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Abstract

A new linear relaxation system for nonconservative hyperbolic systems is introduced,
in which a nonlocal source term accounts for the nonconservative product of the original
system. Using an asymptotic analysis the relaxation limit and its stability are investigated.
It is shown that the path-conservative Lax—Friedrichs scheme arises from a discrete limit
of an implicit-explicit scheme for the relaxation system. The relaxation approach is further
employed to couple two nonconservative systems at a static interface. A coupling strat-
egy motivated from conservative Kirchhoff conditions is introduced and a corresponding
Riemann solver provided. A fully discrete scheme for coupled nonconservative products
is derived and studied in terms of path-conservation. Numerical experiments applying the
approach to a coupled model of vascular blood flow are presented.
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1 Introduction

It is well-known, that the theory of weak and entropy solutions for systems of hyper-
bolic conservation laws, see e.g. [23,29], cannot be applied to nonconservative problems
in a straight-forward way. The main reason is that the product of a possibly discontinuous
function with a measure is not well-defined. In the past decades several contributions, both
theoretical and numerical have been proposed to tackle this problem. Without aiming to
give here a complete review, we collect some results that will be used in the design of the nu-
merical schemes below. In [10,11,24,40,48] a concept for the treatment of nonconservative
products is presented, which focuses on locally bounded and Borel-measurable functions
with bounded variation. Therein, an interpretation of the nonconservative product as a real-
valued signed Borel measure depending on a family of paths is presented, see also [3,49].
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By means of the Borel measures the concept of weak solutions and weak entropy solutions
depending on the chosen family of paths is introduced, see [24,36]. Applying the concept
to Riemann problems in [37] it is verified that contact discontinuities corresponding to
linearly degenerated fields do not depend on the path family. The influence of the path
family on shocks is discussed in [2]. Different approaches to deal with nonconservative
products numerically are discussed in [16]. Those approaches have given rise to the class
of path-conservative numerical methods including various finite volume [17-19,41] and
discontinuous Galerkin schemes [46].

We follow a similar concept in this paper, but are interested in the problem of coupled
dynamics (in the spatially one-dimensional case). The coupling then induces a boundary
condition at some static point in space, see Section 4.1 for a precise definition. The
problem of coupling spatially one-dimensional transport dynamics has gained attraction
in the engineering and mathematical community in the past decades. It generalizes the
related problem of conservation laws with discontinuous flux functions in space, see e.g., [5,
14], is core to flow problems on networks and enjoys a variety of applications, ranging
from vehicular traffic on urban roads [28], gas and water flow in pipe systems [6,22] to
blood circulatory system in humans [45], as well as a wealth of mathematical models to
represent and study other problems on directed graphs, see [13] for a recent review and
further references. In the mentioned references, conservative systems of hyperbolic balance
laws have been studied leading to well-posedness results mostly based on Wave-Front-
Tracking [12,33]. This construction relies heavily on the discussion of (half-) Riemann
problems [21,32] at the coupling interface. Therefore, extending those methods towards the
coupling of nonconservative dynamics is not straight-forward. Coupled nonconservative
dynamics appear in many applications, e.g., in the blood flow with dynamically changing
cross-sections, see also Section 5.2 and references [26,43,44]. Therein, the evolution of
the cross section area is modeled by a nonconservative equation. Similar problems also
appear in the modeling of multi-layer shallow water systems, see Section 5.1 and [15], or
gas dynamics with variable pipe diameter [20]. In order to develop numerical schemes that
may also be able to treat nonconservative dynamics, we follow a recent approach suggested
in [8,30,31]. Therein, a scheme has been derived and analyzed that does not rely on the
solution to nonlinear (half-) Riemann problems and does not require nonlinear Lax-curves.
It employs a reformulation of the nonlinear system in a linear relaxation form proposed
in [35]. Due to the linearity of the relaxed systems the resulting coupling conditions could
be explicitly solved (on a linear subspace computed by the constant eigenvectors of the
system). Further, after taking the zero relaxation limit [35], an explicit numerical scheme
for the coupled system is obtained.

In this paper, we follow a similar path to derive a numerical scheme, that eventually
will be able to treat the coupling of nonconservative transport dynamics. In Section 2
we briefly review the theory of path-conservative schemes. This is required to discuss
consistency of the proposed approach with existing results in the literature. The discussion
therein is limited to the Cauchy problem. In Section 3, we use a relaxation approach to
embed the nonconservative system (1) into a phase space model using stiff relaxation, see
Equation (13). While relaxation has been considered in the context of nonconservative
systems for specific applications [1,4] and to construct numerical schemes [9], we propose
a general relaxation system, in which the nonconservative product still appears, but only in
the (stiff) source term. An asymptotic analysis shows the consistency with the formulation
of Section 2, see Theorem 3.1. Finally, we discretize the relaxation system in Section 3.2
and drive the relaxation parameter in the discrete scheme to zero. This scheme can now be
coupled at the interface; the details are given in Section 4. Based on this scheme, numerical
experiments on the aforementioned problems are reported in Section 5.



2 Nonconservative systems and path-conservative schemes

In this section we set the preliminaries of our study by recalling the notions of noncon-
servative systems and path-conservative finite volume schemes.

2.1 Nonconservative hyperbolic systems and weak solutions

We consider the first-order system
HU+AU)d,U=0 in R" xR, (1)

with state variable U(t,x) € Q c R™ for a smooth map A : Q — R, We assume that
the subset €2 is open and convex and that the system is strictly hyperbolic, i.e., the matrix
A(U) has m real and distinct eigenvalues for all U € Q. We suppose that initial data for the
state in system (1) at time ¢ = 0 is given by the function U° : R — Q.

We note that (1) is a generalization of the system of conservation laws

0,U+0,F(U) =0, )

in which case A(U) takes the role of the Jacobian of the smooth map F : Q — Q, i.e.,
A(U) = DF(U). A weak solution satisfies (2) in a distributional sense. In more details,
let U € L*(R* x R)™ N BV(R* x R)™ be piecewise regular with D(¢) C R denoting the
positions of its discontinuities. Then for ¢ > 0 the distribution [0, F (U(¢, -))] is defined by

([0 F (U, -))], ¢) = /R $(x) O F(U(t, %)) dx
+ > (FU@LxH) = FU(x}))) d(xp)

xpeD(t)

3)

for all test functions ¢ € C;°(R)™ denoting by x,, and x7, the limit as x approaches xp
from the left and from the right, respectively. This distribution can be interpreted as a Borel
measure. If U is a weak solution of (2) then for all test functions ¢ € C;°(R X R)™ it holds

—/ /U(t,x) 0 (t,x) dx dt+/ ([0« F(U(t,-))]., ¢) dt+/ U%(x) ¢(0,x) dx = 0. (4)
*JR R* R

In case of the nonconservative problem (1) the product A(U) 0, U is not well defined
in a neighborhood around a disontinuity xp. However, following [24, 38] an unambiguous
definition can be given with respect to a selected family of paths.

Definition 2.1. A locally Lipschitz continuous map ® : [0,1] X Q X Q — Q is called a
family of paths iff

1. ®O,W-,WH =W~ and ®(1,W-,W*) =W* forall W=, W+ € Q,
2. for any bounded set Q;, C Q there are constants Cy and C, such that it holds
|os@(s; W™, WH)| < Ci|WH - W™ |
|0, @ (s Wi, W) — 8,@(s; Wy, Wy)| < Co (W] = Wy | + [W; — Wil)

for all W=, W*, W, W}, W, , W] € Q and almost every s € [0, 1].



Having selected the family of paths ® we can interpret the nonconservative product
A(U) 8,U by means of a Borel measure that we denote by [A(U) d,U]e. Considering
again a piecewise regular solution U this measure is defined in analogy to (3) as

([AU, -))ﬁxU(I,')]<1>,¢>=4A(U(I,X))5xU(l,X)¢(X)dx
&)

1
+ ‘/0A((I)(s;U(t,xB),U(t,xB)))asq)(s;U(t,xﬁ),U(t,xB))ds é(xp)

xp€eD(t) (

for all test functions ¢ € C°(R)™. Replacing thus the distribution in (4) with (5) gives rise
to the concept of weak solution of (1) with respect to the family .

2.2 Path conservative schemes

In this section we describe generalized finite volume schemes for the nonconservative
system (1) and the path conservation property. To this end we fix the positive space and
time increments Ax and Ar to define a uniform discretization of the time domain setting
" = nAt and of the real line into the cells I; = [x;_1/2,X41/2], such that x;_1,» = j Ax.
Following the framework in [41] we obtain, in analogy to the conservative finite volume
discretization, the path-conservative version

1 / 1 1
— U(x,t"+)dx:—/U(x,t”)dx
Ax Ji, Ax Ji;
©)

At 1
_EA_t/tn ([AU(1,)) 85U (1, Yo, 11,) dt.

with 1 denoting the indicator function. We introduce the cell averages U’ in cell /; and at
time ¢, and denote the piecewise constant approximation combining the cell averages U 7
at time ¢" over the full real line by U”. Relying on an explicit discretization of the time
integral in (6) we obtain

At
U;”l - U - E([A(U") 0xU")o, 11,) 7

as update formula. We note that in (7) the measure only consists of its singular constituent,
i.e., weighted Dirac measures at the cell interfaces x;_1,> and x;,1/» due to U" being
piecewise constant. Finite volume schemes can thus be formulated discretizing the product
in (7) by two terms corresponding to the contribution concerning both interfaces, i.e.,

At
I _ -+ =
Ut =un - (D;?_l p+ Dl /2) : ®)

These terms could, for example, be given as a function of the adjacent cell averages so that
D%, = D¥ (U}, Ujn) ©

given two maps D¥ : Q x Q — R". The scheme is called ®-conservative if the map in (9)
is such that D¥(U,U) = 0 for all U € Q and

1
D~ (Uy.Ug) + D* (UL, Ug) = / A(D(s: Ur, Ur))ds®(s: Up, Ug)ds  (10)
0

forall Uy, Ug € Q.



An example of a path conservative scheme is the generalized form of the Lax-Friedrichs
scheme, which is well known as numerical method for conservative hyperbolic systems of
the form (2). The generalized form is obtained by setting

- 1 ! Ax
D*(Ur,Ug) = 5/ A(D(s; UL, UR))0s®@(s;Ur,Ug) ds E(UR -Ur), (A1)
0

which results in the scheme

1
U]’.”] - U;‘ - 2ATAtx A A(D(s; U]’.‘_l, U;’))asd)(s; U;’_l, U;‘) ds
At ! n n n n 1 n n n
3y ), AU UL UL UL ) ds + 5 (vny - 20y + 7,
(12)

considered in [42].

3 The relaxation system

Motivated by the approach in [35] we consider a relaxation form of (1). To this end we
select a family of paths @ and introduce the auxiliary state V (¢, x) € R™ that together with
the relaxation state U is governed by the system

U+0,V=0 in R"'XR,

13
a,V+AaxU:é(<[A(U(t,-))axU(t,-)]q,,ﬂ(_m,xp—V) in R*xR, (3

where & > 0 denotes the relaxation rate and A € R™*™ is a diagonal matrix with positive
entries Ai,...,4,. Note that while both states of the system U = U® and V = V*
depend on the relaxation rate, we neglect this dependency in the notation for simplicity.
The variable V is governed by a balance law with non-local source term employing the
product (5). We consider the Cauchy problem with initial data given by U° and V° such
that VO(x) = ([A(U®) xU° @, 1 (—co.x])-

3.1 Asymptotic analysis

To study the behavior of the solution of (13) as € — 0 we consider a Chapman-Enskog
expansion assuming a representation of the states given by

U=Uy+eU +&°Us +0(e),

(14)
V=Vy+eV; +&Vo+0()

such that for j = 0, 1,2 the functions U; and V; are piecewise smooth and, as well as
their first spatial and temporal derivatives, independent of the relaxation rate €. In analogy
to Section 2 we collect the positions of discontinuities of all functions occurring in (14)
at time ¢ in the finite set D(r). The statements given in the following analysis are to be
understood for almost every x € R, i.e. forall x ¢ D(¢).



Asymptotic analysis of the relaxation system Inserting the expansion (14) into the
relaxation system (13) yields

Uy + 0cVo + € (8,Uy + 0,V)) = O(&?) (15)

for the first equation. To discuss the asymptotic expansion of the second equation we
introduce the notation

TIU(t, )] (x) = ([AU(1,-) 0xU (2, )] @, L(—co,x]) (16)

and note that its k-th component is given by
KU, )] (x) = / Z ar; (U(t, )0 U7 dx

+ Z / Zak](cb(s U(t,x5), U(1,x5)) 8D (5:U(t,x3), U(t, x5)) ds

xp€eD(t)
Xp<x

A7)

with upper indices indicating the component. Employing (14) we expand this expression
formally as
T[U] = T*[Uo] + eDT*[Uo] [U1] + O(&?), (18)

where DTX[Uy][U,] denotes the Fréchet differential of TX at Uy in direction U;. An
explicit form of this differential is considered below. Let DT[Uy][U;] denote the vector
with component k given by DT*[Uy][U,]. Thanks to (17) substituting (14) into the second
equation of (13) yields

atV() + Aéon = é (T[U()] — V()) + DT[U()] [Ul] -Vi+ 0(8) (19)

Comparing powers of ¢ in both (15) and (19) gives rise to the two systems

@UQ + (9xV0 =0

20
Vo =T[Uo] 0

and

0:Uy + 0,V =0,

2
0;Vo + AoxUp = DT [Up][U] -

in terms of the state expansions of order zero and one. As the sum over the discontinuities
in (17) is independent of the space variable x it holds

T [Uo] (1, x) = A(Uo(t,x))0xUp (1, x). (22)
Thus, due to (20) the relaxation limit Uy is a solution of the nonconservative system (1),

i.€.
0,Uy + A(Up)d, Uy = 0. (23)



Asymptotic expansion of the relaxation system Let U and V denote the solution
of the relaxation system (13) and assume that it can be expanded as in (14). We note that
component k of the product A(U)d,U can be expanded as

m m

Zak,-(U)afo = Z

= j=1
m
J=1

with dpay ;j denoting the partial derivative with respect to component £ of the matrix-valued
function A restricted to its entry at row k and column j. Inserting the expansion (14) into
(1) then yields

ar;(Uo) + Z edrar; (Up)UC | 0x (U] + eUT) + O(?)

t=1

(24)

ar;(Up)d Ul + Z drar; (Up)ULa UL | | +0(?)

=1

akj(Uo)ang +&

8,U + A(U) 0,U = 8,Uq + A(Uy) 8; Uy

5 (25)
+& (0, U1 + A(Uyp) 0xU1 + DA(Uy) (Uy) 0xUp) + O(&7),

where D A(Up) denotes the total differential of A at Uy mapping from Q c R™ to R™*™,
Applying this differential to U; and taking the product with 9, Uy a vector is obtained with
k-th component given by

(DAUO)(U) 3:U0)* = 3" " dear; (Uo)U{ .U}
j=1¢=1

Employing the expansion (24) in (17) we note that

DT = [ ) axj(W0)aU]+ " dran (Un)Uf .U dy+Q*[Un. U1, 0] 20
S| =1

for a remainder term Q¥ that accounts for the discontinuities in (17) and satisfies 0, Q* [Uy,
Uy, ®] = 0 as it is independent of the spatial variable x. Consequently 0, DT [Up][U,] =
A(Uyp) 0,U; + DA(Uy) (Uy) 05Uy and therefore due to the second equation of system (21)
it holds

A(Up) 0xUy + DA(Up)(Uy) 05Uy = 0x (V1 + 6;Vo + A, Up) . 27

Using the second equation of system (20) we obtain

O, V¥ = /x i
o

for component k, where the remainder term accounts for the temporal derivative of the term
in (17) accounting for the discontinuities in Up. This remainder term is again independent
of the spatial variable x and thus satisfies 9, R* [Uy, @] = 0. Noting that due to (23) it holds
0:Up = —A(Uy) 9, Uy we deduce using both the product and the chain rule

aij (Uo)d, 0. U3 + 0xU3 > parj(Uo)d,Uf | dx + R¥[Up, @] (28)
=1

0x0:Vo = A(U0)0;0xUp + DA(Up)(6,Up)dx Uy
= —A(Uo)0x(A(U0)0xUp) — DA(Up)(A(Up)0xUp)9xUp
= —A(Up)0x(A(Up)0xUp) — 9x(A(Up))A(Up)9xUp
+ 05 (A(U0)) A(Up)dxUg — DA(Uo) (A(Up)dxU0) 3x Uy (29

= =0, (A(U0)*0:(Uy) ) + DA(U0) (8:Uo) (A(Up)3:Ui)
— DA(Up) (A(Up)9xUp)xUp.
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Simple algebra reveals that the latter difference can be written using a linear operator
M (Uy) : R™ — R™*™ that is independent of the derivatives of Uy such that

M (Up)(0xUp)0xUy = DA(Up)(9xUp)(A(Up)0xUp) — DA(Uo) (A(Up)0xUp)dxUp (30)
with components given by
(M (Uo)(8:U0)0xU0)* = 3" " 3" 0.Usd Ul ari (Vo) (djaxe (Uo) = drar(Up)) . (31)
i=1 j=1 ¢=1
Substituting now (27) and (29) in (25) we conclude
atU + A(U)axU = atUo + A(UQ)@XU() + e (&U] + (3XV1)
+& (Aﬁ%Uo + GXE),VO) + 0(82) (32)

= 60 (A= A(U0))0,Us ) + £M (Uo) (0.:Up) .Uy + O(e2),

where we have used (23) and the first equation in system (21). Using a suitable expansion
of the linear operator M (U) we infer

0x (A= AUOU) + M(U)(0:0)0,U = b (A = AU xLo)
+ M (Uo) (0xUo)0xUp + O(&),

(33)

which gives rise to the first order expansion that is summarized in the following theorem.

Theorem 3.1 (First order expansion). Suppose that system (1) is hyperbolic and for a fixed
family of paths ® let (U,V) € L*¥(R* x R)?*" n BV(R* x R)*" be a weak solution of
(13) that can be asymptotically expanded as in (14). Then, up to terms of order &2, the
relaxation state U is a weak solution of the equation

8,U + A(U)d,U = £0, ((A - A(U)Z)axU) +eM(U)(8,U)8,U, (34)

where M(U)(0,U)0,U is component-wise given by (31). In particular, as € — 0 the
relaxation state U solves the nonconservative system (1) in the weak sense.

The first order expansion (34) allows for a conclusion about the stability of the relaxation
system.

Remark 3.2 (Subcharacteristic condition). We assume that the elliptic terms are dominant
and thus neglect the role of M(U)(0,U)0xU, which only includes first order derivatives of
the state U, in the stability analysis of (34). Then it is, however, necessary that

A—-A(U)? >0, (35)

i.e., the matrix A — A(U)? should be positive semi-definite, for all U € Q to prevent anti-
dissipative behavior of the relaxation system (13). This requirement is consistent with the
subcharacteristic condition proposed in [39] for the relaxation system from [35] in case of
the conservative system (2).

In practice, the following proposition helps to find a suitable matrix A.



Proposition 3.3. Suppose that system (1) is hyperbolic and denote by
A (U) <AU0) <+ < 2,(U)
the eigenvalues of A(U). Let further u refer to the squared maximal spectral radius, i.e.,
u =max{1,(U)% 1, (U)*: U € Q}.
Then A = ul satisfies the subcharacteristic condition (35).

Proof. Clearly, an eigenvector vy of A(U) corresponding to the eigenvalue A (U) is an
eigenvalue of I —A(U)? corresponding to the eigenvalue p—Ay (U)2. Thus by the definition
of u the matrix A — A(U)? has m distinct nonnegative eigenvalues for all U € Q. O

We close the asymptotic analysis with a remark on the term (30).

Remark 3.4. If problem (1) can be written in conservative form (2) it holds M(U) = 0.

Proof. In the conservative case it holds A = DF for a smooth vector-valued flux function
F, thus we have djar, = 00, F k= 0¢0; F k= dray ; and the statements follows from the
formulation (31). O

3.2 The relaxation scheme

Combining the first order upwind discretization with an implicit-explicit time discretiza-
tion a scheme for the relaxation system (13) is obtained. As (13) is a conservative system
with nonlinear source term we can proceed in analogy to [34], where a relaxation system for
the conservative case was studied. As in Section 2.2 we consider a discretization of the real
line into uniform mesh cells I; = (x;_1/2,x4+1/2) of width Ax with origin located at the cell
interface x_1/». Furthermore, the time line is partitioned into the instances ¢* = 3} _; At"
for some time increments At" > 0, which for brevity we assume uniform and denote by A¢
throughout this section. Let U and V" denote a piecewise constant numerical solution of
system (13) in terms of cell averages at time " and U ]" and VJT’ the corresponding averages
in cell 1;. The scheme admits the conservative form

At
+1 _

Uit = Uf = 5 (Flap = Flap) 6

At At
1 1 1
Vit =V = 2 (G = Ghn) + o (mom - vi!)
for j € Z with the numerical fluxes
1 1
Fiin =3 Vi V) - 3VAW) UL, .

1 1
Gl = F AU} +U}) - Ex/K(v]’.l -V,
By VA we denote the diagonal matrix with positive entries yA; fori = 1,..., m. The term
T;[U"] discretizes the integral in (13) and to account for discontinuities in the approximate
solution makes use of the distributional form (5) relying on a family of paths, i.e.,

1
10" = (AW 00" o) = Y, [ A ULL UNA(s: UL, UD) ds.
~4 Jo
I<j
(38)
In (38) we use the notation x; for the center of the cell /;, 1 for the indicator function
and we note that only the singular constituents of the distribution at the cell interfaces are

considered as the approximate solution U" is constant in between.
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3.3 The relaxed scheme

In this section, using asymptotic analysis we consider the relaxation limit of scheme (36).
The cell averages U 7 and VJ'? occuring in the schemes above depend on the relaxation rate
e. We assume that for all j and n they can be asymptotically expanded around the zero-
relaxation states U;.l’o and V]’.”0 for sufficiently small relaxation rates as

Uj = U;"O + SU;L’I +0(?),

n _ y/n,0 n,l 2
Vi=V. " +eV; +0(&%).

(39)

Combining the cell averages in the approximate solution U™ at time " we get the analogous
expansion U = U0 +cU™ ! +O(&?). We fix j € Z and then substitute the expansions (39)
into the second equation of (36). After Taylor expansion we obtain

At At At
yrlo (1 + _) v - = (6, - G0 ) + = (o)

J & J AX Jj=1/2 (40)
+AeDT; [U™ O (U] = AV 4+ O (e),
where the term G;." = G']1 01 P ((U 0 V” 0) (U" 0 V" 0)) denotes the numerical flux

equivalent to G j_y, in (37) at the zero- relaxatlon state and DT;[U™10] : (£2)™ — Qs
the Fréchet derivative of the operator (38) in U"*!-0 € (£*)™. We note that the following
expansion holds

1+§_1— =L 10, @1)
£ e+ At At &

and thus by multiplication in (40) we obtain

Vil = 1 [ 0] + O (e) (42)
for all n € Nj. Substituting now the asymptotic expansion (39) into the first equation
of (36) and taking into account (42) we obtain

yro _ o _ A (

; P (- )+0(a) (43)

j+1/2 j- 1/2

where the occurring numerical fluxes take the form

1 1
Fif =5 (VIS + V) = VAU - U, (44)

In the relaxation limit the O(&) terms in (42) and (43) vanish, which gives rise to the
relaxed scheme

At
1 .
U = Uy = o (o= Hy ) forall jeZ (45)
employing the numerical fluxes
1
H} yjp =5 ([ UM+ T U )——\/_(U"—U;l_l). (46)
In other words, the relaxed scheme reads
At At
U = Uf = = (T [U"] = T [U"]) + 5 VA (v, —2up+un,), @)

10



where we note that

1
TpalU"] =T [0 = [ A@( UL U0 U] . U) ds
0 .
1 (48)
+/ A(d>(s;Ur-‘,U;?H))(?sdb(s;U’-’,U;’H)ds.
0

Therefore, in the relaxation limit the nonlocality vanishes and an explicit local scheme is
obtained.

Proposition 3.5. The limit scheme (47) is ®-conservative for any family of paths ®.

Proof. Considering the terms (9) and setting
- L _1
D¥(UL.Ur) = 5 | A(®(s:UL, Up)ds®(s: UL, Ur) ds ¥ 5 VA(Ur = Ur)
0

we can rewrite scheme (47) in the form (8). Due to the second property in Definition 2.1
it holds 9;®(s;U,U) = 0 and therefore D¥(U,U) = 0. Also property (10) is easily
verified. O

Remark 3.6. Assuming that the parameter matrix in the relaxation system (13) has the

form A = Al and that At is such that ‘/Ajf’ = 1 the limit scheme (47) coincides with the

generalized Lax—Friedrichs scheme (12).

4 Coupling of nonconservative systems

In this section we consider two nonconservative systems on the negative and the positive
real half-axis, respectively:

U+A (U)o, U=0 in R*xR",

49
8,U+A(U)d,U=0 in R*xR*. “9)

We suppose that the state variable satisfies U(¢,x) € Q) for x < 0 and U(z,x) € Q, for
x > 0 for two open and convex subsets Q; c R™ and Q, c R™. In this setting the
matrix-valued functions A; : Q; — R™>*™i fori € {1,2} determine the system on the left
and the right half-axis, respectively. We assume that restricted to either side the system is
hyperbolic and that both U — U} is of compact support on the negative half-axis and U — U>
is of compact support on the positive half-axis for fixed U!, € Q; and i € {1,2}. At the
interface located at the origin the coupling condition

Yy (U(t,07),U(t,0") =0 fora.e. t >0 (50)

is imposed for a suitable mapping Wy : R™ x R™ — RP. The number of conditions
p € N depends here on the coupled systems at hand. Initial data for system (49) is given
by the vector-valued function U°(x) taking values in ; on the left and in Q, on the right
half axis such that at the interface it holds W, (U°(07), U°(0*)) = 0.
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argy T'[U](x1) argy T [U] (x2)
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Figure 1: The function argument of 7Y [U](x) for i € {1,2} and various choices of x and y in
an example case with a smooth scalar function U (gray line) representing the solution of (54)
at a fixed time instance. Note that for finite y a jump from U, or to U2 is taken into account.

4.1 Coupled relaxation system

In analogy to Section 3 we consider a relaxation system for the coupled problem (49).
To define suitable coupling conditions we use for any interval / C R the notation

U(t,x) ifxel
Ur(t,x) = {U} ifx¢glandx <O (51)
U2 ifx¢/landx >0

to refer to the truncated state variable. Given the family of paths @ we vary the direction
of integration and define for any y < x < 0 the non-local operator

T [U(1,)](x) = ([A1(U(y,0) (1, ") 0xU(y,0) (1, )]s L(—oox]) (52)
for the left half-axis and for any y > x > 0 the operator
T>Y[U(t,)](x) = =([A2(U0.y) (1, *) xU0,3) (1 )]@» L[x,00)) (53)

for the right half-axis as well as the notations T! := T'»=* and T? := T>*. For simplicity we
often neglect the arguments in the operators (52) and (53). Figure 1 visualizes the function
arguments of the operators (52) and (53) defined as arg, 7Y [U](x) = U(y,0)(*)|(=oo.x]
and argy; T>Y [U](x) == U (0,y) (*)|[x,00)- We introduce the relaxation system

oU+0,V=0 in R"xR\ {0},
1/ 4 ) _
ARINURIES (T [U] - v) in R*xR", (54)
1
GV +Nad,U = = (TZ[U] - v) in R*xR*

governing the relaxation state U and the auxiliary variable V both depending on the re-
laxation rate € > 0. We introduce the vector Q = (U, V) combining the two variables.
By A; and A, we refer to diagonal matrices with positive entries that, as discussed in
Proposition 3.2, satisfy subcharacteristic conditions for stability, i.e.,

A —Aj(U)?>0 forallU e Q; (55)
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and i = 1,2. At the interface we consider a mapping Wp : R?™ x R?"™ — RY for g € N
and impose the relaxation coupling condition

Po(Q(,07),0(,07)) =0, (56)

which closes the coupled PDE problem. The initial data for the coupled relaxation system
is adapted from the original initial data setting Q° = (U°, V), so that

Vo) =T"[U°] (x) ifx<0, VOx)=T*[U°](x) ifx>0 (57)

and compatibility of the initial data Q° with the coupling condition (56) is given. Clearly,
as we restrict system (54) to either the left or the right half-axis it satisfies the limit property,
see Theorem 3.1. To study the relaxation limit at the interface we follow our framework
in [30] for conservative systems. An asymptotic expansion at the interface motivates the
following notion of consistency.

Definition 4.1. The coupled relaxation system (54) is consistent with the nonconservative
coupled system (49) iff for a. e. t > 0 the corresponding coupling conditions (56) and (50)
satisfy

_ : U(t,07) ) ( U(t,0%) ))
Yy (U(,07),U(,0Y)) =0 iff W > =0. (58
U( ( ) ( )) ﬁ (0] ((TI[U(Z‘, )](0 ) TZ[U(I, )](0+) ( )
Remark 4.1. Our approach allows for a generalized notion of the coupling conditions (50)
and (64): defining the two functionals

Sl . LOO(R—)ml N CO(R_)ml, SZ . LOO(R+)m2 N CO(R+)m2
we can consider the coupling condition
Yo (S'[U(1,)]1(07), S[U(2,)](0%)) = 0. (59)

In this setting, S' and S* depend only on U restricted to the left and right half-axis,
respectively. We can analogously consider coupling conditions of the type

Yo (S'[Q(1,)1(07), 8[Q(1,)1(0)) =0, (60)

where in the definition of the functionals S' and §? the number of components is doubled
compared to S Uand S%. In fact, the case S - 7l07 2 — T2 is discussed below.

Remark 4.2. The operator (52) satisfies for any x < O the property

T'U](y) + T [U)(x) = T'[U](x)

1
:/ A1(<I>(s;Ucll,U(y)))a,lb(s;Ué,U(y)) ds forae y<x
0
and the operator (53) for any x > 0 the property

TV [U](x) + T*[U](y) — T*[U](x)

1
= —/ Ar(D(s;U(y), Uﬁ))f)s(l)(s; U(y), Ufl) ds fora.e. y > x.
0

Therefore, we obtain in the limit

1
lim [ A U, U(6)))0s®(s: Uy, U(6)) ds — T'[U](8) + T' [U] (x),
xJo
1
lim — | Ax(@(5:U(9), Ua))os®(s;U(6), Uy) ds = T*[U](6) + T*[U] (x),
x Jo
which both simplify to a single (signed) path integral if U is continuous in x. In the following
the latter expressions are referred to by T'*[U](x) and T>*[U](x), respectively.
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4.2 (Half-) Riemann solvers for linear problems

A Riemann solver (RS) for system (54) identifies suitable boundary/coupling data
that solves the two half-Riemann problems at the interface, see [25], and satisfies the
relaxation coupling condition (56). As (54) is a linear first order system, it has a simple
eigenvalue/eigenvector structure. Therefore, the solution does not require to compute
(nonlinear) Lax-curves, but is directly given within a linear subspace. Those spaces are
introduced below:

* —1v-
L7(Qp) = {(UO _vi;‘\/g)— = ) eR¥ ¥ € le} (61a)

comprises all states that connect to Qg = (U, V() by Lax-curves with negative speeds.
Similarly, the space

+ Y . U*+(\/A_2)_12+ 2my . v+ my
L(QO).—{( 0 V5+2+ )ER X7 eR (61b)

contains all states connecting to Qj by Lax-curves with positive speeds. Note that both
spaces are linear in the parametrization X*, respectively. This is the major advantage also
from a numerical point of view compared to the original nonconservative problem, where
such a characterization does not exist.

Suppose that we are given discrete piecewise constant data next to the coupling interface
from a numerical scheme. This so-called trace-data is denoted Oy = (U, V) left
from the interface and Qf = (Uj, V{y) right from the interface, respectively. The sought
boundary/coupling data is referred to by the notation Qr = (Ug, Vr) in case of the left
half-axis and by Q; = (Ur, V) in case of the right half-axis. The data Qg and Q. solve
the half-Riemann problems at the interface iff the conditions

Or€L(Q)) and  Qr€L'(Qp) (62)
hold. A RS for the relaxation system (54) and coupling condition (56) is a mapping
RS : R IO (05, 0F) v (Qr, OL) (63)
that assigns coupling data satisfying both (62) and the coupling condition

Yo (Qr,01) =0. (64)

We refer to [30] for a discussion of the well-posedness of those linear coupling problem
given by (62) and (64) and note that in case of multiple solutions additional problem specific
criteria are required to define a suitable RS.

Let U(t, -) be the first component of a piecewise constant solution to (54) at the time ¢
with trace data U, and U left and right from the interface and assigned coupling data Ug
and Up. Then the coupling states of V in the relaxation limit required for consistency in
Definition 4.1 take the form

1

T'U](07) = T'[U](-9) + / AY(D(s;Uy, UR))Is®(s; Uy, Ug) ds,  (65)
0
1

T2[U](0") = T°[U](6) - /0 Ax(®(s: UL, U2))3,®(s: UL, US) ds 66)

for small 6 > 0 such that U(t, -6) = U and U(t, —6) = U;. The vectors T'[U](-6) and
T?[U](6) constitute the trace data for the auxiliary variable V in the relaxation limit.
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4.2.1 Path conservative Kirchhoff conditions

As an example we discuss a RS for path conservative Kirchhoff conditions in the case
my = my, which we define such that the coupling function complementing system (49) is
given by

Yy =17 (U0 - T [U](0). 67)

The occurring limits are taken with respect to the integration parameter x in the operator
introduced in Remark 4.2, i.e.,

07 [U](07) = lim T [U(x), T [U](0%) = lim T>*[U](x).

We consider the corresponding relaxation system (54) and employ Remark 4.2 to derive
the conditions

T [U](07) = 7> [U](0%), (68)

1
)}1}% gl}nx V(x)—V(6)+/0 A(®(s; UL U(6)))d,®(s: UL, U(6)) ds

1
—1; : _ _ . 2 . 2
~ limlim V() V(o) /0 As(@(5;U(8), U2)3,D(s; U(8), UD) ds (69)

determining the coupling function W¢ so that the coupled relaxation system is consistent
with the nonconservative coupled system.

In the following we construct a RS for the relaxation system (54) with coupling con-
ditions (68) and (69). To this end we need to find the coupling data Ug, Ur, Vg, Vi for
given trace data U;, U and V; and V;j. The piecewise constant information next to the
boundary allows for an interpretation of (69) in terms of trace and boundary data motivating
the definition of the quantities

1
Vg = Ve =V, + P1(Uy), Pi(Uy) = /0 AL(@(s; UL, Uy))as@(s; UL, Uy ) ds,
(70)
1
Vi =V =V = P2 (Uy), Py(Uy) = / A (D(s; U7, U2))ds@(s; Uy, U2) ds,
0
(71)

of which VR and VL are discrete representations of the left- and right-hand side of (68).
Employing the parametrization (61) as well as the identities (65) and (66) we obtain for (68)
and (69) the system

Pl(Uo_) +2X = —Pz(Ug) +37, (72)
1
Pi(Uy) +/O AN(®(s; Uy, Uy = (VA IZ7)8@(s5: Uy, Uy — (VA1) TI=7) ds
1
= P (U}) - /0 Ay (O(s; UF + (VA2) 714, UD) 0@ (53 UG + (VA) 714, UY) ds.
(73)

Any solution of this system for (X7, X*%) determines suitable coupling data after using the
parametrization (62) again. Provided, a solution to (72) and (73) exists a RS is defined
specifying a suitable solution for the application at hand.
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Ur U, )\
o ((vR[UJ) ’ (VL[UJ)) =0
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X_5/2 I X_3/2 = X_1/2=0 Io X1/2 I X372

Figure 2: The coupled non-conservative system as limit of the coupled relaxation system with
consistent coupling condition on the discretized real line. The coupling data Vi and V;, are
obtained from the numerical solution on the respective half-axis by (65) and (66).

Remark 4.3. Suppose that the two systems in (49) are conservative so that A\ = DF;(U)
and Ay = DF,(U). If F{(U)) = F,(U?) it is easy to verify that given (67) the condi-
tion Wy = 0 is equivalent to the classical form of the Kirchhoff condition Fi(U(07)) =
F>(U(0%)). Otherwise the classical Kirchhoff condition is equivalent to the modified
condition

TR [U1(07) + Fi(U}) = T [U1(0) + F>(UD), (74)

for which the RS above can be adapted by adding Fy(U)) to the left-hand sides and F*(U?)
to the right-hand sides of (72) and (73).

Remark 4.4. While the coupling function
¥y, = T2 [U1(0") - T'[U](07)

also leads to a coupling condition that under the assumption F1 (U}) = Fy(U?) is equivalent
to the classical Kirchhoff condition in the conservative case, this choice leads to a non-local
RS for nonconservative systems causing artifacts even in case of a constant solution at the
interface.

4.3 The relaxed scheme for coupled problems

Combining a RS for the coupled relaxation system with the limit scheme derived
in Section 3.3 we derive a new fully-discrete scheme for the coupled nonconservative
system (49). We consider a relaxation system with coupling function Wo consistent to
the coupled problem and assume that a well-defined and continuously differentiable RS
corresponding to Wy is given. We adapt the discretization introduced in Section 3.2 and
impose the coupling interface between the mesh cells /_; and I as indicated in Figure 2.
Moreover, we introduce the discrete forms of the operators 7' and T2 for j € Z as

1
Ti[U"] =T'[U")(x)) = Z/O AL(@(s; UM |, UM)OsD(s; UM |, UM ds, (75)

i<j

1
T [U"] = T*[U"](x;) =—Z/O Ap(D(s; UM |, UM)AD(s; UM |, UM ds.  (76)

i>]

Following the limit procedure in Section 3.3 and making use of the smoothness of the
RS the limit scheme for the coupled problem is derived. We also refer to [30], where the
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detailed computation is given for the conservative case. Adapting the common form (8) we
end up with the scheme

At _ .
Ut = Uy - = (D1, + D ) forallj e Z (77
where for j € Z\ {0}, i.e., away from the coupling, the interface contributions are given by
_ 1/ : 1

DI, = (T;.[U"] -7 [U"]) =5V (U;? - U;.‘_l) (78)

withi =1if j <Oandi=2if j > 0. At the interface we have

1 1
Di’lJ}z:E(V;el_Th[Un])—E\//\l (Up-U"))., (79)
_ 1 1
D"y, =5 (11U = vi) + 3VAz (Ug - U7) (80)
for coupling data given by

RS((UL,. T (UM), (Ug. Tg (UM)) = ((Ug, V), (UL VE)). 81

We note that the variables Vg = Vg (U™, U(), V' = V;'(U" |, U[) depend only on the cell
averages of the state variable U.

Remark 4.5. As it holds
1
TJL.[U”] - TJ‘._I[U”] = ./o A,-(CD(s;U;.‘_l, U;‘))o’?sd)(s;U;?_l,U;’) ds

for both i = 1 and i = 2 the relaxed scheme does not require the evaluation of non-
local operators away from the interface. Also the direction of integration within T* is not
relevant when updating the numerical solution away from the interface. When imposing
path conservative Kirchhoff conditions the coupling data for the auxiliary variable can be
computed in terms of £~ = Vg — T_l1 [U"] and " = V! — TOZ[U”], see Section 4.2.1,
which avoids the computation of the sums (75) and (76) in practice.

Proposition 4.6. Let ® denote the reverse family of paths to @, i.e., &)(s;Ul,Uz) =
®(1 - s5;Uy, Uy) for s € [0,1]. Suppose that Ay = Ay =: A and the vectors U} and U? are
such that

1 1
/ A(D(s; Uy, UY))0s@(s; Uy, Uy ds + / A(D(s3 U2, U2)) 3, ®(s; U2, Us) ds
0 0
1
- / A(®(s; U1, U2))3®(s: Uy, Up) ds (82)
0

Jor any Uy € Q and U, € Q,. Suppose further that the coupling condition (67) is
imposed to system (49). Then scheme (77) is ®-conservative and identical to the uncoupled
scheme (47).

Proof. 1t is sufficient to show that the scheme is ®-conservative at the interface. Making

use of (70) and (71) we find that D"/, = §(Vg = P1(Up)) + 32~ and D"y, = =3 (Ve +
Py (Uy)) - %2* and therefore using (72) and (73) we obtain
_ 1 ~ ~ 1 _ 1 __
D"+ D"y = 5 (Ve = Vi) = 5 (P(Up) + Pa(UD) + 5 (27 = £°)

= =(P1(Uy) + P2(Up)).

As the last expression coincides with the left-hand side in (82) for U; = Uy and U = U(’)r
path consistency at the interface follows. O
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We note that Proposition 4.6 also holds in case of coupling conditions of the form (74).

Remark 4.7. In practice scheme (77) is used to compute numerical solutions on two
bounded domains connected at an interface and problem specific boundary data is required.
For this purpose suitable ghost data can be employed. Assuming a discretization by (77) for
j=-N,. — 1 this is realized by specifying the data U" %N+ and Uy,. In consistency
with the continuous zero-relaxation limit we assume then U;’ = Ul for j < -N -1 and
U ;l = U2 for j > N, respectively. Thus the discretized auxiliary variable is given as V;’ =0
forboth j < —N —1and j > N as well as

1
_(N+1)(U (N+1))_ _(N+1)[Un] :/0 Al((D(S;U;,UE(NH)))@S@(S;U;’Uil(NH))dS,
1
Vi(UR) =T [U"] :—/ Ar(D(s; U, U2))3s®(s; U, U2) ds.
0

To discuss conservation properties we proceed in analogy to the derivation in Section 3.3
and write scheme (77) in the form

e

Away from the interface the numerical fluxes are then given by

n+1 ,+ .
Ut U - = (H - HY ) forall j e Z, (83)

HYY = HY = (T‘ (UM +THU™) \/_(U" U,
for j € Z \ {0} and i chosen according to the sign of j. Given the coupling data (81) the
numerical fluxes at the interface take the form

B = (T-ll[U” + Vi) = V 1(Ug = UL,

H") = 5 (VE+Tg[U™]) - 5\/AZ(U{; -Uy).
Proposition 4.8. Suppose that m, = my and that the systems in (49) on both axes are
conservative so that A = DF|(U) and Ay = DF,(U). As in Remark 4.7 we consider two
discretized and coupled bounded domains.

(a) Suppose the coupling condition (67) is imposed. If additionally the flux functions
satisfy Fi(UL) = F>(U2) then scheme (77) is conservative at the interface, i.e.,
Hn - H}’L ,+

12 =~ Yoy
(b) Under the coupling condition (74) the scheme is conservative iff the boundary fluxes

satisfy

HyZ = H'N = FuUQ) = F2(U).
Proof. Due to (62) it holds H"7, 1 = V¢ and H”l‘;z V7, see also [31]. As in the

conservative case the coupling condition (67) implies Vg + F (U 611) =Vi+F (U?l) statement
(a) follows from the assumptions on the flux functions.

Let us denote the total mass of the numerical solution at time " by M" = 3} jV: U e
From (83) we obtain for the difference concerning two consecutive time instances

At At
+1 _ n,— n,+
M- M = Ax (H N-1/2 _HN—I/Z) Ax (H 1/2 H—l/z)'
Noting then that under the coupling condition (74) it holds H f’l P - H™ 2 /2 =Vi-Vg=
F1(U)) — F,(U2) statement (b) follows. O
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S Numerical experiments

In this section we present numerical experiments for the relaxed scheme in an uncoupled
and a coupled setting. The uncoupled experiment is conducted over a bounded interval
discretized over N cells with imposed homogeneous Neumann boundary conditions. In the
coupled case we discretize two bounded coupled intervals as described in Remark 4.7. The
parameter matrix A is chosen as u/ so that y provides a suitable bound over the squared
eigenvalues, see Proposition 3.3. We use segment paths in the numerical computation,
i.e., the family @ is such that ®(s; Wi, W,) = W + s(W, — W) for all Wi, W, € Q and
s € [0, 1]. The time increment is computed by the formula

Ax
At = CFL—. (84)
Vi
Details on the number of mesh cells and the Courant number used are provided in the
individual experiment descriptions. The employed computer programs are implemented in
the Julia programming language [7].

5.1 Two-layer shallow water system

To study the behavior of the uncoupled relaxation scheme (36) in the relaxation limit
we use the two-layer shallow water system as an example of a nonconservative system. The
model governs the flow of two superimposed layers of fluids over a flat bottom topography
in a one-dimensional channel [15]. It can be stated in the form (1) with state vector and
system matrix given by

P 0 1 0
1 2 2 2
v=|7 AU Threm e sho 0 85
2 2
92 rghs 0 —% +gh Zhizz
2 2

The variables h; and g; denote the height and the mass flow of the upper and the lower
layer represented by the index i € {1,2}. Both layers are assumed to have constant density
p; and r = p/p, represents their ratio, which we set to 0.9. Furthermore, g = 9.81 refers
to the gravitational constant. We note that it is due to the entries a3(U) and a14(U) within
A(U), which relate the two layers, that the system is non-conservative. The spectral radius
of the matrix A(U) for our choice of r is approximately given by

p(AU)) ~ % + g U + ). (86)

We consider an experiment from [17] modeling an internal dam break. The initial
conditions in this case are

02 ifx<0
1.8 ifx>0

1.8 ifx<0

0 _
’ hz(x)_{o.z ifx>0 (87)

q)=43=0,  h(x)= {
and the considered spatial domain is (=5,5). In view of (86) and the initial data we
choose ¢ = 25 in the CFL condition (84). The path integrals occurring in the schemes are
approximated using the five point Gauss—Lobatto quadrature. Figure 3 shows numerical
solutions for the relaxation scheme (36) and the limit scheme (47) on 4000 mesh cells in
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Figure 3: Height of the second layer 4, in the internal dam break experiment over the com-
putational domain in various computations using the relaxation (colored lines) and the relaxed
scheme (black lines). The first layer is given by #; = 2 — h;. As the relaxation rate decreases
the numerical results of the relaxation scheme approach the ones of the relaxed scheme.

Table 1: Errors and EOCs with respect to the relaxation rate (left) and the number of mesh cells
(right) for the two-layer shallow water system.

P Ereln, EOC  Ere,n, EOC N  Enn, EOC  En.n, EOC
277 1.66x 107! 1.58 x 107! 500 4.55x 1072 4.25x 1072

278 8.80x1072 092 834x1072 092 1000 2.39%x 1072 093 223x107%2 0.93
279 452x1072 096 4.28x1072  0.96 2000 1.21x1072 098 1.12x1072  0.99
27100 228%x1072 098 2.16x 1072  0.99 4000 6.15x 1073 098 5.69x1073 098
2711 1.15%x 1072 099  1.08x 1072  0.99 8000 3.07x1072 099 2.83x1073 1.00

terms of height of the second layer 4, for Courant number CFL = 0.9. While for larger
¢ the relaxation scheme predicts a straight interface between the two fluids the interface
becomes more detailed as & decreases clearly approaching the prediction of the relaxed
scheme as € — 0.

At the time instance ¢ = 0.33 we consider the relaxation error Ey,p, that compares for
various relaxation rates the numerical solution of the relaxation scheme with the one of the
relaxed scheme in terms of the variable /; both over 4000 mesh cells in the L' norm. The
numerical solutions used in the error computations have been computed using the reduced
Courant number CFL = 0.1 and smooth initial data, in which hg(x) =02+ %

and h(l) (x)=2- h(l) (x) replace the discontinuous profile in (87). Table 1 shows a decrease
of this error with & regarding both components 4; and h;. The experimental order of
convergence (EOC?!) also provided in the table suggest first order convergence with respect
to the relaxation rate. Using the numerical results we also present a grid convergence study
with respect to the spatial error of the relaxed scheme and the variable A; that we denote by
En.p,; in Table 1. Again the error is considered with respect to the L' norm at time instance
t = 0.33 and the results indicate first order convergence.

5.2 Coupled blood flow model

In this section we apply our coupling approach to a model of blood flow through
the human arterial system. While this process can be modeled in great detail using
three dimensional fluid structure interaction models based on the Navier—Stokes equations
reduced lumped parameter models on one-dimensional networks can accurately describe
the interaction between pressure waves and the vessel geometry with reduced computational

1The EOC is computed by the formula EOC = log,(E|/E;) with E; and E, denoting the error in two
consecutive lines of the table.
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cost, see e.g. [43,44] for details on the models. We consider such a reduced model studied
in [26] given by the system

0ra+ 0y (au) =0,

88
Au+ a — Dudyu + (@ — Duldea + p~'0ypi :—KRZ, (88)

where the state variables a and u represent the section area and the axial velocity, respec-
tively. The parameter K is used to model the viscosity of blood and is chosen as 87 x 10™#
and p refers to the blood density, which we set to 1 for simplicity. We further assume that
the pressure of the system is given by

_ Eihovr
==

pi = Bi (Va —+ag), Bi

with a( denoting the reference area of the vessel, i the thickness of the vessel wall and E;
the Young modulus corresponding to the elasticity of the vessel. We consider the blood flow
through two connecting vessels for which the Young modulus and therefore the pressure
function differ, which we realize by applying the coupling approach developed in Section 4.

Model (88) can be written as a nonconservative system of the form (1) with an additional
source term, so that state vector and system matrix are given by

a

u
2 Bi .
(a—1Du + 5ova Qa-1Du

U= (Z) . AU = (89)

The Coriolis coefficient @ plays an important role: when taking @ = 1 as proposed in [47]
system (88) becomes conservative and can be written as a balance law with flux function
F;(U) = (au, %(20[ — Du?+ p~'p;)T. In fact, coupling conditions that are used to model
connecting, branching and merging vessles in model (88) are mostly motivated from the
conservative case a = 1, cf. [26].

In our numerical experiment we couple model (88) by considering (89) in the coupled
setting (49) (additionally considering the corresponding source terms). At the interface
we impose the path-conservative Kirchhoff condition (67) and note that in the case @ = 1
this choice coincides with the common coupling strategy in the literature, where equality
of the flow rates and the total pressure is imposed at the interface [44]. For the vessel
properties we choose the parameters ag = 5, hg = 0.05 and assume that the right vessel
is more elastic than the right vessel by taking £; = 0.5 and E; = 0.1. The experiment
can be compared to blood flow from an artificial graft from a vascular bypass to a vein in
the vasulature. While we impose homogeneous Neumann boundary conditions at the right
boundary we simulate a heart by prescribing the time dependent boundary pressure profile
Py(t) = Posin(5(t - %)) for Py = 2 x 1073 at the left boundary. Corresponding boundary
data in terms of the state variables is then obtained by extrapolation of the outgoing Riemann
invariant of the conservative system, see [27] for details. As initial data we take ag = 5
and uo = 0. For the design of the RS at the interface we take U, 61, = UZ = (5,0)T. To solve
the nonlinear system given by (72) and (73) Newton’s method is used with starting point
¥~ =X* = (. A visualization of the root functions in various relevant cases has indicated
uniqueness of the numerically obtained root. We rely on the explicit computation of the
path integral in Appendix A instead of using a quadrature formula in the computations.

We present numerical solutions on 4000 mesh cells in Figure 4. The computations
have been obtained by the relaxed scheme (77) using the parameter ¢ = 0.16 and Courant
number CFL = 0.9 in (84). Results in terms of flow rate Q = au, pressure and section
area are shown under the assumption of Poiseuille flow (& = 4/3) and in the conservative
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Figure 4: Numerical solutions for the coupled blood flow model in the nonconservative (o =
4/3) and the conservative (@ = 1) case showing flow rate Q, pressure p and section area a at
three time instances over the computational domain with coupling interface at x = 0, where two
blood vessels with different elasticity connect.

case (@ = 1). As the pulses propagate from the first to the second vessel the variation with
respect to the pressure significantly decreases while variations from the reference section
area increase, which also results in an increase of the flow rate. Notably, both flow rate
and pressure stay continuous at the interface, whereas a jump in the section area occurs. In
case of Poiseuville flow the pressure waves exhibit slightly lower magnitudes and slightly
faster velocities when compared to the conservative case. We note that further numerical
tests, in which we varied the family of paths and the truncation states U} and U2, have not
lead to qualitatively different numerical solutions.

Since in the continuous case the terms 7" [U](07) and T2 [U](0") are each given

Table 2: Mesh convergence of the coupling errors with respect to (90) and the L' errors for the
coupled blood flow model (88). N denotes the number of mesh cells per coupled domain.

N Ey, EOC Ey, EOC Ey, EOC En, EOC

500 1.46x1073 2.12%x 107 1.37 x 107! 1.83¢ — 03
1000 7.88x107* 089 1.11x107° 093 837x1072 071 1.17x1073 0.65
2000 4.09x107* 095 559x10° 099 458x1072 087 6.79%x107* 0.78
4000 2.09%x107* 097 270x10°% 1.05 239x1072 094 3.73x107* 0.87
8000 1.05x10™* 098 1.22x107° 1.15 1.22x1072 097 1.97x10™* 0.92
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by a single path integral, coupling condition (74) implies

1
/ A (@(s; UL, U(07))8,®(s; UL, U(07)) ds
’ | (90)
+ / Ax(@(s: U(07), U2))3,®(s: U(0%), U2) ds = 0
0

for a. e. t+ > 0. We consider the left-hand side of (90) and let Ey ; and Ey > denote
the absolute values of its two components at time instance ¢ = 12. In Table 2 we present
the behavior of these coupling errors under mesh refinement in the above experiment for
a = 4/3. To reduce the effect of temporal errors very small time increments (by imposing
Courant number CFL = 0.02) have been used in the computation of the numerical solutions.
The coupling errors significantly decrease as the mesh is refined and the computed EOCs
indicate a convergence linear in the mesh width. In the same table we present the L' errors
of the full numerical solution with respect to both system components at the same time
instance, which we denote by Exn 1 and En 2. Again, the EOCs indicate convergence of
first order for these errors.

6 Conclusion

We have introduced a new relaxation approach for coupled nonconservative hyperbolic
systems relying on the framework in [24]. The system relaxes towards a nonlocal Borel-
measure of the solution, which depends on a chosen path family. The asymptotic expansion
in Theorem 3.1 verifies the correct relaxation limit and motivates a stability condition
in line with the subcharacteristic condition necessary for well-posedness of relaxation of
conservative systems. Discretizing the relaxation system by an implicit-explicit asymptotic-
preserving scheme, we have recovered the path-conservative Lax—Friedrich scheme in the
relaxation limit. A numerical experiment considering the two-layer shallow water system
indicates first order of convergence of the relaxation scheme to the limit scheme with respect
to the relaxation rate.

The relaxation system has allowed us to generalize the approach from [30] to couple
two nonconservative systems. The direction of integration indicating the support of the
Borel measure plays a crucial role in the formulation of the coupling problem. We propose
to integrate towards the coupling interface, which allows for a notion of (linear) Riemann
solvers consistent with the conservative case. Consistency at the interface with the relax-
ation approach requires a coupling condition in terms of the nonlocal Borel-measure. To
handle local coupling conditions we propose an approach based on truncation within the
operators (52) and (53). In this way we introduce path-conservative Kirchhoff conditions,
for which we provide a fully discrete scheme. We present an application to a model of
blood flow in the vasculature, where our approach leads to new coupling conditions for the
nonconservative case.
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A Path integrals for the blood flow model

Let A; be given by (89) and @ denote the family of segment paths. We take a generic
path ¢(s) = ®(s;Uj, U,) with components ¢ and ¢5, where U; = (ay,u;)T and U, =
(az,uz)T. Then the path integral

1
/0 Ai(6(5))856(s) ds

is given by

1 1 up ¢/1 ar ¢2
/ ¢2(S)ds¢;+/ ¢1(S)ds¢'2=/ udu—,+/ ada =2
0 0 ui ¢2 a ¢1

= % ((u2 +uy)(az —ay) + (az +ar)(uz —uy))

in the first component and by

1 1 _ 1
2(a—1)/ ¢2(s)ds¢’1+/ Lds¢’l+(2af—l)/ $o(s) ds ¢,
0 2pye1(s)

=2(a-1) udu—2+/al p\/_da+(2a/—l)/

_2a-l) ><ug a2y ;wa—— van + 22k - )

3

in the second component.
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