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Abstract

We study Skyrmions on the Sphere which arise as critical points of a magnetic en-
ergy involving only exchange energy and easy — normal anisotropy. Due to the curved
nature of the sphere, these two terms suffice to stabilize critical points against the scal-
ing invariance of the Dirichlet term. Furthermore, the normal anisotropy breaks the
invariance of this term under individual rotations of the domain and target sphere,
leaving only invariance under joint rotations. The goal of this thesis is to understand
the effect that this remaining invariance has on the symmetry of minimizers and critical
points.

First, we focus on axisymmetric Skyrmions on the sphere, which are themselves invariant
under joint rotations around a given axis. We use standard methods to show existence
and regularity of minimizers in this symmetry class and then exploit the symmetry to
study their shape in more detail. A fine analysis of the energy density and other energy
arguments lead to the proof of several properties. We also give some estimates for the
case of a high anisotropy parameter.

Secondly, we investigate the minimality of these Skyrmions in a broader class. We
find that the Hessian associated to the magnetic energy is positive semidefinite and
identify the elements of its kernel. Under the assumption of strict convexity within
the axisymmetric class, we deduce local minimality of axisymmetric Skyrmions up to
invariances of the energy.

Finally, we construct non-trivial periodic solutions for the Landau-Lifshitz equation
associated to the magnetic energy functional. For this, we consider the minimization
of the energy under a constraint on the angular momentum which enforces symmetry
breaking. We show that constrained minimizers solve an Euler-Lagrange equation with
Lagrange multiplier w and employ a Lojasiewicz inequality for the magnetic energy to
confirm w # 0.



Kurzzusammenfassung

Wir betrachten Skyrmionen auf der Sphare, die als kritische Punkte eines magnetischen
Energiefunktionals bestehend aus Dirichletterm und Anisotropie aufkommen. Durch
die Kriimmung der Sphére sind diese beiden Terme ausreichend, um kritische Punkte
gegen die Skalierungsinvarianz des Dirichletterms zu stabilisieren. Zudem wird durch die
Anisotropie die Invarianz dieses Terms unter unabhéngigen Rotationen der Definitions-
und Bildsphéare gebrochen, sodass nur Invarianz unter gleichzeitigen Drehungen iibrig
bleibt. Das Ziel dieser Arbeit ist es, den Effekt dieser verbleibenden Invarianz auf
Minimierer und kritische Punkte zu verstehen.

Zuerst konzentrieren wir uns auf achsensymmetrische Skyrmionen auf der Sphére, die
selbst invariant unter gleichzeitigen Drehungen um eine gegebene Drehachse sind. Wir
verwenden Standardmethoden, um Existenz und Regularitidt vo Minimierern in dieser
Symmetrieklasse zu zeigen und nutzen dann die Symmetrie, um ihre Form detaillierter
zu untersuchen. Eine genaue Analyse der Energiedichte und andere Energieargumente
fithren zum Beweis diverser Eigenschaften. Zudem geben wir einige Abschétzungen fiir
den Fall hoher Anisotropie an.

Als zweites untersuchen wir die Minimalitéat dieser Skyrmionen in einer groferen Klasse.
Wir zeigen, dass die zur magnetischen Energie zugehorige Hessesche positiv semidefinit
ist und bestimmen die Elemente ihres Kerns. Unter der Annahme strikter Konvexitét
innerhalb der achsensymmetrischen Klasse folgern wir die lokale Minimalitédt achsensym-
metrischer Skyrmionen bis auf Invarianzen der Energie.

Schlielich konstruieren wir nichttriviale periodische Losungen fiir die zugehorige Landau-
Lifshitz Gleichung. Dafiir betrachten wir die Minimierung der Energie unter einer Ein-

schrinkung fiir den Drehmoment, die Symmetriebrechung forciert. Wir zeigen, dass be-

dingte Minimierer eine Euler-Lagrange Gleichung mit Langrangemultiplikator w 16sen,

und verwenden eine Lojasiewicz Ungleichung fiir die magnetische Energie um w # 0 zu

bestatigen.
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1. Introduction

Skyrmions are topologically non-trivial critical points of nonlinear o-models. They have
originally been proposed by Tony Skyrme as a field theory for interacting particles [49],
but are now discussed in the context of magnetism in condensed matter. Experimen-
tally, they have first been observed in bulk materials [41] and subsequently on thin film
[57].

Mathematically, the existence of Skyrmions is usually proven by minimizing a magnetic
energy functional under a constraint on the mapping degree. Depending on the situation
modeled, the energies under consideration are integral functionals over R® for bulk
material or, more commonly, over R? for the thin film limit, which can be confirmed
by proving Gamma convergence [I3, 9]. They are applied to magnetizations u: R” —
S™ for n € {2,3} which converge to a fixed value as || — oo. Thus, identifying
R™U{oo} with S™ via the stereographic projection m, the map & = uo 7 is well defined
and its mapping degree deg(u1) is integer valued whenever u is sufficiently regular [§].
Focusing on the R? model, it can be computed via the standard volume form ws2 on
S?:

1

Q(u) := deg(a) = /ﬁ*ng = 4/u - (01u X Opu) dzx

T
S2 R2

By approximation with smooth functions, this integral expression of () implies that the

topological charge Q(u) is well defined and integer valued even for fields u € H'(R?;S?).
It separates H'(R?;S?) into topological sectors

{ue H'(R*S?) : Qu) =k}

which are preserved under continuous deformations of u. Hence, minimizing under a
constraint on () yields critical points of the energy, which are locally minimizing and
have higher energy than the ground state. Indeed, the classical topological bound for
the exchange energy yields

1/]Vu\dez/|5‘1u\|82u]d$2477Q(u)

2
RR2 R2

by a simple application of Young’s inequality.

However, invariance of HVuH%Q(RQ) under rescaling u — uy = u(\-) entails that mini-
mizers are not localized and can vary in size. In order to overcome this problem and
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to obtain stable Skyrmions on the plane, other terms of opposite scaling behavior must
be included, each carrying a different meaning in the context of micromagnetics. This
results in energy functionals consisting of at least three terms. In particular, a frequent
subject of study is the combination of Dzyaloshinski-Moriya interaction (DMI) and dif-
ferent anisotropy terms forcing u to assume fixed values at oo [32], 55, 12]. While the
DMI is given by

R/2u-(V><u)d:r

and results in chirality, anisotropy relates to the fact that aligning all spins in a certain
direction is energetically favorable. The specific choice of anisotropy depends on the
modeled material. However, easy plane anisotropy (u - &3)? and easy axis anisotropy
1—(u-é3)?, along with the Zeeman term 1 — (u-&;3) = 3|és — u/? are most common. In
practice, the conditions under which DMI effects and anisotropy lead to the observation
of Skyrmions are hard to realize [50].

Stabilizing Effects of Curvature

This difficulty has led researchers to investigate the appearance of complex magnetic
structures on curved thin films [I4, 50] in order to reduce the requirements on the
material in which Skyrmions can be stabilized. In the I'-limit and under conditions on
the surface, that are usually satisfied in applications, these curved thin films are well
modeled by magnetization fields m: M — S? where M is a two dimensional manifold
embedded in R? [10].

In the case of a spherical shell 9B (0) C R?, this manifests in the fact that a Skyrmion
can already be induced by a uniform external magnetic field [26]. Mathematically, on the
other hand, the reduced requirements are reflected by an energy

E(m) = ;/]lez + 11 = (m-v)*)do
S2

that only consists of two terms. Here, v(x) = x is the outer unit normal and x > 0 is
the anisotropy parameter. Apart from the exchange energy, the easy-normal anisotropy
is sufficient to stabilize minimizers against scaling, which for m: S? — S? is done on the
level of the pullback via the inverse stereographic projection

my=mon '(\)or.
The stability is due to the fact that the anisotropy on a curved surface results in a

curvature induced DMI [26]. This is easily shown for axisymmetric fields, see section
2.2

For sufficiently regular magnetizations on the sphere, the topological charge can easily



be defined as
Q(m) = deg(m) = /m*wgz.
SQ

It is identical to the topological charge of the pullback via the inverse stereographic
projection, m = mo 7~ ': R? — S?, which was defined above. Hence it is integer
valued for m € H'(S?;S?). Interestingly, the hedgehog configurations h(z) = +v(x)
satisfy Q(h+) = 1 while also being the global minimizers [I1] for x > 4. In the planar
case, the topological lower bound for the exchange energy usually implies that ground
states are topologically trivial with Q(u) = 0. This shift in the topological charge
results from the inverse stereographic projection u = 7~': R? — S?, which has charge

Q(u) = 1.

Apart from degree considerations, it is particularly interesting that the hedgehog config-
urations are the global minimizers because this shows that the global minimizers display
the same symmetry as the energy functional, namely invariance under joint rotations
and inversions

m— mp = O0m(0O~1)  for O € O(3).

Invariance of the energy under individual inversions, i.e. m — —m or m — m(—:),
would change the topological charge and cannot be expected to hold for minimizers
within a fixed topological sector. Moreover, invariance under any individual inversion
combined with invariance under joint rotations is only satisfied by m = 0 and is thus
impossible for a unit vector field.

The question immediately arises whether the symmetry property of the ground states
extends to minimizers in different topological sectors, i.e. Skyrmions. However, the
only maps that are invariant under all joint rotations are the outer and inner hedgehog
h+ which are the ground states and therefore no candidates for Skyrmions . Instead,
the maximal possible symmetry is invariance under joint rotations and inversions which
preserve a chosen symmetry axis, meaning

m=mg for O € O(g)é,

where O(3)s is the stabilizer subgroup of O(3) with respect to €. This group is isomor-
phic to O(2). Maps that exhibit this symmetry shall be called é-axisymmetric.

In general, the question whether minimizers are symmetric is very hard to answer
[25]. As a slightly easier question, one may ask if minimizers within a given sym-
metry class are locally minimizing in a larger class. Examples in which minimality
could be proven include the melting hedgehog in liquid crystals [23] and axisymmetric
chiral Skyrmions in the plane [32]. On the other hand, radially symmetric solutions
of the Ginzburg-Landau equation are only minimizing if they are of degree 0 or 1[39],
[43].

In [26], the authors use numerical simulations to obtain axisymmetric critical points of
the energy at different radii of the shell S = dBg(0). Furthermore, in the appendix, they
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briefly touch on the question of local minimality by considering a Fourier decomposition
of an operator yielding the second variation and numerically computing the eigenvalues
of the first ten modes. However, a rigorous mathematical proof of existence and local
minimality of these critical points has yet to be given. Doing so is the first aim of this
work and shall be discussed in chapter [3] and

In particular, existence, regularity, and several qualitative properties of axisymmetric
minimizers are proven in chapter |3 using standard PDE tools and a fine analysis of
the energy. Local minimality, on the other hand, is obtained by first proving that the
Hessian is positive semi-definite and then expressing the energy difference compared to
a critical point in terms of the Hessian. Treatment of the Hessian follows a method from
[23], which has been employed in several other problems, e.g. [28], [32]: The functional
is decomposed into several Fourier modes which are then analyzed individually. Due to a
monotonicity result, it is sufficient to consider the first two.

Dynamics of Skyrmions on the Sphere

To model the evolution of a magnetization vector under the influence of an external
field over time, Landau and Lifshitz [29] have proposed the Landau-Lifshitz (LL) equa-
tion

oru = u X heg,
where the effective field heg is given by the negative L?-gradient of the modeling energy.
It was originally stated for the bulk case of multi layered crystals and has been widely
investigated for magnetizations of flat space

u: R" x R — S2.

In the original work by Landau and Lifshitz [29], the authors proposed a second equa-
tion accounting for the effects of what they called ’relativistic interaction’, often re-
ferred to as damping. For an equivalent choice of damping involving the time deriva-
tive of u, one arrives at the Landau-Lifshitz-Gilbert (LLG) equation. It was recently
shown in [I0] for the (LLG) equation that in the limit for thin curved films, the lim-
iting function of solutions solves the (LLG) equation on the manifold describing the
film. Setting the Gilbert damping constant to zero, we therefore consider the equa-
tion

om=m x (-V;2£(m)) =m x (Am + k(m-v)v) on S? (1.1)

for a magnetization of the sphere m: S? — S? and the same energy as above. Details
on its L?-gradient are given in section For simplicity, we will denote it by V& for
the remainder of this introduction.

The geometric structure of the (LL)-equation implies that the energy and the absolute
value of a solution are formally conserved over time:

%S(m(t)) — (9m, VE(m)) 2 = (m x VE(m), VE(m)) 2 = 0



and q
E\m\z =20m-m=2(m x VE(m)) - m = 0.

In particular, this means that [|[Vm(t)|/;2 + ||m(¢)||;2 are uniformly bounded in time
for solutions of the equation. A more rigorous proof of the conservation can be given in a
Hamiltonian framework for the equation. This is done in section[2.1}

However, existence of solutions and a-priori bounds in H?, which would be needed for a
stability analysis, are more subtle. In many cases, such well-posedness results are only
availiable for small initial data, due to the relation to the Schrédinger equation which is
well-posed for small initial data [2] but can be ill-posed for large data [38]. Unfortunately,
due to the topological lower bound, this is not applicable to Skyrmions and the question
becomes even more challenging. In the following, we give two examples of well-posedness
results for specific Landau-Lifshitz equations.

In the planar case, well-posedness of the (LL)-equation involving only exchange energy
and anisotropy has been proven for initial values close to certain critical points of the
energy [I7]. This has been done by a transformation into a nonlinear Schrédinger equa-
tion. However, when considering for the pullback via the inverse stereographic
projection, m = 7*m: R? — S?, the curvature induced DMI mentioned above intro-
duces additional terms. These are order one in the derivatives of m and are not covered
by the framework of [17].

Another approach to prove well-posedness of the planar (LL)-equation for arbitrary
initial data involves the construction of high-order energy functionals [7, 52]. This is
done for an energy functional consisting of the exchange energy and anisotropy with
respect to a fixed axis. Since the method is tailored for a specific energy functional,
it is unclear whether this method could be adapted to the normal anisotropy we con-
sider.

Instead of dealing with the full Cauchy problem, we construct specific solutions of
that follow the orbit of a static magnetization under joint rotations. In order for the
thus obtained family of vector fields m; = mpto solve the (LL)-equation, m has to
satisfy m x V€(m) = F(m), where

d
F(m) = —mg)li-o

is the generator of a family of joint rotations. Such static magnetizations are obtained
by minimizing the energy under a constraint on the total angular momentum, as has
already been observed in [37].

It is of course a common concept to obtain specific solutions to difficult PDE by ap-
plying motion to an initial field that solves a matching static equation. For the (LL)-
equation and the related Schrédinger equation, examples include precessing bubbles [17]
and traveling wave solutions [34]. In the presence of symmetry, the static equation is
typically the Euler-Lagrange equation of a certain constrained minimization problem
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related to the symmetry by Noether’s law: Every invariance of the energy under the
action of a continuous symmetry group is related to a conserved quantity of the sys-
tem. The constraint is then put on the quantity that is conserved under the action of
the symmetry group. The general framework of this construction method is given in
[15], where the authors also develop tools for the stability analysis of the constructed
solutions.

Here, the conserved quantity related to invariance under joint rotations with R € SO(3)
is the total angular momentum. Control over the angular momentum also ensures that
the constrained minimizers from [37] are non-symmetric. Hence, jointly rotating them
at a non-zero frequency yields non-trivial solutions. In chapter [5| we show that this
frequency arises as a Lagrange multiplier w from the constrained minimization problem.
Furthermore, we prove a Lojasiewicz-Simon type inequality for £ to show that under
some assumptions, the minimality results of chapters [3| and [4] ensure w # 0. In total,
we thus give an analytical proof of the existence of non-symmetric, rotating solutions
of the Landau-Lifshitz equation. Such solutions have been observed numerically in
[47].

In the vicinity of critical points, a Lojasiewiz inequality provides an estimate for the
energy difference in terms of the L?-norm of the gradient. In the present case, however,
since the energy takes S?-valued fields, some more work is necessary. This results in
an an estimate in terms of the projection of the L?-gradient gradient onto the tangent
space.

Originally proven for real analytic functions by Lojasiewicz [27], the inequality was ex-
tended to the infinite dimensional setting by Simon [48] in order to show that solutions
to certain non-linear evolution equations converge asymptotically to solutions of a sta-
tionary equation. Since then, the proof has been simplified [24], generalised [19] and
adapted, in particular to settings with no analyticity [4], [I8] and to the case of Banach
manifolds[46].

The inequality is usually applied in the study of gradient flows to prove, for example,
asymptotic stability, decay rates, or uniqueness of blowups [33], [5], [21]. To our knowl-
edge, it has not yet been used to estimate a Lagrange multiplier.

1.1. Statement of Main Results

We study the energy

£(m) —/!Vm]Q—i—Fa(l— (m-v)?) do
SQ
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for magnetizations m: S? — S? and under the restriction Q = 0. In particular, we are
interested in axisymmetric fields of the form

sin 0(z) cos ¢
m(¥(z,p)) = | sinf(z)siny |,
cos 0(x)

where 6: [0, 7] — R is the polar profile of m and (z, ¢) € (0,7) x (0, 27) are spherical co-
ordinates. In this case, @(m) = 0 means that the profile 0 satisfies

cos(f(m)) — cos(A(0)) = 0.
Axisymmetric fields are invariant under joint rotations and reflections
m— mp =0 'm(0:), for O € SO(3)g,.

Under the assumption of symmetry, the energy of m only depends on the profile 8
with

s
E(m) =27E(0) = 277/(9')2 sinz +
0
In Theorems [T and 2, we show that minimizers in the class of axisymmetric fields with
degree Q(m) = 0 exist and are smooth. Furthermore, we give a qualitative analysis
of these minimizers by investigating the polar profile #. This is necessary to prove the
following theorem about the minimality of axisymmetric minimizers beyond the class
of symmetric magnetizations.

sin?

+ rsin?(0 — z) sinz d.

S x

Theorem 3. Given k > 24, let mg = myg be minimizing among all axisymmetric fields
of degree 0. Then the Hessian of £ at my is positive semidefinite. Furthermore, if the
reduced enerqgy is strictly convex at 0 in the sense that j—;E(G—i—tﬂ) > 0 for all variations
B € C°((0,m)) \ {0}t =0, then my is a local minimizer among all fields of degree 0
and there exist €9, ¢ > 0 such that

_ > inf _
Elm) -~ Elmo) 2 e kg mol

for all [jm — mygl| 1 < 0.

After minimality, we turn to the dynamical problem and construct a class of jointly
rotating solutions to the corresponding Landau Lifshitz equation by adding a constraint
on the total angular momentum J. In theorem [4 we prove that minimizers of the con-
strained minimization problem exist and solve the equation

m x VE(m) = wm x VJ3(m).

These constrained minimizers are then jointly rotated at frequency w to obtain peri-
odic solutions of the (LL)-equation. To prove w # 0, i.e. that these solutions are
non-trivial, we establish a Lojasiewicz inequatliy for £. Overall, and under some as-
sumptions (A1)-(A3) which are discussed in chapter [5| this yields the following theo-
rem:
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Theorem 5. Assume that for k > 0 large enough, either (A1) and (A2) or (A3)
hold. Then there exists g > 0 such that for all 0 < € < gg there exist w # 0 and
m € C°(S?;S?) such that J(m) = — (47 + £)és and

m(z,t) := My (2)

1s a nontrivial periodic solution of the Landau Lifshitz equation.



2. Preliminary Considerations

In this chapter, we will gather some preliminary results needed for the analysis in later
chapters. After introducing the underlying function spaces, we will also investigate the
role of symmetry.

2.1. Function Spaces and Admissible Variations

To start with, we will develop the framework of all computations by defining the relevant
function spaces and parametrizations of the sphere.

For most computations, we will use spherical coordinates
U: (0,7) x (0,2m) = 8\ {(y1,42,43) €R® 12 =0, yn >0}
on the sphere and denote them by (x, ¢). Recall that ¥ is given by

sin x cos ¢
U(z,p) = | sinzsing
CoS T

However, these coordinates are not defined at the poles dég, which are of particular
interest in the symmetric case. Setting V(0,p) = €3 and ¥(m, ) = —e€3, we can
continuously extend the parametrization and overcome the polar gap in most cases.
Still, we will need to be particularly careful when dealing with limits for + — 7 or
x — 0. A more detailed discussion of the extension at the poles and of the existence of
some limits can be found in the appendix.

In other cases, the stereographic projections will be employed. For these we use the
notation 74 : S\ {+é&3} — R? where

msb0 = o (1) me(Uep) = 2 (90).

T 1T a3 \@ " 1Fcosx \sing

Furthermore, for p € S2, mp shall denote the stereographic projection centered at p such
that for any R € SO(3) with Rp = p, it holds that m,(x) = m_(Rx). In particular,

Tp(p) = 0 =7m_(&3) = mi(—e3).
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The energy
£(m) = / Veml+ & (1— (m-v)?) do
SQ

is finite for m: S — S? such that [Vm|? is integrable over S%. Due to the conformal
invariance of the Dirichlet term, this is equivalent to square integrability of |V (mor1!)|
over R2. For higher order derivatives, however, the Riemannian metric on S? introduces
additional factors of (1 + |z|?)2*.

By Aubin [1], Sobolev spaces on Riemannian manifolds are independent of the choice
of the metric. We make use of this fact by defining Sobolev spaces on the sphere via
the stereographic projection.

Definition 1. Let (n1,72) be a partition of unity on S* such that ni(é3) = 0 = n2(—e3).
For a C*— function m: S> — R, we define

2 2
HmeqZ(Sz) = / <‘V€ (m o 7r+)‘ n oMy + ‘Vé(m o W_)) 1 0 7r_) (1 + ‘1‘]2)%_2 dz.
R2

Let CF(S?) be the space of C* functions m on S? such that ||m||Hg(S2) < oo for all

0 < ¢ <k. Then we define H*(S?) to be the completion of C*(S?) with respect to the
| || (s2) -morm, where
k

HmH%Ik(S% = Z ”mHi'[Z(SQ)'
0=¢

Sobolev spaces over n-dimensional compact manifolds behave similarly to regular Sobolev
spaces over {} C R™ open such that {2 is compact. Most notably, the Sobolev imbedding
and the Rellich-Kondrakov theorem hold [Il Theorem 2.20 and Theorem 2.34]. This
ensures
H*(S?) c C9(s?)

for k > 2, thus justifying pointwise investigations for fields in H?(S?). Furthermore, the
validity of the Sobolev imbedding is sufficient to make H*(M,,) an algebra for k > 5
A proof of the statement in the flat case can be found in [53], an adaptation to the case
of manifolds requires no changes.

Arguing componentwise, it easily follows that the Sobolev spaces H¥(S?;R?) are well
defined and that the imbeddings still hold. However, we are interested in S?-valued
fields m: S? — S? which do no not form a linear space anymore. Pointwise tangential
fields, on the other hand, do.

Definition 2. Given m: S? — S? and a field v: S* = R3, we write v: S* = TyS? if v
satisfies
v(z) € Tm(m)S2 for almost every x € S,

10
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Moreover,

H*(S* TaS?) := {v € H*(S%;R?) © v(2) € Tin()S® a.e.}.

Lemma 2.1. For every m: S? — S? and k > 0, the space H*(S?; Ty, S?) is a Hilbert
space enjoying the same imbedding properties as H*(S?;R3).

Proof. This follows from the fact that H*(S%; T;»S?) is a closed subspace of H¥(S?;R?).
Indeed, it is a linear space due to the bilinearity of the scalar product in R?. Moreover,
the tangential property is characterized by v(x) - m(z) = 0 which is conserved by
pointwise convergence almost everywhere. This, on the other hand, follows from strong
L?-convergence and thus from H’-convergence. O

To abbreviate notation, we will sometimes also write v € TyS? for fields v: §? —
TmS?.

2.1.1. Manifold Structure

While the spaces H*(S?;S?) are not closed under summation and can therefore not be
Sobolev spaces, they are Banach manifolds for £ > 2 due to Sobolev estimates. We use
the following definitions by Zeidler.

Definition

— from [58], p. 533, definition 73.2

Let M be a topological space. A chart (U, ) is a pair where the set U is open in M
and ¢: U — U, is a homeomorphism onto an open subset U, of a Banach-space X,,.
We call ¢ a chart map.

Definition
— from [58], p. 535, definition 73.4
Let M be a topological space. A C*-atlas for M, 0 < k < oo is a collection of charts
(Ua, pa) (o ranging in some indexing set), which satisfies the following conditions:
(i) The U, cover M.
(ii) Any two charts are C*-compatible.

(iii) All chart spaces X, are Banach spaces over K.

M is said to be a C*-Banach manifold if and only if there exists a C*-atlas for M.

11



2. Preliminary Considerations

Note: In [58], two charts (U;, ;) are called C*-compatible if their domains are disjoint
or if both ¢ o (p2_1 and @9 0 cpl_l are C*.

Following this definition, we will show that control of the C° or L> norm together with
H' is sufficient for a Banach manifold structure for a set of maps m: S? — S2. To that
end, for every k € Ny, let X*(S?;S?) be the set of S*.-valued maps in H*(S?;R3) from
above, equipped with the norm || - || x» where

Iml xx = [[m| gr(s2,rs) + M| Lo (s2;r3)-

We show that X*(S?;S?) is a Banach manifold for k¥ € Ny by defining local charts over a
suitable set of maps v: S? = TiS?. The L™ norm is needed to ensure that the images
of the charts remain bounded and to show compatibility of charts. While ||m|/fe =1
for all m: S? — S2, the norm || - ||x introduces additional control over the difference of
two such functions. For k& > 2, the norm || - || x is equivalent to the H*(S?;R?) norm
due to the embedding of H* into C°(S?;R3).

Lemma 2.2. The space X*(S%;S?) defined above is a smooth Banach manifold.

Proof. Fix k > 0. In the following, we will mostly omit the specification of differentia-
bility and write X = X*(S?;S?) = (H*(S*;S?),||-||x). Given mg € H*(S?;S?), consider
the set

XF(S% TmS?) i= {v: S? = TimS? = ||v||xr < 00}

Equipped with the norm ||-||x, the spaces X*(S?; TinS?) = H*(S?; TinS?)NL>®(S?; TinS?)
are Banach spaces. Henceforth, we will also leave out the specification of k for the spaces
X*(S%, TinS?). We will construct a chart around m by considering

_ m+v
 m 4|

¥: X(S*TmS?) — X, ¢(v)

First, note that
lm + v =m|? +2m-v+ [v]> =1+ |[v|?

so that v is well-defined. Furthermore, the L*° bounds for m and v imply that

m+v o

<1+ fvflze

9

m + v| ’!m+v\

and
IV ()]l 2s2) S (VM| 2s2) + [ Vollp2s2)) (1 + [|v] o) -

For k > 2, the bounds for higher order derivatives follow componentwise from H*(S?;R)
being an algebra. Thus, we find [|1)(v)||x < c|v[/x for all v in some neighborhood of
0 € X(S? TimS?) and some ¢ > 0. To compute the range of v, note that

14+ (m-wv)

m (o) = B (o)™ = (1 w?) 72 > 0,

12
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On the other hand, given m with m - m > 0, the tangent field v = "= — m satisfies
m
m-+v = —
m - m

such that 1 (v) = m and the range of 9 is
{mMeX : m-m>0).

To ensure compatibility of the charts, we set

1
U := {ﬂleX : m-m >0 and ||rh—mHX<2}.

By above computations, ¥ ~': U — U, with

YT (m) = ——— —m

is the inverse of 1. Continuity follows from the bounds for |m| x in a similar fashion
as continuity of . Thus, the pair (U, )~ !) defines a local chart around m. It remains
to be shown that any two charts are compatible. For that, consider charts (Uj, 1),
(Ua, ) around my, mo € X. If my(z) - mo(z) < % for some x € S?, then

|my (z) — my(z)]* =1 —2my(z) - mo(x) + 1 > 1.

Hence, if the inequality holds on a set of positive measure, then |[m; — ms||p~ > 1 and
Ui NU; = (. On the other hand, if the intersection is non-empty, then m; - mg > %
almost everywhere and the composition of the two charts is given by

¢1lo¢2(v):¢11<m2+v> my + v my + v

= —Im = —— — 1
|m2+v| ml-(m2+v) ! mi - mo b

which is a smooth mapping from X (S%; T1»S?) to X (S% TmS?) due to m;-my > 1 almost
everywhere. In the last step it has been used that v € 1, 1(Uz) C X (S?; TnS?). O

Corollary 2.1. Givenm € X*(S?;S?), a representation of the tangent space Ty X*(S%; S?)
is given by X*(S?; TmS?).

Proof. Since the spaces X*(S%; TinS?) are the chart spaces for X*(S?;S?), this follows
directly from proposition 73.12 in [58]. O

2.1.2. First and Second Variation of the Energy

Considering £ as a functional on X'(S?;S?), it follows that d&€ is given by d (& o).
Fixing m € X!(S?;S?), we thus define
m + tv

_ T 1/Q2. 2
=m0 P(tv) ve X (S TmS?), t € R.

m; :
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2. Preliminary Considerations

To simplify computations, consider the nearest point projection
x
x

For v € Ty,S?, II(m+v) = 1 (v) is well defined and smooth with

1 1
PHlm ) = 10 <]l_!m+v|2(m+v)®(m+v)> "
d
aﬂ(m + tv) o DII(m)(v) =v — (m®@m)v =v

since m - v = (. Furthermore, the second derivative is given by the second fundamental
form A on the sphere:

2

d
—1I
Todi (m + tv + sw)

Furthermore, we introduce &, the extension of £ to H'NL>®(S?;R?). For v € X (S?; TinS?),
we now employ II and € to compute the Gateaux derivative of £ o1 at 0 = ¢~(m) in
direction v.

s—t=0 D1(m)(v, w) = —A(m)(v,w) = (v w)m.

SE(m)() = 8 (€ 00) (O)(v) = e(my)|

= §E(m)(DII(m)(v)) = 6€(m)(v)
:/Vm-Vv—n(m-V)y-vda
S2

= /(—ASZH}— k(m-v)v)-vdo,
SQ
Consequently, the L2(S?; T, S?)-gradient of € is given by —Am—x(m-v)v. For a general
testfunction ¢ € C°°(S?; R3), we may set v = mx ¢ such that
d0E(m)(¢p) = / (—Agm — Kk (m - v)v)-(mx¢)do = / (m x (—Agem — k (m - v) v))-¢pdo.
S2 S2

It follows that critical points of the energy are weak solutions of the equation

0=mx (—Agm — k(m - v)v) =: (VE(m))™"

For the second variation and setting mg; := II(m+ sv +tw) where v,w € X1(S?; T S?),
the product rule gives

2 ~
52€ (m) (v, w) = ﬁg(mst) _ % (68(m + s0) (DI1(m + s0)(w)) )

= 628 (m)(DII(m)(v), DII(m)(w)) 4 & (m)(D*TI(m) (v, w))

s=0
= 628 (m) (v, w) — 6&(m)((v - w)m).
= /Vv-Vw—ﬁ(v-u)(w-u)da—/<|Vm\2 —H(m-y)2> (v-w) do.

S2 S2
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2.1. Function Spaces and Admissible Variations

2.1.3. Hamiltonian Framework

We now return to the Landau-Lifshitz equation . In order to give a more detailed
reasoning for the energy conservation, we will establish a triplet (P,w, H) with H = &
such that the flow associated with the Hamiltonian H describes the solutions of .
Assuming the existence of solutions, conservation of energy then follows from a result
for infinite dimensional Hamiltonian systems.

All definitions and the theorem cited below are taken from the first lecture of a set of
notes of Marsden [36]. However, some details have been omitted.

Definition

— from [36], p. 5

A symplectic manifold is a pair (P,w) where P is a C°° Banach manifold and w is a C*°
two-form on P, such that

(ii) w is (weakly) nondegenerate: for all x € P and v, € T, P,
We (Vg wg) =0

for all w, € T, P implies v, = 0.

Note: The exterior derivative for differential forms on Banach manifolds that was used
in (i) is defined in a similar manner as the finite dimensional one, see [30, Proposition
3.2]. However, it is often simpler to define w via an almost complex structure J, see
[36, Remark 6].

Setting P = X°(S?;S?) from above, we define w by
wWm (Um, Wm) = (Um, m X wm>L2(S2) for vm, wm € TmP = XO(SQ;TmSQ).
We will omit the subscripts m whenever it is unambiguous.
The form w is thus defined via the Riemannian metric on X°(S?;S§?),
9(m) (U, Win) = (Vmy Win) [2(2:1y52)  Vms Wi € X (S TimS?),
and the almost complex structure J that is given by

J: TX?*(S%S?) = TX(S%:S?), Tmtm = m X vp,.
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It satisfies J?v = m x (m x v) = (m-m)v— (m-v)m = v. Not only does this definition
of w imply that w(v, w) = g(v, Jw) is a closed and smooth two-form on X°(S?;S?) but
it also follows that w is weakly nondegenerate, as we shall briefly show. Given m € P,
the identity w(v,w) = 0 for all w € X°(S?; T;S?) implies

0=ww,mxv)=-wmxv,v)=—(mXv,mXv)rsps) = —|m X v||%2(82).

But, since m x v € L?(S%;R3), it follows from ||m x v/ ;2 = 0 that m x v = 0 almost
everywhere on S2. On the other hand, (m x v)(z) = 0 implies that v(z) is a multiple of
m(z) and thus

v(z) = ((v- m)m)(z) = 0
since v: §? — TnS? means that v(z) € T, m(x)SQ for almost every x € S2. Therefore,
(P,w) is a weak symplectic manifold.

Definition

— from [36], p. 11

Let (P,w) be a (weak) symplectic manifold and H: Dy — R a C! function where Dy
is a manifold domain in P. We call the triple (P,w, H) a Hamiltonian system. Set

Dx, ={x€ Dy :JveT,P, dH(z)(w) = w(v,w) for all w € T, Dy}
and call Xy with Xy (x) = v, the Hamiltonian vector field of H.

Note: Here, a manifold domain is a subset Dy C P for which the inclusion of the
tangent spaces is dense, see [36, Remark 5|. It generalizes the notion of domains to
non-linear spaces. Introducing domains allows for H to be defined on a set of functions
with higher regularity than those of the underlying manifold. In particular, X*(S?;S?)
is a manifold domain of X°(S?;S?) for all k& > 1.

As announced in the introduction of the section, we choose H = £: P — R with
domain Dy = X'(S%;S?). Then, given m € P and w € X'(S*;TnS?) = Tm Dy, we
have

dH(m)(w) = ((—Am — k(m - v)v),w);2 = ((—Am — k(m - v)v), —m X (m X w)) 2
=(mx (Am+ xk(m-v)v), m X w)
= w(Pm (VE),w)
and thus

Xg(m)=m x (Am + k(m - v)v).

To ensure mx (Am + x(m - v)v) € Ty P it would be sufficient to choose m € X?(S?;§?).
Thus, X2(S%;S?) C Dx,,. However, Dx, might be larger due to regularity considera-
tions.

Note: In general, given a function f: X*(S?;S?) — R, the vector field X ¢ satisfying

df (r)(w) = w(v,w) is given by m x (=Vp2s2.7,,52)f) whenever this L2-gradient ex-
ists.
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2.1. Function Spaces and Admissible Variations

Definition

— from [36]], p. 12

Let P be a Banach manifold and D C P be a manifold domain. Let G: D — TP be a
vector field with domain D. By a semiflow for G we mean a map F': R C (D x[0,00)) —
D where R C D x [0,00) is open, with the following properties:

(i) F is continuous.
(ii) D x {0} € R and F(z,0) = x for all z € D.

(iii) Let ¢,s > 0 and x € D. Then
(x,t+s) € R< (z,s) € R and (F(z,s),t) € R.
In this case, F(z,t+s) = F(F(x,s),t).

(iv) For ¢t > 0,

d
S F(2.1) = G(F(,1)).

In contrast to finite dimensional Hamiltonian systems, even local existence and unique-
ness of a semiflow for a vectorfield are not guaranteed. However, if the flow for G = Xp
exists on a set R C Dp,,, then for mg € R, setting m(¢) = F'(my, t) gives a solution to
the equations

{im(t) — Xp(m(t)) = m x (Am + (m - v)v)
m(O) = Imy.

Conservation of the energy follows from the following theorem with K = H.

Theorem
— from [36]], p. 12
Let (P,w, H) be a Hamiltonian system and let K: Dg — R be a C! function. Assume:

(i) Xg has a semiflow F.
(ii) Dx, C P is a manifold domain.

(ii) Dx, D Dx, and Xg: Dx, — TP is continuous. Then, for each z¢ € Dx,, and
t >0, (xo,t) € R,

d

&K (a0,1)) = (K, H}(F(ao,1)

where the derivative is from the right for ¢t = 0.

Note: The induced Poisson bracket is defined via the symplectic form by
{f,9}(x) = we (X (2), Xg(2))
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for functions f,g: P — R. If the L?(S?; TinS?)-gradients of f, g exist and are given by
Vi f and V29, respectively, then the poisson bracket takes the form

{f,9}(m) = wm(X(m), Xy(m)) = (mx Vo f,mx (mxVi29))2 = wm(Vif, Vizg).

For K = H, it immediately follows from the alternating property of two-forms that
wm (X, Xy) = 0. Furthermore, given z € S?, the function K,: X2(S?%S?) — R with
K.(m) = |m(z)|? is well defined due to the embedding H?(S?;R3) — C°(S%§?). It
satisfies

dK,(m)(v) = 2m(z) - v(z) =0

for all v € X%(S? TinS?) and therefore Xg, = 0. Hence, {K,, H} = 0 for every z € S?
and |m| is pointwisely conserved by the flow of Xp.

2.2. Symmetry

In this section, we take a closer look at the invariance of the energy under joint rotations
and inversions and at the corresponding symmetries. Since Emmi Noether famously dis-
covered a connection between one-parameter symmetries and invariants of a system [42],
researchers have been interested in finding solutions that display as many symmetries
as the system they solve. On the other hand, symmetry can also reduce equations to
more accessible ones, allowing for better results than in the general case. In particular,
radial solutions exploiting the invariance of ||[Vml||?, under rotations on either domain
or target space gave rise to many discoveries for wave maps , see e.g. [51]. On the other
hand, this symmetry is broken in many Skyrmion models, for example due to chiral
terms like DMI [I7, [32] or, in the present case, anisotropy on a curved surface. In this
scenario, individual rotational symmetry is reduced to equivariance under the operation
of a rotation group.

Definition

~ see 54, p. 4

Let X, Y besets and G a group actingon X,Y. Amap f: X — Y is called G-equivariant
if f commutes with the action of G i.e. f(g.x) =g.f(x) forallz € X, g € G.

In mathematical physics, GG is usually chosen to be a suitable rotation group in matrix
representation acting on X and Y via simple multiplication. In contrast, the term k-
equivariance is used when the action of X is simple multiplication while the action of
G on Y is multiplication by g¢*:

g.x = Ryr and g.y = R]gcy.

18



2.2. Symmetry

2.2.1. Symmetry for Curvature Stabilized Skyrmions

The energy functional for curvature stabilized Skyrmions is not invariant under indi-
vidual rotations of the domain or target sphere. This is due to the anisotropy term
(1 — (m - v)?), which relates m(z) to the outer unit normal v(x). However, v satis-
fies v(Rx) = Rv(z) such that the anisotropy term is invariant under joint rotations
m — mp where
mp(z) = R 'm(Rx).

Maps that are invariant under all joint rotations R € G C SO(3) are exactly the
G-equivariant maps. For G = SO(3), this is a very small class containing only the
hedgehog h(x) = x and —h. If k > 4, this is the ground state [II] with topological
degree Q(+h) = 1. In the search for nontrivial energy minimizers with Q(m) = 0, we
therefore have to choose a suitable subgroup of SO(3), for example by restricting the
invariance of maps to rotations around a fixed axis €. This corresponds to G = SO(3)s,
the stabilizer subgroup of SO(3) with respect to é3. We will use the term é-equivariant
for SO(3)s-equivariant maps and drop the specification of the axis for &€ = é3. Most of
the following properties hold for maps that are é-equivariant almost everywhere on S?
and all other cases will be specifically marked.

We observe some properties of €s-equivariant maps.

Lemma 2.3. For é € S?, let m: S? — S? be é-equivariant. Then the following state-
ments hold true:

(1) For Q € O(3), mq is (Q~'é)-equivariant.

(2) For u:S? — S?, we have

<m,uR>L2(Sz) = <m,u)L2(Sz) forall R € SO(?))@.
(3) If mp(+£eé) = m(+é) for all R € SO(3)s then m(é) = +é and m(—é) = +é.

Proof. (1) For R € SO(3)g-14 it holds that
QRQ'e=Q(R(Q'e)) = QQ e =¢
and therefore QRQ~' € SO(3)s. But then

(mg), = R~'Q ™ 'm(QRx)
= Q7 (QRT'Q) m((QRQ Q) = (mgrg-1),, = mo.

(2) Orthogonality of R and det R = 1 imply (a,br) = (ag-1,b) and the statement
follows by the equivariance of m.
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(3) For R € SO(3)¢ it holds that m(é) = mg(é) = R~'m(e). Therefore SO(3)s C
S O(3)m(é). But since the two groups are isomorphic, the inclusion implies equality
which only holds for m(é) = te.

O]

Furthermore, in the special case of € = é3 we have the following representation of
equivariant maps in spherical coordinates W: (0,7) x (0,27) — S%\ {x; > 0, x3 = 0}
on the domain sphere.

Lemma 2.4. Consider a continuous map m: S> — S%. m is equivariant iff

sin (z) cos(x(z) + ¢)
() = | 0) conlx) + 0

for some functions 0, x: (0,7) — R.

Proof. In spherical coordinates on the domain and target sphere, any map can be ex-

pressed as
sin (z, ) cos(x(z, ¢))
m(¥(z, ) = ¥(0(z, ), x(z,¢)) = | sinb(z, ¢) sin(x(z, ¢))
cosO(x, @)

for z € (0,7), ¢ € [0,27) and m(¥(z,p)) € S?\ {é3}. A more detailed discussion of
this representation can be found in

Consider a rotation around €3 by the angle «, i.e.

cosa —sina 0
R, = |sina cosa 0| =RZL.
0 0 1

Then R(¥(z,¢)) = ¥(z, p+a) if U is 27-periodically extended in the second component.
Therefore,

Ram(R_V(z,9)) = Rom(¥(z, ¢ — a))
sinf(z, p — a) cos(x(z, p — a) + a)
= | sinf(z, p — a)sin(x(z,p — a) + @)
cosb(z,p — )

while

sin O(x, @) cos x(x, @)
m(‘li(x,QO)) = Sinﬁ(x,cp) SiIlX(l“v‘P)
cos (z, p)
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First, consider the third component:
(mp)s = (m)g iff O(x, o — @) = 0(z, @)

for all z € (0,7) and a € R. Thus, # must be independent of ¢ for m to be equivariant.
On the other hand, comparing the first two components, one can conclude that m is
equivariant iff x(z,¢) — x(z,¢ — a) = a + 27k for some k € Z and all x € (0,7). For
small a, we may assume k = 0 and by taking the limit

i x(x, @) — x(z, 0 — )
a\,0 «

=1

we conclude that x grows linearly in ¢, independently of x. Therefore, x(z,¢) = x(x)+¢
for some function x: (0,7) — R which in the following we will again denote by x. [

On the other hand, the hedgehog in spherical coordinates is given by

sin x cos ¢
m(V(z,p)) = | sinzsing
cos T

and is therefore equivariant with 6(z) = z, x(x) = 0. Interested in as much symmetry as
possible, we will investigate equivariant maps with x(z) = 0, leaving € to be varied. In
fact, these are exactly the O(3)e,-equivariant maps, i.e. those that are invariant under
joint rotations and joint reflections leaving €3 unchanged. While the invariance has
been observed in [16], we are not aware of a proof of the characterization and provide
it here.

Lemma 2.5. Consider a continuous map m: S* — S?. m is O(3)e, -equivariant iff

sin 0(z) cos(yp)
m(¥(z, ¢)) = Sin9(iﬂ)sgn(90)

for a function 0: (0,7) — R.

Due to this characterization in terms of the ész-axis, we will refer to equivariant maps
with x = 0 as axisymmetric maps.

Proof. Starting from the previous characterization of equivariant maps, we need to show
that the additional invariance under joint reflections implies the existence of a function
6 such that y(z) = 0. For this purpose, we additionally consider the reflection at the
€1-é3-plane, i.e.

1 0 0
Fr=10 -1 0
0 0 1
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with F'és = é€3. Then, again extending ¥ periodically in the second component,

sin x cos sin z cos(—y)
FoU(z,p) = | —sinzsing | = | sinzsin(—y) | = U(z, —yp)
cos cos

such that
Fym(Fy M0 (z, ¢)) = Fom(¥(z, —¢p))

sin 0(x) cos(x(x) — )
= | —sinf(z)sin(x(z) — ¢)
cos 0(x)
sin (z) cos(—x(x) + ¢)
= [ sinf(x) sin(—x(x) + ¢)
cos f(x)
Again, it follows from comparison with m(z, ) in the first and second component that

x(x)+ ¢ = —x(z) + ¢+ 27k and therefore x(z) = 7k for some k € Z. If k is even, x can
be dropped due to the periodicity of the trigonometric functions. For odd k, we have

sin 0(z) cos(p + k) —sinf(z) cos ¢ sin(—6(x)) cos ¢
m(¥(z,p)) = | sinf(x)sin(p + k) | = | —sinf(z)sing | = | sin(—6(z))sinp
cos 0(x) cos 0(x) cos(—6(x))

which also is of the proposed form.

To confirm invariance for all elements of O(3)s,, note that any O € O(3)s, is either a
rotation or can be decomposed into a rotation R € SO(3)e, applied to Fy: If det(O) =1
then O = R € SO(3)¢,. If det(O) = —1 then O = (OF;)F, where R = OF; € SO(3)e¢,.
In this decomposition, we have

mo = Mpp,) = (mp,)p = mg = m.

2.2.2. The Energy Functional for Axisymmetric Maps

We will now further investigate the relevant functionals for equivariant and axisymmetric
maps. In spherical coordinates, we have

vl = (et o)) + b (mvte. o)

sin? x
cos 0 cos (x + ) —sinfsin(x + )\ |’ —sinfsin(x +¢)\ |
= 0" [ cosOsin(x +¢) | +x sin 6 cos(x + ) + sin 6 cos(x + ¢)
—sinf 0 0
2 0
= () + ()?sin? 0+
sin® x
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and

1—(m-v)?=1— (sin@sinz (cos(x + ¢) cos ¢ + sin(x + @) sin @) + cos 0 cos x)?
=1 — (cos(@ — z) +sinfsinz (cos x — 1))?

= sin?(f — x) — 2cos(d — ) sinfsin z (cos x — 1) — sin? Osin® z (cos y — 1)2.

Thus, the energy is reduced to
[ N Ny . sin? 6§ . 9
E(m) =2m [ ((0)* + (x')7) sinw + — —l—l@‘(sm (0 — )

S xr

0

42 cos(f — x) sin @ sin z(1 — cos x) — sin® fsin® 2 (1 — cos X)2> sinz dz

and in particular, for axisymmetric m,

by
s 2

E(m) = 27r/(c9/)2 sinx + Sl.n 0 + ksin?(0 — ) sinz dz =: 27 E(6).

S180

0

For the topological degree @), we compute the pullback m*wgz = w(m)dx; A dzg in
spherical coordinates x1 = x € (0,7), z2 = ¢ € (0,27), and x = U(z1,72) € S%. Note
that they are orientation preserving due to

sin x

det(D(m_ o W)) = A+ cosa)?

where sinx > 0 for z € (0, 7). Starting out with the vector product, we have

Om Om
or 0y
cos 0 cos(x + ) —sin@sin(x + ) —sinf cos(y + @)
= |0 | cosOsin(x +¢) | +X | sinfcos(x + ¢) x | sinfsin(x + ¢)
—sinf 0 0
= (¢’ sin 0)m.

Therefore, the topological charge for equivariant fields is given by
1 *
Q(m) = — / m*wg2
4
S2

27 T
1 Oom Om
‘m//m(az : asz))d”““d“”
0 0

1 [.,. 1
=3 /9 sinfdx = 5 (cos(6(0)) — cos(f(m)) .
0
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2. Preliminary Considerations

Recall that equivariance implies m(+é3) € {é3, —€3}, and therefore Q(m) € {—1,0,1}.
For higher degrees, k-equivariant fields would have to be considered.

The group SO(3)g, is a compact Lie group as a subgroup of SO(3). It acts on X*(S?;S?)
via the operation m — mp and £: X! — R is SO(3)s, - invariant. By the principle
of symmetric criticality [44], critical points of £ within the set of equivariant maps
are critical for £. Thus, we now express the terms in the Euler-Lagrange equations
for equivariant fields in spherical coordinates to obtain equations that are solved by
minimizers within the set of axisymmetric fields. Note that minimality is not covered
by Palais’ principle.

0" sinz + 0 cosz  sin(26) o 1 sin(x + )
Am x m = , + o= ) = — —cos(x + ¢)
sinx 2sinx sinx 0
, "o cosf cos(x + ¢)
+ (sin p X x‘—i— X ST, 20"\ cos 9) cos@sin(x + ¢)
sin x .
—sinf
(m-v)r xm = (sinfsinz cos x + cosfcosz) v x m
sin(x + ¢)
= (sin @ sin x cos x + cosf cos x) (cos O sinx cos y — sinf cosx) | —cos(x + )
0
cos @ cos(x + ¢)
+ (sin@sinz cos x + cosfcosz) (—sinxsin x) | cosfsin(x + ¢)
—sinf

Combining these two terms, the equation 0 = m X (Am + x(m - v)v) is reduced to two
coupled ordinary differential equations for 6 and Y.

in 0 1
s.m <X’ cosz + )" sin 1‘) + - (20')(' cos 9) (2.1)
sin x sin
= k (sinfsinz cos x + cosf cos z) sin z sin x
2 :
20
0" sinz + 0 cosx + sin(20)M _ sin(20) (2.2)

2 2sinz
= Kk (sin@sinx cos x + cos f cos z) sin z (cos @ sin x cos x — sin 0 cos )

In particular, for axisymmetric solutions with xy = 0, the profile 6§ solves the equa-
tion
sin(20)

2sinx

sin 20" 4 cos 20" = + K sin(26 — 2x) sin . (2.3)

Note that for constant y, the left-hand side of the first equation vanishes. If siny #% 0
i.e. x € {0, 7}, the reappearance of the right-hand side of (2.1]) in the right-hand side

of (2.2)) implies that 6 has to solve (sinzf’)" = 5111(7220)7 independently of k. This is the

2sin
Euler-Lagrange equation for axisymmetric critical points of

/!Vm]QdU
S2
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2.2. Symmetry

The equivariant m with profile # and azimuthal shift y would thus solve the harmonic
map equation. However, that is not what we’re interested in.

In the following, we will restrict our analysis to x € {0, 7}, i.e. axisymmetric fields, and
the corresponding functionals. Recall that the change x = 0 to x = 7 corresponds to the
change 6 — —# on the level of profiles. Apart from the considerations about harmonic
maps, the restriction to axisymmetric fields is further justified by the fact that for any
given profile 6, the angles Y = 0 and xy = 7 are critical among all y for which the
expressions are defined. To see this set my := (sin 6 cos((x +t®) + @), sin O sin((x +td) +
¢),cos )T for a test function ¢ € C§°(0, 7). Then,

d
ﬁg(mt)]tzo = 27r/¢’x’ sin x

+ K (2cos(f — x) sin @ sinz sin x — 2sin? fsin? z sin x(1 — cos X)) ¢ dx

which vanishes for yx = 0 and x = 7 due to the sin y-terms. Note that the anisotropy
term is sin?(@ — x) for x = 0 and sin?(# + z) for x = 7 which corresponds to the shift
from 6 to —6 that we have seen in the proof of lemma [2.5

2.2.3. Analysis of the Energy Density

Recall that in the planar case, Dzyaloshinski-Moriya interaction (DMI) in combination
with a potential term stabilizes Skyrmions u: R? — S? against the scaling invariance of
[Vu||2,. It is given by

/ u-(V xu)de.

R2
In the case of the sphere, it has been observed in [26] and [37] that the stabilizing
effect of curvature can be traced to a so-called curvature-induced DMI. By expressing
m in curvilinear coordinates (v, &g,€,) on the sphere [26] or curvilinear stereographic
coordinates (71, 72,v) on R? [37], a DMI-term emerges from the exchange energy. Both
these observations require extensive calculations. Under the assumption of symmetry,

however, the curvilinear coordinates are simply induced by considering the difference
profile © := 6 — x:

sin  cos ¢ sin © cos x cos @ cos © sin z cos
sinfsiny | = | sin®@cosxsiny | + | cosOsinxsiny | = sin ©é; + cos O,
cos —sin®Osinx cosOcosz

in the notation of [26]. The energy, expressed in terms of ©, is given by
E(0) = /(@')2 sinz + 20 sinx + sinz +
0
+ ksin?(0) sin z dz.

sin?@cos?x  sin(20) cosx 9 ~ .
+ cos“ Osinz

sin x sinx
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2. Preliminary Considerations

On R2, the properties of axisymmetric Skyrmions have been investigated in [32] for an
energy functional involving exchange energy, DMI and easy-axis anisotropy with a large
anisotropy parameter h. For axisymmetric Skyrmions, this results in

B T (02 sin?0  ,  sinfcosf
Egy(0) = 27r/ < 5 + 5,2 +60 + — + h(1 —cos®) | rdr.
0

This can be compared with the case on the sphere by considering the pullback of
m: S? — S? via the inverse stereographic projection. On the level of profiles, this
corresponds to setting

Op: (0,00) = R, 0,(r) = O(2arctan(r))

when identifying —é3 with co. For the projection from é,, my, the same would be

achieved by ©(2 arctan(l)). Thus, using the identities sin(2arctan(r)) = 1122 and
cos(2arctan(r)) = i= .2, the energy of 0, expressed via 0, is given by
7 2)2 2 212 2
1 2 1 2 1-— 1
e):/ @A) 2 g 1 2 g (L) 1t
p 1472 P2 1402 (1+7r2)2 2r
0

. 1-— 72 2 .92 2r 2
=+ SIH(QQP)W + (1 + cos Gp ~+ K SIn Hp)m m d'l"

[e.e]

2 sin?6, 1 — 4r2 + r4
:/ (%)24"29; 5+ 2p 2 4
1+r r 1+4r4+r

0
sin(20,) 1 —r? . 9 4
. 1+2r2+r4+(2+(/{71)81n Gp)7(1+r2)2 rdr
o0
0,)° in’6,  sin(20
:2/<(g) +91’,+51;T2p+sm; D) 4 4k 1)sin0, | rdr
/9, 1—7" 87"Sin29p in(26,) 3r3 4+t
—sin _
p 1—1—7“2 142 4 PP 4 2r 4 4

8r — (872 + 4r)sin? 0,
(147r2)2

T.

Up to the change in the potential from a Zeeman term to anisotropy, the first integral
reproduces the energy for axisymmetric chiral Skyrmions on R?. The integrand of the
second integral converges to 0 as r — 0 where, in the planar case, the Skyrmion forms.
For large r, on the other hand, the expansion is not meaningful because the second
integral yields a significant contribution to the energy.

On the sphere, chapter two will reveal that the Skyrmion in the axisymmetric case may
form at either of the poles. The computations above have shown that similarities to the
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2.2. Symmetry

planar case are to be expected if the Skyrmion forms at the north pole &3 with 6(é3) =
6,(0). For a Skyrmion at —eé3, one may choose the stereographic projection accordingly
and the same expansion of the energy is achieved for

~ 1
0, =0 (2 arctan <7“>> ,

thus allowing the comparison of Skyrmions at the south pole.

In preparation for Chapter 2 on axisymmetric minimizers, we end this section with a
detailed analysis of the terms in the reduced energy for axisymmetric fields. For that
purpose, let

.2
er(0,x) = (¢ (z))*sinz and e;;(0,x) = SH;mea(cx) + ksin?(f(x) — x)sinx
as well as
E;(0) :/ej(ﬁ,x)dx and FEp;(0,z) :/e[I(Q)dx.

0 0
Furthermore, given 0 < a < b < 7, we define
b
Ejoy(6) = / e1(6,2) + er1(0, ) d.
a
This choice of grouping terms seems to be non-intuitive because
s
sin? @

/|Vm9|2da:27r/(9’)281nx+ —— dz,

sinx
S? 0

which is split among e; and ey;. However, on the level of profiles, minimality has
different effects on the two terms stemming from |Vmy|?.

The first part of the energy, ey, is obviously minimized by constant profiles. However, it
is not relevant whether this constant is 7, 5, or any other value.

For err, on the other hand, the pointwise value of 6 is relevant. The energy density is
a superposition of the trigonometric terms sin?# and sin?( — ), weighted by 1/sinz
and xsinz. For very small z, namely z < arcsin(%)Q, minimizing the first term by
having 6 close to 0 or w therefore has a larger effect on minimizing ey; then minimizing
the second term which enforces 6(x) to be close to x. For energy arguments, it will be
helpful to find the balance and to know the pointwise optimal value of § with respect
toe II-

For any = € (0, ), the value of 6 is critical with respect to ey if

in(2
Sin(26) + = sin(20 — 2z)sinx = 0.

0+ 46 0=
(040, 2)l5=0 2sinx 2

2
ds 11
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2. Preliminary Considerations

In order to solve this equation for § when x is fixed, define d,;: (0,7) — R by

() = {? oo

5 arccot (% tanz + cot(2z)) otherwise

where arccot: R — (=7, ) is chosen to be discontinuous at 0.

Plot[{1/2 ArcCot[(100/2) Tan[x] + Cot[2 x]],
1/2 ArcCot[(50/2) Tan[x]+ Cot[2 x]], 1/2 ArcCot[(20/2) Tan[x]+ Cot[2 x]],
1/2 ArcCot[(10/2) Tan[x] + Cot[2 x]], 1/2 ArcCot[(2/2) Tan[x]+ Cot[2 x]], Pi/8},
{x, @, Pi}, PlotLegends - {k =100, k=50, k=20, k=10, k=2, Pi/8)]

0.4

— 100
50
20

— 10

0.2

0.5

-0.2 |

o |3

-0.4 -

Figure 2.1.: Plots of d,; over [0, 7] for different values of x and compared to §.

Lemma 2.6 (Properties of d.). The function d.: (0,7) — R given as above has the
following properties:

(1) For every k >0, d,; is well-defined and continuous.

(2) For everyn € N and every x € (0,7), the value 0(x) = x + ¢ — dy(z) is a critical
point of y — err(y, x).

(3) k> dx(x) is strictly monotonously increasing on (0, %) and strictly monotonously
™

decreasing on (%, 7). Moreover, lim,_ .o dy(x) = 0 for all x € (0, 7).
(4) Let k> 2. Then, d ((0, g)) C(0,%) and dy ((%,7?)) C (=Z,0).

(5) Define

n(z) =z + g —dg(z) and &(x):=x —dg(x).

Then for every n € Z and x € (0, ), the density err(0,x) is pointwise mazimal if
0(z) = n(x) + mn and minimal if (z) = {(z) + mn. The energy density is strictly
monotonous in 0 between these extrema.

(6) err is symmetric around x — d,, + "5 for every n € Z.
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2.2. Symmetry

The pointwise analysis of e;; directly implies the following functional statement for
E[[:

Corollary 2.2. For everyn € N, the continuous function id +%F —d, is a critical point
Of E]] .

Moreover, the functions n and & as defined above are a maximizing and minimizing
function of Err, respectively.

Proof. Recall that by arccot, we refer to the discontinuous function which satisfies
arccot(—oo) = arccot(oco) = 0.

(1) On (0,%) and (F,7), di is continuous as a combination of continuous functions
due to the choice of arccot. For continuity in x = 7, note that

lim — tan(z) + cot(2z) = oo and lim v tan(z) + cot(2x) = —oo

¢/ x\f

with limy_, arccot(y) = limy_, o arccot(y) = 0 = d(%5) for this choice of arccot.

(2) For §(x) = o + %F — dx(x), trigonometric identities give

cot(20) = cot(2x + nm — 2d,.(z)) = cot(2x — 2d,(x))
cot(2z) cot(2dx(x)) + 1
~ cot(2d,(z)) — cot(2x)
~ cot(2x) (& tan(z) + cot(2z)) 1

& tan(x) 5 tan(x)
2 cosx
= cot(2z) + = t*(2z) + 1
CO(m)+I€SiHZE (cot®(2z) + 1)
1

rsin(2z)’

1
= cot(2z) + —
(22) K sin?
Next, multiplication by « sin(2x) sinz and sin(26) give

sin(26)

sinz ’

rksin x (cos(20) sin(2x) — sin(26) cos(2z)) =
and therefore Le;(0 + d,2)|5—0 = 0.

(3) Fix z € (0,m) \ {§}. As a function in &, dx(x) is differentiable with derivative

d 2) = tan(x) -1
d“dﬁ( ) 4 1+ (5tan(z) + cot(2a;))2'

This expression has the opposite signum of tanx and is therefore negative for
r < 5 and positive for z > 7.
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2. Preliminary Considerations

30

For the asymptotic behavior as kK — oo, recall the asymptotic behavior of cot. For
r = %, we have d(x) = 0 for all k. Otherwise, the factor tan(x) is non-zero and
limy oo ‘g tanx + cot(2x)| = 00.

Due to the monotonicity of d, in x and symmetry of the trigonometric functions,
it suffices to prove the lower bound for £ = 2 and x € (0, §) and the upper bound
of 0 for x € (0, §). Figure depicts the graphs of d; for different x and is topped
by an auxiliary line at g.

Both bounds are visible in the plot but also easily shown analytically. For the
maximum of dz on (0, %), consider the derivative with respect to z,

)
d (2) 1 —2cos(2z) -1 cos(2x)
dz 2 sin(2z) 1 \2  (sin(22))2+1
+ (sin(2a:)>
The only root of this in (0,%) is 2 = T and dy(5) = 1 arccot(1) = . On (3, ),
the only root is x = ?ﬂf with dg(%r) = %arccot(—l) =-Z.

For the lower bound, trigonometric identities imply

K K 1 1

§tan:1: + cot(2x) = tanz + §cot:c > i(tanx + cot x)
1 1

= = >0

" 2sinzcosz sin(2x)

since x > 2 and tan z,sin(2x) > 0 for z € (0, §). Since arccot is positive on (0, 00),

1
dy, = 3 arccot <g tanx + cot(2x)> >0 forallxe (O, g) :

On (3, ), both tan z and sin(2x) are negative, resulting in the opposite inequality
and negativity of d(x).
Consider the second derivative of e;; with respect to 0,

cos(20)
sin

+ K cos(20 — 2z) sin .

This can be rewritten as

20
m + K cos(26 — 2z) sinx
sinx
2 in(20 — 2 in(2
= cos(260 — 2x) (CO?( 7) + Kk sin :U) — sin( y z) sin(2)
sinx sinx

cos? x + (k — 1) sin

2
= cos(260 — 2x) ( x) — 2sin(26 — 2x) cos z.

sin x

> 0.

For x > 2, the expression in parentheses is always larger than Sirlm



2.2. Symmetry

If 2 € (0,5) and 0(x) —x € (§,75) then cos(2(f — x)) < 0, sin(2(0 — x)) cosz > 0
and the whole expression is negative. Similarly, it is negative if x € (3,7) and
0—z e (3,20). Bym this is true for n(z) — d.(z) < 6(x) < n(z) + d.(x) and in

particular for 6(x) = n(z).

On the other hand, the whole expression is positive for = € (0, 5) if 0 —z € (=F,0)
and for x € (§,m) if 0 —x € (0,%). By this is true for 6 between &(x) + dy(x)
and &£(x) — d,(x) and in particular for 6(z) = &(x).

(6) This follows from the criticality of ey at these points. By periodicity, the argument
is the same in both cases and we will proceed to show e;;(n+0) = err(n — 0) for
0 > 0.

é
cr1(n(2) +9) ~ enn(n(a) = [ Gennla) +1) d
0

+ ksin(2n(x) — 2z + 2t) dt

sinx

0
:/Sin@ﬁ(w

0

= jcos(—2t) <sm(277(x)) + ksin(2n — 2x) sin x>

sinzx

2
+ sin(2t) (cos(n) + K cos(2n — 2x) sin x) dt

S T

—

sin x

2) Zcos(%) (Sm(zn(x» + rsin(2n — 2) sinx>

2
+ sin(—2t) (C(:I(m?) + Kk cos(2n — 2x) sin :c) dt

1)
= /jten(n(m) + t) dt = 6[[(77(56) — 5) - 611(77(93))
0

Note that cos(2t) # — cos(2t) in (a) is irrelevant because the expression in paren-
thesis identically vanishes identically.
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3. Symmetric Minimizers

In this chapter, we consider the minimization problem
E(m) — min for {m € H'(S%S?) : Q(m) = 0, m axisymmetric}.

Since the energy and the topological degree are invariant under joint rotations and
reflections, fixing the symmetry axis to be é3 was only a matter of convenience because
axisymmetric fields can be then expressed as

sin  cos @
m=my = | sinfsingy
cos 6

with a profile @ fulfilling 0(0) = 7, 6(7) = (2k + 1)7 for some k € Z. More details
are given in the introduction, section However, changing the symmetry axis would
result in an equivalent problem.

For axisymmetric fields, the energy can be rewritten as

T sin® 0
E(my) =27E(0) = 271'/(0/)2 sinx + — + ﬁsin2(9 —x)sinzdx.

S T

0

The Euler-Lagrange equation takes the special form of
—singp
0=my x VE(my) = f(0) | cose
0

where

_ pcosz  sin(20) k| B
0 snz T oenZe T2 sin(260 — 2z).

1(0) = 0"

The chapter is divided into two parts. First, we prove existence of symmetric min-
imizers and discuss their non-uniqueness due to further invariances of £. We then
derive several properties of minimizing profiles which will be useful in the next chap-
ters.
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3. Symmetric Minimizers

3.1. Existence, Regularity, and Non-Uniqueness

3.1.1. Existence

While the Euler-Lagrange equation of the reduced energy F, equation , is irregular
at both 0 and 7, making a boundary value problem hard to solve, the existence of
symmetric minimizers for the functional £ in the case k > 0 is easily proven via the
direct method of the calculus of variations.

Theorem 1. For x > 0, the minimum of £ in
{mec H'(S%:S?%) : Q(m) =0, m azisymmetric}

18 attained.

Note: For k = 0, constant fields are energy minimizing with zero energy. Thus, the
global energy minimum is attained in the topological sector of Q@ = 0. For x > 0, on
the other hand, constant fields are not even critical points anymore and for £ > 4, the
ground state satisfies @ = 1 [10]. Therefore, while Theorem (1| holds for all £ > 0, we
are mostly interested in the case k > 4.

Proof of Theorem [l We apply the direct method of the calculus of variations exactly
as in [37] and add an extra argument to ensure that axial symmetry is preserved for the
minimizer.

The energy is bounded from below by 0 and the set
C={m e H'(S*$?) : Q(m) = 0, m axisymmetric}
is non-empty due tom = é € C.

Let (mg)gen be a minimizing sequence in C. Then ||mk||§{1(Sg;R3) < E(my) + 4w so the
sequence is uniformly bounded in H'(S?;R3). Passing to a subsequence, we have weak
H'(S?;R3) convergence my — m for some m € H' with mj, — m € L?(S?; R?) strongly
and /m(z)| = limg_,o [mg(z)] = 1 due to pointwise convergence almost everywhere.
Hence, m € H'(S%S?).

The energy is composed of a norm and the integral over a polynomial in m which
is nonnegative due to (m - v)? < 1. Thus, pointwise convergence of (my)ren almost
everywhere and the lemma of Fatou imply

k—o0
S2 S2

/1—(m-u)zdagliminf/l—(mk-y)zda
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3.1. Existence, Regularity, and Non-Uniqueness

and in total we find £(m) < liminfy_,., £(my) because norms are weakly lower semi-
continuous.

To prove axisymmetry of m, recall that it is characterized by invariance under joint
rotations and joint reflections. Due to the pointwise convergence almost everywhere, we
find

R 'm(Rx)e = lim R 'my(Rx) = lim my(x) = m(x) a.e. and for R € O(3)g,.

k—o0 a k—o00

Since critical points are smooth (see Theorem [2[ below), these identities extend to all
r € S? and m is axisymmetric. It follows that the class of axisymmetric functions is
weakly closed.

Finally, in order to study the topological degree, consider the topological density mea-
sure

w(m) =m- (81ﬁl X 821&1) d$1 de

where, once more, m = mo 7: R? — S2. Due to [3, Theorem E1], boundedness of
HmGH%2 and pointwise convergence almost everywhere imply that there exist integers
q1,---,qp € Z and points x1,...x, € R? such that

N
w(my) = w(m) + 4x Z iz,
i=1

weakly in the sense of measures. This implies 0 = limg_,o, Q(my) = Q(m) + Zf\il G-
Combining this with [35, Lemma 4.3], we find that

N
liminf/]mG\QdaZ/]Vm!2d0+47r E |qi]-
k—o0 -

2 g2 =1

Due to the upper bound in [37], liminfy . o |[Vmy|?do < liminfy o E(my) < 87
and N may be at most 1 with |¢;] = 1. But even then Q(m) = +1 and £(m) >
[Vm|2, > 47 due to the topological lower bound.Then,

87 > liminf £(my) > liminf [|[Vmy||72 > [|[Vm||72 + 47 > 8,
k—o0 k—o0

a contradiction. I

Note: If the direct method was applied on the level of profiles 8: [0,7] — R with
fixed boundary values, axisymmetry would automatically be preserved and conserva-
tion of @) would simply depend on the conservation of boundary values. However, the
reduced energy E does not provide a bound for [|0k[|f1(o,r) due to the trigonometric
terms.
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3. Symmetric Minimizers

3.1.2. Regularity

Proving regularity of critical points again follows standard methods for harmonic maps,
see e.g. [20] or[40]. The details are given below.

Theorem 2. Let m be a critical point of £. Then m is smooth.

Proof. We show smoothness of m :=mo 77;1 where 74 is the stereographic projection
mapping +é3 to co. If not specified otherwise, all norms are between R? and R®. For
convenience, write m = m.

The field m solves the equation

—Am = Q(m) : Vm + f(m)
where

Qm)=m®Vm-Vm®m

4k
f(m) = mm X (m-v)r x m).

Due to the special form of €2, we have

Q” < 2|Vm]?
and
div QY = m‘Am’ — m/ Am’
= m'f(m)! — 0’ f(m) + m’(Q(m) : Vm)’ - m’ ((m) : Vm)'
—(m®f-fem)’
so that

[div Q2 < [| f]l2

< 4k

= T+
Performing a Helmholtz decomposition for €2, we have Q = Qy + 7 with div (Qg) =0,
curl(2;) = 0 and the following estimates:

L2.

[Vil[2 < |ldiv Q22 < [|f]|z2
and
1]z < 12lz2 < 2[[Vm]|z2.

Moreover,

1—2

2
[]lr < cllllp2 (V2"
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3.1. Existence, Regularity, and Non-Uniqueness

for all r € (2,00) due to the endpoint Gagliardo Nierenberg inequality. Combining this
with Holder, we find for all ¢ € (1,2) and r = 22qu € (2,00):

1
12 Vim0 = (/|27 V7|2, o

<] g [Vem]2

2—q
2—q 2(¢—1)
< |Vl (11,3 19l ).

implying Q1 Vm € L9 for all ¢ € (1,2).
Now set ¢ = Q;: Vm, R > 0 and let u be a solution of

—Au=f+yg on Bgr(0)

u=m on 0BR(0).

Since L?(Br(0)) — L4(Bg(0)) due to the boundedness of Br(0) and 1 < ¢ < 2, the
Calderén-Zygmund inequality implies

ID*ulla(n) S AUl Lasr) < If + gllza(ar)

and hence u € WH4(Bg) for all ¢ € (1,2). By Morrey’s inequality with o = @ and
a € (0,1) for g € (1,2) we deduce continuity of u on Br(0).
On the other hand,
—Am—u) = :Vm+Q :Vm+ f—(f+9g)
=Qo:Vm+g+f—g—f
= QD :Vm on BR(O),

extended by 0 on R?\ B belongs to the Hardy space H!(R?; R3) because div 2y = 0[f].
It follows via Lorentz space estimates [20] that m — u is continuous on Bg(0). Thus, m
is continuous on Bg and, by repetition of the local argument, on R?.

Smoothness follows from continuity by standard arguments for semilinear equations with
quadratic growth [53]. Here, the right-hand side of the equation —Am = b(z, m, Vm)
is given by

b(z,m,Vm)=Q: Vm+ f(m)

4K
= |[Vm|? —— (m x (m- X
| m|m+(1+’$|2)2 (mXx (m-v)vxm),
where |b(z, z, p)| < |p|?|2| + (H—T%’Z’g < ¢(1+ |p|?) for some constant ¢ depending only
on k and € if ||z| — 1] < e. This is sufficient since we are only interested in solutions
m: R? - S2, O
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3. Symmetric Minimizers

3.1.3. Non-Uniqueness

Axisymmetric minimizers of £ exist and are smooth. However, they are not unique
due to further invariances of the energy. This is reflected in the fact that the solution
of is non-unique, even when fixing boundary values. In the following, we discuss
the non-uniqueness of magnetizations m and profiles 6, starting from an axisymmetric
minimizer with m(+é3) = —és.

Without loss of generality we may therefore assume that (0) = 7. However, while
Q(m) = 0 implies m(é3) = m(—é3), this is not true on the level of profiles where 6(0)
and 6(7) may vary by multiples of 27. Later on we will see that minimality of profiles
does indeed imply 6(0) = 6(7) so the non-uniqueness of boundary values can be ruled
out for minimizing profiles by fixing 6(0).

Apart from such effects that are due to the periodicity of trigonometric functions, non-
uniqueness of symmetric minimizers and thus their profiles is also due to the symmetry
of the energy functional. To account for the invariance of £ under joint rotations and
joint reflections we have already fixed the axis of symmetry to be é3 and the values at the
poles as —é3. However, both the energy and the condition () = 0 are also invariant under
individual reflections on the domain or target manifold.

The first type, m +— m(—-), can not be ruled out by fixing values at the poles. Such a
single reflection on the domain changes whether a Skyrmion forms at the north pole €3 or
the south pole —é3. For the polar profile, m — m(—x) corresponds to a change in profile
0 — m — O(m — x), which also preserves boundary values.

The second type, m — —my(-), is ruled out by fixing m(é3) = —é3. However, since it
does not affect the energy of the condition Q) = 0, it yields additional minimizers. Such
a single reflection on the target sphere affects whether the Skyrmion forms inside the
sphere or outside.

Due to the invariance under reflections on the domain we can not expect the solution
to the boundary value problem

sin(20)

' si I =
(¢ sinz) sinx

0(0)=0(r) ==

+ ksin(20 — 2z) sinx

to be unique, even when minimality is additionally requested. Instead, we will focus on
profiles with 6(%) < m. We will later see that this corresponds to a Skyrmion formation
at the north pole.

Definition 3. Let m € {m € H'(S%*S?) : Q(m) = 0, m azisymmetric} be a minimizer
and 0: [0, 7] = R a profile such that m = my and 0(0) = 7.

(1) 0 is called a minimizing profile.

38



3.1. Existence, Regularity, and Non-Uniqueness

Type I Skyrmion Type III Skyrmion

i} o %
027 —0(m — )

/

m(z) — —m(—2x)
0—0+m 0 m—0(r—x)

oL

Type II Skyrmion Type IV Skyrmion

m(z) — —m(x)

N

Figure 3.1.: Types of axisymmetric Skyrmions and the transformations by which they
are related. On the left, the Skyrmion forms at the north pole and on the
right, the Skyrmion forms at the south pole. The Skyrmions are related by
the transformations indicated at the arrows and all have the same energy.

(2) If 0(5) < 7 then 0 is called a lower minimizing profile.
If 0(5) > 7 then 0 is called an upper minimizing profile.

(3) Given a profile 0: [0, 7] — R, the profile § = m — (7 — x) is called the mirrored
profile (associated to 0).

Notes:
(1) Minimizing profiles are minimizers of the reduced energy FE.
(2) We will later see that the case 6(3) = 7 does not occur for minimizing profiles.

(3) 6 is a lower minimizing profile if and only if the mirrored profile § is an upper
minimizing profile.

(4) If 0 is a lower minimizing profile then my is a type I Skyrmion. If  is an upper
minimizing profile then mg is a type III Skyrmion.
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3. Symmetric Minimizers

3.2. Properties of Minimizing Profiles

In this section we will analyze the properties of minimizing profiles. After establishing
that minimality implies 6(0) = 6(7) we will focus on lower minimizing profiles, investi-
gating their range and shape as well as their behaviour near m. Overall, we prove the
following:

Proposition 3.1. Assume k > 24 and let 6 be a lower [upper] minimizing profile with
0(0) = 7. Then the following holds

(1) 8(m) =7 and for x € (0,7), we have v < O(x) < 7 [r < O(x) < x + 7.

(2) 0 has exactly one minimum x,, [maximum z™]. As k — oo, we have T, — 0
[z™ — 7).

(3) 0 —id is monotonically decreasing on (0, ).

(4) The limit of 0" at w [at 0] exists and is smaller than 1.
3.2.1. Range
The upper bound for the energy directly implies

Lemma 3.1. Let 0 be a minimizing profile with 6(0) = w. Then §(7) = .

Proof. Assume 0(7) = (2k+1)m with |k| > 1. We show that the energy then exceeds the
upper bound for the minimum in [37]. For that, write z, := min{z € (0,7) : 0(x) = a}
where a € {2k7, (2k + 1)w}. Then by Young’s inequality,

s Tokr T2k4+1T
N2 - sin? 0 i /- /.
(0" sine + ——dz > —26"sinf dx + 20" sin 6 dz
sin
0 0 T2km

= 2 (cos(2m) — cos(m) + cos(2m) — cos(m)) = 8.

On the other hand, minimality implies E(¢) = 5-€(my) < 3T = 8, a contradiction. [

From a simple energy argument, it follows that minimizing profiles are enclosed between
id and id 4+, implying sin(6 — x) > 0 for all = € (0, 7).

Lemma 3.2. Let 6 be a minimizing profile with 6(0) = () = w. Thenz < §(z) < x4+
for all x € (0,7).
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3.2. Properties of Minimizing Profiles

Proof. Assume that there exists ¢ € {x € (0,7)| 6(x) < z}. Then, by the intermediate
value theorem and due to #(0) > 0 and 6(7) = 7, there are 0 < a < ¢ < b < 7 with
f(a) = a and 0(b) = b. The contribution of # on [a,b] can be estimated with Young’s
inequality:

b b
/sinac(@’)2 + sin” 0 dx > 2/9'(x) sinf dx = 2[— cos 0]°

sin
a a

= 2cos(f(a)) —2cos(f(a)) = 2cosa — 2cosb

On the other hand, consider the adapted profile

~ ~ <zx<
6:[0,7] — R, H(x):{x asz<h

O(x) else.

Due to f(a) = a = 6(a) and 0(b) = b = 0(b), 0 is continuous and has the same boundary
values as 6. Since

b . b
/(5 )251Hx+ sin 9 /smx
and
b b
/sin2(5—x) sinzdr =0 < /sinxsin2(0 —z)dz

while the contribution outside [a, b] remains unchanged, we find E(6) < E(#), which is a
contradiction to § being minimizing. Thus, the assumption of #(c) < ¢ has been wrong.

Furthermore, idy ] is a solution of the differential equation apart from the initial value.
Therefore, if § = id on some interval [a, b], unique solvability of the ODE on [, 7 — €]
for any € > 0 would imply that § = id on [e,m — ¢]. As the profile of a smooth
axisymmetric m, the function 6 is continuous, see appendix Thus, # = id on any
closed subintervall of [0, 7] implies § = id on [0, 7] which contradicts §(0) = =.

In conclusion, if there was zg € (0,7) such that 6(xg) = xo then 6 would not be
minimizing or # = id on some interval [z, b]. As both options are impossible, there can
be no such zp and > x on (0, 7).

By the same energy argument, §(z) < x + 7 for all x € (0, 7). O

For lower minimizing profiles, the upper bound can be refined. This will be done in two
steps. First, we show that for minimizing profiles, the root of 7 has at most one element
p in (0,7). For lower minimizing profiles it follows that p < 7. We then perform all
further analysis under the assumption that p > 0. However, an argument in Chapter
two will show that p = 0, completing the proof of the first statement in Proposition

B.1
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3. Symmetric Minimizers

Lemma 3.3. Assume that 0: [0, 7] — R with 6(0) = 6(7) = m minimizes E and that
there exists xo € (0,m) with 0(xg) < w. Then either 6 < m for all x € (0,7) or there
exists a unique p € (0,m) such that @ > 7 on (0,p) and 8 < m on (p, ).

The second case will be referred to as overshooting. As mentioned above, it can
only be ruled out later on and thus has to be considered a possibility in this chap-
ter.

Proof. There is nothing to prove in the first case. If it does not occur then there exist
0 <p1 <z < p2 <7 such that O(x) < 7 on (p1,p2), O(p1) = O(p2) = m, and p; > 0 or
p2 < . We will show ps = 7 in two steps and then conclude by a symmetry argument,
using 6. Note that the energy argument heavily relies on the analysis of e;; in Lemma
There, we have defined n(x) = x+ § +d.(x) as the value of 0(z) for which e;;(0(z))

is maximal.

Step 1 First, assume py < 5 and let

Ty, = argming, ,10(z)

be the minimizer of § in [p1,p2]. If 6(xy) > § then 6 > T on (p1,p2) and setting
0(z) = 2m — 0(x) for = € (p1, p2) would reduce the energy since

E(0) — E(0) = KJ/ (sin?(0 — x) — sin*(0 + z)) sinz dz = Ii/ —sin(20) sin(2z) dz  ®
p1 p1

which is positive due to sin(20) sin(2x) < 0 for all (z,0) € (0,F) x (5, 7).

On the other hand, if 6(z,,) < § < n(2m) and m = 0(p2) > n(p2) due to po < 7, then
there must be intersection points a, b, ¢ with x,, € (a,b) C (p1,p2) and ¢ € (p2, ) such
that 6(x) = n(z) for x € {a,b,c}, 8 > non (0,a) U (b,c) and 6 < n on (a,b). Note that
oscillations of # around 7 as opposed to # < 1 on (a,b) and 6 > 1 on (b, ¢) would result
in an increase of both E7(f) and Err(f) and can therefore be excluded. Also, ¢ > py
follows from the fact that n(p2) < 7 = 6(p2) due to p2 < 3.

Starting from this assumption on ¢ and a, b, ¢ we perform the following two adaptations
to construct ¢ with strictly smaller energy and 6 > n > § for all 2 € (p1,p2), leading
back to the first case.

Adaptation 1 Find y = argmax(,) (n(y) — 0(y)) and set m := n(y) — 0(y) as well as
01 :=n(y) + m. If 6; < 7 choose a € (p1,a) such that §(a) = 6, and set
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3.2. Properties of Minimizing Profiles

woln

(a) Case 1: 61 <7

N[

! y o5
(b) Case 2: 0; <=

Figure 3.2.: Adaptation 1.  is highlighted in yellow.

Otherwise, if 6; > 7, choose a € (p1,y) such that 2r — 0(a) = 6; and set

) 0(x) x € (0,p1)
0(x) 2r —0(z) =z € (p1,q) .
01 z € (a,y)

Adaptation 2 Compute 03 = n(b) + m. If 62 < 7, choose § € (b, p2) minimal such that
0(B) = 02 and set

n(x)+m =z € (y,b)
0(z) =< 0y ze(bp).
0(x) x>p
If 2 — (b) > 62 > 7, choose 8 € (b, p2) minimal such that 2r — (5) = 6, and set

n(z)+m x € (y,b)

- 0 b
0(:1:) _ 2 T e ( 75) )
21 —0(x) x € (B, p2)
0(z) x> xg
Finally, if 2 > 27 — 6(b), choose 8 € (y,b) minimal such that 2w — 0(8) = n(8) + m
and set

(@) tm wewH)
O(z) = {27 —0(z) x€(Bp2)-
0(x) x> D2

Consistency Before proving that the adaptations yield a reduction of the energy, we

first confirm the existence of «, 5 in all cases and infer continuity of . For the first
adaptation, the inequalities

T =0(p1) > 01 =n(y) +m >n(a) =0(a)

and =2 —0(p1) < 01 = 2n(y) — 0(y) < 27 — O(y),
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:L?Q::

2 — 0(x)

SIE]

y B3

(b) Case 2: m < 0y <27 — 0
0(x)
n(x)
2 — 6(x)

. lx
y Bb 3
(c) Case 3: 0 > 2w — 0

Figure 3.3.: Adaptation 2: positions of b and £

in the first and second case, respectively, imply the existence of a by the intermediate
value theorem in each of the cases. Due to §(p1) = 7 = 27 —60(p1) and 0(«) = 0y or 27 —
f(a) = 6 in the respective cases, 6 is continuous on (0,y). For the second adaptation,
existence again follows from the intermediate value theorem under consideration of the
inequalities

0(b) = n(b) < 02 <7 = 0(p2),
2 —0(b) > 02 > 7 = 2w — 0(p2),
and 7w—0(y) >n(y)+m while 27 —60(b) <nd)+m

in each of the respective cases. Continuity at b and /3 follows from the construction wile
0(y) = n(y) +m from Step 1 ensures continuity at y. Note that 6;, 62 > n and therefore

0> n> g on (pl,pg).
Energy reduction In general, ey; is reduced when |0(z) — n(z)| > |6(x) — n(x)|. For the

first move we have 6 > 6 > 1 on (0,a) and |0(z) — n(z)| > 01 — n(y) = m > n(z) — 0(z)
on (a,y). In the second case, where a < « is possible, note that

O(a) —n(x) = 21 — 6(z) — n(z) > 2n(z) — 0(z) — n(x) = |n(z) - 6(z)|

on (a, ).
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3.2. Properties of Minimizing Profiles

For the second move there are three cases. Just as before, though, the reasoning is
mostly the same with § — n(z) = m > 6(x) — n(x) on (y,b) (or on (y,8) in the third
case) and 6 > 7 > 6(z) > n(x) on (b,pz). For the third case, we again have the
additional estimate 0(z) — n(z) = 21 — 6(x) — n(z) > n(z) — 6(z) on (3,b).

The first part of the energy is reduced pointwise on (0, y) because 0% < (6)2. On (y,b),
however, where 6/ = 1/, we have to consider the possibility that n — 6 admits local
extrema, which result in a change in the sign of (n — )’ thus preventing a pointwise

comparison of ey(#) and e;(6). Instead, we prove a reduction of E; on certain intervals.

For that, assume that 7 — 6 has a local maximum at z. Then there are z; < z and
zg > z such that (n — 6)(z1) = (n — 0)(22), (n —6) > 0 on (21,2) and (n —6)’ < 0 on
(z,22). We apply the integral version of the mean value theorem to obtain

22

/ (n)? — (¢')?) sinz d

= /(77, —0') (' +6)sinzdr + / (' —0) (0 +6)sinzdx

21 >0 <20’ z <0 >20’
z zZ2

< /(29/ sinz)(n —0")dx + /(29/ sinz)(n' —0")dx

21 z

= 20/(&1) sin(€1) (n(=) — 0(=) = n(z1) +0(=1) )
+ 26/ (&2) sin(€2) ((z2) — 0(22) = n(2) + 6(2) )
= (=) = 0(=)) = (n(z1) = 0(=1)) ) (26/ (&) sin(&r) — 26/ (&2) sin(&2) ) <O,

where the last expression is negative as the product of a positive and a negative term.
Positivity of the first term follows from maximality of 7 — 6 at z while the second term is
negative due to the monotonicity of 6’ sin z, which follows from differentiation. In fact,
sin(260)  k

5 sin + 5 sin(20 — 2z)sinx =

(0 sinx) = 0"sinz + 0 cosx =

@611(9,.%)

and the right and side is positive since ej; is monotonically increasing in 8 due to 8 < 7.
It follows that EI,[Zl,Zz](é) < Ep [z 2,)(0) around a local maximum of n — 6. By the
choice of y, the global maximum of 7 — 6 in [y,b] C [a,b] is attained at y. Hence,
n — 0 is decreasing near y and the first extremum must be a minimum. Furthermore,
n—60>0=mn(b) — 0(b) implies that n — 0 is decreasing near b. It follows that the last
extremum must be a maximum. Since no two minima can occur without a maximum
between them and vice versa, all local extrema on (y,b) appear in pairs of minima and
maxima. In particular, every locally minimal value is assumed again at a later point,
allowing a comparison as above. In this way, Er ; can be improved on a collection of
intervals J such that (n —0)’ < 0 on (y,b) \ J. On this remaining set, e; is reduced
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pointwisely and overall, a reduction of Ef [,y follows. On (y,p2), reduction is trivial
with 6/ € {0, —6'}.

Since the assumption py < 7 has allowed to construct 0 with E(0) < E(0), thus con-
tradicting the minimality of #, it must be wrong and we have shown that 0(z) < 7
on (p1,%] for any minimizing profile 6 fulfilling 6(zo) < 7 for some z9 < 5. Here,
p1 = inf{z € (0,z9) : 6(z) <7}

Step 2 Next, consider the case where § < py < 7 so that 0(x1) > 7 for some z1 € (p2, 7).
The mirrored profile § then fulfils (7 — 21) < 7 and 7 — 21 € (0, §) and since it is
also minimising, all arguments given above apply. From the first case it follows that
0 < 7 on (p}, ) for some p; € (0,1), leading to a contradiction at © — p2 € (p, 5)
with 6(m — p2) = 7. In total, py = 7 is the only remaining option.

If # > z on (po,p1) for some 0 < pg < 1 then performing the argument again for 6 with
0 < m(m — p1, ™ — po) proves po = 0. Therefore, in the case where 6 overshoots, p := p;
is the unique root of 6 for = in (0, 7). O

3.2.2. Shape

First, we show that a minimizing profile has exactly one minimum. We then proceed
to show an upper bound for the derivative of §. Here and for the rest of the section we
use that there exists p € [0, 7) such that 6(z) > 7w on (0,p) and #(x) < m on (p,n). For
lower minimizing profiles, 6(%) < 7 implies p < 7.

Lemma 3.4. Let 6 be a minimizing profile. If p < m then 0 has exactly one minimum
in (p,m).

Proof. The proof again relies heavily on Lemma [2.6] In general, this implies that 6
can not have a local minimum z,;, with 0(2min) < £(Tmin) O 6(Tmin) > 17(Tmin) DOT
a local maximum such that {(Tmax) < 0(Tmax) < M(Tmax). Otherwise, constructing a
new profile by setting # = const = 6(a) = 0(b) on a suitable interval (a,b) 3 Zmiy [or
(a,b) 3 Tmax at maximal with &(x) < 0(z) < 6(a) on (a,b) [or n > 6 > 6(a) > ] would
give a profile with strictly smaller energy.

Let x,, € (0,7) be the global minimum of #. Since # = 7 does not solve the equation,
O = 0(x,) < m. We now proceed separately on (p, zp,) and (zp,, ).

On (p, xy,), extrema appear in pairs Tmin < Tmax- Due to above results, it has to hold
that &(Zmin) < 0(Tmin) < N(Tmin) as well as 0(Tmax) < &(Tmax) OF N(Tmax) < O(Tmax)-
The maximal value can not be smaller than &(zpax) since monotonicity of & would then
imply the estimates 6,, < 0(zmax) < {(zm), a contradiction to the first observation
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3.2. Properties of Minimizing Profiles

applied to z,,. Thus,

£($min) < e(xmin) < n(xmin) < n(xmax) < g(xmax)

is the only remaining option.

Assuming this setting, consider 1 < 22 € (Zmin, Tmax) such that |# — n| is maximal at
x1 and z9. Furthermore, by the intermediate value theorem, there are points y1 < Zmin
and Yo > Tpax such that 0(y1) = 0(zmax) and 6(y2) = O(zmin). If n(xy) — 6(z1) <
0(Xmax) — n(x1) then

10(Zmax) = n(x)| > 0(x) =n(x)]  for z € (y1, Tmax)

and setting 6 = 0(max) on (Y1, Tmax) results in en(é) < err(f) on (y1,Zmax). The
derivative term is, as always, trivially reduced to 0 and so 6 has smaller energy than
the supposed minimizer 6, a contradiction.

n(x)

fmax
T T

Lmin Tm Y1 1 T2 T2

Vv

Figure 3.4.: Configuration of local extrema and the construction in the discussed case:
n(z1) — 0(z1) < 0(Tmax) — n(21)

Similarly, if 0(22) — n(z2) < n(x2) — O(Zmin), setting 6(x) = 0(Zmin) o0 (Zmin, y2) would
yield an improvement in energy. Finally, since both # and 7 are strictly increasing on
(Zmin, Tmax), one of the two inequalities has to hold whenever there are minimum and
maximum in the considered configuration. Since this was the last remaining case, there
can not be any extrema in (p, ,, ).

On (z,,,7) extrema appear in pairs Tmax < Tmin. Again, the restrictions from the
first observations apply and 0(Zmax) < {(Tmax) would imply 0(min) < &(2min) for the
following minimum, a contradiction. The remaining option of 0(Zmax) > 7(Tmax) and
N(Tmin) > 0(Tmin) > £(Tmin) implies that 0 intersects n at two points in (Z,, Tmax) and
(Tmax, Tmin). We perform a construction similar to that in the proof of Lemma
which reduces the energy.
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Under the assumption of two intersections, there are points a,b and y € (a,b) such that
n — 0 is maximal at y and (0 —n)(a) = (6 —n)(b) = 0. If 61 = 2n(y) — 0(y) < O(Tmax)
then there exists a < a such that §(a) = 0(zmax) and setting 0= 0(Tmax) on (€, Trax)
reduces the energy. Otherwise if Op.x < 01 < 7 there is f € (y,Tmax) such that
20(zmax) — 0(8) = 2n(y) — 0(y) since

29<$max) - Q(y) > 277@) - Q(y) > 9($max)'

Setting 6 = 6; on (o, 8) and 0(z) = 20(&max) — 0(2) on (B, Zmax) reduces the energy.
Finally, it is possible that 01 > 7. In this case follow the corresponding construction in
Lemma Move 1 and again choose (8 such that 6; = 20(xmax) — 0(8). The resulting
0 has smaller energy. O

By considering § = 27 — (7 — ), we can conclude

Corollary 3.1. Let 0 be a minimizing profile. If p > 0 then 6 has exactly one mazximum
in (0,p).

We shall denote a maximum in (0, p) by =™ and its value by 6™ = 6(2™). Recall from
the proof of Lemma that the global minimum is denoted by z,, and its value by
O = 0(zp).

Before we continue to prove monotonicity of § — id, some more notation is introduced,
regarding the root of §. Let 6 be a minimizing profile.

Lemma 3.5. The set {x € (0,7)| 0(x) = 5} contains at most 2 elements.

Proof. Assume |07 ({3})| > 2. Then there would be points a < b € (p,5) such that
> 0(x) > on (a,b) (due to Lemma and 6(a) = 0(b) = 5 and the energy could
B(

be reduced by setting 0(x) = 7 — (x) < § on [a,b]. O

As the limit for large x will reveal, the root of § contains exactly two elements for x
large enough. In that case, denote them by z,. < z* and note that z* < § by Lemma
0.2

If [071{(2)}| <1, set z, = 2* = xp,, where zy, is the global minimum of § in (p, 7). In
this case it is possible that z* > 7.

We now turn to analyze the extrema of § in (p, 7). Again, the argument will rely on
Lemma

Lemma 3.6. Let 6 be a minimizing profile. Then 6 —id is monotonically decreasing on

(p, ).
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For xz € (0, ), it holds that (§ —id)'(x) = ¢'(m — x) — 1 = (6 — id)'(7w — x). Therefore,
the last Lemma implies:

Corollary 3.2. Let 6 be a minimizing profile. Then (0 —id) is monotonically decreasing
on (0,7).

Proof of Lemma[3.6. Working backwards from m, we show that 6 —id does not assume
a maximum. Since m = (f —id)(0) > (# —id)(p) > 0 = (0 —id)(x) for all z € (0, 7), this
proves the decay. The intervals that structure the proof are empty if x,,, > 5. However,
since the arguments stay valid on the non-empty intervals, this will not be mentioned
explicitly. For this proof, most arguments rely on the Euler-Lagrange equation for
axisymmetric minimizers. Recall that this implies that the corresponding minimizing

profile solves
sin(26)

1 T

0" sinz + 60 cosx =

+ ksin(26 — 2x) sin z. (3.1)

First interval: ?jf <x<O<m
On this interval, sin(260) > sin(2x) and cosz < 0. Also, 2(0—x) < 27 so sin(20—2z) > 0.
Thus, if &'(x) — 1 > 0, it would follow that

1 <sin(20)

sinx \ 2sinx

9//(I) —

—cosxf + g sin x sin(26 — 2I)>

1 (2si
> _ Sin 33 8T _ osz+ Ssing sin(260 — 2z)
sinz 2sinz 2
1

= s (g sin x sin(26 — 23@)) >0

and therefore there can be no maximum of 6 —id on (27, ).

Second interval: 3§ <x < %”

From the optimization of e;; it is known that the right-hand-side of (3.1)) is positive for
{(x) < 0(x) and x € (5, 7) and negative while increasing in 6 for § between id = & 4 d,c
and €.

For 6(z) > &(x), this implies non-negativity of §”(x). Since there are no minima of 6
on (Z,27), the first derivative 6/(z) is non-negative and from the differential equation

it follows with cosz < 0 that

! <— cosz 0'(x) +

ell(m) —

2sinx 2

in(20
, sin(26) + 2 sin(20 — 2x) sinx) > 0.
sinx

Thus, there can be no maximum of § — id on this interval where 6 > £. The only
remaining case is that of z < 6(x) < {(x). In this case, since the derivative of ey with
respect to 0 is strictly monotonically increasing in 6 for id < 6 < £ as seen in the proof
of Lemma [2.6] one finds

sin(20) &k sin(2z)

+ —sin(20 — 2z) sinz >

7sina 2 + 2 sin(2z — 2x) sinx = cos .

2sinx 2
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3. Symmetric Minimizers

Therefore, if 6'(x) > 1, the differential equation again implies positivity of the second
derivative:

S eing + B sin(260 — 2z) sinz

0" () 1 (_ cosall + sin(20) &k )

sin x

—— (—cosx + cosx) = 0.
sin x

Finally, the second derivative is positive for z = 7 because 6(F) € (5, 7) and & > 1.

sin (20(%))

0" (5) +0-0(@) = 2

5 + gsm(ze — 1) = (1 — x)sin(20) > 0.

Since any maximum of § — id at y would imply #'(y) =1 > 1 and 6"(y) < 0, there are

no such maxima within (%, 27).

Third interval: x, <x< 3

On (4, 5 ), the second derivative of a solution can become negative for #" = 1. However,
we will show that this is only possible for ¢ close to x + 5 and infer an energy estimate
exceeding the lower bound of 87 from [37]. Thus, such maxima do not appear for
minimizing profiles.

Assume there exists Z € (2,,, 5) such that '(Z) = 1. Then the second derivative of 6
at z is given by

Wiy o m _ sin(26(z)) K. -
0"(z)sinT = —cosT + osnz + 5 sin(20(z) — 27) sin 7.
Since the right hand side of this equation is zero if and only if

1
0(z) =T+ %T —5 arccot (g tan T + cot(2%) + 1) =®,, nNELL

and positive for example for () = Z + d..(Z) < ®1, 0”(Z) can only be negative if

®1 < 0(Z) < ®o. If p> 5 the case of x;;, <z < § is irrelevant. Otherwise,

1
0 <E> <7m=limz+ T_Z arccot (E tanx + cot(2x) + 1)
2 ez 22 2

while 6(z) >+ — £ arccot (4 tanZ 4 cot(2z) + 1) so the intermediate value theorem

implies existence of some a € (Z, §) such that
6(a) = a+ = — L arccot(Z tana + cot(2a) + 1) = a+ & — 26.(a)
a)=a+ - — —ar —tana a =ra+ = — =d(a).
2 2 2 2 2"

Since 0, > d,, we have 0(a) < n(a) and without loss of generality one may assume that
0(x) < n(z) on (a,3) by choosing a = max{a € (z,3)|0(a) = a+ 5 — 35.(a)}.

Using monotonicity of 8 on (a,7) C (2, 7) we will now estimate the anisotropy part of
the energy on (a,f0(a)). Note that sin(f — x) is increasing in 0 as long as it holds that
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3.2. Properties of Minimizing Profiles

xr < 0(a) < 0(x) <z + 5. By choice of a, this is true for x € (a,6(a)). Therefore,

m 0(a)
/sin2(9 —z)sinzdx > / sin2(9(a) — x)sinxdz
= % [cos(260(a) — 3x) — 3 (cos(20(a) — x) + 2 cos x)]z(a)
— L (~Scos(8(a) — cos(20(a) — 3a) + 3 (cos(20(a) — a) + 2cos(a).

Viewing this as a function of a, the expression has exactly one local maximum in (0, %),

2
no minima, and the following values at the boundary:

: 1
P <—8 CoS ((*) + cos(m — 0) — 3 (cos(m — 0) + 2COS(0))) =3
fora=0,0(a) =0+ 5 — 0 and
1 3 )
12 <_8COS(7T) + cos (277 — ;) -3 (cos (277 — g) + 2 cos (;))) =3
for a = §, 0(a) = m. By a very rough estimate, neglecting 0 < z,, < a, the energy of 0

would therefore be larger than % if  — id had a local maximum at 7.

On the other hand, it is shown in [37] that the full energy € = mE is bounded from
above by 8m. The statement is repeated in Lemma (3.9, For x > 24, the resulting bound
for F is exceeded by % and 6 —id can therefore not have a local maximum in (Zyin, g)

Since ¢’ is negative and therefore smaller than 1 on (p, Zmin) this concludes the proof of
Lemma, [3.61 dJ

3.2.3. Behavior near 7

The profile # is well-defined and differentiable on (0,7) as the coordinate function of
the differentiable field my. Also, with my(d-€3) = —é3, the limits lim,\ o 0(x) = 7 and
lim, ~r 0(x) = m exist. However, differentiability up to the boundary is not clear. In-
deed, the profile is expected to drop quickly near p and behave moderately near m where
we have id < 6 < w. We will further investigate this behavior .

Lemma 3.7. Let 6 be a minimizing profile and assume x < 0(x) < m on (7w — €, ).
Then the following statements are true:

(1) 0'(7) := lim@(x) € (0,1) ewists.

T—T

(2) li}n sinz 6" (x) = 0.
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3. Symmetric Minimizers

Proof. 1. First of all, recall that in spherical coordinates ¥ on S§?\ {z >0, y =0}, m
is differentiable if and only if (0,7) x (0,27) > (x,¢) = mo ¥ € R3? is differentiable.
In particular, |0'(z)| = |%m(¢(z, ©)| is smooth on (0, 7) since m is smooth. Moreover,
since my is differentiable at —és, the limit

L:=|Vem(—é3)[* = lim |Vem(x)|® = lim ( (6')“(x) +

X——€3 x ' sin2 T

exists. Being interested in only one of the terms, we need to show that both terms
converge individually. If this is not the case then, due to the bounds 0 < ¢’ < 1 and
0< :ﬁ;g < 32 =1on (7 —e¢,m), they both oscillate, the oscillations annihilating each

other. Let

I :=liminf(¢'(z))* = kli_)r{)lo(é?’(yk))Q and S := limsup(#'(z))* = lim (0’(%))2

z /' z ' k—o0
for two sequences (yx)ren and (Jx)ren. Then
ia2 o(i 102 0 s 02 0 102 0
L—S5= lim w = lim inf s.1n2 and L — I = lim w = lim sup s'1n2 .
k—oo  SIn“ yYi z /' SIn“x k—oo  SIn“ Yy kSN X

Indeed, it holds that L = I + .S which is shown by employing the mean value theorem
for each yy:

sin 0(y) _ (sin&(yk) —sinH(w))Z _ <9’(§k)cos0(§k)>2

sin?(y) siny, — sinm cos &

where & € (yg, ).

As k — oo, equality implies that both sides converge and we conclude

2 0 102 0
S = limsup(¢(z))? > lim (9’(,5,{))2%(5’” = lim SmQM L1
T k—o0 CcOoS (fk) k—o00 sIn (yk)
Repeating the argument for the sequence g results in the inequality I < L — S. Com-

bining both inequalities, we find I + S < L < I+ S and therefore L =1+ S.

Having established the equality, consider the relation between 6’ and :i;lgzg In the first

case, we have 0'(x) < %% for all x € (m — e, 7). Then

i 02 = 2 — .. 9 _
S = lim (0)2(F) < lim 20 2«9(_yk) cos 20(:%) — lm w g
h—yoo k—oo \ sin®(gy) cos*(Yx) k—oo  Sin® g

such that limsup, ».(¢'(z))* = S < I = liminf, » 6'(x)* implies the existence of the
limit.

sin(260(xo))
sin(2zg)

In the second case there exists g € (7 — &, 7) such that 6'(zg) > . Plugging

this into the equation results in

sin(20(x0)) k. .
Jsin(zy) 2 sin(20(xg) — 2x0) sin g

sin(260(xg)) N sin(20(x0)) K

—sin(26 — 2xg) sinxg > 0.
OQSinxocosa:o 2sin xg +2 ( ) 0

0" (xq) sinxg = — cos(0)0' (zo) +

> —COST
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3.2. Properties of Minimizing Profiles
On the other hand,

(sin(20)>' 20 cos(26) sin(2x) — 2sin(26) cos(2x)
sin(2x)

w0 (sin(2x)? 70
2008(29(:p0)) sin(26(xg) — sin(26(xg))) cos(26(xp)) _0
sin(2xg)?

due to cos(2x) < cos(26) for x < 6 and z,0 € (5, m) and also due to the inequality
sin(220)0'(zo) < sin(260(zo)). On (F,7), this inequality is reversed due to cos(x) < 0.
Thus, the original inequality is self-reinforcing and holds on (xg, 7), implying #” > 0 on

(g, ) such that 6" is monotonically increasing. Hence, ¢'() exists.

For the upper bound, note that lim, ». §'(z) < 1 follows from Lemma If this held
with equality, the functions f = id and g = 0 would fulfill the assumptions of Lemma
below with id < 6, id(7) = 6(r) and id(7) = 1 = #'(«). But then id = 6 on (0,7)
which contradicts Q(m) = 0.

2. After establishing the existence of #’, the second statement is easy to prove. In fact,
the differential equation implies that

in(2
lim 0" sinz = lim (9’ cosz -+ Szm.( 2 gsin(% — 2z)sin x>
T—T T—T S T
/
T—T COST

The fact that #’(7) < 1 will be important later on in Chapter It relies on a par-
tial uniqueness result for the ordinary differential equation at m which we prove via a
maximum principle, following the strategy in [22].

Lemma 3.8. Let f, g € C((m—e,7]) be solutions of (3.1) and assume that there exists
e > 0 such that g < f on (m —e,m). If the boundary values satisfy f(w) = g(7) and
limgr f/(2) =limg—yr ¢'() = a € R, then f =g on (m — e, 7.

Proof. Assume that 6 is a solution of (3.1). Then, expressing the stereographic projec-

tion 7_: S? \ {—é3} — R? in polar coordinates (r, ) with r(z) = lfélogm, the profile
Op(r(x)) = 0(z) — r(x) is a solution of the equation
4 2 2
—6r°+1 4r 1—17r
4 0 = sin(6 i Op——5 —4sinbl,—=
p + 10, =sin(6)) (cos (NP + K cos gy sin JE=p

with boundary values 6,(0) = 7, lim, o 0,(r) = limy_r 0(x) — 2 = 0.
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3. Symmetric Minimizers

Performing this transformation and then setting f = fp(%) and g = gp(%), f and g are
each solutions of the ODE

1, , sin(2p) (tt—6t2+1 4 Lo [t —1?)
- - 4 — ).
A > \2a+er Tere) T e

Moreover, they satisfy f(0) = g(0) and lim;_o % =a = lim;0 ¢. Settingv=f—-g>0
thus gives a solution to the equation

v//+lv/7 1 1 sin(2f) — sin(2g)
t 21+ 2)2 2
sin(2f) —sin(2g) /2 — 6 + 4k o a1 =12
= (2f) 5 (29) ( (1+;—)2 >+2(sm2(f)—sm2(g)) (§+t2)g

where the right-hand side can be estimated by ¢(t)(f — g) for a non-negative and con-
tinuous function c: [0,&) — R:

sin(2f) — sin(2g) = 2(f — g) cos(&1) < 2(f — 9)

and
sin’(f) —sin®(g) = (f — g) sin(2&) < (f - 9).
Employing the first inequality on the left hand side together with m < 1, we can
conclude that v solves the following differential inequality:
1 1
v+ Ev’ v c(t)v <0.

We are now in a situation to employ the method in [22] with p = ¢ = 1: Set w = 7.

Then w(0) = limt_ﬂ)% =0 and w > 0 on [0,¢) for some ¢ > 0. Furthermore, w
satisfies
2 3 / 1 " 1 / 1 . ~
w +Ew —c(tyw = T\ —l—gv —t—zv—c(t)v < 0in (0,&).

By the extended maximum principle in the appendix of [22], w is identically 0 and
therefore f = g. O

3.2.4. The Limit for Large »

In this section, we will investigate how some features of the profile depend on & in the
limit kK — oo. To do so, we will assume that the first statement of Proposition [3.1
has been fully proven. In particular, we will assume p = 0 [p = 7] for lower [upper]
minimizzing profiles — a statement that will be proven in the following chapter. However,
since the behaviour for kK — oo is not relevant for the analysis of H when « is fixed, we
are in no danger of circular reasoning.

The qualitative analysis of 6 is based on an upper bound from [37]:
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3.2. Properties of Minimizing Profiles

Lemma 3.9 ((Energy Bound, [37]). For every k > 0 there exists a co-rotational field
m € H'(S?;S?) with Q(m) =0 and E(m) < 8.

Note that by co-rotational the authors refer to fields of the type
m = (sinfsin g, sinfcosp, cosf)T

which are called axisymmetric in this text. Furthermore, note that the energy in [37] is
given by

E(m) = ;/|Vm|2 + (1= (m-1)?) do = ~€(m) = 7E(6).
S2

As a direct consequence of the upper bound combined with the assumption p = 0 [p = 7]
we have

Corollary 3.3. Given r > 0, let 0% be a family of lower [upper] minimizing profiles.
Then 0%(x) — x as k — oo for all x € (0,7 [B(x) = T+ as k — oo for all x € [0,7)].

Proof. Pointwise convergence almost everywhere follows from the L'((0, 7))-convergence
of sin?(A®) — z)sinz and the fact that sin(y) — 0 and 0 < y < 7 implies y — 0 or
y — m. However, § — x has to converge to the same value everywhere on (0, 7) because
0 # 7 for all x [# > 7]. Smoothness of critical points and the corresponding continuity
of 0% for each x imply that the pointwise convergence holds on (0, 7) and convergence
at 7 [at 0] is implied by the fixed boundary value. In contrast, there is no convergence
at the north [south] pole where the Skyrmion forms. O

By establishing lower bounds for the anisotropy term we can improve the statement and
give explicit bounds for |#(*) —id | on intervals bounded away from 0 [z].

Lemma 3.10. Let 8% be a family of lower minimizing profiles.

(1) For k > 94, it holds that

(r) < 4/ 216

sup 0% (z) — 2| = 01 — & -

[z757]

(2) As k — oo, xf, — 0.

For families of upper minimizing profiles, the same statement holds with 0™ — (2™ + )
and ™ — ™.

On the level of axisymmetric minimizers mg*: S — S?, the following is an easy con-
clusion:
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3. Symmetric Minimizers

Corollary 3.4. If m®) is a family of azisymmetric minimizers of the same type then
m”* — v uniformly for k — oo on every compact subset of S*\ {&3}.

Proof. For the proof of the refined convergence analysis, we introduce the following
notation: Let 6 be an upper [lower| minimizing profile and a € [0, 7| [a € [m, 27]]. Then

set

Yo = (0 —id) "' (@) [ya == (id+7m — 0) ' (a)] .

Note that y, is well defined due to the strict monotonicity of § — id that follows from

Proposition [3.1f(3).

(1) As a preliminary step, assume that a € [z,,,7) satisfies 0(a) —a < 5. Then 0 is

56

motonically increasing on (a,f(a)) by Lemma On the other hand, § — = is
decreasing on (0, 7) such that, in total,

9(@)—x<0(m)—x<0(a)—a<g
for all x € (a,0(a)). Therefore, sin(f — ) > sin(f(a) — a) on (a,f(a)) and we may
estimate
0(a) 0

/ sin?(f — x) sinx dz >

a

—~

a)

sin?(8(a) — x) sinx dz

5"_‘@\

[cos(20(a) — 3x) — 3cos(20(a) — x) — 6(:05(3:)]2(“)

Collecting terms of the form cos(f — x), this expression can be further simplified.

12® = —8cos(f(a)) — cos(20(a) — a) + 3cos(20(a) — a) + 6 cosa
= cosa (—8cos(f(a) — a) + 2cos(20(a) — 2a) + 6)
+ sina (8sin(f(a) — a) — 4sin(20(a) — 2a))

—4 ((1 — cos(0(a) — a))? cosa + 2sinasin(0(a) — a) (1 — cos(0(a) — a))) .
If 0, — 1, > 5, then a := yz > xp and G(yg) —yz = 5. Therefore, by above
computations and taking into account the energy bound of Lemma [3.9] as well as
the special choice of a,

O(yz)
8 . 9 .
- > sin“(f — x) sinz dx
K
vz
> 2 (-0 2 si 1(1-0
—ﬁ(( —0)"cosyz + 2sinyz - 1 (1 — ))
>1
3



3.2. Properties of Minimizing Profiles

for y= € (0,m). For > 24, this is impossible and it follows that 6, — z;, < § for
Kk > 24. Thus, z,, satisfies the requirements for a above and

1
8 > = ((1 — c08(0m — Tm))? €OS Ty + 28I Ly SN (O, — 2y) (1 — cOS (O — xm))> .
K

If 0 — xm < 7§, then 1 — cos(0p, — 2,) < sin(f, — 1) and therefore

x| oo

>~ (1= cos(Op — Tm))? (cOS Ty + 28in 27, ) > é (1 = cos(Om — ).

W =

Employing the inequality 1 — cos(x) > I—; on (0, %), this yields the upper bound
of the Lemma.

On the other hand, if 0, — z;,, > 7, then taking a := y= with Q(y%) —y
can conclude

i

0(yz)
8 . 9 .
- > sin“(f — x) sinz dx
K
Vi
1 2 2 2
> 3 (1 — {) cosyzx +2siny1\2f (1 — f)
zg—¢§

for y= € (0, 3T). For k > 94, this is false. Note that 7 > 0(yz) = y= + T implies
that this is true independently of k. Indeed, as kK — oo, there might be a more
accurate bound for yz, which would improve the constant and therefore reduce
ko. However, as we are interested in the behavior for large k, this does not affect

the result very much.

The convergence of z,, directly follows from the pointwise convergence of #() on
(0, 7). Given ¢ > 0, we show that x,, < € for x sufficiently large. Indeed, choose
x < 5. Then there exists xo > 0 such that 0 () —x < 5 for all K > kg. On the
other hand,

mw@>e>x+g>m@@y

Hence #")(z) < 6(c) and < . Due to the fact that #(*) has exactly one
minimum, there exists a € [z,¢) such that € is increasing on [a, ] and therefore

xfﬁ) < e.
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4. Local Minimality of Symmetric
Minimizers

In this chapter, we will show that minimizers in the class of axisymmetric fields are
actually locally minimizing within the full topological sector. In particular, we prove
the following Theorem:

Theorem 3. Given k > 24, let mg = my be minimizing among all axisymmetric fields
of degree 0. Then the Hessian of £ at my is positive semidefinite. Furthermore, if the
reduced enerqgy is strictly convex at 0 in the sense that %E(ﬁ—i—tﬁ) > 0 for all variations
B € C5°((0,m)) \ {0}|t=0, then mq is a local minimizer among all fields of degree 0 and
there exist €9, ¢ > 0 such that

— > inf —
¢(m) = E(mo) CRGSO(:gl/SO(S)éS lmz = mollm

for all [jm — mg|| 1 < 0.

Note: Here, [m—mq| g1 = [[Vm—Vmg| 12(s2.r3)+ | m—mo || 12(s2.rs).-

4.1. Non-Negativity of the Hessian

As discussed in the introduction, variations on the sphere imply that the Hessian is
given by

H(m) (6, §) = / V- Vi — w( - 1)(é - v)do — / (6- ) (IVm? - s(m - »)2) do.
SQ

SQ

where ¢,v € H'(S?, TnS?).

Since H is a quadratic form, it suffices to prove nonnegativity for H(¢) := 62€(m)(¢, ¢).
For axisymmetric minimizers, the kernel consists of tangent fields associated to joint
rotations or changes in the profile 6:
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4. Local Minimality of Symmetric Minimizers

Proposition 4.1. Let k > 24 and assume that mg: S> — S? minimises £ among all
axisymmetric fields of degree 0. Then H(p) > 0 for all smooth tangent fields ¢ € Ty, S?.
Furthermore, the kernel of H consists exactly of those fields

d

¢ = %mORv(t) o

associated to a joint rotation around v € R3\ {0} as well as those of the form

cosf(x) cos e
d(x,0) = a(z) | cosf(x)sing with o € C5°((0,7)), @E(Q + tar) =0,
—sinf(x) =0

which result from non-convezity of the reduced functional.

When proving Proposition we may assume without loss of generality that m is a
type I Skyrmion, see figure resulting in a lower minimizing profile 6 that satisfies
0(0) = 0(m) = m. Otherwise, there is a transformation of mg to a type one axisymmetric
Skyrmion that carries over to the tangent fields. For example, consider the transfor-
mation m: x — —m(—x) and note that ¢(z) € Tyn()S* iff ¢(z) = —P(—x) € Tyn()S*-
Furthermore,
02 (m)(p, ) = 52E(m)($, 9)

and ¢ is associated to a joint rotation of m around v iff ¢ is associated to a joint rotation
of m around v. Finally,

cos 0 cos B cos 9: cos
d(x, ) = a(z) | cosOsing | iff p(x,p) =a(r —z) | cosfsing
—siné —sinf

and E(0 + ta) = B(§ — ta(r — -)).

Due to this assumption, it is sufficient to consider tangent fields that are compactly
supported on S? \ {é3} because m ~ v near the south pole. This implies that a decom-
position of m on §?\ {£é3} via a moving frame can be naturally extended at —é&3 due
to convergence results discussed in the appendix

The proof will be structured according to the strategy in [32], starting out with smooth
tangent fields that have compact support on S? \ {é3}.

4.1.1. Non-Negativity for C>°(S*\ {&3}; Tm,S?)

Away from the poles, tangent fields can be expressed in a moving frame consisting
of

sin § cos sin ¢ cosf cosp
my = | sinfsingy X =] —cosyp Y = | cosfsin g
cos 6 0 —sinf
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4.1. Non-Negativity of the Hessian

It holds that |mg| = |X| =|Y|=1land mpy- X =mp-Y = X -Y = 0. Hence, X
and Y span Tp,,S? on §? \ {£é3} and ¢ € C°(S? \ {£eé3}; Tm,S?) can be expressed as
¢ = u1 X + uY where u; € C°(S? \ {é3}). Note that u; = X - ¢ and ug = Y - ¢ imply
a special structure of u; that guarantees continuity at &3 where X, Y are degenerated.
See for more details. In particular, this justifies the choice of ¢ with ¢(—é3) #
0.

Since {£és} is a zero set and irrelevant for integration, we can rewrite the Hessian in
spherical coordinates, employing ¢ = w1 X + u2Y.

Mo = [ (w? — k(6 v)? = |6 (IVmof* -k (mo - v)*) do

S2
2T T 9
_// Ju +26056? <u><6u)
N ox sin® x Oy
0 0

+ ui f1(0, ) + ui f2(0, x)) sinx dz dy

1
sin? z

ou

2
iz |9p

where
20
f1(0,z) = (—(9')2 + C?SZ + /430082(9 — x))
sin®
20
f2(0,2) = (C;);(Q w) + K cos(20 — 21‘)) .

Next, dependence of u; on the variables x, ¢ is separated by expanding u; as a Fourier

series in ¢ with coefficients al, b} € C>°((0,7]):

1, = .

uile, 9) = sah(@) + Y (ah(x) cos(he) + by (@) sin(ke)) , =12
k=1

Some computations give

H(mo)(¢, ¢) = 2nHo(ag, ag) + 7Y (Mr(ap, b) + Hr(by, —ai)) ,

k=1
where
[ ne, gz, ¥
g = | (@0 (0 e
0
4;;;29045 +a?f1(0,x) + B2 f2(0, x)) sinx dz

for o, p € C°(0, 7] and k € Np.

Conveniently, the Fourier modes H;, display the following monotonicity:
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4. Local Minimality of Symmetric Minimizers

Lemma 4.1. For fized o, and k > 1, Hp(a,B) is strictly increasing in k unless
a = =0 in which case Hy(c, 3) = 0 independently of k.

Proof. Assume «, 5 # 0.
HkJrl (CE, B) - Hk(aa 6)

™

:/<(k;+1)2 B k2 )(a2+62)+ (4(k;+1)cos0_4k;cos0> b de

sinx sinzx sinzx sinzx

™

2k +1 4 cos 6
:/ + (a2+ﬁ2)+ ?OS afdz

sinx sinzx
0
i i 2
1 2(a0 —
>/(2a2+2ﬁ2—4aﬁ) - dx:/dezO.
sinx sin x
0 0

If « =0 or 8 = 0 then the mixed term is identically 0 and the strict inequality becomes
an equality. In particular, if a- 8 = 0 but either a # 0 or § # 0 the last inequality is
strict and the difference is again strictly positive. If a = 5 = 0 however, this inequality
becomes an equality as well and the difference is 0. Plugging o« = 8 = 0 into the
expression for Hj immediately gives Hy(0,0) = 0 for all k.

Note: The special structure of u; implies a(m) = B(m) for Fourier coefficients so that
the last integral has finite value in these cases. O

Non-negativity thus reduces to the problem of determining a signum for Hy and H;.
As the Lemmata below show, H1 > 0 unless «, § = 0 and positivity of H is equivalent to
convexity of E. In conclusion, the following statement holds:

Proposition 4.2. Let k > 4 and ¢ € CX(S?\ {&3}; Tim,S?). Then, H(¢) > 0 and
H(p) =0 if and only if

cosf cos p 22
d(x,0) = az) | cosOsing | with a € C°(0,7) and @E(Q + ta)|i=o = 0,
sin 0

where 0 is the polar profile associated to my.

Before getting into non-negativity of Ho and H;, we consider the following general
Hardy-type decomposition, a variation of [23] :

Lemma 4.2. Consider the integral
b

/simx|u'(w)|2 + V(z)u(x)? d

a
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4.1. Non-Negativity of the Hessian

where u € C*®(a,b) N C([a,b]) and choose : (a,b) — R smooth with ) > 0 on (a,b)
such that uQ% sinx can be continuously extended to {a,b}. Then it holds that

b b 9
/Vu2 do = /wzv (Z) da

a

: b N 2 b 2
Jowsor e [ () ot ] G e

a

and

/
+ (lim — lim> sinxﬂuQ.
/' \0 P

The proof is elementary by partial integration. As an application of Lemma we first
consider

Hi(o, B) = / (/)2 + (8)?) sinz + 4?089045
0

sinx

1 20
+ a? ( — — (9’)2 sinx + C(?S + Kk cos? (0 — x) sin :):)
sin x sin

+ 52 <1 + M + /{(29 — 2:L‘) Sin:E> dz.

sin x sinx

Lemma 4.3. Hi(«a, ) > 0 for all a, 5 € C°((0,7]) \ {0}.

Proof. We perform separate decompositions for the o and S terms of the functional.

. . __ sin(f—x) _ &sin(6—x)
First, apply Lemma to the a part with ¢(r) = = —= such that a = >———.
Since « is compactly supported away from 0, the partial integration at 0 holds trivially.

Near 7, we show that the limit of % exists.

/ 102 /_ _ : _
lim Y (x) Sina — Tim — sin® (0 1).cos(9 z) sin(f . x)cos T
a—m P(x) z—7 sin(6 — x) sin sin? z
. / _ 1 _
— tim (- cosz 4 2 x(f . ) cos(0 — x)
T sin(6 — x)
) cosz(0' — 1) cos(f — x) + sinzf” cos(0 — x)
g 1 —
o ( cos T+ (0" — 1) cos(f — x)

_sinz (0 — 1)%sin(0 — x)
(0" — 1) cos(0 — x)

) _ 6" ) , sin(f — z)
_aljl_I}}r (Slnl’el—l —Slnx(9 —].)m
/!

= lim sinz—.
T—T 0 —1
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4. Local Minimality of Symmetric Minimizers

By Lemma [3.7] this final limit is 0. Hence, application of Lemma [£.2] yields, without
any contribution from the boundary term at 7, the following simplification:

™
1 20
/(0/)2 sinz + a? < —(0")?sinx + =4 rcos?(0 — x) sina:) dx
SIn T
0

sinx
r sin?(6 —z) .5
Ay
0
in(26 — 2
+ & M (—0” sinz + (¢ — 1) cosz + s sin(260 — 2x) sinx)
2sin”zx 2
1 (@ 2 20 g — 2 1 2
—l—sinz(ﬁ—w)(,g + ( ) +C,083 —i—( - z) — — —C?83x>>daf
sinx  sinz  sinx sin x sinz  sin®z
n . 2 . .
@ [sin“(0—x) ,o .ofsin(20—2x) ;o _ sin(26)
N / sinz (€)"+¢ 2sin® x (20" = 1) cosa 2sinx
0
—20° 1 20 — cos?
+sin?(0 — z) <s' + +COS_ 3 o8 x)) dx
inx sin® x

_ ] sin?(6 — x) (€2 + 522 sin(f — x) cos (0" — 1) .

sinz sin? z

0
Note that the differential equation (3.1)), i.e.

in(26
0" sinx + 0 cosz = w + 2 sin(20 — 2z) sin x,
2sinx 2

was employed in ® as well as several trigonometric identities in the last equality.

For the terms with 3, use ¢y = ¢’ — 1 and set n = g For the limit at 7, we again have

/ 0//
lim sinz— = lim sinzx— =
T w T 0 —1

0

such that the contribution of the boundary terms in Lemma[4.2]is once more negligible.
Applying the decomposition of Lemma to the p-terms results in the expression
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4.1. Non-Negativity of the Hessian

below.

™

/(5/)2 sinz + 52 <1 + CO.S(QH) + K cos(26 — 2x) sin x) dx

sinx sinx
0

r _ 1 + cos(20)
_ "2 _on2 o2 12
= /(77 )sinz(1—6")"+1n ((1 0") - dx
0
+ (1 —6) (cosz8” + sinzd” + (1 — ')k cos(20 — 2z) sinz) )

1 -0 sin(20)cosz

sinx 2sin2 z

= /(77/)2 sinz(1 — 49/)2 + 772(1 -0 (sinx&’ +
0

20
N cos(260)

sinx sinx

+ (g sin(20 — 2z) sin x — sin :c@”) cossc) dz

& /(n’)zsinx(l —0)* +n*(1 —9’)<sinx¢9’+ L=

sin x
0

N cos? x _ sin(26) cos N cos(20)> I

74 5

sinzx sin“ x sinx

sin(f — x)

sin? z

= i(n')2 sina(1 — 0% +n*(1—¢) (2 cos 9) dx.
0

The differential equation was again applied in ®, its derivative in ©.

sin(6—z)(1—6")

Recalling af = &n and collecting terms, the overall result of the decompo-

sition is given by o
Hl(aaﬁ)
Wsin26—w ) sin(@ — z)(1 — &) cos O
:/ ( )(6/)2+(1_91)251nx(n/)2_2 ( )(2 ) (5_77)2 dx
sin sin® x
0
= 7:{1(5777)

With cos 6 taking both positive and negative values, further analysis becomes necessary
for the last term. Using

—2sin(f — x)(1 — 0")cos @ = —2sin(0 — z)(1 — ') (cos(§ — x) cos z — sin(f — z) sin )

B (C{i sin® (0 — x>) cosz +2sin*(0 — z)(1 — ') sinz,
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4. Local Minimality of Symmetric Minimizers

integration by parts leads to

T in2(0 — x
fh(s,n):/W(g) (10 sina(y)?

S r
0

: (& —mn)?
SIin- xr SInx

) —1 —cos?x sin?(f — z)(1 — ¢")
—Sln2(9—w)(§—77)2<1.3 >+2 (

sin?(f — x) cosx , sin?(f — x) cosx

-2 — §(€—n)+2 5 n' (€ —n) dx

s~ x sin“ x

™ 2
B sin(fl —x) , sin(f —x)cosx
_ 0/ ( = n>>

2
sin( — x)/1+ 2sinz(1 — ¢’ sin(f — x) cosx
p (VI Lm0y i) n’
Vsin z Vsinz(1 + 2sinz(1 — ¢)
sin?(f — z) cos® x o
sin:p(1+28in:ﬂ(19/)) ()" da.

+ <(1 —0)?sinx —

sin?(0—zx) cos®
sin z+2 sin? x(1-0")
denominator is strictly positive on (0, 7), it suffices to consider the numerator

It remains to show that (1 — #')?sinz — is non-negative. Since the

(1 —0")%sin z — sin?(0 — z) cos® z 4+ 2sin® z(1 — §')3.

To do so, let h(z) = (1 — )2 sm x —sin?(§ — z). Then h(0) = h(r) = 0 and h(z) is
strictly smaller than (1—6")2sin? z —sin?( — ) cos? x +2sin® 2(1 —6)3 since | cos x| < 1
and 6 — id is monotonously decreasing. Furthermore,

W (z) = —20"(1—60)sin®z + (1 — 0')*sin(2z) + (1 — 0') sin(260 — 2x)
= (1-6") ((—20" sinz — 20’ cos z) sinz + sin(2z) + sin(260 — 2z))
Z(1—6) (—sin(20) — rsin(20 — 2z) sin® z + sin(2z) + sin(20 — 2z))
=2(1—6¢)sin(§ — x) sin:c( —cos(f — z)(k — 2) sinx + cos zsin(f — :c)),

where equation (3.1]) has once more been employed in ®, followed by some trigonometric
identities.

Since sin(6—x) > 0 on (0, 7), the last expression for the derivative implies that h'(z) = 0
if and only if cot(f—x)(k—2) = cot x where the right hand side is increasing for z € (0, 1)
and the left hand side is decreasing in x, due to the monotonicity of # — id. Therefore,
h' has only one zero, h has only one extremum in (0,7) and h(z) # 0 = h(0) = h(n)
for all € (0,7). Taking into account that A'(z) > 0 for very small x and £ > 2, it
follows that h(x) > 0 for all x € (0, 7) and therefore the factor of (1')? is non-negative,
resulting in #,(€,n) > 0 for all £, € C°((0,7]).

H,, as a sum of three squares, can only be 0 if all three terms are identically 0. From
the last term we can then deduce 1’ = 0 and therefore, from the second term and since
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4.1. Non-Negativity of the Hessian

sin(f — x) > 0, we have £ — n = 0 which implies £ = 1 = const. From the boundary
data it follows that £ =n = 0. O

We next prove non-negativity of Hg which is given by

™

cos? 6

Ho(a, B) = /(o/)2 sinz + a? <—(9')2 sinz + —— + kcos?(f — x) sin x>

Sinx
0

cos(260)
sinz

+(8')*sinz + 2 < + Kk cos(26 — 2x) sin x) de.
However, in contrast to H1, this requires stronger assumptions on «, 3, which hold true

for the relevant «, 3.

Lemma 4.4. Let o = a(l) and 8 = a% be the zeroth-order Fourier coefficients of u; = ¢-X
and us = ¢ - Y, respectively. Then the limits of a and 8 at 0,7 exist and are equal to 0.

For the proof, we refer to the Lemma in the appendix, where the limits of Fourier
coefficients at the poles are discussed in general. We now proceed to proving non-
negativity of H.

Lemma 4.5. Let & > 24. Then Ho(a,8) > 0 for all a,f € C*(0,7) such that
a(0) = 5(0) =0 and a(x) = B(xw) = 0. In particular,

s

N2 o 2 N2 o cos” § 2 -
(a')*sinx + o | —(0")*sinz + — + Kkcos”(0 —z)sinz | >0
sin

for all such o« and

™

/(,B')2 sinx + (2 (cos(20) + K cos(20 — 2x) sinac) dx >0
sin x
0

for all such B with equality if and only if %E(G +t5)]i=0 = 0.

Proof. The first statement is once more proven by applying Lemma First, assume
that « is compactly supported in (0, 7) and consider £ with a(z) = £(z) sin(f —x). Due
to the compact support, no boundary terms have to be considered.

j 2
/sinac[o/\2 +a? <sinx (—(9’)2 + C082 f + K cos? (0 — :r)))
0

sin® x

™

= /sin2(0 — x)sinx(¢)? + &2 (sin z(0' —1)*sin?(0 — )

0
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4. Local Minimality of Symmetric Minimizers

sm(292— 2z) e sm(292— 2x)

2
+ sin?(0 — ) <— sinz (') + cos@)) + gsin2(20 — 2z) sin x) dx

—cosx(f' —1)

sinx
& /sin2(9 — z)sinz(¢)?

0

L (sin(20 —2x)

<— cosz(0 — 1) —sinxd” + 0" sinz + ' cosx —

sin(20>

sinx

2

sin x

+sin?(0 — z) ((0' —1)%sinz — (¢')*sinx + m2(0)> ) dx

— [ sn(0 - a)sina(¢)? +Esin(0 - 2) (COS(@ - (o= 550

2sinx
0

cos? 6

+ sin®(0 — ) < —— +sinz — 29’sinx> > dx

sinx

= /sin2(9 —z)sinz ((¢)? +262(1 - 9")) da
0

Note that the differential equation was again applied in ®. For the last step, the identity

cos0 ) (w05~ T i - a) (sn - 27)

2sinx sin x

was used. It easily follows from trigonometric identities.

For k > 24, Proposition implies that 1 — 6’ > 0 and therefore the integrand is non-
negative for any £. Furthermore, it is zero if and only if £ = 0 and therefore a = 0, due
to the boundary restriction.

The non-negativity of the integrand ensures that this property carries over to the limiting
a e Ce(0,m).

For the second statement, recall the reduced functional F(6) and the minimality of
6. These imply that for p,v € C5°(0,7) and variations s = 6 + su + tv, the second
derivative
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4.1. Non-Negativity of the Hessian
is non-negative. Computing it, we find

d o VSII](295t ) B ]
dsdt E0st)|s=t=0 = /21/9 , sin . + ksin(20s — 2z)vsinz dx o

20

= 2/1/ @ sinx + cos( )V,u + kcos(20 — 2x) sinzvp dx

sinz
0

= H(p,v)
and therefore, choosing v = p = g € C§°((0, 7)),

™

/(5 )QSln.%-i-ﬁZ (COS(29) +/§COS(29— 2x)sinx) dr = %H(ﬁaﬁ) = %H(ﬁ) = 0
0

sinx

for all B € C§°((0,7)). However, minimality alone can not imply a strict inequality
for 5 # 0 and so the problem of degeneracy for H is reduced to whether or not the
Hessian H of the reduced functional is degenerate. See Chapter [6] for a discussion on
this topic. ]

By performing the proof of Proposition again under different assumptions, we can
complete the proof of Proposition by giving the missing statement about the range
of minimizing profiles.

Corollary 4.1. Let k > 24 and assume that mg: S*> — S? minimizes £ among all
axisymmetric fields. Then the corresponding minimizing profile fulfils 0 < w for all x if
it 1s a lower minimizing profile and 6 > w if it is an upper minimizing profile.

Proof. Without loss of generality, consider a lower minimizing profile 6 with 6(5) < 7.
If not, # fulfills this claim.

In Lemma the asymptotics of 6 for x — m were analysed based only on the fact
that 0 < § < 1 on an interval (7 — e, 7). If # > 7 was true for any z € (0,7) then it
would follow that 6 > 7 on (0,p) C (0,%) and § < 7 on (p, 7). In particular, & would
have a unique maximum at Zmax € (0,p) and 0 < 8" < 1 on (0, xmaX) see Lemma
Thus the same techniques as in Lemma E 3.7 could be applied to # to show that
1 é//
lim sinz = — lim sinz = =0

\0 1—0 x 1-0¢

Therefore, if p > 0, the assumptions of Proposition [4.2| above could be weakened to
allow any ¢ € C’OO(SQ,T moS?) because both boundary terms in the partial integration
for H1 would be controlled.
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4. Local Minimality of Symmetric Minimizers

This would mean that H(¢) = 0 only if ¢ = oY for some a € C§°((0, 7)) with H(«) = 0.
In particular, given v € R3\ {0}, the tangent field associated to the joint rotation around
U’

Lo, o)
dt ORU t=0,

which can be expressed in the moving frame as described below in Lemma would
not be an element of the kernel. But ¢ — &(mop,(;)) is constant so this is false. Thus
the assumption of § > 7 on (0, p) # @ must have been wrong.

Since § = 7 does not solve the equation, the profile has to fulfil # < 7 on (0, 7). O

4.1.2. Non-Negativity for C>(S?; T,,,,S?)

The nonnegativity result for H can be lifted from the compactly supported case to
general tangent fields ¢ € H'(S%Tm,S?). In a first step, fields with ¢(é3) = 0 are
considered.

Lemma 4.6. Let ¢ € H'(S*T,,,S?) with ¢(&3) = 0 and assume k > 24. Then H(¢) >
0. Moreover, H(¢) = 0 implies that ¢ is axisymmetric and

cosf cos p
d(x,0) = a(z) | cosOsing | with a € C°((0,7)), H(a) = 0.

—sind

Proof. Given ¢ > 0, consider a smoothing cut-off function p.: [0, 7] — [0, 1] with p. =0
on [0,¢], p- =1 on [2¢,7], and [p}| < 2. Set ¢.(z, ) = pe(2)p(z, ). Obviously ¢. — ¢
pointwisely on S?. Furthermore, for (z, ) € S?\ {£é3},

/\wﬁds //\8@
2T

/]V¢|2 da:+// 20¢,pepe’ + ¢*(p))?) sinz dx dep.

SQ

d¢. |?
Oy

1

SlIl x

dx dy

Taking into account that p. is constant on [0, ] U [2e, 7], this implies

H(pe) = / pz IV — k(¢ v)* = | (|Vmo|* — k(mg - v)?)) dS

S2
21 2e

+ / / (200:¢p:pl + ¢°(pL)?) sinz da
0 €

—H(¢p) ase — 0

70



4.1. Non-Negativity of the Hessian

where the first term converges due to Lebesgue and the pointwise convergence p. — 1
almost everywhere while the second term converges to 0 due to

[c.2¢] € 02e] g2

2e 2e
/(%%pap; + 612 (pL]?) sinz da < /25 (2 sup (¢a)> + (sup(¢))24> da

£

[0,1] [e,2¢]

< (s sup(6,) + (sup <¢>>2§> (2 - <)

and lime_,0 Supf; 9 (¢) = 0.

For every £ > 0, ¢. is compactly supported in (0,7) and smooth. Therefore H(¢.) > 0
by Proposition implying H(¢) >0 .

Now assume that H(¢) = 0. Then H(p:) — 0 as e — 0. Decomposing ¢. = p-¢ via the
moving frame and then into Fourier modes, the choice of p. implies that (a};)s = p.al
and (by,). = p:bj, for aj, b, € C*°((0, ) for all k € Ng and i = 1,2. Since Hy, > 0 for all
k they all individually converge to 0. For k£ = 0 and again considering the o and § part
separately, this implies

/2(p55)2 sin?(f — z)sinz do = /2p§(a(1))2 sinz(l—6') dr — 0ase— 0.

0 0

On the other hand the above expression is increasing in € and non-negative so the
integral must be identically 0 and therefore aj = 0. For the 3 part where 3 = a2, note
that

(B2 — (8202 = 1288 perl. + B2(p)2] < [ sup (B8)2 + sup (82 | xoas).
[e,2¢] € [e2e] €

As for Ho, this implies , using dominated convergence and a similar reasoning as above,
that

™

0=1lim [ (B:)%*sinz + (B:)? (COS(%) + K cos(20 — 2x) sin x> dx
e—0 sinx
0
= lim [ p? ((5’)2 sinz + 32 (COS(%) + Kk cos(20 — 2x) sin m)) dx
e—0 sinx

+ [ (2880t + (%) sina da
0
cos(260)

(8)?sinz 4 32 < s T K cos(260 — 2z) sin ac> dx

Il
T O~

(8)-
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4. Local Minimality of Symmetric Minimizers

Thus, while a% does not have to be 0, we find that ag is in the kernel of the Hessian for
the reduced energy.

For H;, recall that L? convergence implies convergence in measure and also that

2

~ in(é — in(g —

/Hl(é‘a 77) = SHi/(SiT[Ex) gl - Sln(\/s.i)gosx(g - 77)
mxr

L2
2
sin(@ — x)+/1 + 2sinx(1 — 0’ sin(f — x) cos x
N Y T P y
Vsinz Vsinz(1+ 2sinz(1 — ¢)) 12

(1)

1
sin?( — z) cos? x > 2

1—6)sinz —
+ <( ) sinz sinz(1+ 2sinz(1l —6')

L2

From the third norm we can infer that n converges in measure to a constant while the
second and first norm imply that the same holds true for £ and that the constants are
identical. Due to

b and lim B(z) B(m)

Te = ey Ty M NI @) T 1—0(n)

this constant must be identical to 0 = S(m), which follows from lim, , ¢(z,¢) = 0 for
all ¢ and Lemma

For Hi where k > 1 let a. = p.a, B = p:B correspond to k-th Fourier coefficients of
¢e. Then
0 = lim Hk(asa ﬁs) > lim Hl(aaﬁs) =0
e—0 e—0

so Hi(ae, B:) converges to 0 and thus a., . are identically 0.

All together we have ¢ = u' X +u'Y =0+ agY where the zero-order coefficient of us,
a¢ € C§°(0, ), fulfills H(a3) = 0. O

Before extending the result to general ¢ € H'(S?; Tyn,S?) we show that the tangent fields
associated to joint rotations span the tangent space of mg at és.

Definition 4. For v € R3\ {0}, the field

d
Pv = MR, (1) |t=0

s called the tangent field associated to the joint rotation around v. For v = €1 and
v = €9, set

o) = g6, and 92 = ge,.

Note that ¢, = 0 for vectors v parallel to the symmetry axis €3. For other directions,
the fields ¢(1) and ¢ have the following property:
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4.1. Non-Negativity of the Hessian

Lemma 4.7. The vectors ¢V (&3) and ¢?(&3) form a basis of T (e3)
for any v € R3\ {0}, the tangent field associated to the joint rotation around v is given
by

S%. Moreover,

bo = V16N + 1992,

Proof. In general, for x € S?, direct computation gives
op(x) = mp(x) X v+ Dmy(x) (v X x).

Since both terms are linear in v, this directly implies the representation of v in terms of

#M) and ¢@. In the special case of v = &;, x = é3 with my(é3) = —eg3, the expression
yields
0 0
o (en) = &2 — oo = e (1+ - mafeq)

; 9 - 0 = 0 e = O, —
since ge-mi = zg-me =0 and 56,3 = 35; M3 =0 for symmetry reasons. To compute

the directional derivative, consider the curve y(t) = (0,t,v/1 — t2)T for t € (—¢,¢) with
7(0) = é3 and 4(0) = é2. Since my is differentiable at €3, this implies

0 d

87é2m2 = £m2(7(t))|t=0'

Furthermore, v(t) = W(arcsin(t), 2F) for t < 0 and ~(t) = ¥(arcsin(t), ) for ¢t > 0.
While the spherical coordinates can not be used to compute the partial derivative at
é3, this together with the special form of mg and 6 < 7 implies ma((t)) < 0 for t <0
and ma(y(t)) > 0 for ¢ > 0. Thus,

0

— e3) > ()
6, mo(é3) >

and ¢(1)(é3) is a non-zero multiple of & Similar calculations yield

. . 0
0@ (&) = & (1 - aél””)

and %ml > 0, using the curve (t) = (¢,0, M)T =

Away from the poles tangential fields can be expressed by means of the moving frame
X, Y defined above. While this is not relevant for the proof, it gives a motivation for
the meaning of constant &, 7 in the expansion of H;.

Lemma 4.8. Let v € R?\ {0} be an arbitrary axis of rotation and ¢, the tangent field
associated to v Then for (z,p) € S\ {+eés},

(0 —
oz, ) = _M (v1cosp —vasing) X + (' — 1) (—vysinp + vocosp) Y
sin z

and for type I Skyrmions, this expression is continuous at the south pole —és .
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4. Local Minimality of Symmetric Minimizers

Note: Above expression for ¢, yields

H(py) = Hi(—v1, —v1) + Hi(—va, —v2),

i.e. constant & and 7.

Proof. The representation of ¢, in spherical coordinates follows with some computations
from the general form in Lemma [4.7] For the continuity, set

_ sin(f — )

up = (vicosp —vgsing) and wug = (0" — 1)(—vy sing + va cos ).

sinz

Then compute

(0 —
w1 X1 + u2Y] = vy sinpcos (sm(a:) — (6 — 1) cos 9)
sinx
~1 9 _
+ vy (sin2 @M + cos? (' — 1) cos 9>
sin x
) sin(f — x) ,
u1 Xo + ugYs = vasinpcosp | ——= 4+ (0" — 1) cos 0
sin x

(0 —
+ vy (— cos? gpw —sin? (0’ — 1) cos 9>
sin

u1 X3 + usY3 = —sin@cos (0’ — 1)(—wvy sin ¢ + v cos ).

At é3, a Skyrmion forms and nothing is known about the behaviour of ¢ as x — 0.
In contrast, existence of the limit would lead to a similar contradiction as the one in
Corollary As x — 7, on the other hand, existence of the limit 6'(7w) has been
proven. By linearity of the limit, the third component converges to 0. For the first two
components, due to

lim sm(ﬁi—x) = lim (¢’ — 1)M = lim (¢ — 1) (cos 6 + sin @ sin x)
T—T SIin T T—T COSXT T—T
= lim (¢ — 1) cos 6,

T—T

the first line in each component converges to 0 while the second lines converge to
—vp(0(m) — 1) = —wp§ and vy (#'(7) — 1) = v15, respectively, as * — 7. Compar-
ing these to the expression of ¢ in Lemma [4.7] confirms the continuity. O

From the expression of ¢, in spherical coordinates, we can easily deduce that tangent
fields associated to joint rotations are not invariant under joint rotations around és.
Instead, this results in a shift of the rotation axis.

Corollary 4.2. For v € R3\ {0} and R € SO(3)s,, it holds that

(¢U)R = ¢R*10'
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4.2. Minimality

Proof. In spherical coordinates, let R € SO(3)e, denote a rotation around €3 with angle
«. Then R¥(x,¢) = ¥U(x, 0+ a) and Xgp = X, Yg =Y on S?\ {+é&3}. For ¢,, we have

_ sin(f — )

(G0) g (U(2,9)) = (v1 cos(p + a) — vasin(p — @) Xg

sinx
+ (0 — 1) (—vysin(p — a) + vacos(p + ) Yr
_ sin(f — z)

= ———— 2 (D1cosp — Dysing) X + (' — 1) (=1 sinp + vy cos )Y
sin x

where 07 = (v] cosa + vosin ), Uy = —v1 sina + vy cos a and therefore v = R, O

Combining the previous results for H with the knowledge about Tmo(é3)82, we can now
prove nonnegativity of the Hessian for arbitrary tangent fields.

Proof of Proposition[{.1. Given ¢ € Ty,S?, note that 0 = ¢(&3) - my(é3) = —¢3(e3).
Set

1
oW,

1
5=0-tn(ea) (1+ pomie)) 0P+ oa(en) (14 52 malen))

Then ¢(é3) = 0 and Lemma [4.6{implies H(¢) > 0, hence
H(9) =H(9) =0>0
and if H(¢) = 0 then H(¢) = 0 and again by Lemma d(z,p) = a(x)Y for some
a € H}([0,7]) so that ¢ = ¢, + a(x)Y for
-1
~62(83) (1+ pma(es))

P o) (14 Zmies)
0

4.2. Minimality

We will now assume that E is strictly convex and infer minimality of my. This is
based on an identity for the energy difference where H is extended to a functional H on
H(S%R3).

Lemma 4.9. For a critical point mg of & and m € H'(S?;S?),

E(m) — E(mg) = =H(m — my).

1
2
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4. Local Minimality of Symmetric Minimizers

Proof. Simple computations give

2 (£(m) — &(my)) —/\va [ Vmmf? + & ((mo - ) — (m - 1)) do
S2
= / |V(m —mg)|?> — & (m —myg) -v)? do
S2
+ Q/Vmg (V(m —my)) — k(mp - v) (m — my) - v) do.
§2

The first integral is equal to the first term of H and needs no further computations.
For the second integral, criticality of mg, pointwisely paired with the vector identity
a-b=(a-b)|mgl?> = (a x mp)-(bxmg)+ (a-mg)(b-mg) gives

/Vmo (V(m —myg)) — k(mg - v)(m — my) - v do
S2

= / (—Amg — k(mg - v)v) (m — my) do

SQ

= / (—Amg — k(mg - v)v) - mp(m — my) - mgy do
SQ

= / (|Vm0\2 — k(myg - y)2) (\m — mo\2 + (m—mp) - (m+ mo)) do.
S2

Since the last term vanishes identically due to |m|? — |mg|? = 1 — 1 = 0, insertion into
the first calculation proves the statement. ]

Expressing the energy difference in terms of the Hessian is convenient because the Hes-
sian is coercive on the level of tangent fields orthogonal to ker(#).

Lemma 4.10. There exists A > 0 such that

H(g) > Aol

for all ¢ € HY(S?, TynyS?) with ¢ L ker(H).
Here, orthogonality is understood with respect to the L?(S?)-scalar product.

Proof. Consider

I=inf {H(¢) : ¢ € H(S* Tm,S?), ¢ L ker(H), ||¢[lr2 =1}.
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4.2. Minimality

By proposition I is non-negative. Assume I = 0. Then, there exists a sequence
(¢r)ken With

okl =1, H(dr) < % and ¢ L ker(H).

Due to H < [|¢]|5:, the sequence is uniformly bounded in H' and therefore admits a
weakly convergent subsequence, strongly convergent in L? such that ¢ = limy_,eo &
satisfies ||¢||r2 = 1. On the other hand,

0 < H(¢) <liminfH(¢r) =0
k—o00
and therefore ¢ € ker(#). But
(6,0) 12 = lim (¢, V)12 = 0
k—o0

due to the strong L?-convergence such that ¢ € ker(H) Uker(#)* = {0}. This contra-
dicts ||@||r2 = 1.

Combining the lower bound with the estimate

H(8) = 6l2 — / (14 |Vmol — r(mo - 1)?) + x(6 - 1) do
SQ
> [|)|3: — p(mo, £)[|]|7,

we arrive at
() > Ml + (A + (1= NI) = M3

for A = O

1
A1

The kernel of ‘H contains of fields associated to joint rotations. Such variations due not
affect the energy, implying that £E(mpg) — E(my) = E(m) — E(my) for all R € SO(3).
Before applying the result for H to a decomposition of m — my into tangential and
normal parts, we therefore choose an optimal rotation of m such that mp is orthogonal
to the kernel of H.

Lemma 4.11. There exist p > 0 such that for allm € H*(S%*;S?) with ||m—myl|| 51 < p,
there exists R € SO(3) such that (mp — mg, o)) =0 fori=1,2.
Proof. Given m € H'(S?;S?), consider the mapping

SO(3)> R+— (mp — m0,¢(i)>L2(82) for i =1,2.

We want to use the implicit function Theorem to find a suitable R for any m such
that the mp — mg is L2-orthogonal on the kernel of H. Since SO(3) is too large
for the application of the Theorem and given the symmetry of mg, we will consider
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4. Local Minimality of Symmetric Minimizers

special representative of the equivalence classes in SO(3)/S0O(3)s
A € 80(3)e,, the é3-equivariance of mg implies

5~ Note that for any
(mpa —mg, ¢?) = (mpa — moa, 6?) = (mg —mg,¢'},) = (mg — mo, ¢,)

for v = Ae;. Thus, mgr4 —my is orthogonal on the kernel of H iff mg —my is orthogonal
on it. Instead of working with the full equivalence classes, note that

S? =2 50(3)/S0(2) = SO(3)/SO(3)s,
where for v € S?, a representative of [R(v)] is given by

o
™ To V 650(3)

with arbitrary 71,70 € T,S? and 71 L 7. To see this, choose A € SO(2) arbitrary.

Then (11 2 V) = (71 T2 v) so that the structure is unchanged. Furthermore, any

1
orthogonal pair of 71, 7 complementing v to a basis can be found via rotation.

Expressing v in stereographic coordinates, 73 and 7 may be chosen in such a way that
differentiability near 0 with 771(0) = &3 is ensured. For example, one might take

2y12 1 9
1 J—
) £l ) . Y]
= 1+|yl2 ) 1 —
1 jy2 VI+ayi =2y 4yt \
1+|y|?
1 _4y1y2

and T, =v X1 = (1 —|y|*)? + 4y?

2 _ 2 4 2
V4T =2y A1+ [y \ g1 = 1yp2)

Having found a way to express the desired R as a point in R?, we are now in a place to
consider the mapping

F:R*x H'(S*;R?) = R?, (y,£) — Z (€R(y) + MoR() — my, ¢V)é;
=12

and apply the infinite dimensional implicit function Theorem [59, Theorem 4.E] in
the vicinity of (0,0). Recall that H'(S? R?) is a Banach space. Here, ¢ represents
m — mg € H'(S?% R3) with

(€r(y) + Mon() — mo, ) = (mp(,) —mo, ¢1)

such that above calculations still apply.

In order to differentiate F' at (0,0), note that R(y) is differentiable for |y| < 1 with

0 d 0 d

%R(y)kqm = %R2(t)|t:0 and aT/zR(yN(O,O) = %Rl(t”t:o-
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4.2. Minimality

Therefore, d%iFﬂ(y,&):(O,O) = (¢, (;S(j)>L2(S2;R3). By Cauchy-Schwarz, the Jacobian

<(;5(1)7 ¢(1)><¢(2)7 ¢(2)> _ <¢(1)’ ¢(2)>2 >0
is 0 if and only if (1) and ¢ are linearly dependent. But since ¢1)(é3) and ¢(®)(&3)

are orthogonal for a axisymmetric minimizer myg, this can not be the case and it follows
oF
that det 87y|(yaf):(070) > 0.

The implicit function theorem now ensures the existence of p > 0 and a C'-function
g: B,(0) ¢ HY(S%;R3) — Bg(0) C R?%, € — y(£) such that F(y(¢),£) = F(0,0) = 0 for
all £ € B,(0) and where y(¢) is the only solution of this equation.

Uniqueness and existence of y correspond to existence of a unique coset [R] = [R(y(§)] €
S0(3)/50(2) for every £ € B,(0) and thus for every m € B,(mg) such that

(mp —my, ¢) =0 for all P € [R(y(¢)] and i = 1,2.

Aiming to employ the energy identity for £(m)—E&(my) = £(mpg)—E&(my), we show that
the distance of m from my is not heavily affected by the joint rotation.

Lemma 4.12. There exists a constant ¢ such that
HmR — m()HHl(SZ) < ch — m(]HHl(S2) <cp

for the jointly rotated field from Lemma [{.11]

Proof. In a first step, the implicit function theorem which was employed above to find
R = R(y) = R(y(&)) provides an estimate for |y(£)|, using

[y(&)] = 1y(€) —y(0) — Dy(0)(&)] + [Dy(0)(E)] < clléllmr +

OF ~toF
(Sol00) <8£<£>>' .
With F(0,-): &= 3, 5(6,00) 128 and GE00) = 207, 1)) 128; © &;, the second
term can be estimated by ¢(¢(®)||€|| .2 and in total, one finds |y(&)| < ¢||€]| 1.

In a second step, we estimate |[mpr — mg|/z1 in terms of |y| and thus in terms of
|lm — mg|| 1. Simple computations show |R(y)v — v| < c|y||v| for a universal constant

c and any v € R3. This can be employed to conclude

lmp —mo[|g1 < |[mpg —mog| g1 +[Jmor —mol| 1 < [Jm—mol| g1 +efy| < cfjm—mo|
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4. Local Minimality of Symmetric Minimizers

where the details of the last two estimates are given in the following. Due to the
orthogonality of R(y), the chain rule implies |[{r||z1 = ||£|| g1 and the estimate for the
first term follows. For the second term, write

lmopr — mo||z2 = ”R_ll’l’lo(R') —my(R)| 2 + ||mo(R-) — my|| 2
1
2 3

1
d z+t(Rx — x)
< . _
< clyllmo(r)loe + | [ [ g (FEEEE0Y ar| o
S? 0

< cfyllmol| > + clylllmo|| g1 < e(mo)lyl.

The derivative part is slightly more delicate since the inner rotation affects the derivative.
In stereographic coordinates 7, centered at p with R(y)p = p there exists R € SO(2)
such that Rm,(z) = mp(Rx) for all z € R?. In these coordinates, we have

|0:(mo g o ) —0;(mg © Tp)|| L2 (r2)
= (105 (R (mo o m) R ) — 0 (mo 0 75) | 2m2)
<[R9 (mo 0 mp) R) = R (9i(mo 7)) | 2e)
+ IR (9i(mo 0 7)) — 83 (m0 0 ) | 2(e2)

With 8;(mg o m,) € R?, the second term can directly be estimated by ¢(mg)|y|. On the
other hand, the first one can be simplified, using orthogonality of R and R. From here
on writing mo = mg o mp and || - ||z for || - || f2(r2) We estimate, for i = 1,

|01 (Mg R) — 0y (mg)|| 2 = ||O1mig(R-) Ry + Oemig(R-)Rig — d1mig)| 2
< ||o1mig(R-) (Rn - 1) |12 + [|O2mio (Re) Rial| 12 + [|O10ig(R:) — 91w || 2.

Testing R with unit vectors, the individual components of R can be estimated in terms

of |y|, for example
~ (1 1
< _
<[7(6) )

- (5)- () 4
(oo () (o ()

where L is the Lipschitz constant of 7,1 on m, (B2(0)) C S. Similar computations show

|R1a| < clyl|, |Ra1| < ¢|y| and |Rys — 1| < c|y|. Using these estimates, it is obvious that
the first two terms in the L2-estimate of O17n can be bounded by cly|[mol| g1 (s2y while
the third term again involves an extra derivative. Recalling that my is smooth on the
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4.2. Minimality

compact manifold S?, we can estimate

N

1
- _ d - 2
|01mig(R-) — Oy |2, < ([R//dt(?lmo(m+t(Rxx)) dt dx
20

IA

1
2
Q/D%%%ﬂyZM < Iylmol e
2

Note that |[mo|| z2(s2) only adds to the constant ¢ while |y| is relevant for the estimate
of [mpr — mo||z1 in terms of ||m — mg||z1. Repeating the same estimates for domg
completes the proof. ]

Having collected all necessary estimates, we can now express the energy difference via
the Hessian and proceed further to show the following:

Proposition 4.3. Assume that mg minimizes £ in the set of axisymmetric fields of
degree 0, {m € H'(S%*S?) : Q(m) = 0, m azisymmetric} and that E is strictly convex
at 0. Then my locally minimizes € in {m € H'(S%;S?) : Q(m) = 0}. In particular,
there are constants eg > 0 and ¢ > 0 such that

E(m) —E(mg) > ¢

- -
Rlesosog, TR~ Mol

for all |m — mg||z1 <e:0.

Proof. Due to the assumption of convexity, the kernel of H consists exactly of the
tangent fields associated to joint rotations. Given m close to mg, Lemma implies
the existence of R € SO(3) such that mp — my is orthogonal to the kernel of H. For
this R we have

£(m) — E(my) = E(mp) — E(my) = H(mp —my).

Writing € = mpg —m, we decompose £ = £7 + &1 into a tangential part £€7 and a normal
component 1. Due to the bilinearity of H, we can write

H(E) =H(E) +2H(ET, &5 +H(ED)

and estimate the three terms separately. For the first one, orthogonality of ¢ with
respect to ¢(9 implies orthogonality of ¢7 and the lower bound of Lemma implies

H(ET) > gl €730

Before analysing terms that involve the normal component ¢+, note that

£ = (mo - Emy = 1 [¢'my
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4. Local Minimality of Symmetric Minimizers

due to |¢> = lm|? + |mg|? — 2m - mg = 2|mp|? — 2m - my = —2¢ - m. In particular, this
implies that 4|¢+|? = [£|*. For H(£1), we compute

(L) = / VEH? — m(y- €5)% — 6412 (IVmof? — w(mo - )?) do
S2

K 1
= [1964R = Hlel* = {16l* (Vamol? — stma - »)?) do
S2
1
= [1964P = el Vmo P do
S2
= 6" — exllellh

Finally, for the mixed term, we estimate

Ve Vel = |V ( L1ePmo ) : ¥ (mo x (mo x €)
2

~| (- vema+ Jie¥na) (7 - Vo - rma — (ma - Vo)

= Z(S - 0;€)(myg - 9;€) — (€ - 0;€)(Fymyg - §) — (& - 9;&) (myg - 95¢)

1,J

€2 - 24€) — 1 [€[*(mo - €)@ - Doy

3 1
< §\§|2\Vf|wmo| + §|§|3|Vm0|.
Furthermore, we can estimate |£7] < |£| and hence, noting that &7 - ¢+ = 0, we find

H(ET, et = / VEr Vet — k(- ET)(v- €)= (€7 &) (IVm)? — k(mg - v)?) do
SQ

> / €2IVE|Vmo| + €2V mo| + #l¢[? do
SQ
1
> €124 IVEll e — [Vmol 2 €] — el ]2
> eall€l3.

Choosing € small enough with [[£]|;1 < ¢|jm — mp||g1 < cg, the energy difference is
bounded from below by

&(m) — &(my)

v
N =N

(MIET s + g™ 131 = exllgli = callélin)

(min{A, 1} —c1e® — 028) ”f”%{l

v
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5. Non-Symmetric Solutions of the Landau
Lifshitz Equation

We now turn to the dynamics of Skyrmions on the sphere, which are governed by the
Landau-Lifshitz equation

om(t) =m x (Am+ k(m - v)v).

The axisymmetric critical points that were the subject of chapters two and three yield
constant solutions of the equation. By jointly rotating them around és, they are for-
mally time-dependent but actually constant due to their symmetry. On the other hand,
invariance of the energy under joint rotations implies that any time-dependent solution
constructed by rotating a specific profile automatically obeys the conservation of energy
that is inherent in the equation. In order to yield non static solutions, such profiles
should be non-equivariant and rotate at a non-zero speed. They can not be critical
points of the energy because the right hand side of the equation also is invariant under
joint rotations and thus
mx (Am+ x(m-v)r) =0

would be preserved over time.

5.1. Rotating Solutions

In [37], the authors proved existence of constrained minimizers where the constraint is a
means to control equivariance of the fields. These minimizers are then used to construct
periodic solutions of the Landau-Lifshitz equation that are rotating at a certain speed
w € R. However, while attainment of the energy minimum under the constraint was
proven, there was no rigorous treatment of w as Lagrange multiplier. In this section, we
shall use the infinite dimensional Lagrange multiplier theorem from [59] to rigorously
establish that constrained minimizers solve the equation

3
—m x V& = Zwi(—m x VJ;)
i=1

with w = (0,0,w) in a special case. We will then apply the Lojasiewicz inequality
proved in section to prove w # 0, thus ruling out the possibility of constant in time
solutions.
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5. Non-Symmetric Solutions of the Landau Lifshitz Equation

The final step will be done under the assumption that all minimizers are equivariant.
This is conjectured to be true for large enough k as increasing anisotropy forces m to
align with the normal at least in the azimuthal direction.

The rest of the section is organized as follows. To start, we will briefly collect the main
results of [37] and extend them to accomodate an arbitrary axis of rotation. Then we
will prove that constrained minimizers fulfill the equation mentioned above and use the
equation to extend the regularity result of Theorem [2| to constrained critical points. By
a similar method, a convergence result for critical points will be shown. Finally, w # 0
follows by contradiction, due to the following Proposition:

Proposition 5.1. Assume that mg is a critical point of £. Then there exist p > 0,¢ >0
and v € (0,1) such that |m — mgl|y2 < p implies

[(VE(m))"™™|| 2 > ¢[&(m) — E(mo)|* 7.

The Proposition will be proved in section

5.1.1. Preliminary Results

The key observation of [37] is that if R(t) € SO(3)s, is a rotation of angle ¢ around és,

then
d

dt
such that static solutions of the equation

My, = w (—m x VJ3(m)) g

—m X V€ =w (—m x V.J3) (5.1)

yield solutions of the Landau Lifshitz equation by setting m(z,t) = m(z)g(.r)-

Here, J = S + L is the total angular momentum, where

S(m) = /mda €R® and L(m)= /V(m*wgz) €R3
S? S2

are the spin and orbital angular momentum, respectively. For é-equivariant fields, the
total angular momentum is determined by the values at +é.

Lemma 5.1. Given & € S?, assume that m: S* — S? is é-equivariant and continuous
near £é. Then
J(m) =27 (m(é) + m(—é)).

In particular, J(m) = £47é if Q(m) =0 and J(m) =0 if Q(m) = £1.
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5.1. Rotating Solutions

Proof. For & = é3, this is the statement of Lemma 5 in [37]. For a general direction,
the identity follows from the fact that

J(mpg) = RJ(m) for all R € SO(3). (5.2)

which is Lemma 1 of [37]. O

In order to find solutions to the static equation mentioned above, we will consider
the constrained minimization problem £(m) — min for J(m) = Jg. For Jo = Jsés,
attainment of the constrained minimum has been proven in [37] as well as an upper
bound for the minimal energy of 8w. For general Jg, these statements follow from
(5.2) and the invariance of £ under joint rotations. To prove that these constrained
minimizers indeed yield a solution of , we will apply the following Theorem about
Lagrange multipliers from Zeidler [59]:

Theorem

— from [59], p. 270, Proposition 1

Let f: U(u) C X - Rand G: U(u) C X — Y be C! on an open neighborhood of u,
where X and Y are real Banach spaces. Suppose that u is a solution of

f(u) — min!
Gu)=0

where G'(u): X — Y is surjective. Then there exists a functional A € Y* such that
f(u) + MG (u) =0

holds true.

Aiming to work on Banach spaces, recall from Section that H'(S?;S?) with the norm
|-l 1+ || L is a Banach manifold which we called X!(S?;S?). Near a given m, it can be
parametrized over the Banach space X1(S?; Ti,S?) via ¢: X1(S%; TinS?) — X1(S?;S?).
Hence we set f = £ o and G = J o) — Jg. In order to confirm the conditions for G’
we henceforth compute the variation of J.

In [37], the variation of J was only computed for the case J = J3é3 and in stereographic
coordinates. We introduce the angular derivative around an axis € € S? and note
several of its properties in order to compute the variation in the general case and in a

coordinate-free expression. Apart from resulting in the surjectivity of (J o), this will
give a characterization of equivariance.

Definition 5. The angular derivative 0,¢ of ¢ € C°°(S*R3) around & is given by

0,6(x) = SO(Rx).
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5. Non-Symmetric Solutions of the Landau Lifshitz Equation

Lemma 5.2 (Properties of the angular derivative). Consider an arbitrary avis & € S.

(1) Let ¢ € C*(S%;R3) and let Ry be a rotation around & by angle t. Then,

d .
at (Qb)R(t) =e&x ¢ —0y0.

(2) For smooth ¢, the angular derivative commutes with joint rotations.
(8) The angular derivative is L?(S?;R3) skew-adjoint.

(4) m € H'(S%;R3) is é-equivariant iff ,m = & x m weakly in L*(S*;R3).

Proof. (1) This follows pointwisely from direct computations and the definition of the
angular derivative.

(2) Let R € SO(3) be an arbitrary rotation. Then

d . . d
REL:ORtx =R(éxx)=éx (Rx)= ERt(Raz)
and therefore
d
-1 _p 9 -1
Oon(n) = <|  on(Re) = | RO(RRx) = RE|  o(Ri(R7x).

(3) Again, this follows by a direct computation and from orthogonality of R.

(Oym,v)r2 = (Rix),v m(R_;Ri(x), v(R_x))

)= il
v(R_4x)) = —(m, 0,v).

dt ’tf

- a’t=0<m’

(4) Recall that m is é-equivariant if mp = m for all R € SO(3)s. In particular, m
is equivariant iff the map m — mpg, is constant for R; representing a rotation
around & by angle ¢. Testing with ¢ € C°°(S?;R3), m is equivariant, iff

0= S tmp,.0) = < (m. on)

dt
for all such ¢. Note that the second equality follows from the orthogonality of R
as in Together with the previous properties, this implies
d
dt
and therefore m is equivariant iff the last term in the equation is 0 for all smooth
¢ ie. if 0y = & x m weakly.

—(mp,,¢) = (M, —€ x ¢+ 0y¢) = (€ x m — 0, m, ¢)
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5.1. Rotating Solutions

Using these properties, we can analyze the variation of J.

Lemma 5.3. Given & € S?2, m € H'(S?%;S?) and v € X*(S% TinS?), the following holds:
(1) & (53 (m){v)) = 5 (&) (m) (1) = (6 — m x Dy, v) 2.
(2) m is equivariant around & iff § (&-J) (v) = 0 for all v € X (S%; TmS?).

(3) If m is not &-equivariant for any azis & then the angular momentum J: S? — R3
has a surjective differential

6J(m): X1(S% TS?) — R3.
Proof. (1) For é = é3, the variation of J3 was computed in [37]. By (5.2)), this extends
to the general case, using € - J = (Reé) - (RJ).

(2) From Lemma above it follows that m is é-equivariant iff € x m — 0,m = 0
weakly in L?(S?;R3). For arbitrary ¢ € C(S?;R?), evaluate §(&-J) at m x ¢ to
find that

e -J)(m)(mx ¢) =(¢—mx dym,m x ¢);2 = (€ xm— d,m, ¢)e.

Since any v can be smoothly approximated by tangent fields vy = m X ¢, this
implies the equivalence.

(3) Assume that m is not é-equivariant for any axis &. Then for all & € S? there exists
v* € X1(S?; TinS?) such that

€ (6J(m)(v")) = a# 0.
Given ¢ € R3, let ¢ € [0,00) and & € S? be such that ¢ = cé. Then
dJ(m)(v) =ciff §(e-J)(m)(v) = (6 —m x d,m,v)2 = c.
Recalling v* from above, set v, = EC'U*. For v, it holds that

& (5J(m)(ve)) = goz —c

and thus dJ(m)(v.) = c.
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5. Non-Symmetric Solutions of the Landau Lifshitz Equation

5.1.2. Lagrange Multiplier

We have now gathered all ingredients to prove that the constrained minimizers found in
[37] satisfy the stationary equation (5.1)) for some w € R.

Theorem 4. For e > 0 and a local minimizer m € H'(S?*;S?) of E = E(m) subject to
J(m) = —(4n+¢)és it holds that m € C™(S?;S?), and there exists a Lagrange multiplier
w € R such that {m, E} = w{m, J3}.

Proof. We apply the Lagrange multiplier theorem from [59] to the pulled back function-
als
F=Eoy and G=Joy

on the closed subspace X!(S?;Ti,S?) of the Banach space X'(S%;R3). A constrained
minimizer is given by ug = 0 with ¢(0) = m. Then
DF(0)(v) = 6E(m){(v) and DG(0)(v) = 6J(m){v) for v e X (S TmS?)

such that the differential DG(0): X(S?; TmS?) — R3 is surjective. It follows that there
exists a Lagrange multiplier w = (w1, w2, ws) such that

3
= _w;oJ;(m){v)
j=1

Smoothness of m follows by the same methods as for non-constrained critical points.
More details are given in Lemma below. It remains to show that w; = we = 0. Due
to the smoothness, we may now write the Euler-Lagrange equations in its strong form
as

m x VE(m ZwymeJ( ).
7=1
Hence for every 1 < i < 3, testing with VJ; gives

(VJi(m),m x VE(m)) , = ij (VJi(m),m x V.J;(m)),,
which may be written as

{Ji, E}(m Z%{JZJ} m)

7j=1

by utilizing the poisson bracket defined in the introduction. As {J;, J;} = €;;xJi and
{J;,€} = 0 by Lemma [5.4] below it follows that

3

0= Z eijkijk(m)

J,k=1

so w x J(m) = 0. But as J(m) = Jés # 0 it follows that w; = wy = 0. O
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5.1. Rotating Solutions

The following Lemmata justify some of the computations of the last proof.

Lemma 5.4.
(1) {Ji, J;} = eijrdi on X2(S?%;S?).

(2) {&,Jx} =0 on X2(S%S?) fork=1,2,3.

Proof. For the identity of J, we first decompose the Poisson bracket into individual
terms.
{Jla J]} = {S’La Sj} + {Sla LJ} + {le Sj} + {L’Lv L]}

Both of the mixed terms vanish due to
{Si,Lj} = —(éi, 8§;m>L2 = <a>]<éz, m>L2 = 0,

where 8& is the angular derivative around €;. Then the final identity follows from
general properties of the poisson bracket, see [37].

For the second identity, write £ = D + kA and Jp = Si + Li. We investigate each
term separately using he expression for §J; = 6(J - &) from Lemma By comparison
with [37], .S, (m)(v) = (&, v) 2 and 6Ly (m)(v) = (—m x Oym,v) 2 where the angular
derivative is around €. Hence we compute:
{D,S;}(m) = w(Xp, Xg,)(m) = (m x Am, &)
=(V:-(m x Vm), é;) = —(m x Vm, Vé;) = 0.

In stereographic coordinates centered at éj, the angular derivative around € is given
by 0,m = (z1 - V)m = 210om — 220;m where = = (21, 22) € R%2. Computing

A ((a;i : V)m) = (A2 - V)m+2 Y Gt Vom+ 2t VAm
k={1,2}
=042 (—8182m + (92011’[1) + (.xL . V)Am

we confirm that the angular derivative and the laplace operator commute. Thus, for
smooth m,

{D, Ly}(m) = (Am, —m X (m x J,m))
= (Am,d,m) = (m, Ad,m) = (m, 9,Am) = —(0,m, Am,).

On the other hand, it follows from symmetry of the scalar product that
{D, Ly}(m) = (Am, 9ym) = (Oym, Am).

Thus, {D, Ly} = —{D, Ly} = 0. For m € X2(S?;S?), the statement follows by approx-
imation.
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5. Non-Symmetric Solutions of the Landau Lifshitz Equation

For the anisotropy we make use of the é-equivariance of v for every axis v, implying
Oyv = &, x v weakly in L?. Thus, for smooth m € X?(S?%;§?),

{4, Jp}(m) =w(X4,Xy) = (mx (m-v)v,é; — m x J,m)

As for {D, Ly}, The last expression is identically 0 by the symmetry of the scalar product
and the skew-symmetry of the angular derivative. O

Note: Again writing & = D + kA, we have shown that {D, S} = 0= {D, L;}. Thus,
the spin and orbital angular momentum would be individually conserved if x = 0. This
corresponds to the invariance of D under individual rotations in domain or target space.
However, for the anisotropy term, the individual terms were not zero but annihilated
each other. Thus, for x > 0, spin and orbital angular momentum are not individually
conserved.

Using the Hamiltonian framework, preservation of the angular momentum is an easy
consequence of the result for the Poisson bracket.

Corollary 5.1. If m is a solution of the Landau Lifshitz equation, then J(m) is con-
served over time.

Proof. From the introduction, recall that for any smooth function K: P — R, the flow
for the Hamiltonian system satisfies

%K(F(t,wo)) = {K, H}(F(t,20)).

Here, K = J; and H = & satisfy {J, £} = 0 such that the right-hand side is identically
0. ]

The following Lemma fills the gap of regularity in the proof of Theorem Further-
more, by extending the techniques already used in [2) we obtain a convergence result for
constrained critical points.

Lemma 5.5. Fiz k > 0 and Jy € R3.

(1) Constrained critical points are smooth.
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5.1. Rotating Solutions

(2) Let (m*)cn be a sequence of (constrained) critical points of € with Lagrange mul-

tipliers wy = 0. Assume that | m* — mg|| ;1 (s2,r3) = 0 for some mg € H'(S?;S?).
Then
Jm” — mo|| g2(s2,r3) — 0

and myg is a smooth critical point of €.

Proof. For both statements, we proceed as in Theorem

(1)

In stereographic coordinates centered at és, the Euler-Lagrange equation is given
by
—Am=Q: Vm + f

with Q(m) =m ® Vm — Vm ® m and

f=X\(z)m x (m(y ‘m)y X m+ iwi (éi Xm— I (xi . vm>)>
i=1
+ A(z)m X (w1dom — w01 m)

where # = (21, 22,1). As in the unconstrained case, f € L?(R?) with bounds that
only depend on k, w and ||[Vml||z2. In particular, note that |Z;||z|\?(z) < A(z) for
all x € R2. From here on, the proof is identical to the proof of Theorem [2| and we
omit the details.

Proving H?(S?; TimS?)-convergence for strongly H(S?; T, S?)-convergent sequences
again follows the same strategy as the proof of regularity in Theorem [2| However,

since we are now interested not only in bounds but in convergence, we will give

more details.

Firstly, note that every m” is smooth since they are all critical points and write

m* = m*or~! for the stereographic projection 7. Then, Vm* — Vm strongly in

L?(R?) and m*\(z) — mA(z) strongly in L?(R?). Furthermore, each m” satisfies
—AmF = Q% : vmF + f*
with Q% and f* as in the Lemma and, defining Q and f in terms of the limit m,

|9 = Q2 = | (m* - m) ® Vm +m & (Vm* — V)|l »
< |[(m* —m) ® Vm| ;2 + [|[Vm* — Vm||;2 — 0 as k — oo
where the first term converges due to dominated convergence with

k

|(m"* —m) ® Vm(x)|* — 0 pointwisely a.e. on R?

and
Im* — m|?|Vm|? < 2||Vm|? € L'(R?).
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5. Non-Symmetric Solutions of the Landau Lifshitz Equation

For f, |m| =1 implies
If* = f] < Mz)?k - 3lm* — m| — 0 in L*(R?).

Working locally, we decompose each my, into my = u + v such that uy satisfies
~Aug = fF+ g8 = fF 4+ QF . Vm* € L2, By the Calderén-Zygmund inequality
and via the estimates in Theorem [2[ we find, for each ¢ € (1,2),

ID*u*|[za < Uf* + 6"l LaBr)

where g* is uniformly bounded in L? since the estimates go back on [[Vm®* || 2 (gz).
Thus, proceeding as in Theorem [2, u* is uniformly bounded in C%(Bg) for every
a € (0,1), yielding locally uniform convergence of a subsequence due to Arzela
Ascoli.

On the other hand, m* — u* = v* satisfies
—Av* =Qf . Vm”

where QF — Qg in L? due to the convergence of QF and continuity of the Helmholtz
projection. By the same Hardy space arguments as in the proof of regularity, this
yields local uniform convergence v* — v and thus, up to a subsequence, locally
uniform convergence m* — m.

Fixing B = B14.(0) for some ¢ > 0, standard estimates for semilinear equations
with quadratic growth [53], combined with bootstrapping yield uniform estimates
for |[mF|| gy for all I > 0 and U CC B . These estimates are uniform not

only in k but also in 2 for Q = Bs(x) CC B. By compactness of By4.(0), this
yields uniform H'(R?) bounds on Bji.(0) and H%(R?) convergence of m* o 7!
on Bi4.(0) follows for a subsequence due to Rellich.

Since 1 + |z|? is bounded by a constant on Bji.(0), this yields H? convergence
of the original sequence m*: S> — S? on S%5;. Repeating the procedure on
B11:(0) = 7_(S%<0) proves the H?(S?;R?) convergence of m* to m.

From the local H?(S?; R3) convergence of m* to m it follows that m also satisfies
the equation
Am = Q(m) : Vm + f

and thus is smooth as a critical point of £.

O]

We will apply the convergence result to show that if the constrained minimizers are also
critical points of £, meaning that they solve with w = 0, then they converge to an
unconstrained critical point in H2. In order to prove the H'-convergence we need to
compare the constrained energy minimum with the global minimal value within the topo-
logical sector Q = 0. We thus consider special functions constructed from an equivariant
m such that the total angular momentum is controlled.
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5.1. Rotating Solutions

Definition 6. Given m: S?> — S?, s > 0 and an azis €, define my: S> — S? via
mg = m, o Tg, m;,(z1,22) = (momg)((1+ s)xy, s2).

my s called an elliptic distortion of m around é.

It was shown in [37] that the size of the angular momentum is strictly increased by
elliptical distortion for s > 0. In fact, this increase is strictly monotonous, resulting in
the following Lemma:

Lemma 5.6. Given é € S?, let m: S? — S? be é-equivariant. Then there exists § > 0
such that J: R — R, s — J(mjg) admits a continuous, strictly monotonic inverse on
[0,00]. In particular, J — 47 implies £(m;) — E(m).

Proof. For & = &3, Lemma 6 in [37] implies that J' < 0 on (0,8) for some § > 0.
Furthermore, R 3 s — my € H*(S%S?) and H'(S%*S?) > m + J(m) € R are contin-
uous. Thus, J is continuous and strictly monotonous on [0,d] and the existence of a
continuous, strictly monotonous inverse J~1 follows on [0, 60| for every g < 0.

O]

For ||m® — my||z2 sufficiently small, the Lojasiewicz inequality of Proposition ap-
plies and relates the energy difference to the norm of the tangential gradient. Having
prepared the convergence, we are now able to prove that the Lagrange multiplier w in
the constrained minimization problem is nontrivial, given the assumption that all min-
imizers of degree 0 are equivariant. This results in non-static rotating solutions of the
Landau Lifshitz equation.

Theorem 5. Assume that all minimizers of £ with Q = 0 are equivariant. Then there
exists g > 0 such that for all 0 < & < &g there ezist w # 0 and m € C*(S?;S?) such
that J(m) = —(4m + ¢)é3 and

m(z,t) = MPp(wt) (v)

is a nontrivial periodic solution of the Landau Lifshitz equation.

Proof. For e small enough, let m. be the constrained minimizer from Theorem [4 solving
m, x VE(m,) = w. (m, x J(m,))

and satisfying |J(m.)| = 47 4+ . We show that there exists 9 > 0 such that w. # 0 for
all € < g9. Otherwise there exists a sequence €, — 0 such that w., = 0 and thus

m., x VE(m,,) = 0.
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5. Non-Symmetric Solutions of the Landau Lifshitz Equation

Let mg be a global minimizer. By assumption, myg is equivariant. Furthermore, for every
e > 0, let my® be its elliptic distortion. Then for all €, the constrained minimizers m.,
satisfy

€(my, ) < E(my”) < E(my) + ofe)

by Lemma Since £(m) > ||m|| g1 — 4, this implies that the sequence (m., )ren is
uniformly bounded in H' and admits a weakly convergent subsequence m;, — m* which
is strongly convergent in L?. Combining local minimality of m with lower semicontinuity
of £ and the estimate above, we find

E(mp) < E(m*) <liminf&(m,, ) < E(my)
k—o00
such that m* is locally minimizing and therefore equivariant by assumption. More
importantly, the resulting convergence of the energy implies strong H'-convergence of
m,, and thus H? convergence by Lemma For |m., — m*| g2 small enough, the
Lojasiewicz inequality can be applied:
0= [m. x V&)l > (E(me,) — Em*) 7 =0

Therefore, £(m,, ) = £(m*) and m,, is an unconstrained minimizer of £. By assumption
it follows that m., is equivariant, which contradicts |[J(m,, )| = 47 + . O

5.2. tojasiewicz-Simon Inequality

In this section, we will follow the framework of Haraux and Jendoubi [19] to prove the
Lojasiewicz inequality for critical points of € stated in Proposition[5.1}

5.2.1. Preliminaries: Analyticity and Fredholm Property

One of the key ingredients of the finite dimensional Lojasiewicz inequality is analyt-
icity and although generalizations exist [18],[4], it is usually required in the infinite
dimensional case as well. As in the application of the Lagrange Multiplier theorem,
we thus consider the pull-back of £ via the chart defined in the introduction, section
21

F: H*(S* Tm,S?) = R, F=Eo1,

where ¥ (v) = \$3f§| Here, my denotes a critical point of £. Then £(myg) = F(0) and,

as computed in section

DF(0)(¢) = 0 (myg)(p) = (VE(mg)*™", ¢) 12 =0
for all ¢ € H2(S?; Ti,S?).

Moreover, F' is analytic in the sense of definition
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5.2. Lojasiewicz-Simon Inequality

Lemma 5.7. There exists p > 0 such that
F: B,(0) C H*(S*; Tm,S?) — R

s analytic.

Proof. Consider the continuation of £ to a functional on H?(S?;R?) given by

£(m) / Vm[? + £(1 — (m - 1)) do
S2

such thatﬁ~ (m) = £(m) for m: §* — S, Furthermore, write 0 for the non-surjective
function ¢ : H?(S% Tm,S?) — H2(S?*;R3) with ¢)(v) = ¥(v). Then E and v are analytic
as functionals between Banach spaces, hence

F=Eoyp=FEov

is analytic due to theorem

For the analyticity of ¢ in a neighborhood of 0, apply Lemma to

a—+x

‘R =R —>
Ja v la + x|

where f, is analytic on B,.(0) C R? with r independent of the choice of a € S?.

On the other hand, the continuation of E is the sum of a norm and an integral over a
polynomial in m, both of which are analytic due to Lemma and Corollary O

In contrast to finite dimensions, analyticity alone is not sufficient to prove a Lojasiewicz
type inequality in infinite dimensions. One way to fill the gap is via a Fredholm property
of the second variation. In the present case, the Hessian of the pulled back functional
F=¢Eoy,

D?F: H* (S Tm,S?) x H*(S*; Tm,S?) — R

gives rise to a bounded linear symmetric operator A on L? with domain H?(S?; Tin,S?)
satisfying
D*F(0)(¢,) = (A, )p2, ie. A=D(VpF)(0)

because

D?F(0)(¢,-) = D (DF(0)(:)) {¢) = D{V12F(0),)(¢) = (DV 12F(0)(¢), ).

Furthermore, the following holds:

Lemma 5.8. If 0 is a critical point of F' then the operator
A: H*(S?%;, Ty S?) — L(S?; T, S?)

is a Fredholm operator of index 0.
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5. Non-Symmetric Solutions of the Landau Lifshitz Equation

Proof. We first show invertibility of A + Ao H?(S?; Ty S?) — L?(S%; Tin,S?) for some
A > 0 to be determined. Here, ¢ denotes the compact embedding H? < L?. Smoothness
of mg on S? implies the existence of some p > 0 such that

H(D) = 9l o2y — [ 6 (L-+]Tmol = w(mo - v)?) + (0 ) dor

> [18ll7n — pll8ll72s2)-

On the other hand, H(¢) + pl|¢[32 < c¢(mg, x)||¢[|3;: such that H(-) + - [|7. defines
a norm on H'(S% Tim,S?). We consider the Hilbert space H'(S?, Ti,S?) consisting of
functions in H'(S?; Tin,S?) and equipped with the scalar product

(QZS, @Z’) = H(¢7 d}) + /L<¢a :U‘>L2

Given f € L?(S?, Tim,S?), we apply the Riesz representation theorem on H'(S? TimyS?)
to the linear functional

H'(S% TmS*) = R, ¥ (f,9)12s2)
to find a unique v € H'(S?, Ty, S?) such that
<fa w>L2 = H(Ua ’QZ}) + :UJ<U7 w)LQ
By considering the pullback via the inverse stereographic projection, we can proceed as
in [32] to show v € H?(S?, Tyn,S?):
Given 1 € C*°(S?%;R3), let Ppy,n = —m x m x 7 denote the projection of 1 onto Ty, S?.
Then Pmyn € C*°(S?; Tm,S?) and
(fsm 22wy = ([, mo77>L2(S2 TangS?) = (U, Pmon) + 1V, Pmg ) £2(52, T, 52)
/ Vo V(Pragt) — 50 ) (Pong )
— V- Pmyn (\Vmg|2 — k(myg - 1/)2 — ,u) do
= <VU7 VPmOT]>L2(SQ;R3) - <g, 77>L2(S2;R3)
where g = P, (k(v-v)v — ([Vmg|? — k(mg - v)? — p) v) € L*(S* R?) due to the smooth-
ness of my.
If v was smooth then

PmoAgzv = Agzv - (m(] : ASQU)HI()
= Agev — Ag2(myg - v)mo + V- (Vmg - v) mgy + (Vmg : Vo) mg

where Ag2(myg - v)mg = 0 since v € Tyn,S?. Therefore, a smooth v would satisfy

(Vu, VPmgn) 12(s2) = —(Av, Pmn) 12(s2) = —(PmyAv, 1) 12(s2)
—(Av,n) +(V - (Vmg - v)mg,n) + ((Vmg : Vo)myg, n)
= (Vv, V) 2(s2;r3) + (91, M) £2(s2;R3)
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5.2. Lojasiewicz-Simon Inequality

with g1 € L?(S?) involving only first derivatives of v. Approximating v € H'(S?; Tin,S?)
by smooth functions, the identity thus carries over and implies that v € H'(S?; Ty, S?)
weakly solves

~Agv=f+g—g1 onS%

Once more arguing via the pullback v o 73! € H'(R?; Ty, S?) on the upper and lower
half sphere respectively, v € H?(S?; Tin,S?) follows from the regularizing properties of
the Poisson equation on bounded domains in R2.

Having shown that for every f € L%(S?, Tin,S?) there exists a unique v € H?(S?, Tin,S?)
such that

(f,0) 12 = H(v,¥) + plv,¥) 12 = (Av + pw, ¢) 12 for all ¢ € H'(S?, Tm,S?),
we conclude by the open mapping theorem that
(A+ )™t L3(S?; Ty S?) — H2(S%; Ty, S?)

is a bounded linear operator where the embedding ¢: H?(S? T, S?) — L?*(S?; Tim,S?)
is compact. Therefore, the operators

Tpgo—(A+p ) tA=pwA+p )™k
and 12 —A(A+p ) t=po(A+p)™t

are compact and A is Fredholm with index 0.

5.2.2. Proof of Proposition [5.]

We have now gathered all ingredients to prove the inequality for F'. From the statement
for F', Proposition [5.1| can be deduced as follows:

Firstly, given m € H?(S?;S?), we have m = II(mg +v) for

m

v = — 11

m - 1

where m - mg > 0 if |/m — mg|? < 2 and it follows by construction that v € Ty,S?.
Therefore,
F(v) — F(0) = £(m) — E(my).

For the derivative, recall from section [2.1] that

d
ﬁn(mo +tp)=¢

and therefore

DF(v){¢) = 0&(I1(mg + v))(¢) = 6€(m){¢)
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5. Non-Symmetric Solutions of the Landau Lifshitz Equation

for any ¢ € H?(S?; Tyn,S?) and v as above. This implies

IVF ()| L2(s2:1m,52) = sup (VE(v), §) 12(52,Tpny 52)

H¢||L2(s2;Tm0g2):1

= sup (mg x VE(my), n) r2(s2r3) = H(Vg(mo))tanHL?(S?;RB)-

Inll 2 s2,r3)=1

Here, we have used that for any n € L*(S%R?), the field ¢,, = —myg x 7 satisfies the
pointwise identity |¢,(x)| = |n(z)| and therefore

Inll2(s2r3) = lénll L2(s2,Tmg 52)-

Also, given ¢ € L2(S%;R?), setting n = —mg x ¢ € L?(S?%;Tim,S?) C L?(S%,R?) implies
that ¢ is of the form ¢ = —mgxn for a function n € L?(S?; R3).

Pm (m—my)

2 . . .
e € 1 moS”, a Lojasiewicz-

All together, given m € H?(S?;S?) and setting v :=
type inequality for F' would imply

IVE (M) 22 3) = [IVE(0)l] 2(52:03m52) = (F(v) = F(0))' ™7 = (€(m) — £(mo))' 7.

Passing on to F, let N C H?(S? Ty,S?) be the kernel of A and Py the orthogonal
projection onto it. Set k = dim(/N) and note k < oo by Lemma Moreover, if the
reduced energy in chapter 2 is strictly convex, than k& = 2 and N is spanned by the
tangent fields associated to joint rotations.

The proof of the inequality for F' is structured into three parts. First, we will show
that
M = Py + VF: HY(S?* Tm,S?) — L*(S?; Tim,S?)

admits an analytic inverse in a neighborhood of 0. In a second step, this enables a
reduction to finite dimensions by defining an analytic function I': R? — R by compos-
ing ' on N ~ R¥ with the inverse of M. Finally, estimates on |VF|| and |F — T
will allow to establish a Lojasiwiz-Simon inequality for F', based on the inequality for
I.

Invertibility of M

Consider the bounded linear operator £ = Py + A: H?(S% T1n,S?) — L?(S% Tin,S?).
Since dim(N) < oo, the orthogonal projection onto N is a compact operator and thus £
is Fredholm as the sum of a Fredholm operator and a compact operator. Furthermore, we
have ker £ = {0} since Av = — Py for v € H?(S?; Tyn,S?) implies

|Av||2, = —(Av, Pyv) = — (v, APyv) = 0

and therefore Av = Pyv = 0 and v € NN N+ = {0}. Since £ is Fredholm, the im-
age R(L) is closed. Moreover, L is onto because it is Fredholm with index 0 and hence
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5.2. Lojasiewicz-Simon Inequality

dim(ker £) = 0 = codimR(L). Thus, the operator £: H?(S?; Tim,S?) — L*(S%; Tin,S?) is
invertible and by the closed graph theorem, £~! is bounded.

Now consider M = Py + VF: H?(S? Tyn,S?) = L*(S?;Tmm,S?) where VF = Vg2 ps is
given by

VF() = Py (—A%(v) — 64 (v) -v)v).
This functional is analytic in a neighbourhood of 0 since the projection onto Ti,S?
is given by a polynomial in mgy while VF = VFE o) is analytic as the composi-
tion of 1/7 and VE which are both analytic by the same reasoning as in Proposition

B.7
Since A = D(VF)2(0),
DM(0) = D(Py + VF)(0) = Py + VDF(0) = Py + A= L

admits a bounded linear inverse. Hence, by the analytic inverse function theorem [56],
there exist neighborhoods Wy, Wy of 0 € H%(S?%; Tin,S?) and 0 = M(0) € L%(S?; Ty, S?),
respectively, such that M: W; — Ws admits an analytic inverse M~!. In particular,
M~ is bounded and differentiable.

Reduction to finite dimensions

Let ¢ € H?(S? Tm,S?), 1 < i < k be an orthonormal basis of N and choose r > 0 small
enough to ensure Zle &1¢y € W C L2(S?; T, S?) for all € € B,.(0) C R, This is possi-
ble since 0 € N C L?(S? Tm,S?). Define I': B.(0) — R by

wo-s o ()

I is the composition of the analytic functionals F, M~!, and a polynomial and thus
analytic, too. Furthermore, it holds that

k k
O (&) = DF [ MO &¢5) | (DM &65)(60)
j=1 j=1

k k
- <VF MO ¢05) ,DM_I(Z€j¢j)(¢i>>
j=1 Jj=1 L2(S2;R3)

Recall that M(0) = Pyn(0) + VF(0) = 0 € L? and thus M~1(0) = 0. For T, this

implies

as well as
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5. Non-Symmetric Solutions of the Landau Lifshitz Equation

Hence, the classical Lojasiewicz inequality can be applied and it follows that there are
are p € (0,7], ¢ >0 and v € (0, %) such that

(&) = T(0)['™7 < ¢[VI(€)]

for all £ € B,(0).

Estimates relating I' and F'

Returning to the basis on N, define the coefficient vector K: W7 — R™ componentwise
by K;(u) = (u, ¢;) 2 such that

k
Pyu=">_ Ki(u)g; € H*(S? Tm,S?).
i=1
There is an open neighbourhood U C W; of 0 such that K(u) € B,(0) for allu € U. For

u € U, the Lojasiewicz inequality for I" applies to { = K (u) and

|[F(u) = FO)I'"™ < [F(u) = T(K (u)|' " + [D(K () = T(O)]'
< |F(u) = DK (u))|' ™7 + ¢ VI (K (u))],

indicating that estimates on |VI'(K(u))| and |F' —T'o K| will lead to a Lojasiewicz type
inequality for F. To reduce notation, we will use the notation L? = L?(S?; Tjn,S?) and
H? = H%(S% Tin,S?) for the rest of the proof.

Since VF, M and M~! are all analytic, they also are all continuously differentiable.
As a result, after possibly reducing Wi and Wy = M(W7), there are constants C'r and
C -1 for which the following estimates hold:

IVF(u) |2 <||[VF0)||2+1=1 for all u € W,
IVFE(u) = VF(v)||12 < Crllu — vl g2 for all u,v € W,

IDM™ (W)l 2,2y < IDMTHO)| £(r2im2) + 1
= "(DM(O))_l“L(LQ;HQ) +1=:Cy-1 forall ue Wo,

and, finally

M (u) = M7 ()| g2 < HDM?l(U)Hﬁ(L%H?)Hu — 02
< Cpg-1|u — vl 2 for all u, v € Wa.
Furthermore, W is reduced to a ball centered at 0 to ensure convexity and Ws and U

from above are adapted as necessary to ensure U C Wj. Since all estimates hold for the
center u = 0, U is still an open neighborhood of 0 in H?(S?; T, S?).
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5.2. Lojasiewicz-Simon Inequality

For arbitrary v € Wy, the estimate on M™! gives
IM™H(Prvu) = ull gz = M7 (Pyvu) = MTHM(w) |2
< Opm-1l|Pvu = M(u)| 2 = Cag -1 [[VE (u) 2.
For the gradient of T', evaluated at K (u) where u € U, the bounds on ||[DM™!|| and
IVF();» give
k
IVI(K (w)| = |Y (VF(M ™ (Pyu), DM~ (Pyu)i)é;
i=1
< kO [[VE (M (Pyu)) | 2
< kCpu1 (IVF() g2 + IVF (M (Pyw)) = VE(u)ll2)
< kCpi-1||[VF(u)| 2 + kCpg-1Cr|M ™Y Pyu) — ul g2
<kCp-1(1 + CrCpr—1)||VF(u)| 12 =: c1||VF(u)] 2.
Lastly, convexity of Wj ensures u; = u + t(M ™Y (Pyu) —u) € Wy for all ¢ € [0,1] and
the absolute difference can be estimated by

|F(u) =T (K (u))| = |F(u) = F(M™ (Pyu))|

dt

1
< / ‘ (VF(ur), M (Pyt) = ) 1o o
0
< / IV )M (P) = s
< Curt| V@)l [ IV + |V F(w) = V@) d

< Cp[[VE(u)] 12 / IVE ()l 2 + CrtM™ (Pyu) +u) 2 dt
C
< Op-1[[VF(u)]| 2 (1 + 7FCM-1)IIVF(U)HL2 =: 2| VF(u)] 7

Combining the estimates for |(VI') o K| and |F' —I' o K| with the Lojasiewicz inequality
for I, one finds that for ¢ = cc; + c2 > 0, v € (0, %), and all v € U, which is an open
neighbourhood of 0 in H?(S?; Tyy,S?),

|F(u) — F(0)['™ < [T(K(u) = T(0)|"" + |F(u) — T(K (u)|"~7
< | VI(K ()] + [F(u) — T(K (u)[' 7
< cer|VF(u)l| 2 + ol [VF ()| 7577
< &|VF(u)ll 2,
where 2(1—v) > 1 and ||VF(u)| 2 < 1 where used in the last inequality.
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5. Non-Symmetric Solutions of the Landau Lifshitz Equation

5.3. Observations

In this section, we gather some further consequences of the Lojasiewiz inequality.

Combining the Lojasiewicz inequality with the energy inequality near minimizers from
Theorem 3] we observe the following property of critical points:

Corollary 5.2. Let my = mgy be an axisymmetric minimizer such that E is strictly
convex at §. Then there exists p > 0 such that all critical points m with |[m—mg|| 72 < p
are joint rotations of my. In particular, if ||m — my||z2 < p and m is critical, then m
is e-axisymmetric for some & € S2.

Proof. Let p be small enough that both inequalities hold. Then any critical point m
satisfies

0= [[(VE)™ (m)| 2 > (£(m) — E(mp))' ™7 > ¢ nf lmp — mo|| ;.

11%@50(:)1)/50(3)@3
and therefore there exists R € SO(3) such that mg = mgy. Thus, m = (mg), 1 and m

is Res-axisymmetric by Lemma |2.3 O

The next observation is inspired by a work of Rupflin [45] on harmonic maps and
concerns the critical values of the energy.

Proposition 5.2. For any € > 0, the set

{Ee0,87 —¢] : Im e HY(S?%S?) with Q(m) =0, £(m) = E, and VE(m)"" = 0}
1s discrete.

Proof. Assume that the statement is wrong. Then there exists a sequence of distinct
values F}, and corresponding critical points my, with Q(my) = 0, £(my) = Ej, such that
Ey — E €[0,87 —¢].

Convergence of the energy implies uniform H' boundedness of (my)ren and thus the
existence of a weakly in H', strongly in L? and pointwise almost everywhere convergent

subsequence my — m. As in the proof of Lemma [1} it follows from theorem FE1 in [3]
and Lemma 4.3(ii) in [35] that there exists integers g, ... gy such that

N N
Jim Q(my) = Q(m) + ;qz‘ and  lim &(my) = &(m) + 477; |-
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5.3. Observations

If ¢ = 0 for all 1 < i < N then the convergence £(my) — &£(m) implies strong H*
convergence which we will deal with below. Otherwise, if at least one index is non-zero,
it follows that

n
E(m) +47TZ |gi| > 47 + 41 = 8,
i=1

where we have employed the lower bound of [10]. But

E = lim &(my) < 87 — e < 8,

k—o00
a contradiction.
If the convergence of the subsequence is strong due to the norm convergence that’s
implied by the energy convergence, then strong convergence in H? follows by Lemma
and it holds that m is a critical point. But then the Lojasiewicz inequality at m
implies

0= V& m)] 2 > © (Em) — b))

and therefore E = E for all k with ||mj; — m|| < p, a contradiction. O
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6. Outlook

In the last chapters, we have discussed axisymmetric minimizers and shown that they are
locally minimizing among all magnetizations m € H'(S?;S?). Going further, it would
be interesting to investigate the Cauchy problem for the (LL)-equation, as minimality
would imply the orbital stability of constant axisymmetric solutions. However, it would
be important to first answer the question of strict convexity of the reduced energy at
minimizing profiles.

In terms of energy methods, the assumption of convexity is supported by the fact that for
0 a minimizing profile and 5 € C°((0,7)) \ {0}, the energy difference can be expressed
as

E0+p)—E) = /(6’)2 sin x + sin’ 8 (COS(%) + K cos(20 — 2x) sinx) dz,

S x

implying that the right hand side is strictly positive for 8 # 0. On the other hand, this
is closely related to
2 [ 2
—5E(0+18)|i=0 = /(6’)2 sinz + 2 <COS<> + K cos(26 — 2x) sin :U) dz,
0

dt sinx

the only difference being that 8 appears quadratically or as sin 3. However, due to
sin? 8 < 32, the possibly negative expression in parentheses is given a larger weight in the
reduced Hessian than in the energy difference and no conclusion can be made.

On the other hand, due to the similarity between the present work and the stabil-
ity analysis of axisymmetric Skyrmions on the plane [32] it seems strange that in the
Fourier expansion of the Hessian, the zero-mode Ho behaves differently. In [32], the
corresponding term can be controlled by employing lemma and using properties
of the profile §. Indeed, expressing the S-part for Hp in terms of © = 6 — id, we
have

Ig = /(ﬁ/)2 sinz + 57 <COS(29) + K cos(26 — 2x) sin x> dz
0

S x

sinzx

= ] (82 + 52 <cos(2@) (COS(%) + K sin a:) — 25in(20) cos :c> dz
0
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6. Outlook

which is reminiscent of the term in [32], given by
i 20
/ (82 + B2 (COSfa) + heos(d) — 2 sin(20)) dr.
0

As observed in section[2.2] the Skyrmion is expected to behave similar to the planar case
at its center with possible differences in the tail. However, note that

2
cos(20) <COS($ + /@sinx> — 25in(20) cos
sin x
2
= cos(20) (C(?S Ty (k—1)sin SC) — 2sin(20) cos x
sinx
2 2
\g (C?S o (k—1)sinz — 2cos:1:)
sin x
2 — sinx)?
_ V2 (me)+ (,{_Q)Sin;,;) -0
2 sin x

for © < %, © < 5 and k > 2, implying that the integrand is positive on (y%, 5)-
Furthermore, the expression of the first line is obviously positive for © < 7 and = > 7.
It follows that positivity of Iz only depends on the behavior of the Skyrmion for small
x, i.e. at its center. This suggests that one might be able to follow a similar strategy as
in [31].

Applying Lemma |4.2{ with § = (1 — 6')n and then again with 1) = |/tan(%), one arrives
at

—1 1 —
_{_772(9' ) (—(9'—1)+sin(9—x) <cos(0 ' x)cosw
sinx 4 sin x

— (& — 2) cos(f — ) sin x))

Il ((1 — cos ) ((1 ) cosr — S ZZLVCOST 2 x))) dz.

sinzx 2 sinzx

Here, the integral in the first two lines is again similar to

Jor () + 2 (<% vum (<20 ) )
0

while the integrand of the second integral is positive on [yr%,y%] for k > 24 be-
cause

_ sin(20 — 2x) cosz

_ 0 in? -
(1—-0")cosx 5 Sin 2 + 2sin”(0 — )
(0 — in(f —
> Mcosx_Mcos(e—x)cosm—i—QsinQ(H—w)
sinx sinx
_ sin(f — )

e S _ _ 200
=~z cosz (1 —cos(f —x)) + 2sin“(f —z) > 0

106



for x < 5. However, the bound for z follows from x < yz < 5 by the estimate in the
proof of Lemma [3.10

If the techniques of [31] are sufficient to prove non-negativity of the integral in the first
line, at least for small z, then positivity of Ig for arbitrary § would follow by a partition
of unity.

Once positivity of Ig has been established, there are two possible directions to con-
tinue the research. Focussing on the static case, on might investigate the question
whether = 0 axisymmetric fields are globally minimizing within the set of equiv-
ariant fields with Q = 0. To do so, a first step might be to consider the system of
coupled ODE , and find out whether they have a solution (6, x) such that x

is non-constant.

On the other hand, the easily obtained orbital stability of axisymmetric minimizers,
which is due to the energy conservation of the Hamiltonian system makes it attractive to
first consider the dynamical properties. To establish the local and then global existence
of soultions in H?(S?;S?), an adaptation of the methods in [I7] or [7] seems promising.
However, both of these works only deal with an energy consisting of Dirichlet term and
anisotropy. They do not involve any non-squared derivatives like the (DMI)-like terms
appearing after application of the stereographic projection, see the end of section
Thus, a careful analysis of the mixed terms is necessary.

If solutions of ([1.1)) would exist for initial values close to m* where m* is a axisymmetric
minimizer then one could obtain

Lemma. Let k > 24. There exists g > 0 such that for every € € (0,e0), there exists
6 > 0 such that ||m — m*|| g1 (s2.rs) < & implies

inf AT
RGSO(?{?/SO(3)é3 Hm( ) m ”Hl(S{R:‘s) <€

for all t > 0 where m(t) € C°(]0, 00); H?(S?;S?)) solves (1.1)) with m(0) = m.

Proof. For the proof, take y,c > 0 from proposition For every € > 0 there exists
d > 0 such that |m — m*||;1 < ¢ implies |£(m) — E(m*)| = E(m) — E(m*) < ce.

E(m)—- E(m") = / |[Vm|? — |[Vm*|*do + /(m’k V)2 — (m-v)do
SZ

S2
< [[Vm — V™| > ([[Vm| 2 + [[Vm™[| )

—|—/((m*—m)-1/)((m*+m)-u) do
SQ
< |lm — m*||H1(S2) (2|IVm*|| 2+ + 87k) .
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Choose ¢ > 0 and m € H?(S?S?) with ||m — m*||z1 < § with § > 0 from above. Let
m(t) be the solution of with initial value m(0) = m. Since m(t) € X?(S?%;S?) in
the notation of 2.1] it holds that £(m(t)) = £(m) for all ¢ € [0,00). Therefore, as long
as |m(t) — m*|| ;1 < e, it follows that

1 1
: —m*le < = - V) — o * )
ReSO(éﬁgO(3)é3 lm(t) — m*|| ;g < . (E(m(t) — E(m™)) - (E(m) —E(m*)) <e < gp

Thus, the inequality remains valid on an open interval (¢,¢ + 7) and subsequently on
(0,00). Note that § < e < g¢ establishes the bound for small ¢. O

In Hamiltonian systems, the conservation of energy generally prevents asymptotic sta-
bility of solutions because convergence would infer the convergence of energy which is
impossible. Furthermore, in the presence of symmetry, one can not expect to rule out
the infimum over all equivalence classes [R] € SO(3)/SO(3)e,. Instead, it would be
interesting to use the framework of [15] for stability in the presence of symmetry to
investigate the stability of a set of non-static solutions.

The Landau Lifshitz equation is of the form

(1) = T B (m(1)

with J: TmS? — TmS? given by J¢ = m x £ It is invariant under the operation
(m, R) — mp of the one-parameter group SO(3)s ~ SO(2). The paper [15] then pro-
vides the framework to study the stability of solitonic solutions

m(t) = mpr) = Rwt) 'm(R(wt))

where R(t) is a rotation by angle ¢ around é3. Furthermore, the angular momentum J is
a conserved quantity of the equation and a generator of joint rotations [37]. In particular,
J3 is a generator of joint rotations around €3 and invariant under them. It can therefore
function as the conserved functional @ in [15].

In [15], the authors state three assumptions under which they than prove the stability
of ,bound states®, time-dependent solutions of the equation which are obtained by
applying the group operation to static profiles. While the first assumption, existence
of solutions to the Cauchy problem, is still open for , the second assumption deals
with the existence of bound states.

In [37] together with chapter 4 of this work it has been proven that solutions of
m X VE(m) = wm x V.J3(m)
exist for |J3(m)| close to 47 where the |J3(m)| = 47 solution is equivariant with w = 0.

However, [15] requires existence for w € (wq,w2) with 0 € (wy,w2). In order to capitalize
on our existence result, one would need to determine the relationship between Js(m)—4m
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and w, aiming for continuity. If this could be done, then the third step would be to
investigate the eigenvalues of

H,(m) = H(m) — wi?J(m)

in order to verify the third assumption of [I5]. For w = 0, we have already proved
for axisymmetric solutions that Hy = H(m) has no negative eigenvalues and that its
kernel is spanned by tangent fields associated to the operation of SO(3). Aiming to
extend this to w # 0, i.e. to constrained minimizers, it could be interesting to consider
the effect that elliptical distortion has on H(m) where m is an axisymmetric minimizer.
Furthermore, an expression of these minimizers in spherical coordinates would be helpful
in adapting the methods of the axisymmetric case.
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A. Appendix

A.1. Spherical Coordinates and Moving Frame

In section we have found representation in spherical coordinates that are specific
to equivariant and axisymmetric fields. Furthermore, in chapter 3, we have used this
expression to define a moving frame on S? \ {£é3}. We have extended both the co-
ordinate representation and the decomposition via the moving frame to the poles. In
the following, we will give further justification for this process and prove that the co-
efficient functions of the Fourier decomposition of tangent fields are well-defined at the
poles.

First, consider the regular parametrization

sin x cos ¢
U: (0,7)%x(0,27) — 82\{(y1,y2,y3) €S? iy >0, yo = 0}, ¥(x,p) = | sinzsing
cos X

For computation purposes, we may extend it to W: (0,7) x [0, 27) — S?\ {£é3}, which is
still injective. At the poles, the injectivity degenerates. However,

lim W (z, ) = & d 1 — _é
lim, (z,0) =€ an xl}r;r( ,p) =—€3
independently of ¢. Thus, setting ¥ (0, p) = é3 and V(7 ) = —é3 for all ¢ € [0, 27) re-
sults in a continuous and surjective map W: [0, 7] x [0, 27) — S2.

Given m € C(S?%S?) and using the same coordinates on the target sphere, we find
functions

0: (0,7) x [0,27) = (0,7), ¢: (0,7) x [0,27) — [0, 27),
not necessarily continuous, such that
sin (9( ©) cos gb(x, ©)
m(¥U(z,¢)) = | sin 9( ©) sin ¢(x, ) for W(z,p) € S*\ {m = +é3}.
0s0(x, )

To ensure continuity of the coordinate functions 6, ¢, observe that 0, é are as regular
as m on any relatively open subset G of S? such that m(x) € S?\ {y1 > 0, yo = 0} and
x € §?\ {z1 >0, x5 = 0} for all x € G. Discontinuities occur when ¢ approaches 0 or
2 and when 6 approaches 0 or 7
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A. Appendix

Instead of ¢: (0,7) x [0,27) — (0,27), it is more convenient to consider the sphere
without poles as a cylinder over the circle:

S%\ {#é3} = (0,7) x S.

In this representation, regularity of ¢: (0,7) x St — S! immediately follows from regu-
larity of m at S?\ {£é&3}. Opening up the circle at ¢ = 0, we can furthermore construct
a continuous coordinate function ¢: (0, 7) x (0,27) — R by adding 27 for every covering
of S* by ¢.

The more difficult problem is posed by the discontinuities for 0 approaching 0 or 7. In
general, the coordinate functions could not be extended. In the equivariant case however,
the set {m = +&3}, which is responsible for the discontinuities of 4, consists of rings of
the form W({z}x[0,27)). Indeed, if m(¥(z, p)) = €3, then

m(\Ij(:L'v 'Y + Oé)) = RQR(;Im (Ra\If(;L" 90)) = Ram(:E? (10) = Ra + é3 = é37

where R, € SO(3)s, is a rotation by angle a. Thus, starting at the north pole, we
can construct a continuous function #: (0,7) — R by adding multiples of m on each
connectivity component of S? \ {m = 4é3}. Recall that for minimizing axisymmetric
fields, 6 < 27 was a very easy consequence of minimality as shown in Lemma [3.1] and
the following.

With continuous coordinate functions on S? \ {z1 > 0, 9 = 0}, the computations of
section are justified and the special form of ¢(x, ) = x(z) + ¢ allows to extend the
representation to S? \ £{é3}. Furthermore, the symmetry implies m(+e&3) € {és, —e3}
and therefore the value of # has to be a multiple of 7 at the poles. Since 6 is independent
of ¢, this can be done such that #: [0,7] — R is continuous. The values of x at the
poles can not be determined.

Differentiability of the coordinate functions 6 and y on S?\{#é3} follows by the same ar-
guments as the continuity and the same holds for higher order derivatives.

We now consider the moving frame

sin ¢ cos 0 cos ¢
X=|—-cosp and Y = [ cosfsiny |,
0 —sinf

pointwisely spanning Tp,,S?. On S? \ {£é&3}, these are well defined. At +é; however,
the parametrization ¥ is not injective such that X,Y can not be defined. However, if
#: S? — T,S? is continuous at &3, then for fixed ¢ € [0, 27) it holds that

¢(é3) - i{% ¢($7 (P) = il{%((ﬁ(w’ (P) ’ X(:L’, 90))X($7 90) + ((b(x? 90) ’ Y({L‘, (p))Y(l‘, 90)'

This can also be verified in the coordinate representation. Write u; = ¢-X and us = ¢-Y.
Then

up = ¢ - X = sin @) — cos poa,
ug = ¢ - Y = costlcos ppy + cosfsinpps — sin 0¢s.
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and, again for fixed ¢,

w1 X + uxY (x, )

sin? g1 — sin ¢ cos ey + cos? 0 cos? py + cos? B cos  sin ey — sin b cos O
= | —cosgsin @) + cos? ppa + cos? O cos @ sin ppy + cos? 0 sin? Yy — sin O cos Hps3
sin? 0 cos O¢1 + sin @ cos 6 sin Py + sin? Op3

01 (sin2 @ + cos? § cos? ) + o sinp cos p(—1 + cos? 0) — pgsinf cosf
= | ¢ (0052 ¢ + cos? fsin? <p) ~+ ¢1sinp cos (—1 + cos? 9) — ¢3sinf cos
sin 0 (sin 6 cos ¢ + cos 6 sin ppa + sin O¢ps3)

#1(€3)
— | d2(83) | = ¢(e3),
0
because ¢3(€3) = ¢-€3 = —¢-m(é3) = 0 and because lim,_,o 6(z) = 0. The same holds
for x — 7.

Unfortunately, the individual coefficients u; do not converge as x — 0 or x — 7 because
they explicitly depend on . On the other hand, if the dependence of ¢ is evened out
by considering a Fourier decomposition of ¢ with respect to ¢, then convergence can be
guaranteed.

Lemma A.1. Given ¢ € C%°(S?, Tin,S?) with ¢ = u1 X +uaY’, let a,(:), b,(j): (0,7) > R
be functions such that

ui(z, ) —ao +Z ( ) cos( kgo)—i—b]E;)Sln(k(p)) i=1,2
k=1

almost everywhere. Then

lim o\’ () = 0 = lim b (z), i=1,2

T—ra T—ra

for a € {0,7} and for k € Ns1. Furthermore, limg_,, aéi) () =0 for a € {0,7} and
i1=1,2 and

lim af)(x) = —42(¥(a),  lim a?(z) = =61 (¥(a)),

r—a

lim b (@) = ¢1(¥(0)),  lim b (@) = —62(W(a)),

T—ra

where again a € {0,7} and ¥(0) = &3, U(7w) = —é3.

Proof. As Fourier coefficients, the a,(f) and bl(j) are pointwisely given by

21 21
i 1 i 1 .
o) = 1 [ulep)cosibe)dp and o) (@) = [, p)sinfho)de
0 0
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where again u; = ¢ - X and us = ¢ - Y. Being parameter integrals, they are as regular

as ¢ for x € (0, 7). Furthermore, by dominated convergence, the a,(;) satisfy

27
. 1 _ o 1 .
lima)” = lim — [ ¢(z,p) - X(z, ¢) cos(kp) dp
0
] 2 sin ¢ cos(k¢)
= /(b(—ég)- —cos pcos(ky) | de
T
0 0
and
27
lim a!¥ = lim 1 d(x,0) - Y(z,p)cos(kp) dp
T—T k T—T T ’ ’
0
1 2 —cos ¢ cos(ky)
= /¢(—é3)- —sinpcos(ky) | de.
m 0
0

Here, we have used that ¢ and | X|, |Y| are bounded near 7 and that for every fixed ¢ €
[0, 27), the limits lim, ., X (x, ) and lim,_, Y (z,¢) exist. The problem in extending
X,Y to the poles only lies in the fact that these limits are not independent of ¢ such
that the limit for x — —é3 does not exist. Furthermore, we have employed 0(x) = m,
which holds for minimizing profiles. For non-minimizing axisymmetric m, cos((7)) = 1
is possible, resulting in a change of the sign.

After computing the scalar product, the constants ¢;(—€3) and ¢2(—€3) can be moved
in front of the integral so that we are left with standard integrals of the type

2T 2T
/cos(go) cos(kp)dy and /sin(gp) cos(kp) dep.
0 0

For k£ > 1 and k = 0, both of these integrals are 0. For k = 1, their values are w and

0, respectively. Therefore, agl)(ﬂ) = —¢o(—e3) and agz) (1) = —¢1(—€3). Similarly, the

limits of b,(;) at 7 exist and satisfy

i sin ¢ sin(k¢) .
. 1 A ) ¢1(—93) k=1
lim bV () = / —e3) - | —cospsin(k dp =
lim b, " () = — 0 ¢(—€3) soo (ko) | do =1 othermise
and
2 — cos psin(ke) R
. 1 A . . —po(—€3) k=1
lim b2 (z) = / —e3) - | —sinpsin(k dp =
v K (@) m / ¢(=&s) <PO (ke) 14 0 otherwise.
At z = 0, the result is identical but ¢ is evaluated at és. O
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A.2. Analyticity of Functionals

In chapter 4 we have proven a Lojasiewicz-Simon type inequality for the pulled-back
functional F' = £o01. One of the key ingredients is the analyticity of F' because it allows
to apply the finite-dimensional Lojasiewicz inequality to a reduced function I'. In the
following, we follow [56] to give a definition of analytic functionals. We then collect
some useful results.

Definition 7. Let A, B be Banach spaces. The functional f: A — B is called analytic
in a € A if there exists a sequence of n-linear operators ¢,: A™ — B and r > 0 such
that

o0

> llenllenamr™ < oo

n=1

and for all h € A with ||h|| < r it holds that

fla+h)—f(a)=> ¢n(h,....h).
n=1

By the linearity of norms it immediately follows that the analytic functionals on A
form a linear space. To have some first examples, consider n-linear operators taking
n times the same argument. These are the equivalent of order n monomials in finite
dimensions.

Lemma A.2. Let By, By be Banach spaces, k € N and T € LFE(By,By). Then the
operator T: By — Bo,xz — T(x,...x) is analytic.

Proof. We show that T is analytic at 0 with an infinite radius of convergence.

Set ¢': BY — R to be
WM, Y =TEW, WY =k
and ¢ = 0 otherwise. Then all ¢¢ are (-linear mappings, T(u) = S o d*(u,...u) and

o0
Z H(pEHLk(Bl’Bz)T’E = |T|| i7" < oo for all r > 0.
=0

Corollary A.1. The functional

1
Fi: HX(S%R?) = R, m 2/|Vm2 do
S2

s analytic.
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Proof. We can write F1(m) = (Vm,Vm)r2g2gsy. Since the L?-scalar product is a
bilinear, bounded operator on H'(S?;R3) while V: H? — H' is bounded and linear,
analyticity follows from Lemma [A-2) and the following result by Whittlesey. O

Theorem
— from [56]
The composition of analytic functionals is analytic.

Definition [7] extends the notion of analyticity from finite to infinite dimensions in a
natural way. Hence, functionals that are defined via an analytic function can inherit
this property if the norm || - || 4 is sufficiently strong.

Lemma A.3. Let A be a Banach space consisting of functions u:  — R™ where
Q C R™ is open and bounded and assume |ullr) < cl|ulla for some ¢ > 0. If a
function f: R™ — R s analytic on a neighborhood of 0, then so is

F:A—-R, Flu)= [ f(u(z)) dz.
/

Proof. We show that F' is analytic in 0. For u € A close to 0, the proof is identical as
long as f is analytic in |[ul|pe < c||ulla.

Since f is analytic in 0, there are r > 0 and a, € R for all multi-indices v € N” such
that

f(x) = f(0) + i > aga® for all x| <,

k=1 |a|=k

where the series is absolutely convergent on B,(0). Given a multi-index o € N with
length |af = >0 | oy = k, set

DR )
¢ E" 5 R, ¢*(u®,... u®) :/aaH ul?

=1 J:1+Z§;i e

2

and

b= ¢

|a|=k

Then ¢ is k-linear as the sum of k-linear functionals. Furthermore, ¢* is bounded due
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to |u(z)| < [lullpec(q) < ¢ for almost all z € Q and u € A with [[u[|a = 1:

H¢kHLk(E,]R) sup ‘¢k(u(1)77u(k))‘ < Z sup ‘¢a(u(1)77u(k))‘

[u®]la=1 =1 P ]la=1
n
<3 o / \aa|H||u T
n
§Z sup /|ao{|c}C dz
k=1 llu®a=17
n
= " 1Q||an|c".
k=1

For |p| < L, the series > o2 [|¢"|| L*(E,R) p" is absolutely convergent since the terms are
bounded by

16" 1 Lk amyp® <190 D laallepl®

|lal=k

and the series representation of f is absolutely convergent.

Furthermore, since absolute convergence and integrability of ¢*(u,...,u) due to the
L*>-embedding allow to change the order of summation and integration, it follows for
Jul[a < % that

[e%e) k
P = [ fu@) do= [ 10de+ Y 3 a0 [[uta)”
Q

a k=1l|a|=k =1

=F(0)+ ) ¢*(u
k=0

O]

By a similar argument, the composition operator with an analytic function is analytic
if it is defined on a Banach space that is an algebra. We prove this statement for the
special case H?(§) where Q C R™ and n € {2,3}.

Lemma A.4. Let Q € R™ be bounded for n € {2,3} and f: R™ — R"™ analytic in a
neighborhood of 0 in the sense that there are r > 0 and a, € R™ for every multi-index

a € N such that .
F@)=fO)+> )" anz® for all|z| <r
k=1 |a|=k

and such that all n components of the sum converge absolutely for all |xz| < r. Then the
functional
F: H*(Q;R") = H*(Q,R"), urs fou

is analytic in a neighborhood of 0.
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Proof. Since 2 > 2 € {1,3}, there is c5 > 0 such that [|[ulle = [ullco < coolltl| 2.
Consequently, if u € B_r_(0) C H2(;R"), |u(x)] < |lul|p= < r for almost all z € Q and

F(u)(z) = fou(x —i—ZZaau
k=1 |a|=k

with absolute convergence for almost every x € ). For a multi-index o € N™ with length
k=" a,set

k Ze 19
¢a(ul’ = Qq H H (uj)z
( 2 1 O‘Z)'i'l

and define

oF: (HARM)" = HA(QRY) by ¢* (V... u®) = 3 ¢ow®,... u®),
|a|=k

Since H?() is an algebra, each component of ¢F is well-defined for all & € N and
as in Lemma we have found a series representation of F. It remains to prove
the convergence by finding suitable bounds for the ¢ as n-linear forms. Proceeding
as in the proof of the algebraic property, we can estimate |¢¥|| cr(H%H?)- Lo do so,
choose uM ... u®) € H?(Q;R3) arbitrarily with ||u][g2 = 1 for all 1 < i < k where
la] = k > 2 and fix a component 1 < m < n. Then it holds for the mth entry of
P =D Pp% ey, that

k
1@, u®)))|2, = / l(a)m P TTT 1" (@)if? da
Q =1 ...
k
< [ @a)m T u@ 2, da
Jiet 1l

< |9I(aa)m|*c3S

18,6, .., u®) m||Lz<2/raa| Zm (u®) \2HH| D) (@))il? da

k

23" [ (au) 0 a) P2

=1

| /\

((aa)m)2 ||u(€) ||§{2 = k’((aa)mclgo_l)Qa

IA
[\
M- T

~

=1

and finally, with ||Opulps < ||ullwia < cif|ul|g2 due to choice of n and the implied
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continuous embedding H? C W* as well as 2 < 4 < min{oo, 6}),

Hapaqqﬁa(“(l)v e 7U(k))mH%2

ZZIM 104ul® |H|u“|+Z|aau |H|u dx

(=1 o=1
oF£L z;éfo

\

k

4/aoc$nZZ|8u |8 u® |ck2dx+2/ Z|aau 2020=1) gy
Q

/=1 o=1
o0#£l

k

< 4aa*S Y Y 10pu 7401050 )74 + 2(aa)7 3V ZIIU”II2

/=1 o=1
o;éé

< 4(a0)2, 2k~ 2)ch1+2k(aam )2

/=1 o=1
0#£L

=4k(k—1) <(aa)mck 20%) + 2k ((aa)mcﬁglf .

For k < 2, similar estimates hold. They are not important for the convergence of the
series, though.

Set ¢ = max{1, ¢so,c1}. Then,
1SNl Tk (a2 g2y < (19 + 4k + 4K2) ((aa) me")?
and since the first factor does not affect the radius of convergence, the series

ZW ”Lk(m H2) rk < Z Z [¢* ”Lk(m H2)"”

k=1|a=k|

< const—i—z > V19 + 4k + 4K2| (a6 )m|[er|F

k=2 |a|=k
converges for |z < Z. O
Note: In Lemma and [A.4] the set © could be replaced by a Riemannian manifold

such as §2. For Lemma the manifold should have dimension 2 or 3 to ensure that
H?(M) is an algebra.

We end this section by citing another theorem from [56].

Theorem
— from [56]
If f: D — D is an analytic diffeomorphism, then f~!: f(D) — D is analytic.
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This theorem is employed in [56] to prove that in the inverse as well as in the implicit
function theorem on Banach spaces, analyticity of the original map implies analyticity
of the inverse or implicit map.

120



Bibliography

[1]

[10]

[11]

Thierry Aubin. Nonlinear analysis on manifolds Monge-Ampére equations. Die
Grundlehren der mathematischen Wissenschaften 252. Springer, New York [u.a,
1982.

I. Bejenaru, A. D. Ionescu, C. E. Kenig, and D. Tataru. Global schrédinger maps in
dimensions d > 2: Small data in the critical sobolev spaces. Annals of Mathematics,
173(3):1443-1506, 2011.

Haim Brezis, Jean-Michel Coron, and Elliott H. Lieb. Harmonic maps with defects.
Communications in Mathematical Physics, 107(4):649-705, 1986.

Ralph Chill. On the Lojasiewicz—simon gradient inequality. Journal of Functional
Analysis, 201(2):572-601, 2003.

Ralph Chill and Alberto Fiorenza. Convergence and decay rate to equilibrium
of bounded solutions of quasilinear parabolic equations. Journal of Differential
Fquations, 228:611-632, 09 2006.

R. Coifman, P. L. Lions, Y. Meyer, and S. Semmes. Compacité par compensation
et espaces de hardy. Séminaire Equations aux dérivées partielles (Polytechnique),
pages 1-8, 1989-1990.

André de Laire. Recent results for the landau-lifshitz equation. SeMA Journal,
79:253 — 295, 2020.

Klaus Deimling. Topological Degree in Finite Dimensions, pages 1-34. Springer
Berlin Heidelberg, Berlin, Heidelberg, 1985.

Antonio DeSimone, Robert V. Kohn, Stefan Miiller, and Felix Otto. A reduced
theory for thin-film micromagnetics. Communications on Pure and Applied Math-
ematics, 55(11):1408-1460, November 2002.

Giovanni Di Fratta. Micromagnetics of curved thin films. Zeitschrift fir angewandte
Mathematik und Physik, 71(4):111, 2020.

Giovanni Di Fratta, Valeriy Slastikov, and Arghir Zarnescu. On a sharp poincaré-

121



Bibliography

[14]

122

type inequality on the 2-sphere and its application in micromagnetics. SIAM Jour-
nal on Mathematical Analysis, 51(4):3373-3387, 2023/07/13 2019.

Albert Fert, Mairbek Chshiev, André Thiaville, and Hongxin Yang. From early
theories of dzyaloshinskii—moriya interactions in metallic systems to today’s novel
roads. Journal of the Physical Society of Japan, 92(8):081001, 2023.

Gustavo Gioia and Richard James. Micromagnetics of very thin films. Proceedings
of The Royal Society A: Mathematical, Physical and Engineering Sciences, 453:213—
223, 01 1997.

Arseni Goussev, J. M. Robbins, and Valeriy Slastikov. Domain wall motion in thin
ferromagnetic nanotubes: Analytic results. Furophysics Letters, 105(6):67006, mar
2014.

Manoussos Grillakis, Jalal Shatah, and Walter Strauss. Stability theory of solitary
waves in the presence of symmetry, i. Journal of Functional Analysis, 74(1):160—
197, 1987.

S. Gustafson and Li Wang. Co-rotational chiral magnetic skyrmions near harmonic
maps. Journal of Functional Analysis, 280(4):108867, 2021.

Stephen Gustafson and Jalal Shatah. The stability of localized solutions of landau-
lifshitz equations. Communications on Pure and Applied Mathematics, 55(9):1136—
1159, 2023/07/27 2002.

Alain Haraux and Mohamed Jendoubi. On the convergence of global and bounded
solutions of some evolution equations. Journal of Fvolution Equations, 7:449-470,
01 2007.

Alain Haraux and Mohamed Jendoubi. The lojasiewicz gradient inequality in the
infinite dimensional hilbert space framework. Journal of Functional Analysis, 260,
05 2011.

Frédéric Hélein. Harmonic maps, conservation laws and moving frames, volume
150 of Cambridge Tracts in Mathematics. Cambridge University Press, Cambridge,
second edition, 2002. Translated from the 1996 French original, With a foreword
by James Eells.

Tobias Holck Colding and William P. Minicozzi, II. Uniqueness of blowups and
Lojasiewicz inequalities. Annals of Mathematics, 182(1):221-285, 2015.

Radu Ignat, Luc Nguyen, Valeriy Slastikov, and Arghir Zarnescu. Uniqueness
results for an ode related to a generalized ginzburg—landau model for liquid crystals.
SIAM Journal on Mathematical Analysis, 46(5):3390-3425, 2023/07/30 2014.



23]

[24]

[27]

[28]

[30]

31]

32]

Bibliography

Radu Ignat, Luc Nguyen, Valeriy Slastikov, and Arghir Zarnescu. Stability of the
melting hedgehog in the landau—de gennes theory of nematic liquid crystals. Archive
for Rational Mechanics and Analysis, 215(2):633-673, Feb 2015.

Mohamed Ali Jendoubi. A simple unified approach to some convergence theorems
of 1. simon. Journal of Functional Analysis, 153(1):187-202, 1998.

Bernd Kawohl. Symmetry or not? The Mathematical Intelligencer, 20:16-22, 1998.

Volodymyr P. Kravchuk, Ulrich K. Rossler, Oleksii M. Volkov, Denis D. Sheka,
Jeroen van den Brink, Denys Makarov, Hagen Fuchs, Hans Fangohr, and Yuri B.
Gaididei. Topologically stable magnetization states on a spherical shell: Curvature-
stabilized skyrmions. Physical Review B, 94:144402, 2016.

Stanislaw L ojasiewicz. FEnsembles semi-analytiques. Institut des hautes études
scientifiques, 1965.

Xavier Lamy and Andres Zuniga. On the stability of radial solutions to an
anisotropic ginzburg—landau equation. SIAM Journal on Mathematical Analysis,
54(1):723-736, 2022.

L. LANDAU and E. LIFSHITZ. On the theory of the dispersion of magnetic
permeability in ferromagnetic bodies. In L.P. PITAEVSKI, editor, Perspectives in
Theoretical Physics, pages 51-65. Pergamon, Amsterdam, 1992. Reprinted from
Physikalische Zeitschrift der Sowjetunion 8, Part 2, 153, 1935.

Serge Lang. Differential and Riemannian manifolds / Serge Lang. Graduate texts
in mathematics 160. Springer, New York [u.a, 3. ed. edition, 1995.

Xinye Li. Topological solitons in two-dimensional chiral magnets. Dissertation,
RWTH Aachen University, Aachen, 2020. Veroffentlicht auf dem Publikationsserver
der RWTH Aachen University 2021; Dissertation, RWTH Aachen University, 2020.

Xinye Li and Christof Melcher. Stability of axisymmetric chiral skyrmions. Journal
of Functional Analysis, 275(10):2817-2844, 2018.

Fang-Hua Lin and Qiang Du. Ginzburg-landau vortices: Dynamics, pinning, and
hysteresis. SIAM Journal on Mathematical Analysis, 28(6):1265-1293, 1997.

Fanghua Lin and Juncheng Wei. Traveling wave solutions of the schrodinger map
equation. Communications on Pure and Applied Mathematics, 63:1585 — 1621, 12
2010.

Pierre-Louis Lions. The concentration-compactness principle in the calculus of

variations. the limit case, part 2. Revista Matematica Iberoamericana, (2):45-121,
1985.

123



Bibliography

[36]

[43]

[48]

[49]

124

Jerrold E. Marsden. Lectures on geometric methods in mathematical physics.
CBMS-NSF regional conference series in applied mathematics; 37. Society for In-
dustrial and Applied Mathematics STAM, 3600 Market Street, Floor 6, Philadel-
phia, PA 19104, Philadelphia, Pa, 1981.

Christof Melcher and Zisis N. Sakellaris. Curvature-stabilized skyrmions with an-
gular momentum. Lett. Math. Phys., 109(10):2291-2304, 2019.

Frank Merle, Pierre Rapha€l, and Igor Rodnianski. Blow up dynamics for smooth
equivariant solutions to the energy critical schrodinger map. Comptes Rendus Math-
ematique, 349(5):279-283, 2011.

P. Mironescu. On the stability of radial solutions of the ginzburg-landau equation.
Journal of Functional Analysis, 130(2):334-344, 1995.

R. Moser. Partial Regularity For Harmonic Maps And Related Problems. World
Scientific Publishing Company, 2005.

S. Miihlbauer, B. Binz, F. Jonietz, C. Pfleiderer, A. Rosch, A. Neubauer, R. Georgii,
and P. Boni. Skyrmion lattice in a chiral magnet. Science, 323(5916):915-919, 2009.

E. Noether. Invariante variationsprobleme. Nachrichten von der Gesellschaft der
Wissenschaften zu Gottingen, Mathematisch-Physikalische Klasse, 1918:235-257,
1918.

Yuri N Ovchinnikov and Israel M Sigal. Ginzburg-landau equation. i. static vortices.
Partial differential equations and their applications (Toronto, ON, 1995), 12:199—
220, 1997.

Richard S. Palais. The principle of symmetric criticality. Communications in
Mathematical Physics, 69(1):19-30, 1979.

Melanie Rupflin. Lojasiewicz inequalities for almost harmonic maps near simple
bubble trees, 2022.

Fabian Rupp. On the Lojasiewicz—simon gradient inequality on submanifolds. Jour-
nal of Functional Analysis, 279(8):108708, 2020.

Christoph Schiitte and Markus Garst. Magnon-skyrmion scattering in chiral mag-
nets. Phys. Rev. B, 90:094423, Sep 2014.

Leon Simon. Asymptotics for a class of non-linear evolution equations, with appli-
cations to geometric problems. Annals of Mathematics, 118(3):525-571, 1983.

T.H.R. Skyrme. A unified field theory of mesons and baryons. Nuclear Physics,
31:556-569, 1962.



[50]

Bibliography

Elliot J. Smith, Denys Makarov, Samuel Sanchez, Vladimir M. Fomin, and Oliver G.
Schmidt. Magnetic microhelix coil structures. Phys. Rev. Lett., 107:097204, Aug
2011.

Michael Struwe. Equivariant wave maps in two space dimensions. Communications
on Pure and Applied Mathematics, 56(7):815-823, 2003.

P. L. Sulem, C. Sulem, and C. Bardos. On the continuous limit for a system of
classical spins. Communications in Mathematical Physics, 107(3):431-454, 1986.

Michael Eugene Taylor. Partial differential equations / Michael E. Taylor. Applied
mathematical sciences 117. Springer, New York [u.a, 2. ed. edition, 2011.

Tammo tom Dieck. Transformation Groups. De Gruyter, Berlin, New York, 1987.
Wen-Sen Wei, Zhi-Dong He, Zhe Qu, and Hai-Feng Du. Dzyaloshinsky—moriya

interaction (dmi)-induced magnetic skyrmion materials. Rare Metals, 40(11):3076—
3090, Nov 2021.

Emmet Finlay Whittlesey. Analytic functions in banach spaces. Proc. Amer. Math.
Soc. 16 (1965), pages 1077—-1083, 10 1965.

X. Z. Yu, Y. Onose, N. Kanazawa, J. H. Park, J. H. Han, Y. Matsui, N. Nagaosa,
and Y. Tokura. Real-space observation of a two-dimensional skyrmion crystal.

Nature, 465(7300):901-904, 2010.

Eberhard Zeidler. Banach Manifolds, pages 529-608. Springer New York, New
York, NY, 1988.

Eberhard Zeidler. Applied functional analysis, volume 109 of Applied Mathematical
Sciences. Springer-Verlag, New York, 1995. Main principles and their applications.

125



Eidesstattliche Erklarung

Ich, Helene Schroeder, erkléare hiermit, dass diese Dissertation und die darin dargelegten
Inhalte die eigenen sind und selbststandig, als Ergebnis der eigenen originaren Forschung,
generiert wurden.

Hiermit erklare ich an Eides statt

(1)

(2)

(7)

Diese Arbeit wurde vollstandig oder gréfitenteils in der Phase als Doktorand dieser
Fakultat und Universitat angefertigt;

Sofern irgendein Bestandteil dieser Dissertation zuvor fiir einen akademischen Ab-
schluss oder eine andere Qualifikation an dieser oder einer anderen Institution
verwendet wurde, wurde dies klar angezeigt;

Wenn immer andere eigene- oder Verdffentlichungen Dritter herangezogen wurden,
wurden diese klar benannt;

Wenn aus anderen eigenen- oder Veroffentlichungen Dritter zitiert wurde, wurde
stets die Quelle hierfiir angegeben. Diese Dissertation ist vollstdandig meine eigene
Arbeit, mit der Ausnahme solcher Zitate;

Alle wesentlichen Quellen von Unterstiitzung wurden benannt;

Wenn immer ein Teil dieser Dissertation auf der Zusammenarbeit mit anderen
basiert, wurde von mir klar gekennzeichnet, was von anderen und was von mir

selbst erarbeitet wurde;

Kein Teil dieser Arbeit wurde vor deren Einreichung veréffentlicht.

Aachen, 27. Januar 2024



	Introduction
	Statement of Main Results

	Preliminary Considerations
	Function Spaces and Admissible Variations
	Manifold Structure
	First and Second Variation of the Energy
	Hamiltonian Framework

	Symmetry
	Symmetry for Curvature Stabilized Skyrmions
	The Energy Functional for Axisymmetric Maps
	Analysis of the Energy Density


	Symmetric Minimizers
	Existence, Regularity, and Non-Uniqueness
	Existence
	Regularity
	Non-Uniqueness

	Properties of Minimizing Profiles
	Range
	Shape
	Behavior near π
	The Limit for Large κ


	Local Minimality of Symmetric Minimizers
	Non-Negativity of the Hessian
	Non-Negativity for Cc∞(S2∖{3};Tm0S2)
	Non-Negativity for C∞(S2;Tm0S2)

	Minimality

	Non-Symmetric Solutions of the Landau Lifshitz Equation
	Rotating Solutions
	Preliminary Results
	Lagrange Multiplier

	Łojasiewicz-Simon Inequality
	Preliminaries: Analyticity and Fredholm Property
	Proof of Proposition 5.1

	Observations

	Outlook
	Appendix
	Spherical Coordinates and Moving Frame
	Analyticity of Functionals




