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Nowadays, supervised machine learning (ML) via artificial neural network (ANN) is increasingly applied within multiscale
material modeling and homogenization to generate data-based, physics-informed material models as an alternative to con-
ventional material models. This application is associated with many benefits, such as increasing of computational efficiency
and accuracy. However, the establishment of a reliable data-based or ML-based material model requires the availability of
a proper and sufficiently large database from small-scale simulations and appropriate processing of these data as part of the
model building steps. In this connection, this contribution discusses the method to generate ML-based material models, which
strictly fulfill a number of restrictions, such as objectivity (or material frame-indifference) and thermodynamic consistency
(second-law of thermodynamics) for an elasto-plastic material response. While focusing in this contribution on anisotropic
crystal plasticity, the two aforementioned restrictions can be fulfilled via the utilization of informed-graph NN and the appli-
cation of data representation in spectral form. The numerical results show that learning the ML model to explicitly predict the
plastic strain as an intermediate step not only enhances the fulfillment of thermodynamic consistency but also improves the
accuracy of the final prediction.

© 2023 The Authors. Proceedings in Applied Math ics & Mechanics published by Wiley-VCH GmbH.

1 Introduction

In the literature, several publications show the efficiency of applying machine learning (ML) approaches, such as artificial
neural networks (ANN), in multi-scale material modeling through computational homogenization of microscopically hetero-
geneous representative volume elements (RVEs). In this regard, applying "offline" ML multiscale modeling allows overcoming
the disadvantages of computationally-expensive "online" multiscale homogenization methods or inaccurate phenomenological
models. Moreover, it allows to include several microscopic information in the continuum mechanical framework, to discover
new dependencies, and to waive the need to explicitly determine the material parameters. Of the first works in the domain
of supervised machine learning for constitutive models count the paper of Ghaboussi et al. [1], applied to generate a stress-
strain model for concrete under plane stress state. The proposed concepts were extended later by Lefik and Schrefler [2] to
consider non-linear elasto-plastic hysteresis, where an incremental ANN form based on experimental data is considered. To
mention some recent works, ANN multiscale model is proposed in [3] to capture the nonlinear elastic materials response.
An implementation of supervised ANN in multi-scale multi-permeability poroplasticity can be found in [4]. In [S] and [6],
ANN material models are developed to capture the structural response under nonlinear viscoplasticity and elasto-plasticity,
respectively. In [7], ANN-based model that captures grain boundary constitutive behavior is proposed, whereas feed-forward
NN within fracture mechanics is applied in [8].

The reliability and accuracy of the trained material model do not depend only on the size and quality of the database, but
also on the form that data are represented in the training [9, 10], the flow of information in the model, and the NN settings and
hyper-parameters [10-12]. Relying on the database acquired from the lower-scale anisotropic crystal plasticity simulations
in Heider et al. [9], the objective of the underlying work is (1) to utilize a multi-step informed-graph-based neural network
to enforce the fulfillment of the 2"-law of thermodynamics for the dissipative material response, and (2) enforce objectivity
strictly by changing the representation of the stress and strain tensors from component to spectral form.

While the fulfillment of the objectivity and the entropy inequality assists in improving the accuracy and reliability of
the developed ML material model, another factor that can contribute to the accuracy of the prediction is the proper choice
of the hyperparameters of the neural networks. An automated way to discover the optimal NN settings, including model
architecture, number of hidden layers, learning rate, activation function, epochs, batch size, and dropout rate, is presented
in [11] in connection with ML-based permeability and retention curve models and in [10] in connection with elasto-plastic
anisotropic composite materials. The basic idea is to apply deep reinforcement learning (DRL) to figure out the proper
selection of the NN hyperparameters that are associated with a maximum pre-defined reward score (like prediction accuracy).
The discussion of automated NN hyperparameter selection is, however, beyond the scope of this work.

The ML model in this work is implemented in Python deep learning open-source code Keras with Tensorflow as a backend
package. The steps in building the ML anisotropic crystal plasticity can be briefly summarized as follows:
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1. Data generation from lower-scale crystal plasticity simulations.

2. Applying spectral decomposition to compute the eigenvalues and eigenvector and, thus, the related Euler angles.
3. Splitting the data into input and output in addition to training, validation, and testing subsets.

4. Training the model after scaling (normalization) each sequence of data to be within the range [0, 1].

5. Testing the trained model on unseen data, where the predicted output can be rescaled to the original range using a similar
scaling functionality.

To give an overview, the formation of an informed directed elasto-plastic graph (£ PG), which enhances the thermodynamic
consistency and objectivity, is presented in Section 2. This is followed by testing the accuracy and reliability of the proposed
approach using a database related to anisotropic crystal plasticity in Section 3. This section includes also a comparison
between the /PG approach and a simple incremental direct graph DG approach, which does not enhance thermodynamic
consistency. Finally, concluding remarks and a future aspects are presented in Section 4.

2 Informed directed graph representation and objectivity enhancement

The focus of the following discussion is on generating a ML-based material model, which enhances the fulfillment of thermo-
dynamic consistency and objectivity. For the generation of the database, the "ultimate algorithm" is applied according to [13],
which delivers the exact solution of f.c.c. single-crystal plasticity within the small-strain framework. In addition to having the
total strain € as an input and the total stress o as the final output, the intermediate steps in this algorithm deliver also important
information, such as the plastic strain €P, which can be used in the ML-model generation. For the thermodynamic consistency
of the isothermal, elasto-plastic process, the rate of mechanical dissipation ID,, must be non-negative. A common procedure
in deriving an expression for D, is to start with the Clausius-Duhem dissipation inequality, which is simplified to the local
Clausius-Planck dissipation inequality for the purely mechanical and isothermal process. Following, e.g., [13—15], this can be
expressed in terms of the stress power per unit volume o - € and the rate of change of internal energy per unit volume U as

Dipe=0 - € — U >0. )]

For the elasto-plastic process under consideration, both € and ¥ can be split into an elastic and a plastic contribution as
€=¢€°+€ePand ¥ = ¥ (€°) + ¥, (€P), respectively. The time derivative of € and ¥ read

T : . . OVel .o
E=€°4+&" and W=, + Up(e?) = 8521 4Ty, 2)
Inserting the terms of Eq. (2) in the inequality (1) yields
Dy — 0V, e p . o p .
loc_(a—aee)-s to & —Uy>0 — D=0 & — Uy >0. 3)

el

In this, the fulfillment of the entropy inequality for random positive or negative values of €° requires & = . In order

to enhance the fulfillment of the D, > 0 restriction, we propose an informed graph ML model for elasto-plasticity (EPG),
illustrated in Fig. 1, that explicitly predicts the plastic strain in addition to the total stress. Additionally, we compare the
performance of £ PG with that of a simpler incremental direct graph DG, discussed in detail in [9], and does not explicitly
include a prediction of the plastic strain.

The graphs in Fig. 1 represent incremental algorithms, where the information from the previous time step is used in the
prediction of the variable at the next time step. They also include recurrent neural networks (RNN) for path-dependent
plasticity and feed-forward regression neural networks (FFNN) for path-independent elasticity. Unlike DG, which is carried
out in one step, the approach with £ PG involves the following three steps:

1. RNN model to predict €7 | (plasticity)
2. Exact computation: €5, = €,41 — €}
3. FFNN model to predict 0,41 based on €7, ; (elasticity)

It is worth mentioning here that the RNN approach that is applied in this work is the Long Short-Term Memory (LSTM) neural
network, introduced by Hochreiter and Schmidhuber [16].

ML material models should also follow the principle of material frame-indifference, i.e. should be objective or observer-
invariance. Thus, in analogy to [9], the focus becomes in the ML model on the accurate prediction of both the eigenval-
ues and the direction of the eigenvectors, measured using, e.g. the corresponding Euler angles or the components of the
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Fig. 1: Informed directed elasto-plastic graph (£ PG) and incremental direct graph (DG), which show two methods for the information flow
in the ML-based crystal plasticity material model. The yellow nodes represent the root nodes, the pink nodes are the target nodes, whereas
the blue nodes are the intermediate nodes. The black arrow represents a definition and the red arrows represent the machine learning models,
which are either recurrent neural networks (RNN) or feed-forward regression neural networks (FFNN)

skew-symmetric rotations in Lie Algebra. Therefore, a spectral decomposition is applied to compute the eigenvalues and
eigenvectors of the total strain, plastic strain, and stress tensors as

3

3 3
€= &mi®ny) , €= Mai®nm;) , =Y 0i(Ny@ny), “)

i=1 i=1 i=1

where &;, 5? , 0; are the eigenvalues and n.;, n.»;, n,; are the corresponding eigenvectors. The orthogonal and normalized
eigenvectors allow to construct the (3 x 3) rotation tensors, for which the three Euler angles can be computed. The rotation
tensors can be expressed as

R.=[n. no ns] , Ro=[0e Doy nosl , Ro=[n, n, ngs, )

where R.,R.»,R, € SO(3). Thus, the aim in the training of the ML model becomes, in addition to minimizing the
discrepancy between the true and predicted eigenvalues, to minimize the distance between the true and the predicted rotation
tensors, i.e between R.» and R for the plasticity step and between R, and R for the elasticity step. To simplify the
treatment, each rotation tensor with 9 components can be expressed by equivalent 3 quantities, which are in this work the
Euler Angles. In particular, if we consider R,, and R} as example, the true Euler angles can be expressed as {$,,, 0, 1, }€

. v M M . . . .
E C R*, whereas the predicted ones are {2, 6, 4, }€ E C R*. With this, the Euclidean distance d between these
angles can be computed and integrated in the loss function. This can be expressed for a certain test k as

B = \d@,.2M )2 + d(0,, 00 + d(@,. )2 ©)

With this, the total loss function D%L can be expressed as the sum of the eigenvalue-related loss function DML and
eigenvector-related loss function DY * as

NE

1
DML = L(DME + D) with DML =

N
2 1 B
= N |:0'Z‘ — Efwj| , and 'D%L = N g P, , )
7 i=1

1

where N is the number of output data points and 7 are the predicted output data related to the eigenvalues of stress measure.
In connection with the application of the Euclidean distance between the Euler angles for the loss function in the training, a
non-uniqueness might be encountered under certain limit cases. For instance, (7, 7, 0) and (0, 0, 7) can represent the same
rotation, however, their metric is not zero [17]. As a remedy to resolve this challenge is to impose the Euler angles to be
in half-open ranges as ¢;, 0; € [—m, 7) and ¢; € [—7n/2, w/2), which allows ¢g,, to be valid as a metric in the Special
Orthogonal Group (SO(3)). Alternatively, different metrics can be applied, such as the "distance from the identity matrix" or
the "geodesic on the unit sphere” in Lie algebra. A thoroughly discussion of different metrics can be found in [9], which is
beyond the scope of this work.
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3 Results and discussion

The aim of the following numerical experiments is to test the performance and show the accuracy and sources of error of the
proposed informed elasto-plastic graph (E PG) in predicting the stress components in enhanced objectivity and thermody-
namic consistency framework. Another aim is to compare E PG approach with the simpler DG with regard to the accuracy
in predicting the stress components.

The dataset used in the generation of the ML material model consists of 1176 experiments, which result from 24 loading
scenarios of the f.c.c crystal and for 49 states of rotation [9]. Within a plane-strain state, the crystal is subjected in each
experiment to monotonic 100 increments of one or more strain components. These experiments are then split into a training
subset (792), a validation subset (192), and a testing subset (192). Specifically, the training subset is used to adjust the neural
network weights and biases, the validation subset is used in the training to regularly assess the quality of the trained model
and thus contributes to the tuning of the NN weights, and the testing subset represents the unseen dataset and is employed for
the final assessment of the trained ML model accuracy.

Fig. 2 illustrates the mean squared error (MSE) for each experiment of the training, validation, and testing datasets related
to the RNN model to predict € in the E'PG approach. Specifically, Fig. 2, left, shows the overall MSE of the principal plastic
strains and the corresponding Euler angles, whereas Fig. 2, middle and right, show, respectively, the MSE related only to the
principal plastic strains and that corresponding to Euler angles. Apparently, the main source of errors is in the prediction of
the rotation-related Euler angles. In this, few of the experiments show errors up to 4%, whereas most of the experiments show
errors below 1%.
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Fig. 2: Mean squared error (MSE) of the training, validation, and testing datasets related to the RNN step to predict £” in the EPG
approach. Overall MSE of the predicted principal plastic strains and the corresponding Euler angles (left), MSE related only to the principal
plastic strains (middle), and MSE related only to the related Euler angles (right). The MSE of the principal plastic strains (middle figure)
are too small in comparison with that of the Euler angles and, thus, barely visible as we fixed the MSE range for the three cases

In analogy, Fig. 3 illustrates the MSE for each experiment of the training, validation, and testing datasets related to the
elastic step of the £ PG approach with the FFNN step to predict o. Specifically, Fig. 3, left, shows the overall MSE of the
principal stresses and the corresponding Euler angles, whereas Fig. 3, middle and right, show, respectively, the MSE related
only to the principal stresses and that corresponding to Euler angles. As the elastic strain (input) in this step is computed based
on the predicted strain from the plastic step, the main source of errors remains in the prediction of the rotation-related Euler
angles. In this, few experiments show errors up to 5%, whereas most of the experiments show errors below or around 1%.
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Fig. 3: Mean squared error (MSE) of the training, validation, and testing datasets related to the FFNN step to predict o in the EPG
approach. Overall MSE of the predicted principal stresses and the corresponding Euler angles (left), MSE related only to the principal
stresses (middle), and MSE related only to the Euler angles (right). The MSE of the principal plastic strains (middle figure) are too small in
comparison with that of the Euler angles and, thus, barely visible as we fixed the MSE range for the three cases
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For evaluating the performance of the ML model in a systematic way, we qualitatively compare between the MSE of the
testing, validation, and training datasets based on calculating the non-parametric, empirical cumulative distribution functions
(eCDFs), see, [18]. In particular, eCDFs are calculated for the MSE; of testing (/Vtestdata), Validation (/NVyaddata), and training
(Niraindata) datasets considering all the components of plastic strain and stress (all), i.e. i € [1, Nrilsltdata] , 1 €1, N“j‘;}ddata] ,
i€[l,N, all |. Thus, for a dataset N with MSE, sorted in ascending order, the eCDF can computed as

traindata
0, MSE < MSE;,
Fy(MSE) = % MSE, < MSE < MSE, 1, r = 1,..,N — 1, ®)
1, MSEx < MSE.

Looking at the errors in Fig. 4 for both the plastic and elastic steps of the £ PG approach, it is clear that the trained model
does not suffer from over-fitting, i.e. the errors in the training subset are less than that of the testing subset. In the eCDF
representation of the error, the more the curve is vertical, the better is the trained model as the error in all experiments
becomes comparable. In this regard, Fig. 4, right, related for the final stress prediction, shows that the error in the unseen
testing dataset is in the range [10~5, 5 x 10~3], which reflects a good quality model.

1.0 1.0
—— Train Data —— Train Data
05 Validation Data 08 Validation Data
T Test Data T Test Data
0.6 0.6
= =
a =)
Q Q
[<b} [}
0.4 0.4
0.21 0.2
0.04— : L ‘ 0.0+ A :
10-8 106 1074 1072 100 10-8 1076 1074 1072 10°
MSE MSE

Fig. 4: eCDF vs. MSE of the training, validation, and testing datasets for the RNN step to predict €7 (left) and for the FFNN step to
predict o (right) of the E PG approach

A quantitative comparison of the MSE between the elasto-plasticity informed graph (£ PG) with enhanced objectivity and
thermodynamic consistency and the incremental direct graph (D(G) with merely enhance objectivity (see, [9]) is presented in
Fig. 5. EPG outperforms DG for both MSE related to the principal stress values (PV) and the rotation-related quantities
(Rot) of the testing dataset. This is particularly clear for the rotation-related quantities, where the eCDF - MSE curve is less
steep.
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Fig. 5: eCDF vs. MSE related to the principal stress values (PV) and the rotation-related quantities (Rot) of the testing datasets using the
E PG and DG approaches
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4 Conclusions and future aspects

Within supervised machine learning, the underlying work aimed at generating a ML constitutive model of anisotropic, in-
elastic material, where both thermodynamic consistency and objectivity are enhanced. For this, an elasto-plastic, incremental
informed-graph NN (EPG) is proposed, which is trained to predict the plastic strain and to predict the total stress that are
parts of the dissipation inequality. Additionally, data representation in spectral form using Euler angles is applied to enhance
the objectivity. In the numerical test cases, we examined the performance of the proposed £ PG approach and we compared
this to the simpler DG approach, where the thermodynamic consistency is not enhanced. The results showed that in all cases,
the main source of errors is the prediction of the rotations. The comparisons showed also that £ PG outperforms DG in the
accuracy of prediction of both the principal stresses and the rotation-related quantities.

For future works, it is planned to extend this dataset to the geometric nonlinear regime and to incorporate the model in the
finite element framework to replace the conventional material model in solving boundary-value-problems of crystal plasticity.
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