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A B S T R A C T

Step-stress is a special type of accelerated life-testing procedure that allows the experimenter
to test the units of interest under various stress conditions changed (usually increased) at
different intermediate time points. In this paper, we study the problem of testing hypothesis
for the scale parameter of a simple step-stress model with exponential lifetimes and under
Type-II censoring. We consider several modifications of the log-likelihood ratio statistic and
eliminate the distributional dependence on the unknown lifetime parameters by exploiting the
scale invariant properties of the normalized failure spacings. The presented results and the ratio
statistic are further generalized to the multilevel step-stress case under the log-link assumption.
We compare the power performance of the proposed tests via Monte Carlo simulations. As an
illustration, the described procedures are applied to a real data example from the literature.

. Introduction

In many industrial life-testing experiments, the units under investigation are extremely reliable and have large mean times to
ailure under normal operating conditions (NOC). In such situations, accelerated life-testing (ALT) is an efficient tool to obtain more
ailures that leads to reduction in time and expenses of the examination. Step-stress ALT (SSALT) is a widely used testing scheme
ith applications in diverse fields, ranging from engineering sciences and quality control to medical and clinical studies. A product

ested by SSALT is exposed to stress levels other than NOC at different intermediate stages of the experiment. In particular, the stress
onditions may be increased over time (progressive SSALT) or decreased over time (regressive SSALT). An introduction to SSALT
odels can be found in the fundamental references for ALT, like the monographs by Nelson (1990), Meeker and Escobar (1998)

nd Bagdonavicius and Nikulin (2001).
The lifetime of the tested items in SSALT experiments are commonly considered to be exponentially distributed on each stress

evel. The impact of the experienced stress level change is usually modeled by assuming a cumulative exposure (CE) model under
hich the lifetime of a single unit has an absolute continuous cumulative distribution function (cdf). The main interest in a SSALT
xperiment lies mostly on inference for the mean lifetime (failure rate) at each stress level. Typically, these results are extrapolated to
OC by using a life-stress relationship, for example the log-link connection, see Nelson (1990, pp. 71–98). Alternatively, interest may

ie on inference for a specific quantile of the lifetime distribution under NOC. There is a rich body of literature on inferential analysis
f the exponential SSALT model in the context of various data frameworks, such as Type-II censoring (Xiong, 1998 and Balakrishnan
t al., 2007), hybrid censoring (Balakrishnan and Xie, 2007a and Balakrishnan and Xie, 2007b), multi-sampling (Kateri et al., 2009
nd Kateri et al., 2010) or under order restrictions (Balakrishnan et al., 2009). Extensive reviews on these developments are given
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in Balakrishnan (2009) and Kundu and Ganguly (2017). However, most of the results are for the simple SSALT model, which involves
just two stress levels, and there are only few studies on parameter testing and goodness-of-fit procedures, see Wang (2008, 2009)
and Bedbur et al. (2015). More recently, Zhu et al. (2020) proposed an exact log-likelihood ratio test under Type-II censoring for
the unknown failure rates in the simple SSALT.

In this study, we consider the problem of testing the scale parameter in SSALT model and follow the approach given in Xiong
1998) and Wang (2008, 2009) for constructing procedures based on exponential spacings. By making use of the independent and
cale invariant properties of the normalized spacings, we express the log-likelihood ratio statistic, derived by Zhu et al. (2020), in
erms of spacings and propose several modifications for the simple SSALT under Type-II censoring. As pointed in Zhu et al. (2020),
he likelihood ratio test cannot be applied directly since its exact critical regions depend on the unknown lifetime parameters,
hereas using their estimations could cause a substantial change of the test significance. The suggested methods in the current
aper aim to eliminate this issue. The obtained results and the log-likelihood ratio statistic are further extended to the case of
ultilevel SSALT under the log-link assumption. Multilevel experiment designs may lead in some cases to a power advantage of the

ssociated tests on the lifetime parameters. This is shown with the help of a simulation study.
The rest of this paper is organized as follows. In Section 2, we describe the multilevel SSALT model with exponential lifetimes

nder Type-II censoring. Furthermore, we define a transformation of the lifetimes and show an exponential property of the associated
ormalized spacings, which is important for the derivation of the statistical tests in the sequel. In Section 3, we consider statistical
ests for the scale parameter in the life-stress relationship. Several alternatives of the log-likelihood ratio statistic for the simple SSALT
re proposed in Section 3.1, while the general multilevel case is studied in Section 3.2. In Section 4, we compare the presented test
tatistics via Monte Carlo simulations. As an illustration, the described procedures are applied to a real experimental example in
ection 5. Finally, concluding remarks are provided in Section 6.

. Model description and spacings

Let 𝑇1, 𝑇2,… , 𝑇𝑛 be the random lifetimes of 𝑛 units that are tested on 𝑚 (≥ 2) stress levels 𝑥1, 𝑥2,… , 𝑥𝑚 that are changed at
prefixed times 𝜏1, 𝜏2,… , 𝜏𝑚−1. We denote the class of exponentially distributed random variables with mean 𝜃 by 𝐸𝑥𝑝 (1∕𝜃). We
assume that the lifetime on level 𝑥𝑗 has 𝐸𝑥𝑝

(

1∕𝜃𝑗
)

distribution, for 𝑗 = 1, 2,… , 𝑚, and that the CE assumption holds. Furthermore,
we consider that the log-link relation between the mean lifetimes and the stress levels holds, i.e., 𝜃𝑗 satisfy

log
(

𝜃𝑗
)

= 𝛼 + 𝛽ℎ
(

𝑥𝑗
)

, for 𝑗 = 0, 1,… , 𝑚, (1)

where 𝛼 and 𝛽 are unknown parameters and ℎ(⋅) is a known function of the stress levels 𝑥0, 𝑥1,… , 𝑥𝑚, with 𝑥0 and 𝜃0 being the
stress level and the expected mean lifetime under NOC, respectively. Commonly used options for ℎ(⋅) are the identity, logarithmic
and reciprocal functions. The choice of ℎ(⋅) should be motivated by the underlying physical phenomenon of the experiment. For
instance, the Arrhenius law in physical chemistry is associated with the reciprocal function. Furthermore, in Section 4.2 we show
that the standardized logarithmic and reciprocal functions behave approximately like the identity link in an equally-spaced setup
with relatively small step of the stress increment. More details and examples of life-stress relationships can be found in Nelson
(1990, pp. 71–98).

The lifetime 𝑇 of a single unit under the SSALT model described above has the following cdf

𝐹𝑇 (𝑡) = 1 − exp
(

−
𝑡 − 𝜏𝑘−1

𝜃𝑘

)

exp

(

−
𝑘−1
∑

𝑗=1

𝜏𝑗 − 𝜏𝑗−1
𝜃𝑗

)

, for 𝜏𝑘−1 < 𝑡 ≤ 𝜏𝑘, (2)

where 0 ≡ 𝜏0 < 𝜏1 < ⋯ < 𝜏𝑚−1 < 𝜏𝑚 ≡ ∞, 𝑘 = 1, 2… , 𝑚 and ∑0
𝑗=1 (⋅) ≡ 0. Let 𝐷𝑘 be the number of failures on level 𝑘, i.e.,

𝐷𝑘 =
𝑟
∑

𝑖=1
1
{

𝜏𝑘−1 < 𝑇𝑖 ≤ 𝜏𝑘
}

, with 1 {⋅} being the indicator function and 𝑘 = 1, 2,… , 𝑚. (3)

Then, the level 𝓁(𝑖) on which the 𝑖th failure 𝑇𝑖∶𝑛 is observed can be written as

𝓁(𝑖) = min

{

1 ≤ 𝑘 ≤ 𝑚 ∶
𝑘
∑

𝑗=1
𝐷𝑗 ≥ 𝑖

}

.

otivated by the analysis for simple SSALT made in Xiong (1998), we consider the following transformation of the lifetimes
1, 𝑇2,… , 𝑇𝑛:

𝑇 ∗
𝑖∶𝑛 = 𝛾𝓁(𝑖)

(

𝑇𝑖∶𝑛 − 𝜏𝓁(𝑖)−1
)

+
𝓁(𝑖)−1
∑

𝑗=1
𝛾𝑗
(

𝜏𝑗 − 𝜏𝑗−1
)

, for 𝑖 = 1, 2,… , 𝑛 and 𝛾𝑗 =
𝜃1
𝜃𝑗

, 𝑗 = 1, 2… , 𝑚, (4)

with ∑0
𝑗=1 (⋅) ≡ 0. The following theorem, proved in Appendix, extends the exponential property of this transformation, presented

in Xiong (1998, Section 4) for a simple SSALT procedure (𝑚 = 2), to a multilevel SSALT setup (𝑚 ≥ 2).

heorem 1. The transformed ordered lifetimes 𝑇 ∗
1∶𝑛, 𝑇

∗
2∶𝑛,… , 𝑇 ∗

𝑛∶𝑛, given in (4), have the same joint distribution as the order statistics of
ndependent and identically distributed (IID) random variables 𝑇 ∗, 𝑇 ∗,… , 𝑇 ∗ with 𝐸𝑥𝑝

(

1∕𝜃
)

marginal distribution.
2

1 2 𝑛 1
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Theorem 1 and the well-known distributional properties of the exponential spacings, see Arnold et al. (1992, pp. 72–73),
mmediately imply the following corollary for the normalized spacings of 𝑇 ∗

1∶𝑛, 𝑇
∗
2∶𝑛,… , 𝑇 ∗

𝑛∶𝑛, defined by

𝑆𝑖 = (𝑛 − 𝑖 + 1)
(

𝑇 ∗
𝑖∶𝑛 − 𝑇 ∗

𝑖−1∶𝑛
)

, for 𝑖 = 1, 2,… , 𝑛 and 𝑇 ∗
0∶𝑛 ≡ 0. (5)

Corollary 1. The spacings 𝑆1, 𝑆2,… , 𝑆𝑛 in (5) are IID and have 𝐸𝑥𝑝
(

1∕𝜃1
)

marginal distribution.

If the observed data is incomplete, for some statistical procedures the spacings (5) could be more useful than the original
lifetimes or the transformation (4). In particular, let us consider Type-II censoring, i.e., the case when only the first 𝑟 ordered
statistics 0 < 𝑇1∶𝑛 < 𝑇2∶𝑛 < ⋯ < 𝑇𝑟∶𝑛 are observed with prefixed integer 𝑟 such that 1 ≤ 𝑟 ≤ 𝑛. Then, according to Theorem 1,
the transformed lifetimes 𝑇 ∗

1∶𝑛 < 𝑇 ∗
2∶𝑛 < ⋯ < 𝑇 ∗

𝑟∶𝑛 are the first 𝑟 order statistics of a sample with 𝐸𝑥𝑝
(

1∕𝜃1
)

marginal distribution,
whereas 𝑆1, 𝑆2,… , 𝑆𝑟 are IID with 𝐸𝑥𝑝

(

1∕𝜃1
)

. Thus, in order to simplify the analysis for incomplete data we can make use of
the independence and exponential properties of the spacings (5), while for the joint distribution of 𝑇 ∗

1∶𝑛, 𝑇
∗
2∶𝑛,… , 𝑇 ∗

𝑟∶𝑛 we need to
consider also their dependence structure. Furthermore, notice that when 𝑟 = 𝑛 there is no censoring, i.e., the complete sample can
be considered as a special case of Type-II censoring.

For a simple SSALT experiment (𝑚 = 2), we can express 𝑆1, 𝑆2,… , 𝑆𝑟 by the original lifetimes in the following way,

𝑆𝑖 =

⎧

⎪

⎨

⎪

⎩

(𝑛 − 𝑖 + 1)
(

𝑇𝑖∶𝑛 − 𝑇𝑖−1∶𝑛
)

, if 𝑇𝑖∶𝑛 ≤ 𝜏1,
(𝑛 − 𝑖 + 1)

(

𝛾2
(

𝑇𝑖∶𝑛 − 𝜏1
)

+ 𝜏1 − 𝑇𝑖−1∶𝑛
)

, if 𝑇𝑖−1∶𝑛 ≤ 𝜏1 < 𝑇𝑖∶𝑛,
(𝑛 − 𝑖 + 1)

(

𝛾2
(

𝑇𝑖∶𝑛 − 𝑇𝑖−1∶𝑛
))

, if 𝜏1 < 𝑇𝑖−1∶𝑛,

(6)

for 𝑖 = 1, 2,… , 𝑟 and 𝑇0∶𝑛 ≡ 0.
In practice, the ratios 𝛾2, 𝛾3,… , 𝛾𝑚 in (4) are not observed and the scaling factors of transformation (4) are unknown. However,

under the log-link assumption (1) these scaling ratios depend only on the parameter 𝛽. Therefore, in the next section we consider
statistics for testing the value of 𝛽 in multilevel SSALT models (𝑚 ≥ 2) and study in more detail the case when 𝑚 = 2, corresponding
to tests for 𝛾2 in (6).

3. Scale tests

Let us consider the problem of testing the values of the unknown scale parameter 𝛽 in (1), i.e., testing

𝐻0 ∶ 𝛽 = 𝛽0 against the alternative 𝐻1 ∶ 𝛽 ≠ 𝛽0 (7)

for a specified 𝛽0 ∈ [0,∞). Notice that the hypothesis of no change in mean lifetime across the stress levels is included in (7) as the
special case 𝛽0 = 0, which was first studied in Xiong (1998) for the simple SSALT model.

3.1. The case 𝑚 = 2

In the case of simple SSALT model, Zhu et al. (2020) derived the log-likelihood ratio test statistic 𝛬 for the general problem (7)
conditioned on the random number of failures 𝐷1 on the first stress level. Given that 𝐷1 = 𝑑, we have

𝛬 = −2 log
⎛

⎜

⎜

⎝

(

𝛾0𝜃̂1
𝜃̂(0)2

)𝑑 (
𝜃̂2
𝜃̂(0)2

)𝑟−𝑑
⎞

⎟

⎟

⎠

, (8)

here 𝜃̂1 and 𝜃̂2 are the maximum likelihood estimates (MLEs) of 𝜃1 and 𝜃2, 𝛾0 = exp
(

𝛽0
(

ℎ(𝑥2) − ℎ(𝑥1)
))

is the ratio 𝜃2∕𝜃1 under
the null hypothesis 𝐻0 in (7), i.e., 𝛾0 = 𝜃2∕𝜃1 = 1∕𝛾2, and

𝜃̂(0)2 =
𝑑𝜃̂1𝛾0 + (𝑟 − 𝑑)𝜃̂2

𝑟
=

𝑑𝜃̂1 exp
(

𝛽0
(

ℎ(𝑥2) − ℎ(𝑥1)
))

+ (𝑟 − 𝑑)𝜃̂2
𝑟

(9)

is the MLE of 𝜃2 under 𝐻0. Balakrishnan et al. (2007) showed that 𝜃̂1 and 𝜃̂2 exist only when 1 ≤ 𝐷1 ≤ 𝑟 − 1 and are given by

𝜃̂1 =
∑𝐷1

𝑖=1 𝑇𝑖∶𝑛 +
(

𝑛 −𝐷1
)

𝜏1
𝐷1

and 𝜃̂2 =

∑𝑟
𝑖=𝐷1+1

(

𝑇𝑖∶𝑛 − 𝜏1
)

+ (𝑛 − 𝑟)
(

𝑇𝑟∶𝑛 − 𝜏1
)

𝑟 −𝐷1
.

The critical region for an exact 𝛼-level test based on 𝛬 is determined as

𝑃
(

𝛬 > 𝜆𝛼
|

|

|

1 ≤ 𝐷1 ≤ 𝑟 − 1, 𝜃2 = 𝛾0𝜃1
)

= 𝛼. (10)

rocedures for evaluating 𝜆𝛼 in (10) and the exact conditional distribution of 𝛬 under 𝐻0 are given in Zhu et al. (2020). However,
he exact values of these characteristics depend on the condition 1 ≤ 𝐷1 ≤ 𝑟 − 1 and the parameter 𝜃1. In practice, the value of
1 is observed, but 𝜃1 is unknown and should be replaced with some estimate. Zhu et al. (2020) examined the effect of using 𝜃̂1

nstead of the true value 𝜃1 via a simulation study for the null hypothesis 𝜃1 = 𝜃2. From the obtained results they concluded that
he likelihood ratio test maintains close to the desired level of significance when the changing point 𝜏1 is large. Nevertheless, it is
nclear if this is true for other null hypothesis and how large 𝜏1 should be in order to apply the test. Therefore, we propose several
3

odifications of the statistic 𝛬 in the next lines.
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By using (6) the MLEs 𝜃̂1 and 𝜃̂2 can be rewritten as

𝜃̂1 =
∑𝐷1

𝑖=1 𝑆𝑖 +𝑍
𝐷1

and 𝜃̂2 =
𝛾0

(

∑𝑟
𝑖=𝐷1+1

𝑆𝑖 −𝑍
)

𝑟 −𝐷1
, (11)

where

𝑍 =
(

𝑛 −𝐷1
)

(

𝜏1 −
𝐷1
∑

𝑗=1

𝑆𝑗

𝑛 − 𝑗 + 1

)

=
(

𝑛 −𝐷1
)

(

𝜏1 − 𝑇𝐷1∶𝑛

)

, (12)

is the normalized difference between 𝜏1, the time point for changing the stress from 𝑥1 to 𝑥2, and 𝑇𝐷1∶𝑛, the time of the last failure
on the first stress level. Hence, under 𝐻0 and conditioned on 𝐷1 = 𝑑, the test statistic 𝛬 in (8) could be rewritten as

𝛬 = −2 log
⎛

⎜

⎜

⎝

𝑟𝑟

𝑑𝑑 (𝑟 − 𝑑)𝑟−𝑑

(

∑𝑑
𝑖=1 𝑆𝑖 +𝑍
∑𝑟

𝑖=1 𝑆𝑖

)𝑑 (∑𝑟
𝑖=𝑑+1 𝑆𝑖 −𝑍
∑𝑟

𝑖=1 𝑆𝑖

)𝑟−𝑑
⎞

⎟

⎟

⎠

.

ollowing the approach proposed in Xiong (1998) and Wang (2008, 2009), one could try to adjust 𝛬 to a simpler statistic based
n the spacings (6). Therefore, let us study in more detail the random variable 𝑍, given in (12). The asymptotic behavior of 𝑍 is
tated in Theorem 2, which is proved in Appendix.

heorem 2. Let the uncensored sample proportion 𝜌 be fixed with 1− exp
(

−𝜏1∕𝜃1
)

< 𝜌 ≤ 1. Further let the number of observed failures 𝑟
be the integer part of 𝜌𝑛, i.e., 𝑟 = [𝜌𝑛]. Then, in accordance with the notations above and given that 𝐷1 in (3) satisfies 1 ≤ 𝐷1 ≤ 𝑟 − 1, the
asymptotic distribution of 𝑍 in (12) is 𝐸𝑥𝑝

(

1∕𝜃1
)

as 𝑛 → ∞.

emark 1. Notice that the condition on the uncensored sample proportion 𝜌 in Theorem 2 is not restrictive in practice. By the
efinition of Type-II censored experiments, we have 0 < 𝜌 ≤ 1. The sharper lower bound of the inequality in Theorem 2 ensures that,

for 𝑛 → ∞, not all 𝑟 failures are observed almost surely on the first stress level, since from (2) we have 𝐹𝑇 (𝜏1) = 1 − exp
(

−𝜏1∕𝜃1
)

.
For this, experimental designs with 𝜌 < 𝐹𝑇

(

𝜏1
)

make no practical sense for large values of 𝑛. Thus, the problem of fixing 𝜌 such
that 𝐹𝑇

(

𝜏1
)

< 𝜌 is related to the design of the experiment. For given stress levels (𝑥1, 𝑥2), the changing point 𝜏1 is selected
accordingly. However, 𝐹𝑇

(

𝜏1
)

depends on the unknown parameter 𝜃1 and has to be estimated for the experimental design purposes.
he estimation is based on prior knowledge of the product under investigation, e.g., results from previous experiments or a pilot
tudy.

From Theorem 2 it is straightforward to derive the following property of 𝑍, the proof of which is sketched in Appendix.

orollary 2. Given the conditions in Theorem 2, the ratios 𝑍∕𝐷1 and 𝑍∕
(

𝑟 −𝐷1
)

converge in probability to 0 as 𝑛 → ∞.

Since 𝜃̂1 is consistent estimator of 𝜃1, i.e., 𝜃̂1 converges in probability to 𝜃1
(

𝜃̂1
p
→ 𝜃1

)

, see Bartholomew (1963), by combining
he first statement of Corollary 2 and the expression of 𝜃̂1 in (11) it follows that

𝜃1 =
∑𝐷1

𝑖=1 𝑆𝑖

𝐷1
is also consistent estimator of 𝜃1. (13)

Similarly, from Corollary 2 and the consistency of 𝜃̂2, see Balakrishnan et al. (2007), it can be concluded that

𝜃2 =
𝛾0

(

∑𝑟
𝑖=𝐷1+1

𝑆𝑖

)

𝑟 −𝐷1
is consistent estimator of 𝜃2. (14)

hus, we can construct a new test statistic similar to 𝛬 by replacing 𝜃̂1 and 𝜃̂2 in (8) with 𝜃1 and 𝜃2, respectively. For 𝐷1 = 𝑑,
≤ 𝑑 ≤ 𝑟 − 1, the obtained statistic 𝛬̃ takes the following form

𝛬̃ = −2 log
⎛

⎜

⎜

⎝

𝑟𝑟

𝑑𝑑 (𝑟 − 𝑑)𝑟−𝑑

(

∑𝑑
𝑖=1 𝑆𝑖

∑𝑟
𝑖=1 𝑆𝑖

)𝑑 (∑𝑟
𝑖=𝑑+1 𝑆𝑖
∑𝑟

𝑖=1 𝑆𝑖

)𝑟−𝑑
⎞

⎟

⎟

⎠

. (15)

Similar to the statistic 𝛬, the critical region for an 𝛼-level test based on 𝛬̃ is determined from

𝑃
(

𝛬̃ > 𝜆̃𝛼
|

|

|

1 ≤ 𝐷1 ≤ 𝑟 − 1, 𝜃2 = 𝛾0𝜃1
)

= 𝛼. (16)

Since it is not easy to derive an expression for the exact conditional distribution function of 𝛬̃ under 𝐻0 and given that 1 ≤ 𝐷1 ≤ 𝑟−1,
the value of 𝜆̃𝛼 in (16) can be computed by using a Monte Carlo procedure for approximating the distribution 𝛬̃ for fixed model
parameters. Additionally, similar to the test based on 𝛬, the true value of 𝜃1 is unknown even under 𝐻0 and should be estimated in
the computation of the critical value, which may change the significance level of the test. However, from Corollary 1 and expression
(15) it follows that 𝛬̃ depends on 𝜃1 only through the conditioning 𝐷1 = 𝑑. Thus, it is worth to further examine and adjust the statistic
𝛬̃. We prove the asymptotic equivalence of 𝛬 and 𝛬̃ (Proposition 1) in Appendix.
4
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Proposition 1. For 𝑟 = [𝜌𝑛] with 1 − exp
(

−𝜏1∕𝜃1
)

< 𝜌 ≤ 1 and given that 1 ≤ 𝐷1 ≤ 𝑟 − 1, the test statistics 𝛬 and 𝛬̃ defined in (8) and
15) are asymptotically equivalent as 𝑛 → ∞.

emark 2. From the conditional moment generating function of 𝜃̂1, given by formula (29) in Balakrishnan et al. (2007, p. 44), it
ollows that

𝐸
(

𝜃̂1
|

|

|

𝐷1 = 𝑑
)

= 𝜃1 + 𝜏1

(

𝑛 − 𝑑
𝑑

−
1 − 𝑝
𝑝

)

, where 𝑝 = 1 − exp
(

−
𝜏1
𝜃1

)

= 𝐹𝑇
(

𝜏1
)

,

with 𝐹𝑇 (⋅) being the cdf of the SSALT model provided in (2). Therefore, ∑𝐷1
𝑖=1 𝑇𝑖∶𝑛∕𝐷1 has a negative bias of 𝜏1 (1 − 𝑝) ∕𝑝, which is

compensated to some degree in 𝜃̂1 by the term
(

𝑛 −𝐷1
)

𝜏1∕𝐷1. On the other hand, this correction is distributed to both 𝜃1 and 𝜃2 in
a proportion that is associated with the random variable 𝑍. The statement of Corollary 2 implies that these quantities are negligible
for 𝑛 → ∞. Hence, 𝜃1 ≤ 𝜃̂1 and 𝜃2 ≥ 𝜃̂2 with 𝜃1 − 𝜃̂1

p
⟶ 0 and 𝜃2 − 𝜃̂2

p
⟶ 0 as 𝑛 → ∞, where

p
⟶ denotes convergence in probability.

In practice, the value of 𝜃2 can be computed only when the ratio 𝛾0 is known. However, in case 𝛾0 is given (corresponding to a
null hypothesis in (7)) a better estimation of 𝜃2 is 𝜃̂(0)2 , given in (9). Thus, the statistic 𝛬 is based on comparing 𝛾0𝜃̂1 and 𝜃̂2 to 𝜃̂(0)2 ,
while 𝛬̃ is determined by the ratios 𝛾0𝜃1∕𝜃̂

(0)
2 and 𝜃2∕𝜃̂

(0)
2 . As the results from the simulation study for 𝛾0 = 1 in Section 4 suggest,

the testing procedure derived by 𝛬 is more powerful when 𝜃1 > 𝜃2, while 𝛬̃ is better for the alternative 𝜃1 < 𝜃2. The reason for this
lies in the fact that 𝜃̂(0)2 overestimates 𝜃2 when 𝜃1 > 𝜃2 and underestimates it when 𝜃1 < 𝜃2. Next, we use the form of 𝛬̃ in (15) as a
basis for additional modifications of the log-likelihood ratio statistic 𝛬.

In order to construct a test statistic having distribution free of the parameter 𝜃1, we should remove the conditioning on 𝐷1, since
𝐷1 has a binomial distribution with parameters 𝑛 and 𝐹𝑇 (𝜏1) = 1 − exp

(

−𝜏1∕𝜃1
)

. We make use of the exponential properties of the
spacings in (5) and take the sum of 𝛬̃ in (15) over all possible values of 𝐷1:

𝑇 = −2
𝑟−1
∑

𝑘=1
log

⎛

⎜

⎜

⎝

𝑟𝑟

𝑘𝑘(𝑟 − 𝑘)𝑟−𝑘

(

∑𝑘
𝑖=1 𝑆𝑖

∑𝑟
𝑖=1 𝑆𝑖

)𝑘 (∑𝑟
𝑖=𝑘+1 𝑆𝑖
∑𝑟

𝑖=1 𝑆𝑖

)𝑟−𝑘
⎞

⎟

⎟

⎠

. (17)

In D’Agostino and Stephens (1986, p. 430), it is shown that for

𝑉𝑘 =
∑𝑘

𝑖=1 𝑆𝑖
∑𝑟

𝑖=1 𝑆𝑖
, 𝑘 = 1, 2,… , 𝑟 − 1,

ith 𝑆1, 𝑆2,… , 𝑆𝑟 being IID and exponentially distributed under 𝐻0, the joint distribution of 𝑉1, 𝑉2,… , 𝑉𝑟−1 is the same as the joint
distribution of the order statistics obtained from a random sample with size 𝑟−1 and standard uniform marginal distribution. Since
the statistic 𝑇 in (17) can be rewritten as

𝑇 = −2
𝑟−1
∑

𝑘=1
log

(

𝑟𝑟

𝑘𝑘(𝑟 − 𝑘)𝑟−𝑘
(

𝑉𝑘
)𝑘 (1 − 𝑉𝑘

)𝑟−𝑘
)

, (18)

it is obvious that the distribution of 𝑇 under 𝐻0 is scale invariant and does not depend on 𝜃1 when there are no restrictions for
𝐷1, i.e., for 0 ≤ 𝐷1 ≤ 𝑟. Like in the case of 𝛬̃, the exact critical values for the test based on 𝑇 can be evaluated via Monte Carlo
simulation. Since these calculations can be computationally intensive, we seek to further simplify the statistic 𝑇 . By combining the
uniform properties of 𝑉1, 𝑉2,… , 𝑉𝑟−1 under the null hypothesis and the fact that 𝑇 is equivalent to

𝑇̃ = −2
𝑟−1
∑

𝑘=1
𝑘 log

(

𝑉𝑘
)

− 2
𝑟−1
∑

𝑘=1
(𝑟 − 𝑘) log

(

1 − 𝑉𝑘
)

,

it is natural to consider the test based on the following statistic

𝜒2 = −2
𝑟−1
∑

𝑘=1
log

(

𝑉𝑘
)

. (19)

In case 0 ≤ 𝐷1 ≤ 𝑟, clearly (19) is scale invariant and rejects 𝐻0 in (7) for either small or large values of 𝜒2. The statistic 𝜒2 is
also proposed in Wang (2008, 2009) for testing the exponential assumption in models with Type-II censoring scheme. Since Wang
(2008) showed that 𝜒2 in (19) has chi-square distribution with 2𝑟 − 2 degrees of freedom under 𝐻0, the exact critical region for a
two-sided 𝛼-level test based on 𝜒2 is given by

𝑃
(

𝜒2 < 𝑞 𝛼
2

|

|

|

𝐻0

)

+ 𝑃
(

𝜒2 > 𝑞1− 𝛼
2

|

|

|

𝐻0

)

= 𝛼,

here 𝑞 𝛼
2

and 𝑞1− 𝛼
2

are the 𝛼
2 and

(

1 − 𝛼
2

)

quantiles of chi-square distribution with 2𝑟 − 2 degrees of freedom. Furthermore, as
pointed by Wang (2009), from the simulation studies in Henze and Meintanis (2005) and Wang (2008) it can be concluded that
the procedure based on 𝜒2 is one of the most powerful tests for exponentiality under various non-exponential alternatives. It is also
important to note that, 𝛬 and 𝛬̃ exist only when 1 ≤ 𝐷1 ≤ 𝑟 − 1, whereas 𝑇 in (17) and 𝜒2 in (19), not depending on 𝐷1, are

ell defined for 0 ≤ 𝐷1 ≤ 𝑟. However, in the case of 𝐷1 = 0 or 𝐷1 = 𝑟 (i.e., 𝐷2 = 0), all failures are observed on a single stress
evel and the associated tests degenerate to tests for exponentiality under this stress level; a test for the SSALT setup, i.e., of (7),
s not possible. In order to ensure that the test based on 𝑇 or 𝜒2 tests (7), its distribution under 𝐻0 has to be simulated under the
ondition that 1 ≤ 𝐷1 ≤ 𝑟 − 1. As we shall see in the simulation studies in Section 4, the corresponding unconditional distribution
pproximates the conditional one quite well.
5
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Remark 3. Since the spacings 𝑆𝑖 in (6) depend on 𝛽0 through (9), similar to 𝛬 in (8), the test statistics 𝛬̃, 𝑇 and 𝜒2, given
n (15), (17) and (19), respectively, can be calculated only under fixed null hypothesis 𝐻0 in (7), i.e., only for given value of
0 = log

(

𝛾0
)

∕
(

ℎ
(

𝑥2
)

− ℎ
(

𝑥1
))

.

.2. The general case 𝑚 > 2

In order to derive the log-likelihood ratio statistic for (7) when 𝑚 > 2, we first consider transformation (4) under 𝐻0 ∶ 𝛽 = 𝛽0
nd under 𝐻1 ∶ 𝛽 = 𝛽1 for a fixed value 𝛽1 ≠ 𝛽0. For 𝑖 = 1, 2,… , 𝑟, let 𝑇 (0)

𝑖∶𝑛 be (4) with 𝛾𝑗 = 𝛾 (0)𝑗 , where 𝛾 (0)𝑗 is the ratio 𝜃1
𝜃𝑗

under

𝐻0 and the log-link assumption (1), i.e., 𝛾 (0)𝑗 = exp
(

𝛽0
(

ℎ(𝑥1) − ℎ(𝑥𝑗 )
))

for 𝑗 = 1, 2,… , 𝑚. Similarly, we denote transformation (4) for
𝛾𝑗 = 𝛾 (1)𝑗 = exp

(

𝛽1
(

ℎ(𝑥1) − ℎ(𝑥𝑗 )
))

by 𝑇 (1)
𝑖∶𝑛 . Then, the normalized spacings under 𝐻0 and 𝐻1, denoted by

{

𝑆(0)
𝑖

}𝑟

𝑖=1
and

{

𝑆(1)
𝑖

}𝑟

𝑖=1
,

respectively, are given by

𝑆(𝑘)
𝑖 = (𝑛 − 𝑖 + 1)

(

𝑇 (𝑘)
𝑖∶𝑛 − 𝑇 (𝑘)

𝑖−1∶𝑛

)

, for 𝑖 = 1, 2,… , 𝑟, 𝑇 (𝑘)
0∶𝑛 ≡ 0 and 𝑘 = 0, 1. (20)

From the independent and exponential properties of 𝑆(0)
1 , 𝑆(0)

2 ,… , 𝑆(0)
𝑟 under 𝐻0 (Corollary 1) it follows that the maximized value

of the log-likelihood is, upon a constant, given by

sup
𝜃1>0

𝓁0
(

𝜃1, 𝛽0
)

= 𝓁0
(

𝜃1, 𝛽0
)

= −𝑟 log
(

𝜃1
)

− 1
𝜃1

𝑟
∑

𝑖=1
𝑆(0)
𝑖 , where 𝜃1 =

∑𝑟
𝑖=1 𝑆

(0)
𝑖

𝑟
. (21)

y taking definition (20) and the expressions of 𝑇 (0)
𝑖∶𝑛 and 𝑇 (1)

𝑖∶𝑛 in (4), we obtain

𝑇 (0)
𝑖∶𝑛 =

𝑖
∑

𝑗=1

𝑆(0)
𝑗

𝑛 − 𝑗 + 1
and 𝑇 (1)

𝑖∶𝑛 = 𝜅𝑎𝓁(𝑖)𝑇 (0)
𝑖∶𝑛 +

𝓁(𝑖)−1
∑

𝑗=1
𝛾 (0)𝑗

(

𝜅𝑎𝑗 − 𝜅𝑎𝓁(𝑖)
) (

𝜏𝑗 − 𝜏𝑗−1
)

, for 𝑖 = 1, 2,… , 𝑟,

here 𝑎𝑗 = ℎ(𝑥𝑗 ) − ℎ(𝑥1), 𝑗 = 1, 2,… , 𝑚 and

𝜅 = exp
(

𝛽0 − 𝛽1
)

(22)

s a reparametrization of 𝛽1. Therefore, the spacing 𝑆(1)
𝑖 depends on

{

𝑆(0)
𝑗

}𝑖

𝑗=1
in the following way,

𝑆(1)
𝑖 = 𝜅𝑎𝓁(𝑖)𝑆(0)

𝑖 + (𝑛 − 𝑖 + 1)

(

(

𝜅𝑎𝓁(𝑖) − 𝜅𝑎𝓁(𝑖−1)
)

𝑖−1
∑

𝑗=1

𝑆(0)
𝑗

𝑛 − 𝑗 + 1
+

𝓁(𝑖)−1
∑

𝑗=1
𝛾 (0)𝑗

(

𝜅𝑎𝑗 − 𝜅𝑎𝓁(𝑖)
) (

𝜏𝑗 − 𝜏𝑗−1
)

−
𝓁(𝑖−1)−1
∑

𝑗=1
𝛾 (0)𝑗

(

𝜅𝑎𝑗 − 𝜅𝑎𝓁(𝑖−1)
) (

𝜏𝑗 − 𝜏𝑗−1
)

)

, (23)

with ∑0
𝑗=1 (⋅) ≡ 0 and 𝓁(0) = 1. Thus, using parametrization (22), the distributional properties of 𝑆(1)

1 , 𝑆(1)
2 ,… , 𝑆(1)

𝑟 under 𝐻1
(Corollary 1) and (23), we can express the log-likelihood under 𝐻1, upon a constant, similarly as in (21), as

𝓁1
(

𝜃1, 𝜅
)

= log
(

𝐿
(

𝑆(1)
1 , 𝑆(1)

2 ,… , 𝑆(1)
𝑟

|

|

|

𝐻1

))

= −𝑟 log
(

𝜃1
)

+ 𝑏 log (𝜅) − 1
𝜃1

𝐺(𝜅), (24)

ith

𝑏 =
𝑟
∑

𝑖=1
𝑎𝓁(𝑖) and 𝐺(𝜅) =

𝑟
∑

𝑖=1

{

𝜅𝑎𝓁(𝑖)𝑆(0)
𝑖 +

(

𝜅𝑎𝓁(𝑖) − 𝜅𝑎𝓁(𝑖−1)
)

𝑍𝑖 +
𝓁(𝑖)−1
∑

𝑗=𝓁(𝑖−1)

(

𝜅𝑎𝑗 − 𝜅𝑎𝓁(𝑖)
)

𝑐𝑖,𝑗

}

, (25)

where ∑𝑗𝑢
𝑗=𝑗𝑙

(⋅) ≡ 0, for 𝑗𝑙 > 𝑗𝑢,

𝑍𝑖 = (𝑛 − 𝑖 + 1)
𝑖−1
∑

𝑗=1

𝑆(0)
𝑗

𝑛 − 𝑗 + 1
−

𝓁(𝑖−1)−1
∑

𝑗=1
𝑐𝑖,𝑗 and 𝑐𝑖,𝑗 = (𝑛 − 𝑖 + 1) 𝛾 (0)𝑗

(

𝜏𝑗 − 𝜏𝑗−1
)

, (26)

for 𝑖 = 1,… , 𝑟 and 𝑗 = 1,… , 𝑚 − 1.
Notice that if all observed failures are on the same stress level, i.e., 𝓁(1) = 𝓁(2) = ⋯ = 𝓁(𝑟), the function 𝐺(⋅) in (25) is simplified

to

𝐺(𝜅) =
𝑟
∑

𝑖=1
𝜅𝑎𝓁(𝑖)𝑆(0)

𝑖 = 𝜅𝑎𝓁(1)
𝑟
∑

𝑖=1
𝑆(0)
𝑖 ,

with (24) depending on 𝜃1 and 𝜅 only through the ratio 𝜅𝑎𝓁(1)∕𝜃1. Furthermore, in this case (24) coincide with the log-likelihood
under 𝐻0. Hence, we can derive the log-likelihood ratio statistic only if
6

𝓁(1) ≤ 𝓁(2) ≤ ⋯ ≤ 𝓁(𝑟), with at least one strict inequality, i.e., (27)
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only when there are failures on at least two stress levels. It is not hard to check that the log-likelihood in (24) is maximized for
𝜃1 = 𝐺(𝜅̂)∕𝑟 and 𝜅 = 𝜅̂, where 𝜅̂ is a solution of

𝜅𝐺′ (𝜅)
𝐺 (𝜅)

− 𝑏
𝑟
= 0, for 𝜅 ∈ (0,∞) , (28)

ith 𝐺′ (⋅) being the derivative of 𝐺(⋅) with respect to 𝜅. Then, combining (21) and (24) results to the following log-likelihood ratio
tatistic

𝛬𝑚 = −2
(

𝓁0
(

𝜃1, 𝛽0
)

− 𝓁1

(

𝐺(𝜅̂)
𝑟

, 𝜅̂
))

= −2 log

(

( 1
𝜅̂

)𝑏
(

𝐺 (𝜅̂)
∑𝑟

𝑖=1 𝑆
(0)
𝑖

)𝑟)

, (29)

where 𝜅̂ is the unique maximum-likelihood solution of Eq. (28), as shown in Theorem 3 below. The optimal value 𝜅̂ can be evaluated
by using some numerical procedure for solving non-linear equations, for example the Newton–Raphson method. In addition, notice
that the case 𝛽0 < 𝛽1 is associated with 0 < 𝜅 < 1, whereas 𝜅 > 1 corresponds to 𝛽0 > 𝛽1. Thus, if 𝐻0 is rejected, the case 0 < 𝜅̂ < 1
would suggest 𝛽 > 𝛽0, while 𝜅̂ > 1 would point to 𝛽 < 𝛽0. In next theorem, proved in Appendix, we show that 𝜅̂ is the unique
solution of (28) under certain assumptions about the stress factor.

Theorem 3. Let the function ℎ(⋅) in the life-stress relation (1) be monotonic on the stress levels 𝑥1, 𝑥2,… , 𝑥𝑚, i.e., ℎ(𝑥1) < ℎ(𝑥2) < ⋯ <
(𝑥𝑚) or ℎ(𝑥1) > ℎ(𝑥2) > ⋯ > ℎ(𝑥𝑚). Then, Eq. (28) has an unique solution 𝜅̂ such that

sup
𝜃1>0

𝜅>0,𝜅≠1

𝓁1
(

𝜃1, 𝜅
)

= 𝓁1

(

𝐺(𝜅̂)
𝑟

, 𝜅̂
)

.

If the assumption for ℎ(⋅) in Theorem 3 holds, then the log-likelihood (24) has only one critical point with respect to 𝜅 and the
Newton–Raphson algorithm for solving (28) converges to the true optimal value 𝜅̂. Hence, if ℎ(⋅) is monotonic, we can calculate the
statistic 𝛬𝑚 with just one initial point in the numerical procedure for computing 𝜅̂.

Remark 4. As shown in the proof of Theorem 3, the monotonic assumption of ℎ(⋅) can be relaxed. In particular, ℎ(𝑥1) < ℎ(𝑥2) < ⋯ <
ℎ(𝑥𝑚) could be replaced by a partial ordering condition ℎ(𝑥1) < ℎ(𝑥𝑗 ), for 𝑗 = 2,… , 𝑚, and ℎ(𝑥𝑗 ) ≠ ℎ(𝑥𝑘), for 𝑗 ≠ 𝑘. However, in most
SSALT experimental designs the stress factor is increased on each step (progressive SSALT), which commonly leads to monotonicity
of the function ℎ(⋅). Therefore, Theorem 3 allow us to find the maximum of (24) and evaluate 𝛬𝑚 in many practical problems.

Similar to the simple SSALT (𝑚 = 2), we determine the critical region for an 𝛼-level test based on 𝛬𝑚 under 𝐻0 ∶ 𝛽 = 𝛽0 and
27) by

𝑃
(

𝛬𝑚 > 𝜆(𝑚)𝛼
|

|

|

𝛽 = 𝛽0, 𝓁(𝑖) < 𝓁(𝑗) for some 𝑖 < 𝑗
)

= 𝛼. (30)

Since we do not have a closed expression for the exact conditional distribution of 𝛬𝑚, we can compute the value of 𝜆(𝑚)𝛼 in (30) by
approximation the null distribution of 𝛬𝑚 via Monte Carlo simulation. Notice also that this distribution depends on the parameter
𝛼 in the log-link relationship (1).

For 𝑚 = 2 and given that 𝐷1 = 𝑑, we have

𝑏 = 𝑎2(𝑟 − 𝑑), 𝜅̂𝑎2 = 𝑟 − 𝑑
𝑑

∑𝑑
𝑖=1 𝑆

(0)
𝑖 +𝑍

∑𝑟
𝑖=𝑑+1 𝑆

(0)
𝑖 −𝑍

and 𝐺(𝜅̂) = 𝑟
𝑑

( 𝑑
∑

𝑖=1
𝑆(0)
𝑖 +𝑍

)

, where 𝑍 = 𝑐𝑑+1,1 −𝑍𝑑+1, i.e.,

he statistic 𝛬2 in (29) coincide with 𝛬. Thus, the statistic 𝛬̃ in (15) for the simple SSALT (𝑚 = 2) can be extended to the multilevel
ase (𝑚 > 2) by replacing the function 𝐺(⋅) in (28) and (29) with 𝐺̃(𝜅) =

∑𝑟
𝑖=1 𝜅

𝑎𝓁(𝑖)𝑆(0)
𝑖 . Then, for testing (7) when 𝑚 > 2 we define

the following statistic

𝛬̃𝑚 = −2 log

(

( 1
𝜅̂∗

)𝑏
(

𝐺̃ (𝜅̂∗)
∑𝑟

𝑖=1 𝑆
(0)
𝑖

)𝑟)

, where 𝜅̂∗ is the solution of
𝜅
(

𝐺̃ (𝜅)
)′

𝐺̃ (𝜅)
− 𝑏

𝑟
= 0, for 𝜅 ∈ (0,∞) . (31)

he uniqueness of the solution 𝜅̂∗ in (31) follows directly from the definition of 𝐺̃(⋅) and the arguments presented in the proof of
heorem 3. Like in the case 𝑚 = 2, the critical region based on 𝛬̃𝑚 for 𝑚 > 2 can be evaluated by Monte Carlo approximation.

Since (17) and (19) depend only on the normalized spacings, the statistics 𝑇 and 𝜒2 are easily generalized for 𝑚 ≥ 2 by considering
he spacings 𝑆(0)

1 ,… , 𝑆(0)
𝑟 in (20) under 𝐻0. The corresponding statistics are

𝑇𝑚 = −2
𝑟−1
∑

𝑘=1
log

⎛

⎜

⎜

⎝

𝑟𝑟

𝑘𝑘(𝑟 − 𝑘)𝑟−𝑘

(

∑𝑘
𝑖=1 𝑆

(0)
𝑖

∑𝑟
𝑖=1 𝑆

(0)
𝑖

)𝑘 (∑𝑟
𝑖=𝑘+1 𝑆

(0)
𝑖

∑𝑟
𝑖=1 𝑆

(0)
𝑖

)𝑟−𝑘
⎞

⎟

⎟

⎠

and 𝜒2
𝑚 = −2

𝑟−1
∑

𝑘=1
log

(

∑𝑘
𝑖=1 𝑆

(0)
𝑖

∑𝑟
𝑖=1 𝑆

(0)
𝑖

)

.

In contrast to 𝛬𝑚 and 𝛬̃𝑚, the unconditional null distributions of 𝑇𝑚 and 𝜒2
𝑚 do not depend on the parameter 𝛼 in log-link (1).

Furthermore, the tests based on 𝑇𝑚 and 𝜒2
𝑚 are applicable even if (27) is not satisfied, i.e., when all failures are observed on the

same stress level. However, in this case, analogously to the tests based on 𝑇 and 𝜒2 when 𝑚 = 2, only the exponentiality assumption,
and not the specific SSALT structure, is tested. Similar to the simple SSALT tests, the critical regions associated with 𝑇𝑚 or 𝜒2

𝑚 can
be computed via Monte Carlo simulations under condition (27). In addition, as the simulation results in Section 4 suggest, the
7
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Table 1
Simulated powers for all considered conditional tests in case of 𝑚 = 2, 𝑛 = 20, and 𝑟 ∈ {8, 12, 16}, with 𝐹

(

𝜏1
)

= 0.20. The expected number of failures per
stress-level are given in parentheses. For 𝑇 and 𝜒2, the approximated power values based on their unconditional distributions are given in a separate line, below
the corresponding exact powers.
𝜃2 𝑟 = 8 (4, 4) 𝑟 = 12 (4, 8) 𝑟 = 16 (4, 12)

𝛬 𝛬̃ 𝑇 𝜒2 𝛬 𝛬̃ 𝑇 𝜒2 𝛬 𝛬̃ 𝑇 𝜒2

0.20 0.6688 0.2071 0.3719 0.2583 0.8343 0.3808 0.5991 0.4754 0.9053 0.5130 0.7160 0.6263
0.3624 0.2323 0.5929 0.4411 0.7081 0.5969

0.25 0.5668 0.1615 0.2933 0.2239 0.7231 0.2856 0.4676 0.4001 0.8042 0.3863 0.5551 0.5254
0.2839 0.1993 0.4613 0.3661 0.5457 0.4928

0.50 0.2317 0.0558 0.1069 0.1112 0.2700 0.0664 0.1301 0.1581 0.2991 0.0760 0.1362 0.1855
0.1018 0.0944 0.1264 0.1357 0.1313 0.1626

2.00 0.0781 0.1768 0.1173 0.0859 0.1472 0.2332 0.1598 0.1275 0.1827 0.2642 0.1693 0.1446
0.1119 0.0878 0.1557 0.1277 0.1633 0.1487

4.00 0.3061 0.4560 0.3218 0.2435 0.4657 0.5699 0.4036 0.3651 0.5131 0.6047 0.3944 0.3908
0.3123 0.2489 0.3975 0.3667 0.3864 0.3979

5.00 0.4087 0.5557 0.4040 0.3188 0.5725 0.6681 0.4832 0.4575 0.6166 0.6976 0.4697 0.4791
0.3939 0.3255 0.4768 0.4591 0.4616 0.4864

corresponding conditional distributions under 𝐻0 can be well approximated by the unconditional ones. Thus, the critical values for
𝜒2
𝑚 are similar to those obtained from chi-square distribution with 2𝑟 − 2 degrees of freedom.

In the next section, we compare the described scale tests via simulation studies under various experimental settings. It is worth
pointing out that the unconditional (scale invariant) distribution of 𝜒2

𝑚 under 𝐻0 makes its implementation much easier and with
less computational resources.

4. Simulation study

In this section, the powers of the tests presented in Section 3 are compared under various SSALT parameter configurations. We
focus only on the problem associated with the special null hypothesis 𝐻0 ∶ 𝛽 = 0, i.e., testing if the mean lifetime varies over different
stress levels. Without loss of generality we assume that 𝜃1 = 1 which is equivalent to set 𝛼 = 0 in (1). Since the exact distributions of
𝛬, 𝛬̃, 𝑇 and 𝜒2 under 𝐻0, conditional on the fact that there are failures on at least two stress levels, are not in a closed form, for each
choice of the model parameters in this study we determine the corresponding critical regions via 100,000 Monte Carlo simulations,
conditioned on (27). The exact powers of the tests based on 𝛬, 𝛬̃, 𝑇 and 𝜒2 are then evaluated by generating 100,000 simulations
for each alternative. In order to compare the conditional and unconditional tests based on 𝑇 and 𝜒2, beyond the exact power of 𝑇
and 𝜒2, we also report the power based on their unconditional distributions. For the 𝜒2 test, it is an easily obtained approximation
of the associated conditional on (27) distribution. All powers given in this section are computed at 5%-level of significance. It is
important to note that the critical values of 𝛬 and 𝛬̃, as well as the conditional ones of 𝑇 and 𝜒2, depend on the fixed value of 𝜃1
and therefore the exact corresponding powers when 𝜃1 is unknown differ from the presented ones. However, from similar analysis
in Zhu et al. (2020) it can be assumed that for the used parameter settings the powers based on 𝛬 when 𝜃1 is unknown are close to
the powers in the case of given 𝜃1. For most of the parameter settings used in the sequel, the probability that inequalities (27) hold is
relatively close to 1, i.e., under most settings, the number of simulated samples for which the statistics 𝛬 and 𝛬̃ cannot be evaluated
is very small. These samples are discarded (and resampled) in all simulation results that follow. For the simulations summarized
in Tables 1 to 4 (Section 4.1), the highest proportions of samples that needed to be resampled were 32.72%, 14.91% and 6.08%
corresponding to the simulations reported for the cases 𝑟 = 16 of Table 3, 𝑟 = 20 of Table 4 and 𝑟 = 12 of Table 2, respectively.
The largest proportions of resampling for Table 1 were 4.56% (𝑟 = 8) and 1.18% (𝑟 = 10, 𝑟 = 16), while in all other simulations
he required resampling was less than 1%. For the simulations summarized in Tables 5 to 8 (Section 4.2), with the exception of the
ase 𝑟 = 20 in Table 7, for which the highest proportion of resampling was 2.69%, all resampling proportions lied below 1%.

.1. Powers for 𝑚 = 2

For the simple SSALT (𝑚 = 2) the hypothesis 𝐻0 ∶ 𝛽 = 0 takes the form 𝐻0 ∶ 𝜃1 = 𝜃2. Since we have fixed 𝜃1 = 1 the alternative
s set by the value of 𝜃2. We choose the time 𝜏1 for changing the stress factor to be such that either 𝐹

(

𝜏1
)

= 0.20 or 𝐹
(

𝜏1
)

= 0.40.
The results of the described simulation study when 𝑚 = 2, 𝑛 = 20, 40 and for various values of 𝑟 and 𝜃2 are given in Tables 1–4.

The parameter designs in Tables 1 and 3 suggest more failures on the second level and are associated with progressive SSALT
(

𝜃1 > 𝜃2
)

, while Tables 2 and 4 match the regressive case
(

𝜃1 < 𝜃2
)

. The expected number of failures on the two stress levels are
given in brackets next to the values of 𝑟 for each parameter configuration. For example, when 𝑛 = 20, 𝐹

(

𝜏1
)

= 0.20 and 𝑟 = 16 we
would expect 4

(

= 𝑛𝐹
(

𝜏1
))

observations on the first level and 12 on the second. We need to point out that the simulation set-ups in
Tables 1 and 2 for 𝑟 = 12 and 𝑟 = 16 are chosen to coincide with those in Zhu et al. (2020) and therefore we obtain similar power
results for the test based on 𝛬 in these cases.

From the performed simulations we can conclude that the tests corresponding to 𝑇 and 𝜒2 lack of power when 𝑚 = 2. Moreover,
the power results based on their conditional and unconditional tests are very close, which suggests that the critical regions of 𝑇
8
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Table 2
Simulated powers for all considered conditional tests in case of 𝑚 = 2, 𝑛 = 20, and 𝑟 ∈ {8, 12, 16}, with 𝐹

(

𝜏1
)

= 0.40. The expected number of failures per
stress-level are given in parentheses. For 𝑇 and 𝜒2, the approximated power values based on their unconditional distributions are given in a separate line, below
the corresponding exact powers.
𝜃2 𝑟 = 10 (8, 2) 𝑟 = 12 (8, 4) 𝑟 = 16 (8, 8)

𝛬 𝛬̃ 𝑇 𝜒2 𝛬 𝛬̃ 𝑇 𝜒2 𝛬 𝛬̃ 𝑇 𝜒2

0.20 0.5623 0.1998 0.2533 0.1219 0.6936 0.3096 0.3832 0.1883 0.8808 0.5628 0.6747 0.3776
0.2478 0.1136 0.3829 0.1797 0.6780 0.3772

0.25 0.4752 0.1668 0.2130 0.1126 0.5982 0.2531 0.3181 0.1655 0.7881 0.4580 0.5600 0.3259
0.2076 0.1045 0.3179 0.1580 0.5637 0.3254

0.50 0.2012 0.0722 0.0982 0.0740 0.2496 0.0902 0.1247 0.0955 0.3266 0.1363 0.1904 0.1463
0.0945 0.0685 0.1245 0.0900 0.1932 0.1460

2.00 0.0453 0.1599 0.1007 0.0723 0.0988 0.2155 0.1307 0.0954 0.1964 0.2996 0.1992 0.1496
0.0973 0.0783 0.1306 0.0977 0.2018 0.1517

4.00 0.2487 0.4619 0.3106 0.2031 0.4390 0.6006 0.4299 0.3075 0.6661 0.7595 0.5969 0.4986
0.3043 0.2182 0.4296 0.3133 0.6004 0.5021

5.00 0.3622 0.5748 0.4084 0.2744 0.5798 0.7214 0.5502 0.4143 0.7899 0.8572 0.7156 0.6325
0.4021 0.2928 0.5499 0.4207 0.7188 0.6361

Table 3
Simulated powers for all considered conditional tests in case of 𝑚 = 2, 𝑛 = 40, and 𝑟 ∈ {16, 24, 32}, with 𝐹

(

𝜏1
)

= 0.20. The expected number of failures per
stress-level are given in parentheses. For 𝑇 and 𝜒2, the approximated power values based on their unconditional distributions are given in a separate line, below
the corresponding exact powers.
𝜃2 𝑟 = 16 (8, 8) 𝑟 = 24 (8, 16) 𝑟 = 32 (8, 24)

𝛬 𝛬̃ 𝑇 𝜒2 𝛬 𝛬̃ 𝑇 𝜒2 𝛬 𝛬̃ 𝑇 𝜒2

0.20 0.8742 0.5587 0.6674 0.3773 0.9785 0.8365 0.9081 0.7053 0.9944 0.9239 0.9632 0.8661
0.6624 0.3768 0.9063 0.7057 0.9633 0.8648

0.25 0.7903 0.4651 0.5628 0.3287 0.9304 0.7255 0.8062 0.6122 0.9686 0.8390 0.8843 0.7758
0.5576 0.3282 0.8031 0.6127 0.8845 0.7735

0.50 0.3327 0.1404 0.1928 0.1496 0.4190 0.2098 0.2589 0.2386 0.4650 0.2528 0.2780 0.2984
0.1891 0.1494 0.2555 0.2391 0.2784 0.2962

2.00 0.1806 0.2980 0.1965 0.1452 0.2823 0.3870 0.2551 0.2252 0.3131 0.4223 0.2548 0.2531
0.1924 0.1459 0.2517 0.2215 0.2554 0.2505

4.00 0.6441 0.7523 0.5878 0.4931 0.7581 0.8309 0.6386 0.6352 0.7832 0.8501 0.6124 0.6566
0.5825 0.4940 0.6349 0.6304 0.6129 0.6539

5.00 0.7702 0.8505 0.7027 0.6191 0.8483 0.8991 0.7304 0.7412 0.8648 0.9125 0.6992 0.7496
0.6984 0.6203 0.7272 0.7370 0.6997 0.7474

Table 4
Simulated powers for all considered conditional tests in case of 𝑚 = 2, 𝑛 = 40, and 𝑟 ∈ {20, 24, 32}, with 𝐹

(

𝜏1
)

= 0.40. The expected number of failures per
stress-level are given in parentheses. For 𝑇 and 𝜒2, the approximated power values based on their unconditional distributions are given in a separate line, below
the corresponding exact powers.
𝜃2 𝑟 = 20 (16, 4) 𝑟 = 24 (16, 8) 𝑟 = 32 (16, 16)

𝛬 𝛬̃ 𝑇 𝜒2 𝛬 𝛬̃ 𝑇 𝜒2 𝛬 𝛬̃ 𝑇 𝜒2

0.20 0.7432 0.4032 0.3858 0.1518 0.8984 0.6523 0.6558 0.2778 0.9913 0.9286 0.9434 0.6229
0.3854 0.1442 0.6560 0.2776 0.9438 0.6215

0.25 0.6577 0.3406 0.3253 0.1361 0.8322 0.5638 0.5652 0.2468 0.9689 0.8653 0.8763 0.5492
0.3248 0.1291 0.5656 0.2465 0.8772 0.5480

0.50 0.2907 0.1324 0.1385 0.0864 0.3898 0.2013 0.2187 0.1244 0.5292 0.3396 0.3609 0.2383
0.1382 0.0824 0.2189 0.1243 0.3625 0.2376

2.00 0.1366 0.2599 0.1569 0.1018 0.2631 0.3729 0.2447 0.1614 0.4230 0.5201 0.3743 0.2705
0.1566 0.1076 0.2448 0.1621 0.3760 0.2793

4.00 0.5974 0.7202 0.5461 0.3545 0.8328 0.8842 0.7565 0.5845 0.9448 0.9646 0.8884 0.8172
0.5456 0.3673 0.7567 0.5856 0.8892 0.8242

5.00 0.7356 0.8243 0.6736 0.4774 0.9226 0.9491 0.8673 0.7289 0.9832 0.9901 0.9535 0.9189
0.6732 0.4905 0.8674 0.7297 0.9540 0.9228

and 𝜒2 can be well approximated from their easy to evaluate scale invariant null distributions. The test based on 𝛬 is the most
powerful in the case 𝜃1 > 𝜃2, whereas 𝛬̃ has more power when 𝜃1 < 𝜃2. This can be explained by the properties of 𝜃̂1 and 𝜃1

̂ ̂ ̂
9

described in Remark 2. Moreover, under the alternative hypothesis the order-restricted MLE of 𝜃1 coincide with 𝜃1 when 𝜃2 ≤ 𝛾0𝜃1,
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Table 5
Simulated powers for all considered conditional tests in case of 𝑚 = 3, 𝑛 = 20, and 𝑟 ∈ {12, 16}, with 𝐹

(

𝜏1
)

= 0.40, 𝐹
(

𝜏2
)

= 0.60 (left) and 𝐹
(

𝜏1
)

= 0.20,
𝐹
(

𝜏2
)

= 0.40 (middle and right). The expected number of failures per stress-level are given in parentheses. For 𝑇 and 𝜒2, the approximated power values based
on their unconditional distributions are given in a separate line, below the corresponding exact powers.
𝜃2 𝑟 = 16 (8, 4, 4) 𝑟 = 12 (4, 4, 4) 𝑟 = 16 (4, 4, 8)

𝛬 𝛬̃ 𝑇 𝜒2 𝛬 𝛬̃ 𝑇 𝜒2 𝛬 𝛬̃ 𝑇 𝜒2

0.20 0.8715 0.5546 0.6773 0.3787 0.8063 0.3904 0.5936 0.4440 0.6551 0.5476 0.7742 0.6236
0.6723 0.3790 0.5928 0.4413 0.7696 0.6240

0.25 0.7516 0.4544 0.5717 0.3282 0.6699 0.2960 0.4672 0.3738 0.4107 0.4889 0.7081 0.5659
0.5668 0.3285 0.4662 0.3708 0.7030 0.5664

0.50 0.2183 0.1715 0.2648 0.1733 0.1428 0.0998 0.1960 0.1841 0.1355 0.2479 0.4060 0.3307
0.2601 0.1737 0.1954 0.1820 0.4006 0.3311

Table 6
Simulated powers for all considered conditional tests in case of 𝑚 = 3, 𝑛 = 40, and 𝑟 ∈ {24, 32}, with 𝐹

(

𝜏1
)

= 0.40, 𝐹
(

𝜏2
)

= 0.60 (left) and 𝐹
(

𝜏1
)

= 0.20,
𝐹
(

𝜏2
)

= 0.40 (middle and right). The expected number of failures per stress-level are given in parentheses. For 𝑇 and 𝜒2, the approximated power values based
on their unconditional distributions are given in a separate line, below the corresponding exact powers.
𝜃2 𝑟 = 32 (16, 8, 8) 𝑟 = 24 (8, 8, 8) 𝑟 = 32 (8, 8, 16)

𝛬 𝛬̃ 𝑇 𝜒2 𝛬 𝛬̃ 𝑇 𝜒2 𝛬 𝛬̃ 𝑇 𝜒2

0.20 0.9890 0.9255 0.9416 0.6242 0.9769 0.8358 0.9075 0.7030 0.7862 0.9371 0.9790 0.8782
0.9426 0.6221 0.9065 0.7055 0.9796 0.8771

0.25 0.9408 0.8614 0.8783 0.5522 0.9187 0.7282 0.8058 0.6104 0.5366 0.9171 0.9635 0.8340
0.8800 0.5501 0.8044 0.6132 0.9643 0.8325

0.50 0.2875 0.4528 0.5029 0.2937 0.1843 0.2944 0.3822 0.2980 0.2967 0.6681 0.7471 0.5753
0.5064 0.2913 0.3802 0.3009 0.7501 0.5730

see formula (15) in Zhu et al. (2020). Thus, in the next section we compare the power of the four tests under multilevel (𝑚 > 2)
xperiment design only for progressive SSALT.

.2. Powers for 𝑚 > 2

Before setting the parameters for the multilevel simulations (𝑚 > 2), we make the following remark. In numerous practical
roblems and theoretical analysis it is assumed that the stress factor levels are equally-spaced, see for example Lu et al. (2006)
nd Wu et al. (2008). In this case the experiment stress levels form an arithmetic sequence, i.e.,

𝑥𝑗 = 𝑥1 + (𝑗 − 1) 𝑞, for 𝑗 = 1, 2,… , 𝑚, (32)

ith 𝑞 > 0 in progressive SSALT and 𝑞 < 0 in regressive SSALT. Additionally, if the function ℎ(⋅) in the log-link relation (1) is
onotonic, it can be standardized. When ℎ(⋅) is increasing and 𝑞 > 0 in (32), we can define

ℎ∗
(

𝑥𝑗
)

=
ℎ
(

𝑥𝑗
)

− ℎ
(

𝑥1
)

ℎ
(

𝑥𝑚
)

− ℎ
(

𝑥1
) , such that 0 ≤ ℎ∗

(

𝑥𝑗
)

≤ 1 for 𝑗 = 1, 2,… , 𝑚. (33)

Then the life-stress relationship (1) can be expressed as

log
(

𝜃𝑗
)

= 𝛼∗ + 𝛽∗ℎ∗
(

𝑥𝑗
)

, where 𝛼∗ = 𝛼 + 𝛽ℎ
(

𝑥1
)

and 𝛽∗ = 𝛽
(

ℎ
(

𝑥𝑚
)

− ℎ
(

𝑥1
))

.

If ℎ(⋅) is the identity function, then ℎ∗ (⋅) in (33) is simplified to ℎ∗
(

𝑥𝑗
)

= (𝑗 − 1)∕(𝑚 − 1). Furthermore, when ℎ
(

𝑥𝑗
)

= log
(

𝑥𝑗
)

, we
get

ℎ∗
(

𝑥𝑗
)

=
log

(

1 + (𝑗 − 1) 𝑞
𝑥1

)

log
(

1 + (𝑚 − 1) 𝑞
𝑥1

) and ℎ∗
(

𝑥𝑗
)

⟶
𝑗 − 1
𝑚 − 1

as 𝑞
𝑥1

→ 0.

n a similar way, it is easy to check that

ℎ∗
(

𝑥𝑗
)

=
𝑗 − 1
𝑚 − 1

1 − (𝑚 − 1) 𝑞
𝑥1

1 − (𝑗 − 1) 𝑞
𝑥1

and ℎ∗
(

𝑥𝑗
)

⟶
𝑗 − 1
𝑚 − 1

as 𝑞
𝑥1

→ 0,

hen 𝑞 < 0 in (32), −𝑞∕𝑥1 < 1∕(𝑚 − 1) and ℎ
(

𝑥𝑗
)

= 1∕𝑥𝑗 (corresponding to the Arrhenius law). Hence, if the absolute value of 𝑞
s relatively small compared to 𝑥1, the standardized stress loading ℎ (⋅) does not depend on the stress increment 𝑞 and (1) is close
o the log-linear relationship. Further, notice that both the standardized logarithmic and reciprocal link functions approximate the
dentity relation from above, with the logarithmic having a smaller convergence rate. Therefore, we can conclude that the Arrhenius
10

ife-stress relation is less sensitive than the logarithmic link in terms of relatively small changes of the stress increment step. However,
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Table 7
Simulated powers for all considered conditional tests in case of 𝑚 = 4, 𝑛 = 20, and 𝑟 ∈ {12, 16}, with 𝐹

(

𝜏1
)

= 0.35, 𝐹
(

𝜏2
)

= 0.50, 𝐹
(

𝜏3
)

= 0.65 (left) and
𝐹
(

𝜏1
)

= 0.15, 𝐹
(

𝜏2
)

= 0.30, 𝐹
(

𝜏3
)

= 0.45 (middle and right). The expected number of failures per stress-level are given in parentheses. For 𝑇 and 𝜒2, the
approximated power values based on their unconditional distributions are given in a separate line, below the corresponding exact powers.
𝜃2 𝑟 = 16 (7, 3, 3, 3) 𝑟 = 12 (3, 3, 3, 3) 𝑟 = 16 (3, 3, 3, 7)

𝛬 𝛬̃ 𝑇 𝜒2 𝛬 𝛬̃ 𝑇 𝜒2 𝛬 𝛬̃ 𝑇 𝜒2

0.20 0.7780 0.5990 0.7531 0.4594 0.6840 0.3506 0.5838 0.4973 0.3695 0.6566 0.8868 0.7301
0.7488 0.4598 0.5832 0.4945 0.8840 0.7305

0.25 0.6158 0.5388 0.6886 0.4160 0.4551 0.2855 0.4987 0.4395 0.3091 0.6587 0.8618 0.6972
0.6842 0.4164 0.4981 0.4367 0.8586 0.6976

0.50 0.2636 0.2766 0.4015 0.2500 0.0769 0.1438 0.2842 0.2553 0.1371 0.3168 0.5162 0.4344
0.3965 0.2504 0.2835 0.2532 0.5102 0.4349

Table 8
Simulated powers for all considered conditional tests in case of 𝑚 = 4, 𝑛 = 40, and 𝑟 ∈ {24, 32}, with 𝐹

(

𝜏1
)

= 0.35, 𝐹
(

𝜏2
)

= 0.50, 𝐹
(

𝜏3
)

= 0.65 (left) and
𝐹
(

𝜏1
)

= 0.15, 𝐹
(

𝜏2
)

= 0.30, 𝐹
(

𝜏3
)

= 0.45 (middle and right). The expected number of failures per stress-level are given in parentheses. For 𝑇 and 𝜒2, the
approximated power values based on their unconditional distributions are given in a separate line, below the corresponding exact powers.
𝜃2 𝑟 = 32 (14, 6, 6, 6) 𝑟 = 24 (6, 6, 6, 6) 𝑟 = 32 (6, 6, 6, 14)

𝛬 𝛬̃ 𝑇 𝜒2 𝛬 𝛬̃ 𝑇 𝜒2 𝛬 𝛬̃ 𝑇 𝜒2

0.20 0.9224 0.9474 0.9690 0.7191 0.8716 0.8030 0.9062 0.7660 0.7294 0.9801 0.9972 0.9440
0.9696 0.7175 0.9054 0.7683 0.9972 0.9435

0.25 0.8015 0.9203 0.9448 0.6674 0.5916 0.7214 0.8343 0.6869 0.7088 0.9821 0.9958 0.9283
0.9458 0.6657 0.8329 0.6895 0.9959 0.9278

0.50 0.4767 0.6754 0.7249 0.4336 0.1518 0.4574 0.5737 0.4400 0.2588 0.7717 0.8540 0.7067
0.7277 0.4312 0.5716 0.4427 0.8559 0.7048

in order to make our simulation study independent of the stress values 𝑥𝑗 , for 𝑗 = 1,… , 𝑚, we assume equally-spaced stress levels
with ℎ(⋅) being the identity function. The results of the performed simulations for 𝑚 = 3, 4, 𝑛 = 20, 40 and different choices of 𝑟, 𝜏1, 𝜏2
and 𝜏3 are given in Tables 5–8. Similar to the tables for simple SSALT, the expected numbers of failures on each stress level are given
next to the value of 𝑟. In addition, for the multilevel SSALT settings the reported powers based on the unconditional distributions
of 𝑇 and 𝜒2 are even closer to conditional ones compared to the simple SSALT results in Tables 1–4.

By comparing the simulation results for 𝑛 = 20, 𝑟 = 16 in Tables 5 and 7 and for 𝑛 = 40, 𝑟 = 32 in Tables 6 and Table 8, we can
conclude that in contrast to the tests based on 𝛬̃, 𝑇 and 𝜒2 the power of 𝛬 is not strictly increasing when we increase the number of
stress levels. Therefore, in some multilevel scenarios the test procedure associated with the log-likelihood statistic 𝛬 is not the most
powerful. In general, the test induced by 𝑇 seems to overpower the others in most multilevel parameter configurations. Furthermore,
if we consider the case 𝑛 = 20 and 𝑟 = 16, the greatest power for 𝜃2 = 0.50 is 0.5162, obtained by 𝑇 with 𝑚 = 4, 𝐹

(

𝜏1
)

= 0.15,
𝐹
(

𝜏2
)

= 0.30, 𝐹
(

𝜏3
)

= 0.45 and exceeds all 𝛬 powers in the corresponding simple SSALT designs (𝑚 = 2). Similarly, for 𝜃2 = 0.25 the
best power 0.8618 is also for 𝑚 = 4 and 𝑇 . When 𝑛 = 20, 𝑟 = 16 and 𝜃2 = 0.20 the largest power of 𝑇 for 𝑚 = 4 (0.8868) is close to the
best power of 𝛬 for 𝑚 = 2 (0.9053). If we fix 𝑛 = 20, 𝑟 = 16, 𝑚 = 4, 𝐹

(

𝜏1
)

= 0.10, 𝐹
(

𝜏2
)

= 0.20 and 𝐹
(

𝜏3
)

= 0.40, further simulation
experiments (not presented here) show that the powers of 𝑇 are increased to 0.9739 and 0.9513 for 𝜃2 = 0.50 and 𝜃2 = 0.25,
respectively, while for 𝜃2 = 0.20 the power is slightly decreased to 0.4759. Hence, the test statistic 𝑇 and the multilevel settings
should be included in the procedure of constructing an optimal design based on test powers. Additionally, since the simulated power
results indicate that 𝜒2 and 𝑇 have similar design sensitivity, in order to find the best experiment design we could use the 𝜒2 test
based on its unconditional (scale invariant) distribution as an easy to implement approximation that requires fewer computational
resources. We should remark as well that under the multilevel design we use the log-link assumption which allows us to extrapolate
the model to NOC. Therefore, the statistics 𝑇 and 𝜒2 are appropriate not only in testing if there is a change of the mean lifetime
over the stress levels but also in revealing the structure of this relation.

5. Illustrative example

In this section, we apply the derived scale tests to a real data example in Lu et al. (2006). The study aimed to use a multilevel
SSALT procedure to estimate the reliability of a rear suspension aft lateral link. Lu et al. (2006) made the following assumptions:

(a) under stress level 𝑥𝑗 (load, in lbs), the unit lifetime (in cycles) has a two-parameter Weibull distribution with cdf 𝐹 (𝑡) =
1 − exp

(

−(𝑡∕𝜃𝑗 )𝛿
)

, where the shape parameter 𝛿 is constant on all stress levels,
(b) ℎ(𝑥𝑗 ) = log(𝑥𝑗 ) in the log-link relation, i.e.,

log
(

𝜃𝑗
)

= 𝛼 + 𝛽 log
(

𝑥𝑗
)

,

(c) the cumulative exposure (CE) assumption holds.
11
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Table 9
Experiment design and estimations based on the pilot and main studies by Lu et al. (2006).

Stress load (lbs) Stress level interval 𝜏𝑗 𝐹 ∗
𝑇

(

𝜏𝑗
)

𝜃∗𝑗 𝐷𝑗 𝐹𝑇
(

𝜏𝑗
)

𝜃̂𝑗

2000 0 ≤ 𝑡 < 6123 6123 0.058 102 062 0 0.014 447 051
2400 6123 ≤ 𝑡 < 9184 9184 0.148 30 606 1 0.088 38 809
2800 9184 ≤ 𝑡 < 10 715 10 715 0.258 11 055 3 0.332 4915
3200 10 715 ≤ 𝑡 < 11 480 11 480 0.372 4576 5 0.737 821
3600 11 480 ≤ 𝑡 < 11 863 11 863 0.477 2102 3 0.973 169
4000 11 863 ≤ 𝑡 < 12 054 12 054 0.564 1048 0 1.000 41
4400 12 054 ≤ 𝑡 < 12 150 12 150 0.633 558 0 1.000 11
4800 12 150 ≤ 𝑡 < 12 198 12 198 0.685 314 0 1.000 4

Table 10
Observed values of test statistics with associated critical values and 𝑝-values for testing 𝐻0 ∶ 𝛽 = 𝛽 = −15.5920 in case of complete data (𝑟 = 𝑛 = 12) and
under 17% and 33% censoring (𝑟 = 10 and 𝑟 = 8). The critical values for the two-sided 𝜒2 tests are given as vectors, i.e., the corresponding acceptance regions
are provided. For 𝑇 and 𝜒2, the approximated critical values and 𝑝-values based on their unconditional distributions are given in a separate line, below the
conditional ones.

𝑟 = 12 𝑟 = 10 𝑟 = 8

𝛬 𝛬̃ 𝑇 𝜒2 𝛬 𝛬̃ 𝑇 𝜒2 𝛬 𝛬̃ 𝑇 𝜒2

Obs. statistic 77.09 0.01 1.06 19.97 56.43 0.02 1.20 16.18 40.47 0.01 1.25 12.08

Crit. value(s) 118.86 5.03 31.01 (11.04, 36.82) 93.30 5.02 25.77 (8.26, 31.54) 69.47 4.94 20.52 (5.80, 26.07)
30.84 (10.98, 36.78) 26.03 (8.23, 31.53) 20.62 (5.63, 26.12)

𝑝-value 0.698 0.933 0.997 0.822 0.724 0.907 0.985 0.837 0.658 0.934 0.954 0.799
0.996 0.830 0.985 0.840 0.953 0.800

By conducting a pilot study on constant stress levels, Lu et al. (2006) constructed a SSALT design with 𝑚 = 8 levels and Type-I
ensoring scheme. The selected stress loads 𝑥𝑗 and the changing times 𝜏𝑗 are given in Table 9. As pointed in Hu et al. (2013), all

confident intervals for 𝛿 from the pilot study results contain the value 1, i.e., we may assumed that the unit lifetimes are exponentially
distributed. Furthermore, after standardizing the stress function by

ℎ∗
(

𝑥𝑗
)

=
log

(

𝑥𝑗
)

− log (1500)
log (4800) − log (1500)

, for 𝑗 = 1, 2,… , 8, where 1500 is the stress load under NOC,

Hu et al. (2013) obtained that the least square estimates of 𝛼 and 𝛽 are 13.4337 and −7.6836, respectively. The corresponding single
unit cdf 𝐹 ∗

𝑇 (⋅) at 𝜏𝑗 and mean lifetimes 𝜃∗𝑗 are presented in Table 9.
In their main SSALT experiment, Lu et al. (2006) tested 𝑛 = 12 units, all of which broke on the first 5 stress levels. The number

of failures on each level 𝐷𝑗 are given as the sixth column of Table 9, whereas the exact failure times can be found in Lu et al.
(2006). From the obtained results we find the least square estimates to be 𝛼̂ = 16.8668 and 𝛽 = −15.5920. The associated cdf 𝐹𝑇 (⋅)
at 𝜏𝑗 and mean lifetimes 𝜃̂𝑗 are also listed in Table 9. Since the observed values 𝐷𝑗 do not agree with the pilot study estimates

∗
𝑇
(

𝜏𝑗
)

, it is evident that −7.6836 cannot be accepted as the value of 𝛽. However, we can use the scale tests in Section 3 for testing
0 ∶ 𝛽 = 𝛽0 = 𝛽. As there is no censoring observed in the data, we apply the four test for the complete sample (𝑟 = 12) and also for
ype-II censoring with 𝑟 = 10 and 𝑟 = 8. The observed statistics, critical values and 𝑝-values are given in Table 10. All 𝑝-values are

arger than 0.05, so we cannot reject the hypothesis that 𝛽 = −15.5920. Moreover, it seems that the introduced Type-II censoring
as a very small effect on the four testing procedures. Further, notice that the critical regions corresponding to the unconditional
scale invariant) tests of 𝑇 and 𝜒2 are very similar to the conditional ones, leading thus to the same conclusions.

. Conclusions

In this paper, we have considered three modifications of the log-likelihood ratio statistic 𝛬 suggested by Zhu et al. (2020) for
esting the scale parameter in the simple SSALT model with exponential lifetimes and under Type-II censoring. We have proved the
ndependent and exponential properties of the normalized spacings in SSALT framework and used them to define the statistic 𝛬̃

which is asymptotically equivalent to 𝛬 and more appropriate for regressive SSALT. Following the spacings based approach of other
studies on exponential testing procedures we have proposed two scale invariant alternatives of 𝛬, namely 𝑇 and 𝜒2. The derived
tatistics together with the log-likelihood method have been extended to the multilevel SSALT under the assumption of log-link
elation between the mean lifetimes and the stress levels. Based on simulation results we have concluded that 𝑇 and 𝜒2 are more

helpful in multilevel scenarios which in some cases lead to more powerful tests compared to simple step-stress designs. As a future
work it would be interesting to develop algorithms for finding an optimal SSALT design in terms of scale test powers and analyze
simple versus multilevel designs. Furthermore, a generalization of the obtained results could be considered when the data sample
12

is censored by interval monitoring of the experiment (see, Bobotas and Kateri, 2015 and Lee and Pan, 2012).
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ppendix. Proofs

roof of Theorem 1. We derive the probability density function (pdf) of 𝑇 by taking the derivative of the cdf in (2):

𝑓𝑇 (𝑡) =
1
𝜃𝑘

exp
(

−
𝑡 − 𝜏𝑘−1

𝜃𝑘

)

exp

(

−
𝑘−1
∑

𝑗=1

𝜏𝑗 − 𝜏𝑗−1
𝜃𝑗

)

, for 𝜏𝑘−1 < 𝑡 ≤ 𝜏𝑘,

where 0 ≡ 𝜏0 < 𝜏1 < ⋯ < 𝜏𝑚 ≡ ∞, 𝑘 = 1, 2… , 𝑚 and ∑0
𝑗=1 (⋅) ≡ 0. Then, the joint density of 𝑇1∶𝑛,… , 𝑇𝑛∶𝑛 is

𝑓 (𝑡1∶𝑛,… , 𝑡𝑛∶𝑛) = 𝑛!
𝑛
∏

𝑖=1

1
𝜃𝓁(𝑖)

exp
(

−
𝑡𝑖∶𝑛 − 𝜏𝓁(𝑖)−1

𝜃𝓁(𝑖)

)

exp

(

−
𝓁(𝑖)−1
∑

𝑗=1

𝜏𝑗 − 𝜏𝑗−1
𝜃𝑗

)

. (34)

From (4) it follows that

𝑇𝑖∶𝑛 =
𝜃𝓁(𝑖)
𝜃1

𝑇 ∗
𝑖∶𝑛 + 𝜏𝓁(𝑖)−1 − 𝜃𝓁(𝑖)

𝓁(𝑖)−1
∑

𝑗=1

𝜏𝑗 − 𝜏𝑗−1
𝜃𝑗

, for 𝑖 = 1, 2,… , 𝑛, i.e., (35)

the determinant of the Jacobian transformation matrix is ∏𝑛
𝑖=1

(

𝜃𝓁(𝑖)∕𝜃1
)

. By combining this fact with (34) and (35), we obtain that
the joint density of 𝑇 ∗

1∶𝑛,… , 𝑇 ∗
𝑛∶𝑛 is

𝑓 ∗(𝑡∗1∶𝑛,… , 𝑡∗𝑛∶𝑛) = 𝑛!
𝑛
∏

𝑖=1

1
𝜃1

exp
(

−
𝑡∗𝑖∶𝑛
𝜃1

)

,

which completes the proof. □

Proof of Theorem 2. Since 𝑇𝐷1∶𝑛 is the largest (maximal) observation on the first level, by formula (25) in Balakrishnan et al.
(2007), the conditional cdf of 𝑇𝐷1∶𝑛, given that 𝐷1 = 𝑑, can be expressed as

𝐹 𝑇𝐷1∶𝑛
|

|

|

𝐷1=𝑑
(𝑡) =

(

𝐹 (𝑡)
𝐹 (𝜏1)

)𝑑
, for 0 ≤ 𝑡 ≤ 𝜏1, (36)

with 𝐹 (𝑡) = 1 − exp
(

−𝑡∕𝜃1
)

being the cdf of 𝐸𝑥𝑝(1∕𝜃1).
Let us denote by 𝑝 the probability of a failure on the first stress level. Then, 𝐷1 has binomial distribution with parameters 𝑛 and

, where 𝑝 = 𝐹 (𝜏1) = 1 − exp
(

−𝜏1∕𝜃1
)

and 0 < 𝑝 < 𝜌 ≤ 1. Furthermore, by using (12) and (36), for 0 ≤ 𝑡 ≤ 𝜏1 (𝑛 − 𝑟 + 1) we obtain

𝑃
(

𝑍 > 𝑡| 1 ≤ 𝐷1 ≤ 𝑟 − 1
)

= 𝐹 𝑇𝐷1∶𝑛
|

|

|

1≤𝐷1≤𝑟−1

(

𝜏1 −
𝑡

𝑛 −𝐷1

)

=

𝑟−1
∑

𝑑=1

(

𝑛
𝑑

)

(

𝐹
(

𝜏1 −
𝑡

𝑛 − 𝑑

))𝑑
(1 − 𝑝)𝑛−𝑑

𝑃
(

1 ≤ 𝐷1 ≤ 𝑟 − 1
) . (37)

Since the binomial properties of 𝐷1 and the relation 𝑟 = [𝜌𝑛] > 𝑝𝑛, the number of failures on the first level is almost surely observed
for large sample sizes, i.e., 𝑃

(

1 ≤ 𝐷1 ≤ 𝑟 − 1
)

⟶ 1 as 𝑛 → ∞. Hence, in order to find the asymptotic distribution of 𝑍 it is sufficient
to study only the numerator in (37).

Let us fix a real constant 𝛿, such that 1∕2 < 𝛿 < 1, and denote the terms of the sum in (37) by 𝐴(𝑑, 𝑡) for short. Then, for large
values of 𝑛 we have

𝑃
(

𝑍 > 𝑡| 1 ≤ 𝐷1 ≤ 𝑟 − 1
)

≈
𝑑∗−1
∑

𝑑=1
𝐴(𝑑, 𝑡) +

𝑑∗∗
∑

𝑑=𝑑∗
𝐴(𝑑, 𝑡) +

𝑟−1
∑

𝑑=𝑑∗∗+1
𝐴(𝑑, 𝑡), (38)

here 𝑑∗ =
[

𝑝
(

𝑛 − 𝑛𝛿
)]

and 𝑑∗∗ =
[

𝑝
(

𝑛 + 𝑛𝛿
)]

with [𝑥] being the integer part of 𝑥 and ‘‘≈’’ denoting asymptotic equivalence. From
the fact that 𝐴 (𝑑, 𝑡) ≤ 𝑃

(

𝐷1 = 𝑑
)

for 𝑡 ≥ 0 and 0 ≤ 𝑑 < 𝑛, it follows that the first sum in (38) is less than or equal to 𝑃
(

𝐷1 < 𝑑∗
)

.
However, it is easy to check, for example by applying a normal approximation, that this probability converges to 0 for large values
of 𝑛. Similarly, the third sum in (38) converges to 0 as 𝑛 → ∞. For the second sum, we have

𝑑∗∗
∑

𝑑=𝑑∗

(

𝑛
𝑑

)

(

𝐹
(

𝜏1 −
𝑡

𝑛 − 𝑑∗∗
))𝑑

(1 − 𝑝)𝑛−𝑑 ≤
𝑑∗∗
∑

𝑑=𝑑∗
𝐴(𝑑, 𝑡) ≤

𝑑∗∗
∑

𝑑=𝑑∗

(

𝑛
𝑑

)

(

𝐹
(

𝜏1 −
𝑡

𝑛 − 𝑑∗
))𝑑

(1 − 𝑝)𝑛−𝑑 .

y using similar arguments as above, it can be further shown that
(

1 − 𝑝 + 𝐹
(

𝜏1 −
𝑡

∗∗

))𝑛
− 𝐵1 − 𝐵2 ≤

𝑑∗∗
∑

𝐴(𝑑, 𝑡) ≤
(

1 − 𝑝 + 𝐹
(

𝜏1 −
𝑡

∗

))𝑛
, (39)
13

𝑛 − 𝑑 𝑑=𝑑∗ 𝑛 − 𝑑
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where 𝐵1 =
∑𝑑∗−1

𝑑=0
(𝑛
𝑑

)

(

𝐹
(

𝜏1 −
𝑡

𝑛−𝑑∗∗

))𝑑
(1 − 𝑝)𝑛−𝑑 → 0 and 𝐵2 =

∑𝑛
𝑑=𝑑∗∗+1

(𝑛
𝑑

)

(

𝐹
(

𝜏1 −
𝑡

𝑛−𝑑∗∗

))𝑑
(1 − 𝑝)𝑛−𝑑 → 0, as 𝑛 → ∞, since

1 ≤ 𝑃
(

𝐷1 < 𝑑∗
)

, 𝐵2 ≤ 𝑃
(

𝐷1 > 𝑑∗∗
)

, (𝑑∗ − 𝑛𝑝) ∕
√

𝑛 → −∞ and (𝑑∗∗ − 𝑛𝑝) ∕
√

𝑛 → ∞. In addition, Taylor expansion of the most left
term in (39) gives

(

1 − 𝑝 + 𝐹
(

𝜏1 −
𝑡

𝑛 − 𝑑∗∗
))𝑛

= exp
(

𝑛
(

−
(1 − 𝑝)𝑡

𝜃1 (𝑛 − 𝑑∗∗)
+ 𝑂

(

1
𝑛2

)))

←←←←←←←←←←←←←←←←←←←←←→
𝑛→∞

exp
(

− 𝑡
𝜃1

)

.

Analogously, the most right term in (39) converges to exp
(

−𝑡∕𝜃1
)

, which implies that ∑𝑑∗∗
𝑑=𝑑∗ 𝐴(𝑑, 𝑡) also goes to exp

(

−𝑡∕𝜃1
)

.
Therefore, by combining the asymptotic results for the three sums in (38), it follows that

𝑃
(

𝑍 > 𝑡| 1 ≤ 𝐷1 ≤ 𝑟 − 1
)

←←←←←←←←←←←←←←←←←←←←←→
𝑛→∞

exp
(

− 𝑡
𝜃1

)

,

which completes the proof. □

Proof of Corollary 2. Let us fix a constant 𝛿 such that 0 < 𝛿 < 1 and rewrite the ratio 𝑍∕𝐷1 as 𝑍
𝐷1

= 𝑍
𝑛𝛿

𝑛𝛿

𝐷1
. Then, from Theorem 2

t follows that

𝑃
(

𝑍
𝑛𝛿

> 𝑡
|

|

|

|

1 ≤ 𝐷1 ≤ 𝑟 − 1
)

←←←←←←←←←←←←←←←←←←←←←→
𝑛→∞

0, for any 𝑡 > 0,

hile from the normal approximation of 𝐷1 we have

𝑃
(

𝑛𝛿

𝐷1
> 𝑡

|

|

|

|

1 ≤ 𝐷1 ≤ 𝑟 − 1
)

≤
𝑃
(

𝑛𝛿

𝐷1
> 𝑡

)

𝑃
(

1 ≤ 𝐷1 ≤ 𝑟 − 1
) =

𝑃

(

𝐷1 − 𝑛𝑝
√

𝑛𝑝(1 − 𝑝)
<

𝑛𝛿∕𝑡 − 𝑛𝑝
√

𝑛𝑝(1 − 𝑝)

)

𝑃
(

1 ≤ 𝐷1 ≤ 𝑟 − 1
) ←←←←←←←←←←←←←←←←←←←←←→

𝑛→∞

𝛷(−∞)
1

= 0,

or any 𝑡 > 0, with 𝛷(⋅) being the cdf of a standard normal variable. Thus, 𝑍∕𝑛𝛿 and 𝑛𝛿∕𝐷1 converge in probability to 0 as 𝑛 → ∞,
hich implies that 𝑍∕𝐷1 converge to 0 as well. The proof for 𝑍∕

(

𝑟 −𝐷1
)

is done in a similar manner. □

roof of Proposition 1. In order to prove the asymptotic equivalence of 𝛬 and 𝛬̃ let us first write their difference as

𝛬 − 𝛬̃ = −2𝐷1 log
(

1 + 𝑍
𝐷1𝜃1

)

− 2
(

𝑟 −𝐷1
)

log

(

1 −
𝑍𝛾0

(

𝑟 −𝐷1
)

𝜃2

)

,

here 𝜃1 and 𝜃2 are defined in (13) and (14), respectively. From Corollary 2 and the consistency of 𝜃1 and 𝜃2, we obtain

𝐷1
𝑍

log
(

1 + 𝑍
𝐷1𝜃1

)

p
⟶

1
𝜃1

and
𝑟 −𝐷1
𝑍

log

(

1 −
𝑍𝛾0

(

𝑟 −𝐷1
)

𝜃2

)

p
⟶ − 1

𝜃1
, as 𝑛 → ∞,

here
p

⟶ denotes convergence in probability. Hence,

𝛬 − 𝛬̃
𝑍

p
⟶ 0, as 𝑛 → ∞.

Since from Theorem 2 we have that the asymptotic distribution of 𝑍 is 𝐸𝑥𝑝
(

1∕𝜃1
)

, it follows that 𝛬 − 𝛬̃
p

⟶ 0. □

Proof of Theorem 3. Since 𝜅𝑎𝑗 = (𝜅∗)𝑎
∗
𝑗 , where 𝜅∗ = 𝜅−1 and 𝑎∗𝑗 = −𝑎𝑗 , the log-likelihood in (24) can be reparameterized with

𝜅∗ and 𝑎∗𝑗 such that 𝐺(𝜅) for 𝑎1,… , 𝑎𝑚 coincide with 𝐺(𝜅∗) for 𝑎∗1 ,… , 𝑎∗𝑚. Thus, without loss of generality we can assume that the
function ℎ(⋅) is monotonically increasing on 𝑥1, 𝑥2,… , 𝑥𝑚, i.e.,

0 = 𝑎1 < 𝑎2 < ⋯ < 𝑎𝑚. (40)

We can rewrite 𝐺(𝜅) in (25) as 𝐺(𝜅) =
∑𝑚

𝑗=1 𝑤𝑗𝜅
𝑎𝑗 , where

{

𝑤𝑗
}𝑚
𝑗=1 are given by

𝑤𝑗 =
∑

𝑖∈𝑗

𝑆(0)
𝑖 +

∑

𝑖∈(=,<)𝑗

𝑍𝑖 −
∑

𝑖∈(>,=)𝑗

𝑍𝑖 −
∑

𝑖∈(=,<)𝑗

(

𝓁(𝑖)−1
∑

𝑘=𝓁(𝑖−1)
𝑐𝑖,𝑘

)

+
∑

𝑖∈(>,≤)𝑗

𝑐𝑖,𝑗 , (41)

with index sets

𝑗 = {1 ≤ 𝑖 ≤ 𝑟 ∶ 𝓁(𝑖) = 𝑗} , (=,<)
𝑗 = {1 ≤ 𝑖 ≤ 𝑟 ∶ 𝓁(𝑖) = 𝑗 𝑎𝑛𝑑 𝓁(𝑖 − 1) < 𝑗}

(>,=)
𝑗 = {1 ≤ 𝑖 ≤ 𝑟 ∶ 𝓁(𝑖) > 𝑗 𝑎𝑛𝑑 𝓁(𝑖 − 1) = 𝑗} , (>,≤)

𝑗 = {1 ≤ 𝑖 ≤ 𝑟 ∶ 𝓁(𝑖) > 𝑗 𝑎𝑛𝑑 𝓁(𝑖 − 1) ≤ 𝑗} .

It is obvious that (=,<)
𝑗 ⊆ 𝑗 and (>,=)

𝑗 ⊆ (>,≤)
𝑗 . Then, we can reorder (41) in the following way

𝑤𝑗 =
∑

(=,<)

𝑆(0)
𝑖 +

∑

(=,<)

(

𝑆(0)
𝑖 +𝑍𝑖 −

𝓁(𝑖)−1
∑

𝑘=𝓁(𝑖−1)
𝑐𝑖,𝑘

)

+
∑

(>,=)

(

𝑐𝑖,𝑗 −𝑍𝑖
)

+
∑

(>,≤) (>,=)

𝑐𝑖,𝑗 . (42)
14
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From definitions (20) and (26) it is clear that 𝑆(0)
𝑖 ≥ 0 and 𝑐𝑖,𝑗 > 0, for 𝑖 = 1,… , 𝑟 and 𝑗 = 1,… , 𝑚− 1. By (4), (20) and (26), we can

show that

𝑆(0)
𝑖 +𝑍𝑖 −

𝓁(𝑖)−1
∑

𝑘=𝓁(𝑖−1)
𝑐𝑖,𝑘 = (𝑛 − 𝑖 + 1)

[

𝑇 (0)
𝑖∶𝑛 −

𝓁(𝑖)−1
∑

𝑘=1
𝛾 (0)𝑘

(

𝜏𝑘 − 𝜏𝑘−1
)

]

= (𝑛 − 𝑖 + 1)𝛾 (0)𝓁(𝑖)
(

𝑇𝑖∶𝑛 − 𝜏𝓁(𝑖)−1
)

≥ 0, if 𝑖 ∈ (=,<)
𝑗 ,

nd

𝑐𝑖,𝑗 −𝑍𝑖 = (𝑛 − 𝑖 + 1)

[

𝓁(𝑖−1)
∑

𝑘=1
𝛾 (0)𝑘

(

𝜏𝑘 − 𝜏𝑘−1
)

− 𝑇 (0)
𝑖−1∶𝑛

]

= (𝑛 − 𝑖 + 1)𝛾 (0)𝓁(𝑖−1)
(

𝜏𝓁(𝑖−1) − 𝑇𝑖−1∶𝑛
)

≥ 0, if 𝑖 ∈ (>,=)
𝑗 .

herefore, we conclude that each term in (42) is non-negative. Thus, the index sets in (41) allow us to express the function 𝐺(𝜅) in
25) as

𝐺(𝜅) =
𝑚
∑

𝑗=1
𝑤𝑗𝜅

𝑎𝑗 , where 𝑤𝑗 ≥ 0, for 𝑗 = 1,… , 𝑚, and 𝑤𝑗 > 0, if there is a failure on level 𝑗. (43)

In (43) it is possible 𝑤𝑗 > 0 even if there are no failures on level 𝑗, for 1 ≤ 𝑗 < 𝓁(𝑟). For instance, since 𝑎1 = 0 and the union
𝑗 ∪ (>,≤)

𝑗 is non-empty for 𝑗 = 1, we have that 𝑤1 > 0. Hence, 𝐺(𝜅) is strictly positive for 𝜅 ≥ 0. It is easy to check that

𝜅𝐺′(𝜅) =
𝑚
∑

𝑗=1
𝑤𝑗𝑎𝑗𝜅

𝑎𝑗 ←←←←←←←←←←←←←←←←←←←←←←←→
𝜅→0+

0. (44)

urthermore, from inequalities (27) and (40) we conclude that 𝑏 =
∑𝑟

𝑖=1 𝑎𝓁(𝑖) > 0. Thus, for the LHS of (28), denoted by 𝐻(𝜅), we
btain

𝐻(𝜅) =
𝜅𝐺′ (𝜅)
𝐺 (𝜅)

− 𝑏
𝑟
←←←←←←←←←←←←←←←←←←←←←←←→
𝜅→0+

− 𝑏
𝑟
< 0. (45)

From (27) and (40) it follows that 𝑎𝓁(1) ≤ 𝑎𝓁(2) ≤ ⋯ ≤ 𝑎𝓁(𝑟) with at least one strict inequality. Therefore, by (43), (44) and the fact
that 𝑤𝑗 = 0 for 𝑗 > 𝓁(𝑟),

𝜅𝐺′(𝜅)
𝐺(𝜅)

=
𝜅𝐺′(𝜅)∕𝜅𝑎𝓁(𝑟)

𝐺(𝜅)∕𝜅𝑎𝓁(𝑟)
←←←←←←←←←←←←←←←←←←←←←←→
𝜅→∞

𝑎𝓁(𝑟), which implies 𝐻(𝜅) ←←←←←←←←←←←←←←←←←←←←←←→
𝜅→∞

𝑎𝓁(𝑟) −
𝑏
𝑟
> 0. (46)

he function 𝐻(𝜅) is continuous for 𝜅 ≥ 0, since 𝐺(𝜅) and 𝜅𝐺′(𝜅) are continuous for 𝜅 ≥ 0 and 𝐺(0) > 0. Thus, from (45) and (46)
t is obvious that 𝐻(𝜅) has at least one root in the interval (0,∞). Hence, to prove that Eq. (28) has an unique solution, we need
dditionally to show that 𝐻(𝜅) is strictly increasing. Since 𝐺(𝜅) > 0 and

𝐻 ′(𝜅) =

[

𝜅𝐺′(𝜅)
]′ 𝐺(𝜅) − 𝜅

[

𝐺′(𝜅)
]2

𝐺2(𝜅)
, for 𝜅 ≥ 0,

t is sufficient to prove that

𝜅
[

𝜅𝐺′(𝜅)
]′ 𝐺(𝜅) −

[

𝜅𝐺′(𝜅)
]2 > 0, for 𝜅 > 0. (47)

From 𝜅
[

𝜅𝐺′(𝜅)
]′ =

∑𝑚
𝑗=1 𝑤𝑗𝑎2𝑗𝜅

𝑎𝑗 , it follows that (47) is equivalent to
( 𝑚
∑

𝑗=1
𝑤𝑗𝑎

2
𝑗𝜅

𝑎𝑗

)( 𝑚
∑

𝑗=1
𝑤𝑗𝜅

𝑎𝑗

)

−

( 𝑚
∑

𝑗=1
𝑤𝑗𝑎𝑗𝜅

𝑎𝑗

)2

> 0, for 𝜅 > 0. (48)

By combining the factors of 𝜅𝑎𝑖+𝑎𝑗 in (48) for 𝑖 = 1,… , 𝑚 and 𝑗 = 𝑖,… , 𝑚, we obtain that (48) is equivalent to
𝑚
∑

𝑖=1

𝑚
∑

𝑗=𝑖
𝑤𝑖𝑤𝑗

(

𝑎𝑖 − 𝑎𝑗
)2 𝜅𝑎𝑖+𝑎𝑗 > 0, for 𝜅 > 0. (49)

However, (49) is implied by the fact that 𝑤𝑗 ≥ 0, for 𝑗 = 1,… , 𝑚, and 𝑤𝑗 > 0 for at least two indices. Thus, the proof that 𝜅̂ is the
unique solution of (28) is completed.

To show that 𝓁1
(

𝜃1, 𝜅
)

is maximized at 𝜃1 = 𝐺 (𝜅̂)∕𝑟 and 𝜅 = 𝜅̂, we write the partial derivatives of 𝓁1 in (24) as

𝜕2𝓁1
𝜕𝜃21

= 𝑟
𝜃1

−
2𝐺 (𝜅)
𝜃31

,
𝜕2𝓁1
𝜕𝜅2

= − 𝑏
𝜅2

−
𝐺′′ (𝜅)
𝜃1

and
𝜕2𝓁1
𝜕𝜃1𝜕𝜅

=
𝜕2𝓁1
𝜕𝜅𝜕𝜃1

=
𝐺′ (𝜅)
𝜃21

.

Then, it is easy to check that for 𝜃1 = 𝐺 (𝜅̂)∕𝑟 and 𝜅 = 𝜅̂

𝜕2𝓁1
𝜕𝜃21

𝜕2𝓁1
𝜕𝜅2

−
(

𝜕2𝓁1
𝜕𝜃1𝜕𝜅

)2

= 𝑟4

𝜅̂2 (𝐺 (𝜅̂))4
[ 𝑏
𝑟
(𝐺 (𝜅̂))2 + 𝜅̂2𝐺′′ (𝜅̂)𝐺 (𝜅̂) −

(

𝜅̂𝐺′ (𝜅̂)
)2
]

. (50)

rom (28) and the fact that 𝐻 (𝜅̂) = 0, we have that

𝑏 =
𝜅̂𝐺′ (𝜅̂)

.

15

𝑟 𝐺 (𝜅̂)
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𝜕

b
𝑎

R

A
B
B

B
B

B

B

B
B
B
D
H
H

K
K
K
L
L
M
N
W
W

W

X
Z

Substituting the expression above in (50) results in

𝜕2𝓁1
𝜕𝜃21

𝜕2𝓁1
𝜕𝜅2

−
(

𝜕2𝓁1
𝜕𝜃1𝜕𝜅

)2

= 𝑟4

𝜅̂2 (𝐺 (𝜅̂))4
[

𝜅̂𝐺′ (𝜅̂)𝐺 (𝜅̂) + 𝜅̂2𝐺′′ (𝜅̂)𝐺 (𝜅̂) −
(

𝜅̂𝐺′ (𝜅̂)
)2
]

> 0, (51)

where the last inequality follows by (47). The proof of the theorem is completed by combining (51) with 𝜕2𝓁1∕𝜕𝜃21 < 0 and
2𝓁1∕𝜕𝜅2 < 0 for 𝜃1 = 𝐺 (𝜅̂)∕𝑟 and 𝜅 = 𝜅̂.

Notice that the order of 𝑎2,… , 𝑎𝑚 in the monotonicity assumption (40) is used only for the derivation of (46). Thus, (40) can
e relaxed to 0 = 𝑎1 < 𝑎𝑗 , for 𝑗 = 2,… , 𝑚, and 𝑎𝑗 ≠ 𝑎𝑘, for 𝑗 ≠ 𝑘. Then, the limit in (46) follows by substituting 𝑎𝓁(𝑟) with
𝑚𝑎𝑥 = max1≤𝑖≤𝑟

{

𝑎𝓁(𝑖)
}

. □
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