c)
u 2

C

c=1

R

r=1

  

(6.34) 

where,  

 E1 YuBT BYuBT -1
B; E2 BT BYuBT -1

BYu. (6.35) 

The matrix Prc has the same size as Y with all entries Prc(i,j) 0 for i r, j c and 
Prc(i,j) 1 for i r, j c. The curly brackets denote the requirement of elementwise 
calculation of squares and square roots. 

Now, the Jacobian matrix Yc

Y(r,c)
u  determines how uncertainty of the FRF at the rth row 

and cth column of the uncoupled system, Y(r,c)
u , propagates to all other uncertainties 

of the coupled FRF matrix, Yc. Therefore, the analysis of the Jacobian matrix is an 
important aspect in understanding how individual uncertainties propagate. The uncer-
tainty of interest in the 8x8 Yc matrix is the one propagated to the tool tip-SIDS trans-

fer function of the coupled system, H58
SThT. This uncertainty occupies the seventh row 

and first column in Yc matrix (denoted by Y(7,1)
c ). In the following analysis, the prop-

agation of uncertainties on individual FRFs through the Jacobian is analyzed such that 
a quantitative statement about the amplification or attenuation of uncertainties can be 
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achieved. The relevant terms of the interface-SIDS transfer function matrix, G54
S  for 

MCT B have already been obtained in Section 6.2. The direct compliance matrix at 

coordinate 4, G44
S  is obtained experimentally by the decoupling of a cylindrical adapter 

using SCHMITZ’s formulation for complex division. As the analytical tool model, the pre-
viously validated model of the HAIMER holder (A63.140.16) with a fully inserted carbide 
blank of overhang length of 50 mm and diameter of 16 mm is chosen. With this con-
stellation of experimental and analytical models, the propagation of uncertainty on the 

compliance matrix of the uncoupled interface-spindle substructure (GS) is analyzed. 
Note that coordinate 4 of this substructure represents the interface coordinate where 
mathematical constraints are applied to couple the analytical tool model. On the other 
hand, the coordinate 5 represents an internal coordinate (SIDS) where no coupling 
constraints are applied. Thus, the compliance matrices of the interface-spindle sub-
structure can be grouped as: interface (G44

S ), internal (G55
S ) and interface-to-inter-

nal (G45
S , G54

S ). The propagation of uncertainties on the FRFs of these matrices is con-
sidered in the following sub-sections.  

6.3.1 Propagation of uncertainty on SIDS compliance matrix 
Fortpflanzung der Unsicherheit in der SIDS-Nachgiebigkeitsmatrix 

For the propagation analysis, first, the unmeasurable compliance matrix at the internal 
coordinate 5 (SIDS) of the spindle substructure, G55

S  is considered. Although this matrix 
is part of the complete coupling equation (see Eq. (6.32), it plays no role in calculating 

the FRF of interest, H58
SThT (see Eq. (6.11)). Nevertheless, as an example, the average 

amplitude of the Jacobian Yc

Y(7,7)
u  for the uncertainty on H55

S  is calculated using Eq. (6.34) 

and illustrated in Figure 6.7. As expected, no propagation of uncertainty on the internal 
coordinate FRF to other FRFs takes place as indicated by the zeros in the matrix. 
Previous works have also shown that uncertainties of internal-to-internal coordinates 
do not propagate to any of the FRFs of the coupled system [VOOR10; TRAI20]. 

 

Figure 6.7 Sketch of excitation and measurement DOFs for H55
S  (left) with corresponding 

uncertainty propagation matrix (right)   

Skizze der Anregungs- und Antwortfreiheitsgrade für H55
S  (links) sowie die zuge-

hörige Fortpflanzungsmatrix (rechts) 
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6.3.2 Propagation of uncertainty on the interface compliance matrix 
Fortpflanzung der Unsicherheit in der Schnittstellennachgiebigkeitsmatrix 

Next, the propagation of uncertainty on the compliance matrix G44
S  of the isolated spin-

dle-interface substructure (S) is analyzed. Although the uncertainties of this matrix are 
not quantified, it is still interesting to know how these would be propagated to other 
FRFs of the coupled system. The Jacobian for three terms of the compliance matrix, 
H44

S , N44
S  and P44

S  are calculated. These are denoted as cases a, b and c respectively 
in Figure 6.8. The excitation and measurement degrees of freedom for each FRF are 
shown schematically in Figure 6.8 (top). The absolute values of the Jacobian averaged 
over Nf and rounded off, such that two to three significant figures are created, are 
shown in the matrix in Figure 6.8 (bottom). Being a coupling coordinate, it is expected 
that underlying uncertainty will propagate to every FRF of the coupled system. The 
Jacobian for the H-term is roughly an order of magnitude greater than that of the N-
term, which is again an order of magnitude greater than the P-term. This is because of 
the difference in dimensional units of the respective uncertainties: m/N, rad/N and 
rad/Nm. Therefore, the propagation magnitudes can only be compared within each 
Jacobian matrix and not between each other. All three Jacobians seem to amplify the 
uncertainty propagated to the rotation-to-moment terms of the assembled system sig-
nificantly, especially for the P-terms related to coordinate 8. No significant propagation 
to the tool tip-SIDS transfer function located at (7,1) is observed for all Jacobians.  

 

Figure 6.8 Uncertainty propagation matrices for FRFs a) H44
S , b)  N44

S  and c) P44
S  with corre-

sponding sketches of excitation and measurement DOFs. 

Fortpflanzungsmatrizen für die FRFs a) H44
S , b) N44

S  und c) P44
S  mit Skizzen von 

zugehörigen Anregungs- und Antwortfreiheitsgraden 
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The uncertainty on the displacement-to-force FRF, H44
S  (case a) is significantly ampli-

fied and propagates the uncertainty of the tool tip FRF. In other cases, the amplification 
to the tool tip FRF is not significant. Note that the Jacobian matrices only indicate the 
rough magnitude of amplification of the respective uncertainties and not the contribu-
tion of individual uncertainty to the total uncertainty of the assembly. For calculating 
the contribution to total uncertainty, the propagation terms must be multiplied with the 
quantified uncertainty.  

6.3.3 Propagation of uncertainty on interface-SIDS compliance matrix 
Fortpflanzung der Unsicherheit in der Schnittstellen-SIDS-Nachgiebigkeits-
matrix 

The compliance matrix between the interface coordinate 4 and SIDS coordinate 5 rep-

resents a coupling-to-internal coordinate transfer function G54
S . Only the H and L-terms 

of this matrix are required for the prediction of the required displacement-to-force tool 
tip-SIDS transfer function. Therefore, the Jacobian matrices for only these FRFs are 
calculated and shown in Figure 6.9 with illustrations of corresponding excitation and 
response degrees of freedom. Since this is a coupling-to-internal transfer function, the 
uncertainties are not propagated to all FRFs of the coupled system but rather to all 
FRFs in the respective row or column. A common trend observable in both the Jaco-
bian matrices is that the uncertainty amplification is much greater for the FRFs which 
contain a rotational degree of freedom (terms (7,2), (7,4), (7,6) in both matrices in Fi-
gure 6.9). As expected, uncertainty is not propagated to the tool tip FRF as seen in the 

term (1,1). Apart from this, a significant amplification of uncertainty on H54
S  to the tool 

tip-SIDS FRF H58
SThT can be observed Figure 6.9 (left).  

As mentioned in the previous subsection, the Jacobians merely provide the amplifica-
tion factors. The actual propagated uncertainty magnitude can only be assessed if the 

uncertainties on the measured FRFs are quantified. In the above case, H54
S  is measur-

able and its measurement uncertainty is quantified as proposed in Subsection 6.2.2. 
On the other hand, L54

S  is obtained by modal expansion and does not explicitly contain 
measurement noise uncertainty. Therefore, the propagated measurement uncertainty 

is only due to the quantified uncertainty on H54
S . Using this, the uncertainty matrix of 

the coupled spindle-holder-tool (SThT) assembly Yc can be calculated from 
Eq. (6.34). For predicting the mean FRFs of the coupled system (Yc), Eq. (6.31) is 

solved. The required mean tool tip-SIDS force-to-displacement FRF (H58
SThT) as well as 

the total associated uncertainty are located at the seventh row and first column of Yc 

and Yc respectively. Note that H58
SThT can also be obtained from Eq. (6.11) by taking 

the mean values of the interface-SIDS FRFs. 
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Figure 6.9 Uncertainty propagation matrices for H54
S  (left) and L54

S  (right) with correspond-
ing sketches of excitation and measurement DOFs 

Unsicherheitsfortpflanzungsmatrizen für H54
S  (links) und  L54

S  (rechts) mit Skizzen 
von zugehörigen Anregungs- und Antwortfreiheitsgrade 

Figure 6.10a shows the amplitude of the predicted tool tip-SIDS FRF along with the 
total propagated amplitude uncertainty corresponding to a 95% confidence level. It can 
be observed that, the uncertainty on the amplitude is more than an order of magnitude 
smaller than the predicted FRF and thus indicates an acceptable level of random error. 
In addition, the course of the propagated uncertainty roughly corresponds to the pre-
dicted FRF from around 600 Hz onwards. Below this frequency, the uncertainty is 
strongly influenced by the poles and zeros of the uncoupled spindle-interface substruc-
ture, even though these are not seen dominantly in the predicted FRF. At low frequen-
cies (0 - ca. 50 Hz), a relatively high uncertainty amplitude is observed. This is due to 
presence of accelerometer based FRFs in the propagation calculations. These FRFs 
have high noise content in this range. 

For comparison, the uncertainties quantified on both of the measurable interface-SIDS 

FRFs (H54
S , N54

S ) are also plotted in Figure 6.10a). The measurement of N54
S  is a by-

product of the measurement campaign and the procedure of uncertainty quantification 
is identical to the H-term. The uncertainty amplification effect due to the coupling cal-

culations is clearly observable by comparing the quantified uncertainty H54
S  with the 

propagated uncertainty H58
SThT. The propagated uncertainty possesses a compara-

tively higher amplitude throughout the frequency range. Both have a similar course 
below 600 Hz. 
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Figure 6.10 a) Predicted tool tip-SIDS FRF with propagated uncertainty 

b) contribution of individual uncertainties to total uncertainty  
c) sketch of input and output DOFs  
a) Prognose der Werkzeug-SIDS FRF mit propagierter Unsicherheit  
b) Beitrag der einzelnen Unsicherheiten zur Gesamtunsicherheit   
c) Skizze der Anregungs- und Messkoordinaten 

Now, although the fitted transfer function L54
S  does not contain random noise, it is still 

subject to errors such as modal truncation and parameter estimation errors. Therefore 
it is important to understand how potential errors on this FRF can propagate to the 
coupled tool tip-SIDS FRF. For the purpose of this contribution analysis, the quantified 

uncertainty N54
S  is taken as the uncertainty on L54

S . The contribution analysis is con-
ducted here by considering the squared value of propagated uncertainty matrix in 
Eq. (6.34). Expanding the equation for the quantified uncertainties, we get, 

 Yc 2  Yc

H54
S H54

S
2

Yc

L54
S N54

S
2. (6.36) 

The left-hand side of the above equation represents the matrix of the squared value of 
the total propagated uncertainty. The term of interest ( Y(7,1)

c ) is plotted along with the 
two terms on the right-hand side of the above equation in Figure 6.10b. It can be seen 

that the majority of the propagated (squared) uncertainty is contributed by H54
S . This 

is notable, given the fact that the amplitude of uncertainty of N54
S  is roughly one order 

of magnitude greater (Figure 6.10a). However, as seen in the averaged Jacobian ma-

trix (Figure 6.9, right) the uncertainty on N54
S  is attenuated for propagation to the H-
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terms and amplified for most of the N-terms of the matrix column. Therefore, the re-
sulting contribution to propagated uncertainty is significantly smaller than the quantified 

uncertainty itself. On the other hand, the Jacobian of H54
S  amplifies uncertainty to the 

FRF of interest (Figure 6.9, left) and thus has a dominant contribution to the propagated 
uncertainty.   

The following observations can be summarized based on the analysis in this section: 

i) Uncertainty on the H-term of the interface compliance matrix ( H44
S ), is sig-

nificantly amplified to the tool tip FRF (H88
SThT). 

ii) Uncertainty on the H-term of the interface-SIDS transfer function matrix 

( H54
S ), is significantly amplified to the tool tip-SIDS transfer function (H58

SThT). 

iii) Uncertainty on the N and P-terms are attenuated for both H88
SThT and H58

SThT. 
iv) The contribution analysis also shows that, the total uncertainty propagated 

to H58
SThT is dominated by the H54

S  term, although N54
S  has a greater abso-

lute magnitude.  

This implies that for the reliable prediction of force-to-displacement FRFs (at tool tip as 
well as tool tip-SIDS), the accurate measurement of the H-terms of the compliance 
matrices is of greater importance. Special care should be taken in the design of the 
measurement setup for force-to-displacement FRFs such that propagation of bias er-
rors is reduced as well. 

6.4 Prediction of tool tip-SIDS FRFs and validation 
Prognose von Werkzeug-SIDS Übertragungsfunktionen und Validierung 

The proposed method for experimental determination of the interface-SIDS transfer 

function matrix is validated in this section. In addition, the quantified uncertainty, H54
S  

is propagated through the coupling calculation using Eq. (6.34) such that confidence 
bounds on the predicted tool tip-SIDS FRFs are obtained. 

Experimental setup 

The 5-axis MCT B with SIDS is utilized here again for the experimental implantation. 
The ERMs at the spindle-holder interface were obtained by decoupling of cylindrical 
adapters of 32 mm and 35 mm diameter. These correspond to the interface end diam-
eters of the tool holders used for the validation. The compliance matrices at the free 
end of the adapters were measured using a piezoelectric excitation in the y-direction 
and measurement of accelerations at the usual three coordinates (see Section 4.1). 
The rotational compliances were calculated using the backwards difference method 
and by applying complex division as shown in [SCHM05].  

For validation, four different holder-tool assemblies with tool (or blank) diameter of 
10 mm and 16 mm were considered. Shrink-fit holders from HAIMER of type A63.140.10 
and A63.140.16 were taken here. First, carbide blanks were fully inserted in each 
holder and the reference blank tip-SIDS transfer functions in the y-direction were 
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measured using an impact hammer with a steel tip (Figure 6.11, left). Carbide blanks 
were chosen first so as to avoid errors associated with analytical modelling of complex 
flute geometries and observe prediction errors only due to experimental and random 
errors as well as their propagation. In a second step, two end mills of 10 mm (FRAISA 
P8400450) and 16 mm (FRAISA P8410610) were fully inserted and the tool tip-SIDS 
transfer functions were measured. Both end mills have four flutes. The analytical mod-
elling, joint identification and effective fluted segment calculation was carried out as 
described in Sections 5.3, 5.4 and 5.5 respectively. Subsequently, Eq. (6.11) is solved 

to obtain the predicted H58
SThTFRF. The corresponding reference and predicted FRFs 

are plotted in the Bode plots in Figure 6.11, right.  

Results 

The frequency range of the predicted FRFs results from the frequency range of exci-
tation used for the measurement of the interface-SIDS transfer functions (0 – 2 kHz). 
A very good correspondence between the reference and predicted amplitudes and 
phases can be observed throughout the frequency range, except the first dominant 
mode at about 1 kHz. In the static and quasi-static frequency range, the predicted and 
measured values match very well. Prediction accuracy in this range is of high relevance 
as both, the static as well as dynamic process force estimations depend on the predic-
tion in this range.  

An amplitude deviation in the range of around 2.5 % to 9.5 % is observed between the 
mean predicted and reference transfer functions. The good matching with the refer-
ence also indicates correct analytical tool modelling and updating. 

The first tool bending modes are predicted at ca. 1663 Hz for assembly A and C and 
at ca. 1537 Hz for assembly B and D. This indicates that the SIDS coordinate does not 
lie at any node of the tool mode shape. However, the comparison of the predicted tool 
vibration modes with measured transfer function is made difficult by the poor coher-
ence of reference FRFs above ca. 1500 Hz. The reason for the poor coherence, espe-
cially in case of end mills, is the difficulty in applying high impulse force on the narrow 
flutes using the impact hammer. A maximum of 800 N of impulse force could be applied 
to the end mill with the steel tip hammer, which did not result in sufficient spectral 
energy above 1500 Hz at the SIDS. In future works, the reference tip-SIDS FRFs 
should be measured using piezoelectric actuators. 

Figure 6.11, right also shows the amplitude plots of the propagated uncertainties cor-
responding to 95 % confidence level for each prediction. The uncertainty bounds on 
amplitude and phase are also plotted. The magnitude of propagated uncertainty re-
mains below 3.3 % to 4 % of the mean values for most of the frequency range. At low 
frequencies (< 50 Hz), again, the influence of accelerometer based FRFs is observa-
ble. Despite the spatial separation between the interface flange and the SIDS, the am-
plitude of uncertainty propagated to the mean tip-SIDS FRFs remain low for all predic-
tions. Note that the level of uncertainty for a specific confidence level is inversely pro-
portional to the number of samples or repeated measurements (see Eq. (6.21)). 
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Figure 6.11 Comparison of measured and predicted tool tip-SIDS transfer functions 

Vergleich von gemessenen und prognostizierten Werkzeug-SIDS Übertragungs-
funktionen 
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Thus, with sufficient number of repeated measurements of H54
S  and N54

S , the propa-
gated uncertainty due to measurement noise can be kept at a low level. A repetition of 
Nb = 100 blocks used in this thesis seems to be sufficient for attaining narrow intervals 
on the predicted FRFs. 

The proposed methods are demonstrated here for the case of a stationary spindle. The 
tool tip-SIDS transfer function is expected to vary with increasing spindle speeds. How-
ever, the proposed methods for one-time experimental response modelling of the in-
terface-SIDS dynamics, uncertainty quantification and propagation can be applied to 
response models measured under rotation as well. Such a measurement of the inter-
face-SIDS transfer function under rotation is conceivable with the help of the actuated 
impact hammer or a radial dynamic loading unit as shown in [BREC20c]. 
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7 Process Force Estimation and Integration in Vir-
tual Quality Framework 
Ermittlung von Prozesskräften und Integration in ein Rahmenwerk der virtuellen 
Qualität 

The developed framework for efficient experimental analytical tool coupling provide 
two predictions: tool tip-SIDS transfer function with confidence intervals and the tool 
tip FRF. These predictions, along with displacements at SIDS and an engagement 
simulation, enable process parallel computation of milling forces and workpiece quality 
monitoring. A model-based framework for virtually monitoring the workpiece surface 
quality was developed at the WZL and is introduced in [KÖNI18]. This framework is 
referred as Workpiece Quality Monitoring (WQM). Aim of this chapter is to demonstrate 
the utility of the predicted dynamic behaviors in the context of virtual quality monitoring. 
For this, a method for estimation of forces on the milling tool based on the deflections 
measured at the SIDS is first introduced and validated (Section 7.1). Here, a method 
for the propagation of the quantified uncertainty to the force estimates is also proposed. 
Subsequently, an approach for the integration of the developed tool coupling frame-
work with an existing WQM framework is provided (Section 7.2). Finally, this integration 
is demonstrated for an exemplary milling operation (Section 7.3).  

7.1 Method for process force estimation 
Methode zur Prozesskraftschätzung 

As introduced in the literature survey (Subsection 2.1.2), there are two main model-
based approaches for estimating process forces by using structural deflections and 
appropriate transfer functions. These are the disturbance KALMAN filter approach and 
the transfer function inversion approach. Since the aim here is merely to demonstrate 
the potential of efficient tool compliance function prediction within the context of pro-
cess and quality monitoring, the relatively simpler inversion approach is implemented 
for force estimation. Thus, the proposed method is based on the transfer function in-
version approach from [BREC18b; BREC19c]. 

Under the assumption of negligible cross compliance between the radial directions 
(H5x8y

SThT H5y8x
SThT 0), the force acting on the tool tip in a radial direction can be estimated 

based on the inversion of the corresponding tool tip-SIDS transfer function. Note that 
cross-compliance between a radial force at tool tip and axial SIDS displacement was 
shown to be non-negligible in [BREC19c]. However, this cross compliance only plays 
a role for estimating axial forces. In this section, only the estimation of radial process 
forces is demonstrated and hence the cross compliance is ignored.   

The proposed method for process force estimation is illustrated schematically in Figure 
7.1. The starting point for the method is the prediction of the mean tool tip-SIDS transfer 
functions in the radial directions, which are obtained by applying the proposed tool 
coupling framework. Next, the displacements measured by the six axially and radially 
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arranged spindle integrated sensors during milling are considered. These are cor-
rected to remove the systematic run-out and kinematic errors during rotation as intro-
duced in [BREC18b; BREC19c]. Subsequently, orbit and rigid plane calculations are 
performed to obtain radial and rotational deflections of the shaft-mounted disc from the 
corrected measurements.  

 
Figure 7.1 Process force estimation using SIDS and predicted transfer function 

Prozesskraftschätzung mittels SIDS und vorhergesagte Übertragungsfunktion 

A moving average as well as a high-pass filter then concurrently filters the resulting 
radial and rotational deflections of the spindle-mounted disk (or SIDS coordinate). This 
gives respectively the static and dynamic components of the displacement signals. The 
dynamic component is transformed to the frequency domain such that the sampling 
frequency ( s) and resolution (1/ ) match those of the experimental response model. 
This is realized by adjusting the FFT window length as described in Subsection 6.2.2. 
Apart from this, the experimental response models must be zero-padded, as the SIDS 
measurements occur at a much higher sampling rate of 51.2 kHz. In this way, the 
temporal resolution of the predicted force can be conserved. Thus, the zero-padded, 
predicted tool tip-SIDS transfer function is inverted and multiplied with the frequency 
domain dynamic deflections to give the frequency domain force at the tool tip, 

 F8
SThT( ) H58

SThT( )
-1

y5
SThT( ). (7.1) 

It is then transformed back to the time domain by taking the inverse FOURIER transform. 
The estimated static deflection at the SIDS coordinate is multiplied with the averaged 
quasi-static component of the transfer function, giving the static force. The addition of 
the force components then results in the estimate of the total process force. Although 
the above calculations can be performed process-parallel, the dead time associated 
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with transformation from time to frequency domain is unavoidable in the transfer func-
tion inversion method. A method for the propagation of uncertainty to the force predic-
tions is now introduced in the following.  

Propagation of uncertainty to force estimates 

It is important to understand how the quantified uncertainty on the interface-SIDS 
transfer function as well as the measurement noise on the SIDS signals propagate to 
the force estimates. The treatment of uncertainty and its propagation depends on the 
method of force estimation. For example, in the disturbance KALMAN filter approach, 
uncertainties can be considered in the system noise matrix as part of the noise con-
taminated state space model [ALBR05]. In case of the inversion approach, the propa-
gation formulation is applied to the expression for force calculation such that, 

 F8
SThT  F8

SThT

H58
SThT H58

SThT
2

F8
SThT

y5
SThT y5

SThT

2

 (7.2) 

where, 

 
F8

SThT

H58
SThT y5

SThT( ) H58
SThT -2 ;  F8

SThT

y5
SThT H58

SThT -1. (7.3) 

Note that apart from the uncertainty quantified on the mean tool tip-SIDS FRF ( H58
SThT), 

the uncertainty associated with the displacement measured by SIDS ( y5
SThT) is also 

required for the above equation. This is quantified by considering the time domain dis-
placements during the interface-SIDS transfer function measurement campaign from 
Section 6.2. These are transformed to frequency domain to get 100 blocks of FFTs. 
Now the quantification of the complex uncertainty on the mean FFT is achieved using 
the method proposed in Subsection 6.2.3. The only difference is that the uncertainty is 
quantified on the mean FFT and not the mean transfer function.  

Thus, Eq. (7.2) can be solved for each tool assembly, where the propagated uncer-
tainty on the tool tip-SIDS transfer function is known. Subsequently, the propagated 
frequency domain uncertainty can be utilized for representing the 95 % confidence 
interval on the mean of the estimated forces. Finally, these are transformed to the time 
domain analogous to the procedure in Figure 7.1 to get upper and lower confidence 
bounds on the mean estimated process force during milling.  

Estimation of dynamic forces at stationary operating point 

Before the proposed method can be applied for estimating the cutting forces in real 
milling operations, it is first necessary to empirically show that predicted transfer func-
tions accurately estimate the dynamic tool tip forces with the inversion method. Since 
the experimental response models were acquired at the stationary operation point in 
Chapter 1, the validation is also conducted for the case of stationary spindle of MCT B.  
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The two holder-blank assemblies, whose transfer functions in y-direction were vali-
dated in Section 6.4, are chosen: the 16 mm and a 10 mm tool holder with correspond-
ing fully inserted carbide blanks. For introducing dynamic forces during stationary op-
eration, a piezoelectric actuator (Type: PSt 1000/25/125 from PIEZOSYSTEM JENA 
GMBH) and a force sensor (Type: 9102 from KISTLER INSTRUMENTE GMBH) are aligned 
in the y-direction as shown in Figure 7.2. Carbide blanks are chosen because of the 
ease of force application at the free end compared to the fluted segment of an end mill. 

 
Figure 7.2 Comparison of predicted and measured dynamic forces at the blank tip for two 

different tools 
Vergleich der vorhergesagten und gemessenen dynamischen Kräfte an der Roh-
lingsspitze für zwei verschiedene Werkzeuge 

Stable milling process forces usually contain dynamic components corresponding to 
tool-passing frequency, its higher order harmonics and structural vibration frequencies. 
Therefore, an excitation signal was created, which contains a dominant tooth-passing 
frequency of 240 Hz, harmonics at 480 Hz, 720 Hz and structural vibration frequency 
at 400 Hz. The FOURIER transform of the applied dynamic force at the tool tip is also 
shown in Figure 7.2. The deflections at the SIDS caused by the piezo excitation are 
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filtered and processed as proposed in Figure 7.1 to obtain the force estimates at the 
tool tip for both assemblies. The time domain as well as frequency domain estimates 
of the force are plotted in Figure 7.2 and match very well with the measured forces in 
both domains. Each frequency component could be estimated correctly with a maxi-
mum amplitude error of 13.9 % and 15.4 % at 400 Hz for the 16 mm and 10 mm 
blank, respectively. The amplitude errors at 240 Hz are merely 0.6 % and 0.3 %. Ad-
ditionally, the uncertainty bounds on the time domain force estimates are also calcu-
lated using Eq. (7.2) and plotted in Figure 7.2. The uncertainty bounds show a plausible 
course for both tool assemblies. A wider uncertainty bound is observed in case of the 

10 mm blank assembly. This is due to two reasons: i) amplitude of the applied dy-
namic load is comparatively lower and ii) the overhang of the 10 mm blank assembly 
results in a smaller lever-arm effect. Both these aspects lead to a comparatively smaller 
deflections at the SIDS, which correspond to greater uncertainty due to poor SNR for 
small deflections.  

Note that the maximum dynamic excitation of 70 N at 240 Hz for the 10 mm blank 
corresponds to a deflection of approximately 0.3 μm at the SIDS. This dynamic force 
is much lesser than what can be expected in a conventional milling (roughing) opera-
tion. Despite the small deflection at SIDS and low SNR, the dynamic forces could be 
estimated with sufficient accuracy. Therefore, the proposed method is considered to 
be acceptable for integration in the quality framework. 

7.2 Integration in a virtual quality framework 
Integration in ein Rahmenwerk zur virtuellen Qualitätsüberwachung  

Virtual workpiece quality monitoring drastically reduces long quality feedback loops by 
running an efficient, online material removal simulation based on concurrent NC-signal 
data and estimated process forces [KÖNI18]. The key idea behind virtual quality is the 
model-based recreation of the real TCP path in the material removal simulation such 
that the generated virtual workpiece replicates the surface structure deviations of the 
real workpiece. The main inputs required for this are:  

i) Geometric meta-information of tool and workpiece along with kinematic in-
formation of the machine tool. 

ii) NC-Signal data with models for correcting TCP set path. 
iii) Online process force estimates. 
iv) Knowledge of tool and workpiece compliance functions in clamped state.  

In this section, the potential of experimental-analytical milling tool coupling in providing 
inputs iii) and iv) from above to the existing WQM framework is demonstrated. Here 
the focus is on use-cases, where the influence of tool side deflection is significantly 
greater than the workpiece-side, such that only the TCP FRFs of different tool have to 
be predicted. Figure 7.3 schematically illustrates the proposed integration of experi-
mental-analytical tool coupling with the WQM framework for machine tools with spindle 
integrated sensors. 
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Consider an end milling operation on such a machine equipped with an edge computer, 
a ‘Machine Data Gateway’ communicating with the NC and a target computer as pro-
posed in [WELL19]. For substructure coupling calculations, first, a one-time experi-
mental response modelling of the interface (G44

S ) and the interface-SIDS transfer func-
tions (H54

S , N54
S ) are necessary (Figure 7.3, top left). For obtaining the interface re-

sponse model, the working room of the machine is divided into a grid of measurement 
points. Two to three adapters with different diameters ( A1, A2,… An) are measured 
at each machine grid position (Pos1, Pos2,…Posn) and discretized spindle speeds 
( 1, 2,… n). The excitation, measurement and analysis strategies for obtaining the 
ERM are based on insights from Chapter 4. The effort required for the measurement 
campaign is mainly dependent on the degree of position-dependent and spindle 
speed-dependent dynamic behavior of the machine tool.  

 
Figure 7.3 Experimental-analytical tool coupling within the framework of virtual quality 

Experimentell-analytische Werkzeugankopplung im Rahmen virtueller Qualität 

The one-time measurement of the interface-SIDS transfer functions (see Chapter 6) 
can usually be conducted independent of machine position and excitation direction. 
This is due to the rotational symmetry of the spindle and measurement of relative dis-
placement between spindle shaft and housing. The spindle speed influence can be 
considered by conducting impact tests at discretized speeds using an automatic impact 
hammer instead of a piezoelectric actuator. However, the same method for obtaining 
the transfer function proposed in Chapter 6 can be applied. The ERMs of each machine 
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are then saved on a database available to the edge computer. Similarly, a priori cre-
ated and updated ARMs of different tool assemblies (see Chapter 5) are saved on 
another databank. Depending on the current tool in use and the machine operating 
point, the respective models can be coupled process parallel using the computationally 
inexpensive coupling calculations (Eq. (4.2), (6.11)). The predicted tool tip-SIDS trans-
fer function along with the SIDS deflections during milling are fed to a process force 
estimation algorithm. For this, alternative to the utilized FRF inversion approach, a dis-
turbance KALMAN filter design [ALBR05; POST19] can also be applied. Another con-
ceivable approach is the use of Artificial Neural Networks (ANNs), where the predicted 
tool tip-SIDS FRF serves to enrich the basis of process force estimation using SIDS. 
Such an approach has the advantage that, model errors can be reduced by adjusting 
a parametric model of the transfer function in the training phase of the ANN. Similar 
concepts for ANN based identification of force model parameters have already been 
demonstrated in [KÖNI17; BREC17b; POST20; BREC20b]. 

In this way, process force estimates as well as tool tip FRFs for any combination of 
machine, operating point and tool can be obtained efficiently without having to measure 
FRFs for each arrangement.  

The estimated process force components, Fstat and Fdyn together with the predicted 
tool tip FRFs give the deviation of the TCP from the ideal set point. However, deviations 
of the TCP path are not only due to process forces but also due to geometric and 
kinematic errors, thermo-elastic behavior, tool run-off, etc. These deviations are cor-
rected in the existing WQM framework using a model-based approach. For example, 
the kinematic and geometric errors are removed from the actual TCP position yact using 
a previously measured volumetric correction model [WELL19]. Similarly, temperature-
dependent deviations are compensated using a previously parameterized thermo-
elastic model of the machine tool spindle and structure [BREC20a]. Note that the cor-
rected TCP position ycorr is usually available at a low sampling rate of the servo fre-
quency (for e.g., 500 Hz for certain Sinumerik 840D SL controllers). On the other hand, 
SIDS deflections measured with independent hardware can be acquired with a much 
higher sampling frequency (up to 51.2 kHz). Thus, the two independent sources must 
be synchronized before they are superimposed to give the estimated real TCP path. 
The subsequent material removal simulation of the existing WQM framework gener-
ates the workpiece surface by passing a simplified end mill geometry along the real 
TCP path over a multi-dexel workpiece representation (refer to [BREC17c; KÖNI18] 
for further details). Finally, an evaluation of the virtual surface quality with respect to 
first order (straightness) surface errors can now be achieved. The prediction of the 
second order (waviness) and third order kinematic deviation (roughness) is also pos-
sible, provided that the angular location of the cutting edges is known over time along 
with end mill geometry, radial and axial run outs as well as high resolution axes position 
signals. In the present work, however, only straightness errors are considered as the 
above-mentioned prerequisites are not satisfied. 
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Clearly, the knowledge of static and dynamic behavior of the tool is central for estimat-
ing workpiece quality, especially for achieving realistic estimations of surface waviness 
and roughness. Within the current WQM framework, the static and dynamic behavior 
of each relevant milling tool is obtained experimentally at each machine. The substruc-
turing techniques developed in this work allow for a reliable estimation of tool dynamics 
for various spindle-holder-end mill combinations without significant experimental and 
computational effort. Therefore, the integration of these methods in the virtual quality 
framework as shown in Figure 7.3 offers the potential to drastically reduce experi-
mental effort and increase industrial acceptance of virtual quality undertakings. 

7.3 Experimental implementation and empirical proof 
Experimentelle Umsetzung und empirischer Nachweis 

The goal of the experimental implementation is to empirically demonstrate the predic-
tion of milling forces and workpiece quality using the developed substructuring and 
force estimation methods. For this, several simple cutting tests were conducted using 

10 and 16 end mills. The utilized measurement and validation setup are introduced 
in the following. 

7.3.1 Experimental setup 
Messaufbau 

Two down milling operations with different tool assemblies and process parameters 
were chosen for validation. For this, the workpiece table of MCT B was equipped with 
a tri-axial dynamometer from KISTLER INSTRUMENTE GMBH (Type: 9257A). A quadratic 
workpiece of dimensions 100 x 100 x 40 mm and material, C45 medium carbon steel 
(No. 1.0503) was used in the cutting trials. The measurement setup is shown in Figure 
7.4 and the details of the end mill used are listed in Table 7.1. 

The two consecutive cuts are conducted on the same top edge of the workpiece such 
that the second cut ( 10 mm end mill) passes over the surface milled from the first cut 
( 16 mm end mill). Both the cuts are conducted without coolant, in the negative x-
direction and within the xy-plane. With such an arrangement, a component of static 
and dynamic cutting force in the y-direction is expected along with the corresponding 
tool deflection. Since the experimental response models of MCT B have already been 
obtained and validated in the y-direction in Chapters 4 and 6, the prediction of process 
forces and tool deflection is also demonstrated in this direction. In order to clearly ob-
serve and validate the tool deflection and form error due to static process force, the 
milling cuts were interrupted by stopping only the feed during machining. This results 
in a drop of the chip load and forces, such that a notch is created on the machined 
surface. The depth of the notch corresponds to the static tool deflection error. 

In the current version of the WQM-software, process forces are assumed to be acting 
on the tool tip of a rigid cylinder. Thus, only tool tip–based compliances are used for 
predictions for validation. However, depending on the milling conditions, the fluted seg-
ment of the end mills with helix angles allows for multiple points of contact in the axial 
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direction. The proposed substructuring methods for tool modelling can easily be ex-
tended to consider tool compliances at multiple axial locations. For this, the two-beam 
fluted segment model can be further discretized into shorter beams and the compliance 
response can be predicted at the ends of each beam. In this way, future versions of 
the WQM-software can consider multiple axial tool contact for end mills with helix an-
gles. 

Table 7.1 Details of used tool assemblies and identified model parameters 
Details der verwendeten Werkzeugbaugruppen und identifizierte Modellparame-
ter 

 
The efficient methods for analytical response modelling and updating introduced in 
Chapter 5 were applied for obtaining the ARMs of tool assemblies 1 and 2. The iden-
tified effective diameters and joint parameters are also listed in Table 7.1. The Eq. (4.2) 
and (6.11) are applied, as usual, for coupling the analytical and experimental models 
to predict the tool tip-SIDS transfer functions as well as the tool tip FRFs.  

 
Figure 7.4 Measurement setup for milling trials at MCT B 

Messaufbau für die Fräsversuche an WZM B 
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7.3.2 Process force estimation 
Prozesskraftschätzung 

In this subsection, the force estimates in the y-direction for the two milling trials are 
analyzed and compared to the reference force measured by the dynamometer. The 
period of time from the workpiece-tool engagement up to stoppage of feed for each cut 
is analyzed here as an example. The comparison of the estimated and measured pro-
cess forces during this period is illustrated in Figure 7.5. Additionally, magnified time 
ranges are shown along with corresponding frequency domain transformations. In the 
time-plots, the static and dynamic component of the resultant milling force are clearly 
observable. The increasing trend of force in Cut 1 is a result of misalignment in the 
parallelism of the workpiece along the feed axis (x-axis). The FFTs for both cuts con-
firm that the tooth passing frequency is the dominant component in the dynamic pro-
cess force. Apart from this, clear sidebands are observable around the tooth passing 
frequency but have relatively minor amplitudes. These occur at intervals corresponding 
to the spindle rotation frequency. For example, in case of Cut 1, the tooth passing 
frequency, 159.2 Hz represents the carrier frequency with a modulation of 39.8 Hz 
representing the spindle speed (2388 min-1). 

 
Figure 7.5 Comparison of estimated and measured process forces in y-direction 

Vergleich der geschätzten und gemessenen Prozesskräfte in y-Richtung 

Considering the force estimation for Cut 1, the magnified time range revels an accepta-
ble match between the estimated and reference forces in y-direction. An overestima-
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tion of the static force amplitude by approx. 9.6 % is observed. The inaccuracy in pre-

diction of H58
SThT in the quasi-static range is also of similar magnitude (refer Section 6.4) 

and thus it is the probable reason for the static force estimation error. Whereas the 
FFT comparison shows a dynamic amplitude estimation error of merely 3.4 % at . 
The large dynamic force amplitude ensures a good SNR and thus narrow propagated 
confidence levels (ca. 0.4 % on the mean estimates). 

In case of Cut 2, much lower static and dynamic forces are observable due to the small 
tool diameter and cutting conditions. Correspondingly, the propagated uncertainty 
shows a wider confidence interval of about 5 % on the mean force estimates. This is 
plausible because the 85 N of dynamic force amplitude results in poorer SNR com-
pared to the 206 N for Cut 1. Apart from this, the FFT comparison shows an estimation 
error of approx. 19 % on the dynamic force amplitude at tooth passing frequency. This 
error is most probably due to the deviation between the predicted tool tip-SIDS FRF 
and actual FRF under spindle rotation. Since the predictions are based on the experi-
mental response modelling of the stationary spindle, their validity at 5253 min-1 is lim-
ited. The prediction accuracy can presumably be further improved by experimental re-
sponse modelling of spindle under rotation and at the corresponding spindle speed. 

Although experimental and analytical modelling errors can be reduced, they are not 
completely avoidable. Especially for predicting the tool tip-SIDS transfer function, 
where, in addition to the analytical tool models, two ERMs are required: one at the 
spindle-holder interface and one between the interface-SIDS. The prediction is thus 
susceptible to three sources of modelling errors. Therefore, the use of error-tolerant 
approaches like the KALMAN-filter or adaptive models that utilize the predicted FRF can 
probably deliver more robust estimations of the process force. 

7.3.3 Form error prediction 
Prognose der Formabweichung 

In this subsection, the surfaces milled by the Cuts 1 and 2 are analyzed with respect 
to their form errors (straightness) using the introduced WQM framework with inputs 
from the substructuring calculations. The conducted down milling operations in the x-
direction cause a static deflection of the end mill such that an undercut results in the 
y-direction. The extent of the static deflection is reflected in the depth of the notch 
created by feed stoppage. This artificial feature serves to assess the virtual quality 
framework with the substructuring predictions. 

The four main inputs required for generation of virtually milled surfaces using work-
piece-tool material removal simulation are collected as follows:  

i) The simplified geometry of the tool assemblies and the 3D Modell of the raw 
workpiece are made available to the framework as STL data. 

ii) The geometric, kinematic and thermo-elastic models of MCT B are experimen-
tally obtained in a previous step. NC-Signal data during machining is recorded 
and prepared such that NC-Trace instances of setups, events and measure-
ments are available as suggested in [WELL19]. 
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iii) Process force estimates based on SIDS deflections and the predicted tool tip-
SIDS transfer function are obtained as described in the previous subsection. 

iv) The updated ARMs of the two tool assemblies are coupled to the ERMs at co-
ordinate 4 to predict the tool tip FRFs. The ERMs of MCT B were obtained using 
two adapters of 35 mm and 32 mm diameters. A combination of actuated impact 
hammer and a low mass accelerometer was taken as the experimental strategy. 

Figure 7.6 compares the predicted tool tip FRFs with the reference FRFs measured 
using an impact hammer and a Doppler laser vibrometer. As seen in the amplitude and 
phase plots, a very good match could be achieved between the two. Since the ERM is 
measured using an accelerometer, the predicted displacement-to-force FRF cannot 
predict the static compliance. Therefore, the lowest frequency without integration dis-
tortion (30 Hz) is read out for determining static compliance. The comparison of these 
values with the reference static values shows good agreement and are made available 
to the WQM framework. Subsequently, the tool tip deflections due to static process 
force are calculated based on the estimated forces and corresponding predicted tool 
stiffness. Here, the uncertainty on the force estimation is not considered in the current 
version of the WQM and thus, only the mean estimated values are taken.  

 
Figure 7.6 Comparison of predicted and measured tool tip FRFs  

Vergleich der vorhergesagten und gemessenen FRFs an der Werkzeugspitze 

Using the model-based correction of the TCP path, a cylindrical model of the tool is 
moved relative to a multi-dexel representation of the workpiece to subtractively gener-
ate the end contour of the milled surface. A software module representing a virtual 
Coordinate Measurement Machine (vCMM) then analyses the resulting point cloud. 
Thus, the profiles of the virtually milled surfaces of Cut 1 and 2 are analyzed for form 
deviations (straightness) along the x-direction as shown in Figure 7.7. In the 3D repre-
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sentation of the vCMM, the surface notches created by feed stoppage are clearly visi-
ble for both cuts. Since the material removal simulation utilizes a rigid tool model, the 
axial location of the virtual profile measurement does not play any role. 

For comparison, the surface profile is also measured with a CMM using a 3 mm 
probe. Subsequently, the profile data is filtered by a spline filter with a cut-off wave-
length of 1.5 mm. This is done to ensure that kinematic surface roughness (third order 
form deviation) is filtered out, as it is also not available in the virtual profile. A compar-
ison of the measured and virtual straightness profiles for both cuts is also shown in 
Figure 7.7.  

 
Figure 7.7 Comparison of straightness deviations from real and virtual evaluation 

Vergleich der Geradheitsabweichungen aus realer und virtueller Ermittlung 

In both the down milling operations, the static tool compliance and resulting deflection 
leads to the removal of lesser material than required. Once the feed is stopped during 
cutting, the cutting forces cease to exist, and the tool returns to the required position, 
thereby creating a notch. In both cuts, the profile and depth of the notch could be pre-
dicted with reasonable accuracy. In case of Cut 1, a slight overestimation of the depth 
can be observed (45.942 mm instead of 45.972 mm). Most probably, this error is due 
to overestimation of the static force by 9.6 % observed in Figure 7.5. However, other 
sources of errors in the underlying models of WQM cannot be excluded completely. 
This is also valid for Cut 2, where an underestimation of the notch depth is observed 
(43.527 mm instead of 43.506 mm).  

A probable factor contributing to the error is, that the predicted FRFs are based on 
measurements of the adapter and spindle conducted in a stationary state. The change 
in the dynamic behavior of the spindle under rotation is not reflected in the predicted 
tool tip and tool tip-SIDS FRFs. In general, the accuracy of substructuring predictions 
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for WQM can be expected to improve if the ERMs are obtained for spindle under rota-
tion. Nevertheless, a residual error in modelling is unavoidable, such that an adaptive 
parametric spindle model based on the FRF predictions may be more suitable for im-
proving the accuracy of force and displacement estimations. Furthermore, the accu-
racy of the virtually generated surface can possibly be improved by considering a non-
rigid tool cylinder in the material removal simulation instead of a rigid cylinder. The 
compliance at different axial positions of the tool could then be obtained by considering 
additional coupling planes in the ARM of the tool. 
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8 Summary and Outlook 
Tool change in milling process represents a significant structural modification, which 
not only influences the process stability behavior but also the milled surface errors 
under stable cutting conditions. Since the measurement of the tool tip dynamics for 
each tool and machine combination is not feasible, an efficient prediction of the tool tip 
FRF is highly desirable. Additionally, the use of main spindle integrated displacement 
sensors for the estimation of process forces and virtual workpiece quality also requires 
the knowledge of the transfer function between the tool tip and the sensor unit. Thus, 
the efficient prediction of the spindle-holder-tool dynamics is indispensable for a variety 
of applications such as prediction of stability behavior, process forces, tool deflection 
during cutting as well as virtual surface quality.  

Dynamic substructuring in the frequency domain offers a possibility for a realistic pre-
diction of the spindle-holder-tool dynamics by coupling experimentally obtained re-
sponse models of the machines with the analytical models of the holder-tool assembly. 
In the comprehensive and systematic analysis of the available literature, key deficits 
were identified, which contribute to limiting the widespread application of the frequency 
based tool coupling approach in industrial practice. These deficits were categorized 
under the aspects of experimental and analytical response modelling. Therefore, ap-
propriate research questions were formulated in this thesis for researching substruc-
turing methods for the reliable and efficient prediction of the tool tip as well as the tool 
tip-SIDS FRFs. 

With the goal of obtaining high-quality ERMs, the previously unexplored aspect of us-
ing relative excitation actuators (such as piezoelectric actuators) was addressed. It was 
shown mathematically and practically that relative excitation can still be used to obtain 
the absolute vibration behavior under certain preconditions. With this background, dif-
ferent strategies for the measurement of displacement-to-force FRFs were imple-
mented and systematically compared with respect to derived criteria. It was found that 
the use of piezoelectric actuator and accelerometer is most advantageous due to the 
flexible allocation of spectral energy to quasistatic frequencies, wide frequency range 
and low scope of bias errors.  

Furthermore, two new methods for the identification of rotational compliances at the 
free end of an adapter are proposed: a modal parameter based and a rotational accel-
erometer based method. These avoid the characteristic drawback of creation of spuri-
ous poles using the complex division approach from [SCHM05]. For the use of rota-
tional accelerometer, a method for the cancellation of inertia effects from the directly 
measured rotation-to-force FRFs is proposed. A comparison of the developed methods 
with the complex division approach showed that the modal parameter expansion ap-
proach delivered noise free estimation of the rotation-to-moment FRF using only three 
measured displacement-to-force FRFs. Based on the methodical comparison and 
analysis, the recommended applications for each method were also derived. 

A major challenge in the accurate and efficient analytical tool modelling is that certain 
features of the tool assembly (like joint parameters) cannot practically be modeled a 
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priori and require additional reference measurements for their parametrization. Instead 
of using a FRF of the tool clamped in the machine spindle, this thesis proposes the 
measurement of reference FRFs in an offline, freely constrained state of the tool as-
sembly using low mass accelerometers. This enables an accurate, economical and 
rapid identification process. Such model updating is realized by the proposed ETMU 
approach, where the ARM of the tool assembly is extended by considering the FEM 
based dynamics of the standard interface. Using the ETMU approach and an efficient 
optimization formulation, the SDE joint models of six holder-blank assemblies with dif-
ferent overhangs were identified. Based on the ETMU approach, a method for the 
identification of the effective diameter of the geometrically complex fluted tool segment 
is also proposed and validated for four exemplary holder-end mill assembles with dif-
ferent diameters, lengths, helix angles, number of teeth, tooth geometries, etc. Despite 
the vastly different tool assemblies, the ETMU approach could efficiently identify model 
parameters and predict the tool tip FRFs with good accuracy. 

An important prerequisite for model updating using ETMU is the accurate modelling of 
different features such as balancing holes, holder taper and composite beam. For this, 
the TIMOSHENKO beam theory was implemented, compared and shown to be most suit-
able for analytical modelling. Furthermore, methods for the accurate beam modelling 
of holder features were developed. The structured analysis and validation of these 
methods offers valuable insights for the accurate tool holder modelling. 

In this thesis, the tool coupling framework is extended to include the SIDS plane, such 
that tool tip-SIDS transfer functions can be predicted for different tools. The key enabler 
of the prediction is the developed experimental strategy, which delivers the required 
two transfer functions (H54

S  and L54
S ) between the interface and the SIDS. The strategy 

involves the measurement of the H-term using a piezoelectric actuator and an interface 
without the holder (‘stub’). The displacement-to-moment transfer function (L-term), 
which cannot be directly measured could be identified using the developed modal pa-
rameter expansion method. Using this strategy, accurate predictions of the tool tip-
SIDS transfer function could be achieved for four geometrically different holder-tool 
assemblies.  

The statistical moments method was successfully implemented for the quantification 
of uncertainty due to GAUSSIAN random noise on the measured transfer functions. It 
was shown that for 100 repetitions of the FRF measurements, the 95 % confidence 
interval corresponded to about 4 - 5 % average amplitude error of the H-term. This was 
slightly lower for the directly measurable N-term (N54

S ), especially at the lower frequen-
cies. The systematic propagation of the quantified uncertainties through the coupling 
calculations revealed that the uncertainties on the displacement-to-force FRFs strongly 

propagate to the predicted tool tip-SIDS transfer function (H58
SThT). This implies that the 

careful measurement of displacement-to-force FRFs is crucial to reduce uncertainty 
propagation to the predictions. The derived uncertainty bounds on the amplitude and 
phase of the predicted transfer functions remained below 4 % of the mean values for 
most of the frequency range. 
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This thesis also demonstrates the utility of the predicted tool tip and tool tip-SIDS FRFs 
for the estimation of process forces and virtual workpiece quality. To this end, a method 
for process force estimation was developed based on SIDS deflections and the transfer 
function inversion technique from [BREC18b]. It was also shown how the quantified 
uncertainties on the FRF as well as the SIDS measurements can be propagated to the 
force estimates. The methodical validation confirmed the intuition that smaller dynamic 
deflections at the SIDS lead to greater uncertainties on the estimated forces. An accu-
rate estimation of process forces could be achieved for different tool assemblies with 
stationary spindle as well as for real down milling operations. However, it was noted 
that for more robust prediction of the process forces, fault tolerant or adaptive models 
may be necessary. This is because the prediction of tool tip-SIDS FRF requires one 
analytical and two experimentally obtained compliance matrices (see Eq. (6.10)), 
which may contribute to greater residual modelling errors.  

The developed substructuring methods provide two key inputs required for virtual qual-
ity undertakings for different holder-tool assemblies without significant measurement 
effort. These include the process force estimates and the static and dynamic tool tip 
compliance in the clamped state. Therefore, a possible integration of the substructuring 
methods with an existing WQM framework is proposed and validated. For the consid-
ered down milling operations, the form error due to tool deflection could be estimated 
based on the predicted FRFs of the different tool assemblies. Provided that the axes 
positions are available at higher temporal resolutions (not limited by servo frequency), 
the integrated substructuring-virtual quality framework can potentially also estimate 
surface waviness due to dynamic process force dependent tool deflections. This as-
pect can further increase the utility of the integrated framework and should be investi-
gated and verified in future works. 

Outlook 

Consideration of dynamic behavior of the spindle shaft-bearing system under rotation 
offers potential for further improving the experimental response models. Spindle dy-
namics is not only influenced by the centrifugal forces but also by thermal and me-
chanical loads. Therefore, more research is necessary to develop methods for consid-
ering the operating-point and load dependent dynamic behavior of the spindle sub-
structure. One possibility is the conception of an abstracted, adaptive model of the 
spindle-bearing system, whose parameters can be adjusted based on initial empirical 
trials at different operating points.  

Measurement effort for experimental response modelling of the spindle substructure 
with SIDS may be considerably reduced if the interface as well as the interface-SIDS 
compliance matrices are obtained in a single measurement setup. This is imaginable 
if the stub interface used in this thesis is further modified, such that rotational deflec-
tions can also be measured directly at the stub using T-block or rotational accelerom-
eters. In this way, adapter decoupling would be avoided and the same measurement 
setup could deliver all required dynamic compliances. 
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With respect to analytical modelling, the use of beam theories is convenient because 
detailed CAD or FEM models of the vast combinations of holders and end mills are 
often not available. However, it is conceivable that abstracted CAD models for many 
of the holder-tool combinations may be available in the future. This is indicated by the 
current industrial efforts towards the aggregation of CAD databanks from different 
manufacturers for computer-aided manufacturing simulations [CIMS22]. Thus, devel-
opment efforts are required for the automated generation of FEM models from the CAD 
data, such that compliance matrices at different substructure coordinates can be cal-
culated. Such an automated generation of ARMs based on the CAD data can consid-
erably reduce modelling effort. 

Another aspect that requires further research is the experimental identification of joint 
damping behavior for lowly damped structures. The damping effect due to microslip at 
the asperities between the holder and end mill surfaces could not be consistently iden-
tified using impact testing in freely constrained state. Therefore, alternate experimental 
strategies should be researched for the unambiguous modelling and identification of 
the holder-tool joint. An experimental method for the identification of damping due to 
microslip in bolted joints is proposed in [SANA18] and could be adjusted for the holder-
tool joint. 

The presented potential improvements of the substructuring methods can further in-
crease prediction accuracy, economic utility and thus the industrial acceptance.
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Zusammenfassung und Ausblick  
Der Werkzeugwechsel stellt bei der Fräsbearbeitung eine wesentliche Strukturmodifi-
kation dar, die nicht nur das Prozessstabilitätsverhalten, sondern auch die Oberflä-
chengüte bei stabilen Schnittbedingungen beeinflusst. Da die Messung des Nachgie-
bigkeitsfrequenzgangs (engl.: Frequency Response Function, FRF) für jede Werk-
zeug- und Maschinenkombination nicht wirtschaftlich ist, ist eine effiziente Vorhersage 
der Werkzeugdynamik unerlässlich. Darüber hinaus erfordert der Einsatz von 
hauptspindelintegrierten Wegsensoren zur Abschätzung der Prozesskräfte und der vir-
tuellen Werkstückqualität weiterhin die Kenntnis der Übertragungsfunktion zwischen 
Werkzeugspitze und Sensoreinheit (engl.: Spindle Integrated Displacement Sensors, 
SIDS). Daher bildet die effiziente Vorhersage der Spindel-Halter-Werkzeug-Dynamik 
bei der spanenden Bearbeitung die Grundlage für eine Vielzahl von Anwendungen wie 
die Vorhersage des Stabilitätsverhaltens, der Prozesskräfte sowie der virtuellen Ober-
flächenqualität. 

Die dynamische Substrukturierung im Frequenzbereich bietet eine Möglichkeit zur re-
alistischen Vorhersage des dynamischen Verhaltens an der Werkzeugspitze. Dies wird 
durch Kopplung von experimentell ermittelten Response-Modellen der Maschinen mit 
den analytischen Modellen der Halter-Werkzeug-Baugruppe realisiert. Bei der umfas-
senden und systematischen Analyse der verfügbaren Literatur wurden wesentliche 
Defizite identifiziert, die bisher eine breite Anwendung des frequenzbasierten Ansatzes 
zur Werkzeugankopplung in der industriellen Praxis einschränken. Diese Defizite wur-
den unter den Aspekten der experimentellen und analytischen Response-Modellierung 
kategorisiert. Daraus wurden zentrale Forschungsfragen abgeleitet, anhand derer 
Substrukturierungsmethoden für die zuverlässige Vorhersage von FRFs am Werkzeug 
sowie zwischen dem Werkzeug und den SIDS erforscht wurden. 

Mit dem Ziel, qualitativ hochwertige experimentelle Response-Modelle (ERM) zu er-
halten, wurde der bisher unerforschte Aspekt der Verwendung von Aktoren mit relati-
ver Anregung (z. B. piezoelektrische Aktoren) untersucht. Es konnte mathematisch 
und praktisch gezeigt werden, dass mit relativer Anregung unter bestimmten Voraus-
setzungen das absolute Schwingungsverhalten errechnet werden kann. Vor diesem 
Hintergrund wurden verschiedene Strategien zur Messung von Weg-zu-Kraft-FRFs im-
plementiert und systematisch hinsichtlich abgeleiteter Kriterien verglichen. Es zeigte 
sich, dass der Einsatz von piezoelektrischen Aktoren und Beschleunigungsaufneh-
mern aufgrund der flexiblen Aufteilung der spektralen Energie, des großen Frequenz-
bereichs und des geringen Umfangs von Bias-Fehlern am besten geeignet ist.  

Darüber hinaus wurden zwei neue Methoden zur Identifikation von rotatorischen Nach-
giebigkeiten am freien Ende eines Adapters erarbeitet: eine auf modalen Parametern 
basierende und eine auf Rotationsbeschleunigungssensoren basierende Methode. 
Diese vermeiden den charakteristischen Nachteil des komplexen Divisionsansatzes, 
welcher in [SCHM05] vorgestellt wurde. Für die Verwendung von Rotationsbeschleu-
nigungssensoren wurde eine Methode zur Kompensation von Trägheitseffekten aus 
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den direkt gemessenen Rotation-zu-Kraft-FRFs erarbeitet. Ein Vergleich der entwi-
ckelten Methoden mit dem komplexen Divisionsansatz zeigte, dass die Methode der 
Erweiterung modaler Parameter eine Schätzung der Rotation-zu-Moment-FRF mit nur 
drei gemessenen translatorischen FRFs ohne Messrauschen erlaubt. Auf der Grund-
lage des systematischen Vergleichs und der Analyse wurden die empfohlenen Anwen-
dungen für jede Methode abgeleitet. 

Eine wesentliche Herausforderung bei der genauen und effizienten analytischen Mo-
dellierung von Werkzeugbaugruppen besteht darin, dass bestimmte Eigenschaften 
(z. B. Fügestellenparameter) a priori praktisch nicht modelliert werden können. Die Pa-
rametrisierung dieser Eigenschaften erfordert zusätzliche Referenzmessungen der 
Baugruppe. In dieser Arbeit wurden solche Referenzmessungen in Form von FRFs 
nicht am eingebauten Werkzeug gemessen, sondern offline im frei eingespannten Zu-
stand. Dies ermöglichte eine präzise, wirtschaftliche und schnelle Identifikation der a 
priori unbekannten Eigenschaften der Werkzeugbaugruppe. Die Modellparametrie-
rung wird durch den erarbeiteten ETMU-Ansatz (engl.: Extended Tool Model Updating) 
realisiert, bei dem das analytische Response-Modell (ARM) der Werkzeugbaugruppe 
um die Dynamik der Werkzeugschnittstelle erweitert wird. 

Eine wichtige Voraussetzung für das Model-Updating mit ETMU ist die genaue Model-
lierung verschiedener Merkmale des Werkzeughalters wie Wuchtbohrungen, Kegelge-
ometrie, etc. Hierfür wurde die TIMOSHENKO-Balkentheorie umgesetzt, analysiert und 
mit der EULER-BERNOULLI-Balkentheorien verglichen. Die TIMOSHENKO-Balkentheorie 
erwies sich als am besten geeignet für das Model-Updating mit ETMU. Darüber hinaus 
wurden Methoden zur genauen Balkenmodellierung von Haltermerkmalen entwickelt. 
Die strukturierte Analyse und Validierung dieser Methoden bietet wertvolle Erkennt-
nisse für die korrekte Modellierung von Haltermerkmalen. 

In dieser Arbeit wurde der Ansatz der Werkzeugankopplung um die SIDS-Ebene er-
weitert, so dass die Übertragungsfunktionen zwischen Werkzeugspitze und SIDS für 
verschiedene Werkzeuge vorhergesagt werden können. Dieser neue Ansatz wurde 
durch eine experimentelle Strategie befähigt, welche die beiden erforderlichen Über-
tragungsfunktionen zwischen der Werkzeugschnittstelle und dem SIDS bestimmt (H54

S  
und L54

S ). Die Strategie beinhaltet die Messung des Weg-zu-Kraft-FRFs (H54
S ) mithilfe 

eines piezoelektrischen Aktors und einer speziellen Werkzeugschnittstelle ohne Hal-
ter. Der Weg-zu-Moment-FRF (L54

S ), welcher nicht direkt gemessen werden kann, 
konnte mit der entwickelten Methode der Erweiterung modaler Parameter ermittelt 
werden. Mit diesen Strategien konnten genaue Vorhersagen der Übertragungsfunktion 
zwischen Werkzeugspitze und SIDS für geometrisch unterschiedliche Halter-Werk-
zeug-Baugruppen erzielt werden. 

Die statistische Momentenmethode wurde erfolgreich zur Quantifizierung der Unsi-
cherheit durch das Gauß‘sche Zufallsrauschen bei den Übertragungsmessungen ein-
gesetzt. Es zeigte sich, dass bei 100 Wiederholungen der Schnittstelle-SIDS-FRF-
Messungen das 95 %-Konfidenzintervall einem durchschnittlichen Amplitudenfehler 
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des Weg-zu-Kraft-FRFs von etwa 4 - 5 % entsprach. Dieser war für den direkt mess-
baren Rotation-zu-Kraft-FRF etwas geringer, insbesondere bei den niedrigeren Fre-
quenzen. Die systematische Analyse der Unsicherheitsfortpflanzung durch die Kopp-
lungsberechnungen zeigte, dass die Unsicherheiten der gemessenen Weg-zu-Kraft-
FRFs eine stärkere Auswirkung auf die Prognose des Werkzeug-SIDS-FRFs hat. Die 
sorgfältige Messung von Weg-Kraft-FRFs ist daher von hoher Bedeutung, um die Un-
sicherheitsübertragung auf die Vorhersagen zu reduzieren. Die ermittelten Konfiden-
zintervalle für die Amplitude und Phase der vorhergesagten Übertragungsfunktionen 
blieben für die meisten Frequenzbereiche unter 4 % der Mittelwerte. 

In dieser Arbeit wurde zudem der Nutzen der vorhergesagten Werkzeug- und Werk-
zeug-SIDS-FRFs für die Abschätzung der Prozesskräfte und der virtuellen Werk-
stückqualität demonstriert. Zu diesem Zweck wurde eine Methode zur Schätzung der 
Prozesskräfte entwickelt, die auf den SIDS-Auslenkungen und der Inversionsmethode 
der Übertragungsfunktion aus [BREC18b] basiert. Es konnte erfolgreich gezeigt wer-
den, wie die quantifizierten Unsicherheiten der FRF sowie der SIDS-Messungen auf 
die Kraftschätzungen übertragen werden können. Die methodische Validierung bestä-
tigte die Vermutung, dass kleinere dynamische Auslenkungen am SIDS zu größeren 
Unsicherheiten bei den geschätzten Kräften führen. Eine genaue Abschätzung der 
Prozesskräfte konnte sowohl für verschiedene Werkzeugbaugruppen mit stehender 
Spindel als auch für Fräsoperationen erreicht werden. Für eine noch robustere Vor-
hersage der Prozesskräfte sind allerdings  fehlertolerante oder adaptive Modelle obli-
gat. Dies liegt daran, dass die Vorhersage des Werkzeug-SIDS-FRF auf einer analyti-
schen sowie auf zwei experimentell ermittelten Nachgiebigkeitsmatrizen basiert (siehe 
Gl. (6.10)), was zu größeren Restfehlern bei der Modellierung führen kann. 

Die entwickelten Substrukturierungsmethoden bestimmen ohne hohen Messaufwand 
zwei wichtige Eingangsparameter, die für virtuelle Qualitätsuntersuchungen benötigt 
werden. Dazu gehören die Prozesskraftschätzungen auf Basis der prognostizierten 
Übertragungsfunktion sowie die statische und dynamische Nachgiebigkeit des Werk-
zeugs im eingespannten Zustand. Folglich wurde eine mögliche Integration der Sub-
strukturierungsmethoden in ein bestehendes Rahmenwerk zur virtuellen Qualitäts-
überwachung vorgestellt und validiert. Für die betrachteten Fräsoperationen konnte 
der abdrängungsbedingte Formfehler auf Basis der vorhergesagten FRFs der ver-
schiedenen Werkzeugbaugruppen abgeschätzt werden. Mit einer genaueren Abbil-
dung des Fräsers und höherer zeitlicher Auflösung der Achspositionen, kann die inte-
grierte Substrukturierungsmethode potenziell auch die Oberflächenwelligkeit aufgrund 
von dynamischen, prozesskraftabhängigen Werkzeugauslenkungen bestimmen. Die-
ser Aspekt kann den Nutzen des integrierten Systems weiter erhöhen und sollte in 
zukünftigen Arbeiten untersucht und verifiziert werden. 

Ausblick 

Die Berücksichtigung des dynamischen Verhaltens des Spindellagersystems unter 
Drehzahl bietet Potenzial zur weiteren Verbesserung der ERM. Hierbei wird die Spin-
deldynamik nicht nur durch die Fliehkraft, sondern auch von thermo-elastischen und 
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mechanischen Belastungen beeinflusst. Es sind daher sind weitere Untersuchungen 
notwendig, um Methoden für die Betrachtung des betriebspunkt- und lastabhängigen 
dynamischen Verhaltens der Spindel-Substruktur zu entwickeln. Eine Möglichkeit ist 
die Konzeption eines abstrahierten, adaptiven Modells des Spindellagersystems, des-
sen Parameter auf Basis erster empirischer Versuche in verschiedenen Betriebspunk-
ten angepasst werden können. 

Der Messaufwand für die experimentelle Response-Modellierung einer Spindel-Sub-
struktur mit SIDS kann erheblich reduziert werden, indem die Nachgiebigkeitsmatrix 
an der Werkzeugschnittstelle selbst sowie zwischen der Werkzeugschnittstelle und der 
SIDS in einem Messaufbau erfasst werden. Eine Möglichkeit stellt die Modifikation der 
in dieser Arbeit verwendeten Werkzeugschnittstelle (ohne Halter) dar, sodass auch 
rotatorische Nachgiebigkeiten direkt an der Schnittstelle mit einem T-Block oder einem 
Rotationsbeschleunigungssensor aufgenommen werden können. Durch Messung al-
ler erforderlichen dynamischen Nachgiebigkeiten im selben Aufbau könnte somit eine 
Adapterentkopplung umgangen werden. 

Im Hinblick auf die analytische Modellierung ist die Verwendung von Balkenmodellen 
geeignet, da detaillierte CAD- oder FEM-Modelle für die zahlreichen Kombinationen 
von Haltern und Fräsern oft nicht verfügbar sind. Zukünftig ist jedoch denkbar, dass 
abstrahierte CAD-Modelle für viele der Halter-Werkzeug-Kombinationen verfügbar 
sein werden. Darauf deuten die aktuellen industriellen Bestrebungen zur Zusammen-
führung von CAD-Datenbanken verschiedener Hersteller für die Computer-Aided-Ma-
nufacturing-Simulationen hin [CIMS22]. Somit sind Methoden zur automatischen Ge-
nerierung von FEM-Modellen der Werkzeugbaugruppen aus den CAD-Daten notwen-
dig, welche die Nachgiebigkeitsmatrizen an verschiedenen Kopplungskoordinaten lie-
fern. Eine solche automatische Generierung von ARMs auf Basis der CAD-Daten kann 
den Modellierungsaufwand erheblich reduzieren. 

Ein wichtiger Aspekt mit weiterem Forschungsbedarf ist die experimentelle Ermittlung 
der Fügestellendämpfung für das Model-Updating. Der Dämpfungseffekt durch Mik-
roschlupf an den Asperitäten zwischen Halter- und Schaftfräseroberflächen konnte 
durch Impulsanregungen im frei hängenden Zustand nicht eindeutig und wiederholbar 
identifiziert werden. Daher sollten für die eindeutige Modellierung und Identifizierung 
der Halter-Werkzeug-Verbindung andere experimentelle Strategien erforscht werden. 
In [SANA18] wird eine experimentelle Methode zur Ermittlung der Dämpfung aufgrund 
von Mikroschlupf in Schraubverbindungen vorgestellt, die für die Halter-Werkzeug-Fü-
gestelle angepasst werden könnte.   
Die vorgestellten, potenziellen Verbesserungen der Substrukturierungsmethoden kön-
nen die Genauigkeit, den wirtschaftlichen Einsatz und damit die industrielle Akzeptanz 
weiter steigern. 
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A. Appendix 
Anhang 

A.1 Implementation of a tool coupling environment 
Realisierung einer Werkzeugankopplungsumgebung 

In this section, the validated methods for efficient experimental and analytical model-
ling are implemented in the form of a software called ‘CouplingTools’ in the Matlab 
environment. Thus, the software fulfills the following functions: 

1. Creating ERMs 
a. Creating machine ERM based on FRFs from adapter measurements 
b. Evaluate the raw interface-SIDS force and displacement measurements 

to calculate the mean transfer functions along with confidence intervals 
2. Creating ARMs 

a. TIMOSHENKO beam modelling of tools using an interactive Graphical User 
Interface (GUI) called the ‘ToolBuilder’ 

b. Tool model extension using ETMU approach 
c. Identification of joint stiffness using free-free reference FRFs 
d. Estimation of effective diameter of the fluted segment using free-free ref-

erence FRFs 
3. Performing coupling calculations  

a. Predicting the tool tip and tool tip-SIDS FRFs with amplitude and phase 
uncertainty bounds 

4. Loading and plotting reference FRFs 

Figure A.1 shows the main Matlab-based GUI for realizing the above functions. 

 
Figure A.1 Main GUI of the software CouplingTools 

Haupt-GUI der Software CouplingTools 
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The main functionalities are accessible from the Menu bar located at the top of the 
GUI. An object-oriented paradigm is adopted, where the ERMs and ARMs are repre-
sented as tool and machine objects with corresponding properties and methods. Two 
plot axes are available for the plotting of amplitude and phase of different FRFs. A list 
of machines whose response models have been created based on adapter decoupling 
is displayed in the ‘Machine List’. Similarly, a list of created ARMs of different tool as-
semblies is displayed in the ‘Tool List’. Using the ‘MC+Tool Tip FRF’ button, the tool 
tip FRF can be predicted for the actively selected tool and machines from the lists. If 
the ERM of the machine in the Machine List also includes the evaluated transfer be-
havior between the interface and SIDS, the ‘SIDS-Tool Tip FRF’ button enables the 
prediction of the corresponding tool tip-SIDS FRF. 

A.1.1 Creating ERMs 
Erstellung von ERMs 

Experimentally obtained FRFs of the adapter or interface-spindle substructure can be 
loaded and evaluated using the ‘Machine’ tap in the Menu bar. First, the displacement-
to-force or rotation-to-force FRFs measured at the adapter are read-in and plotted us-
ing the ‘Load Measurement’ button in the drop-down menu (Figure A.2). With the ‘De-
coupling’ option, the user is prompted about the method for the identification of rota-
tional compliances as well as the dimensions and material of the adapter to be decou-
pled from the compliance matrix at the free end. With these inputs, the ERM of the 
machine at the interface flange is created and the corresponding object is created. 
Furthermore, the force and displacement signals for the interface-SIDS transfer func-
tion can be read-in and analyzed using the ‘Load Transfer Function’ option. This cre-
ates the corresponding transfer function using the proposed strategy along with the 
confidence intervals on the amplitude as phase. 

 
Figure A.2 Creation of the machine object using the ‘Machine’ menu 

Erstellung des Maschinenobjekts mit dem ‚Machine‘-Menu  
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A.1.2 Creating updated ARMs  
Erstellung von ARMs und deren Parametrisierung 

The ARM of new tool assembly can be created by selecting the ‘Tool’ option in the 
menu bar followed by the ‘Create Tool’ option in the drop-down menu. The interactive 
‘ToolBuilder’ GUI appears in a pop-up window and shows the 2D representational plot 
of the normed interface along with a grid of green points (Figure A.3). For creating a 
slice, the button T.2 must be first clicked. With the subsequent crosshair cursor, a grid 
point corresponding to the length of the slice should be clicked. This then opens up a 
pop-up window, where the detail regarding the inner, outer diameter, material and 
number of sub-slices can be entered. In case of a composite beam, the inner as well 
as outer beam material can be specified. Thus, the tool assembly can be abstracted 
by creating successive slices of required geometry and material from left to right direc-
tion. If a DXF-file of the desired tool already exists, it can be imported as a template 
using T.1. 

Once the holder-tool model is complete, the location of the balancing hole can be spec-
ified by selecting a grid point or entering the values manually. The inputs required for 
calculating the equivalent diameter, cross section area and area moments of inertia 
are entered in another pop-up window. Subsequently, a 2D representation of the bal-
ancing hole plane is plotted in the GUI and the calculated values are assigned to the 
tool object. 

 
Figure A.3 Creation of the tool object using the ToolBuilder GUI 

Erstellung eines Werkzeugobjekts mit ToolBuilder GUI 



148 Appendix 

Furthermore, the location of the coupling point, where the joint parameters are as-
sumed to work is specified with the T.3 button. Using T.4 and T.5, the stiffness and 
damping respectively can be entered if they are known a priori or roughly estimated. 
After all these steps, T.6 can be used to save the tool object for subsequent applica-
tions. Existing tool objects can be opened and plotted using the ‘Load Tool’ and ‘Dis-
play Tool Model’ of the drop-down menu respectively. 

The free-free response model of the rigidly coupled holder-tool assembly is extended 
to include the interface dynamics by using the option ‘Couple HSK Model’. This first 
requires the loading for the compliance matrix at the end of the interface obtained from 
the corresponding FEM model (‘Load HSK Model’). 

The resulting extended tool assembly (interface-holder-tool) is now prepared for pa-
rameter identification. The ‘Joint ID’ tab of the menu bar (highlighted in Figure A.4) is 
dedicated to loading and evaluation of the reference free-free FRFs for joint identifica-
tion. The reference FRF at the blank tip of the interface-holder-blank assembly is 
loaded using the ‘Load H-Th-C FRF’ option. Here, the letter H is used to denote the 
HSK interface substructure. Next, by clicking on the ‘Identify Joint’ option, the meas-
ured (H33m

IThC) and the analytically obtained (H33
IThC) blank tip FRFs are plotted such that 

the user can select one or multiple frequency ranges for the optimization process. 

Similarly, in the ‘Effectiv. Dia. ID’ option loads and plots the tool tip FRF of the freely 
constrained interface-holder-tool assembly. Here, the analytical tool is represented by 
a two-segment beam.  

Based on the user defined frequency ranges, the respective optimization algorithms 
are executed to identify joint stiffness and the effective fluted segment in two separate 
steps. The identified values as well as the measured FRFs are assigned to the object. 

 
Figure A.4 Model updating of the ARM 

Model-Updating des ARM 
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A.2 Setup for rapid free-free FRF measurement   
Aufbau für die schnelle FRF-Messung im freihängenden Zustand   

A simple test bench for the quick measurement of the interface-holder-tool or interface-
holder-blank assembly in the freely constrained state using an actuated impact ham-
mer is described here (Figure A.5). The tool assembly is hung from a flexible band at 
hooks, which can be moved along the length of the aluminum profile in x-direction. This 
allows for the quick hanging of tool assemblies using the drill holes of the HSK inter-
face. An actuated impact hammer is placed on a carriage, which can be moved in the 
z-direction using a rack and pinion mechanism. This is necessary to enable quick ad-
justment of the actuation height for tool assemblies with different lengths. The base of 
the carriage can also be positioned along the x-direction, if required.  

The test bench is designed such that the impact location always lies in the xy-plane 
which passes through the middle of the tool assembly. This allows for consistent and 
repeatable measurement of the reference FRFs required for model updating using the 
ETMU approach. 

 
Figure A.5 Setup for quick measurement of reference FRFs for model updating 

Aufbau zur schnellen Messung von Referenz-FRFs für die Modellaktualisierung 
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