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Zusammenfassung

In dieser Arbeit priasentieren wir den Monte Carlo Event Generator history, welcher
auf die Berechnung vollstédndig differenzieller Wirkungsquerschnitte von Farb-Singulett-
Zustéanden bis zur nachst-nachst-fiihrenden Ordnung in der Stérungstheorie der Quan-
tenchromodynamik ausgelegt ist. Diese Prazision wird erreicht durch die Anwendung
des Nested Soft-Collinear Subrtraktionsschemas, eine lokale Methode zur Subtrak-
tion infraroter Divergenzen, welche wahrend der Phasenraumintegration auftreten. Wir
restimieren die grundlegenden Konzepte dieses Schemas und présentieren die fiir eine
Implementierung essenziellen Komponenten. Dies umfasst insbesondere die expliziten
Ausdriicke aller Subtraktionsfunktionen, die fiir die Produktion eines farblosen Endzu-
standes, der auf fithrender Ordnung durch die Kollision eines Quark-Antiquark Paares
ausgelost wird, benotigt werden. Des Weiteren erldautern wir die Phasenraumpara-
metrisierung, welche urspriinglich zur Konstruktion von STRIPPER entworfen wurde.
Schlieflich erhalten wir ein flexibles Programm, welches eine schnelle und nummerisch
stabile Berechnung von Korrekturen hoherer Ordnung erméglicht.

Das Programm history besteht aus einer prozessunabhangigen Implementierung des
Subtraktionsschemas, welche mit prozessspezifischen Streuamplituden kombiniert wer-
den muss. Die hier vorgestellte Version ermdoglicht eine phdnomenologische Anwendung
fiir die gemeinsame Produktion eines Higgs-Bosons mit einem schwachen Eichboson in
hadronischen Kollisionen. Der Fokus liegt dabei auf dem Drell-Yan-artigen Produk-
tionsmechanismus, pp — V* — VH, wobei V entweder ein W-Boson oder ein Z-Boson
sein kann. Dartiber hinaus ist aber auch der schleifeninduzierte Gluonfusionprozess,
welcher nur zur ZH Produktion beitrigt, auf der Ordnung o implementiert. Wirkungs-
querschnitte konnen sowohl fiir das Standardmodell als auch fiur alternative Modelle
berechnet werden. Teil des Programms sind das Zwei-Higgs-Dublett-Modell und das
B-L Modell.

Schlussendlich validieren wir die Implementierung durch einen Vergleich mit etablierten
Standardmodellergebnissen und préasentieren neue differentielle Wirkungsquerschnitte
unter Einbeziehung der Effekte Neuer Physik, um das Potenzial von history aufzu-

zeigen.






Abstract

In this thesis, we present the novel Monte Carlo Event Generator history which is
designed to predict fully-differential cross sections for color-singlet final states at next-
to-next-to-leading order accuracy in perturbative quantum chromodynamics. This pre-
cision level is achieved through the application of the Nested Soft-Collinear Subtraction
scheme, a fully local method to subtract infrared divergences that arise during phase-
space integrations. We review the concepts behind this scheme and present the essential
components which are crucial for a practical implementation. This includes a collection
of the explicit expressions for all subtraction functions that are substantial for arbitrary
color-singlet-production processes initiated by a quark-antiquark pair at leading order.
Furthermore, we outline the adopted phase-space parametrization, that originally has
been introduced in the STRIPPER framework. In conclusion, we obtain a flexible pro-
gram that enables fast and numerically stable evaluations of higher-order corrections.
The code of history contains a process-independent implementation of the subtrac-
tion scheme that has to be combined with process-specific matrix elements. The current
version provides a phenomenological application to Higgs boson production in associ-
ation with a weak gauge boson in hadron collisions. Thereby, the focus lies on the
Drell-Yan-like production mechanism, pp — V* — VH, where V represents either a W
or a Z boson, but also the loop-induced gluon-fusion process, which exclusively con-
tributes to ZH production, is included at O(a?). Cross-section predictions can be made
within the Standard Model and in theories beyond the Standard Model. Particularly,
the Two-Higgs-Doublet Model and the B—L Model are accessible.

Finally, we validate the correctness of the software with cross-checks against estab-
lished results within the Standard Model and illustrate first physical applications that
are affected by New Physics scenarios to demonstrate the potential of history as a

versatile tool for fully-differential cross-section computations with high precision.
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Introduction

Since its development in the 1960s, the Standard Model of particle physics (SM) [IHIZ]
has captured the interest of experimental and theoretical particle physicists alike. It
elegantly describes all known elementary particles and their interactions through the
fundamental strong, weak, and electromagnetic forces. A pivotal milestone of the SM
was the empirical confirmation of the existence of the massive weak gauge bosons, the
W and Z bosons, which had been predicted beforechand [I3H16]. Furthermore, the SM
postulated the top quark and the 7 neutrino prior these particles were measured for
the first time [I7HI19]. Finally, the crowning achievement arrived with the observation
of the Higgs boson by the ATLAS [20] and CMS [21] experiments at CERN’s Large
Hadron Collider (LHC) in 2012, leading to the complete discovery of the SM’s particle
content. To this day, the SM predicts a wide range of experiments with remarkable
accuracy, making it the most successful model we have in particle physics.
Nevertheless, despite the numerous successes, it leaves open questions and ambiguities.
For instance, the SM unifies the strong, weak, and electromagnetic forces, but attempts
to incorporate gravity as the fourth fundamental force fail as they contradict Einsteins
well-proven theory of general relativity. Another unsolved riddle in the context of the
SM is the appearance of Dark Matter. In the ACDM model, the most common cos-
mological Big Bang model, precise measurements reveal that roughly 26.6 % of the
universe’s energy density constitutes out of this unknown type of matter, whereas or-
dinary SM matter contributes to just 4.9% [22]. The remaining 68.5 % are referred to
as Dark Energy whose nature is even more hypothetical than that of Dark Matter.
The next phenomenon the SM cannot describe, is the specific role the neutrinos take
in it. Due to the absence of left-handed neutrinos and right-handed antineutrinos, the
SM predicts them to be massless. In contradiction, the discovery of neutrino oscilla-
tions [23H25] proves that their masses cannot be zero, even though the masses are tiny
compared those of the other SM particles [26], giving a hint that the mechanism be-
hind differs from the Higgs mechanism. Moreover, within the SM the matter-antimatter
asymmetry in the universe cannot be understood entirely. The measured complex CP-
violating phases in the Cabibbo-Kobayashi-Maskawa (CKM) quark-mixing matrix [27]
as well as in the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) neutrino-mixing matrix
[28] give rise to this asymmetry, but their contributions are by far too small to explain
all the observed baryogenesis. Additionally, beyond inexplicable experimental obser-
vations, the SM comes with miracles like the hierarchy problem that leads theorists
dissatisfied due to large discrepancies between the fundamental value of some physical
parameters in the Lagrangian and their effective value appearing in experiments. This
is just a collection of a few shortcomings and many other questions are still unsolved,
motivating to extend the SM in order to eliminate these issues.

A modern approach for uncovering the origin of Beyond Standard Model (BSM) physics
is the accurate empirical study of the SM itself, driven by the aspiration to detect devi-
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ations from the model’s forecasts. With more and more precise experimental methods
and percent-level measurements it becomes more and more relevant that theoretical
calculations reach the same level of accuracy. Unfortunately, leading order (LO) and
even next-to-leading order (NLO) calculations in perturbative quantum field theory
(QFT) do not deliver the necessary precision. New tools have to be developed and
refined for next-to-next-to-leading order (NNLO) precision level in the strong coupling
parameter a,. Nowadays, the NNLO revolution is in full swing and much progress has
been made in the recent years to archive the goal of fully-automatized NNLO predic-
tions, but still further challenges have to be mastered before completion. On the one
side, algorithms for dealing with infrared (IR) singularities are successfully applied to
many different 2 — 2 and a few 2 — 3 processes with double-real corrections, which is
becoming the new standard [29H40]. On the other side, also significant improvements
on the computation of multi-loop scattering amplitudes is made by the progress in
understanding the structure of Feynman integrals [4TH46].

In this thesis, we want to apply some of these state-of-the-art techniques and pay
attention to Higgs boson production in association with a massive SM gauge boson,
commonly known as Higgs-Strahlung, at NNLO accuracy. From a phenomenological
point of view, this is one of the most exciting processes to study in modern collider
experiments. Latest, since the first observation in proton-proton collisions, pp — VH
with V e {W*, Z}, in 2018 by the ATLAS [47, 48] and CMS [49, 50] detectors, Higgs-
Strahlung is in the focus of interest of many experimentalists as well as theorists.
Higgs-Strahlung not only allows us to investigate the properties of the 2012 discovered
Higgs boson in depth and compare them to theoretical SM predictions, it is also sensi-
tive to a wide variety of promising New Physics scenarios in different BSM extension.
For theoretical studies it is convenient to split the Higgs-Strahlung process in different
subprocesses, such as the Drell-Yan-like subprocess, pp — V* — VH, where a virtual
vector boson is produced which radiates off a Higgs boson, or the loop-induced gluon-
fusion subprocess, gg — ZH.

The NLO quantum chromodynamics (QCD) effects of the Drell-Yan-like contributions
were investigated in Refs. [5IH53] and the exact NNLO QCD corrections to the fully-
inclusive cross section are known from Ref. [54] since almost 20 years. The total NNLO
cross section is implemented in the public code vh@nnlo [55] on the basis of the tool
ZWPROD [56] which was designed for computing the O(a?) corrections of the original
Drell-Yan process. Fully-exclusive NNLO results for WH and ZH production including
various decay channels of the Higgs and the gauge bosons were presented in Refs. [57-
66]. While the effects of the fixed-order computations play a major role in predicting the
Higgs-Strahlung cross section, it had been shown that the effects of soft-gluon resum-
mation are very small, leading to the conclusion that the perturbative series converges
well [67]. Moreover, O(a?) corrections for VH in association with a hard jet were calcu-
lated in Refs. [68, 69] and, recently, as one of the first next-to-next-to-next-to leading
order (N*LO) QCD computations, results for the fully-inclusive Drell-Yan-like Higgs-
Strahlung were provided in Ref. [70]. Besides QCD effects also NLO electroweak (EW)
corrections to the inclusive [71] and exclusive cross section [72] [73] were investigated.
On top, fixed-order NLO and NNLO Higgs-Strahlung calculations were combined with
parton-shower effects [74-82].

A second important subprocess is the gluon-induced contribution, gg — ZH. Due to
charge conservation only ZH final states can be created in this process, which is already
in its lowest order appearance mediated by a bottom-quark or a top-quark loop. This
production mode is suppressed with respect to the Drell-Yan-like process by a factor



a?, but this suppression is partly compensated by the high gluon luminosity at high
collision energies and partly by the large top Yukawa coupling. Moreover, its relevance
lies in the high sensitivity of possible BSM effects in this channel.

The leading contributions of the gluon-induced process at O(a?) were presented in
Refs. [54], [83-85]. The computation of the O(a?) contributions is very complicated be-
cause of the appearance of two-loop integrals with three different massive particles. The
K-factor in the heavy-top limit was calculated in Ref. [86] and is used for cross section
predictions in a second release of the program vh@nnlo [87]. Top mass effects were
taken into account as expansion in 1/m; combined with Padé approximants in Ref. [8§]
and also other approaches for computing the gluon-induced Higgs-Strahlung in differ-
ent kinematic regions with finite mass effects are applied successfully, namely a small
transverse-momentum expansion [89] and, complementarily, a high-energy expansion
[90]. The approximations of these mass effects in Refs. [91H93] as well as the semi-
analytic approach to incorporate them in Ref. [94] instead are valid over the complete
phase space. Finally, the numerical result in Ref. [95] is computed with full top-mass
dependence and does not rely on approximations, but it is computational extremely
expensive and an analytic calculation is still desirable. In addition to the fixed-order
calculations, a study of soft-gluon resummation effects has shown that they are neces-
sary to reduce the scale uncertainty of the gg — ZH contribution significantly [96].
The Drell-Yan-like subprocess and the gluon-fusion channel are the most discussed con-
tributions in the context of associated Higgs production, nevertheless, in the SM two
more subprocesses appear, namely VH production in top-mediated processes where the
Higgs boson couples to a virtual top loop and ZH production through an initial state
bottom-antibottom pair. The former were studied in Ref. [97], revealing that these
contributions are small. At LHC energies they give typically rise to corrections of the
order of 1% to the total cross section. The latter subprocess, bb — ZH, refers only to
contribution with a direct Higgs-to-bottom Yukawa coupling, since contributions with
a bottom-to-gauge boson coupling are included in the Drell-Yan-like terms. The LO
QCD effects are implemented in vh@nnlo [87] assuming the bottom quark to be mass-
less, but keeping its Yukawa coupling non-zero. Due to the small value of the bottom
Yukawa coupling the impact of these effects is negligible in the SM, their contribution
to the total cross section is at the permille level.

As mentioned before, Higgs-Strahlung is of great importance for unraveling the physics
of the Higgs boson in the SM, but is also of interest in the hunt for New Physics. There-
fore, associated Higgs production is studied taking into account different possible BSM
effects. Potential New Physics effects on boosted Higgs regimes for the gluon-induced
channel were first disussed in Refs. [98HI00]. The phenomenological implications in the
Two-Higgs-Doublet Model (2HDM) [76], 87, Q9] and in the Minimal Supersymmetric
Standard Model (MSSM) [87, T0IHI09] are in the focus of research as well as mod-
els with vector-like quarks [87]. Additionally, model-independent studies of anomalous
couplings with higher-dimensional operators in Effective Field Theorys (EFTs) such as
the Standard Model Effective Field Theory (SMEFT) [I10HI12] obtain more and more
attention [87, 113, 114].

All studies of BSM scenarios in Higgs-Strahlung give rise to the desire for an experi-
mental analysis of the gluon-induced subprocess. However, such a measurement comes
with significant challenges since the Drell-Yan-like Higgs-Strahlung, which is typically
less sensitive to those New Physics effects, occurs as an irreducible background. One
of the primary goals of this thesis is the development of a framework that aims to
predict observables that access the gluon channel, inspired by the Refs. [99, 115]. To
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accomplish this, precise predictions of the fully-differential Higgs-Strahlung cross sec-
tions are essential. For this purpose, we have created a novel tool based on the Nested
Soft-Collinear Subtraction scheme [38, I16-118], enabling the calculation of the Drell-
Yan-like process for arbitrary kinematic observables at NNLO QCD accuracy. More-
over, fully-differential cross sections for the O(a?) contributions of the gluon-induced
component can be obtained with our code. This program with the name history
(Higgs-Strahlung Theory)! is designed in the spirit of vh@nnlo and SusHi [119] 120]
with the aim to compute cross sections for associated Higgs production in a wide vari-
ety of phenomenological relevant models. In the presented version, predictions can be
made within the SM, the 2HDM, and the Baryon Number minus Lepton Number Model
(B—L Model). Nevertheless, this framework is highly flexible and can be extended to
other theories and processes in the future, enhancing its potential for broader phe-
nomenological applications.

Organization of the Thesis

In this thesis, we discuss the details of the implementation of the Nested Soft-Collinear
Subtraction scheme as done in history, but we also provide an insight into the phe-
nomenology of the Higgs-Strahlung process with a main focus on the Drell-Yan-like
mechanism. The organization is as follows:

In the introduction we highlighted the relevance of the Higgs-Strahlung
process, which is used for precision measurements of SM parameters on the one
hand, but whose gluon-induced channel is potentially sensitive to BSM physics
on the other hand. In this regard, we reviewed the numerous phenomenological
studies in the literature that pointed to the need for high-precision calculations.

The second chapter introduces the notation for cross sections that is used
throughout this work. Moreover, the Higgs-Strahlung mechanism is described
in the context of the SM and its modifications in the 2HDM as well as the
B-L Model are outlined. In a final section, the R double ratio is explained,
an observable that makes New Physics effects in the gluon-induced subprocess
experimentally accessible.

The third chapter addresses the challenges that arise in higher-order cal-
culations of fully-differential cross sections. To solve the issues that come up due
to IR divergences, the ideas behind slicing methods and subtraction schemes are
described.

A detailed NLO computation for color-singlet production, such as the
Higgs-Strahlung process, in the Frixione-Kunszt-Signer (FKS) formalism is pre-
sented in the fourth chapter. The FKS subtraction scheme forms the basis of
the NNLO Nested Soft-Collinear Subtraction scheme. Useful notations are intro-
duced and the subtraction formalism is outlined in depth, including the full list
of subtraction functions, the explicit computation of the related counterterms,
and a proof of analytic pole cancellation.

!Special thanks go to Stefan Liebler for coming up with this brilliant name.



The fifth chapter is the heart piece of this thesis and describes the Nested
Soft-Collinear Subtraction scheme. After introducing the formalism itself, the
focus is on providing a complete list of ingredients that are necessary for the im-
plementation of this scheme instead of recomputing the counterterms or reproving
analytic pole cancellation. Thus, all subtraction functions are systematically pre-
sented and the finite remainder for the fully-differential color-singlet-production
cross section, which can be computed numerically in d = 4 dimensions, is shown.

In the sixth chapter the phase-space parametrization that is used in our
Monte Carlo (MC) Event Generator is explained. This parametrization is adopted
from the STRIPPER framework [34] 35 121} 122]. Additionally, more details of our
implementation and links to external codes are described.

The seventh chapter contains some results that are obtained with our novel
tool. The validity of our implementation is cross-checked against vh@nnlo and,
exemplarily, Higgs rapidity distributions in the SM are shown. Moreover, an in-
variant mass spectrum for the B—L Model model is produced and the RV double
ratio for a simple model with a modified top-to-Higgs Yukawa coupling is com-
puted for the first time as a Higgs rapidity distribution.

A conclusion is given in the eighth chapter and an outlook for exploiting

the potential of the history framework in the future is outlined.

Appendices In[Appendix A] the relevant Feynman rules for the computation of Higgs-
Strahlung amplitudes are provided in the SM, the 2HDM, and the B—L Model.

summarizes the ultraviolet (UV) renormalization of the strong cou-
pling constant with the conventions used in this thesis and lists the UV- and
IR-renormalized finite remainders for the purely virtual corrections of the Drell-
Yan-like Higgs-Strahlung process that appear up to NNLO.

The full set of splitting functions that we use is given [Appendix C|

Quantities that are related to soft singularities are presented in [Appendix D]

Finally, provides a complete list of IR limits and subtraction func-
tions for all partonic channels of Drell-Yan-like Higgs-Strahlung that are needed

up to NNLO in QCD.






Higgs-Strahlung

Contents
2.1, Cross Sectlons . . . . . . . . .o 7
[2.2. Associated Higgs Production|. . . . . . . . ... ... ... ... .... 9
[2.2.1. In the Standard Model of Particle Physics| . . . . . . ... ... 9
[2.2.2. In the Two-Higgs-Doublet Model| . . . . . . . . ... ... ... 11
2.2.3. Inthe 5L Model . ... ... .. .. ... ... 13
3. RV Double Ratid . . . ... ... ... ... 17

In this chapter, we want to introduce the process for associated Higgs production
with a weak gauge boson, pp — VH, where V can be either a charged W# boson or a
neutral Z boson. This process is commonly know as Higgs-Strahlung. In [section 2.1] we
provide the general definition of cross sections that we use throughout the thesis. Next,
in [section 2.2] we describe the occurrence of Higgs-Strahlung in the SM. Furthermore,
we explore the modifications of this process in two universal BSM theories, namely
the 2HDM and the B-L Model, which are also in the focus of our study. Finally,
in [section 2.3, we present a promising observable that is sensitive to potential New
Physics effects that might show up in Higgs-Strahlung. The creation of a framework for
investigating this observable in future studies serves as one of the primary motivation
behind the project of this thesis.

2.1. Cross Sections

Accelerator experiments play a crucial role for our understanding of the fundamental
laws of nature and the universe. In particular, in high-energy collisions of subatomic
particles, we can investigate the properties and interactions of matter. The basic quan-
tity that is measured in such experiments is an event rate which is a number of inter-
esting events N that are counted in a time interval d¢. The event rate is given as the
product of the accelerator’s luminosity £ and the process-specific cross section o,

AN
oo 2.1
a ke (2.1)

While the luminosity characterizes the particle accelerator and determines the collision
rate depending on its attributes like beam current, beam size and crossing frequency,
the cross sections is a universal quantity, independent of the accelerator’s properties,
and can be interpreted as the probability for a specific type of scattering in a single
collision. The latter can be computed from theoretical models and thus builds a link
to experimental observations.
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Although cross sections in QCD cannot be calculated from first principle nowadays,
the factorization theorem allows for the separation of short-distance and long-distance
effects from each other at collision energies () that are much higher than the fundamen-
tal QCD scale Aqep ~ 200 MeV [123]. In this case the cross section can be factorized
into the non-perturbative long-distance parton distribution functions (PDFs) and the
short-distance partonic cross section which can be calculated in perturbative QCD. For
a collision of the hadrons A and B which produce a final state X we can write!

P
OAB—X = ZJ dEAB T pr) Gijx (T, IR, pF) + O<<A2;D> ) ; (2.2)

where the sums 7 and j run over all partons that can be found inside hadron A and B,
respectively. The parton luminosity function £%5 is defined as a convolution integral,

dEi{B (7-7 :uF)

1
dr N JO d§1d& fiya(§e, e fi/p(&2, ) 0(&1&2 — 7)), (2.3)

where the functions f;/a(§, ur) are the PDFs which describe the probability to find a
parton i inside a hadron A that carries the momentum fraction & of the original hadron
momentum.

The partonic cross section for producing a final state X in a collision of the partons ¢
and 7 can be computed perturbatively as an expansion in the coupling constant of the
strong force, denoted as a,

Gijoox = 0105 + 00 + 60N + O (o) (2.4)

where we refer to 672y, 6%, and 6N as LO, NLO, and NNLO contribution,
respectively. Moreover, we omitted the exphclt dependence of ¢;;_,x on the variable 7,
as well as on the factorization scale up and the renormalization scale ug.

The factorization scale represents the energy scale at which the short-distance effects
are separated from the long-distance effects and is connected to IR phenomena. In con-
trast, the renormalization scale specifies the energy scale at which the UV divergences
that appear in perturbative calculations are removed [124].

The partonic cross section can be computed according to

do_zg—»X = 5~ dH(4) ‘MinX(piapj | {pX}>‘2 (25)

The first factor on the right-hand side is the Lorentz invariant Mgller flux which de-
pends on the partonic center-of-mass energy? v/3, the Lorentz invariant four-dimensional
final-state phase-space element is denoted by dHX , and Mo x(pi,pj | {px}) is the
scattering matrix element for the process under consideration, which is also invariant
under Lorentz transformations. All these quantities depend on the momenta of the
particles that are involved in the process, which are p; and p; for the incoming parton
i and j, respectively, and {px} is a set of momenta for the final-state particles X.

In order to obtain the total, unpolarized inclusive cross section, the phase-space inte-
gration has to be carried out, and initial states have to be averaged over their spin and

'In the following we will omit the term for the power corrections. The related exponent p is a process
dependent number, but always larger than one ensuring that they are small when @ » Aqcp.
2In particular, it holds Q = /3.
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color states, which is represented by a bar on top of the squared matrix element in the
following,

. 1 P
iy = 5 [ Mo xon s ) (2.6

To test theoretical models in scattering experiments, preserving the kinematic informa-
tion of the final-state particles, as encoded in the differential cross sections of Eq. (2.5),
is desirable. While total cross sections are integrated over the full phase space, differ-
ential cross sections provide a more detailed picture of the underlying physical mecha-
nisms. However, computing differential cross sections introduces some additional chal-
lenges in regulating the divergences that typically arise during the phase-space inte-
gration. For retaining the kinematic information, the utilization of special techniques
is required. This techniques will be further explored and discussed in

2.2. Associated Higgs Production

Associated production of a Higgs boson with a massive vector boson, or short Higgs-
Strahlung, is one of the main Higgs production mechanisms in the SM. Despite the low
production rate which predicts that roughly 5% of the Higgs bosons are created via
this mechanism, it has huge experimental relevance: The additional tag of the vector
boson allows for a good background separation and, thus, gives a clean signal.
Higgs-Strahlung played a central role in the groundbreaking discovery of the Higgs de-
caying into a pair of bottom quarks. This observation was made in 2018 by the ATLAS
[48] and CMS [50] experiments, marking a significant milestone achieved through
tremendous experimental efforts.

According to Eq. we can write the cross section in proton-proton collisions as

do‘ppHVHJrX = ZJ

where V' can be either massive SM weak gauge boson, V € {W* Z} and X can be
any finial-state parton which is allowed by quantum-number conservation.

dﬁ” (1, pg) .
(T 1) d6ij—vi+x (T, iR, piv) (2.7)

2.2.1. In the Standard Model of Particle Physics

Many different contributions give rise to the associated Higgs boson-production cross
section in the SM. The most important mechanisms at proton-proton colliders such as
the LHC are

dUpp—>VH+X = dopy + dvz dO'gg, (28)

where dopy is the dominant production mechanism, the so-called Drell-Yan-like contri-
bution. In case for ZH final states, denoted by the Kronecker symbol dy, we consider
one more partonic production channel which is initiated by a gluon pair, dog,.

However, it is important to note that Eq. is not comprehensive and requires
expansion to incorporate additional channels, which are beyond the scope of our dis-
cussion. Further information regarding these effects mediated by the top quark can be
found in Ref. [97]. These effects result in minor corrections of approximately 1% to
the total cross section at LHC energies, but for our specific purpose, they can be safely
disregarded. Moreover, ZH can be produced in a bottom-quark annihilation process,
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Figure 2.1.: The LO Feynman diagram for Drell-Yan-like Higgs-Strahlung. The vector
boson can be either massive SM gauge boson, so that V e {W=*, Z}.
All Feynman diagrams in this thesis are generated with FeynGame [126].

where both final-state particle couple to bottom quarks originating from the colliding
hadrons. As the direct coupling of the Higgs boson to the bottom quark is proportional
to the small bottom mass, this contribution gives rise to less than 0.1 % in the SM,
allowing us to neglect these sub-leading effects in the following.

Drell-Yan-Like Higgs-Strahlung
The only Feynman diagram of associated Higgs production at LO is shown in [Figure 2.1}
A quark and an antiquark annihilate into a virtual vector boson from which a Higgs
boson is radiated off, ¢q¢" — V* — VH. Since this contribution is dominating the total
cross section, associated Higgs production with a vector boson is commonly know as
Higgs-Strahlung.
This mechanism exists for vector bosons V that can either be charged W bosons
or neutral Z bosons. The particular process q@’ — V* — VH is very similar to the
Drell-Yan process qq — v*/Z — (¢ from a QCD perspective. In the Drell-Yan process
(¢ represents a lepton-antilepton pair, and the mediator can be a virtual photon ~* or
an on-shell Z boson [125]. Hence, we will refer to it as the Drell-Yan-like contribution.
A main goal of this thesis is the numerical computation of the fully-differential cross
section for Drell-Yan-like Higgs-Strahlung at NNLO QCD precision. Since the final
state is colorless and is not affected by the strong force we can factorize the Drell-Yan-
like cross section into the production of the (virtual) vector boson and its subsequent
decay into the final-state VH system,
d‘cgp (7_7 NF)

- dly«_, 2
dopy = Y. f ardg DI 45y o, ) Tt
i,J

dr dqg? (2.9)

Here, d&;;_,v+,x is the cross section section for the production of the virtual vector
boson V* with mass /¢° together with an arbitrary number of final-state partons X.
Moreover, the differential decay function is known, e.g. see Refs. [51] [54], and reads

drv*—»VH(QQ) _ GFMé \//\(M\%WMI%I’QQ) /q4 1+ )‘(MXQ/’MI?DQQ)
d¢? 24/272 (g2 — M2)? 12 > M7

(2.10)

Fermi’s coupling constant, denoted as Gg, was originally introduced in the theory of
beta decay [127]. The Kéillén function, also known as triangle function, depends on the
on-shell vector boson mass My, the Higgs boson mass My, and the virtuality of the
decaying vector boson ¢. It has the form

Mz, y,2) = 2* +y* + 2% — 22y — 272 — 2y2. (2.11)
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Figure 2.2.: Feynman diagrams for gluon-initiated Higgs-Strahlung.

Gluon-Initiated Higgs-Strahlung

At O (a?), new loop-induced modes emerge, initiating ZH production through a gluon
pair. Their Feynman diagrams are shown in [Figure 2.2] The triangle contributions
in Figure exhibit a similarity to the Drell-Yan-like diagrams, where the Higgs
boson is radiated off the vector boson. However, these triangles only involve heavy
third-generation quarks. This restriction arises from Furry’s theorem, which prohibits
contributions with vectorial couplings of the Z boson therein. Moreover, terms with
axial couplings cancel each other for contributions with up-type and down-type quarks
if they have the same mass, as is the case for the mass-degenerated quark doublets of
the first two generations. Furthermore, the box diagrams in Figure contain a
direct Yukawa coupling that connects the Higgs to the closed quark loop. Given that
the Yukawa coupling becomes zero for massless particles, only bottom and top quarks
yield a non-zero contribution, bearing in mind that we keep a non-vanishing Yukawa
coupling for the bottom quark.

The cross section can be written as

booALg(r )
dogy = J dr pp(gTF> dgggHZHJrX(T, UR, IUF) - (2.12)
0

2.2.2. In the Two-Higgs-Doublet Model

One of the simplest extensions of the SM is obtained by the introduction of a second
scalar doublet in the Higgs sector. This so-called Two-Higgs-Doublet Model (2HDM)
[128-136] has the potential to tackle some deficiencies of the SM and is the ba-
sis of a wide variety of BSM theories. For example, the inert Two-Higgs-Doublet
Model (i2HDM) [137, 138] provides a minimal Dark Matter model or the MSSM
[T08, 139, [140], whose Higgs sector is a specific type of a 2HDM, solves the Hierar-
chy problem in a very natural way.

The introduction of a second scalar doublet in the Higgs sector modifies the phenomeno-
logical predictions of the Higgs-Strahlung process significantly [99]. In particular, this
model predicts the existence of five Higgs bosons, whereof two are electrically charged,
H*, while the other three are neutral, conventionally indicated by h, H, and A. Since
we can produce with the Higgs-Strahlung mechanism the final states Vh, VH, and VA,
for our analysis only the neutral Higgs bosons are relevant. Thereby, we assume to
have a C'P-conserving 2HDM, implying that the bosons h and H are CP-even scalars
while A is a CP-odd pseudoscalar. The necessary set of Feynman rules is summarized

in [Xppondix A}
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Figure 2.3.: The LO Feynman diagram for Drell-Yan-like Higgs-Strahlung of a CP-even
boson in the 2HDM, ¢ € {h, H}. The vector boson can be either massive
gauge boson, V e {IW*, Z}.

In the 2HDM these three Higgs bosons can couple to the weak gauge bosons with the
coupling of the SM multiplied by a factor g%, for the VVe vertices with ¢ € {h, H} or
by gi%, for the VVA vertex. Specifically, the factors are

g\]}V = Sin(ﬁ - Oé), g{/{V = 008(5 - Oé), g\éV = 0. (213)

Here, o is a mixing angle describing the rotation of the CP-even Higgs bosons from the
isospin basis into mass eigenstates and tan(f) is the ratio of the vacuum-expectation
values of the two Higgs doublets. From Eq. (2.13]) it can be deduced that the coupling
of the CP-odd Higgs to the massive gauge bosons vanishes. Consequently, in analogy to
the Drell-Yan-like production mechanism of the SM, in the 2HDM only the two scalar
Higgs bosons can be produced via the same mechanism, as illustrated in [Figure 2.3
The cross sections for these processes can thereby be obtained by a replacement of
the Higgs-gauge couplings in accordance to the modifications just described, which is
equivalent to a rescaling of the SM cross sections by a square of the factor g, for Vh
production and g{}, for VH production.

The changes of the Higgs-gauge coupling have also to be taken into account in the
triangle diagrams of the gluon-initiated process for Zh and ZH production depicted in
(a), again resulting in a global rescaling factor. In contrast, the modifications
that are necessary to calculate the box diagrams in the 2HDM come from the direct
coupling of the Higgs bosons to the quarks which differ from the SM Yuakwa couplings.
In particular, the exact form of these coupling parameters depends on the realization
of the Zs symmetry which is imposed by the Paschos-Glashow-Weinberg theorem [141],
142]. This additional symmetry ensures that each fermion type can couple to only
one of the Higgs doublets in order to avoid flavor-changing neutral currents at tree-
level since they were never observed in nature so far. Considering that we have two
Higgs doublets and three different types of fermions that obtain their mass through
the Higgs mechanism, four different 2HDMs can be distinguished in the Yukawa sector
that all respect the Paschos-Glashow-Weinberg theorem, see [Iable 2.1, However, in all
four types of the 2HDM the Yukawa couplings of the scalar Higgs bosons h and H
are the same as in the SM multiplied with a scaling factor gj} and g]IEI , respectively,
which are given in [Table A.1| in [Appendix Al The pseudoscalar instead, has a new
coupling including the fifth Dirac gamma matrix which has no correspondence in the
SM. Beyond the specific details where more information is provided in [Appendix A]
via the box diagrams all three kinds of neutral Higgs bosons can be produced, cf.
Figure 2.4(b). Additionally, due to tri-linear couplings that allow the vertices ZAh and
ZAH, new interactions with a Higgs boson as s-channel mediator are possible in the
2HDM as shown in [Figure 2.4(c-d). Finally, it is worth to mention that the Yukawa
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Figure 2.4.: Feynman diagrams for gluon-initiated Higgs-Strahlung production in the
2HDM. The CP-even Higgs boson ¢ is either h or H.

couplings for the first two fermion generations can be neglected since these couplings are
proportional to the quark masses. Moreover we can argue again that triangle diagrams
with a coupling to the Z bosons cancel each other for quarks from mass-degenerated
doublets. Similarly to the SM case, only bottom and top quarks can appear in the
loops of the gluon-induced process.

In conclusion, the 2HDM offers a similar signature for its CP-even Higgs bosons as
predicted for the SM Higgs boson in the Drell-Yan-like channel. The only difference
are the global rescaling factors due to the modified couplings. If for example sin(5 — «)
in Eq. is close to one, the h boson of the 2HDM would be hard to distinguish from
a SM Higgs. The gluon-fusion process has higher sensitivity to the implications from
effects beyond the SM. Because of the different impact of the 2HDM on the triangle
and the box diagrams as well as the new contributions with s-channel Higgs bosons,
the partonic cross section for gg — Zh or gg — ZH cannot be obtained by a rescaling
of the related SM cross section. Moreover, these effects can show up to be smaller or
higher in particular kinematic regions, leading to different shapes of differential cross
sections [I15]. Furthermore, in the gluon-induced channel a Z boson can be produced
in association with a pseudoscalar Higgs boson, gg — ZA, a process that has no analog
in the SM.

2.2.3. In the B—-L Model

Another popular extension of the SM that paves the way for a wide class of BSM
theories, but, nevertheless, is characterized by a simple structure is the Baryon Num-
ber minus Lepton Number Model (B-L Model) [143H146]. This model adds a local
U(1),_, symmetry to the SM and manifests the global B-L symmetry that acciden-
tally is preserved by the SM. In order to take care of the anomalies that are introduced
by the new symmetry, one additional fermion singlet is introduced for each fermion
generation. Finally, the B—L symmetry can be broken by a complex scalar singlet. As
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Table 2.1.: Types of the 2HDM which are allowed by the Paschos-Glashow-Weinberg
theorem. The table shows to which Higgs doublet (®; or ®;) the right-
handed up-type quarks (uy), right-handed down-type quarks (d%), and
right-handed leptons (ek) couple. The superscript i represents the fermion

generation.
ug | di | €k
Type I Dy | Oy | Dy
Type 11 Oy | Oy | Dy
Lepton-specific || @5 | &5 |
Flipped Dy | Py | Dy

a consequence, the model contains a second neutral Higgs boson, where we identify the
SM-like Higgs as h and the new one as H, but also a second massive and neutral gauge
boson that we name Z’. Moreover, the see-saw mechanism is naturally incorporated
into this model, so that the newly introduced fermions can be interpreted as heavy
right-handed neutrinos, explaining the origin of SM neutrino masses.

In summary, the B—L Model is a triple-minimal extension of the SM by adding a new
symmetry group whose charge Yz is given as the difference of the baryon number
B and the lepton number L with no distinction between generations, introducing a
minimal set of new fermions, and introducing a new scalar singlet.

In the context of the Higgs-Strahlung process, we can have either a Wh, WH, Zh or
ZH final state. Studies of the phenomenology in electron-positron collisions have been
made in Refs. [I47-149], while our focus lies on hadron collisions which have been
investigated at LO in Ref. [I50]. Similar to the 2HDM, the Drell-Yan like production
mechanism for Wh and WH as shown in [Figure 2.5(a) is affected by a global rescaling
of Higgs-gauge coupling, so that the vertices WWh and WWH correspond to the SM
vertex that couples its Higgs boson to a pair of W bosons multiplied with

gng = cos(a), gll/{/W = sin(a), (2.14)

respectively. Here, o is the mixing angle that rotates the two Higgs bosons from their
isospin eigenstates into mass eigenstates®. Consequently, the cross sections for these
processes can be obtained by a rescaling of the related SM cross section. In addition
to the changes of the Higgs-gauge coupling with the factors

93z = cos(a), gy = sin(a), (2.15)

the production modes for Zh and ZH are also modified by a new contribution where
the Z’ boson can occur as mediator particle in the Drell-Yan-like process which decays
via the vertices ZZ'h or ZZ'H into a Higgs-Strahlung final state, cf. [Figure 2.5(b).
The cross section for associated Higgs production for either of the two Higgs bosons
can be written as

acy (r, pe)
dopy = Z JdT ppc(hF) d‘7312¢+x(7'7 HR, 1F) 5 (2.16)
i,J

3Conventionally, the angles o of the 2HDM and the B-~L Model are different by a phase of /2.
Nevertheless, they describe in both models the same physics.
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Figure 2.5.: LO Feynman diagrams for Drell-Yan-like Higgs-Strahlung with ¢ € {h, H}
and V € {W=*, Z} in the B-L Model.

where ¢ € {h, H}. The partonic cross section can be split in three processes
dl'z+ 2 (q%)
dg?
dFZ’(*)—>Z¢(q2)
dg?
dFZ*/Z/(*)HZ¢>(q2)
dq¢? ’

d&giz¢+x<7—, HR, MF) = qu2 da—ijﬁZ*%»X (T7 HR, NF)

; quQ 885, 0w s (T i %) (2.17)

+ Jd(f A6z ) 20000 4 x (T HiR, HiF)

that all factorize into the production of a color singlet and a subsequent decay into the
desired final state. The first term on the right-hand side of Eq. (2.17)) describes the

production of a virtual Z* boson with the virtual mass /g2 and its decay,

dFZ*—»Zh(qz) _ GFMg \/)‘(M%7Ml37q2) /q4 1 + /\(M%,M}%,QQ)
dg? 21272 (¢ — M2)? + M2I'% 122 M3

dFZ*—»ZH(qz) _ GFMé \/)‘(Mgle%th) /q4 1 + /\(M%7M12{7q2)
dg? 2272 (2 — M2)* + M2T% 12 ¢2M3

> cos?(a), (2.18)

) sin®(a).  (2.19)

This contribution is the analog to the SM contribution, but we introduce the depen-
dence on the Z boson’s decay width, Iy, that originates from the replacement of
ordinary propagators with Breit-Wigner propagators. The production cross section for
the virtual Z* boson, do;;_,z++x, is unchanged with respect to the SM. In the same
manner, the second term of Eq. is factorized into the production of a Z’ boson
with a squared momentum ¢? and its decay into a Z and a Higgs. The Z’ can be either
a virtual particle or an on-shell particle if its mass is higher than the threshold energy
that is necessary to produce the final state, which is the reason for the introduction of
Breit-Wigner propagators. The Breit-Wigner propagator ensures a finite value for the
decay functions, even for a propagating on-shell Z’ boson,

dFZ’(*)aZh(QQ) . GFM% \/)\(M%,M]%,QQ) /q4 <1 + A(M%7M}%7q2>>

dg? V212 (2 — M2)? + MET, 12 2 M2
2 (2.20)
| oo (@)
— COS|
My ’
dFZ’(*)—>ZH(q2) _ GFM% \/)‘(M%7 M%Ia q2> /q4 <1 + >\<M§7 Mlzia q2))
dg? 2v/272 (2 — M2,)* + M2T2, 12 > M3 (221)

x Ujl sin(a)r.

Z
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The decay functions have a very similar structure to the decay functions of the Z boson,
which is to be expected considering the similarity of the Z and Z’ bosons, but they
depend on the mass and the decay width of the new boson, Mz and I'z:, respectively.
In both equations, the last term in square brackets stems form the coupling of Z’ to
Z and the Higgs boson. Therein, the coupling constant g; of the U(1), ; symmetry
group as well as the SM vacuum expectation value v appear. Moreover, it is notable
that the production cross section of the Z’ boson cross section, dé;;_, 7« x, is, up to
different values of the coupling constants, the same as for the production of a virtual
Z* and, thus, they are linked by a global scaling factor. The details can be found in
Appendix Al

This behavior is used in the third term of Eq. that describes the Higgs-Strahlung
production due to the interference of the diagrams with a Z and a Z’ mediator. The
fact that the interactions of both neutral gauge bosons with other particles only differ
by the strength of the couplings, but not by any other property, allows for performing a
factorization as we made it before. The production of the color singlet, dé;;_, 7« /710 4 x,
has the same functional dependence on the kinematic parameters as for producing a
Z or a Z' boson*, the difference are the appearing couplings that take one time the
value for a ¢qqZ coupling and the other time for a qgZ’ coupling in the squared matrix
elements. The resulting decay functions of the interference term then take the shapes

drz*/Z/(*)_,Zh<q2) _ GFM% (q2 — M%)(qQ — M%/) + MZMZ/FZFZI
dg? V2t (g2 — M3)* + M3T% | (a2 — M3)* + MBI, |

ANMZ, ME, %) 92.92
o o (14 2025 (222)

y [Xj; Cos(a)] cos(0),

dPZ*/Z/(*)_,ZH(QQ) _ GFMé (q2 — M%)<q2 — MZ/) + MzMzT T 5
dg? V2t (g2 - M3)* + M3TS | (a2 - M3)* + MBI, |

ANMZ, M, ¢%) (2.23)
12¢2M?%

x A/ANMZ, M%.q¢%) /q* (1 +

/
X l;\]‘j; Sin(a)] sin(a).
The effects of the B—L Model, however, do not just show up in the Drell-Yan-like
Higgs-Strahlung production, they also have relevance for the phenomenology of the
gluon-induced process. The triangle diagrams in M(a) are impacted by the
same modifications as the Drell-Yan-like mode, so, their contribution is affected by the
changes of the coupling constants at the Higgs-gauge vertices but additionally by the
presence of the new Z’ mediator. Besides the triangle contributions, the box diagrams
can give rise to Zh as well as ZH production, cf. [Figure 2.6(b), where the Yukawa
couplings for the interactions ggh and gqgH obtain rescaling factors in comparison to
their SM pendant that read

g(}; = cos(a), gl = sin(a), (2.24)

4Note that both bosons are produced with the (virtual) momentum square ¢2, so that their different
physical masses do not impact the computation.



2.3. RYM Double Ratio 17

Y
!
!
!
ASH

(

=

Figure 2.6.: Feynman diagrams for gluon-initiated Higgs-Strahlung in the B—L Model.
The Higgs boson ¢ can be either h or H.

respectively. With the same arguments as in the SM and the 2HDM we can conclude
that only bottom and top quarks give rise to the loop-induced cross sections.

While the 2HDM has not changed the kinematical dependence of the Drell-Yan-like
process for final states with a charged W boson and a neutral Z boson comparing it
with the SM predictions, the situation is different when comparing the SM and the
B—L Model. In the former case, the cross sections of both models are simply related
by a global factor, but, in the second scenario, only the Higgs-Strahlung cross sections
with a W boson in the final state can be recovered due to such a global rescaling.
If, instead, a Z appears to be in the final state, the kinematic dependence is changed
because of the presence of a new Z’ that gives rise to new contributions and interference
effects. Furthermore, the gluon-induced process obtains non-trivial modifications to its
kinematic distributions in the B—L Model making this mode sensitive to possible BSM
signatures in experimental measurements.

2.3. RVH Double Ratio

As pointed out in the last section, the Higgs-Strahlung reaction might be sensitive to
New Physics effects that are not covered by the SM. Depending on the BSM scenario,
these effects can show up by keeping the the symmetry of the Drell-Yan-like contribu-
tions between the Higgs production in association W or with a Z boson or the new
effects can have different impact on both production modes. As example for the former
scenario, where symmetry effects are kept, we have seen the 2HDM where the ratio of
Drell-Yan-like WH and ZH production is unchanged with respect to the SM. The B-L
Model instead changes this ratio as more New Physics effects influence the ZH creation
as the WH production. However, experimental constrains hint for a good agreement
of the Higgs-Strahlung cross sections with SM predictions. Since the Drell-Yan-like
contribution is the dominant one, we can deduce that large impact of New Physics on
them is very unlikely, at least at energies that are accessible in the range of the LHC.
Still, New Physics effects can have high impact on the subleading non-Drell-Yan-like
contributions, manly driven by the gluon-induced process, that are suppressed with
respect to the Drell-Yan-like production and to which measurements are not sensitive
yet. In particular, we have seen that the gluon-initiated component reveals interesting
features potentially leading to characteristic, model-dependent structures in kinemati-
cal distributions of cross sections. For instance, it is well-known that triangle and box
diagrams interfere destructively in the SM, but if the top-quark Yukawa coupling would
be smaller than predicted by the SM the impact of the box diagrams with a top-quark
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loop becomes small and the destructive effects above the top-pair production threshold
would be smaller resulting in a larger gg — ZH cross section.

In order to use the gluon-fusion mode for ZH production as a probe of BSM theories,
it needs to be separated from the Drell-Yan-like production mode that appears as an
irreducible experimental background. Therefore, Ref. [I15] has extended the idea that
originally has been suggested in Ref. [99] and it has been shown that the symmetry
of the WH and ZH Drell-Yan-like components® can be exploited to define the RVY

double ratio RV (2)
x
R () = ——— 2.25
= R 229
which serves a suitable observable that is sensitive to the non-Drell-Yan-like Higgs-
Strahlung contributions. The numerator of this double ratio is a ratio of differential

cross sections for a specific kinematic variable x of the ZH and WH process,

RV (z) = dopy . zi 4 x/da (2.26)
do pp—WH+X / da '

This quantity can be measured in an experiment such as ATLAS or CMS. The numer-
ator of Eq. contains events from Drell-Yan-like and non-Drell-Yan-like Higgs-
Strahlung, while the WH process in the denominator does only receive contributions
from the Drell-Yan-like mechanism. The second ratio in the denominator of Eq.
is the ratio of the Drell-Yan-like production modes,

doDY d
RV (x) = U{;’;ﬁZH*X/ - (2.27)
do_pp—)WH-‘rX/dx

This ratio requires input from theoretical predictions as its direct measurement is not
possible.
If the double ratio in Eq. (2.25)) would be computed in a pure theory calculation, the
WH terms would cancel each other and we would find
RVH (x
RZH ( ZL‘) _ VT()
Ry (x)
_ doppzmyx/dx
do EpiZH‘FX/ dx
_ o Qo /de
do—lly)p\;ZH—&-X/ dz

(2.28)

where the second term in the third line unravels why this double ratio is sensitive to
the physics of the non-Drell-Yan-like contributions, doggi}?}i x-

The advantage of using the double ratio instead of directly comparing the experimental
measurement of the ZH cross section with the theoretical prediction of the Drell-Yan-
like component, as appearing in the second line of Eq. , lies in the cancellation
of systematic uncertainties in the experimental as well as in the theoretical inputs.
Measuring the ratio in an experiment, it is expected that systematic uncertainties, as

for example uncertainties due to the beam luminosity, are significantly reduced. Addi-

5To be precise, some diagrams of the above mentioned subprocess that is mediated by top quarks
do also contribute to what we call Drell-Yan-like contributions in the context of the double ratio.
However, their effects are negligible and are not considered here. Taking them into account would
not break the symmetry.
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Figure 2.7.: Invariant mass spectrum of the double ratio R?# = R?H (M ;). The blue
line shows the SM prediction, the green line represents a modified SM
without a top-quark Yukawa coupling, and the red line a model with a
top-quark Yukawa coupling that is the double of the SM value. This plot
is produced with vh@nnlo and a recreation of a plot in Ref. [115], tuned to
the input parameters we will use for our later studies. In particular, we use
the PDFALHC21_40 PDF set [I51] and set the factorization as well as the
renormalization scale dynamically to the invariant mass of the Higgs-vector
boson system, pup = ugr = Myy.

tionally, the Drell-Yan ratio in the denominator can be predicted with high accuracy.
Systematic uncertainties, for example errors introduced due to fixed order computa-
tions, are strongly correlated between WH and ZH production in this mode and cancel,
at least partly, each other.

An example for this double ratio, predicted by a theory computation, is shown in
lure 2.7 The ratio is computed as spectrum of the invariant mass of the final-state ZH
system, M. Moreover, the ratios for two New Physics scenarios are compared to the
SM (blue line). Both models are variations of the SM where only the top-quark Yukawa
coupling is modified. In a modification where the top-quark and the Higgs boson do
not couple directly (green line) we observe the behavior that we have mentioned previ-
ously. Due to the absence of the Yukawa coupling, top quarks cannot appear in the box
diagrams, only bottom quarks can be present therein. This means that the negative
interference effects of those box diagrams with top-quark loops and triangle diagrams
are not reducing the cross section anymore. This missing interference effects become
particularly visible in the kinematic region where the contribution of these box dia-
grams is most important in the SM, namely above the threshold for having on-shell top
quarks in the box, so for Mzy bigger than twice the top mass. Indeed, above roughly
350 GeV the double ratio for the model without a Higgs-to-top coupling is much larger
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than the SM prediction. Since the Drell-Yan-like contributions in both models are the
same, these changes can clearly be deduced to originate from the non-Drell-Yan-like
component, cf. Eq. . In contrast, the model with an increased Yukawa coupling
(red line) is expected to show more destructive interference effects. Specifically, above
the top-pair threshold a reduction of the corresponding double ratio can be seen. How-
ever, the double ratio of the model with the enhanced Yukawa coupling becomes larger
than the SM double ratio for Mzy bigger than approximately 700 GeV. This effect is
driven by the increased contribution from the squared amplitudes of the box diagrams.
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Prior we discuss the computation of the fully-differential Higgs-Strahlung cross section
at NNLO precision, it is crucial to obtain a comprehensive overview of the challenges
inherent in such calculations. One of the most difficult tasks addresses the occurrence
of IR singularities that show up all over in the evaluation of phase-space integrals.
In this chapter, we want to elucidate the origin of these singularities and outline the
general strategies that are used to regulate them.

3.1. Kinoshita—Lee—Nauenberg Theorem

According to Eq. (2.4)) we can write a differential cross section with initial-state partons
¢t and 7 as
d6i; = d67° + doyC + da N0 + O (o). (3.1)

The LO cross section can be computed from the corresponding diagrams and we will
not have to face any issues with divergences in our calculations. In the final state we
will just have the particles that we aim to produce in the scattering process. As this
part of the cross section corresponds to its Born approximation we will call the LO
cross section also the Born cross section, dag»,

~LO ~B

The phase space of the particles that appear in the Born approximation will be referred
to as Born phase space from now on.

At NLO, however, the situation becomes more complicated. The cross section will just
be finite if we take into account Feynman diagrams with virtual corrections, d&;; , as
well as real-emission contributions, d&%, which means that we will have additional
massless partons in the final state on top to the particles from the Born process,

doN"O = doft + d6y + dapNee. (3.3)

The collinear counterterm d&iCjNLO has its origin in the separation of the short- and long-
distance effects during mass factorization. This term shifts the collinear divergences of



22 3. Infrared Divergences

the bare PDFs into the partonic cross section, resulting in finite PDFs. Each of the
three contributions of Eq. is individually divergent and contains IR singularities.
However, the Kinoshita—Lee-Nauenberg (KLN) theorem has proven that their sum is
finite, as it is associated with a physical observable [I52HI54].

The IR divergences in virtual contributions are manifest at the level of scattering matrix
elements. In dimensional regularization with d = 4 — 2e dimensions they appear in the
loop integrations as explicit poles in terms of the regulator e.

The same holds for the collinear counterterm that stems from mass factorization where
all singularities are expressed as 1/e* poles.

In real contributions the singularities only become manifest after the integration over
the phase space of the emitted partons. This can be seen in the following way: If we
consider a general process where a massless incoming parton ¢ with momentum p;
emits a massless final state parton f with momentum p; we can schematically write
the squared matrix element as

M = |4._L<_€S§§

pi D

1
pf)2 B E;Ef (1 —cosby;)’

(3.4)

where E; and Ef are the energies of the incoming and outgoing parton, respectively,
and 6f; is the angle between them. The gray hatched dot in the Feynman diagram can
represent any hard scattering process. To obtain the cross section we have to integrate
over the phase space of all final state particles, including the real emitted parton,

S Ema ! 1 if By — 0
&~ M|2dn(4>~f dEJdcos@i S ow! T (35)
f’ U e e YO

1 — cosby;) if 6, — 0.

The phase-space integral is determined by integrating over all possible energies of the
final-state parton, ranging from zero to a maximum energy FE.., which is constrained
by the energy conservation of the entire process. Additionally, an integration over all
possible emission angles 0f; is performed. It is important to notice that the cross sec-
tion exhibits divergences in two different phase-space regions. The first divergence arises
when the final-state parton becomes soft, meaning it has zero energy. These kind of
divergencies are called soft singularities. The second type of divergences appears when
the angle between the emitted parton and the emitter parton approaches zero, known
as collinear singularities. If both scenarios show up simultaneously, we encounter soft-
collinear singularities.

Since we are interested in computing fully-differential cross sections, it is necessary to
extract the implicit IR singularities of the real contributions without explicitly per-
forming an analytic phase-space integration where these divergences can be regulated.
Commonly, two different techniques are used to archive this goal. The first technique is
based on so-called phase-space slicing methods, which will be explained in [section 3.2
These methods provide a systematic approach to isolate and handle the IR singulari-
ties in the calculations. The second technique uses IR subtraction schemes to provide
a specific strategy for removing divergences. The concept behind subtraction schemes
will be described in [section 3.3

Before we move on to the technical details of the slicing methods and the subtraction
schemes, we would like to briefly remark on the NNLO cross section,

~NNLO _ 3~RR ~RV AVV ~CNNLO
do; =do;; " +doy;" + 6y +doy; : (3.6)
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All singularities of the double-real emission d&%R are encoded in the phase space of the
two emitted partons. Due to overlapping singularities in this case, complex techniques
have to be introduced to extract them. The real-virtual contributions d&%v contain
both, non-explicit phase-space singularities as well as manifest poles from loop integrals.

In contrast, all poles are manifest in the double-virtual contributions 6¥V and the

CnnLo

collinear counterterm da;;

3.2. Phase-Space Slicing

To obtain a meaningful differential cross section it is essential to introduce an infrared-
safe measurement function to define an infrared-safe observable [I55]. Such an observ-
able is important to ensure that the appearance of unresolved partons does not lead
to unphysical configurations. With unresolved parton we mean a real emitted parton
that is aligned in such a way to its parent parton that they cannot be resolved as
independent particles in an experimental signature. This is the case in the soft as well
as collinear limit. In the soft limit, the emitted parton has no energy, thus, a detector is
unable to measure its presence, leading to a signature where the parent parton appears
indistinguishable from a scenario where no additional particle was emitted. Likewise,
in the collinear case, both partons reach the detector simultaneously and occupy the
same spatial position. This results in a signal that is impossible to distinguish from a
signal the parent parton would generate without any emission. According to Eq.
the NLO cross section can be written as

25 - N0 — lim (J
d—4

where the measurement function F; defines the infrared-safe observable!. The matrix
elements M contain only particles of the Born cross section in the final state, and are
integrated over the Born phase space dH](;.1 ). On the other hand, the matrix elements
M include the processes with real radiation and, therefore, have to be integrated
over one additional final-state particle, nglJ)rl. The second phase-space integration is
explicitly carried out in d = 4 — 2¢ dimensions since the contribution is divergent. Only
after summing up the two terms in Eq. the limit d — 4 can be taken safely.

The phase-space slicing method [I56-159] allows us to manifest all singularities of the
phase-space integration, enabling us to perform both integrals in d = 4 dimensions.
Assuming that the integration over the IR-sensitive observable goes from 0 to 1 and
the integral diverges at the lower boundary, we can place a cut § on the phase space
and slice it up into a hard region and a soft-collinear region,

4
2560 = lim
d—4 0

= lim (
d—4

!The function F; depends on all external momenta, including possible real-emitted partons. How-
ever, in any IR limit the measurement function with the unresolved parton has to reduce to the
measurement function that only depends on the parent parton’s momentum without emission.
More details can be found in Ref. [I55].

MPEyang) + [TMPE g, ), (37)

) 1
MPE )+ [ TMPRangd, + |MJ|2FJdH§§L)
0 o (3.8)

0 1
fo [\MPFJ dILy + [ M, PFy ngZlD +L [MPE; Iy,
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In the first line we have also placed the cut on the integral dH](34 ), but since this cut just
acts on the phase space of the real-emitted particle it appears to be trivial. This allows
us to combine the two pieces which contain IR poles in the soft-collinear region that
goes from 0 to ¢ in the second line. In this way, we can easily carry out the integration
in the hard region that goes from ¢ to 1 in d = 4 dimensions as this region is, by
construction, free of poles.

If the cut-off parameter is chosen to be small enough, the integrand in the square
brackets can be approximated in the soft-collinear limit. In this approximation, the
IR phase-space poles will show up explicitly and cancel analytically against the singu-
larities that appear already as manifest poles in |M|?, which have their origin in the
virtual loops and collinear counterterm. Hence, the integral in the soft-collinear region
can be performed in d = 4 dimensions,

d 1
25- 6N = lim (L [\MPFJ Iy + [M,2F, ngLD +L [M2F, a1Ly)

o o T
- | [PE ang  IMGER AN, |+ [ RGPR g, +06),
.C. 6

0 S
(3.9)
The index s.c. symbolizes that this integrand is taken in a soft-collinear approximation
which introduces also power corrections proportional to the cut-off parameter §.
In a similar manner, the phase-space slicing can be applied to NNLO processes without
requiring any conceptual modifications. The analogous expression to Eq. takes
the form

25-6"NLO — lim
d—4

where the matrix element My includes the contributions with double-real radiation
and the d-dimensional phase space nglJ)rQ contains the particles of the Born process
plus two additional partons. The slicing method can now be constructed along the lines
as described for the NLO cross section.

The application of phase-space slicing to compute exclusive cross sections comes with
many advantages. One of the main features is that the methods are conceptually sim-
pler than subtraction schemes. This makes them easier to handle and implement in
MC phase-space generators, so that phenomenological results can be obtained with a
reasonable amount of work. In addition, concepts do not change when going to higher
orders in perturbation theory, which allows us to significantly benefit from the amount
of experience collected at NLLO computations when going the step towards NNLO. Even
first processes have been computed fully differentially at N3LO in this way [160-H162).
Despite their advantages, these methods are accompanied by certain drawbacks. Slicing
methods, in particular, suffer from non-locality, meaning that they are not well-defined
point-by-point in phase space and matrix elements are not finite everywhere. Thus,
large numerical cancellations in intermediate steps are unavoidable which can intro-
duce numerical instabilities and tremendous computational effort. Although increasing
the cut-off parameter ¢ can partially stabilize the numerical issues, it also gives rise to
larger power corrections. Hence, finding a suitable balance for the cut-off parameter is
a challenging task.

Anyhow, slicing methods are applied successfully to a wide variety of QCD processes
at NLO as well as NNLO. Depending on the choice of the infrared-safe observable that
splits the phase space different slicing methods can be created. The first NNLO slicing

MEEyang) + [TMEE g, + [TV Prangl, ), 6.0
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method is known as g slicing [29] which is based on counterterms that are constructed
by transverse momentum resummation [163] [164] and is used in the public available
code MATRIX [165]. Another famous strategy is N-jettiness slicing [30] 166], 167] which
uses the N-jettiness event shape variable [I68] to split the phase space and is imple-
mented in the public tools MCFM [169] as well as MATRIX [165].

3.3. Infrared Subtraction Schemes

Another commonly used approach to compute fully-differential IR-safe cross sections
is to employ IR subtraction schemes. These schemes require a suitable subtraction
function, denoted by &, which must reproduce the squared matrix element |M;|? in
all limits with unresolved partons. To construct the subtraction functions, one needs
to identify a parameter, denoted by x, that is sensitive to the leading IR singularities
of M ; for the observable defined by F;. Assuming that these limits are obtained when
x approaches zero, the subtraction function can be computed as

The limit is not uniquely defined, but for S to be useful, the subtraction function must
be analytically integrable in the unresolved phase-space region without approximations.
In that case, the IR-safe expression for the cross section, given by Eq. , can be
rewritten as a sum of three integrals,

25- 6N = lim (J|MPFJ a$y + J [|MJ|2FJ - 8] army), + denng) . (3.12)

The first integral involves |[M|?F; and is taken over the Born phase space. The second
integral involves the difference between |M;|>F; and S, and is taken over the phase
space including real radiation in d dimensions. This difference does not contain any
IR singularities, since the subtraction function S has been constructed to cancel them.
Therefore, the second integral can be performed exactly in d = 4 dimensions. Finally,
the third integral adds the subtraction function back again and is also taken over the
phase space with real radiation in d dimensions. This integral reintroduces the sin-
gularities that were subtracted in the second integral. However, since the subtraction
function can be integrated analytically over the phase space of unresolved particles,
the singularities become manifest and can be safely canceled against those in |M]|?,
allowing one to take the limit d — 4 everywhere. In the following we will refer to the
subtraction term that we add back and integrate over the phase space of the real emit-
ted parton as integrated counterterm. After pole cancellation, all terms in Eq.
are finite, and hence the phase space can be integrated numerically.

Subtraction schemes offer the main advantage that they can be constructed fully lo-
cal, where subtracted matrix elements remain finite point-by-point in the phase space.
Another key benefit is that they do not rely on an unphysical cut-off parameter that
requires tuning and introduces power corrections. In combination with analytic pole
cancellation, this leads to numerically stable results, minimizing the extent of numerical
cancellations observed in slicing methods. As consequence, the computational resources
required for precise predictions is reduced. At NLO, previous experiences have demon-
strated that subtraction schemes usually outperform phase-space slicing with regard
to accuracy and speed [I7T0HI72]. Therefore, it is desirable to apply such schemes also
in higher-order calculations.
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However, constructing subtraction schemes is very challenging. The search for suitable
subtraction functions demands extensive effort and must be carried out order-by-order,
as a general method for this purpose is not known yet. A further challenge is the ana-
lytic integration of the counterterms over the unresolved phase space, which often leads
to intricate integrals and can only be solved using complex and sophisticated mathe-
matical techniques. But once this groundwork is done, subtraction schemes prove to
be highly effective. So, we have made the decision to utilize one of these schemes for
computing the Higgs-Strahlung process at NNLO precision.

For NNLO processes many different schemes have been developed. The first general
NNLO subtractions schemes were the so-called Antenna Subtraction [31], 66] 68, 69,
173H214], Sector Decomposition [32), 33], and Sector-Improved Residue Subtraction
[34, 35, 121}, 122]. Antenna Subtraction is used in the NNLOjet framework and Sector-
Improved Residue Subtraction in the STRIPPER (SecToR Improved Phase sPacE for real
Radiation) library which are both private tools. A Python implementation of Sector
Decomposition is available under the name pySecDec [215]. More special subtraction
schemes are the CoLoRFulNNLO (Completely Local subtRactions for Fully differential
NNLO) Subtraction [36] 216-229] and the Projection-to-Born method [37]. The former
scheme is only fully worked out for colorless initial-state particles, but it allows for an
arbitrary number of final-state partons. The latter is specifically applicable to processes
with colorless final states, but it posses the unique feature of being valid at N3LO for
them. The first computation of such a process was conducted in Ref. [230]. Addition-
ally, in recent years, a new wave of general NNLO subtraction schemes has emerged.
They are known as Geometric IR Subtraction [39], Local Analytic Sector Subtraction
[40], and Nested Soft-Collinear Subtraction [38, TT6HI18]. An overview discussing some
of these state-of-the-art schemes, as well as slicing methods, can be found in Ref. [231].
Adapted to our purpose, we decided to implement the Nested Soft-Collinear Subtrac-
tion scheme. As a modification of the STRIPPER scheme it unifies the generality of this
approach, which has proven to be successfully applicable to a wide variety of com-
plex and phenomenologically relevant processes [232H237], with a physically intuitive
as well as modern perspective on NNLO subtraction. Notably, an implementation of
this scheme has already contributed to a deeper understanding of color-singlet pro-
duction and Higgs-Strahlung in the SM [62H65], 238-242] as well as scenarios beyond
[114], 243, 244].
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The NNLO Nested Soft-Collinear Subtraction scheme builds upon the idea of the NLO
Frixione-Kunszt-Signer (FKS) Subtraction method [245] 246] and extends the same
strategy to NNLO calculations. The FKS scheme, along with the Catani-Seymour (CS)
Dipole Subtraction [247), 248] method, has become the standard tool for NLO compu-
tations. Both schemes are fully automatized and widely used in various applications.
Since the Nested Soft-Collinear Subtraction scheme coincides with the FKS Subtrac-
tion at NLO, we present an outline of this method and compute the NLO corrections
for Higgs-Strahlung. We aim to become familiar with the notation that we will utilize
in the subsequent NNLO computation.

4.1. Color-Singlet Production at Next-to-Leading Order

In this chapter, we apply the FKS formalism to the production of a general color singlet
in proton-proton collisions, pp — V + X. The arbitrary color singlet V' corresponds to
the Born process of interest and should not be confused with the notation for a vector
boson used in [chapter 2] The final state X represents the partons from real radiation
corrections.

For the Drell-Yan-like Higgs-Strahlung production the color singlet V' can be identi-
fied as the virtual vector boson according to Eq. . For the gluon-induced Higgs-
Strahlung contribution in Eq. , factorization into vector boson production and a
subsequent decay is not possible. Therefore, the color singlet V' consists of two parti-
cles and corresponds to the ZH pair. Since our primary focus lies on the Drell-Yan-like
contributions, we concentrate on the processes that are initiated by a quark-antiquark
pair at LO.

Quark-Antiquark Channel
The LO Feynman diagram showing color-singlet production in quark-antiquark anni-

hilation is depicted in |[Figure 4.1} In agreement with Eq. (3.2]), the cross section for the
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ql
Figure 4.1.: LO Feynman diagram for color-singlet production in quark-antiquark an-
nihilation.

process ¢(p1)q’ (p2) — V(ps3), where the momenta of the involved particles are indicated
within the parentheses, can be represented as

25 - d&ifb = Fim(1y,,24,), (4.1)

with f, and f; being massless quarks according to the notation in[Table 4.1] The indices
a and b are non-zero integers within the range of —n; to ny, where ny is the number
of light quarks in the theory under investigation. The handy notation,

Fin(ly,,25,) = N dITy |M§“S)fb~>\/<pl7p27p3)|2FJ<p17p27p3)7 (4.2)

is introduced to have a compact expression for the cross section. The index L on the
function Fi,p, represents the Lorentz-invariant Born phase-space element that can be
written as! dd-1p
ar = ——2 2m)4 69D (p) + py — py). 4.3

B (27T)d712E3 ( ) (pl b2 pS) ( )
The index M comes from the UV-renormalized? squared matrix element |M§fg)fbHV]2 of
the tree-level process at LO, according to the expansion of the amplitude in terms of
the strong coupling constant a,

M(plap2ap3> = M(O)(plaanp?)) + M(l)(p17p27p3) + O(OZ?) (44)

The IR-safe observable in Eq. is defined by the jet function F; that depends on
the process kinematics, and N is a symmetry factor. As arguments for Fyy we give
just the numbers 17, and 2, which stand for the two colored initial-state (anti)quarks
with momentum p; and ps, respectively. The momentum of the color singlet follows
trivially from momentum conservation and it is not necessary to specify it explicitly.
At NLO, virtual and real corrections, which are shown in [Figure 4.2 give rise to IR
divergences3. We split the cross section into three parts as in Eq. and consider
each term separately. The term with virtual corrections can be written as

25 - d&JYafb = Fiv(1y,,24,), (4.5)

LIf the color singlet is a cluster made out of multiple particles, all particles have to be taken into

account. For n final-state particles with momenta k;, i € {1,...,n}, the phase-space element reads
dd_lk‘

iy’ =117, m 2m)® 6@ (p1 +p2 — X0 ki)

2All quantities are assumed to be UV renormalized in the MS scheme. For color-singlet production
this only requires UV renormalization of the strong coupling constant (cf. .

3In physical gauges only real-radiation diagrams where partons are emitted from external legs can
lead to IR singularities.
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Table 4.1.: Quark numerbering scheme.

a 1121314516
fa dlu|s|c|bl|t
folldluls|c|b]|t

with the abbreviation

FLV(lfa7 be) = NdH1(3d) 2 9%{M;?fb—)v(pbpmp3)M;§%—>V(p1,p2,p3)} FJ(pl,p2,p3)»
(4.6)
where the index V indicates that we have to consider the interference of the one-loop
amplitudes M%I)fbav with the tree-level diagrams M;S)fbﬂv. The index L indicates the
same Lorentz-invariant phase-space element as defined in Eq. .
Next, we write the real corrections, q(p1)q’(p2) — V(p3) + g(p4), as

25 - df&iﬁy = J[dpél] FLM(lfav 2f, | 49)
= <FLM(1fa7 25 | 4g)>’

with the function

FLM(lfa; 2fb ’49) = NdH](_afl) ’Mgc?l)fbHVJrg(pl;p%p37p4>|2FJ(plap2ap37p4)' (48)

It is important to note that the Born phase space includes the momentum-conserving
d-distribution for the entire process and is different from Eq. (4.3)),

d4'ps

any) = — 2
B (2m)d-12F;

(2m)* 6 (1 + p2 — ps — pa)- (4.9)
Although these two phase spaces are different, it should be highlight that we use the
same symbol for convenience. However, this usage of the same symbol should not
create confusion in the specific context. The Lorentz-invariant squared matrix element
| s‘g)fb—»V 4 g|2 contains all tree-level processes with real radiation. As a new argument
the function Fi has the number 4,4, which represents the gluon with momentum p;.
This argument is separated from the other arguments by a vertical bar, indicating that
this particle arises from real-emission corrections. In Eq. the integration over the
real-radiation phase space is treated explicitly, and we use

d¢tp;

[dp;] = (7)1 125,

O(Emax — Ei) (4.10)
with the Heaviside step function © constraining the energy of the final-state parton
to an arbitrary dimensional value Fy,.., which has to be equal to or larger than the
maximum energy the parton can have due to momentum conservation. The final result
will not depend on the choice of E,,... In the second line of Eq. , we employ a
shorthand notation to represent the integration over real emission. Instead of explicitly
writing the integral over the phase space, we enclose the expression to be integrated
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— q/ —/ g
(a) (b) (c)

Figure 4.2.: NLO Feynman diagrams for color-singlet production in quark-antiquark
annihilation with virtual corrections (a) and real emission from the initial-
state quark (b) or antiquark (c).

within angled brackets?, {--). If the expression inside the angled brackets does not
depend on the kinematics of real-radiated partons, the brackets can be understood as
a trivial operation without any effect.

The last ingredient we need for computing Eq. is the term coming from the
collinear renormalization of the PDFs. Its result is well-known and was calculated in
Ref. [123]. In our notation we write this contribution as®

CNLO aS(MR)

A 1A A ~LO ~LO
28650 = =5 =28 [ ®@doyy, + Aoy O]
4.11
_ O‘s(MR)} 1d p(O)( ) FLM('Z s 2fb) + FLM(lfa7 Z: 2fb) ( )
2 e “Tag 2 z ’

where we convolute the LO cross section with the renormalization constant I'; which
is given by

A

(0)
Fy(z) = Lor(2) (4.12)
€
The convolution symbol itself is defined as
1
(F©9)(:) = [ dedyr(a)gly)s(z - ay). (1.13
0

In the second line of Eq. (£.11]), the arguments z - 15, or z- 2, of the function Fyy tell
us that momentum p; or po, respectively, has to be multiplied by the factor z inside
the function Fry;. Here, the UV-renormalized strong coupling constant is evaluated at
the renormalization scale pug in the MS scheme as explicitly indicated by the functional
dependence of ay.

4This integration has always to be understood in the same frame as the one that is predetermined
by the choice of the subtraction terms. We will compute our subtraction terms and the related
counterterms in the center-of-mass frame of the colliding partons which will break the Lorentz
invariance of the formalism.

®When the convolution symbol is positioned to the left of dé;;, it indicates that the convolution
operates on the momentum of the incoming parton i. Conversely, when the convolution symbol is
on the right, it signifies that the convolution operates on the momentum of the incoming parton j.
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Finally, the residue of the collinear renormalization is given by the LO Altarelli-Parisi
splitting function [249] for an (anti)quark decaying into an (anti)quark,

PW(2) = Pk (2) + Bgs6(1 - 2) (4.14)
with the regular part A
P () = Cr(2Do — (14 2)) (4.15)

and the term proportional to the d-distribution

- 3
q(q,)5 =% = §CF7 (416)

where Cr = (N2 — 1)/(2N,) is the quadratic Casimir operator of the SU(3) color
symmetry group in the fundamental representation with N. = 3 colors and 7, denotes
the anomalous dimension of the quark.

The plus-distribution in Eq. (4.15)),

D, (2) = [WL (4.17)

acts on a bump function G(z) that is smooth and compactly supported in the integra-
tion domain z € [0,1) as

1 1 n
J A D, (2)G(2) — J d {lnl(lzz)] (G(z) - G(1) (4.18)
0 0

and is by construction free of divergences in the limit z — 1.

In Eq. , the singularities are presented as Laurent series in the dimensional regu-
lator e. On the other hand, the IR poles arising from the virtual corrections in Eq.
are implicitly encoded within the one-loop matrix element. The detailed investigation
of their structure is carried out in [section 4.4} However, our first task is to determine
the subtraction terms for the contributions with real radiation in Eq. in order to
manifest the phase-space singularities following the strategy of This part is
discussed in [section 4.2] Subsequently, in we extract the IR poles in terms

of € poles by integrating analytically over the real-radiation phase space.

4.2. Infrared Limits and Subtraction Terms

At NLO, there exist two types of IR singularities. Soft singularities that arise when the
energy of the emitted parton becomes small, and collinear divergences that occur when
the emitted particle becomes collinear with the emitter particle. In order to compute
the required subtraction functions to handle these singular limits, the FKS scheme
utilizes two types of operators.

The first operator, denoted as S;, isolates the leading divergences as the energy F; of
the particle with momentum p; approaches zero. Specifically,

SiA = lim A, (4.19)

where A represents a general function.
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The second operator, Cj;, is used for extracting the leading collinear divergence when
partons ¢ and j become collinear to each other,

1i5—0
The parameter 7;; is defined as
1 —cos;;

where 0;; is the angle between the two particles in Euclidean space.

The contribution ¢g" — V + g can exhibit three IR divergences in three phase-space
regions. Firstly, the phase-space integral diverges when the gluon becomes soft. To
remove this singularity, we construct a subtraction term using the operator S;. By
combining Eq. with Eq. , we can write the cross section as

25-doy = (1= S1) Fun(Ly,: 25, | 49)) + (SaFim(Ly,. 25, | 49)) - (4.22)

The soft operator acts on the squared matrix element as well as on the momentum-
conserving d-distribution in the Born phase-space element of the function Fy,;. This is
known as Eikonal approximation, given by

(p1-p2)

SuFin(14,,25, |4g) =20k g2
Finalie 25 o) = 2Cr o 50, 0

Fim(1y,,25,), (4.23)

with the strong QCD coupling g2, = 4ma, (g ) S where Se = (4m)e™ " in the MS
scheme and ~g is the Euler-Mascheroni constant, c¢f. Eq. . The scalar products
read

(pi-p;) = 2E:Ejm;;. (4.24)

The first term on the right-hand side of Eq. is free of soft divergences, they are
all included in the second summand. To make the poles in this counterterm apparent,
we have to integrate Eq. over the unresolved phase space of the gluon. However,
even though if the singular structure of the counterterm can be calculated analytically,
the first term still diverges in the collinear phase-space regions.

Hence, we need to regulate the two possible collinear IR limits that arise when the real-
emitted gluon becomes collinear to one of the initial-state quarks. To obtain the related
subtraction functions we use operators C4; and Cs3. Upon regulating these divergences,

Eq. becomes
28-d67 = (1= Ca1 — Caz) (1 — Sy) Fim(1y,, 2, |49)) + (SuFLm(1y,.25, [ 44))
+ {(Ca1 + Caz) (1 = S4) Frm(1y,, 2y, [49))
= <@NLOFLM(1fa7 2, |4g)> +{(Ca1 + Caz) Frm(1y,, 2y, [49))
+ <(1 —Cy — C42> S4FLM<1fa7 2fb | 4g>>=

(4.25)

where we obtain the NLO subtraction operator

Onto = (1 —Ciy —Ci2) (1 = Sy). (4.26)
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The limit where the final-state gluon becomes collinear to the initial-state quark f,
reads

1 FLM(Z‘lf 2f) . El—E4
CaFim(1y,,24 [4,) = ¢ PO (2 @) 2Jb th 2 =
41 LM( fa> fb’ 9) gs,e (p1p4) qq (276) > W1 z El ,
(4.27)
and similar for the final-state gluon becoming collinear to the initial-state quark f,
1 FLM(lf ZQf) . EQ—E4
CooFin(1s.2; [4,) = g2 PO w2 2h) g BB
12Fin(ly,, 25, [4g) = g5 (papa) (z;€) s with 2 B
(4.28)
where the splitting function is given by
1+ 22
Pq(g)(z; €) =Cp < T, "¢ (1-— z)> ) (4.29)

When both soft and collinear singularities are regulated, it leads to overlapping soft-
collinear limits when the soft operator and one of the collinear projectors are applied
simultaneously. To extract the appropriate projections, we apply the corresponding
collinear operator to Eq. , resulting in

CunSiFin(ls,. 25 |4,) = 2Cr g2 v o, o 4.30
nSaFin(ly,, 2, |4) ng’f(pl-pz;){pz'm}z;\u (s, 25,) ( )
for p,|| 7, and, analogously, for the case p, || P, we find
CooSaFin(15., 2 |4,) = 2Cp g2 eps) gy 4.31
284F (s, 2, | 4) F 9 o patana (72 pe) (L., 25,) (4.31)
where we make use of the short notation
{pipitim = e_l_i_l[%_k(prpj) = 2E;E;n. (4.32)

The Oxro term on the right-hand side of Eq. is free of singularities and can
be integrated (numerically) in four dimensions. All divergencies are contained in the
counterterms, which we will discuss in the next section.

Before, we want to note that for the special case of a head-to-head collision, where
012 = m, or equivalently 75 = 1, the terms with soft and soft-collinear projectors
simplify,

(1 —Cy1 — C42) S4FLM(1fa7 2y, ’ 49)

(p1-p2) (p1-p2) (p1-p2)
:20Fg§€( — — Fim(1y,,2
N (p1pa)(P2-pa)  (Prepa){p2-patapn {P1-Pata2(P2-pa) (5 21)
2
Ise (1 — 14— 7724)
(M P Bl 2
( 14724 Ly 25)
e (1—7714— (1 —11a)
M14724

) Fim(1y,,25,)

(4.33)
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In the second last step we used the relation 79y = 1 — 114, which follows immediately
from Eq. (4.21]) for a4 = 015+ 6014 = m+6014. As a consequence it is sufficient to regulate
only the collinear singularities for NLO color-singlet production,

25 - d&?lfb = <@NLOFLM(1fa; 2fb |4g)> + <(C41 + 642) FLM(lfa, be ’4g)>> (434)

with
ONLOFLM<1fa, 2fb ‘ 49) = (1 —Cy1 — C42) FLM(lfaa 2fb ’ 49)' (4'35>

4.3. Integrated Counterterms

We proceed with the integration of the counterterms without making assumptions
about the hard process. As we integrate over the unresolved phase-space regions, the
singularities will appear as explicit poles in the dimensional regulator e, but at the
same time we keep all information about the kinematics of the Born process.

Soft Counterterms

Even though soft singularities do not need to be regulated explicitly in our NLO com-
putation, we want to stay for the moment in a more general context and begin by
integrating the counterterm of the soft subtraction function in Eq. over the
gluon phase space,

(Pl 'p2)

(pl pa) (P2 'P4) <FLM(1f&, 2fb)>

(SiFim(1y,,25, | 44)) = J[dpﬂ 2Cr g2,

Jé-
= Cr g?,ej ( ) P4 o © (Emax - E ) <FLM 1fa72fb)>

-12E, E4 1147024

E (d-1)
ax dE4 dQ M2
= Cpg? J J 4 Fim(1s,,24)).

F s.e 0 EiT2 ) 2(2m)d-1 7)147724< wi(Ls, fb>>

(4.36)
Since the gluon decouples from the function Fyy;, we are left with two process-independent
integrals. The integral over the gluon energy yields

Fmax qF, 1
f - X (4.37)

0 Ei+2€ ¢ max)’

while the solid angle integral is a special case of known results from Refs. [250] 251],

dof"™" 22721 1 (4n)
= — — K T€). 4.38
f 2(2m) 4= mamoy € 8m2T'(1—¢) Mo K (M12; €) ( )

The function K is given by

K(ni5;€) = [m]

where oF; denotes the Gaussian hypergeometric function and I" the Euler gamma
function.

771+€ 2F1(1, Ll—el1- 77ij)7 (4-39>

v
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In summary, we get the integrated soft counterterm

(QEmax)

(SaFim(ls,, 25, [49)) = 2Cr o] ?h?K ma; ) Fin(ly,,2p,)),  (4.40)

with the replacement

[O‘S,E]

[gie (47r)€] . (4.41)

Soft-Collinear Counterterms
In order to obtain the integrated soft-collinear counterterms, we follow a procedure
similar to that used for the soft counterterm. Starting from Eq. (4.30) we get

CaSiFin(ly,, 2y, |4 :Jd 2 Cp g2, P1P2) Fin(1y,.2;,
CaSiFim(ly,: 25, [4)) = |[dpa 2Cr g2, (pl-p4){pz-p4}4||1< a(1r,.25,))

d"'p,
= (] 2 TN S) Emax - E B 1 ’2
ng,ef (27T)d_12E4 ( E4 < LM fa fb)>

E (d—1)
e dE, [ dQEY 1
=Crg’ Fim(1y,,2
ng:ﬁj E41+QEJ2(2n)d g o (el 25))

: 2 F ) 2 Hiil —€ ]<FLM 11.,21,)),

= CF [06576] (

2

(4.42)
where we used the solution of the energy integral in Eq. and the the angular
integration is carried out straightforwardly, resulting in

e

The result for C45S4 can be obtained by the replacement of momentum p; against p,
and conversely,

(Ci28sFLm(1y,, 25, |44)) = CF [as,]

(2Bimax) ™ [ ;il_—;;] (Fiaa(1,,25,)).  (4.44)

€2

Collinear Counterterms

Lastly, we are interested in the integrated counterterms for the collinear subtraction
functions. In this case, we encounter a final-state parton that only partially decouples
in the collinear limit. This is in contrast to the soft and soft-collinear factorization
theorems, where we observed complete decoupling of the gluon. This distinction arises
due to the dependence of Fy on the energy of the parton, which is implicitly encoded

in the variable z in Eq. (4.27) and Eq. (4.28).

However, it is possible to extract all the singularities analytically. By integrating equa-

tion Eq. (4.27), we obtain the expression
Finm(z - 1y,,24,)
0 . LM fa’ f
P L)

z

CaFin1z 23, |49) = [lami] o

< RS T
= — max — — z;€
gS’E (27T)d_12E4 2E1 E47714 9

% <FLM(Z ’ ]'fa72fb)>
z
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Emax (d_l)
=g f dE4J iy © 11 PO (ze)
5 0 E'ge 2(27T)d_1 M4 2E1 99 ’

% <FLM(Z ) 1fa72fb)>
z

Since z is free of an angular dependence, the solid angle integral is identical to the one
solved in Eq. (4.43). Moreover, we want to substitute the energy integration with an
integration over the collinear parameter z,

E1 - E4 C1E‘4

z = T and dz = ?17 (446)

(4.45)

with the boundaries z € {zyin, 1} and zpin = (F1 — Fnax)/F1.
Combining all these findings, we get

<C41FLM(1faa 25, |4g)> = _i[as,e] [11:21_23] (2E1)_26 L;in(l(—jz)%Pq(g)(Z; €)
Fim(z-14,,24)
_ 1< FZQ(l —€) > Lo [ 2Ck (4.47)
[Cvs,e] [F(l_%)] (2F1) Lmindz [(1—2)1%

z

+(1 = 2) " Prs(z; )] <FLM<Z L 2fb)> :

where we decomposed the splitting function into a part that diverges in the soft limit
z — 1, and a regular term, P, according to

2Ck

P(O)(z;e) i
—z

o + P8(ze) with Pr8(zie) = —Cp[(1+2) +e(1 —2)].  (4.48)
We previously defined E,,.. as an arbitrary quantity and stated that its value must
be greater than or equal to the maximum energy the final state parton can have due
to momentum conservation. As a result, z,;,, < 0 can be set without any loss of
generality. If z < 0, the process described by the F1y function is forbidden by the
energy-conservation law, which is contained in the J-distribution of the Born phase-
space element. This allows us to fix zy,;, = 0.

We can now extract the soft singularity of the z integration in Eq. (4.47). Focusing on
the first term in the square bracket inside the integral, we have an object like

1 1 1
dz————G(2) = | &z G(1 dz——— (G(2) — G(1
Jyosi e - | Z(l S G+ | e (6= 60)
CF ! 2Cr
0

(4.49)
where G(z) is a smooth and compactly supported function of z in the integration
domain z € [0, 1). This is a requirement that the function in our integrand fulfills. The
second term on the right-hand side is by construction free of singularities and, thus,
we can perform the expansion € — 0 before we carrying out the integration,

G(z) — %
W [Z n(Z)] G(2), (4.50)
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where D,,(z) is the plus-distribution given in Eq. (4.17)).
If we perform the expansion in € also for the term with the regular splitting function

in Eq. , we find
1 I'3(1—e 9 C
CuFinlin 20 149) = ~low] | prot | @80 |~ (Z 45 ) CFisiliz 24

1 .
+J dz Pyq(2;€) <FLM(Z Zlf“’sz)>] ,
0

with a generalized version of the splitting function in Eq. , oy
Paa(z1€) = PO (2) —ePl (2) + O (&) (4.52)

with its O(e) related part
Pro(2) = Cr(4D1(2) —2(1 + 2z) In(1 — 2) + (1 — 2)). (4.53)

By replacing the index 1 against 2 and vice versa we obtain the result for collinear
gluon emission from the second incoming parton,

Calinlis. 2414 = ~How] | Fi | @7 | (S 4 0) (s 200)

oy  (zie Fin(ly,, 2 25) \ |
+Ld o )< ’ >] (4.54)

We have now all subtraction functions and their integrated counter parts so that we
can go on with the full expansion in € and the investigation of the virtual corrections.

Fully-Regulated Cross Section
By making use of the definition

[ ] = ozs;ZR) MSF Fgm—)l) (1+0(a)), (4.55)

by combining Eq. with Eq. (B.6) of [Appendix B} ¢f. Eq. (B.7)), we expand in
terms of the dimensional regulator while neglecting O(¢e) contributions. In particular,
the series for the Gaussian hypergeometric function is obtained by the use of the
Mathematica [252] package HypExp [253, 254]. The soft counterterm in Eq. (4.40)
becomes

2e
Qg 1 1
(SaFin(ly,, 24, [44)) = 2Cp ;’f‘) ( o ) [ — —In(n2)

2F hax e €

(4.56)
42

+0O (043;6) ,

N <_7T2 + ) + L1 - mg))] (Finil1y,.25,))

the soft-collinear counterterms according to Eq. (4.42)) and Eq. (4.44]) read

as(pr) (e \* (1 7
(CuSiFim(ly,, 25, |4y)) = Cr o (2Emax) ( 4 Finllsr25)) (4.57)

€
+0 (af;e) ,
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Cooslpr) (e \F(1 7
<C4284FLM<]‘fa7 25, | 4g)> =Cr o (QEmax) (62 4 <FLM(1f“’ 2f”>> (4.58)
+ 0O (Ozi; e) ,

and the collinear counterterms of Eq. (4.51)) and Eq. (4.54) are

as(pr) [ p Gk 2 _ ™
<C41FLM(1fa7 2fb ’4g)> = 27TR (2-§1> l( : i 4

= v ) (Fua(1y.,25))

1
—1J dquq(z;e)<FLM = 1f“’2fb >] + 0 (aZ;e)
€ Jo

(4.59)

o (fu 1T Cr | 7
(CoFrm(1y,,2, [49)) = ;WR) (2£2> [< EQF *q — —Cr | (Fim(1y,,24,))

1t Fru(1 2
—szqu(z;e)< L f‘”z fb> + 0 (aZie)
€ Jo

(4.60)

Finally, the expressions simplify significantly in the partonic center-of-mass frame, there
we have the relations 2E, = 2F, = /3 and n, = 1. Consequently, we obtain the
equation

(SaFim(ly,, 25, |49))—{(CarSaFraa(1y,, 25, | 49) ) —(CaaSaFrm(1y,, 25, | 44) ) = 0, (4.61)

which is in full agreement with the statement in Eq. (4.33). Therefore, we are again
left with only the collinear counterterms, which add up to

2\ €
{(Car + Ciz) Fna(1,, 25, | 49)) = O‘Séf‘) (“F) lz (CF e WCF)

3 €2 €

1
X <FLM(1fa72fb>>_E ) dzPy(z;€)

(4.62)
oz Ly, 25) + Fua(ly,s 2 - 25,)
z
+ 0 (aZie).
The cross section for real emission in Eq. (4.34)) then becomes
o ooar as(ur) (e[, (Cr |
25 - do_fafb = o (§) lZ ( 62 + ? - 7C’F <FLM ]‘fa7 2fb)>
1t Fim(z-15,,2 Fim(ly,, 22
_Ef d2 Py (2 €)< (2 - 1, fb);r a1y, 2 fb)>] (4.63)
0

+ <@NLOFLM(1fa7 2fb | 4g)> .

All TR poles in the cross section are now visible as a Laurent series in €. In the next
section, we demonstrate that these poles cancel against the singularities of the virtual
corrections and the collinear-renormalization contribution.
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4.4. Pole Cancellation

To see how the poles cancel we have to give a closer look to the IR singularities of
the virtual corrections. In Ref. [247] it has been shown that IR structure of one-loop
amplitudes can be expressed as

M(l)(pl,p27p3) = [as,e] 11(6)/\/1(0) (p1;p2,p3) + Mu)ﬁn(plap%p?))a (4-64)

with the Catani-Seymour insertion operator

Ti(e) = —e'm (8) <f§ + 7:) . (4.65)

All IR singularities are contained in the first term of Eq. (4.64) while M0 is free of
them. In combination with Eq. (4.6)) this results in

Fiv(1y,,24,) = [ase] Lg(€) Fin(1y,,25,) + FiN (14,,25,), (4.66)

where we use

Iyq(€) = 2Re{Z(e)}

— —2cos(en) (§> ((;F + Z") (4.67)

and the UV- as well as [R-renormalized finite remainder

n d Jfin
Ffv(lfa, 2s,) = NdH](B) 2ﬂ%e{Mgci)vaav(pbp2,p3)M;§?fiHv(P1>P2:P3)} Fy(p1; p2; p3)-

(4.68)
Utilizing Eq. (4.55]) we find upon € expansion
2545V, = —pCelim) (1e ) (Cr | 7 Cr | Fin(1y,,2 Flin, 2
§ Uffb_ ot § €2+?_7F <LM far fb>+<LV fas fb)>
(4.69)

as an expansion in terms of the dimensional regulator.

With this at hand, we have all ingredients to compute the NLO cross section for
the quark-antiquark channel on basis of Eq. as a sum of the real corrections,
Eq. (4.63), the virtual corrections, Eq. (£.69)), and the collinear-renormalization con-

tribution, Eq. (4.11])),
s 1ANLO N AR AV ~C
28-doyy =28 <daf 5+ A0y + dafl}‘l:0>
QS(MR) 212 ! / » M
= 27T < CF<FLM ]'fa7 2fb > + J qu(Z) - Pq(((]) ( )111 SF

FLM(Z'la,Q )+FLM(1 a,Z'Q ) n
><< fa1 2o ! i +<FLﬁV(1faa2fb)>

z

+ <0NLOFLM(1faa 24, | 4g)> :
(4.70)
The cross section in Eq. is free of all divergences and can be evaluated in four
dimensions, which allows us to perform the entire phase-space integration numerically.
This gives us all the freedom we need for computing the cross section fully differentially
and extracting arbitrary IR-safe observables.
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b
o) (b)

Figure 4.3.: Feynman diagrams for color-singlet production in the quark-gluon channel.

4.5. Fully-Differential Next-to-Leading Order Cross
Section

Beside the quark-antiquark channel the quark-gluon channels open at NLO. The dia-
grams for these processes, ¢(p1)g(p2) — V(ps)+q'(ps) and g(p1)g(p2) — V(p3) +q'(pa),
are depicted in and always include the emission of a real parton, which is a
quark in our case. In analogy to Eq. (4.7) we write the cross sections as

25-d Z f dpa] Fin(1y,,24 | 4y,)
zeQ
= Z<FLM(1fa7 2 | 4fx)>’
zeQ (4.71)
25 - dogf = Z J dp4 FLM 1g>2fa ‘4fz)
xeQ
- Z<FLM<1g>2fa 47,))-
zeQ

The sum runs over the set of light quarks Q according to the notation in SO
that Q € {—ny,...,ns}\{0}. The Fyy functions read

d
Fim(1y,,24 147,) = NdH1(3) ‘ME‘?ZLHVJrfI(plaanpBapél)‘ Fy(p1,p2, 3, pa),

@ 1 s (4.72)
FLM(lga 2fa ’ 4fz> = NdHB ‘MgfaHVJrfz (p17p27p37p4)‘ FJ(p17p27p37p4)7
with the same phase-space elements as defined in Eq. (4.9).
The cross-section contributions arising from the collinear renormalization are
.C as(pr) 1 (! A(0 Fim(1y,, 2 - 25,)
26 o0 = M [ 4 3 () - 7
e (4.73)
) )
2 - o = O‘S(NR)lf d: 3 BO(2) Fin(z - 1y,,24,)
2 €)oY z ’

with the LO Altarelli-Parisi splitting function for a gluon decaying into an (anti)quark,
given by A A
PO = PO (2) = Tr (22 + (1 - 2)?), (4.74)

q9
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where T = 1/2 is known as the index of the SU(3) color symmetry group in the
fundamental representation.

In the production channels gqg — V + ¢’ and g¢ — V + ¢’, the cross section is only
divergent in the limit when the initial-state gluon and the final-state quark become
collinear to each other, so just one operator needs to be taken into account,

25-dof, =) <@NLOFLM(1fa729 | 4fx)> + > CoaFim(ly,, 2 47)),

ze@ ) z€Q (475)
2§ . dA?fa — Z <ONLOFLM(197 2fa | 4f1)> + 2<C41FLM(197 2fa | 4fz)>
z€Q zeQ

with the NLO subtraction operator acting as

OnvoFin(ly,, 20 14s,) = (1 = Cao) Fim(1y,. 24| 45,),

N (4.76)
Onvofim(1y, 25, [4f,) = (1 — Car) Fim(1y, 2y, [ 47,),
while the collinear operators project out the leading singularities according to
1 FLM(Z'l‘. Qf) . El—E4
CaFini(14,2 [41,) = ¢ PO (4 for ZJa th »— 1~ 74
41 LM( g fa‘ fz) gs,e (p1p4) a9 (Z,E) > W1 z El ,
2 FLM(lf 22’) . EQ—E4
CaoFin(1y,,2,|47,) = g2 PO w” T th z=——"
2Fra(ly,, 20 [45,) Is,e (p2-pa) @ (z;€) , wil z 7
(4.77)

The new notation f, is used to indicate the antiparticle to f, and should be understood

as f, = f_, following the scheme of [Table 4.1| The splitting function for a gluon going
into a quark reads

1—c¢

In full analogy to the calculation in we derive the results for the integrated
counterterms, resulting in

I, as(ur) (AN 1 (* Fim(ly,,2-24,)

xeQ
+ Z <@NLOFLM(1fa729 | 4fm)>7
e (4.79)

o as(pr) (pE\| 1 Fia(z - 1y,,25,)

x€Q

+ ] <@NLOFLM(1972fa \4fz)>,
xeQ

PO (ze) = Ty (1 — 22(1_2)) : (4.78)

where the generalized splitting function in relation to Eq. (4.74)) is
Pog(zi€) = ]3[1(3)(2) — 673(']9(2) +0O (€2> (4.80)
with the O(e) term

Poy(z) =Ta 2[2°+ (1 —2)*|In(1—2) + 22 (1 —2)). (4.81)
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In the sum of the collinear-renormalization contribution and the real-emission cross
section we observe pole cancellation and obtain results in the quark-gluon channel
which are finite in four dimensions,

~ ~NLO _ o4 ~R ~CNLO
25 - dafag = 25 - (dafag + dafag )

_ as;l;R) Jldz 3 lP;g(z) — PO(2)In (’f)] <FLM(1fZZ : 2fx)> (4.82)

0 reQ

+ ] <@NLOFLM(1fa, 2 | 4fz)>,
zeQ

for the process qg — V + ¢’, and
25+ doNE0 = 25+ (Aol + Aoy

- as;;:{) J 1d22 lp;g@;) — POz m(’f)] <FLM(Z 'Zlf”’2f“)> (4.83)

0 zeQ

+ 3 (OnioFin(1e 2 141 )
reQ

for the process g¢g — V + ¢q’'.

With the cross sections in Eq. (4.1), Eq. (4.70), Eq. (4.82), and Eq. (4.83) we can

compute the hadronic cross section for color-singlet production up to NLO based on
Eq. (2.2),

d

0 dr

1 dﬁfafb T,
J T ( MF) d‘}?afb(T,MRqu)
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aceQ

1 d.Lofe '
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0 T

where the whole phase-space integration can be preformed (numerically) in four di-
mensions. At each phase-space point, subtracted matrix elements are finite, which is
the reason why we call the FKS Subtraction scheme a local subtraction scheme®.

The natural next step is the calculation of the NNLO cross section. Due to a richer
singularity structure the subtraction procedure will become more complex. In partic-
ular, we have to deal with two main challenges: Firstly, we need to devise a method
to disentangle overlapping singularities, as their simultaneous presence complicates
the subtraction process. Secondly, it becomes significantly more demanding to identify
suitable subtraction functions whose counterterms can be integrated analytically.

6Slicing methods instead are never local since their matrix elements still diverge in the singular limits
and these singularities are only tamed by the numerical cut-off.
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The Nested Soft-Collinear Subtraction scheme provides an effective framework for ad-
dressing the challenges in computations of fully-differential NNLO cross sections. It is
based on the strategy of Sector-Improved Residue Subtraction, known as STRIPPER,
but introduces modifications to enhance its efficiency. In particular, the Nested Soft-
Collinear Subtraction scheme eliminates a redundant sector that contains correlated
soft-collinear singularities. This is achieved by incorporating the concept of color coher-
ence, which was not considered in the original construction of STRIPPER. By exploiting
these simplifications, the Nested Soft-Collinear Subtraction scheme enables for a sys-
tematic separation of soft and collinear singularities in a nested way. Additionally, this
approach offers a physically transparent and intuitive picture of the underlying sub-
traction procedure.

In this chapter, we focus on introducing the Nested-Soft Collinear Subtraction scheme
and provide a comprehensive derivation of all subtraction functions necessary for the
implementation of color-singlet production. Moreover, we will present the finite remain-
der that has been obtained in Ref. [116] through analytic pole cancellation. This finite
remainder forms the basis of our MC event generator. However, we will not conduct ex-
plicit recalculations of the counterterms since their outcomes are already documented
in existing literature. Instead, we will refer to these sources at the relevant stage of our
discussion.
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5.1. Guiding Principles

The goal of the Nested Soft-Collinear Subtraction scheme is the construction of an
optimal NNLO subtraction scheme following a set of general guiding principles:

1) The scheme should ensure that cross sections are well-defined at every resolved
phase-space point, making it fully local.

2) Efficiency is crucial for making predictions of relevant physical processes, neces-
sitating the ability to numerically evaluate cross sections due to the arbitrary
complexity of phase-space integrals.

3) The subtraction scheme should be generally applicable to any NNLO process,
remaining process independent.

4) A desirable attribute is a physically transparent subtraction scheme where each
singularity has a clear physical origin and their cancellations can be interpreted
in a physical picture.

5) Poles should cancel analytically, independent of the matrix elements. This is a
useful criterion to ensure physical transparency as well as process independence,
but also to obtain a finite remainder that can be evaluated efficiently.

6) The finite remainder should have a relatively simple structure with simple func-
tions for the counterterms that multiply matrix elements with a reduced number
for final-state partons. This can be achieved by recombining sectors before inte-

grating the subtraction terms!.

7) The scheme should offer flexibility by allowing freedom in choosing a phase-space
mapping.

8) To facilitate ease of use and application to new processes, the scheme should have
a modular structure with building blocks that can be recombined to calculate
specific cross section.

In the upcoming sections and chapters, we will explain the first seven points more
thoroughly. Regarding the eighth point, the building blocks can be identified as three
fundamental elements. They can be constructed based on the fact that at NNLO no
more than two partons simultaneously appear unresolved. Since collinear singularities
factorize on external legs and the factorization of non-trivial terms of soft singulari-
ties depends on a maximum of two external particles of the Born cross section, each
2 — n QCD process can be decomposed into three types of singular structures. In
each structure, two colored initial-state partons, two colored final-state partons, or one
colored initial-state parton and one colored final-state parton are involved, while the
colors of the other external particles do not impact factorization. Consequently, the
three building blocks are constructed by examining exemplary processes where only
one singular structure contributes. For initial-state-initial-state singularities, studying
color-singlet production, such as the Drell-Yan process and Higgs boson production
in the gluon-fusion channel, is convenient. The cross sections of these processes are
known analytically [56, 255] and, thus, they are perfectly suited for validating the
building block of the Nested Soft-Collinear Subtraction scheme that was constructed
in Refs. [38], 116]. The final-state-final-state building block can be assembled by inves-

'The meaning of the term “sector” will be explained in
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tigating the well-known decay of a color singlet, such as the decay of a Higgs boson
into two colored particles [256H258], as done in Ref. [117]. The last building block, con-
cerning initial-state-final-state singularities, can be studied in deep inelastic scattering.
The analytic result of its cross section is available and extensively investigated in the
literature [259-261]. This component for the Nested Soft-Collinear Subtraction scheme
was presented in Refs. [I18] 262].

5.2. Color-Singlet Production at
Next-to-Next-to-Leading Order

According to Eq. , at NNLO, we need to compute processes with double-real cor-
rections, real-virtual corrections, and double-virtual corrections. The IR poles of pure
virtual contributions are explicitly encoded in the loops of the matrix elements, some
IR singularities of the real-virtual contributions are contained manifestly in the matrix
elements, and some show up upon phase-space integration. These phase-space singu-
larities can be extracted with the techniques of the NLO FKS Subtractions scheme
that we have seen before since only one real parton is emitted. All IR singularities
of the double-real emission process show up during phase-space integration, but they
have a richer and more complex structure than at NLO and require an NNLO subtrac-
tion scheme to make them manifest. As regulating the double-real emission is key in
constructing an NNLO subtraction scheme, firstly, we want to pay attention to these
contributions.

5.2.1. Double-Real Corrections

Double-real corrections for our study of color-singlet production occur in four different
channels, representative Feynman diagrams for the quark-antiquark channel with the
emission of a gluon pair, ¢(p1)q’(p2) — V(ps) + g(pa)g(ps), are shown in [Figure 5.1
Double-real corrections for the quark-gluon channel, q(p1)g(p2) — V(p3) +q'(p1)g(ps),
are depicted in [Figure 5.2 The diagrams for the gluon-quark channel can be easily
obtained by exchanging the two initial state particles. On top, two new channels open:
A quark-quark channel with two incoming quarks, ¢;(p1)q;(p2) — V(p3) + ¢ (pa)@(ps),
where the indices indicate the related quark flavor?, and a gluon-induced contribution,
9(p1)g(p2) — V(ps) + q(ps)q’(ps). Exemplary Feynman diagrams of the former pro-
duction mechanism are given in [Figure 5.3|a) and of the latter in [Figure 5.3(b). For
clarity, we will focus the discussion for regulating IR singularities in case of double-
parton emission on the quark-antiquark channel with a real-emitted gluon pair since
this channel has the most complex structure. Results for the other channels can be
obtained analogously with the strategy that we will present and are shown at the end
of this chapter without repeating the regularization procedure in detail.

We adopt the same notation that was used in the NLO calculation,

2In the following, we will call the process with two initial-state quarks and two final-state gluons
the “quark-antiquark channel” and the channel with two final-state quarks “quark-quark channel”,
even though the latter process also includes quark-antiquark initial states.
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(a) (b) (c)

Figure 5.1.: Representative Feynman diagrams for double-real corrections in color-
singlet production in the quark-antiquark channel.
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(a) (b)

Figure 5.2.: Representative Feynman diagrams for double-real corrections in color-
singlet production in the quark-gluon channel.

qi |4 g q

:g qk :33 V

qdj Q g q’
(a) (b)

Figure 5.3.: Representative Feynman diagrams for double-real corrections in color-
singlet production in the quark-quark channel (a) and the gluon-gluon
channel (b).
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25 A6l = 2 [[dp dpsIO(Es - E5) Fun(11,:244,.5,)
= <FLM(1fa’ 2fb | 497 59)>a

with the function

d
Fim(1y,, 2y, [44,54) = Ndl_[](3) |M§f2)fbg>v+gg(pl7p27p3ap47p5)‘2FJ(plap27p37p47p5()7 )
5.2

where the Born phase-space element contains the momentum conserving d-distribution,

d—1
@ 47 ps d 5(d
arni? = TR (2m) 6D (py + p2 — p3 — pa — p3), (5.3)

and the angled brackets imply the integration over the phase space of both real-emitted
gluons. In Eq. , we introduced an energy ordering, E; > Fs, giving an additional
factor of two due to the symmetry when permuting the two gluons. This factor will
cancel the symmetry factor, N' = 1/2!, which appears for having two identical particles
in the final state3.

When integrating over the unresolved phase space of the gluons, various IR divergences
spoil the calculation. This includes soft divergences, many collinear divergences, and
combinations of them. To regulate the soft singularities, we introduce the operators

E;—0

| B (5.4)
SA= lim A, at fixed ratio B,

E4,E5—0 4
where S; extracts the leading singularity of a single parton ¢ that becomes soft and
is identical to the definition in Eq. (4.19)). At the same time, & is a new projector
to extract the leading singularity when both partons become soft simultaneously. For
projecting out the collinear limits, we make use of the operators

CjiA = lim A,
1i5—0

, 5.5
C;A= lim A, with non-vanishing ratios %,% fhas (5:5)

1:4,Mi5—0 Nis T4 ’ Nis ’
where Cj;, as established in Eq. (4.20), extracts the leading singularities when partons
¢ and j appear to be collinear to each other. The triple-collinear operator C; instead
describes the leading singular limit when both final-state partons become collinear to
the incoming parton ¢ at the same time.

5.2.1.1. Soft Singularities

Even if, in general, single Feynman diagrams contain entangled singularities, e.g. singu-
larities that appear when one gluon becomes soft and the other gluon becomes collinear,
these entangled singularities drop out for on-shell amplitudes of the whole physical pro-
cess because of color-coherence properties [263H265]. Consequently, soft and collinear

3The main reason for introducing the energy ordering is that it will simplify the discussion for
regulating soft divergences in the following. However, the computation can also be done without
this. In particular, in the other channels for double-real emission, the energy ordering will not have
any advantage and should be omitted.
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divergencies can be regulated independently.

It is convenient to start by removing the soft divergencies. In a first step, double-
soft parton emissions are regulated. According to the subtraction formalism, the cross
section becomes

25 -doyily = (1= &) Fum(1y,, 25, [ 49, 59)) + (S Fim(1y,, 25, [ 49, 59)) (5.6)

where the first term is free of double-soft singularities and the second term is the
counterterm with manifest IR poles after integration over the unresolved parton phase
spaces. Next, the single-soft singularities that are still included in the first summand
can be regulated. Due to the energy ordering, the limit £4 — 0 can only be reached
when E5 — 0. Hence, this divergence only appears as double-soft emission, making it
sufficient to remove the singularity for E5 — 0 as the last soft singularity,

245} = (1 - 8) (1 - 85) (L. 25, | 40,50 + (S Fina(Ly,. 25, | 49.5,))

(5.7)
+ <(1 - ‘S) '55FLM(1faa 2fb ‘ 4g> 5g)>,

so that just collinear singularities are left in the first term. The originating counterterm
in the last line of Eq. has two pieces. One is obtained by a strongly-ordered limit
where first the gluon with momentum ps; becomes soft and subsequently the gluon
with momentum p4. The related operator, &S5, decouples both gluons from the hard
process. In the second term, only the operator Ss is present that decouples one gluon
from the hard process. Since one gluon is still part of the hard process, NLO-like IR
singularities will remain in the hard matrix element. However, as discussed in the last
chapter, they can be treated with the FKS approach for NLO processes.

In [subsubsection 5.2.1.4] we will show the action of the soft operators in more detail in
order to give proper definitions of the subtraction terms which give rise to counterterms
that can be evaluated analytically. Before we come to this, we want to unravel the
structure of the collinear singularities and obtain a fully-regulated cross section for
double-real emission.

5.2.1.2. Collinear Singularities

Already at NNLO with two real-radiated partons and two partons in the hard process,
many different collinear limits lead to divergences. Collinear limits are obtained when
one of the incoming partons becomes collinear to a final-state parton, p;, || 7, and
Dy || P;, where i € {4,5}, or when the two final-state partons become collinear to each
other, p, || Ps. Additionally, triple-collinear limits appear when both final-state partons
become collinear to one of the initial-state partons at the same time, g, || 7, || Ps as well
as Py || Py || 5. Moreover, overlaps of these collinear singularities introduce particular
challenges.

Phase-Space Partitions

In order to separate these overlaps, the phase space can be split into different partitions
where each partition contains only a subset of collinear singularities. The phase-space
split can be done by introducing a decomposed one according to

1 = A5l o 4152 4 4252 | w42’51, (5.8)
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so that the collinear operators act on the partition functions as
Capw™™ = by, Copw™™™ =6, Cosw™™ =65, 0,5,k e {1,2}. (5.9)

If we consider the object

Fin(ly,, 25, | 4g,54) = (W + 0™ + w7 4 w®™1) Fn(1y,, 25, |44, 5,),  (5.10)

the first term on the right-hand side contains IR divergences in the triple-collinear limit
when both final-state partons become collinear to the incoming parton with momentum
p1, when either one of the two final-state partons is emitted collinearly from parton 1,
or when both final-state partons are collinear to each other. However, no singularities
involving parton 2 appear in this partition. This can be seen from Eq. since the
extraction of a leading singularity with an operator that contains parton 2 leads to
no contribution. The same arguments are valid for the third term, with the difference
that the first parton has to be replaced with the second one and vice versa. We refer
to the partitions w*'?! and w**?®? as triple-collinear partitions due to the presence of
triple-collinear limits within them. Although these partitions contain only a subset
of collinear singularities, there are still overlapping singularities that require further
investigation. Before delving into the details, we want to look closer at the second term
of Eq. . Collinear divergences arise when partons 4 and 1, or partons 5 and 2
become collinear to each other while other collinear singularities do not show up by
construction, ¢f. Eq. (5.9). Both singularities can occur simultaneously, but there are
no overlaps in this particular partition. Similar scenarios are described by the last term,
where partons 1 and 2 are interchanged. The two partitions w**? and w*?®!, where at
most two pairs of partons can be collinear, are called double-collinear partitions.

The choice of partition functions is not unique. In our implementation, we will use a
specific set of functions described by

14 15 24715745
Wi = 14705 (1 /I ) ot 1247157 7
dysa1 das12 dys512 (5.11)
724 7125 1471257145
wi252 = s (1 I i ) w2l .
dysa1  das12 dys21
Here, we introduce a convenient shorthand notation for the denominators
dasij = Nas + Mia + N5, (5.12)

which allows us to express the partition functions succinctly. It is straightforward to
demonstrate that these particular functions satisfy the conditions given in Eq. (5.9).

Sector Decomposition

While all singularities in the double-collinear partitions are separated, a further sector
decomposition is required in the triple-collinear partitions. A natural parametrization
of these sectors was introduced in Ref. [34], where angles are ordered in such a way
that in each sector no overlapping singularities appear. For partition w*'*! we define
four sectors denoted as sector (a), (b), (¢), and (d), given by

1= @<7715 < %) +9<% < M5 < 7714) +9<7714 < %) +@<% <N < 7715)

=0 +e +el + el
(5.13)
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41,51

N4 2 Ms M4 < M5

Figure 5.4.: Tree diagram representing a schematic division of partition w*"5! into the
four sectors (a), (b), (¢), and (d) accordingly to the angular ordering.

so that in the first term on the right-hand side of

w Fin(ly,, 25, | 49,59) = w' (@ga) +o +o{ + @gd)) Fim(1y,, 25, [ 49, 59)
(5.14)
collinear singularities are present for the configurations p, || p5 with 7,5 approaching
zero and Py || g, || D5 in the limit of 14 going to zero, which automatically includes
a vanishing angle 7;5. This means that parton 4 cannot become collinear to parton
1 without parton 5 also being collinear to parton 1. Moreover, the partons 4 and 5
can only become collinear to each other in the triple-collinear limit, since the angle
between parton 1 and 5 is always smaller than the angle between 4 and 5. In contrast,
sector (b) contains divergences when both final-state partons become collinear to each
other in the scenario where 7,5 tends to n14. Additionally, the triple-collinear limit can
be reached for vanishing 74 which imposes 7,5 going to zero and vice versa. Just one
vanishing angular parameter while the other one stays unequal to zero is not possible,
what forbids singularities where only one of the final-state partons becomes collinear
to the initial-state parton. Sectors (c¢) and (d) correspond to the sectors (a) and (b),
respectively, with a switched role of the two final-state partons 4 and 5. A schematic
overview of the angular ordering in partition w*®! and the separation into the sectors
is depicted in [Figure 5.4
In partition w*?52, we obtain the sector decomposition by a replacement of the index 1
against 2 everywhere in Eq. , leading to a similar conclusion with just a limited
number of non-overlapping singularities occurring in each sector,

=0y + ey + e}’ + ol
(5.15)
Since only a subset of divergences is present within each partition and sector, in each
separate contribution, just a small number of IR projectors is necessary to acquire the

relevant subtraction terms, see [Table 5.1|
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Table 5.1.: Overview of the basic projectors that are necessary to extract the leading
IR singularities in (a) the double-collinear partitions and (b) the triple-
collinear partitions.

(a)

Soft Angular
Singularities | Singularities
w2 §, Ss Ca1, Cs2
Wt §, Ss Ca2, Cs1
(b)
Soft Angular Singularities

Singularities | ©@ o® 0 CLL
41,51 S, S; Ci,Cs51 | C1,Cy5 | €1, Cyy | €y, Cys
w52 S, S; Cy, Csz | Co, Cy5 | Co, Cya | Co, Cys

g

5.2.1.3. Nested Subtractions

In summary, we are now able to reshape the first term of Eq. (5.7)) into the form

<(1 - 3) (1 - 85) FLM(lfa7 2fb |4g7 5g>>

— <(1 ~8)(1-8;) [ D1owt gyt < +eP + el + @Ed))

(4,7)edc i€tc

(5.16)
X FLM(lfm 2fb ’ 497 5g)>7

with a sum over the set of double-collinear terms, dc = {(1,2),(2,1)}, and the set of
the two triple-collinear partitions, tc = {1,2}. This gives us the opportunity to reg-
ulate collinear divergences partition-by-partition and sector-by-sector, using the same
strategy that we applied at NLO in the FKS formalism.

Double-Collinear Partitions
In the double-collinear partition w we regulate the collinear divergences with the
operators Cy; and Cso in a nested way. The expression becomes

(1-8)(1—85)wFinm(ly,, 25, |44, 54))
= {(Ca1 + C52 — Ci1Cs0) (1 = 8) (1 — S5) w** Fim(1y,, 25, | 44, 54) )
+{(1=Ca) (1= Cs) (1 = &) (1 = S5) w'** Fim(1y,, 25, [ 49, 59)) (5.17)
= {(Ca1 + C52 — Ci1Cs0) (1 = 8) (1 — S5) w* Fim(1y,, 2y, | 44, 54) )

A(1,2
+ <OI(\INIZOFLM<1fa7 25, | 4, 5g)>-

41,52
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Similarly, the results for the double-collinear partition w5 can be obtained through

replacing the index 1 with 2 and vice versa in the collinear operators. Then, the terms
with the NNLO subtraction operator for double-collinear partitions,

Ofto = (1= C) (1= C5;) (1= &) (1 — S5) w™¥, (5.18)

are fully regulated and free of all divergences so that a numerical integration in four
dimensions can be performed. The counterterms contain all these divergences and must
be integrated over the phase space of the unresolved partons to manifest them.

Triple-Collinear Partitions — Sector ©(® and Sector ©(°)
Moving to sector (a) of the triple-collinear partition w*°!, we use the projectors Cs;
and C; for extracting all collinear singularities. We find

<(1 - 8) (1 - S5) w' e Fn(ly,, 2y, |4, 5g)>
= <(Cl +Cs1 — 61651) (1 - ‘S) (1 - 55) w41’51®ga)FLM(1faa 2fb |4g7 5g)>

+ <<1 —C)(1=Cs)(1—8)(1—S) w41’51@ga)FLM<1fa7 24, | 4, 5g)> (5.19)
= < (Ci+C50—CiCs1) (1= 8) (1 - 8s5) w41’51@§a)FLM(1faa 25 |4ga 5g)>

+ <ONNLOFLM (1,25, | 4g>5g)>»
with the subtraction operator for sector (a),
ONito = (1-€:) (1= Cs) (1= 8) (1 - S3) w67, (5-20)

Considering the previous discussion, the singularities in sector (¢) can be regulated
straightforwardly by replacing parton 5 with parton 4 in the single-collinear projector
everywhere in Eq. (5.19)) which results in a similar NNLO subtraction operator ,

Ot = (1-€) (1-Cu) (1 - 8) (1 - S) w0y, (5.21)
The sectors (a) and (c) in the other triple-collinear partition, w?%52
of the indices 1 and 2 in the projectors of the corresponding term in partition w
as already indicated by the general expressions in Eq. (5.20) and Eq. (5.21)) with the
general index ¢ that can be either 1 or 2.

, require an exchange
41,51
Y

Triple-Collinear Partitions — Sector ©® and Sector ©@
Collinear singularities in sector (b) of the partition w?5! are regulated with Cy45 and
Cy, resulting in
{(1-8) (1= 8) w6 Fiaa(14,.25, | 40,5) )
= (€1 +Ci5 — CiCss) (1 — 8) (1 = S5) w0 Fian(1y,,2y, | 44, 59))
+{(1 =€) (1—Cis) (1= 8) (1 - 85) w0V Fina(14,, 2y, [ 44,5,))  (5.22)
— (€1 + Ci5 — C:Ca5) (1 — &) (1 — S5) w0 Fin(14,, 25, [ 4, 5,))

+ <ONNLOFLM Ly, 25, |4, 5g)> )
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where the subtraction operator reads
Olo=01-C)(1—Ci) (1 —8)(1-S) w6, (5.23)

The only difference in sector (d) lies in the interpretation of the action of Cy5. In sector
(b), this operator acts on 5 approaching 6,, while in sector (d), it acts on 64 approaching
05. Thus, the subtraction operator takes the same form as in Eq. (5.23)),

Ofito = (1=C) (1= Cis) (1 = &) (1 = S5) w0, (5:24)

Consequently, also the counterterms exhibit the same shape as those in Eq.
by remembering the different action of Cy5 on the angles. Again, the expressions for
partition w*??°? can be obtained by the obvious exchange of indices of the two initial-
state partons.

Cross Section
Combining all pieces, the final result for the double-real-emission cross section with
fully-regulated matrix elements and their counterterms reads

25 - d&?}}cb = 2 <ONNLOFLM<1fa7 2y, ‘ 4g, 5g)>
(3,5)edc

i,b) Ali,c A(iyd
+ Z<< NNLO T OI(\INLO + OI(\IN)LO + Ol{TNI{O) FLM(lfa7 2fb ’497 5g)>
i€tc
+ Z <(C4l + 65] - C4ZC5J> (1 — 8) (1 — 85) w4i75j
(i,7)edc

% Fuai(Ly,: 25, 1 40,50) ) + 23 (G501 + €15 01" + €107

i€tc

1015 6! ) (1-8)(1—Ss)w ™ Fin(1y,,2,, |4 ,5g)>
—Z<c (051 IO NG +c45@>)(1—3)

ietc
X (1 — S5 ) 4, 51FLM(1fa7 be |4g, 5 > + Z<C FLM(lfa, 2fb |4g, 5 >>
i€tc
+ (1= 8)SsFnilly,, 2, 145:5,) ) + (SFini(15,.25, 145.5,) )
A (5.25)
Terms with NNLO subtraction operators, Oxnro, are free of all IR divergences, instead,
all divergences are shifted into the rich counterterm structure.

5.2.1.4. Subtraction Functions

In order to calculate the @NNLO terms, it is necessary to understand the action of
all operators on the Fi,; function. Moreover, the counterterms have to be integrated
analytically. Since we are interested in the implementation of the Nested Soft-Collinear
Subtraction scheme, we do not aim to recompute the latter or rederive the proof of
analytic pole cancellation. We refrain from performing these analytic computations and
focus on constructing the subtraction terms.

To determine the action of all combinations of NNLO IR operators, we first need to
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know the action of the four basis operators, S;, &, Cj;, and C;. The projectors for the
single-soft and the double-soft limits have been known for more than two decades. The
NNLO Eikonal approximation of the former limit is given by

SsFinm(1y,,2y, [44,5¢) = g2 [(2CF — Ca)S12(p5) + Ca(S1a(ps) + Saa(ps)) ]

(5.26)
X FLM(lfav 2fb | 4g)a

with the soft function

B _ (pi-py)
S (p) (pi-px) (05 Dk) (5.27)

Similar to the quadratic Casimir operator of the SU(3) color symmetry group with
N, = 3 colors in the fundamental representation, Cr = (N2 —1)/(2N,), Ca = N. is the
quadratic Casimir operator of the same group in the adjoint representation.

The Eikonal factorization for the double-soft limit was calculated in Ref. [266] and
reads in our notation

‘SFLM(lfa’ 2fb | 497 59) = g;{e Eikgg<p1,pg,p4,p5; E)FLM(lfw 2fb)7 (5'28)

with the Eikonal function for a soft gluon pair

Eiky(p1, p2, pa, ps; €) = 4 C3S12(pa) S12(ps)

5.29
+ CACF (2 S12(pa. psi €) — S11(pa, ps; €) — Sa2(pa, psi€)), (529)

which depends on the soft function that was given in Eq. (5.27)) and the double-soft
function

2(pi-p))
pr-p) [pi- (or + 20)] [P (P + 1)

Sij(pr, pis €) = S5 (pr> 1) — (

5.30
ool ) (oL, ) (530)
[pi- (pr + p)] [y (Pr + D1)] (pk-p)* 277 ’ ’
which in turn depends on the strongly-ordered double-soft function
D 1 1
S = 205 + )
(P-p1) (pi‘pk)(pj'pz) (pi'pz)(pj‘pk) (5.31)
(pip;)*

(pi-pr) (05 x) (Di-20) (- 11)

With the knowledge of the action of these two operators, we can construct a sub-
traction function where multiple projectors act on the Fi; function. In particular, the
strongly-ordered soft limit can be obtained by the action of the double-soft operator on
Eq. (5.26)). After applying the operator Ss, the limit as E5 approaches zero is already
carried out, and the operator & extracts the limit for vanishing F4. Therefore, S5
acts in the same way as the combination of the two single-soft projectors S4Ss, yielding

8SsFun(ly,, 2, |49, 59) = SaSsFum(ly,, 25, | 4g, 5g)

=2Cr gs [(2CF — Cp)S12(ps) + Ca(S1a(ps) + S2a(ps))]

X 512(p4) FLM(lfa7 2fb)‘
(5.32)
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The action of Sy on Fim(1ly,,2y, |4,) in Eq. is the usual limit at NLO intro-
duced in Eq. , where the scalar products are expressed using the soft function in
Eq. (5.27).

These are the operators without any collinear projector. Therefore, we need to under-
stand the behavior of the collinear operators at NNLO in order to obtain the remaining
subtraction functions. The simplest case occurs when one incoming parton and one real-
emitted particle become collinear to each other. For instance, considering the scenario
where the quark with index 1 emits the gluon with index 5, the limit reads

Fim(z - 1y, 25, [4)
Z b

Cs1Fim(1y,,25, |44, 5,) = g§€<

“(p1-ps) (5.33)

where the energy fraction is computed as z = (F; — Es5)/E;. This limit retains structure
as the related NLO limit in Eq. and contains the same splitting function which
we introduced in Eq. . The other initial-state-final-state collinear limits can be
obtained by replacing the corresponding particle indices.
For the emission of a collinear gluon pair, spin correlations must be taken into account.
Hence, we cannot use the spin-averaged splitting functions, and the factorization the-
orem becomes

49

’)

~ 4
= g2, lpég)(Z;E)FLM (1fa,2fb Zg> (5.34)

(Pa-ps)
4
2|

where the energy fraction of the final-state partons is z = E,/(E4+ E5). The expression
in Eq. is valid in sector (b) as indicated by the symbol on top of the equal sign
in the first line, to obtain the result in sector (d) the partons 4 and 5 should change
their roles. However, for the further discussion we stay with the result of sector (b). The
function FYy; represents the squared matrix element without the polarization vectors
of the external gluon that decays collinearly. Its relation to the ordinary Fi,; function
is

CasFinm(1y,,25, |49, 54) = 92— Pygu(z, k1 €) Fiyy (1fa72fb

+ P (25 €) kL ks o Fing <1fa7 2y,

Fun (1,525, [ 4) 26 pa)ey’ () FYRt (L1 27, 1 4) (5.35)

with the polarization vector 5u(p4) of the gluon with momentum p,. The sum runs
over all polarizations A in d dimensions. Moreover, the splitting function for a gluon
decaying into a pair of gluons,

Pg“g”(z, ki;e) = —Pg(g)(z; €) g" — P (z;¢)

(5.36)
is split into a term proportional to the d-dimensional metric tensor g"” and one pro-

portional to the transverse momentum vector k', with the coefficients

z +1—z
1—=2 z

PO (z;¢) zch( ) and P (z€) =4Cy(1—€)z(1—2). (5.37)
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The transverse momentum vector is defined through the Sudakov decomposition of
momentum ps in terms of py,

Py =apy+ Bpy + K, (5.38)

where py = (Ey, —p,) and ky-py = k;-py = 0. A more detailed explanation can be found
in [Appendix CI'. Additionally, we introduce the normalized transverse momentum,

ki

5
_kj_

(5.39)

Kl =

to write Eq. more compactly. One crucial component of the subtraction scheme
is a smart parametrization of this transverse momentum vector. Further explanations
will be provided in[chapter 6], where we describe the parametrization of the phase space.
The next operator we consider describes the triple-collinear limit. When both final-state
gluons become simultaneously collinear to the initial-state quark, we write

A

2 2
CiFin(1y,, 25, |44, 59) = g <3145> Pygq(Pas ps, —p1) Fum(z - 1y,,2y,), (5.40)

where the momentum fraction is given by z = (Ey—FEy—FEs5)/Ey, and s145 = S45—S14—S15
with the sub-energies s;; = (p; + p;)?. The triple-collinear splitting function has been
computed in Ref. [267]°. Due to its length, we point to Eq. (C.42)) in [Appendix C]
for the complete and detailed expression instead of presenting it here. The negative
sign preceding the argument p; of the splitting function indicates that the momentum
originates from an incoming particle.

We now have the ingredients to compute all other limits where at least two IR operators
act on the Fiy function. First, we investigate the double-collinear limit, which arises
when the process involves two collinear parton pairs as it appears in the double-collinear
partitions. For example, in partition w*%, this limit can be calculated by applying

Cyo to Eq. (5.33)). In the general case, we obtain

1 1 _ Fum(z-14,2-2;)
el ! )/ .. (0)/=. LM fa> Io
CZlCJQFLM(lfaa 2fb |4g7 59) gs,e (pl‘pi)qu (Za 6) (p2'pj)qu (Zv 6) % )
(5.41)

where the two momentum fractions are z = (Ey — E;)/Ey and z = (Ey, — E;)/E, for
i,j € {4,5}, but ¢ # j. The order in which the limits are carried out does not affect the
result and always leads to the same expression.

The strongly-ordered collinear limits must be distinguished for two scenarios in the
triple-collinear partitions. First, when one final-state gluon becomes collinear to an
initial-state parton before the second final-state gluon becomes collinear to them, as
occurring in sectors (a) and (c¢). Second, both final-state gluons become collinear to
each other and subsequently collinear to an initial-state parton, describing the situation
in sectors (b) and (d). The limit in the former scenario can be understood as two

1Eq. can be matched to the notation in Eq. by setting n* = p}'. The factor « is only
dependent on the momentum fraction z, which is here redefined with respect to the definition in
and f3 is O(k? ). However, the explicit form of the prefactors is not important for our
discussion.

5The triple-collinear splitting functions, averaged over the azimuthal angles, have been published for
the first time in Ref. [268]. However, their expressions have been derived on the assumption that
the factorization theorem holds without proving it.
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subsequently performed single-collinear limits, e.g. in partition w5, the strongly-

ordered operator C,C;; can be rewritten as C;1C;1, where ¢ = 5 and j = 4 in sector (a),
or i =4 and j = 5 in sector (¢). Making use of the generalization of Eq. (5.33) we get

1

)FLM(ZZ ’ 1fa7 2fb)
2(p1-pa)(P1-Ds5) z

ClcilFLM(lfa7 2y, | 4y, 59) = 93,5 P

0)(.. 0) (5.
Pq(q (z:€) P, (2 €

)

(5.42)
with z = (Ey — E;)/E; and z = (B — B4 — Es5)/(Fy — E;). The subtraction functions
for partition w*?*? can be obtained by the obvious exchange of the indices 1 and 2.
If, first, both final-state partons become collinear to each other, spin-correlations need
to be considered. The action of the triple-collinear operator on Eq. can be ex-
pressed as an iterated limit C;Cs5 which becomes C;;Cys with ¢ = 1 in partition w*'!,
or ¢ = 2 in partition w??? as well as j = 4 in sector (b) or j = 5 in sector (d). The sec-
ond single-collinear projector acts on the function Ffy};, and the spin-averaged splitting
functions cannot describe this limit. Instead, a polarized splitting function is necessary
so that the strongly-ordered limit takes the shape

1 1
(p1 'Pj)/Z (p4'P5)

y Fim(z - 14,,25,)

z
1 1

p1°Dj)/% (Pa-Ds)

1 Dl \pDL/=. — 72 1
+mpgg(2, €) P, (Z; €) ([/ﬁ'/ﬂ] - 2(1—6))]
y FLM(E'_lfw?fb)

CiCisFrm(ly,, 25, [44,54) = .

Pyg (2, k1;€) Pl (Z, k. €)

- [P0z PO (550)

(5.43)
with 2 = Ej/(Es+ Es) and z = (Ey1 — Ey— E5)/E;. In the first line, we find the polarized
initial-state splitting function for a quark decaying into a quark,

1—e€

R

1
Pl (z, kyise) = Ce(1—2)Ply ( k:l;e) : (5.44)

1—2z’

which we obtain through crossing relations from the polarized final-state splitting func-
tion P’ that is given in Eq. (C.5) of|[Appendix C} The prefactors on the right-hand side
of Eq. come from exchanging the initial-state gluon in P//” with an initial-state
quark in P4. The factor (1 — €)/Tr originates from the different number of spin and
polarization states, and the factor Cf arises from the different number of color states.
One minus sign comes from the spin-statistics theorem when crossing a fermion from a
final into an initial state. Moreover, we use a slightly different normalization for initial-
state and final-state splitting functions, introducing an additional factor —(1 — z).
One argument of the splitting function is the transverse vector k%, which, in analogy
to the definition of £/ that was given in Eq. , is obtained by the Sudakov decom-
position of the collinear gluon pair’s common momentum in terms of the momentum
of the incoming parton. For the normalized transverse momenta, we use the x notation
again.

The third line of Eq. contains the spin-averaged splitting functions P for a

qq
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quark decaying into a quark as well as ng for a gluon decaying into a gluon, that
reads

P;g>(z;e)=20A( - +1Z+z(1—z)). (5.45)

1—=2 z

Moreover, the product of the transverse coefficient functions PL and Pl appears. While

we have seen PL previously, this is the first appearance of Pqu, Wthh is given by

PL(z6) :40F1fz(1—e). (5.46)
Furthermore, the strongly-ordered triple-collinear limits in the sectors (b) and (d) of
partition w**%2 can be obtained by interchanging indices of the initial-state quark and
antiquark in Eq. .

Now, we can consider the limits where soft and collinear projectors act simultaneously
on Fr . These subtraction terms can be computed by nested applications of the singular
operators. Due to color coherence, the order of applying soft or collinear projections
does not matter. However, it is often convenient to extract soft limits first. All possible
combinations of these limits arise when we collect them from all partitions and sectors
in the quark-antiquark channel. For the sake of clarity, we structure the listing of the
subtraction as follows:

First We begin by computing the subtraction terms that involve only single-collinear
operators. We combine them first with a single-soft limit, then with the double-
soft limit, and lastly with the strongly-ordered soft limit.

Second Next, we move on to the subtraction terms containing a triple-collinear op-
erator. We combine this operator with the soft projectors in the same order as
before.

Third Finally, we consider the subtraction terms involving a strongly-ordered triple-
collinear limit in combination with the soft limits, following the same structure.

Additionally, we will present the subtraction functions for a specific limit when another
limit can be obtained by exchanging indices. In cases where such symmetry relations
exist, we briefly mention them without providing explicit expressions if they do not
appear to be trivial.

For each of the three single-collinear operators Cs;, C4;, and Cy5, with ¢ being one of the
initial-state partons in combination with Ss, the single-soft single-collinear subtractions
terms have different shapes. The subsequent application of S5 and Cs; or S5 and Cy5 on
a double-real emission amplitude is proportional to a single-real emission amplitude.
On the other hand, when Cy4; is combined with S5, the multiplicity of final states in the
matrix elements decreases by two, resulting in a subtraction term proportional to the
LO process.

More concrete, if both projectors act on parton 5 and the collinear operator leaves
parton 4 unchanged, the subtraction function takes the form

1
Cs1SsFLa(1y,: 25, [ 49, 5g) = CFQSEEZ Finm(ly,, 2y, | 4)- (5.47)
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If the collinear operator acts on parton 4 but not on parton 5, the limit is a product
of a soft function times a splitting function. It reads

F “1r,2
P(O)(Z7€) LM(Z fa>s fb)7 (548)

z

CunSsFim(ly,, 25, |4y, 5) = 2 Cr g3 S12(ps) )

with the energy fraction z = (£, — Ey)/E).
For collinear final-state gluons, where one of them is soft, we get

1
C4585FLM<1fa72fb |4975 ) CAgseEQU FLM(lfa’be |4 ) (5'49)

The double-soft single-collinear subtraction terms, where initial-state parton 1 and
final-state parton 4 or 5 become collinear to each other, are

1

Ca8Fin(ly,, 2y, |44.55) = 2CF gseE . Si2(ps) Fim(1y,,24,), (5.50a)
4

C51‘SFLM(1fa> 2fb | 497 5 ) 2 CF gs J€ E2 Sl?(p4)FLM(1fav 2fb) (5'50b)

For the case of two soft and collinear final-state gluons, spin correlations need to be
taken into account, which results in

—~
a2
. —_

b
C45$FLM(1fa’ 2fb ‘ 497 59) =

pl'p4)/Z (p2'P4)/Z
x Fim(1y,,25,)

LCh <((p1m) _ (pa-m) )Qﬁ;&(z; 6)] (5.51)

with z = E4/(F4 + E5). The (b) on top of the equal sign indicates again that this
expression is valid in sector (), in sector (d) the soft function would depend on mo-
mentum ps instead of momentum py and z = E5/(E, + Es5). The r-vector is the same
transverse momentum vector as in the limit 7, || ps with non-soft partons. A detailed

explanation and the derivation of Eq. (5.51)) is presented in [Appendix D|

By applying & to Eq. (5.47)), Eq. (5.48)), and Eq. (5.49) the strongly-ordered double-soft
single-collinear subtraction terms can be computed,

1

CiuSSFian(ls .24 |4,.5 CE gt Fia(le .2 5.52
41 5 LM( fa’ fb | g9 ) F S€E4E57]1477157725 LM( fa.’ fb)’ ( a)
1
Co18S:Fin(ls .24 14,.5,) = C2 g Fia(l, .2 5.52b
51 5 LM( fa> fb‘ g g) FgS76EZE52771477247715 LM( Ja> fb)’ ( )

b
Cis8Ss Fina(1y,, 25, | 4g,5,) 2 Fra(14,2,). (5.52c)

CrCr g*
AT Ja EZE2114m24745

On the other side, applying the collinear projector Csy to Eq. (5.48)), we identify the

single-soft double-collinear limit as it occurs in partition w*? as

1 1 FLM(Z'lfa,be)

PO (2 ¢ ., (5.53
E2125 (p1-pa) (z;€) ( )

CurCsaSs Fin(1y,, 25, |49, 5) = Cr g .

where z = (El — E4)/E1
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Acting with Css on Eq. (5.50a) we find the double-soft double-collinear limit of the

partition w*2,

CiCsa8 Fin(ly,, 25, |44.54) = CF Fia(1y,, 25,)- (5.54)

S E1E31m14m05

The corresponding strongly-ordered double-soft double-collinear limit can be obtained

by the application of Cs2 on Eq. (5.52a), or & on Eq. (5.53)), or S5 on Eq. (5.54). All

options lead to

1
CurCso8Ss Fini(14,, 25, | 49, 59) = CF 0y rmn——— Fim(17.: 25,)- (5.55)
EiESmans

The subtraction terms with a triple-collinear projector are missing now. In combination
with a single-soft projector, the limit becomes

1 1 1
ClS5FLM(1fa7 be |49a 59) = 931672 [(2 CF — CA)— + CA ( + 4 )]
2E; s Nas 15745 (5.56)
X ! P(O)(z;e) Fia(z -1y, 2fb)7
(p1-p4) qq z

with z = (Fy; — E,)/E1, which can be computed on the basis of the single-soft limit in

Eq. (5.20)

The simplest way to calculate the double-soft triple-collinear limit is the application of

& on Eq. (5.40). The result is

2 \? -
C:8Fin(1y,, 25, 144, 54) = g5 <§145) B (p4,ps, —p1) Fum(1y,.25,), (5.57)

where §145 = $14+ 515 with the same sub-energy definition as previously, s;; = (p;+p;)*
The double-soft limit of the triple-collinear splitting function is explicitly stated in
Eq. (D.13)) in |[Appendix D]

In the strongly-ordered double-soft triple-collinear limit, the subtraction function be-
comes more compact

1 1 1
Ci8S:Fin(ly,. 2y, 144,5,) = Crge, [(2Cs — C +C( " ﬂ
1885 Fim(1y,, 25, [4g,5¢) = Cr gse | (2CF A)77147715 S \ams T M

1
———=Frm(1y,,2y,).
x QEEEE? LM( fas fb)
(5.58)
Moreover, the single-soft strongly-ordered triple-collinear limits are concise too,
1 1 Fim(z-1y,,24)
CiCiSsFin(ly,, 25, | 44,54) = Cr g PO (z; ) e Zhl (559
144195 LM( fa? fb‘ g» g) ng76Eg7’]15 (p1p4) qq (Z)E) P 9 ( a)
1 1 FLM(Z . 1f 2f )
CiC51SsFin(ly,, 25, |49, 54) = Cr gl . —5— Py @ 20 (5.59b
1L51095 LM( far fb| g9 g) Fg8’€E§n15 (p1p4) qq( 76) e ) ( )
®) g 1 1 (0) Fim(z - 14,,25)
Ci1Cy5S5Fim(1y,,24, | 44,5,) = C P 5.59
144505 LM( far fb| g5 g) Ags’EE§n45 (p1p4) qq( 7€> e ) ( C)

with z = (F; — E;)/E; in all three expressions. It should be noticed that the first
two results are equal, even though, once, the single-collinear operator acts on another
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parton than the soft operator, and once, both act on the same parton. In Eq. ,
we consider sector (b), while in sector (d), the scalar product in the denominator has
to be replaced with {p:-pa}a|s, corresponding to the definition in Eq. .

In the double-soft strongly-ordered triple-collinear limits, the subtraction functions in
the sectors (a) and (c) read

1
4
CiCu8Fin(ly,, 25, |4y, 54) = Cf gs,emFLM(lfm 2f,); (5.60a)
CiCsi8 Fin(ly,, 25, |49, 59) = Cirg semFLM(lﬁzaQﬁ)’ (5.60Db)

where again both expressions coincide with each other. When first the final-state gluons
become collinear as in sector (b), spin correlations are present,

() 1 1
Clc45$FLM(1fa72fb |4g’5 ) - (E _I_ E5) 7714 (p4p5)

S [p;y(z; )+ Pyylzi) (P’u'm? } 2(11_> )}
x Fim(1y,,25)-

(5.60c)
The transverse vectors remain unchanged with respect to the strongly-ordered triple-
collinear limit and also z = E4/(E, + Ej) stays the same. By renaming index 4 in 5
and vice versa, the subtraction function for sector (d) can be recovered.
Finally, the strongly-ordered double-soft strongly-ordered triple-collinear limits involv-
ing each of the four basis operator types read

1
CiCu8S:Fin(1y,, 25, |49, 54) = Cirg semFLM<lf(ﬂ 25)5 (5.61a)

1
CiC1 885 FLa(1y,, 2y, |44.55) = Ci g semFLM(lfa72fb)7 (5.61b)

and
b 1
61645$S5FLM(1]0G, 2fb | 49, 59) (=) CACF ggeﬁFLM(lfw 2fb)’ (561C)
BT ES14M45

The last equation holds in sector (b), but the result for sector (d) can be obtained by
renaming the indices accordingly.

With all the terms collected, the next step would be to compute the counterterms by
integrating over the unresolved phase space. However, instead of replicating this task
here, we refer to the works of Refs. [38] 269 270] where these computations have been
carried out. They cleverly recombine the sectors and partitions to obtain concise expres-
sions for the counterterms. In particular, the analytic integration of the counterterm
with a single soft limit and a strongly-ordered soft limit, i.e. the term {((1 — &) S5 FLm)
in Eq. , is straightforward and has been performed in Ref. [3§]. In the same ref-
erence, all counterterms containing single-collinear projectors, but no triple-collinear
projectors, have been provided. The more complicated integral for the counterterm in
the double-soft limit, corresponding to (& Fyyp), over the unresolved phase space of
the soft partons was presented in Ref. [269]. The most challenging counterterms are
those involving triple-collinear operators, their analytic solutions have been obtained
in Ref. [270].
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() (b)

Figure 5.5.: Representative Feynman diagrams for real-virtual corrections to color-
singlet production in the quark-antiquark channel.

However, even though we have examined the core aspects of the NNLO Nested Soft-
Collinear Subtraction scheme, namely the manifestation of the double-real radiation
singularities, we still need to address the real-virtual and the double-virtual contribu-
tions to extract their IR poles and combine all pieces into a finite remainder without
divergences.

5.2.2. Real-Virtual Corrections

Mixed real-virtual contributions, illustrated in contain phase-space singu-
larities from one real-emitted parton. Since the parton in our specific computation is
a gluon, these singularities can be either of soft, collinear, or soft-collinear origin®. To
regulate them, we need the same operators we introduced in and follow the
same procedure we applied to single-real-emission amplitudes at NLO.

We define the real-virtual cross section in our notation as

25 - Ao, = J[dsz]FLRV(lfav 25, | 44)

= (Furv(14,: 25, [ 49)),

(5.62)

with the function

d
Firv(1y,, 25, | 4g) = N i) 2%e{M}?fﬁvw(php2,p3,p4)M;£(J]f)ﬁv+g(P17P2,p3,p4)}

X FJ(p17p27p37p4)7
(5.63)

which represents the interference between the one-loop real-virtual amplitudes and the
single-real-emission tree-level diagrams. The Born phase-space element includes the
momentum conserving d-distribution,

ddflp3

(d) _ d 5d
dHB = m (27T) 5( )<p1 + P2 —P3 — p4)7 (564>

and describes the same phase-space configurations as Eq. (4.9).

6If the parton is a quark, soft singularities are forbidden by quark-number conservation and, hence,
only collinear singularities are present.
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In analogy to Eq. (4.25)), the soft and collinear singularities can be extracted in a nested
manner,

25 - d&i\;b = <@NLOFLRV(1fa7 2fb ’ 4g)> + <<C41 + C42) FLRV(lfav 2fb ’ 4g)>

(5.65)
+ (1= Cu1 — Ci2) SaFirv(1y,. 25, | 49)),

where the NLO subtraction operator Onio is defined in Eq. .

However, the action of the IR operators on the one-loop amplitudes differs from their

action on the tree-level amplitudes. The soft-gluon current for general one-loop ampli-

tudes has been studied in Refs. [271] 272] and reads for our process

S €
SiFirv(1s,.25, |44) = 2Cr g2 Sia(pa) {FLv(lfa,be) + [0 lcr ( 12;194))
(5.66)
1 Loo F(l — 6) 50
XElkIgJ p(E) — ,u%ﬁew}ie] FLM(lfa72fb)} :

The abbreviation EikIg“(’Op in Eq. (5.66]) corresponds to

1 T2(1—e)T?(1 +¢)

Eik*P(e) = —Ca— 5.67
ik, ™€) A@T(1— 20)T(1 + 2¢) (5.67)
and cr is a combination of Euler gamma functions,
3(1—e)l(1
o= L= TU+¢) (5.68)

(1 —2e¢)

The collinear limit of one-loop amplitudes has been known for more than two decades.
Its general structure is very similar to the structure of the soft limit in Eq. (5.66]).
When the outgoing gluon becomes collinear to an incoming quark, the expression reads

217, 273 277]
(P2 o o (LS

Calirv(ly,, 25, |4g) = gie

(p1-pa) P1Da
r(1-— Fim(z-1y,,2
<Pl (sie) - a0 g | Pl a2l
piee e z

(5.69)
where z = (Fy, — E4)/E;. The one-loop splitting function, PqI;]OOp, is given explicitly in
Eq. (C.45)) of [Appendix C|
The last missing piece is the soft-collinear subtraction function, which can be derived
from the soft subtraction function by isolating its leading singular behavior in the
collinear limit. For the operator combination C4; Sy, it takes the form

1

1
2
CuSiFirv(1y,,25, |44) = Cr gs’eiEZnM {FLV<1fa7 25,) + [ase] [CF (4EZ7714

['(1—¢)fo

)E (5.70)
E] FLM(lfaanb)}~

.1, Loop -
xEik,;* (¢) e
The explicit € poles in these subtraction functions arise from the manifest IR singular-
ities in the loop computation. Although we have regulated the IR divergencies coming
from the phase-space integration, we cannot carry out the limit d — 4 directly, and
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the numerical evaluation of the @NLO term is not feasible. Instead, we need to compute
a finite remainder of the one-loop amplitude, similarly to the procedure we applied in

section 4.4 Analogously to Eq. (4.66]), we define
Firv(1y,, 25, [ 4g) = [ase] Loge(€) Fina(1y,, 25, [ 4g) + Fgﬁv(lfaa 2, [4g), (5.71)

where we introduce the color-charge insertion operator [278]

Lug(€) = cos(en) (1) (CA “20r | X m 2%)

S € €

OEICES

with the usual conventions for the Mandelstam variables, 3§ = (p; + p2)?, t = (pa — pa)?,
and @ = (p; — p4)*. The anomalous dimensions of the quark and the gluon are denoted
as v, = 3Cp/2 and v, = fy, respectively, while x, = 3Ca/2. In particular, it holds
Po = 11Cx/6 — 2Trnys/3, where [y is the first coefficients of the QCD beta function
which is described in [Appendix B]

Substituting Eq. into Eq. , the NLO subtraction operator acts on the finite
remainder of the real-virtual corrections, which is the only component containing the
full information about the kinematics of the real-emitted gluon that is left after analytic
pole cancellation. Due to the absence of explicit poles in the finite remainder, the phase
space can be integrated numerically, as the operator Onto regulates all phase-space
singularities. However, this requires knowledge about the action of the IR projectors
on Fin .

For the soft limit, we find

(5.72)

n n Qs :u
SiF{hy (15,25, |4g) = 2C 93512(P4){Ffv(1fa72fb) + é r)
0 (5.73)

X Eik;}c’p(pl,pz,m; MF)FLM(lfa7 2fb)}’

with the finite one-loop Eikonal function

.1.Loo 57T2 3 s 3 s 5
Elk;Fp<plap27p4§MF) = Ca (6 + 1 [ln(—f) + 1n(_a)} — 1n(_£) hl(_@))
1

(5.74)
The collinear limit reads
n 1 Fin(z 14,2 o (R
C41FIf,iRV<1fa72fb | 44) = 937 (Pq(g)(z;O) L ( fu 24,) + é )
(Pl'p4) z T (5 75)
00 F z-1 - 2 ’
XPqI;,Fp(P17P2:P4) Ll . J fb)) ,

with an unchanged energy fraction z = (E; — Ey)/FE;. The one-loop splitting function
is explicitly given in Eq. (C.47).
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=~/

q

Figure 5.6.: Representative Feynman diagram for two-loop double-virtual corrections
in color-singlet production.

Lastly, the overlapping soft-collinear limit becomes

O‘S(NR)
2 (5.76)
X EikI‘(;’OFop’C41 (p1, P2, pa; por) Frm (14, 24,) },

n 1 n
C4184FI?RV<1fa7 2fb ‘ 49) = Cf gg 2 {Fﬁv(lfm 2fb) +
4Th4

with the modified Eikonal factor
57T2 3 E1E2 E1 E2
Eik P41 () o, pa =C [ + hl( ) —1In < In
g,F (pl P2, P4 MF) A 6 1 EA%7714 E, Eaia (5 77)

1 1 1
+ -Gy |In{ ———— | +In )
7P l <4E1E4n14 AE,E,
As before, we do not aim to repeat the computation of the counterterms here, which can
be done straightforwardly in a similar manner as presented in for the NLO
case with single-real emission. The solutions have been presented in Ref. [38]. With the
inclusion of these counterterms, we have accounted for all the essential components of

the real-virtual contributions in the quark-antiquark channel. We can now proceed to
examine the double-virtual corrections.

5.2.3. Double-Virtual Corrections

An exemplary Feynman diagram illustrating the two-loop contribution is depicted in
[Figure 5.6, The interferences between this type of diagrams and the amplitudes of
the LO process lead, together with squared one-loop amplitudes, to the double-virtual
corrections. The kinematics of the external particles remains the same as that of the
Born process, ensuring that no singularities will spoil the phase-space integration. All
IR singularities are encountered in the loop integrals. To identify them, we decompose
the double-virtual contribution,

25-d67Y = (Fivv(1y,.25)) + {Five(14,.25,)), (5.78)

in a term that contains the UV-renormalized two-loop corrections,

Fiv(15,,2y,) = N dILy) 2S)%e{./\/l(i)fb_)v(php27p3)/\/l;£3%_>v(p1,p2,p3)} Fy(p1,p2,p3),
(5.79)
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and another term with the squared one-loop diagrams,

2
FLVQ(lfaa be) = ./\/’dH](;) Mgci)JchV(pl,pz,Ps) FJ(plap27p3)' (580)
The phase-space element corresponds to the one of the Born process in Eq. (4.3)),

d—1
d) _ d” "ps d <(d
diny’ = EIST=EToN (2m)4 5D (py + py — ps), (5.81)

where the momentum-conserving d-distribution only contains the momenta of the in-
coming particles and the color singlet.
In Eq. (4.64)), it was demonstrated how IR poles are extracted from the one-loop ampli-

tude, allowing to separate the divergent part from the finite component in Fiy2. This
leads to the definition of the finite remainder,

2
n fin
ngz(lf(” 2fb) = NdH](gd) Mgfi)fbav(pbp%p?)) FJ(p17p27p3>' (582)

The IR structure of the two-loop amplitude is more intricate. It can be factorized
according to [27§]

M(2) (P1>P2>P3) = [065,6]212(6)/\4(0) (p17p2,p3) + [as,e] 11(6)/\4(1)(]91,]92,]93)

(5.83)
+ M@ (p by p3),

where all poles are contained in the two color-charge operators, so that M®fin is a
finite UV and IR renormalized amplitude free of singularities in the regulator € so that
it can be computed in d = 4 dimensions. The first of the two insertion operators is
known from the one-loop case and is given in Eq. . It extracts poles proportional
to the one-loop amplitude.

The second operator, which acts on the tree-level amplitude, has the shape [278]

To(e) = *;L(e) (L(e) + zm_e)ﬁo) PR (50 + K) T, (2¢)

M%EerE € eEVE €

1 T(1—e) (5.84)
—€
2 oom T2()
and depends on another operator which reads
e (1) 3 7 245 23 , 13
Hale) = e 2 () |CR(—2+ 5 =66 ) +CuCr (50 — o + G
3 8 2 216 48 2
(5.85)
+CrTj 25 + 7T2
PR TR T 12) |

The explicit expression of Hy for our process is taken from Ref. [278], but it can also
be obtained from its general, process-independent definition in Refs. [279, 280]. Lastly,
the coefficient K in Eq. (5.84)) is given by

67 w2 10
- - — - T . .
K <18 6 ) Ca 9 RN f (5 86)
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With these expressions at hand, it is straightforward to determine a finite remainder
for the two-loop contribution, which becomes

FE\rIIV(lfa: 2p,) = NdH](3d) 2me{Mgfi)ffiV@l,anPS)M;E(}iHV(plaPZaPB)} Fi(p1,p2,p3).
(5.87)
Finally, we have collected all the necessary ingredients for rewriting the double-virtual
cross section, yielding the result

2 2\ 2€ € 2
A JAVV s (pr) M e 2 o (2 6 9
28.d0.fafb = ( o ) <§> {(F(l—e)) COS (GW)CF (€4+€3+2€2

—C cos(2em) |C2 (2 4 T 3 oG [~
+r(1—e)cos(€”)lF< 8 2 e>+ AF( 1263

83 2 961 1172 13 1 14
- ~ = <3)+CFTRnf<

T 18e2 T 12e2 216e  48¢ %€ 363 T 0¢2
65 7 a(ur) \* R\ e
=D Fin(ly .2 2 Yy =

T T 126)]}< il 20)) + ( o §) T(1—¢)

Bo (Cr  3Ck as(Ur) 1\
PO(ZE 220 ) (1, 20)) — 4 ( 2R (FF
x cos(em) ; + 5e CFum(ly,,25,)) o -

€2 3
e Cr 3Ck 0 N
g eosten (3 + g ) (AR 20) + G 1 20)

+ (Fiww(15,,25,)).

(5.88)

5.2.4. Fully-Differential Next-to-Next-to-Leading Order Cross
Section

5.2.4.1. Quark-Quark Initiated Process

Apart from the double-real, real-virtual, and double-virtual corrections, an additional
term arising from the collinear renormalization of the PDF's contributes to the cross
section. When the renormalization scale equals the factorization scale, this term is
necessary to prove analytic pole cancellation but does not contribute to the finite part.
However, if the scales are different, an extra term proportional to the logarithm of their
ratio appears as a leftover. The renormalization contribution can be computed using
the equation

2
2§«miﬁmu=“4”ﬂ2§¢r1®d@g§+dag§cuy]_<a4”ﬂ>

27 27 (5.89)
x 25 I ®d6yT, @y + Ty ®d6YS + doyT, @ Ty,
where the renormalization constants read
O (P9 @ PW) (=) + bW W
Ty (z) = ‘”—(2), Toy(z) =~ & 20 2 " ) (5.90)
€ € €

The NLO Altarelli-Parisi splitting function ﬁq(;) can be found in |Appendix CL Af-
ter performing the convolution in Eq. (5.89) according to Eq. (4.13]), the results for
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dafl} , da?\} , daf Y, and d&%}fm can be combined to obtain a finite expression for
the fully-differential NNLO cross section of the quark-antiquark channel. However, for
convenience, it is more suitable to present a finite remainder that combines the quark-
antiquark and the quark-quark channel. To achieve this, we extend the cross section
for double-real emission in Eq. to get

28-doy,}, = QJ[dM] [dps|O(Es — E5) FLa(1y,, 2y, |44, 59)

+>0] J dpa][dps] Fram(1y,, 2, |44.,57,)

codo (5.91)
d=c
= <FLM(1fa7 2fb | 4g7 5g>> + Z Z<FLM<1fa> 2fb ‘ 4fc7 5fd)>7
ceQ deQ
d=c

with the Fp function for the quark-quark channel

Fin(1y,, 25, |41, 55,) = Ndﬂl(gd) ’Mgc?l)fbHVJrfcfd(pl;p27p37p47p5)|2FJ<p17p27p37p47<p5)7)
5.92
which contains the same phase-space element introduced in Eq. . In the quark-
quark channel, we removed the energy ordering used in the quark-antiquark channel.
To regulate the IR divergences, we follow the same steps as in the quark-antiquark
channel. Firstly, the soft singularities can be eliminated using the soft operators”. Next,
the collinear singularities can be removed separately in each partition and sector using
the collinear projectors. As the procedure is similar to what we have already explained
and does not introduce new concepts, we refrain from a detailed discussion. However,
the subtraction terms have a different form. They can be found in
The result of the NNLO contribution can be obtained according to Eq. as the
sum
deRNO = dofth + Aol + &)Y, + dope. (5.93)

As shown in Ref. [116], where the results of Refs. [38] 269, 270] have been combined,
the poles of the four terms on the right-hand side of this equation cancel each other
analytically after the IR singularities were extracted based on the rules for the Nested
Soft-Collinear Subtraction scheme. The remaining term is finite, and the phase-space
integral can be performed in d = 4 dimensions, allowing for numerical integration.
Since soft and collinear singularities cancel out for each phase-space point due to the
locality of the subtraction scheme, contributions proportional to matrix elements with
different multiplicities must be finite on their own. In other words, terms involving
Finm(1y,,24, [44,59), Fim(1s,,2, [44), Fum(1y,,25,), etc., can be integrated separately.
Therefore, we split the cross section into the finite contributions

ANNLO _ 3ANNLO ANNLO ANNLO
Ao, 5, = d01945 f. 5, + 0124 fop, + 012 1 7y - (5.94)

The terms in da—gj;% 7, contain matrix elements where both real-emitted particles are

resolved and need to be integrated over the phase-space with double-real emission.
We refer to them as terms with NNLO kinematics. The second summand, d&124 7, 4, ,
includes matrix elements with single-real emission, originating either from real-virtual

"In the quark-quark channel, no single-soft singularities are present. Thus, the operator S is the only
operator necessary to isolate soft divergences. Consequently, there is no need to introduce a soft
operator Sy, even though we removed the energy ordering.
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corrections or counterterms for double-real emission where one final-state parton re-
mains unresolved. These contributions are referred to as terms with NLO kinematics.
Finally, the terms with LO kinematics, d675 19 , require integration over the Born
phase space. They arise from double-virtual corrections, counterterms for real-virtual
corrections, and counterterms for double-real emission with two unresolved final-state
partons. The results in the following are adapted from Ref. [I16], but are modified to

separate the factorization and renormalization scale dependencies from each other.

Terms with NNLO Kinematics

The terms with NNLO kinematics are all related to tree-level diagrams with double-
real emission. The IR singularities are regulated by the Oxnio operators introduced
in the last section. They have different shapes in different partitions and sectors®. The
finite remainder reads

25 d&gié? o = Z <ONNLOFLM<1fa> 25, |4ga 5g)>

(,5)edc

+ 2<< Wlo + OWlo + Ol + ONNLO) Fia(1y,, 2y, [ 4, 5g)>

1etc

+ 2 Z{ 2 <ONNLOFLM Lyas 25, \4fc,5fd)>
ceQ dEQ (i,5)edc
>
A(i,a A(i,b A(i,c A(i,d
+ Z<(OI(VNI)JO + Ol(\IN}JO + Ol(\IN)LO + Of\lNio) Fim(1y,, 25, [44., 5fd)>}.
i€te
(5.95)

Terms with NLO Kinematics

To handle the terms with NLO kinematics more conveniently, it is beneficial to split the
cross section further into four independently finite pieces. This division includes terms
where the tree-level NLO real-emission matrix elements are convoluted with a splitting
function, terms where they appear without a splitting function, and terms involving
the one-loop matrix element of the real-virtual corrections. We use the notation

~NNLO ~NNLO ~NNL ~NNLO ~NNLO
do1onger, = A6 g, + A0 fugy + AON S 1ug, + AOT(20) s 1o (5.96)

Regarding the terms with boosted matrix elements, which are those convoluted with a
splitting function, the finite remainder can be expressed as

~NNLO ~NNLO
8- (A0 sus, T A0 10 ss)

; y L b {0 (n(22) Oy (g e L2 1)
[P ()] (o (Fie Lae2u i

5(0) M4 Fim(1y,, 2 25, [4)
Pq (z )<ln< 5 )ONLo( gﬁzm - b

8 As mentioned previously, the quark-quark channel is free of single-soft singularities. Therefore, it
yields SsFrm(1y,,2¢, [4f.,5¢,) = 0, and the operators Onnro for the quark-antiquark channel
extract the singularities of the quark-quark channel, too.
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+[p;q<z>- ( )KONL (FLM<1fw;2fbl4g>>>

A F 14,24, |4

z

+[7>;q<z>— ()]<o (FnCte2eliel))
(v

. Frm(1 2,4
+Pg(2,)R(Z) <1 7724 ONLO 42,52 L ( faaz | fb)>>

Ws|2
i )] e )

with the collinear limit of the partition functions from Eq. (5.8)),

sisi .
wy” = lim w7, (5.98)
Mk —0

The remainder of non-boosted terms with tree-level diagrams has the form

28 - A6 fups = W{<ONLO(A Fin(1y,, 25, 14)) )

+ (Oxwo (Arrury Fini (14,24, 144)) ) (5.99)
2
— 5o 111( ) (Onro Finm(ly,,2, | 4g )>}
MR

with the function

2
A, =Cr [3# ~ 2 () (") 4w ln(";))}

137 7
+ Ca lL(L + 111(7)147724)) — In(m4) In(n24) + (18 — W)]
In ) (5.100)
+ o {wjﬁ;l ln(n24> + wﬁ;Q ln<m4> 4 R g ln(2)]
a T)24 2
13 In(114724) I
—9nf+xq[L+2 —27,In SF ,

that depends on the logarithm

L=1n <2\%> . (5.101)

The second term on the right-hand side of Eq. (5.99)) contains the object

C A nf
A, = ——— + —, 5.102
= (5.102)
as well as the squared matrix element without polarization vectors introduced in
Eq. (5.35)). This function is contracted with the vector r#. The vector r# is an ar-
tifact from averaging Eq. (5.34) over the transverse directions of /| when using a
proper phase-space parametrization®. In the subtraction terms, spin correlations must

be considered to make the subtraction scheme local. However, the hard matrix elements

9We will discuss such a parametrization in [chapter 6
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in the related counterterms depend only on the sum of both real-emitted partons and
are independent of the azimuthal direction of the unresolved parton. This allows us to
analytically average over these components before the numerical integration introduc-
ing the 7* dependence!®. The vector 7 is a unit vector that spans the two-dimensional
space orthogonal to the gluon momentum p/, satisfying r?> = —1 and r-p, = 0, so that
it can be interpreted as the polarization vector of the gluon.

Finally, in analogy to the real-emission contributions at NLO, the real-virtual correc-
tions are given by

28 - 0NN 1) 1 = ( Onto iR (11,21, 14,) ) (5.103)

It is important to note that contrary to our observation in the NLO calculation in
the soft and soft-collinear subtraction terms do not cancel each other in case
of virtual corrections.

Terms with LO Kinematics
Similarly, as for the terms with NLO kinematics, the terms with LO kinematics can be
divided into several independently finite pieces according to

A5I3RS, = 9OHG. g, + ABG A + AN (5.101)
+ Gy fu o + DOV fuss + Oeine(12) s |
The first finite term, containing two convolutions with splitting functions, is
2 -1 2
S T
0 (5.105)

(Bl 20 () i (1))

The tree-level matrix elements that are convoluted with one splitting function lead to

A . as(pr) Fim(z-14,,24)
- 055+ a0 = (S 4 [[a (o) (FE e
$€Q

Fin(ly, 22, 2
(B 0) ()
1
X L dz (P(;q(z) — P;;)’)R( )ln('l;F))

y <FLM(Z 1y, 25,) + Fim(ly,, 2 - 2y,)
z

(5.106)
where the lengthy expressions for the transition functions 7;; are publicly available as
an ancillary file of Ref. [116]. They can be understood as generalizations of the NLO
Altarelli-Parisi splitting functions. These transition functions have a non-trivial color
structure and depend on the scale of the process, the representation of the partition
functions, and the energy fraction z.

10The average over the transverse directions can be written as (c.f. Eq. (8.66) of Ref. [38])
RYRY) = —%g’“’ +ertr”.
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Next, the finite remainder of the tree-level terms without boost can be written as

ANNLO s (pr) 5 [ 87 12 9 9ox?
25-d0(12) fus, = ( o ) {C l45—(27r +16C3)1n YRV

2 739 2097 7w 4 1172
In2 Hy _T e (2
><n< >]+CACF[81+ = 80+n()(3 9

—753) +1n%(2)( — 2) — G 1n4(2) — 4%243 — 4L, <;>

2 2
PR (199 287 L\ ML
+1n(§)( 54+ o 7(:3 41 3 +CFTLf

214 2 4 2r?
X [——h—ln(2) (+79T> +21n%(2 )—i—ﬁ

18

AW A Y Y 23
+1n(§)(27 12>+21n 3 + Opq Can72

131 We 2
+CACp < 6 7 ) + Cpﬁo ln(Q)} — 50 IH<MR) lCFg

~27,In <“j)] } CFum(1y,,25))s

(5.107)
with the partition-dependent term

M2 41,51 M4 42,52 )24
Op=—((1-Cyq—-2C wys In( ——— | +w In
" <( 1= Co) (77147724 [ 15 (1 - 7714) a5 (1 - 7724)]>>

o
3

(5.108)
where the last line follows immediately from the explicit parametrization in Eq. (5.11]).
The counterterms of the real-virtual corrections are proportional to boosted matrix
elements of NLO virtual corrections. These terms are independently finite and read

(d&NNLo 1 daNNLO ) @s<NR) ld D ( )7p(0) (2)1 @
virt(2,2), fa fo UVlrt (1,2),fafo o 0 z qq < qq,R <) in B
y <FE\I}(Z 14,,2p) + FN (1,2 25)
z

(5.109)
Additionally, there are virtual corrections with LO kinematics without boosts. These
contributions have the compact form

o O 272 2 7 n
25 - dOyin(12) fus, = é“R) [ Cr — (“F> — Boln (“5)] (Fiv (L1, 25))
s S HR

+ (Five (11, 25,)) + <FIEiVV(1fa7 21,))

(5.110)
and contain the finite remainders of the double-virtual corrections as well as a coun-
terterm proportional to the NLO one-loop finite remainder.

This completes the picture of the quark-antiquark as well as the quark-quark chan-
nel. The finite remainders can be evaluated numerically, providing finite results for
arbitrary infrared-safe observables. However, for obtaining physically meaningful re-
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(a) (b)

Figure 5.7.: Representative Feynman diagrams for real-virtual corrections in color-
singlet production in the quark-gluon channel.

sults, the inclusion of the quark-gluon and the gluon-gluon channels are substantial
as well. Similar to the quark-quark channel, we do not repeat the construction of the
finite remainder as no new concepts are introduced in comparison to extensively dis-
cussed quark-antiquark channel. Instead, we directly present the finite results of the
fully-differential NNLO cross section.

5.2.4.2. Quark-Gluon Initiated Process

To express the remainder of the quark-gluon channel, we need its Fyy function with
the two-parton final state, which is given by

d
FLM(]'fa7 29 | 4fa:7 59) = NdH](3) |M§‘?l)g—>\/+fxg(pl)p27p37p47p5)|2FJ(p17p27p37p47p5)7
(5.111)

where the energy ordering is not implied. Moreover, the virtual corrections of the
diagrams that we already investigated at NLO, see [Figure 5.7] are required, and have
to be interfered with the corresponding tree-level amplitude,

Fiav(1y,, 24 |47,) = N dIT 29%{./\/1;?9_,\/”1 (p1>p2>p3,p4)M;kf£2)_>v+fm (p17p27p37p4)}

x Fy(p1,p2, p3, pa).-
(5.112)

The phase-space element of the former process includes the full NNLO kinematics,
while the one-loop process in the Fygry function contains a phase-space element with
NLO kinematics. Since the one-loop amplitudes have explicit IR poles encoded, we
need to isolate and cancel them before an evaluation in four dimensions is possible.
This can be achieved by the replacement

Frirv(1p,,2g | 47,) = [ose] Toga(€) Fina (17, 25 [ 47,) + Finy (11,29 | 41,), (5.113)

with the color-charge insertion operator [278]

1IN [/Cr—2Cr xq—27
quq(e):(_ﬁ) ( 2 + = c .

e (- (1 25)

(5.114)
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With these definitions in place, we can further divide the finite remainder into in-
dependently finite terms based on the highest kinematical multiplicity of the matrix
elements, resulting in

~NNLO ~NNLO ~NNLO ~NNLO
daf g d 1245;fag + d0-124f g + d 127fag. (5115)

Terms with NNLO Kinematics

The terms with NNLO kinematics are divided into the four usual partitions, whereby
the two triple-collinear partitions are further decomposed into the four sectors (a), (b),
(¢), and (d). The Oxnro projectors, which are used for the extraction of the IR singu-
larities arising during the phase-space integration, remain unchanged in this channel
compared to the scenarios that we have discussed previously!!. We find

2500389, = T4 2 (OoFinllz. 2 47.5,)
(

z€Q ™ (1,5)edc

i,b) i,C A(i,d
+ Z<< NNLO + Ol(\INLO + Ol(\TNLO + Of\fNiO) Fin(ly,, 24 [4y,, 5g)>}-
i€tc
(5.116)

Terms with NLO Kinematics
In the case of NLO kinematics, we have four separately finite structures depending on
whether the Fry; functions are convoluted with splitting functions or not. Thus, we

write
~NNLO ~NNLO ~NNLO ~NNLO ~NNLO
d0124,fag = da(z,Z, 4),fag +do (1,2,4),fag + da(l 2,4),fag + davlrt 1,2,4),fag" (5-117)

The boosted contributions are

~NNLO ~NNLO
(da 2,2,4),fag +do (1,2,4), fag)

:Oés LR) Zfdz{ ©) (2 < (7714> < gﬁf’lFLM(z 1£a72 4f¢))>

Ot
+{Pl;q(z)_Pq(g,)R(Z)ln< >]<@NL < = 1fa’2 |4fz>>>
+ PO (2) <1n(”;4) @NLO( ;‘:ﬁSQFLM( f"’z 2]”‘4 >>> (5.118)
) 0o

12,52 LM (1fa7z “ 2 | 4fx)>>

Ws)|2

z

)] (O (el 2611
[ Pe) = (e (1) | (O (Ftiezo2alie))

where all splitting functions appearing in this expression are listed in [Appendix C|

1 As in the quark-quark channel, there is no single-soft singularity for vanishing energy of a final-
state quark. This can be deduced from quark-number conservation. Therefore, there is no need to
introduce an operator Sy.
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The non-boosted term can be written as

250508 0 = 5 33 { (O BurFin (1% 1420

:ceQ (5.119)
—Boln( )<ONL0FLM<1fa,2 |4fz>>}

with a factor depending on the process kinematics and the collinear partition functions

defined in Eq. (5.93),

3
=0 0 =2t — a2 + (5 -22) (i m(72) o2
M4 724

13 ’
+2-+MM)—W-+mﬂm0+2h“m”_2m<f)]

w2 3 3 3 . .
+Cx |5 — () + (5L )In ) L+ Lia(1ma) — Liz(n24)
3 4 N4 4

+%l%L+mmm) meﬂ

(5.120)
The logarithm L is the same as given in Eq. (5.101]).
The virtual corrections are given by
§+ AN 0 = O (Onio (Bl (14,2, 142)) ), (5.121)

r€Q

where the phase-space divergences are regulated by the NLO subtraction operator,
Oxio that was introduced in Eq. (.26

Terms with LO Kinematics
Since the quark-gluon process starts to contribute at NLO, there are no terms with LO
kinematics without boost. Therefore, we have only three independent terms,

~NNLO ~NNLO ~NNLO ~NNLO
do 12f g =do (2,2),fa g +dé (1,2),fa g +dé Vlrt(l,z),fag' (5122)

When the squared LO amplitudes are convoluted with two splitting functions, the

contribution reads
~NNLO £(0) i
-do dz dz (2) = P r(z)In{ —
:ceQ s
FLM(Z'laaZ‘QI) _ £ - G
x < z],; f P;g(z) — Pq(g,)R(z) In ?F )

O(2,2),fag
If only the initial state gluon is convoluted, the contribution becomes

R s (pm) ) ' Fim(ly, 2 - 2y,) 1
2500855, = (24} 3 { [ s (o) (P02 - (£

reQ

xfoldz (Pute) - P )1n<“;>) (Anlaz 2l )

(5.124)

(5.123)

The transition function 7, is also part of the ancillary file of Ref. [116].
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Finally, the term with virtual corrections is

R 2 Fﬁn 1 .9
25 - AN (e fug = sz( ~ PO (= )ln(uf)>< (Lo 2 f”)>-
= 3 z

(5.125)
The results for interchanged roles of the two incoming partons, specifically, a gluon
coming from the first hadron and the quark originating from the second hadron, can
be obtained by relabeling the momenta 1 and 2.

5.2.4.3. Gluon-Gluon Initiated Process

The gluon-initiated process is newly rising at NNLO. Therefore, only tree-level ampli-
tudes are necessary to describe the corresponding cross section. Its related Fi; function
is given by

FLM(197 29 ‘ 4f17 5fy) = Ndnl(gd) ’Mé(;LV+fzfy(p17p27p37p47p5)’2E](p17p27p37p47p5)'
(5.126)

Since this channel contributes for the first time, soft singularities and triple-collinear
singularities are not present, making it much simpler than the other channels. However,
to maintain the same structure as before, we separate independently finite pieces,

FNNLO ANNLO ANNLO | 14NNLO
do = d019u5 g9 T A0 1oy gy + A5 45 - (5.127)

Terms with NNLO Kinematics
Due to the simplified structure of the gluon-gluon channel, a separation into different
partitions or sectors is dispensable. Then, the terms with NNLO kinematics take the

form
2 dsiN0 = 3 Z@fg;gopm 14,2, |4fma5fy)>7 (5.128)
reQ y€>Q .
y=x

with the NNLO subtraction operator
ONNLO = (1 — C41 — C42 — C51 — C52 + C41€52 + C42C51). (5129)

This projector does not contain overlapping singularities, supporting the argument that
a phase-space division into different regions is unnecessary.

Terms with NLO Kinematics
The terms with NLO kinematics can only arise from counterterms of collinear limits,
which implies that they have to be proportional to boosted matrix elements. Indeed,

we find

23 - 6N = O‘s J < ~ PO (= )m(’f))
xEQyGQ

" < A (FLM(Z-1fz,2g|4fy)+FLM(1972'2fz|4fy>)>

Onro .

(5.130)
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Terms with LO Kinematics

The same holds for the terms with LO kinematics. They have their origin in coun-
terterms of purely collinear limits, and consequently, they have to be proportional to
double-boosted matrix elements,

A (R (0) M2
-dé i\IQNngO _ ( Iegyegj dzdz ) quR( )hl ?F
. Fim(z- 14,22 A _ 2
g <ONLO ( ol zfzf fy)>> <qu<z> - P;;)?R(z) ID(H;)> '

5.2.4.4. Hadronic Process

In a last step, all channels can be combined and convoluted with the parton luminosity
functions to find the expression for the NNLO cross section in proton-proton collisions,

Efafb 7- /*'LF) R
=55 [ ar 48N (r. o, o)
aeQbeQ
1 dﬁfag T)/"L
+ ZJ dr ppd<T ‘) df}il\gmo(ﬁ IR, HF)
= Jo
€Q 1 dngb< ) (5.132)
pp \TH HF) - NNLO
+é£ dTidT dé, (T, UR, 1iF)
boodLe(r )
[ ar ST 43000 1 g )
0

With this result, we have completed the NNLO cross-section computation. We can
head forward to its implementation into a Monte Carlo Event Generator for making
experimentally relevant predictions of fully-differential IR-safe observables.
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A crucial point for an efficient numerical evaluation of the cross sections lies in the
parametrization of the phase space. In particular, the terms with NNLO kinematics
require a smart handling of the angular parameters. In this chapter, we will discuss
the implementation of the Nested Soft-Collinear Subtraction scheme on the basis of
such a smart parametrization which was introduced in Refs. [34, 35]. We will focus the
attention on the computation of color-singlet production with double-real radiation for
the Drell-Yan-like process as the phase-space structure is the most complex one and
all other phase-space parametrizations with a reduced number of final-state particles
can be easily received with the in the following presented method.

6.1. Parametrization

In order to get the fully-differential hadronic cross section we aim to perform the phase-
space integrals, the integrals from the convolution of the partonic cross section with
the PDFs as well as the integration over the invariant mass of the final-state vector
boson-Higgs system according to Eq. numerically. Since the subtraction scheme
is not Lorentz invariant and the counterterms of the subtraction functions were given
in the partonic center-of-mass system, we parameterize our momenta in this frame,

b1 = \gg(]-vovoa 1)T7 (61)
b2 = \25(170707 _1)T7 (62)
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T

p1 = By (1, cos(¢4) sin(bs), sin(¢4) sin(bs), cos(6s)) (6.3)
ps = E5(1, cos(¢s) sin(fs), sin(¢s) sin(65), cos(05))T. (6.4)

The momenta p; and py are associated with the two colliding partons coming from the
first or the second proton beam, respectively. Their energy is in the center-of-mass frame
simply given by half of the partonic center-of-mass energy, v/8. The momenta py and ps
belong to the two real-emitted partons, each momentum has three independent degrees
of freedom, which are the energies, E;, and two angles, ; and ¢;, with i € {4,5}. The
momentum of the color singlet is then fully determined by momentum conservation,

P3 =DP1+ P2 —Ps— DPs. (6.5)

However, for a numerical evaluation the parametrization in [Egs. (6.1)| to|(6.4)] is not
suitable and for each partition and sector we will use a proper substitution that we
will describe in [subsection 6.1.4l Before, we give a closer look to the integral over the
invariant mass of the color singlet, the convolution of the PDF's, and the Born phase
space.

6.1.1. Invariant Mass of the Color Singlet

The invariant mass of the final-state vector boson-Higgs system has to be in the range
q2 € [(MV + MH)Q, S) , (66)

where the lower boundary comes from the minimal collision energy that is needed to
produce the vector boson and the Higgs boson commonly on-shell. The upper boundary
is the maximum energy of the hadronic collision, and, of course, the invariant mass of
the final-state system is limited by this energy scale. In summary, we can write the
integral over the invariant mass as

qu2 = f dg® (8 —¢%), (6.7)
(My+Mp)?

where the Heaviside function ensures that the partonic collision energy § is at least
large enough to produce the color singlet with mass gq.

6.1.2. Bjorken Variables

For carrying out the integration over the PDFs we have to plug in the luminosity
function of Eq. into Eq. (2.9). The 7 integration can be eliminated by the -
distribution so that we are left with two integrations over the Bjorken variables &; and
& It is convenient to rewrite them as

&1 = \/?ey,
5 (6.8)
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This choice of the Bjorken variables relates the hadronic collision energy, 4/s, to the
partonic center-of-mass energy according to § = &1&3s. Moreover, y can be interpreted
as the rapidity of the partonic center-of-mass system in the laboratory frame of the
hadronic collision. It immediately follows that the integration over the momentum
fractions can be replaced with an integration over § and y,

L.
déidé; = —dsdy. (6.9)

The integration boundaries can be obtained from the fact that & € (0,1) for both,
i = {1,2}, which results in the boundary § € (0, s), but this can be combined with the
Heaviside function in Eq. (6.7)) so that we find

selq’s) and ye (;IH(T), —;IH(T)) : (6.10)

The parameter 7 is the product of the two Bjorken variables, or simply expressed in
terms of the energies 7 = §/s.

6.1.3. Born Phase Space

The heart of the numerical integration is the phase-space evaluation. By the discussion
up to here, it should have become clear that we want to split these integrations into
the phase space of the Born process and the phase space of the real radiation. For
double-real emission we have seen the Born phase-space element in Eq. . We want
to perform the numerical computation in d = 4 dimensions, where the phase-space
element reads?

d3p3

iy = —=— (27)* 6@ — D3 — Pa — D5)- 6.11
B (2@32&( m)* 6% (p1 + p2 — p3 — pa — ps) (6.11)
Making use of the identity
d°ps

o, d*ps 6(p3 — ¢°)O(E3)

) (6.12)

S N

= dps 7 (5(5 — ;%) O(E3)
the four-dimensional integral over the momentum of the color singlet can be used to
eliminate the momentum-conserving d-distribution in Eq. (6.11) which is consistent
with the earlier claim in Eq. . In the second line of Eq. we introduced the
dimensionless auxiliary quantity p3 = p2/8 in order to reshape the d-distribution, that
now can be integrated out trivially by combining it with Eq. . The exact form of
p3 will become clear in the next subsection when we parametrize the radiation phase
space.

IFor detailed explanations of the d-dimensional phase-space parametrization we want to point to
Refs. [34] 35 38].
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6.1.4. Radiation Phase Space

To integrate over the final-state momenta of the emitted partons we consider their
phase-space elements in four dimensions,

lim [dp;] = v g — B
dod pl - (27T)32E,L max 2
Je (6.13)
= dEzEz - Emax - E’L )
2(2m)3 o )

for i € {4,5}. Since soft and collinear divergences do not mix in the formalism of the
Nested Soft-Collinear Subtraction scheme, we can parameterize the energies and angles
separately. While the energy parametrization is general, a proper choice of parameters
for the angles depends on the sector under investigation.

Energy Integration
When the energies are decomposed as

E4 = $1Emaxa E5 = l'leEmax- (614)

with z1, x5 € [0, 1), the energy integrations can be written as

dE4E4 @(Emax - E4> dE5E5 @<E4 - E5) = .I?.IQEA d.TldCL’g. (615)

max

This parametrization assures the energy ordering F; > FE5 as we use it in the quark-
antiquark channel. If no energy ordering is desired, the equation for Ej5 has to be
modified. From this definition it is implied that the soft singularities can be extracted
by computing the limit in the related variable,

S5A = 111’[10 A,
e (6.16)
SA= hmOA.

Additionally, we are now able to determine the dimensionless variable ps, which fixes the
partonic center-of-mass energy. As explained in detail below Eq. , the arbitrary
energy scale Fp.. is set in our computations to the energy of the incoming partons,
Erax = V/8/2, so that from p2 = ¢? follows?

2
s=1 _ a (6.17)

N 2 :
P31 —x1 — z120 + T7T2Na5

W

Angular Integration
The angular measure over the surface of the unit sphere in three dimensions is given

in the parametrization of and as
an® 1 dcos(6;) dg;

2(2m)3  (27)2 2 27’

(6.18)

2Tt is trivial to see that Eq. introduces additional constraints on the boundaries of the new
integration variables, since 8 has to be larger or equal to ¢, and smaller than s. However, in
the numerical MC integration this condition can be simply included by discarding all phase-space
points that do not pass the check s > § > ¢2.
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with 6; € [0,7) and ¢; € [0,27), for both final-state partons i € {4,5}3. However,
as mentioned earlier, this parametrization is not perfectly suited to separate overlap-
ping singularities an should be adjusted in the four sectors of the two triple-collinear
partitions. But first we give a look to the simpler double-collinear partitions.

1) Double-Collinear Partitions

In both double-collinear partitions, w and w*??!, the only collinear divergences that
appear are divergences where an initial-state particle and a final-state particle become
collinear to each other, but not when two final-state partons become collinear. These
partitions do not include overlapping singularities by construction and, thus, the angles
of the partons can be generated independently. A simple mapping for the polar angles
that we choose is

41,52

cos(ly) =1 — 23, cos(fs) =1 — 2x4 (6.19)

with z3, x4 € [0, 1), while we perform the mapping of the azimuthal angles linearly. The
angular integral then can be written as

a0 a0l 1 d¢, ds
- SO0 2
22n) 2mp - a g o (6:20)

Summarized, we find in the double-collinear partitions the four-dimensional radiation-
phase-space element

§? d¢, dos

}li_rgl [dp4][dps]O(Ey — E5) = mx?:@ dzdrydrsde, ———> (6.21)

27 27
Also all independent momenta are fixed by the integrations variables?,

pl(xb T, T3, Ty, 92547 ¢5)7 p2($17 T2, T3, T4, ¢47 ¢5>7

(6.22)
p4(x1, T2, X3, T4, P4, ¢5)a p5(9€1, T2, X3, T4, P4, ¢5)-

In particular, the dependence of the initial-state momenta on the variables of the
radiation-phase-space parametrization comes from the dependence of the partionic
center-of-mass energy on them. For the same reason also the boundaries of the ra-
pidity integration and the two Bjorken variables depend on them.
Up to here, we considered the integration over the phase space for double-real radia-
tion with two resolved partons. Based on the previous discourse, we are now able to
parameterize the phase space of the subtraction functions where at least one parton is
unresolved. The provided definitions yield 714 = x3 and 75 = w4, enabling us to derive
the collinear limits with

C41A = lim A, C42A = lim A,

z3—0 r3—1

C51A = hmo A, C52A = hml A.

T4—

(6.23)

3Momentum conservation will give additional, non-trivial boundaries for physically meaningful an-
gles. Instead of generating this complicated integration contour, we will simply check each phase-
space point for physical correctness in the MC integrator (i.e. the only non-trivial condition that
needs to be checked is E3 + p3 ., > 0).

4“We omit here the explicit dependence on the invariant mass integration variable ¢ to avoid an
overloaded notation and focus on the dependencies that are more relevant for the further discussion.
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To express the momenta for the subtraction terms related to an IR projector O in a
compact form, we introduce the symbol

p? - Op.. (6.24)
In the single-soft limit, we get the set of momenta

= pi1(21,0, 23, 24, Ou, Ps5

(

p2(1,0, 23, T4, P4, P35
(
(

x1,T2,T3, T4, ¢47 ¢5

T1, T2, T3, T, Pa, Ps5

)

~— ~— ~— ~—
Il
~— ~— ~— ~—

P
2(
f(

P

’ (6.25)
T I2,$3,$4,¢4, ¢5 = P4 $170,I3,$4,¢4, ¢5 )
xlax27'x37m47¢47¢5 = D5 x170,$3,$4,¢4,¢5 )
and in the double-soft limit
PY(21, T2, T3, T4, bay @5) = P1(0, 9, T3, T4, Ga, P5),
P3 (21, T2, T3, Ta, Pay b5) = pa(0, 2, T3, T4, Pu, P5), (6.26)
pf(-f $2,$3,[E4,¢4,¢5) :p4(0 $2,l’3,$4,¢4,¢5), ‘
P3 (21, T2, T3, T, Pay b5) = ps(0, 22, T3, T4, Pa, B5).

Following the same strategy we generate the momenta in the collinear limit, 7.e. for
the parton 5 collinear to initial-state parton 1,

C5l($1,$2,$3,$4,¢4,¢5) P1($1,9€27$3>0 ¢47¢5)>
P (%1, T2, T3, T4, Ga, @5) = pa(@1, 2, 73,0, u, B5), (6.27)
P (@1, 9, T3, T4, Ga, @5) = palT1, T2, 73,0, @4, b5),
p5”1($1,$2,$3,$4,¢4,¢5) = ps5(71, T2, 13,0, P4, ¢5),
and, consequently,
P6518($1,$2,l’3,$4,¢4,¢5) p1(0, 22, 23,0, ¢4, #5),
P55 (21, 9, T3, T4, Ga, 5) = Pa(0, 2, 23, 0, da, P5), (6.28)
P (w1, a2, T3, T4, ba, 05) = pa(0, 22, 3,0, da, P5), '
P53 (1, w9, 3, T4, da, 05) = ps(0, T, 3, 0, Gy, Ps).

The momenta as well as the integration boundaries for the y integral and the momen-
tum fractions ;» in all singular limits can be obtained by applying similar rules.

It is important to note, that first the leading singularities need to be extracted before
the corresponding parameter is set to zero, for instance

1 11
~— =, (6.29)

(Pl 'P5) 51 Xy

C51FLM<1fa7 2fb | 497 59) ~

where we keep x4 # 0 for the divergent term and set x4 = 0 everywhere else.
Additionally, in some subtraction terms for the collinear limits spin correlations need
to be taken into account (c.f. Eq. (E.34)). Therefore, the knowledge of the vector &/ is
required. In the limit 5 || 1 this vector can be computed by the parametrization of the
momentum ps in the Sudakov decomposition in terms of the momentum p;. We find

Kl = (O,cos(¢5),sin(¢5),0)T. (6.30)
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2) Triple-Collinear Partitions

As example for a triple-collinear partition we consider w in the parametrization
that was suggested in Refs. [34, 35]. The polar angles in the four sectors can be written
as

41,51

Sector (a):  my = w3, s = x321:47
Ty
Sector (b) : M4 = T3, s = T3 (1 - §> ;
o (6.31)
3T4
Sector (c) : Tha = —5— s = T3,

Sector (d) : Mg = x3 (1 - %) , s = T3,

with z3,24 € [0,1). This parameter choice guaranties the angular ordering in each
sector. Moreover, the symmetry between the sectors (a) and (c), as well as (b) and (d)
can be observed easily. Since the meaning of 7,4 and 7,5 is simply exchanged, the angle
between the two final-state partons in the related sectors is the same. This angle is
given in terms of their polar angles and the difference of their azimuthal angles, ¢ys,
so that

$5 = G4+ Pu5. (6.32)

If the angle between parton 4 and parton 5 is given as

x3(1 — 4/2)?

(6.33)
, _ 3(24/2)°
Sectors (b)&(d) :  mus = Ne(oa L — 24720
where A € [0,1) and
Ni (23,24, 0) = 1+ 24(1 — 223) — 2(1 — 2X)\/z4(1 — 23) (1 — 2314, (6.34)

the parameter A\ fixes ¢45. We find

o L 2VAM =N - 24/2)
Sectors (a)&(c) : sin(¢ys) = Np(z3,24/2,\) (6.35)

cos(pss) = i\/m,

where the negative sign for the cosine is selected if

2(1 — 4/2)°
NF(I3, I4/2, )\)

> 2+ x4(1 — 2x3). (6.36)
Similarly holds

Sectors (b)&(d) :  sin(¢us) = ]Q\rF(iSf—Ai%{i)) (6.37)

cos(pgs) = £4/1 — sin?(¢ys)
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with the minus sign in the second line if

2(24/2)?
NF(ZE3, 1-— ZE4/2, )\)

The angular integrals read in total

sz(lg) dQ,E—)g) (afe) 1 IL’3(1 — ZL‘4/2) dz-d d¢4 dA

2P 22mP T @m)F2Ne(es /20 2m /AL - N (6.39)
Aoy a0l 4 _ 1 x3(24/2) daady, 301 dA |
2(2m)3 2(2m)3 ! (2m)4 2Np(z3, 1 — 24/2,0) 27 A1 =N

The notation ©(” imposes that the equation is valid for both sectors, (a) and (c) of

partition w*!, which are defined through the symbols ©* and 6\ in Eq. (6-13),
respectively. In the second line we use the same notation, just for the sectors (b) and
(d) instead of the sectors (a) and (c).

In summary, the radiation phase space for double-real emission in the triple-collinear
partition w1 in the sectors (a) and (c) can be parametrized as

82 xdrows(l — x4/2)

16(2m)* 2Np (3, 24/2, \)

}}3; [dp4][dps|©O(Ey — E5)0@) =

A (6.40)
x dzidzedrsde .
1dzadrydry = SYEEY)
The phase space for the sectors (b) and (d) of the same partition is given by
a2 3 2)
lim [dp,|[dps|O(E, — E5)QWd — __° D122t ()
dﬂ[ palldps|O(Ey = £5)0 16(2m)* 2Np (23,1 — 24/2, X)
o (6.41)

x dxidredrsdry

2 T /A1 = N)

In analogy to Eq. (6.22) the momenta are now all parametrized in terms of the inte-
gration variables,

p1(3617$2,1’3,$47¢47)\), p2($1,3€27$3,l‘4,¢47>\)7

6.42
p4($1,$2,iﬂ3,$47¢47>\), p5(x1,952,$3,:v4,¢4,)\). ( )

Also the collinear limits are encoded in the boundaries of these parameters, but they
differ in the two sector categories. Next, we will investigate sector (a) representatively
for the category of the sectors (a) and (c). Subsequently, we give a closer look to sector
(b) as an example for the sectors (b) and (d).

2.1) Collinear Limits in Sector (a)
Soft limits are unchanged with respect to the double-collinear partitions. The relevant
collinear limits are

C51A = hmo A, ClA = lim A. (643)

xT4— x3—0

The momenta for the subtraction terms are then constructed along the same lines as we
have shown in [Eqgs. (6.25)[to|(6.28)|and leading divergences are kept as in the example




6.1. Parametrization 87

of Eq. (6.29). Particularly, the angles of the momenta in the argument of the triple-
collinear splitting function cannot be set to zero since this function describes such a
leading singularity.

It is important to note that, due to the dependence of the azimuthal angle ¢5 on x3
and xy4, its value will change in the collinear limits. This is contrary to the behavior we
have seen in the double-collinear partitions and will not just lead to a change of the
treatment of this angle in the construction of the momentum ps in the collinear limits,
it also has an effect on the transverse k-vector that appear in the spin correlated limits.
In the single-collinear case, where x4 is going to zero, this vector reads

Kl = (O, cos(gbgm),sin((bgsl),O)T, (6.44)

with
G5 = by + 2. (6.45)

The angle ¢4 is of course not effected by this limit, but ¢45 becomes
sin (¢32') = VAN =) A cos (¢G3) = —1 +2), (6.46)

which follows immediately from setting 24 = 0 in Eq. (6.35]).
The scalar product of the two k-vectors in the strongly-ordered triple-collinear limits

(c.f. Eq. (E.55))) then reads
[k F1]? = (=14 20)%(1 — a3). (6.47)

2.2) Collinear Limits in Sector (b)
In sector (b) the collinear limits can be extracted with the operators

CisA = lim0 A, C A= hm A. (6.48)
xTq4—> x3—0

In particular, the single-collinear limit fulfills 715 — 1714 as well as ny5 — 0. Of course,
the soft limits are the same as in the other scenarios that we already discussed. With
these relations between the limits and parametrization all momenta as well as the
integration boundaries can be obtained through the same strategy that we applied
previously. However, the angles have to be kept in the arguments of the triple-collinear
splitting function. It is just important to note, that the leading divergence of the angle
between both final-state partons has to be taken carefully in the single-collinear limit,

1 1 1
CasFini(15,2; | 49,5,) ~ C ~C , 6.49
ssFim(1y,, 25, [ 4g,5) ~ Cas i)~ O T (6.49)
with o2 o2
52 = Casius = 7o(@a/2)_ 25(@4/2) (6.50)

Np(l'g, 17 )‘) a 4)‘(1 - 1’3)‘

Hence, the angular parameter 7,5 is not the same in the single-collinear limit and in the
fully-resolved phase space as maybe naively expected and as it was in the previously
shown single-collinear limits. This difference comes from the fact, that the azimuthal
angle is considered to be zero in the single-collinear limit,

¢ = (6.51)
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For the k-vector that appears in several single-collinear limits it is convenient to intro-
duce a decomposition of the structure

K= VAP /1= Nat, (6.52)

where the vector r# is the same that is present in the counterterm in Eq. (5.99) and
was described in detail below Eq. ((5.102))°,

r = (0, — cos(¢4) cos(fs), — sin(¢4) cos(6), Sin(¢94))T. (6.53)
The auxiliary vector a* is another unit vector, a®> = —1, which reads
. T
a* = (0, —sin(¢), cos(¢4),0) . (6.54)

In the strongly-ordered triple-collinear limit the scalar product of the transverse vectors
is

(k1R ]? = A1 — x3). (6.55)

The parametrization of the subtraction functions in the remaining sectors is straight-
forward by applying symmetry relations. Finally, the other triple-collinear partition,
w52 can be obtained by replacing the indices 1 and 2 with each other everywhere.
At this point we have completed the theoretical picture of the Nested Soft-Collinear
Subtraction scheme and combined it with a suitable phase-space decomposition in the
spirit of the original Sector-Improved Residue Subtraction scheme. These results can
be implemented in a numerical code in order to make predictions for fully-differential
cross sections with NNLO QCD precision.

6.2. Implementation

We implemented the Nested Soft-Collinear Subtraction scheme in a FORTRAN code with
the aim to build a flexible tool that gives the opportunity for evaluating Higgs-Strahlung
cross sections in the SM, but also in theories beyond the SM. Moreover, we construct
the code in a way that it can be easily extended to other arbitrary processes with a
colorless final state at Born level.

6.2.1. Phase-Space Mapping

For the prediction of color-singlet cross sections we have to face an integration over the
phase space, the invariant mass and the rapidity of the color singlet, ending up in an
eight-dimensional integral. To solve such high dimensional integrals Monte Carlo (MC)
approaches are suited best. They deliver precise results in reasonable computation
time. In particular, we perform the integrations with the widely used VEGAS algorithm
[281], 282] by a link of our tool to its implementation in the Cuba library [283, 284]. This
well-established library comes with the advantage that it is parallelized and allows for
a fast evaluation of the integrand while using the hardware resources efficiently. Based
on importance sampling [285] 2806], a random number 7 is generated in the range 0 to 1

°In sector (d) the vector 7* reads
i = (0, cos(dq) cos(05s), sin(¢4) cos(bs), — sin(95))T.
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for each dimension of the integral. These numbers have to be mapped to the integration
variables. For most of them this mapping is trivial, but, anyhow, we think it is worth
to spend a few words about it:

Generating the Invariant Mass of the Color Singlet

The first integration variable that we generate is the invariant mass of the color singlet.
The lower boundary is given by quin = My + My, the upper boundary is the hadronic
center-of-mass energy, gumax = /S, ¢.f.[subsection 6.1.1} An invariant mass in this range
can be linked to the random number 7@ as

q2 = (8 - q1211in) r(q) + QIQniIU with T(q) € (07 1)7 (656)
which introduces an additional Jacobian weight factor according to

dg* = (s = qhyn) dr'?. (6.57)

Generating the Radiation Phase Space
The next random numbers can be used to generate the phase space of the real-emitted
partons. For the energy parameters the mapping is trivial,

zy =rY with M e (0,1),

6.58
oy =1r?, with r® e (0,1), ( )
as well as for the parameters that characterize the polar coordinates,
3 =1r®, with r® e (0,1),
. . (6.59)
=W with @ e (0,1).
These substitutions have also trivial weights,
dz; = dr®, for ie{1,2,3,4}. (6.60)

The azimuthal angle ¢, in the range 0 to 27 can be related to r(®) by a linear rescaling,

by = 27r? with % € (0,1), (6.61)
and the replacement
dos _ 4@
— = . 6.62
5 =4 (6.62)

In the double-collinear partition the second azimuthal angle, ¢5, can obviously be
constructed with a similar relation. More interesting is the situation in the triple-
collinear partitions. There, the azimuthal angle is associated with the parameter that
we called A\. Even though A receives values between 0 and 1, it is more convenient to
write it as

A = sin? (gr(’\)), with ™ € (0,1), (6.63)

so that
dA

TA/A(1— )

— dr®. (6.64)
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The reason for this mapping lies in the better numerical stability, because of the inte-
grable singularities that show up in the denominator of the last equation in the limits
A going to zero or A close to one which can be avoided in this way.

Generating the Rapidity of the Color Singlet

Up to here, the order of the integration-parameter mapping has not been important
and we have the freedom to generate the previous variables in arbitrary order. For
the y integration the situation is different since its boundary conditions depend on all
before fixed values. The mapping can be done according to

1
y = In(7) <2 — r@)) , with 7® € (0,1) (6.65)
with the replacement
dy = [In(7)| dr®. (6.66)

As seen in below Eq. , 7 is the ratio of the partonic center-of-mass energy and the
hadronic collision energy. The partonic center-of-mass energy is computed according to
Eq. which in turn depends on 745 which is determined by Eq. ([6.33)). Following
this chain of substitutions, it becomes obvious that 7 relies on all previously introduced
random numbers.

Constituents of the Color Singlet

The described procedure provides us with the full knowledge about the momentum of
the color singlet as a single particle, as well as the momenta of all involved partons.
But, in order to get the entire information about the kinematics of the final state, the
momenta of the constituents that together build the color singlet is required. These
momenta can be constructed with the help of standard phase-space generators. In our
tool we use an algorithm for MC generators that was proposed in Ref. [287]. For the
Higgs-Strahlung process, where the color singlet consists out of two particles, the idea
is to generate the momenta of the vector boson and the Higgs boson in the rest frame of
the color singlet and subsequently boost them into the partonic center-of-mass system.
The advantage of this method lies in the simplicity of the two-particle phase space in
their common rest frame. As an additional feature, the before mentioned algorithm
extends the strategy for generating phase-space momenta by iterative generation of
two-particle decays and boosts to an arbitrary number of final-state particles and,
thus, provides an ideal, but also simple, tool for possible extension to more complex
color singlets in future applications of our code. The construction of the vector boson
and Higgs momenta introduces two new degrees of freedom, so that the total number of
integration parameters adds up to ten for the Higgs-Strahlung production mechanism
in its most complex contribution.

6.2.2. Matrix Elements

When a phase-space point is generated, the momenta have to be plugged in into the
squared matrix elements. We computed the squared matrix elements for LO and NLO
diagrams with the Feynman rules which are listed in These computations
are straightforward and standard, they do not come with any complications. The same
is also true for squared tree-level single-real emission amplitudes with spin correlations,
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the only difference to the standard approach for computing squared matrix elements
is the replacement of the gluon polarization vectors. For the subtraction terms they
have to be replaced by the corresponding k-vector, in the related counterterm we need
a replacement of the polarization vector with the vector r*. In contrast to the LO and
NLO amplitudes, we rely on known results for most of the NNLO matrix elements
and just recompute them for the real-virtual corrections. The interference term of the
one-loop real-virtual corrections with the tree-level single-real emission diagrams were
calculated with the help of the Mathematica [252] library Package-X [288, 289] ana-
lytically. The validity of our results was cross checked with high numerical precision
against OpenLoops [290] as well as another independent analytic computation [291],
finding full agreement. The form factors for NNLO double-virtual corrections where
taken from Ref. [56], they multiply with the squared LO matrix element that we cal-
culated by ourselves as mentioned before. For completeness we recapitulate them in
For an efficient evaluation of tree-level amplitudes with double-real ra-
diation we use MadGraph’s [292] standalone matrix element option that is based on
ALOHA [293] which automatically writes a HELAS [294] library for Feynman diagrams in
the helicity-matrix-element formalism.

6.2.3. Links to External Libraries

Next to the links of our Event Generator to the Cuba and HELAS libraries, we make con-
nections to other established libraries to ensure efficiency and compatibility to common
scientific standard.

Parton Distribution Functions

Since standardized PDF sets in agreement with the Les Houches Accords are provided
as numerical grids in the LHAPDF format, we connect our tool with the LHAPDF [295, 290]
framework. This gives us the freedom to use a wide range of modern PDF sets from
various collaborations like CTEQ [297], MSHT [298, 299], NNPDF [300], and many
others.

Polylogarithms

One of the main bottlenecks for a good performance of our program is the evaluation
of polylogarithms. In NNLO calculations they appear up to weight four. We use an
implementation provided by the Polylogarithm package [301] that is highly optimized
for fast numerical evaluation. This implementation is an adaption of the algorithms
presented in Refs. [302, [303] and inspired by SPheno [304] [305].

Passarino-Veltman Integrals

Beyond the calculation of Drell-Yan-like Higgs-Strahlung we adapt the implementa-
tion of the gluon-initiated Higgs-Strahlung process for ZH production at O(a?) from
vh@nnlo®. We modify the phase-space integration so that we are able to compute distri-
butions for arbitrary IR-safe observables. The amplitudes for this implementation were

5We do not include the K-factor to obtain an approximation of the (’)(ag’) corrections in the heavy
top-mass limit as done in vh@nnlo. These corrections are very large, they are usually around 100 %,
but the K-factor is in general not flat bin-by-bin for differential cross sections and would skew our
results.
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taken from Ref. [I09]. They are expressed in terms of scalar Passarino-Veltman inte-
grals [306]. In order to evaluate these one-loop integrals we link our code to LoopTools
[307].

6.2.4. Differential Cross Sections

The histograms for differential cross sections are filled with information from the VEGAS
implementation that Cuba provides. In particular, we need the weight of each phase-
space point so that we can evaluate the integral value and the corresponding uncertainty
in each bin of the histogram independently as Cuba will return the total inclusive cross
section only. Additionally, the parallelization feature requires the usage of inter-process
communication (IPC) techniques for saving the histograms at the end of the integration
procedure. We use IPC shared memory which is not natively available in FORTRAN, but
can be made accessible by a wrapper written in C.

The binning itself is performed in two steps: First, the integrand is evaluated in several
iterations with the aim to optimize the grid of the VEGAS integration. Subsequently,
the optimized grid is used for the actual event generation in a single iteration. Only
events that are generated during the second step are included in the histograms.



93

Results

Contents
[.1. Differential Cross Sections in the Standard Modell . . . . . . . . .. .. 93
[7.2. Difterential Cross Sections Beyond the Standard Model| . . . . . . . .. 97
721, B-L Modell .. ... ... .. ... 98
7.2.2. R"™ Double Ratiol . . . . . . . . . . . .. 99

In this chapter, we apply our implementation of the Nested Soft-Collinear Subtrac-
tion scheme to predict differential cross sections for Higgs-Strahlung. In [section 7.1}
we consider the SM and verify the correctness of our code with cross-checks against
established tools. That at hand, we move on in to study differential cross
sections taking into account phenomenological effects of BSM theories.

All distributions in the following are evaluated for 13.6 TeV proton-proton collisions,
using the PDF4LHC21 40 PDF set. Moreover, the factorization and renormalization
scales are set both equal to the invariant mass of the Higgs-vector boson system,

pr = pr = Myg.

7.1. Differential Cross Sections in the Standard Model

To validate the implementation of the subtraction scheme, we compare the output with
results that can be produced with vh@nnlo. Next to the fully-inclusive cross sections
that are found to be in perfect agreement for different parameter settings, the most
important check concerns the differential cross section for the VH system’s invariant
mass spectrum as an analytic computation of it is accessible with vh@nnlo®.

In the first test, we compare the NNLO QCD distributions for the Drell-Yan-like mech-
anism of our new implementation in history with vh@nnlo for WH and ZH production
as illustrated in [Figure 7.1 and [Figure 7.2| respectively. It is notable that the analytic
results with vh@nnlo for each bin is approximated as a Riemann sum of five invariant
mass values that are equally distributed over the bin itself. For both distributions this
leads us to the conclusion that history is able to reproduce the spectra ideally. A
systematic mismatch in the first bin, that can be observed for WH as well as ZH cre-
ation, is expected due to the approximation of the result with vh@nnlo since the VH

! Analytic computation means in this context, that the differential partonic cross section is evaluated
by fixing the integration over the virtuality ¢* to Mg, with a d-distribution,

do 2 2 2
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Figure 7.1.: Invariant mass spectrum for the Drell-Yan-like cross section pp—WH + X
at NNLO in the SM. The upper panel shows the spectra computed with
history (blue line) and vh@nnlo (green dots). The lower panel the il-
lustrates their ratios normalized to the vh@nnlo distribution. The shaded
band indicates the statistical MC uncertainty.
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Figure 7.2.: Invariant mass spectrum for the Drell-Yan-like cross section pp— ZH + X
at NNLO in the SM. The upper panel shows the spectra computed with
history (blue line) and vh@nnlo (green dots). The lower panel the il-
lustrates their ratios normalized to the vh@nnlo distribution. The shaded
band indicates the statistical MC uncertainty.
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Figure 7.3.: Invariant mass spectrum for the gluon-induced cross section gg— ZH at
O(a?) in the SM. The upper panel shows the spectra computed with
history (blue line) and vh@nnlo (green dots). The lower panel the il-
lustrates their ratios normalized to the vh@nnlo distribution. The shaded

band indicates the statistical MC uncertainty.

production threshold lies inside. In case of a WH final state, just four of the five points
that are evaluated in this bin are unequal to zero, for ZH only three do not vanish.
Moreover, the chosen invariant mass values for the vh@nnlo calculation are not equally
distributed over the non-vanishing part of the bin anymore. However, in all other bins
in the distributions, the agreement between history and vh@nnlo is at the permille
level and deviations of the results are around 0.2 %. This is significantly better than
the estimated MC uncertainties in the shaded band let expect, which are of the order 1
to 2 %. Hence, we conclude that our estimates of statistical errors are too conservative
and the performance of history is even better than indicated.

Another important cross-check verifies the correctness of the phase-space integration
and histogramming procedure for the gluon-induced mode. As mentioned in the last
chapter, the matrix elements for the O(a?) contribution were taken from vh@nnlo,
but the phase-space integration was modified in order to allow for the extraction of
fully-differential cross sections. Even though this is just a 2 — 2 process without IR
singularities so that no subtraction is necessary, we have to ensure that no mistakes
are made. The flawless implementation is confirmed by the results shown in [Figure 7.3]
where the history output matches the one of vh@nnlo again perfectly. The two out-
liers in the first bin and in the bin around an invariant mass value of 350 GeV originate
again from the approach that we use to obtain the values with the analytic computa-
tion. In particular, we have chosen smaller bins and approximated their results with
vh@nnlo using just a single value in its center. Since the center of the first bin is below
the ZH threshold, no number is provided by vh@nnlo and no comparison for it can be
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Figure 7.4.: Higgs rapidity spectrum for the Drell-Yan-like cross section of the process
pp—WH+X at LO (red line), NLO (green line), and NNLO (blue line)
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Figure 7.5.: Higgs rapidity spectrum for the Drell-Yan-like cross section of the process
pp— ZH + X at LO (red line), NLO (green line), and NNLO (blue line) in
the SM.
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Figure 7.6.: Higgs rapidity spectrum for the gluon-induced cross section gg— ZH at
O(a?) in the SM.

made. The other bin where history and vh@nnlo do not agree is around the top-pair
production threshold at which a resonance of the triangle and box diagrams with top-
quark loops arises. While history covers this resonance, the vh@nnlo result does not
resolve it by construction and thus underestimates the bin content. However, the fully
inclusive cross sections calculated with both programs do not show any deviations. As
a final remark, we notice again that in all other bins the numbers coincide at permille
level while statistical MC uncertainties are overestimated in agreement with the pre-
vious observation that we handle them too conservative.

Convinced by the validity of our code, we study a differential cross section for an ob-
servable that cannot be investigated with vh@nnlo, only with other tools like MCFM. As
an example, the spectra for the rapidity of the Higgs boson, denoted by vy, in case
of Drell-Yan-like production for WH and ZH final states are given in and
[Figure 7.5 respectively. The symmetry in shape for both Drell-Yan-like processes can
be clearly seen and, additionally, the well-known behavior of having large NLO correc-
tions, but good convergence at NNLO can be recognized. In contrast, the gluon-induced
component, cf. [Figure 7.6, has a sharper peak at yy = 0 in its rapidity distribution
and is falling steeper when approaching higher absolute values.

7.2. Differential Cross Sections Beyond the Standard
Model
Beside fully-differential cross section for Higgs-Strahlung in the SM, history allows to

make predictions for the Drell-Yan-like contributions in the 2HDM and the B—L Model.
For the 2HDM these results can be obtained by rescaling the SM distribution, so we
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Figure 7.7.: Invariant mass spectrum for the Drell-Yan-like cross section pp— Zh+ X
at NNLO in the SM (blue line) and the B—L Model (green line).

refrain from showing them here. As discussed in [subsection 2.2.3| the modifications of
the Drell-Yan-like mechanism in the B—L Model are more complex. We will shown an
exemplary distribution to outline the phenomenological impact of introducing the local
U(1),_, symmetry in jsubsection 7.2.1, Finally, in [subsection 7.2.2 we return to the
primary motivation of this project and extend the set of observables that are used to

investigate the RV# double ratio that we have seen in [section 2.3|

7.2.1. B-L Model

Due to the presence of the Z’ boson, kinematic distributions in the B—L Model have
different shapes compared to the SM. Current experimental searches reveal that this
new boson most likely is very heavy if it exists. The final data from LEP2 give
constraints for a lower bound on the B—L breaking scale v' = My /(2g]) = 3.45TeV at
95 % confidence level for Mz » 200 GeV [309]. To gain a feeling for the qualitative im-
pact of the B—L Model in our theoretical case study we fix the mass of the Z’ boson to
My = 1TeV, its decay width to I'ys = 5 GeV, and choose the new coupling parameter
to be g = 0.145, so that v’ takes the lowest possible value?. Here, we are interested in
the lighter, SM-like Higgs boson h that corresponds to the observed scalar boson with
a mass of M, = 125 GeV. This Higgs boson differs from the SM Higgs since its mass
eigenstate is a mixture of two isospin eigenstates, where the second one originates from
the newly introduced scalar singlet. We set the related mixing angle to o = 0.11.

A comparison of the invariant mass spectra of this model and the SM is shown in

“Measurements in hadron collisions with the ATLAS and CMS experiments hint for even larger

masses of the Z’ bosons, Mz > 4 TeV [310, ol1].
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ure 7.7 The low invariant mass region is very similar for both models and effects from
the heavy Z’ bosons grow when the invariant mass increases, leading to a resonance
peak when the s-channel Z’ boson is produced on-shell. Even though the change in
the total cross section is small comparing the SM and B—L Model, the large invariant
mass region is highly sensitive to this New Physics scenario.

7.2.2. RYH Double Ratio

Turning to the double ratio, it is worth to mention that it for the first time has been
used to extensively study the phenomenological impact of the 2HDM on inclusive Higgs-
Strahlung cross sections in Ref. [99], leading to the conclusion that further studies in
particular kinematic regions of differential cross sections can improve the experimental
and theoretical significance of the effects observed therein. The follow-up study in Ref.
[T15] then has been extended the double ratio of inclusive cross sections to differential
cross sections, as described in [section 2.3] for two selected observables. The observables
that have been chosen were the invariant mass of the Higgs-vector boson system and the
transverse momentum of the Higgs boson. Moreover, Ref. [115] did not just investigate
the impact of the 2HDM, instead more possible BSM scenarios have been taken into
account, e.g. higher dimensional operator, vector-like quarks, and others. The exciting
results of this work led to the conclusion that studying more observables and models
is convenient. However, the framework consisting out of vh@nnlo linked to MCFM used
in the original work does not easily allow for the necessary flexibility that is needed for
this purpose. As we have now the full control within the history framework we can
perform such analyses in future projects.

As a first result, we present the RY" double ratio for the same models as shown in
[Figure 2.7] in [chapter 2 but as a rapidity spectrum of the Higgs boson instead of the
invariant mass distribution. To recapitulate, the three models in the previous plot are
the SM itself, as well as SMs with a modified top-to-Higgs Yukawa coupling, which is
denoted by y;. The first modification does not have such a coupling, y, = 0. The second
model has a doubled Yukawa coupling with respect to the SM, ¥, = 2y°M, where y>M
is the usual SM value. The outcome is depicted in Of course, the symmetry
of the distributions is not broken by New Physics effects, but it can be clearly observed
that the double ratio falls steeper for increasing absolute values of the Higgs rapidity
when the Yukawa coupling decreases. Additionally, the ratio is significantly larger for
small top-to-Higgs couplings. That means that the non-Drell-Yan-like contribution,
which is here just the gluon-induced component, has a higher impact on the total cross
section. This stems from the behavior we have discussed in [chapter 2| arguing that
the triangle and box diagrams interfere destructively in the SM. These destructive
interference effects are enhanced when the Yukawa coupling increases, lowering the
non-Drell-Yan-like contribution, while destructive interference effects are not present
when the box diagrams vanish due to a zero Yukawa coupling, giving rise to larger
non-Drell-Yan-like contributions. The Drell-Yan-like component instead is not affected
at all by the change of the Yukawa coupling and, hence, the same in all three models.
It corresponds to the NNLO distribution in [Figure 7.5 In summary, the double ratio
in reveals also for the rapidity spectrum high sensitivity to BSM physics

making it an interesting observable for experimental searches.
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Figure 7.8.: Higgs rapidity spectrum of the double ratio R? = R?H(y). The blue line
shows the SM prediction, the green line represents a modified SM without
a top-quark Yukawa coupling, and the red line a model with a top-quark
Yukawa coupling that is the double of the SM value.
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Conclusion

In this thesis, we investigated the Higgs-Strahlung production mechanism, where a
Higgs boson is produced in association with a massive vector boson. Its phenomeno-
logical importance in the SM is due to a distinctive experimental signature of the tag
on the vector boson. This helps to separate the Higgs signal from the background
noise. Therefore, the measurement in the Higgs-Strahlung channel has taken a leading
role in the breakthrough discovery of the Higgs decay into a pair of bottom quarks,
H — bb. With the increasing precision of collider experiments, the Higgs-Strahlung
process can also serve as a discovery tool in the search for New Physics. Particularly,
the gluon-induced subprocess is sensitive to various possible BSM phenomena. To make
these effects experimentally accessible, an observable such as the RY? double ratio is
key. With the history framework that was developed in this project, the set of kine-
matic distributions of the double ratio can be extended to arbitrary observables. The
presented framework is designed to be flexible, so that new models can be easily in-
corporated and studied. Here, we have, for the first time, looked at the double ratio of
the Higgs rapidity spectrum and compared the SM with two simple theories that have
modified top-to-Higgs Yukawa couplings. We have demonstrated that this double ratio
also shows different characteristics for the different models, making it an interesting
observable for experimental measurements in the hunt for New Physics. Although the
choice of models for this study was driven by theoretical motivations to investigate the
qualitative behavior of BSM effects, our tool can be used to study phenomenologically
more relevant theories.

For this purpose, the 2HDM and the B—L Model are implemented, but further exten-
sions are planned. The changes coming with the B—L Model significantly impact the
Drell-Yan-like Higgs-Strahlung subprocess and not only the gluon-induced contribu-
tion. Thus, we have also studied them in this work. As expected, the presence of the
newly introduced heavy Z’ vector boson leads to an s-channel resonance, which can be
observed in the invariant mass distribution of the cross section.

The program history itself is based on the Nested Soft-Collinear Subtraction scheme,
enabling calculations of fully differential cross sections up to NNLO precision. We have
reviewed the concepts and ideas of this scheme based on a small number of guid-
ing principles. Then we presented in detail all the ingredients, including the full list
of subtraction terms and an in-depth description of the phase-space parametrization,
necessary for an actual implementation of color-singlet production that is initiated by
a quark-antiquark pair at LO, such as Drell-Yan-like Higgs-Strahlung. The outcome is
an efficient and flexible tool. Indeed, all plots made with history in this thesis were
produced with a single laptop with an Intel® Core™ i7-12700H processor without using
computer-cluster resources.

With this novel program at hand, the phenomenology of Higgs-Strahlung can be ex-
plored in a wide variety of theories in the future, and extensions to include models
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like the MSSM or model-independent approaches like SMEFT seem to be the natu-
ral next step. In this regard, the inclusion of bottom quark-induced Higgs-Strahlung,
bb — VH + X, where the Higgs couples directly to an incoming bottom or antibot-
tom quark, would be beneficial. These contributions are negligible in the SM, but the
bottom-to-Higgs Yukawa coupling is enhanced in many BSM scenarios giving rise to
substantial impact of these terms. In addition, a deeper analysis of the models that
are already part of history would be desirable, i.e. the 2HDM and the B-L Model
could be systematically studied to enlarge the set of observables that could be used in
experimental searches for New Physics exploiting the full potential of the RV double
ratio.

The current version of history is private, but we aim to merge it with vh@nnlo and
SusHi with the goal of providing a user-friendly open-source code to the particle physics
community. In this context, it would be advantageous to enlarge the number of pro-
cesses to allow for fully-differential predictions of cross sections for Higgs production
via gluon fusion. However, this is beyond the scope of this thesis.
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In this appendix, we summarize the Feynman rules for computing the diagrams that
contribute to the Higgs-Strahlung process. In we show the set of rules for
computations in the SM. The rules for the BSM theories discussed in this thesis are
given in [section A.2]and [section A.3|for the 2HDM and the B—L Model, respectively.
In the literature many different signs and conventions are used. In order to avoid
confusion, our notation can be matched with the resource for Feynman rules presented
in Ref. [312] by fixing their general sign parameters to n = 1z = 1.

Additionally, we want to recap the usual relations among the parameters in the EW
sector to make results easier comparable,

My,
e = gsin(fw), cos(bw) = —,
gsin(fw) (Ow) M,
v \/§
My = — Grp = —=0g°

Above, e is the elementary electric charge of a single proton which is related to the
coupling constant of the SU(2); gauge group g through the Weinberg angle 6y whose
cosine is the ratio of the W boson’s mass and the Z boson’s mass. The third relation
connects the mass of the W boson with the coupling g and the SM vacuum expectation
value v, while the last relation provides the definition of Fermi’s coupling constant G.

A.1. Standard Model

Propagators

In SM computations of Higgs-Strahlung diagrams without considering EW corrections
only three different types of particles can appear as internal lines. These are fermions,
weak gauge bosons, and gluons. The propagators read

p+mf
> :Z—,
— pQ—mfc—i-ie

(A.1)
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4 : 1 Pubv
— i (G — (1= &) A2
ARAVAVAVAVAVAVAVAR Sy s <g“ ( £V>p2—§VM5)’ (4.2
a 1 — ot | I g ) Puly (A.3)
ma 0090000, mb =" ( Je) |

The Feynman rule (A.1]) for the fermion propagator uses the Feynman slash notation
which is defined for a covariant vector a as

¢ = yua”

with the Dirac gamma matrices -,. The boson propagators in (A.2) and (A.3)) are both
given in R¢ gauge. The greek letters 1 and v indicate Lorentz indices, for the latter
propagator the latin letters a and b represent color indices. The same conventions will
also be used in the following.

Fermion-Gauge Couplings

All particles in the vertex Feynman rules are consider to be incoming. The first type
of vertices that we are interested in describe the couplings between a pair of fermions
an a weak gauge boson. For the charged W bosons the Feynman rules are

dg Ug,
. g — . g %
W:: —ZE’YM PLVaﬂ; WM = —Zﬁ'yu PL aBs (A4)
o ds
with the left projector
1—
j 275

and the CKM matrix elements V, 3, where a and 3 are the fermion generation indices
of the up-type quarks and down-type quarks, respectively.
The vertex that couples a fermion-antifermion pair to a neutral Z boson is given by

f

. g f f
Z, = — — A5
@ Zcos 0 ’m (gv 9A’Y5)> ( )

where the vectorial and axial coupling constants are

1

. 1
o = 5T} - Qs (ow), ok = 5T},

In the couplings, T}” is the third component of the fermion’s weak isospin and @)y its
electric charge.
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Higgs-Gauge Couplings
Next, we consider the SM vertex of the Higgs boson to two massive gauge bosons. In
both cases, for V = W+ and V = Z, the Feynman rule is given by

””””” H = iig‘u,z/. (A6)

Yukawa Couplings
Finally, the Yukawa couplings have the form

sy

A.2. Two-Higgs-Doublet Model

The new free parameters of the 2HDM that are relevant for computing Higgs-Strahlung
cross sections are the masses of the Higgs boson, M), My, and My, as well as the
mixing angle o that rotates the two CP-even Higgs bosons from the isospin basis into
the physical mass basis and the angle  whose tangent is given as the ratio of the two
vacuum expectation values,

tan(f) = 2

U1
Here, we will just present the Feynman rules that are either new or differ from the
previously shown SM rules.

Propagators

In the 2HDM additional propagating Higgs bosons can appear in s-channel diagrams.
If the mass of the new bosons are higher than the production threshold for the final
states, this can lead to resonances and we introduce Breit-Wigner propagators to tame
potential divergences,

¢ _ 1 A8
_______________ PP = MZ +iM,T, +ic (A.8)

where ¢ € {h, H, A} and T, represents the decay width of the corresponding Higgs
boson.
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Higgs-Gauge Couplings
The couplings of the Higgs bosons to a pair of vector bosons can be obtained by
multiplying the analog SM coupling with a factor g{‘}v,

202

""""" Qb =1 g@v Guv, (Ag)

where again ¢ € {h, H, A} and V € {W¥, Z}. In particular, these factors do not depend
on the vector boson type and read

g{}v = sin(f — «), ggv = cos(f — ), gév = 0.

Tri-Linear Couplings
Moreover, the 2HDM provides a new tri-linear coupling, that connects one of the two
CP-even Higgs bosons with the CP-odd boson and the Z boson. The Feynman rule is

given by

¢\
\\}pqs y
v Zy = =277 (pg = pa), (A.10)
////PA
R
with ¢ € {h, H} and
gz" =cos(B—a),  gz" = —sin(B - a).

Yukawa

The Yukawa couplings differ for the scalar and the pseudoscalar Higgs bosons. They
are

.m m
_________ ¢ = _Zngjj, e A= —ng?%, (A.11)

sy
Y
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Table A.1.: Overview of the Yukawa coupling constants in the 2HDM related to the
Feynman rules (A.11)). The indices u, d, and e stand for all up-type quarks,
down-type quarks, and charged leptons, respectively, independent of the
generation.

Type I Type 11 Lepton-specific Flipped

g || cos(a)/sin(B) | cos(a)/sin(B) cos(a)/sin(pB) cos(a)/sin(p)
gl || sin(a)/sin(B) | sin(a)/sin(B3) sin(«)/sin(B) sin(a)/sin(pB)
ga cot(f3) cot(/3) cot(f3) cot(f3)

gt || cos(a)/sin(B) | —sin(a)/cos(B) | cos(a)/sin(B) | —sin(a)/cos(S3)
gl || sin(a)/sin(B) | cos(a)/cos(f3) sin(«)/ sin(pB) cos(av)/ cos(3)
g |~ tan(5) —cot(3) tan(5)

g || cos(a)/sin(B) | —sin(a)/cos(B) | —sin(a)/cos(B) | cos(a)/sin(B)
gH || sin(a)/sin(B) | cos(a)/cos(B) | cos(a)/cos(B) sin(«)/sin(pB)
g | —cot(s) tan(5) tan(5) —cot(8)

where the factors depend on the type of the 2HDM. All factors are listed in [Table A.1]
Since we are not interested in Yukawa couplings to leptons, the lepton-specific and

flipped 2HDM are the same as the type I and type II 2HDM, respectively!.

A.3. B—-L Model

Due to the introduction of a new symmetry group and a complex scalar singlet, the
Higgs-Strahlung process in B—L Model depends on the new free parameters for the
masses of the two Higgs bosons, M, and M, the mass of the new neutral vector
boson, My, and on the mixing angle « that is used to transform the two Higgs bosons
from the isospin basis into the mass basis. Moreover, the U(1), ; symmetry group
introduces the coupling constant gj.

As before, we present in this subsection only Feynman rules that appear newly or that
are changed with respect to the SM.

Propagators

Since the Z’ boson can occur as internal particle, its propagator is needed. Experimental
constaints reveal, that the mass of the Z’ boson has to be larger than the threshold for
Zh production, thus, s-channel resonance are present in this model and a Breit-Wigner
propagator is used, which reads in R¢ gauge

Z' , 1
= —1
SBAVAVAVAVAVAVAVAR 2 P2 — M2, +iMyT g + ic

Pubv
<\ g — (1 = &2) . )
( . p* =&z (Mg —iMplz) )"
! An implicit difference comes from different decay widths of the Higgs bosons in the lepton-specific

and the type I 2HDM or the flipped and the type II 2HDM, but these parameters are inputs of
our tool, so we do not distinguish these models and leave the task to care about this to the user.

(A.12)
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where I'z is the decay width of the Z’ boson.

Fermion-Gauge Couplings
The coupling of the Z’ boson to a fermion-antifermion pair is

f

g
Zyy = =i il (0 — gi), (A.13)

where the vectorial and axial coupling constants in a pure B—L Model? are
ol = TeosOw) Vs, gl =0

It holds Ygi ; = B/ — L/, with the fermion’s baryon number B/ and its lepton number
L/, so that for a quark-antiquark pair follows Y3 , = 1/3.

Higgs-Gauge Couplings
Compared to the SM, the couplings of the Higgs bosons to the SM’s weak bosons can
be obtained by rescaling due to

oM

,,,,,,,,, 6 =i e o (A.14)

with ¢ € {h, H} and the factors

gy = cos(a),  glh, = sin(a).

A new vertex, that connects one of the Higgs bosons to the Z boson and the Z’ boson
is very similar to that,

ZM
2M7
,,,,,,,,, Qb = ZTgZZ/ guua (A15)
Z/

2In a more general B—L Model that allows for a mixing of the Z and Z’ bosons the axial coupling
does not vanish and the coupling constants become more complex. Moreover, the ffZ vertex would
also differ from the SM vertex.
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where again ¢ € {h, H}. The explicit expressions for the coupling factors are

/
cos(a), 9oy = Kg; sin(a).

oo vy
97z M,

Yukawa
Lastly, the Yukawa couplings are also a rescaling of their SM pedant,

.m
,,,,,,,,, ¢ = —szg;’f (A.16)

with the factors
g? = cos(a), gf = sin(«).
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The first part of this appendix concerns the UV renormalization for color-singlet pro-
duction in the Drell-Yan-like which requires up to NNLO QCD only the renormalization
of the strong coupling constant. Moreover, we list in the second part of this appendix
the UV- and IR-renormalized finite remainders for the purely virtual corrections for
color-singlet production in the Drell-Yan-like process.

B.1. Strong Coupling Constant

The relation between the bare coupling constant, a® and the UV renormalized coupling
constant o, at a renormalization scale pug in the MS scheme reads

2e <1 . aS(MR) 50

B 2

Se = ay —+0 , B.1
a5 = )i (1- 2% 4 o)) B.1)
with S, = (47)%e™“"®, and g is the Euler-Mascheroni constant.
The running between two scales is described by the renormalization group equation

oo,

W = B(as), (B.2)

where the QCD beta function can be written in expansion of the coupling constant
itself as

Blas) = —27r2 (;T)+2 Bi. (B.3)

Since our LO process is a, independent, the NNLO process is of O(a?). Consequently,
we just need to consider the first coefficient of the QCD beta function. Up to the
required order the solution is given by

as(p) _ as(po) {1 _ Mﬁo In (“Z) + O(az)} . (B.4)

2m 2m 2m G
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The explicit expression for the first coefficients of the beta function is

11 2
= —C — =Tgrny. B.5
o = 5 O — T (B.5)
In our calculations, we perform the factorization of the IR singularities at the factoriza-
tion scale up which is in general different from the renormalization scale. Consequently,
in these expressions, the bare quantity g2 reads

g7 = \/AmaB

2e
. M% Oés(MR) Bo M% CYS(MR) Bo 9
=\ [4ma,(pR) 9 (1 - 2111( ) > - 9. T (’)(as))
= Jspe-

In the third line, we use the evolution of Eq. to restore the renormalization scale
dependence for taking into account that the UV renormalization of the strong coupling
constant is carried out at that energy scale.

This definition of g, implies the useful relation

e

[as,E] =

8m2 (1 —¢) (B.7)
O‘s(,u ),ul%“6 (47T)6 as(ﬂ ) :ulz? as(ﬂ )ﬁ() 2 .
-~ S, T(1—e) (1 ~=gr Hln <u%) ~ o et 0<O‘8)) ’

that appears over and over in our computations.

B.2. Finite Remainders of Virtual Corrections

Purely virtual corrections can be related to the tree-level process with the same fi-
nal state by the introduction of so-called form factors. For Drell-Yan-like color-singlet
production at NLO the interference of the one-loop matrix element and the tree-level
diagram results in

FI{?\I/I(lfav 2fb) = -8 CF (aséﬁ_R)) FLM<1fa7 2fb) + O(E) (BS)

At NNLO the squared one-loop contributions can be simply expressed as

2
FI?\I}2<1fa> 2fb) =16 CI?‘ (OZS;:_R)) FLM<1fa> 2fb) + 0(6)7 (B9>

the interference of two-loop amplitudes and tree-level amplitudes has the form

2 2 4
N as(ur) 255 297 117
Fiv(1y,,2p) = (27T> lcl?“ (16 TR 15¢3 — 50
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_5lI57 10772 N 6593 N 317t
1296 72 36 240

4085 TR G
C —+ — — = | | F.m(1y,,2 B.10

+ (aséiR)) Bo ln<l§> Fiv(15,,25,) + O(e).

The form factors were computed in Ref. [56] and can also be found in the Appendix
of Ref. [I16]. Moreover, we restored the full scale dependence in Eq. with help
of the renormalization group equation for the strong coupling constant, cf. Eq. .
The first two expressions, Eq. and Eq. (B.9), do not have any scale dependence
since no QCD couplings are involved in the LO color-singlet production mechanism.
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In this appendix, we list the splitting functions that appear in the collinear renormal-
ization procedure of the PDF's for NNLO color singlet production. All these splitting
functions can either be found in literature [121) 217, 266, 267, 2735277, 313] or they
can be obtained along the lines described therein.

C.1. Collinear Splitting Functions

When a final state parton a; with momentum p; becomes collinear to another final
state parton as with momentum py and they are emitted from the same parent parton
a with momentum p we can make use of the Sudakov parametrization to express the
momenta as

k2 nt k> ®
Ph=ept k- e (k- e
z 2pn 1—22pn
/{32 (Cl)
512 P1:-D2 Z(]. _ Z)j 1 )

with the light-like momentum p in the collinear direction, p?> = 0, k; a momentum
in the transverse direction which specifies how the collinear limit is approached, and
an auxiliary light-like vector n, n? = 0, which is necessary to define k, through the
conditions k, -p = k; -n = 0. In this limit the squared matrix element factorizes as

2 N
IMijoxraras (-, 1, p2) > = gig Mijmxial- D) Paya [Mijoxial---ip)), (C.2)

where the d dimensional kernel Pala for the splitting

alp) > a1(zp+ ki + O (k])) +ax((1 = 2)p — ki + O (k1)) (C.3)
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is an operator in spin space. It acts on the spin of the parton a that is connected to
the hard process,
(| Poa|s) = Py

aia’

(C.4)

Due to these spin correlations, spin-averaged squared amplitudes do not simply fac-
torize into spin-averaged amplitudes with reduced parton number and the splitting
function in Eq. (D.1]).

The expressions for the splitting functions in Eq. are

: : 1+ 22
P (2, k1€ =5SSC’F(1 —e(l—z)),

—Z

P (2, k :¢€) = Tj M+ 42(1 KLk
qg (Za Lae)_ R|—9 + Z( 72) kﬁ_ )

/ ’ 1+ 1—22
Pri(z,kise) = 0% Cp ((z ) —ez),

(C.5)

y y z 1—-=2
P;g (Z, kJ_;E) = ZCA <_g,u (1_2 >

>_2(1_e)z<1—z)k£§i>,

where we use the spin indices s and ¢’ if the parent parton is a quark and p and v if the
parent parton is a gluon. Sometimes we find it convenient to rewrite the two splitting
functions for gluon parents as

v jad v ~ k#kl/
Py (2, ki€) = =P (z;€) g™ — Pyg(zi€) Zil,
P ~ K kY (C.6)
v Y n
Rtz = Ao - P
with terms proportional to the metric tensor and to the transverse vector,
Fig (9 = T Pyy(z6) = —4Tr 2 (1 - 2),
(C.7)

~ z 1—2z ~
P;S)(Z;E) =20, <1—Z + B ), Piy(z;6) =4Cx (1 =€) 2(1 - 2).

Often we are interested the splitting functions averaged over the transverse direction.
These averaged splitting functions can be calculated with

A 1 , 0 1 o
(By(z:6)) = = du ()P (2 hi;) = PY + ———PL,
d—2 2(1—¢)
X 1 / (C.8)
(Pu(z:6)) = 500 P (2. kuio)
where the gluon polarization tensor is given by
pHnY + p'nH
A () = —Guw + p—n (C.9)

and read

(Py(z6)) = Cr (11+ G z)) ,

— Z
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(Byylz6) ) = Ty (1 - 2Z1(1__€Z)> ,
(Py(z0)) = Ci (”(12_"’)2 _ ez) , (C.10)
<ﬁgg(z;e)>:2(JA (12 + 17 +z(1—z)>.

Here we computed the final-state, or time-like, splitting functions, but mostly we need
the initial-state, or space-like, splitting functions which can be obtained by crossing
symmetries which are equivalent to the Drell-Levy-Yan relation [314] [315]

A

P, — (—1)%et2ap (C.11)
which lead to the replacement
E1 El
=———¢€]0,1] — 1,00), C.12
s e 0l - e L) (C.12)

with the spins s, and s,, of the partons a and a;, respectively, as well as the energies
Ei, Ey of parton a; and as, respectively. However, for the spin-averaged space-like
splitting functions we use in all our computations a redefinition so that they coincide
with the spin-averaged time-like splitting functions?,

1+ 22
Pq(g)(z; €) = CF ( —e(1— z)) :

— Z z

1—2z
PO (z¢) = Ty (1 _22-2) 21(1__ Z>) ,
L+ ; (C.13)
—Z
Pg(g)(z; €) = CF (z — ez) ,
]__
Pg(g)<z;€)=20A(1z + Z-i-Z(l—Z)).

A detailed discussion about the relations between time-like and space-like splitting
functions can be found for example in Ref. [316], where also the conventional rules for
the redefinition that we apply here are described.

C.2. Altarelli-Parisi Splitting Functions

For the collinear renormalization up to NNLO in QCD the space-like Altrarelli-Parisi
splitting functions are needed up to O (ay),

&M@=%%wwggﬁm+0wﬁ
pqy('z):pq(g)() o P(l (a),

A . ) (C.14)
qu('z):P()()"FQ*P( (a),

N N Qg

Pyy(z) = B(2) + 5= O (o)

IFor non-averaged splitting functions we do not use this redefinition. In the cases where we need
them we have to use Eq. (D.1]) and explicitly perform the crossing in Eq. (C.11).
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It is convenient to decompose the LO Altarelli-Parisi splitting functions according to
(1 —2) (C.15)

into a regular term

PO(:) = Cr ([2 e z)) |

1—z]y
Pin(2) =T (8 4+ (1= 2)%),
P (2) = Cr (1 . (1,2_ Z)Q) ’ o

AO) [y _ 1 1 N
P, r(2) QCA([1_2]++Z+Z(1 2) 2),

and a piece containing the soft limit, z = 1,

qq, 5

H(0)

o (C.17)
3.5 = 0

A 2

O =y =B = 7CA — TRy

The NLO Altarelli-Parisi splitting functions, which are taken from Refs. [121], 313], are
also divided into regular terms and terms proportional to the d-distribution,

PP (2) = PN (z) + P a1 - 2). (C.18)

)
Moreover, it is convenient to separate the splitting function for a quark decaying into

a quark in flavor singlet (S) and non-singlet (V) contributions,

P (2) = 85 Pyl (2) + Pys 001 = 2)) + PpR(2),

qq;R

0 S(l) (C.19)
Py (2) = 05 PR (2) + Pyin(2).
The non-singlet term for a quark decaying into a quark is given by
. 3 3 7
Pq\;%)(z) = CZ l— <2 In(z)In(1 — 2) + 3 ln(z)> Paq(2) — (2 + 22) In(2)
1 , | 1
—5(1+z)1n (2) =5(1 — 2) | + CACF iln( )—l—gln( z)
67 20 (C.20)
T 7;) Paq(2) + (1 + 2)In(z) + 3(1 — z)] + CpTrny

« [_ <§ In(2) + 190) Paalz) — ;‘(1 _ z)] |

For a quark decaying into an antiquark the non-singlet term reads

Pl (z) = Cr (CF— ;CA) [2p4g(—2) Sa(2) +2(1+ 2)In(2) + 4 (1 — 2)].  (C.21)
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The singlet contributions are the same in both cases,

5 2 56 8
P;L(Fl{)(z) = CFTR [ + 9(2) + 6z — 32 + (1 + 52 + 32,2) ln(z) . (1 T Z) IHQ(Z):| ’
(C.22)
so that holds ) .
N .
Pai(2) = Pak (). (C.23)

The NLO Altarelli-Parisi splitting function for a gluon decaying into a quark is

A

Pq(;,)R(z) = ;CFTR l4 — 9z — (1 —42)In(2) — (1 — 22) In*(2) + 4In(1 — 2)

+ (21n2 (1;Z) ~4In <1;Z> - 25 + 10> pqg(z):|

C’ATR{BQ M4 40 (136 38>1n(z)—41n(1—z). (C.24)

5 toite Tl
2 2 44
— (24 82) In“(2) + 2 pyy(—2) Sa(2) + | —In“(2) + T In(2)

2 9218
—21n2(1 —z)+4In(l —2) + % — 9> pqg(z)]

If instead a quark splits into a gluon, the NLO Altarelli-Parisi splitting function reads

~ 5 7 7 1
Pg(;?R(Z) = Ch [—5 5t (2 + 22) In(z) — (1 — 22) In?(z) — 2z1In(1 — 2)

28 65 44

— (3In(1 — z) + In*(1 — 2)) pgq(z)] + CaACr l TR —2?

— <12 + 5z + izz) In(2) + (4 + 2)In*(2) + 2zIn(1 — 2)

" (C.25)

+52(2) pgg(—2) + (; —2In(2)In(1 — 2) + ;ln (z) + ?ln(l —2)
+1n*(1 —2) — 7;) pgq(z)] + CpTrny [—gz — <290 + ;Lln(l - z))

]

The NLO contribution for gluon going into a gluon is

A 27 67 1 25 11 44
PU(2) = CAl (1=2)+ <z —> - <3—3z+3z2) In(z)

FA(1 + 2) In2(2) + 2y (—2) Sa(2) + (%7—4111()111(1—2)

T 20, 4
+ ln 3) pgg ] + C’FTRnf[ 16 + 8z + 32 + 3*2 (026)

— (64 102) In(2) — 2(1 + 2) In(z )] + CaTwny l2(1 ~2)
P2 (D) - )|

z

OO
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In the previous expressions we used the short notations

2

Sa(z) = —2Liy(—2) + ;lnz(z) —2In(2)In(1 + 2) — % (C.27)

and
2

Dgg(2) = m

Dag(2) = 2+ (1—- 2)27
1+ (1—22) (C.28)

pQQ(Z) = 7a

1 1
pgg(z)zm—kg—?—i-z(l—z).

If the argument of p,, or py, has a negative sign, the plus-distributions are removed,

—1-z,

Pag(—2) = -1+ z,
bre (C.29)
)= 921+ 2).
pgg( Z) 1"—2 > Z( +Z)

The §-terms are

2 2 9
(1) 7 1w 1 27
qu5 OF <_2+6<3) +CFCA <24 18—3<3) —OFTRnf <6—|—9 ,

PO =0,
490 (C.30)
P =0,

4
gg<5 C(A ( + 3C3) - OFTRnf - gCATRnf.

C.3. Generalized Splitting Functions

Besides the usual Altarelli-Parisi splitting functions also generalized splitting functions
appear in our computations. They are defined as

Py(zie) = P(2) — e PL(2) + O (&), (C.31)
with the O(e) related terms

paer = (1[22] e +-2),

Pey(2) = Tr (2 [fQ +(1=2)%In(1-2)+22(1-2)),
P! (2) = Cr (2 ”(1—'2)] In(1 - 2) + Z) | (C.32)

z

P =20 (o[ M3) ol besan 2] ma ).
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C.4. Triple-Collinear Splitting Functions

In analogy to Eq. (D.1) the squared matrix element factorizes in the triple-collinear
limit,

‘Mij—>X+a1a2a3(- .- vp17p27p3)|2

2N . (C.33)
=01 (2] Mimatoaleo 20| Py Mipaal o).
The momenta for the flavor conserving splitting
a(p) — ai(p1) + az2(p2) + as(ps) (C.34)
are defined as
N N R (C.35)
P = Xip Li 2 2pn’ .

with the light-like vector p* in the collinear direction, p? = 0, and the light-like auxiliary
vector n*, n? = 0, so that k;-p = k1;-n = 0. The Lorentz-invariant sub-energy s;»3 in
Eq. (C.33) is defined as s1o5 = (p1 + p2 + ps)” and the momentum fraction z is given
by © =z + x5 + x3.
The splitting kernel is again an operator in the spin space of the parent parton a,

<5| Py azas |3,> = P;fagag,' (0-36)
The explicit expressions of all kernels can be found in Ref. [267], here we just need the
spin-averaged triple-collinear splitting functions with initial state quarks. To keep the
expressions compact it is convenient to introduce the abbreviations,

Z;
4= 53

Zj:l L
Zisjk — stik Zi — Zj

tzk=2 + Sij,
7 Zi + z; Zi + 25 !

(C.37)

with the definition of the sub-energies s;; = (p; + p;)* which coincides also with the
definition in Eq. (4.24)).
Similarly to Eq. (C.11]), initial state splitting functions can be obtained by a crossing
relation (a < a;), . A

Py — (1) By, (C.38)

with the spins s, and s,, of particle a and a;, respectively.

Non-ldentical Fermions: ¢ — g{qsqs

For the splitting process with non-identical fermions, ¢’ # ¢, the spin-averaged splitting
functions reads?,

A 1 5123 t1hs dzg + (21 — 29)? S12
Py, = =CpT; — — + +(1—-2 + - — .
Uiy — g TR 512 < 5125123 z1+ 22 ( )| nt = 5123
(C.39)

2For preventing an overload of the expressions we discard the explicit dependence of the splitting func-
tions on the momenta. The splitting functions P,, 4,4, should be understood as Py, ayqs (D1, D2, D3)-
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Identical Fermions: ¢ — ¢192q3

If the fermions are identical the triple-collinear splitting becomes,

5 5 A (id
P‘71(I2‘I3 = (qulqlg% + (2 < 3)) + Pzi(lqiqg’? (040)
with
H(id) 1 2593
oo o) (o[22
S123 1+ Z% 222 (1 — 23>2 222 9
- — — 41 — — 1 —
e ll_zzg T o it e (1— z)

2 2
— — —el1+4+2 —€ + (2 3).
512513 2 [(1 - ZQ)(]. - Zg) 1-— Z3 ( )
(C.A41)
The symbol (i < j) means that the same term has to be added again by exchanging
the meaning of the indices ¢ and j.

Collinear Gluon Pair: g — g1929q3:

In case the parent quark emits a collinear gluon pair the splitting function

By gye, = CRPLY), + CeCAPI) (C.42)

9192(13 9192q3
can be divided into an abelian term,
2 2 2 2
Aab) S123 1+ 23 21t 2 1
ot = | 24 —€ —e(1+¢)
813823 21292 21292

s 23(l —2z1) + (1 — =z 3 1-z
L5123 { 3( 1) + ( 2) + (14 23) —e(2] + 2122 + 23)2]
129 2172

513

+a-a)e-1-02| ) ey

(C.43)

and a non-abelian term,

919243 2512513 29

7_’_7
4s3, 4 2

+Z§(1_6) +2(1—2)] sty 2 (1 —2)*(1 —¢) + 2z +e(l—e)
1— 2 4513523 £1%2
S123 [(1 B €)z1(2 — 221 + 27) — 22(6 — 625 + 23) 49 z3(z1 — 22) — zQ]
2519 2(1 — 23) 2(1 - z)
5123 (1—22)° + 25 — 29 21— 2)(z2 — 2)
2 (1 — - -
+2513 [( 2 29(1 — 23) ‘ z(1 — 23) e
1 1 3 2 2
_z3( Zl)-l—( 22) +€<1_22>(21+22_€>]>+(1<—>2),
2129 2122

(C.44)
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C.5. One-Loop Splitting Functions

The one-loop splitting functions were studied in Refs. [217, 273H277]. We adapt them
for the splitting of a quark into a quark,

PO (z:€) {_Cﬁ " Caln(l —2) —2CrlIn(z)

Pquoop(z; €) = .
+C {Wz—lln2(1—z)—2Li (1—2)]—1—20 Lia(1 — 2)
N 2 B (C.45)

3

v (- - 5) 260

—Cp (Ca = Cr) (z+ (14 2)) + O (F),

and for the splitting of a gluon into a quark,

PngOOP(Z; 6) _ P(O)(Z;G) {_C'A . (CA - 201:) 111(1 - Z) + QCF 1D(Z)

a9 62 €
2

+(Ca —2CF) l—g + ;ln2(1 —z) + 2Liy(1 — z)] + 2 Cp Lis(1 — 2)

6
+ T (Ca — Cr) (z — (1 = 32)) + O (€%) .

+e [(CA —2Cr)In(1 — 2) (7;3 — 11112(1 - Z)) +2Cp Lig(1 - Z>H

(C.46)
The corresponding one-loop splitting function of the finite remainder have the shape
oT 3 S 1
Loo 0) 12
qu’Fp<p17p27p4) :Pq(q ( ){OA|:6+41 (514) —i—zln(l—z)
S12 .
X (—3 +41In ()) —2Liy(1 — z)] - C’F[ln(z)
o1 (C.47)

x (—3+1n( )+ 2In (;i)) — 2Liy(1 —z)] —520

x lln(l—z) In (2‘11’;) ~In (’ﬁt)” — 2% (Cx — Cr)

for the decay of a quark into a quark, and the shape

00 57T2 3 S 1
quFp(p17p2ap4) Pq(g)( ){ CA[6—1 <Sii>+2ln(1*z)

x (—3—1—21n <zz>) —zLiQ(l_Z>] +CF{573T
—1n<1iz> <—3—|—1n( ) +2In (m)) (C.48)
xln(1—z)—2LiQ(1—z)]+5;[ <52>+1 (52)]}

+ zTR (CA — CF)

for the decay of a gluon into a quark. In both splitting functions of the finite remainder
the energy fraction is given by
Ey — Ey

z = E, (C.49)
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We collect here some useful expressions that regularly appear in the subtraction func-
tions where soft projectors are involved. Moreover, we give some more insight in the
general properties of soft-parton emission.

D.1. Soft Gluon Emission
A matrix element factorizes as

IMijoxig(e-, @) = gs Ju(q) (@) IMijmx (... ) (D.1)

when a soft gluon with momentum ¢ is emitted. The soft current is an operator in color
space according to

blg) = ST, P
J"(q) = ;Tz(pi.q), (D.2)

where the sum runs over all possible emitter particles ¢ of the hard process with mo-
mentum p; and T; is the related color-charge operator.

Example:
Color singlet production with emission of a soft gluon, ¢(p1)g’(p2) — V(p3) + g(q).

Magrov gl = g2 Y [ Mggrv| TN (q) €3 ()e5(q) T (q) [ Mggrov)
A

= g2 Mggr—v| I (@) d* (q) T, (q) [IMgzr—v)
(p1-p2) |
(P1-q)(p2-9)
_ s (p1-p2)
=20 g, (p1-9)(p2-q) |

= 952, <qu'—>vf 2 Tq2 qti’—>V>

2
ch’—>v|
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with

Y e q)es () = d™(q), (D.4)

where d,,,, is the gluon polarization tensor in Eq. (C.9), and

t(q) d" _gq2_ (p1P2)
J)(q)d"(q) J.(q) = 2T, 10 o) (D.5)

by making use of color conservation Ty = —T; and Tq2 = (CF in intermediate steps.

D.2. Double-Soft Single-Collinear Limit

In the double-soft single collinear limit, where a gluon with momentum ¢ = ¢; + ¢» is
the mediator particle that decays in the soft parton pair, where the both particles have
the momenta ¢; and ¢s, the squared matrix element factorizes in the following way,

‘Mz'j—>X+a1a2(' -5 41, Q2)|2
4 2 i 0 » v
>~ g, St 2 Mijx (... Ju (9) e (@) Paya eX(q) Ju(q) [Mijox(--.))
A

2 .
= 9?8*12<Mij—>x(- .l JJ(Q) Pﬂz(% kise)d,(q) |Mij—>X(- )
2 ~ 1 ~
= g Mg 1IN0 TP €) = 15 (B Pila(5:0) [ Migx ()

(D.6)
The polarized splitting function is contracted with two soft current functions. Double-
soft singularities can originate either from a soft gluon pair or a soft quark-antiquark
pair. They can never come from a soft quark-gluon pair, since this would violate quark-
number conservation.

Example:
Considering color singlet production with emission of a double-soft collinear gluon pair,
q(p1)q’'(p2) — V(ps) + 9(q1)g9(q2) and ¢ = q1 + ¢qo, it is then straightforward to find

2
|Mq¢?’—>V+gg|

a2 Prp2)  moy,. oy oo Lok (p2ky) P e
=I5 QCF(pl'Q)<p2’Q)ng< ) CFk‘i ( (p1-q) (pz-Q)> Pl )] D

2
X ‘quj’—»‘/‘ .

D.3. Soft Functions

At NLO the soft function

N _ (pi-pj)
5 (pe) (pi'pk)(pj'pk). (D-8)

describes the emission of a soft gluon.
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At NNLO double-soft singularities are present. They are characterized by the soft
function

2(pi-p;)
(pe-p0) [Pi- (pr + 1)) (25 (Pr + 21)]

Sij(pk>pl; 6) = Sfjo(pkapl> -

D.9
el s ) (oL, ) (B5)
[pi- (P + p)] (s (Pr + p1)] (pr-1)? J ’ ’
which depends on the strongly-ordered soft function
i D 1 1
S = 23 + )
(pk'pl) (pi'pk)(pj'l?z) (pi‘pl)(pj‘pk) (D 10)
N (pip;)?
(pz' 'pk)(pj 'pk)(Pz‘ 'pl)(]?j 'pz) ’
if a soft gluon pair is emitted.
If a soft quark pair is emitted, the soft function reads
I (g 1) = (pi-pr) (0 21) + (pi-20) (05 DK) — (pz"Pj)(pk'pz)' (D.11)

(Pk-20)? [pi- (P + )] [P (Px + 11)]

D.4. Double-Soft Triple-Collinear Limit

In the double-soft triple-collinear limit the double soft operator has to act on the
triple-collinear splitting function. The relevant results for color singlet production are!

s _ ~

PgngQ5 - 8P9192q37

Pq1q2q3 - SpqllquQ3 (D12)
S _ ~

Pq1q2q3 - ‘Spfilngg'

The first expression can be write according to Eq. (C.42)) as

DS _ S (ab) S(nab)
Pg192q3 OFPQQCI + CrCa P, 919295 (D]_S)
with the abelian term .
pSab) _ 4 5123 D.14
919245 2122513523 ( )

and the non-abelian piece

R £ 2 1 1 51 11
ngg;:) 123(1_ €) + 3123( n )_|_ S123 <5+>

2512 S12 \ %2513 21523 212512 13 523
2 ~
S S z z S 1 1
123 123 1 2 123
- + (+—6) ( + ) (D.15)
2122513523 212512 \ %2 21 Z12 22513 21523
S123 (1 1
- —+— ).
2122 \'S13 523

1'We omit the explicit functional dependence on the momenta in order to keep the result in the same

notation as in [Appendix C
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The double-soft triple-collinear limit for a quark decaying into non-identical quarks is

. 5 t2 .
P_S _ ;CFTR5123 (_ 12,3 + 4) ’ (D].6>

41959 z
172 S12 $123812 212
which coincides with the decay into identical quarks

ps - Pp3 (D.17)

4149295 q14545"

As abbreviations we use 8193 = s13 + sa3 for the subenergy, where s;; = (p; + pj)2, and

the energy fractions
E, E,

By 2y = R 212 = 21 + 22, (D.18)

21 =

as well as s s
flog =202 22718 (D.19)

212
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In this appendix, we give an overview of the subtraction functions up to NNLO QCD
precision for color-singlet production that is initiated by a quark-antiquark pair at LO.
We will repeat the functions for the quark-antiquark channel that we already presented
in the main text in a compact form, but also show the solutions for the other channels
that were not discussed in detail before.

We show the action for each possible IR operator combination in the following for
one non-redundant exemplary subtraction function so that all not listed functions can
be trivially obtained by renaming of indices. All relevant splitting functions that will
show up in the subtraction functions can be found in the soft functions
are given in

IR limits are studied extensively in literature, cf. Refs. [121], 217, 266, 267, 271-278,
313], and are adopted by us as pointed out in the main text of this work wherever
a results is overtaken. The results of these sources build also the basis of the here
presented projections.

E.1. Next-to-Leading Order Projections

Functions with NLO kinematics appear either at tree-level, see [subsection E.1.2] or as
one-loop functions, see [subsection E.1.3] The two projectors for extracting the leading
singularities are listed in [subsection E.1.1}

E.1.1. Projectors

The leading soft singularities can be extracted with the operator
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For obtaining leading collinear singularities we use the operator

nij—0

E.1.2. Leading Singularities of Tree-Level F1)\; Functions

The action of the above defined projectors on squared tree-level matrix elements is
then given by the following expressions:

Soft Limit
The soft limit is just allowed in the quark-antiquark channel. The result reads

SiFin(1y,, 2y, [4g) = 2Ck g2 S12(pa) Fum(1y,, 25,). (E.3)

Collinear Limit
Collinear limits are present in the quark-antiquark channel,

Fim(z-14,,24)
0 LM far 4f
C41FLM(1fa72fb |4 ) - gs,e (p1'p4) Pq(q)( 7€> > : ) (E4>
with the energy fraction
By — E4
= E.5
and in the quark-gluon channel,
1 FLM(lf z-2z )
CooFrina(1s,2,141) = ¢° PO (2 @ ” “fal E.6
wFiv(ly,,24[4y,) gs,e(pz'pll) g (z5¢€) > (E.6)
where the momentum fraction is given by
Es — Ey
==, E.7
2= (E7)

Soft-Collinear Limit
The combined soft-collinear limit is again only divergent in the quark-antiquark process,

1
CunSaFin(ly,, 2y, [4y) = CngeEzn Finm(1y,,25,)- (E.8)

E.1.3. Leading Singularities of Real-Virtual Firy Functions

In case the projectors act on the interference of one-loop matrix elements with tree-level
matrix elements the results are usually shown in literature before the manifest IR poles
of the loops are isolated. However, in our computation we need also the subtraction
functions for projectors acting on the finite remainders, so we will give the solutions
for both scenarios.
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Soft Limit
Soft limits lead only in the quark-antiquark channel to divergences, the related sub-
traction function reads

SiFirv(1y,, 25, |4g) = 2CF 93,6512(p4){FLV(1faa 25,) + [

x [CF (S”(p‘l))eEikgoop(e) _Ti=9 5 (E.9)

2 pEeE €

X FLM(lfa7 2]%)}7

with the one-loop Eikonal function

1 T2(1 —e)T2(1 +¢)

Eik-P(¢) = —Cp— : E.10
ik, ™€) A2 T~ 20)0(1 + 2¢) (E-10)
Collinear Limit
Collinear limits appear again in the quark-antiquark channel,
1 Fiv(z-14,,24)
2 0) /.. AELv fas 2F
C41FLRV(1fa7 2fb |49) = gs,e (p1'p4) {Pq(q)(zv E) P ’ + [as,e]
1 ¢ S F(l — €> ﬁo
PLoop . _ Me 7P(0) .
Lo () B0y P
oz 15,,25) } |
z
(E.11)
with the energy fraction 5B
e (E.12)
Ey
as well as in the quark-gluon channel,
1 FL\/<1f z-27 )
o 2 0 . a? fz
C42FLRV(1fa7 29 ’ 4fac) = Yse (p2_p4) {Pq(g)(z7 6) > + [as,e]
1 ¢ S, I'(1 —
o o) e
2(p2-pa) pie (4m)e e
y Fim(ly,, 20 25)
2 7
(E.13)
with B
r=22 (E.14)

Es

Soft-Collinear Limit
The soft-collinear limit in the quark-antiquark channel is

1 1 ‘
CuSiFian(1. 20 149) = Co g { Fivl1:20) + [ e ()
Eima 4B M4 (E.15)
: I'(1—¢€) fo .
Loo
XElkg p(e) — M%EQG'YE ? FLM(lfaanb) ,

with the same Eikonal function as in Eq. (E.10).
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Soft Limit of the Finite Remainder
For the finite remainder we find the soft subtraction term
S,FI (1, .92, 14,) = 2Cp ¢28 {Fﬁn1 9,y 4 Qalim)
4 LRV( fa> fb‘ g) F Js 12(pa) LV( fa> fb) + o (E.16)

X Eik;({fp(pl;pz?m;MF)FLM(lfMbe) ;

and the Eikonal function

Collinear Limit of the Finite Remainder
The collinear limit of the finite remainder in the quark-antiquark channel is

Fineo .1, 92
C41F1f,i§v(1fa7 25, 14g) = gg {Pq(g)(z; 0) ACARYALIY)
(pl‘p4) z (E 18)
as(fr) oo Fim(z-15,,25) '
+ o qu,Fp(p17p2ap4) > b ,
where P
2= = (E.19)

E,

In the quark-gluon channel this limit reads!
1 Fﬁn 1 7z 2.
Cao iR (15,29 [ 41,) = 93( ) {P;;))(z;o) (L2 27,)
D2 D4 z (E20>

Os(UR 00 FLM(l ar 271)
+ éw )P(;,Fp(pzapbm) fZ L2t

where 5 5
2 — 4

= - E.21

§ £, (E.21)

Soft-Collinear Limit of the Finite Remainder
In the quark-antiquark channel the soft-collinear limit is

n 1 n aS(MR)
CuSiFiy (14,25, 14) = Cr gfiEQ {Ffv(lfa, 2p) + =5
474 T (E.22)

x Bl §P (pr, pa, pa ) Fim (1, 2fb)},

I'Note the order of the momenta arguments of the one-loop splitting function.
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with the function
572 3 BBy Ey Ly
EikLoop,C41 . P2, P4 = [ + — ]n( > —In ( In
or” b paipe) = Ca | Zgm 4 pn| g P/ Bl g 03

1 pp pp
S DY (L .
3% ln(4E1E47714) * n<4E2E4

E.2. Next-to-Next-to-Leading Order Projections

To NNLO kinematics just tree-level functions can contribute. The IR projectors that
are necessary to extract their singularities are defined insubsection E.2.1| The following
subtractions terms are presented in [subsection F.2.2|

E.2.1. Projectors

The operators for extracting the single-soft and double-soft divergences are

S;A = lim A,
' B (E.24)
SA= lim A, at fixed ratio —,
Ey4,E5—0 E,
respectively. The collinear divergences are extracted with the projectors
CjiA = lim A,
o (E.25)
C,A= lim A, with non-vanishing ratios %, %, %, '
Ni4,Mi5—0 Nis T4 1is

in case of single-collinear and triple-collinear limits, respectively.

E.2.2. Leading Singularities of Tree-Level F1)\; Functions

Single-Soft Limits
If a single gluon becomes soft, the factorization in the quark-antiquark channel reads

SsFim(ly,, 2y, |4ga 59) = 93,5 [(2 Cr — Ca)S12(ps) + Ca (514(175) + 524(P5))]

(E.26)
x Fim(ly,, 25, [4g)-
The result in the quark gluon channel is
SsFin(1y,,24|4y,,54) = 93,6 [(2 Cr — Ca)Sua(ps) + CA(Slz(p5) + 524(175))] (E.27)

x Fin(1y,,24 | 47,).

Double-Soft Limits
Double-soft singularities can show up either in the quark-antiquark channel,

SFLM(lfa7 2fb |4g, 59) = 93,6 Eikgg(plap%plbpf); 6)Flei(lfaa 2fb)7 (E-28)
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with the Eikonal function for a soft gluon pair,

Eik,o(p1, p2, pa, ps; €) = Cp Ca (2 S12(pa, p5; €) — S11(pa, p5; €) — S22(pa, ps; €))

E.29
+4 013512(]74)512(295)7 ( )

or in the quark-quark channel,
‘SFLM(lfa7 be |4fca 5fc) = 93,6 Eiqu(p1,p2,p4,p5; E)FLM<]‘f¢17 2fb)7 (E-30)

where the Eikonal function for a soft quark pair is given by

Eiqu(plap2ap47p5;€) = _CFTR(2 [12(1947]95; E) - 111(p4,p5; 6) - [22(]?4,]95; 6)) (E-31)

Strongly-Ordered Double-Soft Limits
The strongly-ordered double-soft limit instead, is only present in the quark-antiquark
channel,

8S5Finm(14,24]44,54) = 2Ck 9375 [(2CF — Ca)S12(ps) + Ca(S1a(ps) + Sa4(ps)) ]

X 512(194) FLM(lqa 2(1)'
(E.32)

Single-Collinear Limits
Single collinear limits appear in all channels. In the quark-antiquark channel they are

1 Fim(z-1y,,24 14,)
_ 2 ©)(,. LLM far 2fy | 4g
C51FLM(1fa72fb |49a5g> 9s.e (pl'pS)qu (Za 6) e ) (E33a)
b 1 y 4
CasFra(1s,, 25, | 49, 5) = giein%W(z’ kise)Fin (1fa7 25, g) (E.33b)
(pa-ps) z

)
il

E, - E )
with the energy fractions z = % in Eq. (E.33a]) or z = ﬁ in Eq. (E.33b)).
4 T Lus

1
The notation (b) on top of the equal sign indicates that this limit is valid in sector (b),

while the limit in sector (d) can be extracted by exchanging the indices properly.
In the quark-antiquark channel collinear singularities show up when an initial-state
quark and a final-state quark become collinear to each other,

1 N
— gie orpe) [Pg(g)(Z;E)FLM (1fa72fb

+ P (25 €) kL ks o Fing (1fa7 2f,

1 F“V 1.2 4
———Pogu (2, ks €) tn (219,27, [47.)
(Pl‘p5) .

1 > F 1,24 |4
“(p1°ps) >

C51FLM(1fa7 2fb |4fc7 5fa) = gg,e

~ Y 214,24 |4y,
+Pglq(z;6)/ﬂ,mﬂ,y LM( g fb| f,) ,
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E,—FE
“L " The splitting function here reads

where z =
E,

—€ 1
P (z,kise) = Crz Py (Z,lﬁ;e) , (E.35)

R

which can be decomposed into

PO(z:e) = Cpz(1—e),

99

]B;q(z; €) = 4CF1 . 2(1 —€). (E.36)
In the quark-gluon channel the collinear limits have many different forms,
CaoFinm(1y,,2¢14y,,54) = 92, (p;pél) PO(; e)FLM(lfa,z 27, | 59)7 (F.37a)
Cs1Fim(1y,, 24 |4y,,54) = g2 (pjpg)) PO(z; G)FLM(Z : 1§, 2, | 4fz), (E.37h)
CanFina (1502 | 45.050) =~ s P (b€ ) BB (1722, 142)
= g5, (p;p5) lf’g(g) (i 6) Fim (1,224 |4y,)  (E.37¢)
+PL (i ) Koo kit I (g, 2 - 2 |4fz)]
Culinn(172 15,5 ¥ 2P s (10,2 ) (B.37d)
CisFin(1s.,20 | 45,,5,) @ g2, o 1p5)P(0)(z €) Fint <1fa, , 5;’) , (E.37¢)

Ey, — E, E Es

Wi‘ﬁhZzTinEq m z—TE)inEq m z—Tin
2
E, Es
Eq. (E:37d), = E o in Eq. (E.37d) for sector (b), and z = ﬂm Eq. (E.37€)
4 5

for sector (d). The argument of the splitting function in the collinear limit Csy is the
inverse of the energy fraction z, this is due to the fact that we use a final-state splitting
function for describing an initial-state splitting and thus have to apply a crossing
relation. This is also the origin of the additional minus sign.

In the gluon-gluon channel the limit is simply

Finlz 15,2, |4
PO(z;¢) (= -1y, % | fﬂ”), (E.38)

pl'p5) 9 z

C51FLM(197 29 | 4fac’ 5fy) = gg,e(

E, — Ej

with z = B
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Double-Collinear Limits
Double-collinear limits are obtained by application of two single-collinear limits. In the
quark-antiquark channel we get

1 FLM(fZ'lfa;g'sz)

C41052FLM(1faa 2y, ’4ga 59) = 9?,6 (pl.m)Pq(g)(Z? €) (pQ.pS)Pq(S)(E; €) = )
P 5 E (E.39)
Withz=71and5= oA
In the quark-gluon channel we find
C51CaaFim(1y,,2, | 4y,,5,) = gie (p:p5) Pq(g)(z; e)(p;le)Pq(g)(z; €) Fim(z - 12];, Z- 2f1)7
(E.40)
Ey — E5 __ Ey—F,

where z = ——— and z =

1 Ey
In the gluon-gluon channel the double-collinear limit is

1
(p1-pa)

1 ( FLM(Z'lf;aZ'zfy)

_ 4
CuCsoFnm(1y, 24 |41,,55,) = 9se (p2-ps) @ 27

0)/,.
Pq(g)(z7 €)

(E.41)

FE - F E, — B
withz:llelandZ: 2E2 5.

Single-Soft Single-Collinear Limits
The combination of a single-soft and a single-collinear limit can take many different
shapes. In the quark-antiquark the three different forms are

1
Cs1SsFLm(1y,. 2y, [4g,59) = CngeEQn Fin(1y., 2, |4), (E.42a)
1 Finl(z-1; .2
CurSs Funt (112,21, | 49,5) = 2Cr g2 Suo(ps) —— PO (55 0 P Lo 20) (1 g,
(p1°pa) <
1
CisSsFLm(1y,, 25, [4g,59) = CAQSeEgn Fim(ly,, 2, | 4), (E.42¢)

E,—FE
with z = % in Eq. (E.42b)).

1
In the quark-gluon channel four different scenarios are possible,

1
CaaS5 Fia(1,, 29 [44,,59) = 2Cr 93,6512(195)(}7 p )PIJ(;J)(Z;G)FLM(lfMZ +27,), (E.43a)
2 M4
1
Co1S5 Fim(1s,, 24 | 45,.54) = Cr g3, 2 Fin(ly,,24[47,), (E.43Db)
15
1
C5oSsFim(1y,, 29 |41, 5g) = CAQSEEQ Fin(1y,. 24 [47,), (E.43c)
1
CasSsFim(ly,, 2 | 41.,59) = CngeEgn Fin(1y,, 24 [ 4y,), (E.43d)
Ey — E,

where the energy fraction in Eq. (E.43a) is z = z
2
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Double-Soft Single-Collinear Limits
Double-soft single-collinear limits are only in the quark-antiquark channel present.
They are

Ci1 S Fua(1y,. 2, 1 44,5,) = 202 g1, ——Sua(pe) (17, 21, (E.Ada)

1
gS€
E577

(p:p ) [2 CrSio <%> PO (z:6) (E.44D)

b
CasS Fim(ly,, 2, |44, 5) © gt

s

]91'])4)/2 (p2'p4)/2’
x Fim(1y,,25,),

E
with z = ﬁ in the latter case.

Strongly-Ordered Double-Soft Single-Collinear Limits

Since double-soft single-collinear limits are only in the quark-antiquark channel present,
also the stongly-ordered double-soft single-collinear limits show up just in this channel.
They read

1
Cun8SsFim(ly,, 25, | 44,5) = 2CE g Isc 2, o S12(ps) Fim(ly,, 25,), (E.45a)
4 14
C18S5Fum(Ly,: 25, |44, 5) = 2CR g gseE 512(p4)FLM(1faa 24,), (E.45D)
57
1
Cis 885 Fm(1y,, 25, [ 49, 5g) = 2CACk gseEgn S12(pa) Frm(1y,, 25,)- (E.45¢)

Single-Soft Double-Collinear Limits
One soft final-state gluon in combination with a double-collinear limit can appear in
the quark-antiquark channel,

1 1
Ci1CeoS- I, ]_a’2 475 C gse
1Cs2S5 FLm(1y,, 2y, [44,59) = Cr E2ns5 (p1-pa)

Finm(z - 1y,,25,)
z

0 .
PO (z;€) . (E.46)

E—-F
where z = %, and in the quark-gluon channel,
1

1 1
E52 s (pz P4)

Fia(ly,, 2 - 27,)
z

65164285FLM(1fa> 2 | 4s,,0 ) Cr 95 € Pq(;))(Z; €) , (E.47)
Ey, — E,

ith z =
with z 5

Double-Soft Double-Collinear Limits
The double-soft double-collinear limit in the quark-antiquark channel is

1
CirCs28Fin(1y,, 2, | 49:5) = CF gsemFLM(lfa72fb>‘ (E.48)
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Strongly-Ordered Double-Soft Double-Collinear Limits
If the double-soft double-collinear limit is strongly ordered, we find

Ci1C528Ss Fini (14,24, | 4g,5,) = Ch Fiam(1y,,25,)- (E.49)

S E1E31m14725

Triple-Collinear Limits
Triple-collinear limits are again present in all channels but the gluon-gluon channel. In
the quark-antiquark channel this limit reads

2 \° .
CiFin(1y,, 25, | 44,54) = ga (5145) Pygq(Pas ps, —p1) Fum(z - 14, 25,), (E.50)
E,—FEy—F
where z = #, and S145 = Sa5 — S14 — S15 With s;; = (p; + pj)2.

In the quark-quark channel different triple-collinear splitting functions have to be used,
depending on the involved quark flavors. If the three involved quarks are from the same
flavor type, the two possible limits are

2 .

2
CIFLM(lfav 2fb | 4fa’ 5fa) = gfs’l,e <3145) P@Qq(p47p57 _pl)FLM(Z ’ ]‘fa7 2fb>7 (E'51a)

2 \? 4
ClFLM(lfa’ 2y, ’ 4y, 5fa) = g?,e <8145) P@QQ(_pl>p4>p5)FLM(Z ) 1fa7 2fb)' (E'51b>
The former limit has to be taken when the quarks in the final state build a quark-
antiquark pair, the latter when the are of the same kind. If non-identical quark flavors
(la| # |c|) are involved, the limits become

2 \? .

ClFLM(lfa7 2fb |4fc7 5fc) = g;l,e (8145) Pt?/q’q(pzhps, _pl)FLM(Z ’ 1fa7 2fb)7 (E52a)
2 \? .

CiFun(ly,. 25, |45,,55.) = ga (3145) Fyrgrq(—=p1,pas ps) Fim(z - 15, 25,). (E.52D)

The energy fraction z and the subenergy sy45 is in all four expressions the same as

defined below Eq. (E.50)).

In the quark-gluon channel the triple-collinear limit is given by

2\?> T .
CoFin(1y,. 24 |45,,54) = —di. b Bo(—p2, 5, pa) Fina(1y,, 2 27,),
S245 (]_ — E)OF
(E.53)

E,—E,— E5 . .
—————— and So45 = S45— S24 — S25. T'he minus sign and the color factor

Es

come from the crossing of an initial-state quark in the definition of the triple collinear
splitting function in with a final-state gluon, so that we can describe an
initial-state gluon splitting into a triple-collinear quark-antiquark-gluon state.

where z =
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Strongly-Ordered Triple-Collinear Limits
The strongly-ordered triple-collinear limits shows up in different ways. In the quark-
antiquark channel we find

1 1
PO (z;€)PY(z;€) (E.b4a)

clc5lFLM(1fm 2fb ‘ 4g> 59) = g;l,e

(p1°p5) 2(p1-pa) “
o F(ez 15,25
2Z ’
® 4 1 1 N purie T
61645FLM<1fa7 2fb ‘ 497 59) = gs,e (p4p5) (pl .p4)/Zng”u,z/<Z7 kj_, G)qu (Z, kj_, 6)
NEARYICER YA,
z
1 1
4 0)(,. 0)(5.
= ooy rpifs T GO (B0 (B54D)

+2(11_ e)ﬁgﬂzs )Py 6) (“”"_“]2 - 2(11—6))]

E,—FE E,—FE,— F
In Eq. (E.54a) the energy fractions are z = % and z = ﬁ,
1 11— L5
E E,—-E,—F
Eq. (E.54b)) the energy fractions are z = ﬁ and z = %.
4 5 1
The quark-quark channel has the strongly-ordered triple-collinear limit

n

1 1 _
clc5lFLM(1fa7 2fb | 4fc’ 5fa) = g;l,e <p1 ']05) Z(p1 ']74) quwu(za kJ.? E)P(Z;/(Z, kL; E)

y FLM(ZE . 1fc72fb)

2Z
1 1
=gt PO (z:e)PO) (%
Ior (pl-ps)z(pl-m)[ o (5P (5:6)

1 pli,. \pl(s. 12 L
200 Pio(z5€)Pri(Zs€) ([/@./ﬁ] BT e))]
« FLM(ZZ 1fc’2fb)

zzZ

Ey — E5 __ B -FE,-Es
and 2 = ————.

Ey Ey — Es5
In the quark-gluon channel we find

+

| (E.55)

with z =

1 1

(p2-p4) 2(p2-ps)
y FLM(lfa; 2Z - 2fz>
2z

1 1 1 _ -
CoCsaFim(ly,: 2 |41, 5) = _g;l,e (p2-p3) 2(pa-pa) Bog (z’ ki 6) Py (z k1)
o Pl 22 - 27)
z

CoCasFini(1y,,2 | 45,,54) = g5, PO (z;€) P (Z€) (E.56a)

)
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1 1 1
4 0 . 0)(5.
= " Us. (p2p5) Z(pg‘p4) [Pg(g) <Z’ €> Pq(g)(Z, 6) (E56b)

arog (o) P (bl )

y FLM(lfq,ZZ . 2f;¢)

z

® 4 1 1 _
CoCusFim(1y,,2,|45,,54) = Gse P, (z;€)Py(z; € E.56¢
2445 ( f 9| [ g) s (p4'p5> (pz'p4)/z QQ( ) qg( ) ( )

y Fim(1y,,2-25,)

)

Y

z
1 1 _
C2C45FLM(1fa7 29 | 4fz7 59) (:) g;’:e (p4'p5) (p2‘p5)/ZPQQ(Z; E)PQQ(Z; E) (E56d)
(s, 2024,
- :
Ey—FE Ey—FEyi—FE
The energy fractions in Eq. (E.56a) are z = % and z = %. In
2 2 — Iy
Ey— FE Ey—FEi— FE
Eq. (E.56b) the energy fractions are given by z = 2E > and Z = %. In
2 2 — Lis
E Ey—FEy—FE
sector (), ¢f. Eq. (E.56¢]), the energy fractions are z = z —1—4E and z = %,
4 5 2

while in sector (d), referring to Eq. (E.56d)), the first energy fraction has to be replaced
5

with 2 = ————.
E,+ E5

Single-Soft Triple-Collinear Limits
A soft quark in combination with a triple-collinear limit in the quark-antiquark channel
has the shape

1 1 1
C1Ss Fina(11,:24, [49,59) = 9oz | (200 = Ca) — + Ca ( LM )]
i (E.57)

s Mas  Msas
1 B 1,2
X 7Pq(8)<z; e) LM(Z fa> fb)’
(pl'p4) z
. E,— E,
th 2 = ———=
with z B
In the quark-gluon channel this limit reads
1 1 1
CoSsFin(ly,, 24 141,,59) = 5575 | (2Cr — Ca) — + Ca ( .Y )]
2E; M5 Nos  Mo5M4s5 (B.58)
1 0) Fim(1y,,2-2;,) ‘
X Pq(g (z;€) 2l
(p2-pa) z
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Double-Soft Triple-Collinear Limits
A soft gluon pair in combination with a triple-collinear limit appear in the quark-
antiquark channel,

2
5145) Pyoq(pa: 15, —p1) Fon(1y,, 2p,), (E.59)

2
clsFLM<1fa7 2fb |4g7 59) = g;e (

where 5145 = S14 + S15 and Sij = (pl + pj)Q.

A soft quark-antiquark pair in combination with a triple-collinear limit can appear in
two different forms in the quark-quark channel. The quarks of the final-state pair can
have the same flavor as the initial-state quark that is collinear with that pair, or it has
another flavor. The limits are

A

Pq‘gq(p4,p5, —p1)Fm(1y,,24,), (E.60a)

92 2
cl‘S'FLM(lfa72fb |4fa75fa) = g;lﬁ ( >

T\ S145

A

2 2
() B3, (b1, ps, —p) Foa(17:25) (E.GOD)

CISFLM(lfaa 2fb |4fc75fc> = g;le ~
5145

)

respectively. However, it can easily be shown that both limits have to coincide with
each other.

Strongly-Ordered Double-Soft Triple-Collinear Limits
In the quark-antiquark channel the strongly-ordered double-soft triple-collinear Limit
is given by

1 1 1
C:8SsFin(ls.,24 |4,,5,) = C ;"5[20 —-C +C( * )]
1885 Fin(1y,, 2y, |49, 5g) F s, (2Cr A)77147715 A TaMas  ThsT4s

1
———Fim(1y,,24).
X QEEEg LM( fa’ fb) (E 61)

Single-Soft Strongly-Ordered Triple-Collinear Limits
The single-soft strongly-ordered triple-collinear limits in the quark-antiquark channel
are

1 1

CiCuiSsFina(ly,, 25, | 44,54) = Cr g2, o e— PO ,E)FLM(z .Z1fa,2fb)7 (E.62a)
CiC51S5Fim(1y,,2y, |44, 5) = Cr g E5217]15 (pfm) PO (z;¢) Fim(z .Zlfa, 2fb), (E.62b)
CiCisSs Fini(ly,, 25, |44,54) 2 Ca 93,6E5217745 (pfm)Pq(S)(z, €) Fian(z 'Zlfa’ 2fb), (E.62c)
CiCusSsFin(1y,, 25, | 44, 54) D e ga. E;% 2E111947715P‘1(‘(1))(z; €>FLM(Z -Zlfa, 2fb)’

(E.62d)

B, - E,

1

with the energy fraction z = in all four expressions.
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The four limits in the quark-gluon channel are

1 1 FLM(lf 22’)
CoCioSsFini(ly,,2,|41.,5,) = Cr g* PO (2 @ Tl (E.63
2CaSsFim(ly,, 29 | 44,. 5g) ng,sEgn% (Pa-pa) @ (z;€) > » a)
1 1 FLM(lf 2‘2’)
CoCs2SsFini(1r,, 20|41, 5,) = Ca g’ PO «” "l (E.63b
205205 LM( fa? g| fz? g) Ags7€E§n25 (p2p4) qg (Z7€> P 9 ( )
(®) g 1 1 (0) Fia(ly,,2-25,)
CoCusSs k(e , 2,144 ,5,) = C P : E.63
204505 LM( fa> 9| fz» g) ng’€E527745 (p2p4) qg (276) > ) ( C)
@ ~ 4 1 1 0. Fina(ly,z-25)
CoCysSsFia(1s ,2,147..5,) = C P :
24505 LM( fa? g| fz? g> F9876E527745 2E2E47]25 qg (276) > 9
(E.63d)
Ey— E
with z = —>——*% everywhere.
E,

Double-Soft Strongly-Ordered Triple-Collinear Limits
Double-soft strongly-ordered triple-collinear limits appear in the quark-antiquark chan-
nel. They are

1
CiCi8Fin(1y,, 25,149, 59) = Cf 05 e mmn——— Fima(15,, 25, (E.64a)
“EfESmams

(b) 1 1
01645$FLM(1fa72fb |4gv5g) = 9;1,6 (E4 + E5)27714 (p4-p5)

y [Pg“;)(z; €) + Pl(zie) ([/ﬂ"_ﬂ]z B 2(11—6))]

(E.64b)

X FLM(lfa, 2fb)‘

Ey

In the second equation we have z = ——.
q Ey+ Es

Strongly-Ordered Double-Soft Strongly-Ordered Triple-Collinear Limits
The strongly-ordered double-soft strongly-ordered triple-collinear limits in the quark-
antiquark channel are given by

1
CiCu8S5Fin(ly,: 25, 149:59) = C} 05 e ma——— Fin(15,, 25, (E.65a)
EiEsmams
1
01651$S5FLM(1fa7 2fb ’4ga 5g) = CI?‘ gg,eTFLM(lfw 2fb>7 (E'65b>
EiEsmams

1
61645$SSFLM(1fa7 25, | 4, 59) = CaCF gieEﬂi
4

Finv(1g,,24). E.65¢
E527714n45 LM( fa fb) ( )
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