
Received: 30 June 2023 Revised: 7 August 2023 Accepted: 23 August 2023

DOI: 10.1002/pamm.202300158

RESEARCH ARTICLE

Numerical implementation of tension–compression
asymmetry in a gradient-extended two-surface
damage–plasticity model

Jian Zhang Tim Brepols Stefanie Reese

Institute of Applied Mechanics, RWTH
Aachen University, Aachen, Germany

Correspondence
Jian Zhang, Institute of Applied
Mechanics, RWTH Aachen University,
Mies-van-der-Rohe-Str. 1, D-52074
Aachen, Germany.
Email: jian.zhang@ifam.rwth-aachen.de

Abstract
Based on the spectral decomposition of the strain tensor, the tension-
compression asymmetry (TCA) in a gradient-extended two-surface damage-
plasticity model is considered in this study. More specifically, the gradient
extension is applied in the current model as a suitable damage regulariza-
tion technique to prevent pathological mesh dependence issues. Furthermore,
plasticity and damage are treated as distinct but strongly coupled dissipative
mechanisms by using two different types of damage and yield criteria as well as
the related loading/unloading conditions, respectively. Finally, a specific mate-
rial parameter ℎ𝑡𝑐 is adopted to control the degree of TCA which results in a
unique damage evolution in compression.

1 MICROMORPHIC GENERALIZATION ANDWEAK FORMOF THE PROBLEM

Forest [1] generalized many existing gradient-extended models by means of the micromorphic theory. The micromorphic
approachmakes use of two types of variables, namely local internal variables and related additional field variables (micro-
morphic variable), respectively. Based on this, the present model adopts a geometrically linear, quasi-static, and purely
mechanical framework, where the local damage variable 𝐷 is treated as internal variable, and the micromorphic variable
𝐷̄ is introduced by gradient effects. Moreover, the local variable 𝐷 is approximately equal to the micromorphic variable 𝐷̄
by choosing a sufficiently large coupling modulus as a penalty factor.
The linearmomentumbalance for the displacements𝐮 and the generalized force balance equation for themicromorphic

variable 𝐷̄ in the domain of body Ω are given by [2]

div(𝝈) + 𝐟 = 𝟎, div(𝒃𝑖) − 𝐚𝑖 = 𝟎. (1)

In the above, 𝝈 is the Cauchy stress tensor, 𝐟 denotes the conventional body forces, and 𝐚𝑖 , 𝒃𝑖 account for the internal
forces which are related to 𝐷̄ and its gradient ∇𝐷̄, respectively. Furthermore, Dirichlet Γ𝑢 and Neumann Γ𝑡 parts of the
boundary conditions are assumed as follows:

𝝈[𝐧] = 𝐭̂ on Γ𝑡, 𝐮 = 𝐮̂ on Γ𝑢, ∇𝐷̄ ⋅ 𝐧 = 0 on Γ, (2)

This is an open access article under the terms of the Creative Commons Attribution-NonCommercial-NoDerivs License, which permits use and distribution in any medium,
provided the original work is properly cited, the use is non-commercial and no modifications or adaptations are made.
© 2023 The Authors. Proceedings in Applied Mathematics and Mechanics published by Wiley-VCH GmbH.

Proc. Appl. Math. Mech. 2023;23:e202300158. wileyonlinelibrary.com/journal/pamm 1 of 10
https://doi.org/10.1002/pamm.202300158

https://orcid.org/0000-0002-0431-0191
https://orcid.org/0000-0002-1039-1776
mailto:jian.zhang@ifam.rwth-aachen.de
http://creativecommons.org/licenses/by-nc-nd/4.0/
https://wileyonlinelibrary.com/journal/pamm
https://doi.org/10.1002/pamm.202300158
http://crossmark.crossref.org/dialog/?doi=10.1002%2Fpamm.202300158&domain=pdf&date_stamp=2023-09-10


ZHANGet al. 2 of 10

where 𝐧 represents a unit outward normal vector at the boundary and 𝐮̂ and 𝐭̂ are prescribed displacements and tractions
at theDirichlet andNeumann boundaries, respectively.Moreover, it holdsΓ = Γ𝑢 ∪ Γ𝑡,Γ𝑢 ∩ Γ𝑡 = ∅. Finally, theweak form
of the problem can be obtained from the balance equations by multiplying suitable vectorial and scalar test functions 𝛿𝒖
and 𝛿𝐷̄ [3]:

𝑔(𝐮, 𝐷̄, 𝛿𝐮) ∶= ∫
Ω

(𝝈 ⋅ ∇s𝛿𝐮 − 𝐟 ⋅ 𝛿𝐮)𝑑Ω − ∫
Γ𝑡

𝐭̂ ⋅ 𝛿𝐮𝑑Γ = 0 ∀𝛿𝐮, (3)

ℎ(𝐮, 𝐷̄, 𝛿𝐷̄) ∶= ∫
Ω

−𝑎𝑖 𝛿𝐷̄ − 𝒃𝑖 ⋅ ∇𝛿𝐷̄)𝑑Ω = 0 ∀𝛿𝐷̄. (4)

2 TENSION-COMPRESSION ASYMMETRY IN DAMAGE

The effect of tension-compression asymmetry, which is also known as the “(quasi) unilateral effect” or “microde-
fects/crack closure effect” [4, 5], can be observed in plenty of materials such as metals [6], ceramics [7], and geological
materials [8, 9]. During the simulation of thementionedmaterials, it is necessary to consider TCA to describe failure realis-
tically by excluding spurious failure in compression. Following a common approach in the literature [5, 10], which consid-
ers TCA based on the spectral decomposition of the strain tensor, the present study extends the existing gradient-extended
two-surface damageplasticity models [2, 3, 11, 12] by considering different damage evolutions in tension and compression.

2.1 Helmholtz free energy

Prior to the consideration of TCA, the total strain is defined as 𝜺 ∶= ∇𝑠(𝐮) in the present geometrically linear model,
and it is assumed to be additive separable into an elastic strain 𝜺𝑒 and a plastic strain 𝜺𝑝. To model nonlinear kinematic
hardening, 𝜺𝑝 is further split into recoverable (𝜺𝑝𝑒) and irrecoverable (𝜺𝑝𝑖) parts:

𝜺 = 𝜺𝑒 + 𝜺𝑝 = 𝜺𝑒 + 𝜺𝑝𝑒 + 𝜺𝑝𝑖 . (5)

Furthermore, the total Helmholtz free energy is defined as the state potential of the present model. It contains four
parts, which are the elastic energy 𝜓𝑒, plastic energy 𝜓𝑝, damage hardening energy 𝜓𝑑, and the energy 𝜓𝑑 related to
micromorphic damage and its gradient, respectively:

𝜓 = 𝑓𝑑𝑎𝑚1(𝐷)
(
𝜓𝑒(𝜺𝑒) + 𝜓𝑝(𝜺𝑝𝑒 , 𝜉𝑝)

)
+ 𝜓𝑑(𝜉𝑑) + 𝜓𝑑(𝐷, 𝐷̄, ∇𝐷̄). (6)

In the above, 𝜉𝑝 denotes the plastic isotropic hardening variable, 𝜉𝑑 is the damage hardening variable, and 𝑓𝑑𝑎𝑚1(𝐷)

is a degradation function. The internal damage variable 𝐷 ranges from 0 to 1, representing material degradation in an
averaged manner.
In order to describe TCA in the material behavior, an additive decomposition of the elastic part of the free energy into

tension-related and compression-related parts is essential [5]. It reads

𝜓e(𝜺𝑒) =

(
1

2
𝜆
[
tr(𝜺+𝑒 )

]2
+ 𝜇𝜺+𝑒 ∶ 𝜺+𝑒

)
⏟⎴⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⎴⏟

𝜓+e

+

(
1

2
𝜆[tr(𝜺−𝑒 )]

2
+ 𝜇𝜺−𝑒 ∶ 𝜺−𝑒

)
⏟⎴⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⎴⏟

𝜓−e

, (7)

𝜺𝑒 = 𝜺 − 𝜺𝑝 = 𝜺+𝑒 + 𝜺−𝑒 , (8)

where 𝜆 and 𝜇 are the two Lamé constants. 𝜺+𝑒 and 𝜺−𝑒 denote the tension-related and the compression-related parts of the
elastic strain 𝜺𝑒, respectively. Based on the spectral decomposition [10], the following definitions of the elastic strain parts
are used:

𝜺+𝑒 =
∑
𝑖∈𝐴

𝜀𝑒𝑖𝒏𝑖 ⊗ 𝒏𝑖, 𝐴 = {𝑖 ∶ 𝜀𝑒𝑖 ≥ 0}, (9)

𝜺−𝑒 =
∑
𝑖∈𝐵

𝜀𝑒𝑖𝒏𝑖 ⊗ 𝒏𝑖, 𝐵 = {𝑖 ∶ 𝜀𝑒𝑖 < 0}. (10)
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Here, 𝜀𝑒𝑖 and 𝒏𝑖 are the eigenvalues and the eigenvectors of the elastic strain 𝜺𝑒, respectively. With this at hand, the total
energy can be rewritten as

𝜓 = 𝑓𝑑𝑎𝑚1(𝐷)
(
𝜓+𝑒 (𝜺

+
𝑒 ) + 𝜓𝑝(𝜺𝑝𝑒 , 𝜉𝑝)

)
+ 𝑓𝑑𝑎𝑚2(𝐷)𝜓

−
𝑒 (𝜺

−
𝑒 ) + 𝜓𝑑(𝜉𝑑) + 𝜓𝑑(𝐷, 𝐷̄, ∇𝐷̄), (11)

𝑓𝑑𝑎𝑚1(𝐷) = (1 − 𝐷)
2
, 𝑓𝑑𝑎𝑚2(𝐷) = (1 − ℎ𝑡𝑐𝐷)

2
. (12)

There are two degradation functions involved. 𝜓+𝑒 (𝜺+𝑒 ) and 𝜓−𝑒 (𝜺−𝑒 ) are degraded by 𝑓𝑑𝑎𝑚1(𝐷) and 𝑓𝑑𝑎𝑚2(𝐷), respectively.
Furthermore, by referring to the work of Miehe et al [13], 𝜓𝑝(𝜺𝑝𝑒 ) is degraded by 𝑓𝑑𝑎𝑚1(𝐷), which means that plasticity in
compression still drives damage evolution as in tension. However, further improvements of TCA in plasticity modeling
should be considered in the future. The parameter ℎ𝑡𝑐 in the second degradation function, which ranges from 0 to 1,
controls the degree of TCA. The degree of TCA increases if ℎ𝑡𝑐 gets smaller.
The details of the remaining parts in the Helmholtz free energy 𝜓 are as follows:

𝜓𝑝 =
𝑎

2
𝜺𝑝𝑒 ⋅ 𝜺𝑝𝑒 + 𝑒

(
𝜉𝑝 +

exp(−𝑓 𝜉𝑝) − 1

𝑓

)
, (13)

𝜓𝑑 = 𝑟

(
𝜉𝑑 +

exp(−𝑠 𝜉𝑑) − 1

𝑠

)
, (14)

𝜓𝑑 =
1

2
𝐻(𝐷 − 𝐷̄)2 +

1

2
𝐴∇𝐷̄ ⋅ ∇𝐷̄ (15)

The plastic energy 𝜓𝑝 comprises two terms: the first one pertains to nonlinear kinematic hardening, while the second
term relates to nonlinear isotropic hardening. 𝑎, 𝑒, and 𝑓 are constant material parameters about material properties.
Moreover, the energy contribution𝜓𝑑 comes fromnonlinear damage hardening in a formanalogous to isotropic hardening
in plasticity, with 𝑟 and 𝑠 being twomaterial parameters. Finally, themicromorphic damage part of the energy 𝜓𝑑 contains
two terms. The first term serves as an energetic penalty for the discrepancy between the local damage variable and the
micromorphic damage variable. The second term, associated with the gradient of the micromorphic damage variable,
characterizes the influence exerted by the gradient. The parameter 𝐻 is provided as a penalty factor, whereas parameter
𝐴 implicitly introduces an internal length scale into the formulation.

2.2 State relations and thermodynamic conjugate forces

The mechanical energy stored within a body during a deformation process is constrained by the second law of ther-
modynamics, ensuring that it does not surpass the mechanical work generated on the body. It implies that the total
mechanical dissipation within the body should consistently maintain a positive value. The isothermal local form of the
Clausius–Duhem inequality is used to derive consistent state relations of the model and reads

−𝜓̇ + 𝝈 ⋅ 𝜺̇ + 𝑎i ̇̄𝐷 + 𝐛i ⋅ ∇ ̇̄𝐷
⏟⎴⎴⎴⏟⎴⎴⎴⏟

Micromorphic extension

≥ 0. (16)

The above inequality includes the additional micromorphic extension terms that capture the influences of both themicro-
morphic damage and its first gradient in the second law of thermodynamics. Furthermore, the inequality can be rewritten
by substituting the Helmholtz free energy in Equation (16) (see [5]):

(
𝝈+ −

𝜕𝜓

𝜕𝜺+𝑒
∶
𝜕𝜺+𝑒
𝜕𝜺𝑒

)
⋅ 𝜺̇ +

(
𝝈− −

𝜕𝜓

𝜕𝜺−𝑒
∶
𝜕𝜺−𝑒
𝜕𝜺𝑒

)
⋅ 𝜺̇ +

(
𝑎 −

𝜕𝜓

𝜕𝐷̄

)
̇̄𝐷

+

(
𝒃 −

𝜕𝜓

𝜕∇𝐷̄

)
⋅ ∇ ̇̄𝐷 +

𝜕𝜓

𝜕𝜺𝑒
⋅ 𝜺̇𝑝 −

𝜕𝜓

𝜕𝜺𝑝𝑒
⋅ 𝜺̇𝑝𝑒 −

𝜕𝜓

𝜕𝜉𝑝
⋅ 𝜉̇𝑝 −

𝜕𝜓

𝜕𝐷
⋅ 𝐷̇ −

𝜕𝜓

𝜕𝜉𝑑
⋅ 𝜉̇𝑑 ≥ 0

(17)

To better describe the influence of different degradation functions if when TCA is considered, the elastic strain-
related terms in the inequality are divided into two parts, which are the tension-related and compression-related parts,
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respectively. As shown, 𝝈+ denotes the tension-related Cauchy stress which is effected by 𝑓𝑑𝑎𝑚1, while 𝝈− is the
compression-related Cauchy stress which is effected by𝑓𝑑𝑎𝑚2. The state relations of themodel are obtained by deliberately
setting the expressions in parentheses to zero. This leads to

𝝈 = 𝝈+ + 𝝈−, (18)

𝝈+ =
𝜕𝜓

𝜕𝜺+𝑒
∶
𝜕𝜺+𝑒
𝜕𝜺𝑒

, 𝝈− =
𝜕𝜓

𝜕𝜺−𝑒
∶
𝜕𝜺−𝑒
𝜕𝜺𝑒

, (19)

𝑎𝑖 =
𝜕𝜓

𝜕𝐷̄
= −𝐻(𝐷 − 𝐷̄), 𝒃𝑖 =

𝜕𝜓

𝜕∇𝐷̄
= 𝐴∇𝐷̄. (20)

The total Cauchy stress 𝝈 is equal to the sum of 𝝈+ and 𝝈−. Moreover, the internal forces 𝑎𝑖 and 𝒃𝑖 are obtained based on
the further state relations related to the micromorphic extension. The remaining portion on the left side should remain
greater than or equal to zero to ensure the validity of the dissipation inequality. Additionally, certain abbreviations have
been introduced to facilitate the notation of the thermodynamic conjugate forces in the model, leading to

𝝈 ⋅ 𝜺̇𝑝 −
𝜕𝜓

𝜕𝐷
⏟⏟⏟
∶=𝑌

𝐷̇ −
𝜕𝜓

𝜕𝜺𝑝𝑒
⏟⏟⏟
∶=𝝌𝑝

⋅𝜺̇𝑝𝑒 −
𝜕𝜓

𝜕𝜉𝑝
⏟⏟⏟
∶=𝑞𝑝

𝜉̇𝑝 −
𝜕𝜓

𝜕𝜉𝑑
⏟⏟⏟
∶=𝑞𝑑

𝜉̇𝑑 ≥ 0, (21)

𝝌 ∶=
𝜕𝜓

𝜕𝜺𝑝𝑒
= 𝑓𝑑𝑎𝑚1 𝑎 𝜺𝑝𝑒 , (22)

𝑞𝑝 ∶=
𝜕𝜓

𝜕𝜉𝑝
= 𝑓𝑑𝑎𝑚1 𝑒

(
1 − exp(−𝑓 𝜉𝑝)

)
, (23)

𝑞𝑑 ∶=
𝜕𝜓

𝜕𝜉𝑑
= 𝑟(1 − exp(−𝑠 𝜉𝑑)), (24)

𝑌 ∶= −
𝜕𝜓

𝜕𝐷
= 2(1 − 𝐷)

(
𝜓+𝑒 + 𝜓𝑝

)
+ 2(1 − ℎ𝑡𝑐 𝐷)𝜓

−
𝑒 − 𝐻(𝐷 − 𝐷̄). (25)

In the above, 𝝌 is the plastic back stress related to nonlinear kinematic hardening. 𝑞𝑝 denotes the thermodynamic con-
jugate force related to isotropic hardening. 𝑞𝑑 represents the stress induced by damage hardening. Furthermore, 𝑌 is the
damage conjugate force which includes tension-related and compression-related elastic energy, as well as plastic con-
tributions. Besides, there is an influence of the micromorphic damage variable 𝐷̄ in the expression of 𝑌, such that the
constitutive equations obtain a nonlocal character.

2.3 Two-surface damage–plasticity formulation

In the current model, a “two-surface” strategy is employed, whereby the yield function, damage function, and their
respective loading/unloading conditions are treated as distinct entities. As a result, damage and plasticity are regarded
as independent yet coupled physical mechanisms.

2.3.1 Plasticity modeling

In this study, a standard deviatoric von Mises-type yield function expressed in terms of effective variables is taken into
account. The expression of the yield function reads

Φ𝑝(𝝈̃, 𝝌̃ , 𝑞𝑝) =
√

3

2
‖‖𝝈̃′ − 𝝌̃ ′‖‖ − (

𝜎0 + 𝑞𝑝
) ≤ 0. (26)
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5 of 10

Here, 𝜎0 denotes the initial yield stress, whereas 𝝈̃′ and 𝝌̃ ′ are the effective deviatoric Cauchy stress and back stress,
respectively. Since TCA in damage is considered in the current study, the effective stress-like quantities differ from their
conventional definitions, that is,

𝝌̃ ∶=
𝝌

𝑓dam1(𝐷)
, 𝑞𝑝 ∶=

𝑞𝑝

𝑓dam1(𝐷)
, (27)

𝝈̃ ∶=
𝝈+

𝑓dam1(𝐷)
+

𝝈−

𝑓dam2(𝐷)
. (28)

Furthermore, the following thermodynamically consistent plastic evolution equations for the strain-like plastic internal
variables are postulated:

𝜺̇𝑝 = 𝜆̇𝑝
𝜕Φ𝑝

𝜕𝝈
=

√
3

2

𝜆̇𝑝

𝑓𝑑𝑎𝑚1

𝝈′ − 𝝌′

∥ 𝝈′ − 𝝌′ ∥
, (29)

𝜺̇𝑝𝑖 =
𝜆̇𝑝

𝑓𝑑𝑎𝑚1

𝑏

𝑎
𝝌̃ ′ =

𝜆̇𝑝

𝑓𝑑𝑎𝑚1
𝑏 𝜺𝑝𝑒 , (30)

𝜉̇𝑝 = −𝜆̇𝑝
𝜕Φ𝑝

𝜕𝑞𝑝
=

𝜆̇𝑝

𝑓𝑑𝑎𝑚1
. (31)

In the above, 𝑏 is an additional material constant related to nonlinear kinematic hardening and 𝜆̇𝑝 denotes the plastic
multiplier. Finally, the loading/unloading conditions for plasticity listed below need to be satisfied during the simulation:

𝜆̇𝑝 ≥ 0, Φ𝑝 ≤ 0, 𝜆̇𝑝 Φ𝑝 = 0. (32)

2.3.2 Damage modeling

The damage loading function is defined as [3]:

Φ𝑑(𝑌, 𝑞𝑑) = 𝑌 − (𝑌0 + 𝑞𝑑) ≤ 0, (33)

where 𝑌0 denotes the initial damage threshold. Φ𝑑 is chosen as an associative flow potential to derive evolution
equations of the strain-like damage variables, which are defined as

𝐷̇ = 𝜆̇𝑑
𝜕Φ𝑑

𝜕𝑌
, 𝜉̇𝑑 = −𝜆̇𝑑

𝜕Φ𝑑

𝜕𝑞𝑑
, (34)

Here 𝜆̇𝑑 denotes the damage multiplier. In analogy to plasticity, the following loading/unloading conditions for damage
need to be fulfilled as well:

𝜆̇𝑑 ≥ 0, Φ𝑑 ≤ 0, 𝜆̇𝑑Φ𝑑 = 0. (35)

3 NUMERICAL EXAMPLES

3.1 Studies at the integration point level

A single three-dimensional finite element model with unit length is used to investigate the effect of TCA, where the
standard three-dimensional eight-node brick element with full integration is adopted. Moreover, the performances of dif-
ferent values of ℎ𝑡𝑐 are compared under uniaxial and shear loading, respectively. The loading and boundary conditions
are shown in Figure 1; states of uniaxial and shear loading are realized by a horizontal force F(t), respectively. Finally, the
used material parameters are prescribed as 𝜆 = 5000 MPa , 𝜇 = 7500 MPa , 𝜎0 = 20 MPa , 𝑎 = 1900 MPa , 𝑏 = 8.5, 𝑒 =

400 MPa , 𝑓 = 2.5, 𝑌0 = 0.1MPa , 𝑟 = 1 MPa , 𝑠 = 1,𝐻 = 105 MPa , 𝐴 = 10 MPa mm2.
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F IGURE 1 Loading and boundary conditions.

F IGURE 2 Load–displacement curves under uniaxial tension.

F IGURE 3 Load–displacement curves under uniaxial compression.

The degree of TCA increases if ℎ𝑡𝑐 gets smaller. The load–displacement curves under uniaxial tension are shown in
Figure 2. The simulation results show that, as the degree of TCA increases, the stress 𝜎𝑥𝑥 at damage initiation will show
a minor increase, which indicates that the effect of TCA on uniaxial tensile loading is quite small. However, the load–
displacement curves in Figures 3 and 4 show that TCA has a significant influence on the simulation under uniaxial
compression and shear loading. The effects are mainly manifested in two aspects. First, as the degree of TCA increases,
the absolute value of the stress 𝜎𝑥𝑥 (for uniaxial compression) or 𝜎𝑥𝑧 (for shear loading) at damage onset increases sig-
nificantly. Second, if ℎ𝑡𝑐 is equal to 1, the damage variable D increases rapidly after the damage threshold is reached,
and the absolute value of the stress 𝜎𝑥𝑥 (uniaxial compression) or 𝜎𝑥𝑧 (shear loading) decreases significantly because the
damage-induced softening effect is greater than the plastic hardening effect. However, after applying TCA to counter-
act the spurious damage in compression, the damage-induced stress softening is diminished, and the absolute value of
𝜎𝑥𝑥 (for uniaxial compression) or 𝜎𝑥𝑧 (for shear loading) first decreases and then gradually increases after the damage
threshold is reached, and the absolute value of the stress keeps increasing when ℎ𝑡𝑐 is 0. Besides, the effect of TCA in the
current two-surface damage–plasticity model is comparable to the results of brittle damage in the literature [5]. Finally,
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F IGURE 4 Load–displacement curves under shear loading.

F IGURE 5 Geometry, dimensions, and boundary conditions of the asymmetrically notched specimen.

F IGURE 6 Force–displacement curves for different values of ℎ𝑡𝑐 .

it is worth to mention that the relationship between plastic hardening and damage evolution in compression should be
further investigated in future work.

3.2 Structural example

The second numerical example is a two-dimensional plane strain specimen with asymmetric notches, where the standard
two-dimensional four-node quadrilateral element with full integration is employed. As shown in Figure 5, a sample with
a length of 100 mm and a width of 36 mm has a 5-mm diameter notch at the top and bottom, respectively. Furthermore,
the boundary conditions for a state of uniaxial tension are given in Figure 5, where the left edge of the specimen is fully
fixed while a horizontal force 𝐹 is applied at its right edge.
The simulation results are obtained by using a converged mesh distribution with 1624 elements. Figure 6 presents the

force–displacement curves considering TCA, and 𝑌0 is 0.3MPa. Analogous to the simulation results at the integration
point, the maximum force at damage onset has a minor increase with the decrease of ℎ𝑡𝑐. In addition, the curves within
the rectangular region significantly differ for different ℎ𝑡𝑐, which can be attributed to the effect of TCA counteracting
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F IGURE 7 Damage contours 𝐷 (top) and accumulated plastic strain 𝜉𝑝 (bottom) for different values of ℎ𝑡𝑐 .

F IGURE 8 Force–displacement curves for different values of 𝑌0.

spurious damage in compression. As shown by the contours of 𝐷 and 𝜉𝑝 in Figure 7, damage propagates in the interior of
the asymmetric sample and eventually forms a “crack,” which connects the two notches. The fully developed failure zone
has a slight 𝑆-like shape, and the influence of TCA can be measured by the curvature of the failure zone, which increases
with the decrease of ℎ𝑡𝑐. The curvature is maximum if ℎ𝑡𝑐 equals 0, as there is no evolution of damage in compression.
In Figure 8, the influence of the damage threshold 𝑌0 is demonstrated, and the value of ℎ𝑡𝑐 is set to 0. As expected, a

higher𝑌0 value postpones the onset of damage. Besides, the effect of TCAbecomesmore apparent as the damage threshold
increases, which can be more clearly observed in combination with the contours of 𝐷 and 𝜉𝑝 in Figure 9. The curvature
of the “𝑆” shaped failure zone formed between the two notches increases with the increase of 𝑌0.

4 CONCLUSION

The numerical implementation of TCA in a gradient-extended two-surface damage–plasticity model has been presented
in this work. More precisely, based on the spectral decomposition of the elastic strain tensor, the elastic energy is split
into tension-related and compression-related parts. By multiplying two different degradation functions, different damage
evolutions in tension and compression are obtained. Subsequently, the effects of TCA at the integration points and in a
representative structural specimen are investigated through several numerical examples. The results show that the maxi-
mum force at the onset of damage increases if TCA is taken into account. Besides, in the selected asymmetrically notched
specimen, the shape of the fully developed failure zone is influenced by TCA as well, where the curvature of the failure
zone increases for decreasing of ℎ𝑡𝑐. In future studies, it is essential to further investigate the relationship between plastic
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F IGURE 9 Damage contours 𝐷 (top) and accumulated plastic strain 𝜉𝑝 (bottom) for different values of 𝑌0.

hardening and the damage evolution to improve the performance of the present model in counteracting spurious damage
in compression.
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