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Abstract
In recent years, Physics-Informed Neural Networks (PINNs) have emerged as a
promising method for solving partial differential equations (PDEs) in a vari-
ety of fields. To this end, an artificial neural network is used to approximate
the unknown variables while the differential equation is embedded in the loss
function to penalize the network’s output. The present contribution focuses on
the application of PINNs and its derivatives in the field of solid mechanics. We
formulate the PINN framework by incorporating the strong form of the corre-
sponding PDEs alongside initial and boundary conditions into the loss function
of the neural network. The loss function poses as a residual, effectively construct-
ing a minimization problem to solve the PDEs. The nature of the residual is
further reformulated into the variations (weak) form by applying test functions
and integration by parts. This extension leads to Variational Physics-Informed
Neural Networks (VPINNs), which impose a lower stringency on the solution.
We demonstrate the performance of PINNs and VPINNs on a numerical solid
mechanics problem.

1 INTRODUCTION

Solving partial differential equations (PDEs) that describe physical phenomena is an enduring topic in various fields,
including solidmechanics. Besides the establishedmethods, for example, finite element analysis, wemay also use artificial
neural networks to approximate the solution of the PDEs.Using neural networks over traditionalmethods canhave several
advantages, for example in ill-posed problems, inverse modelling, that is discovering system parameter from data, and
problems with high dimensionality. Classical methods still have limitations in these areas [1, 2]. Traditionally, the NNs
require a large amount of expensive training data, which might not always be available.
An alternative machine learning approach are Physics-Informed Neural Networks (PINNs). They incorporate the gov-

erning equations into the loss function of the network, thus eliminating the need of data to learn the underlying physics
[3]. PINNs have been used to model both forward and inverse problems in a variety of fields, such as fluid mechanics [4,
5], high-dimensional stochastic PDEs [6], optics [7] and solid mechanics [8]. PINNs typically incorporate the strong form
of the PDEs to penalize the networks output.
A different approach are so called Variational Physics-Informed Neural Networks (VPINNs), which employ the varia-

tional (weak) formulation of the PDEs in the loss function. VPINNs can be compared to a Petrov-Galerkinmethod where
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the neural network poses as the trial space while the test space is introduced as a suitable set of test functions [9]. The vari-
ational form is obtained by multiplying the strong form with the test function and integrating-by-parts. This framework
has several advantages over PINNs. The integration-by-parts reduces the order of the differential operator, thus requiring
a lower regularity of the solution [10]. Moreover, VPINNs can utilize domain decomposition and a varying number and
order of test functions, increasing the flexibility of the method [11].
In this work, both the PINN and VPINN frameworks are developed for two-dimensional plane-strain solid mechanics

problems. In Section 2, the strong loss function for PINNs is formulated to include the PDE, the constitutive equations, the
kinematics and the Dirichlet and Neumann boundary conditions. Following that, the weak loss function is derived step-
by-step, incorporating a suitable set of polynomial test functions and a numerical quadrature scheme. Section 3 evaluates
PINN and VPINN on a benchmark. The results of both frameworks are presented. Section 4 closes this contribution with
a conclusion.

2 METHOD

In this section, the PINN framework is first briefly introduced for the general case of solving PDEs, before the method
is applied to solving two-dimensional linear elasticity problems. The framework is then reformulated to VPINNs by
introducing test functions and integration by parts.

2.1 PINNs

The following nonhomogeneous linear PDE is considered

(𝑢) = 𝑓(𝑥), 𝑥 ∈ Ω, (1)

with the belonging Dirichlet and Neumann boundary conditions

𝑢(𝑥) = 𝐷(𝑥), 𝑥 ∈ Γ𝐷, (2)

𝐧 ⋅ ∇𝑢(𝑥) = 𝑁(𝑥), 𝑥 ∈ Γ𝑁. (3)

Herein, (⋅) denotes the differential operator; 𝑢 is the unknown field variable; 𝑓(𝑥) is a known function; Ω is the
domain; Γ𝐷 and Γ𝑁 are the Dirichlet and Neumann boundaries; 𝐧 is the outward facing unit normal vector; and 𝐷 and
𝑁 are the prescribed boundary values. An artificial neural network , parameterized by its weights𝐖 and biases 𝐛, is
introduced to approximate the solution of the differential equation:

𝑢̃(𝑥) =  (𝑥 ∣ 𝐖, 𝐛). (4)

In order to train the network, that is adjust its weights and biases in a way such that 𝑢̃(𝑥) ≈ 𝑢(𝑥), a loss function has to
be formulated. Therefore, a set of collocations points 𝑆𝐶𝑃{𝑥 ∣ 𝑥 ∈ Ω}, randomly generated over the domain, is introduced
and used as input to the neural network in the training process. The output 𝑢̃(𝑥) of Equation (4) is used to form a resid-
ual, which can be minimized by utilizing gradient descent algorithms. In order to ensure a well-posed problem, the loss
function additionally has to consider the boundary conditions. To that end, two additional sets of collocations points are
introduced on the Dirichlet and Neumann boundaries as 𝑆𝐷𝐶𝑃{𝑥 ∣ 𝑥 ∈ Γ𝐷} and 𝑆𝑁𝐶𝑃{𝑥 ∣ 𝑥 ∈ Γ𝑁}, respectively. The loss
functions, in its general form, can then be formulated to

 = |(𝑢̃(𝑥𝑖)) − 𝑓(𝑥𝑖)|𝑥𝑖
+
|||𝑢̃(𝑥𝑗

)
− 𝐷

(
𝑥𝑗

)|||𝑥𝑗

+ |𝐧 ⋅ ∇𝑢̃(𝑥𝑘) − 𝑁(𝑥𝑘)|𝑥𝑘
, (5)

where | ⋅ | denotes themean squared error (MSE) over 𝑥𝑖 ∈ 𝑆𝐶𝑃, 𝑥𝑗 ∈ 𝑆𝐷𝐶𝑃 and 𝑥𝑘 ∈ 𝑆𝑁𝐶𝑃, respectively [3].
For the application of this PINN framework to solve solid mechanics, the two-dimensional elastostatic equation along-

side a constitutive equation and kinematics are introduced as

∇𝝈 + 𝐟 = 𝟎, (6)
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𝝈 = 2𝜇𝝐 + 𝜆𝑡𝑟𝝐𝐈, (7)

𝝐 =
1

2

(
∇𝐮 + (∇𝐮)

⊤
)
, (8)

where 𝝈 denotes the stress tensor; 𝐟 is the body force; 𝝐 is the strain tensor; and 𝜇 and 𝜆 are the Lamé parameters. The
utilized method is shown in Figure 1. The input to the network are the spatial coordinates on the domain, 𝑥 and 𝑦. Dur-
ing training, these coordinates are the collocation points, a finite set of coordinates randomly generated using the Latin
Hypercube Sampling (LHS). Once the network is trained, the input can be any arbitrary point on the domain, meaning
the network not only learns the solution at discrete points on the domain, but a continuous function. The solution to the
PDE is 𝐮 = (𝑢, 𝑣). The network output is extended to predict the three stress components 𝜎𝑥𝑥, 𝜎𝑦𝑦 and 𝜎𝑥𝑦 besides the
displacement components 𝑢 and 𝑣. This mixed-variable formulation eliminates the need of a second order derivative of
𝐮, since the partial derivatives of 𝝈 can be used in the loss function instead. Otherwise, the partial derivatives of 𝐮 would
be needed in Equation (8) to calculate 𝝐, which is used to calculate 𝝈 via Equation (7) and then derived a second time.
Additionally, using the actual prediction of𝝈 and a calculation via the derivative of 𝐮, a coupling between the first two and
the last three outputs of the network can be achieved. It has been shown that the mixed-variable formulation improves
the prediction accuracy and trainability of the PINN [12].
The loss function of the network consists of four individual terms, where the influence of each term can be controlled

usingweighting factors 𝜏. The values of 𝜏 have a great influence on the convergence behaviour of the loss and the prediction
accuracy of the network. So far, there is no straightforward way of calculating them beforehand [12]. Usually, they are
determined by trial-and-error for each individual problem in practice. The loss functions for the PINN reads

PINN = eq + 𝜏𝑐 ⋅ 𝑐 + 𝜏bc ⋅ bc + 𝜏data ⋅ data, (9)

where 𝑒𝑞 is the loss attributed to the PDE itself; 𝑐 is the loss value of the constitutive equation; 𝑏𝑐 is the loss value of
the boundary conditions. Furthermore, supplementary training data can be considered with𝑑𝑎𝑡𝑎. This data is composed
of input-target-pairs and improves trainability and accuracy of the solution. The four individual loss terms are defined as

𝑒𝑞 =
|||𝜎𝑥𝑥,𝑥 + 𝜎𝑥𝑦,𝑦 + 𝑓𝑥

|||Ω +
|||𝜎𝑥𝑦,𝑥 + 𝜎𝑦𝑦,𝑦 + 𝑓𝑦

|||Ω, (10)

𝑐 =
|||(𝜆 + 2𝜇)𝜖𝑥𝑥 + 𝜆𝜖𝑦𝑦 − 𝜎𝑥𝑥

|||Ω +
|||(𝜆 + 2𝜇)𝜖𝑦𝑦 + 𝜆𝜖𝑥𝑥 − 𝜎𝑦𝑦

|||Ω +
|||2𝜇𝜖𝑥𝑦 − 𝜎𝑥𝑦

|||Ω, (11)

𝑏𝑐 = |𝐮 − 𝐷|Γ𝐷
+ |𝐧 ⋅ 𝝈 − 𝑁|Γ𝑁

, (12)

𝑑𝑎𝑡𝑎 = |𝑢 − 𝑢∗| + |𝑣 − 𝑣∗| + ||𝜎𝑥𝑥 − 𝜎∗
𝑥𝑥
|| + |||𝜎𝑦𝑦 − 𝜎∗

𝑦𝑦
||| + |||𝜎𝑥𝑦 − 𝜎∗

𝑥𝑦
|||. (13)

Herein, | ⋅ | denotes theMSE;𝐮 and𝝈 are the direct outputs of the network; the partial derivatives of 𝜎𝑖𝑗 are obtained via
automatic differentiation [13]; the values marked with an ∗ are given targets; and the strain components 𝜖𝑖𝑗 are calculated
with Equation (8). The loss function is minimized using a combination of two gradient descent optimization algorithms,
namely ADAM and L-BFGS-B.

F IGURE 1 For the solution of the two-dimensional elastostatic problems adopted PINN architecture. PINN, Physics-Informed Neural
Network.
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2.2 VPINNs

The basis of VPINNs is the variational or weak form of the PDE. To derive the weak form, the PDE introduced in
Equation (6) is multiplied with a test function and integrated over the whole domain

∫
Ω

(−∇ ⋅ 𝝈)
⊤
⋅ 𝝂 dΩ = ∫

Ω

𝐟⊤ ⋅ 𝝂 dΩ, (14)

where 𝝂 denotes a test function, such that 𝝂 = 0 on Γ𝐷 . The test function has to be a vector-valued function of the same
type as the primary unknown of the PDE. Equation (14) can further be reformulated by integrating-by-parts and applying
the divergence theorem to arrive at the following preliminary form

∫
Ω

𝝈(𝐮) ∶ 𝝐(𝝂) dΩ = ∫
Ω

𝐟⊤ ⋅ 𝝂 dΩ+∫
Γ𝑁

𝐭⊤ ⋅ 𝝂 d𝑆, (15)

where 𝐭 denotes the traction vector. By integrating-by-parts, the order of the differential operator on the primary unknown,
the displacements, is reduced by one, while the spatial derivative is placed on the test function instead. This reduction
lowers the imposed stringency on the solution. Additionally, a less complex formulation is obtained since only one spatial
derivative of 𝐮 is required [11].
The domainΩ is decomposed into elementsΩ𝑒 with 𝑒 = 1, 2, … , 𝐸. A suitable set of test functions has to be introduced.

In this work, localized, non-overlapping test functions are employed

𝝂𝑒
𝑛 =

{
𝝂𝑛 ≠ 0 on Ω𝑒

0 elsewhere.
(16)

Since the vector-valued test functions have to be of the same type as the primary unknown 𝐮 = (𝑢, 𝑣), they are intro-
duced as 𝝂𝑛 = (𝜈𝑢

𝑛, 𝜈
𝑣
𝑛). The same test functions are used for 𝑢 and 𝑣 in this work, therefore the superscript is omitted. The

element-wise test functions are defined as a combination of Legendre polynomials 𝑃𝑛 as follows

𝜈𝑛(𝑥, 𝑦) = (𝑃𝑛+1(𝑥) − 𝑃𝑛−1(𝑥)) ⋅ (𝑃𝑛+1(𝑦) − 𝑃𝑛−1(𝑦)), 𝑛 = 1, 2, … ,𝑁, (17)

where 𝑛 is the order of the Legendre polynomial and𝑁 is the total number of test functions. By combining the polynomials
of order (𝑛 + 1) with (𝑛 − 1), the test functions always vanish at the boundaries of the integration domain, fulfilling the
requirement set above, that is, 𝝂 = 0 on Γ𝐷 . The first three test functions are depicted in Figure 2.
In order to implement Equation (15) into a loss function, the integration has to be addressed. In this work, the Gauss-

Lobatto quadrature was employed as a numerical integration scheme. It utilizes the endpoints of the integration interval
as quadrature points, thus increasing the accuracy for functions with possible singularities near boundaries. The number
of quadrature points in 𝑥 and 𝑦 direction is set to be equal, 𝑃 = 𝑄. The belonging integration weights are denoted as 𝑤𝑝

and 𝑤𝑞. Finally, the loss function for VPINNs can be formulated, equivalent to Equation (9), as

VPINN = 
eq + 𝜏𝑐 ⋅ 𝑐 + 𝜏bc ⋅ bc + 𝜏data ⋅ data, (18)

F IGURE 2 The first three test functions generated by combinations of Legendre polynomials.
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where 𝑐, 𝑏𝑐 and 𝑑𝑎𝑡𝑎 are defined as in Equations (11)–(13); and the loss of the variational form is defined as the MSE
of a residual𝑒

𝑛, summed up over the total number of elements 𝐸 and test functions 𝑁


𝑒𝑞 =

𝐸∑
𝑒=1

1

𝑁

𝑁∑
𝑛=1

||𝑒
𝑛
||. (19)

The residual𝑒
𝑛 results fromEquation (15), which can be reformulated by introducing the test functions and the numer-

ical integration scheme. Since the defined test functions are zero on all boundaries, the last term, the traction integral,
vanishes. To ensure that the Neumann boundary conditions are fulfilled, they are enforced as in the PINN scheme with
Equation (12).

𝑒
𝑛 = ∫

Ω𝑒

𝝈(𝐮) ∶ 𝝐(𝝂) dΩ𝑒 −∫
Ω𝑒

𝐟 ⊤ ⋅ 𝝂 dΩ𝑒 −∫
Γ𝑒
𝑁

𝐭⊤ ⋅ 𝝂 d𝑆𝑒 (20)

=

𝑃∑
𝑝=1

𝑄∑
𝑞=1

𝑤𝑝𝑤𝑞

(
𝜎𝑥𝑥𝜈𝑥,𝑥 + 𝜎𝑥𝑦

(
𝜈𝑥,𝑦 + 𝜈𝑦,𝑥

)
+ 𝜎𝑦𝑦𝜈𝑦,𝑦 −

(
𝑓𝑥𝜈𝑥 + 𝑓𝑦𝜈𝑦

))
. (21)

Increasing the number of test functions 𝑁 simultaneously increases the highest occurring order of the polynomial.
This can be viewed as a 𝑝-refinement. Similarly, increasing the number of elements on the domain is equivalent to a ℎ-
refinement. The flexibility is further increased by the ability to specify the nature and number of test functions for each
element [11]. Similar to the PINN scheme, the network is trained using both the ADAM and the L-BFGS-B optimizers.

3 RESULTS

In order to demonstrate the performance of the PINN and VPINN frameworks, a benchmark is utilized. The elastic plane-
strain problem is given in Figure 3, with boundary conditions and body force in 𝑥 and 𝑦 direction. The belonging Lamé
parameters are set to 𝜆 = 1 and 𝜇 = 0.5 while the load factor is set to 𝑄 = 4. The analytical reference solution for the
displacements 𝑢 and 𝑣 is given in [8] as

𝑢𝑟𝑒𝑓(𝑥, 𝑦) = cos (2𝜋𝑥) sin (𝜋𝑦), 𝑣𝑟𝑒𝑓(𝑥, 𝑦) = sin (𝜋𝑥)𝑄𝑦4∕4. (22)

The neural networks itself are set up equally for both frameworks, with an architecture of 3 hidden layers with 20
neurons each, and the input and output layers with 2 and 5 neurons, respectively. The weighting factors for the individual
loss terms are set to 𝜏𝑐 = 1 and 𝜏𝑏𝑐 = 10, which has been found to produce adequate approximations. Since no input-target
pairs are used in training, 𝜏𝑑𝑎𝑡𝑎 is set to 0. An overview of the benchmark parameter can be found in Table 1.
The two frameworks both take a set of spatial coordinates as input in training. In the case of PINNs, the inputs are

the randomly sampled collocation points, whereas in VPINNs, quadrature points are utilized instead. In both cases, the

F IGURE 3 Benchmark with its physical domain and the boundary conditions (left) as well as the body forces (right) [8].
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TABLE 1 Parameters of PINN and VPINN frameworks.

General

Architecture [2 − 20 − 20 − 20 − 5]

Activation functions 𝑡𝑎𝑛ℎ

Iterations with ADAM 500
Iterations with L-BFGS-B 4500
Weighting factors 𝜏𝑐 = 1, 𝜏𝑏𝑐 = 10, 𝜏𝑑𝑎𝑡𝑎 = 0

Boundary collocation points 4 × 50

PINN
Domain collocation points 1600
VPINN
Elements 𝐸 = 10 × 10

Quadrature points 𝑄 = 𝑃 = 4

Test functions 𝑁 = 3

Abbreviations: PINNs, Physics-Informed Neural Networks; VPINNs, Variational Physics-
Informed Neural Networks.

same collocation points on the boundaries are used to enforce the Dirichlet andNeumann boundary conditions, that is, 50
collocation points on each boundary. The number of domain collocation points in PINNs is set to 1600. The total number
of quadrature points that pose as input to the VPINN is calculated bymultiplying the number of elementswith the number
of quadrature points per element. With the in Table 1 given parameters, a total number of 1600 quadrature points results.
The following results are averaged over 10 random network initializations, where the best and worst predictions are

ignored. Figure 4 shows the point-wise absolute error of the predictions of the two frameworks for𝑢 and 𝑣, compared to the

F IGURE 4 Pointwise absolute error of the predictions of PINN (top) and VPINN (bottom) for displacements 𝑢 and 𝑣 w.r.t. the analytical
solution. Both neural network approaches are in the same accuracy range for the studied benchmark problem. PINNs, Physics-Informed
Neural Networks; VPINNs, Variational Physics-Informed Neural Networks.
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RADIN et al. 7 of 8

F IGURE 5 MSE of PINN and VPINN over 5000 training iterations (left). PINN and VPINN show similar convergence behaviour.
Influence of the total number of quadrature points and element-wise quadrature points (QP𝑒) on the MSE after 5000 iterations (right).
Prediction accuracy increases with increasing number of quadrature points and it is more efficient to increase the number of elements rather
than the quadrature points. MSE, mean squared error; PINNs, Physics-Informed Neural Networks; VPINNs, Variational Physics-Informed
Neural Networks.

analytical solution, that is, |Δ𝑢𝑃𝐼𝑁𝑁| = |𝑢𝑃𝐼𝑁𝑁 − 𝑢𝑟𝑒𝑓|. Both PINN and VPINN demonstrate a satisfactory approximation
of the solution. The point-wise error is of the same order for both frameworks. This is thought to be because of the smooth
nature of the solution. The similar prediction behaviour can be observed in the progress of theMSE over the 5000 training
iterations as depicted on the left in Figure 5. The plot on the right demonstrates the influence of the total number of
quadrature points 𝑄𝑃𝑡𝑜𝑡𝑎𝑙 on the domain on the MSE. The overall trend indicates that a higher prediction accuracy can
be achieved the higher 𝑄𝑃𝑡𝑜𝑡𝑎𝑙 is. It is furthermore differentiated between three different numbers of quadrature points
per element 𝑄𝑃𝑒. The results demonstrate that it is more efficient to increase the number of elements 𝐸 rather than the
number of quadrature points 𝑄𝑃𝑒.

4 CONCLUSION

In this work, we introduced a PINN framework which incorporates the strong form of a PDE into its loss function in order
to learn the underlying physical behaviour of solidmechanics problems. By converting the PDE into its weak form, VPINN
framework was formulated. Both frameworks were evaluated on a benchmark system to demonstrate the performance.
The results showed high accuracy predictions with both networks. Since the solution is smooth, both frameworks show
similar performance. The extension to employ the weak form effectively reduced the order of the differential operator
on the displacement by one. Additionally, the flexibility of the method was increased in terms of an hp-refinement by
increasing the number of elements or test functions.
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