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Zusammenfassung

Die Simulation der instationdren Verbrennung von Festbrennstoffpartikeln
besteht aus dem Zusammenspiel mehrerer komplexer Phénomene wie zum
Beispiel Chemie und Turbulenz. Um solche Wechselwirkungen zu erfassen,
werden Modelle mit unterschiedlicher Genauigkeit verwendet. Daher ist es
wichtig, ihre Unsicherheiten zu quantifizieren und die Sensitivitdten der ver-
schiedenen Groéflen in Bezug auf diese Modellparameter zu analysieren. Als
Ausgangspunkt fiir diese Studie wird der stationére Verbrennungsprozess
eines einzelnen Feststoffpartikels betrachtet. Aufgrund der grofien Anzahl von
Parametern, die in solchen Simulationen vorkommen, ist ein reiner Vorwért-
sansatz fir die Sensitivititsanalyse nicht durchfithrbar. Daher wird die Ver-
wendung von adjungierten Algorithmen vorgeschlagen, um die zugrunde liegen-
den Sensitivitdten und Unsicherheiten zu identifizieren und zu quantifizieren.
Es werden sowohl diskrete als auch kontinuierliche adjungierte Algorithmen
betrachtet und mit konventionellen Anséitzen, wie z.B. Finite-Differenzen,
verglichen. Sensitivitdten, die Luft- und Oxyatmosphéren beschreiben, werden
in Bezug auf die relevanten Verbrennungsparameter fiir zwei verschiedene
Zusammensetzungen berechnet. Um die Auswirkungen von Instabilitdten und
Nichtlinearitdten auf die extrahierten Sensitivitdten zu beriicksichtigen, wird
ein halbdiskreter adjungierter Ansatz auf die instationidre Verbrennung von
Holzpartikeln angewandt. Zur Untersuchung des Gasphasenverbrennungsmod-
ells und zur Einbindung verschiedener Phénomene, wie die Entgasung, wurden
die Unsicherheiten von Gasphasenkinetikmodellen in einem nulldimensionalen
isobaren Reaktor untersucht. Die Active Subspace-Methode, ergénzt durch
die adjungierte Technik (AASM), erwies sich als ein effizientes Werkzeug
fiir diesen Zweck. Die Vorhersagen von AASM wurden mit einer kostengiin-
stigeren Methode, der linearen Approximation mit dem adjungierten Modell
(LAAM), berechnet. Schlielich wurde die Entwicklung der Sensitivitédten fiir
eine einzelne instationdre achsensymmetrische Partikelkonfiguration berech-
net, einschliellich verschiedener Phinomene wie Entgasung, Verbrennung
von Holzkohle und einem detaillierten Methan-Mechanismus fiir Gasphasen-
reaktionen. AASM wurde auch zur Quantifizierung der Unsicherheiten des
Modells genutzt.
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Abstract

Simulations of unsteady solid fuel particle combustion consist of the interaction
of multiple complex phenomena, such as chemistry, turbulence, etc. In order to
capture such interactions, models with variable fidelity are used. It is therefore
essential to quantify the uncertainty and analyze the sensitivities of different
quantities of interest with respect to these model parameters. The steady
combustion process of a single solid particle is considered as a starting point
for this study. The large number of parameters present in such simulations
makes a purely forward approach to sensitivity analysis infeasible. Therefore,
the use of adjoint-based algorithms to identify and quantify the underlying
sensitivities and uncertainties is proposed. Both discrete and continuous
adjoints are considered and compared to conventional approaches, such as finite
differences. Various quantities of interest are considered, and sensitivities with
respect to the relevant combustion parameters are reported for two different
free-stream compositions, describing air and oxy atmospheres. To address
the effect of unsteadiness and nonlinearity on the extracted sensitivities,
a semi-discrete adjoint approach is then applied to unsteady char particle
combustion. To examine the gas phase combustion model and to incorporate
various phenomena such as devolatilization, the uncertainty quantification of
gas phase kinetic models was studied in a zero-dimensional isobaric reactor.
The active subspace method augmented with the adjoint technique (AASM)
was found to be an efficient tool for this purpose. The predictions of AASM
were compared to a cheaper method, which is a linear approximation using
the adjoint model (LAAM). Finally, the sensitivities’ evolution was calculated
as a function of time for a single unsteady axisymmetric particle configuration,
including different phenomena such as devolatilization, char combustion, and
a detailed methane mechanism for gas phase reactions. AASM was also used
to quantify the uncertainties present in the model.
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Introduction

Climate change resulting from global warming has been a major topic of
concern over the past decade, posing a significant threat to life on earth.
High levels of carbon dioxide (COs) emissions contribute significantly to
this issue, particularly those resulting from the use of fossil fuels in daily
activities such as transportation and power generation. Solid fuels like coal
and biomass are particularly problematic, as they are still widely used in power
plants to generate energy. Furthermore, energy demands are increasing on a
regular basis, as shown in Figure 1.1. The International Energy Agency (IEA)
predicts that energy demands will reach 17.723Mt,,. in 2040, with an increase
of 3.409Mt,. compared to 2018. Despite efforts to reduce carbon emissions,
coal still has a significant share in energy sources, although introducing biomass
as better replacement. However, this will lead to an increase in carbon dioxide
(CO3) emissions, which could make it difficult to achieve global targets for
reducing COy emissions. As a result, it is crucial to prioritize the use of
carbon capture and storage (CCS) technology in order to reduce the amount
of C'O, released into the atmosphere. The application of oxy-fuel combustion
techniques is one such approach, in which the atmosphere is changed to a
mixture of Oy and C'O; instead of ambient air during the combustion process,
allowing for more efficient isolation of COs from the furnace flue. To achieve
optimal combustion conditions, pure oxygen must be mixed with recycled
COs to raise the temperature of the mixture. To study this phenomenon on
an experimental scale, Figure 1.2 shows an example of a burner with optical
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Figure 1.1.: International Energy Agency predictions for global primary energy
demand and energy-related CO2 emissions in the "stated policies" scenario [1].

access. This burner configuration provides a wide range of data that is used
to model the combustion process. However, the operating point of solid fuel
furnaces with this new oxygen-COs mixture differs from that of traditional
air-based furnaces, which are normally diluted with No, due to the different
thermal, diffusion, and reactive properties of the two mixtures.

Recent advances in computational fluid dynamics (CFD), have made it a
strong tool for predicting such flows and which together with the experiments
can help design and optimise the overall combustion process. As far as solid
fuel particles (coal/biomass) are concerned, combustion starts with the de-
volatilisation process, where partially oxidised smaller hydrocarbons and tars
are released from the fuel particles leaving a char residue behind. Typically,
devolatilisation occurs on a much faster time scale than the char burnout. As
a result, it is common practice to analyse char combustion and devolatization
processes individually, which for coal particles with relatively small volatile
matter is an acceptable assumption. Nevertheless, for accurate predictions,
devolatilisation, char combustion, heat transfer, and gas combustion, are
commonly modeled in the simulations. Figure 1.3 shows a simulation of a
jet of reactive particles performed by Farmand et al [3]. This is a common
configuration for studying solid fuel combustion, especially to analyze the
effect of particle interaction in different atmospheres and Reynolds numbers on
combustion processes. This configuration only considers point particles with-
out char combustion. To investigate sophisticated models, particle resolved
simulations with different levels of fidelity are used, such as those in [4, 5].



Figure 1.2.: A burner with an optically accessible quarl is being used for research
on oxy-fuel combustion at Technische Universitdt Darmstadt [2].

Gas
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Figure 1.3.: Simulation of reactive laminar jet of particles [3].



1. Introduction

Regardless of their fidelity, all existing models rely on many parameters in
order to approximate the physical solution. These parameters are normally
determined by experiments or small-scale simulations and contain a certain
level of uncertainty. Therefore, it is of great importance to determine the
sensitivity of the output (final solution or quantity of interest) to the existing
parameters in the model. The extracted sensitivities (uncertainties) can later
be used to build models consistent with the experimental data, as is done in
a study by Lavarone et al. [6], where Bound-to-Bound Data Collaboration is
used to derive a reduced char combustion model in both conventional and
oxy-conditions. In practice, most of the sensitivity information is extracted in
zero-dimensional or one-dimensional settings, focusing solely on the kinetics,
and therefore ignoring the effect of the underlying multi-dimensional flow
[7-9]. This is usually due to the fact that extracting the Jacobian (gradient)
of the full system, including the coupled hydrodynamic and reactive equa-
tions, using conventional approaches, becomes very expensive and in many
real-scale applications infeasible. Common methods in extracting the gradient
information are analytical or use finite differences. As far as the analytical
determination of the gradient is concerned, the subtleties associated with
the numerical approach, such as the meshing process, discretisation, and
the complexity of the governing equations, make extracting the analytical
gradient expression far from straightforward. In the case of finite differences,
on the other hand, the numerous parameters involved in modelling make this
approach prohibitively expensive for large problems and also overwhelmed by
numerical noise.

Adjoint-based methodologies allow the determination of the gradient at
a cost comparable to a single function evaluation, regardless of the number
of parameters, and are, therefore, a suitable alternative [10]. Traditionally,
adjoint equations are derived from the continuous equations by applying a
variational principle to the unconstrained optimization problem and setting
the first variations with respect to all independent variables to zero. This
results in governing equations for the direct (primal) and for the adjoint
(dual) variables, together with appropriate boundary and initial conditions
as well as optimality conditions, which subsequently have to be discretized
and solved [11-13]. This provides gradient or sensitivity information about
an optimisation problem.

The use of adjoint methods for design and optimisation has been an active
area of research, which started with the pioneering work of Pironneau [14], with
applications in fluid mechanics, and later in aeronautical shape optimisation
by Jameson and co-workers [15-17]. Ever since these ground-breaking studies,



adjoint-based methods have been widely used in fluid mechanics, especially
in the field of acoustics and thermo-acoustics [18, 19]. These areas provide a
suitable application for adjoint-based methods, which are inherently linear,
since they too are dominated by linear dynamics. Recently, nonlinear problems
have also been tackled, within the context of optimal control of separation
on a realistic high-lift airfoil or wing, enhancement of mixing efficiency, and
minimal turbulence seeds, to name a few [20-22]. In the case of reactive flows,
adjoint-based methods have also been employed for adaptive mesh refinement
in steady-state Reynolds Averaged Navier-Stokes (RANS) simulations [23]. As
far as detailed simulations are concerned, Braman et al. [24] have investigated
the applicability of the adjoint-based techniques in one- and two-dimensional
laminar flow configurations, where the hydrodynamics are decoupled from
the species transport equations. In a recent work, Lemke et al. [25] have also
explored the applicability of such techniques, in the zero-dimensional case of a
homogeneous constant volume reactor, to study the sensitivity of the ignition
delay time with respect to the parameters appearing in the combustion model.
Adjoint-based methods have also been applied in the linear limit in various
studies [26-28], using simplified combustion models.

Although these recent efforts show great promise in integrating adjoint-
based methodologies in combustion technology for the purpose of sensitivity
analysis and control, there still remain many open questions, regarding non-
conventional boundary conditions (such as in the presence of evaporation or
surface reactions), on the extraction and performance of the adjoint equations.
Therefore, the two main objectives of chapter 2 are (i) to extract a general
formulation for the adjoint problem, applied to fully coupled detailed simula-
tions of steady char particle burnout, in the nonlinear limit, for the purpose
of sensitivity analysis with respect to the existing model variables, using a
flexible approach, which is easily extendable to higher dimensions; and (ii) to
compare continuous and discrete adjoint formulations in order to investigate
the most advantageous strategy for gradient extraction, as far as reactive
flows with non-trivial boundary conditions, are concerned. These goals are
pursued with a model proposed by Matalon [29], allowing the extraction of
the exact solution for the primal and adjoint problems, and facilitating the
assessment of continuous versus discrete adjoints. This chapter 2, therefore,
is to be considered as the first step of developing an adjoint-based framework,
that will be extended to cases with unsteady dynamics, including detailed
kinetic mechanism, and a subject of the rest of this study in chapters 3,4,5,
and 6.
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The sensitivity analysis of various Qol carried out in chapter 2 emphasized
the critical role of particle temperature as the most dominant parameter affect-
ing most of the predictions. Furthermore, previous studies have demonstrated
the importance of extracting particle temperature and size data, in order to
extract the desired kinetic models, outperforming more common approaches
relying on bulk measurements. In chapter 3, therefore, I rely on a surface
model, extracted using particle temperature, in order to capture surface reac-
tions of char particle combustion [30]. In this approach, particle temperature
and size data are gathered, and combined with other experimental informa-
tion, to produce the best fit parameter of the chosen char combustion model.
Since heat and mass transfer is described reasonably well with established
models, the kinetics parameters of the surface reaction mechanism are those
fitted through gathered experimental data. Adjoint-based methods are then
employed to extract the sensitivity of the described surface reaction model,
with respect to various quantities of interest, to provide a detailed assessment
of the existing sensitivities in the model parameters.

Although chapters 2 and 3 demonstrate flexible methods to extract sensi-
tivities using adjoint approaches for non-conventional boundary conditions
that exist due to surface reactions in char combustion, following concerns still
need to be addressed:

¢ The influence of variable particle temperature instead of constant surface
temperature on the extracted sensitivities.

o The effect of nonlinearities and unsteadiness (common place in realistic
reactive configurations) on the extracted sensitivities.

The goal of chapter 4 is to answer these concerns by simulating an unsteady
char particle combustion with variable particle temperature (resulting in
a Robin-type boundary condition for the particle temperature), assuming
thermal equilibrium between the particle and the adjacent gas layer. As the
dimensionality and complexity of the governing equations increase, the fully
continuous adjoint strategy (i.e deriving the adjoint equations in continuous
form then discretizing the resulting equations in time/space) becomes infeasi-
ble. Alternatively, the spatially discretized equations (e.g. resulting from the
application of the method of lines) can be used and processed by automatic
(or algorithmic) differentiation (AD) software to produce the associated ad-
joint code [31] (i.e. discretize and then differentiate approach). In chapter 4
the applicability of such algorithms is examined in extracting sensitivities
with respect to the model/physical parameters of unsteady char combus-
tion. To address the impact of unsteadiness on the extracted sensitivities,



time-dependent evolution of sensitivities are also analysed. Additionally, the
evolution of sensitivities is compared across different free streams to emphasize
the influence of oxy-fuel conditions on the gradients.

Char combustion has been used as a starting point to develop various
methods for simulating solid fuel combustion and to demonstrate effective
ways of extracting sensitivities for non-trivial boundary conditions. However,
the simplified model of gas phase chemistry used in chapters 2, 3, and 6
has limited the capability of including more complex phenomena such as
devolatization process, which is crucial in reactive solid fuel simulations.
Additionally, as demonstrated in 2, gas phase combustion has a significant
impact on the extracted sensitivities. Therefore, studying gas phase kinetic
models, as done in chapter 5, is a top priority.

In addition to sensitivities, the uncertainties of the model parameters in
the predictions of the quantities of interest also needs to be assessed. As far
as uncertainties are concerned, Monte Carlo methods have traditionally been
applied to assess the existing model uncertainties. However, their slow conver-
gence and high computational cost have given rise to alternative approaches
that reduce the cost by considering a smaller set of the parameter space.
Some of these approaches include probabilistic methods such as Polynomial
Chaos Expansion (PCE) [32] and related methods [33, 34] applicable to high-
dimensional parameter spaces, and Gaussian process approximation method
(Kriging) [35]. In most of these approaches, a response surface is formed
from function evaluations (computationally intensive unsteady simulations)
at sparsely and carefully selected points to approximate the dependence be-
tween the model parameters (input) and the quantity of interest (output). In
the combustion community, the large number of parameters has motivated the
development of various techniques to further speed up the construction of the
response surfaces, some based on sensitivity analysis [36], High Dimensional
Model Representations (HDMR) [37] and Artificial Neural Networks (ANN)
[38]. A comprehensive review of response surface methods in the context of
combustion simulations can be found elsewhere [39]. While effective in their
own rights, most of these methods suffer from the curse of dimensionality and
are not applicable as the number of parameters increases beyond a certain
threshold, which is the case when considering detailed kinetic models of in-
terest to this study. Some remedies include resorting to sensitivity analysis
in order to lower the dimension of the parameter space. These methods can
be divided into local and global alternatives. In local estimation methods,
the parameter space is reduced based on the local estimations of the gra-
dient; these methods therefore suffer from shortcomings such as sensitivity
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to noise. Global methods provide more robust sensitivity estimates, at a
significant additional cost however [40, 41]. Alternatively, in the case of
PCE, collocation techniques with sparse quadrature or adaptive regression
strategies [42, 43] have been used to reduce the high-dimensional parameter
space when constructing the response surface. These methods mainly rank the
coordinates of the inputs. However, some models may vary most prominently
along directions of the input space that are not aligned with the coordinate
system. Therefore, in this study, I adopt a different strategy, namely the
Active Subspace Method (ASM) [40], where gradient information is used to
detect and exploit the directions of the strongest variability of a given function
to construct an approximation on a low-dimensional subspace of the function’s
inputs. ASM has successfully been applied to analyze the chemical kinetic
uncertainty for liftoff height in a turbulent combustion application [44]. In a
later work, Ji et al. [45] develop a method to simultaneously approximate the
marginal PDFs of multiple quantities of interest, in particular, Ignition Delay
Time (IDT) in an isobaric reactor and Laminar Flame Speed (LFS), based
in both cases on the identification of a single active direction. In a recent
work, Su et al. [46] have also employed an active subspace method together
with sensitivity analysis to identify extreme low-dimensional active subspaces
of the input parameter space of a dimethyl ether (DME) mechanism. Using
ASM, a certain number of gradient evaluations at distinct sample points in the
input parameter space are required to obtain good estimates of the dominant
directions. These gradients are usually estimated by either finite differences or
local linear fitting, and the cost of their evaluation increases linearly with the
number of parameters. Here, I leverage the adjoint method [47] to compute
gradient information at a cost comparable to a single function evaluation.
Furthermore, the adjoint method is also used to provide a linear approxima-
tion of uncertainties in the active direction (LAAM). To the best knowledge
of the authors, LAAM has never been applied to analyse uncer- tainties of
chemical reaction networks, and in this respect this work shows one of its first
applications. I show that LAAM is an accurate way of defining uncertainties
for this problem with a much lower cost, making this method a practical tool
for extracting uncertainties, especially useful for large mechanisms. Cases are
also considered where a single dominant direction can not be identified and
a strategy is provided in order to include multiple active directions in the
analysis. Finally, the limitations of the LAAM approach are presented and
discussed.

The preceding chapters delved into various methods for extracting sensitivi-
ties and quantifying uncertainties, specifically in solid fuel combustion, with a



focus on char burnout and gas phase kinetics. Rather than scrutinizing each
phenomenon in isolation, as in Chapters 2,4, and 5; Chapter 6 takes a more
comprehensive approach by identifying sensitivities and quantifying uncer-
tainties of different model parameters in solid fuel combustion simulations for
unsteady configurations that couple hydrodynamics with detailed chemistry
and thermodynamic models, including devolatization and char combustion.
This approach facilitates a more comprehensive understanding of the bigger
picture.

To extract sensitivities for a large number of model parameters, previous
chapters utilized the adjoint method for unsteady configurations, as outlined
in Chapter 4. The local gradients obtained through this approach can also aid
in defining the uncertainties of different model parameters, as demonstrated in
Chapter 5. The active subspace method is a powerful tool for determining the
dominant direction in the objective function space, thereby overcoming the
curse of dimensionality prevalent in most reactive flow simulations. While this
method is primarily used in the context of zero-dimensional configurations,
as demonstrated by previous researchers, the exceptional results obtained in
Chapter 5 motivated its application to more complex configurations, such as
unsteady axisymmetric particle combustion. The extracted sensitivities and
uncertainties were then compared for air and oxy-fuel conditions to elucidate
the effect of the atmosphere on the model uncertainties.

This study is organized as follows: Chapters 2, 3, and 4 will concentrate on
char burnout simulation and the sensitivity of relevant quantities of interest
(Qol) with respect to different model parameters. Chapter 5 will focus on the
uncertainty quantification and sensitivity analysis of the gas phase kinetics,
which is a prime concern for the devolatilization process. Finally, Chapter 6
will combine both char combustion and devolatilization processes in an un-
steady single-particle combustion configuration to extract the sensitivities
and uncertainty quantification of various Qol in a more realistic configura-
tion. This will allow analysis of the mutual interaction between all different
phenomena (thermodynamics, gas phase kinetics, devolatilization, etc.).
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2.1. Governing equations

In this chapter, I begin by simulating the steady char combustion process
of a single particle. The aim is to evaluate the performance and applicability
of various sensitivity analysis methods, including discrete and continuous
adjoints, and compare them to conventional approaches like finite differences
and forward sensitivity analysis. I compare the accuracy of the sensitivities
obtained using these different methods with analytical gradients in the frozen
limit (i.e., no gas phase combustion). Once I identify the most accurate method,
I consider various quantities of interest in the nonlinear limit and report
sensitivities with respect to the relevant combustion parameters for two different
free stream compositions, representing air and oxy-atmospheres. This chapter
serves as a benchmark for sensitivity extraction using the adjoint technique in
the subsequent chapters, where I will explore uncertainty quantification and
global sensitivity analysis for an unsteady configuration.

2.1. Governing equations

Assuming a coal particle immersed in air, combustion is described by the
following heterogeneous reactions on the surface of the particle (referred to as
direct and indirect oxidation, respectively),

C[s] + %02 - CO, (2.1)
C'[s] + CO4 — 2C0. (2.2)

The following one-step mechanism is then considered for the oxidation of
carbon monoxide in the gas phase,

1

The evolution of the gaseous composition is described by the species mass
fraction equations,

V- [pY; (v+ V)] = w;, (2.4)

where i = 1,- -, 4, refer to fuel (CO), oxidizer (O3), product (COz), and inert
gas (N3), respectively. p denotes the mixture density, v the mass-averaged
velocity, and V; the diffusion velocity for species i. The term on the right
hand side of the above equation is, w; = W; (v}’ —v])w, where v}’ and v are the
stoichiometric coefficients of the product and reactants in the homogeneous
reaction, respectively, while WW; denotes the molecular weight of species . The

11
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homogeneous reaction rate obeys an Arrhenius law [48],

1 1 FE
’fYézo ) . B (2.5)
= —F5—pYo0Y0,? exp “RT )’
WCOW52WI§QO

where, K = 1.23 x 10%sec, E = 125400 J/mole,, Yu,0 = 1073, and W;
denotes the molecular weight of the ith species. Using Fick’s law, the diffusion
velocity for species ¢ can be closed as,

Y;V; = —DVY,, (2.6)

where the diffusion coefficient is assumed identical for all species. Substituting
the previous equation in Eq. 2.4 leads to the following transport equation for
the species,

V- (pvY; — pDVY;) = w;. (2.7)

Similarly, assuming identical and constant specific heats, Cp, for all species,
the energy equation yields the following equation for the temperature in the
gas phase,

4
V- (pCpvT = AVT) = — > " hiw;, (2.8)
=1

where h{ is the enthalpy of formation of species i, and X is the coefficient of
heat conduction. The low Mach number approximation is used. Finally, the
continuity equation holds,

V- (pv)=0. (2.9)

For the purpose of this study, pD is assumed constant and the Lewis
number, Le = A\/pDC), is set to unity. The variables are made dimensionless
by introducing the following characteristic values, as proposed by Matalon
[29]: (i) The particle radius a for length, (ii) @Q/C), for temperature, where Q
is the heat of the homogenous reaction per unit mass of C'O2, namely,

Sy hIWi (v — V)

“Weo, (Veo, — veo,)

Q=

: (2.10)

(ili) po = poChp/ QR, where R is the specific gas constant based on an average
molecular weight, po is the uniform pressure, and (iv) A/poCpa, for velocity.

12



2.1. Governing equations

This non-dimensionalisation yields the following expression for the Damkohler
number of the homogeneous reaction:

k (VY. —v. c3 Weo 1
Dag — ( CO;\QQRCQOQ) P " 2 B a/2p8YH22O- (211)
WeoWs Wir,o

In non-dimensional form, the equation of state (ideal gas) reads pT = 1, and
the (dimensionalized) governing equations are

Vi € [1,41, £ (Y;) = Qa,

2.12
L(T) = Nas, (2.12)
where, (@i);cp15 = (@—1,-@,1,0,1), and @ = Wo,/2Wco,, with the
transport operator defined as

L(p)=V-(pvp - Vo), (2.13)

where, ¢ = {Y;, T*}, and

1
N = DQQ% exp <—9> . (2.14)
If axisymmetry is assumed, the governing equations reduce to a set of cou-
pled second order ordinary differential equations (ODE). In the case of a
single spherical particle in particular, the continuity equation (in spherical
coordinates) yields
r2pv, = M = constant, (2.15)

where 7 is the radial coordinate, v, the radial velocity component, and M
denotes the “burning rate”. The linear operator £ then reduces to:

M d 1d [ ,d
»Cspherical (90) = 7790 - 5 (7"2;) . (216)

2.1.1. Boundary Conditions

Away from the particle, composition (Y55, Y57, Y55, and YY) and tempera-
ture (7°°°) are set. The particle is assumed isothermal (T = Ty for r < 1), and
the temperature profile is also assumed continuous, which yields the following
boundary condition:

T(r=1)=Ts. (2.17)

13



2. Sensitivity analysis of steady char combustion

The remaining conditions at the particle surface are extracted from the
conservation statements for each species 4, which match the differences between
the net fluxes of each species to the rates of consumption/production per unit
area due to the heterogeneous reaction rates. Due to large solid to gas density
ratio, the quasi-steady assumption holds, resulting in the following simplified
mass balance for the i*" species

pv-nY;Y? — pD VY;|° n = w,

79

(2.18)

where n denotes the outward-pointing normal to the particle surface, and
w} their respective reaction rate per unit area, due to the heterogeneous
reactions. The boundary conditions are non-dimensionalized similarly to the
governing equations variables. The non-dimensionalized boundary conditions
in axisymmetric form are then given as,

MY — av;|" _ wi.
dr

(2.19)

Assuming both heterogeneous reactions are first order [29], the following two
heterogeneous Damkohler numbers are defined,

Cr ki (T%)
) 1,21, Daf = —& : 2.2
Vi € [1,2], Da; R T (2:20)

for the direct (¢ = 1) and indirect (i = 2) oxidation reactions. This yields the
conditions:

MY? — dY; |

g | = DafﬁiYOSZ + DaS%»YC%OQ, (2.21)

where (8;),¢p1.49 = (1 —@) /@, —1,0,0) and ()¢ 43 = (2(1 —@),0,-1,0).

2.2. Two-point boundary value problem and
adjoint-based gradient computation

In this section, the equations governing the char particle combustion, pre-
viously described in detail, are presented in the form of a more general
two-point boundary value problem, and the corresponding continuous and
discrete adjoint formulations are then presented.
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2.2. Two-point boundary value problem and adjoint-based gradient computation

2.2.1. Two-point boundary value problem

The problem delineated above forms a two-point boundary value problem, the
sensitivities of which are to be computed using the adjoint method. To derive
the adjoint equations, the methodology proposed by Serban & Petzold [49] is
used. Let the governing equations be recast in first order form: @ (r) € R™
(m € N) denotes the dependent variable, which in this case includes species
mass fraction and temperature derivatives as follows:

& < . dYco dYo, dYco, dYn, dT) .

Yco,Yo,, Y, Yn,, T, M —
COsLO5y LCO59y L Nyy L ) dr 5 dr 5 dr ) dr ’dr

The solution of the problem delineated in the previous section is then
obtained by solving a two-point boundary value problem of the form:

o

=F(r,®
d?" (T7 7p) Y

to be solved from r = a = 1 (the particle surface) to r = b = oo subjected to
the boundary conditions

h(®(a),®(b),p) =0.

p denotes the problem parameters, that include the mixture composition away
from the particle surface or the Damkohler numbers in the case of interest
here.

For the problem to be well-posed, the boundary condition operator h must
provide m independent boundary conditions. This is satisfied as long as the
Jacobian,

he = [he(s)|ha@)] = [A|B], (2:22)

has full rank (hg(,) = A denotes the Jacobian of h w.r.t. @ (a), likewise for
hg ) = B and @ (b)). The matrices A and B that result from the problem of
interest are included in A.2. In its first-order form, the two-point boundary
value problem may be solved numerically using well-documented techniques,
such as collocation or shooting methods. The latter was used in this work:
it consists in solving the original problem as an initial value problem using
readily available ODE integrators. The integration is performed outward from
the particle surface but, since initial data such as mixture composition are
missing, it is estimated and iteratively updated until the far-field conditions
are matched. The iterative solver employed in this work is the Levenberg-
Marquardt algorithm, which proved able to handle all the cases presented in
the results section.
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2. Sensitivity analysis of steady char combustion

2.2.2. Continuous adjoint formulation

This section describes the derivation of the continuous adjoint equations,
solved in the differentiate-then-discretise approach to adjoint-based gradient
computation. The methodology followed here was proposed by Serban &
Petzold: it focuses on the gradients of two types of functionals:

e Local (or pointwise) quantities, of the form g (s, ®,p), where s € [a, b].
This approach will be applied to the computation of the gradient of the
burning rate at the particle surface with respect to model parameters
(s =a).

e Integral quantities, of the form:

G*(p) = /Sg(r@,p) dr.

One application is the computation of the gradient of the integrated
heat release (s = b).

The two problems are related by the Leibniz integral rule:

a6 _dy
ds dp  dp

(2.23)

)
S
or stated otherwise, the gradient of g matches the sensitivity of the gradient

of G* with respect to s. As a result, both gradients can be computed by the
adjoint method as follows:

1. Solution of the primal two-point boundary value problem, by means of
shooting or collocation methods, as highlighted above.

2. Solution of the adjoint of the primal problem. This is a linear multi-
point boundary value problem, which, in the limits s —+ a and s — b
degenerates into a linear two-point boundary value problem.

As shown by Serban & Pezold, these two steps are sufficient to compute

dGs
dp

= /s (96Pp + gp) dr. (2.24)

In the event where the gradient of the local quantity g evaluated at s is of
interest, the second step is replaced by:
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2. Solution of the forward sensitivity of the adjoint problem with respect
to s. This step gives rise to another linear multi-point boundary value
problem that too degenerates into a linear two-point boundary value
problem in the limits s — a and s — b.

For the sake of completeness, A.1 delineates the procedure in depth.

2.2.3. Discrete adjoint formulation

Instead of deriving the continuous adjoint equations, an alternative approach,
referred to as the discretise-then-differentiate approach, consists in extracting
the adjoint equations directly from the discretised primal problem. in this
method, algorithmic differentiation is used to linearize and formulate the
conjugate transpose equations, ultimately yielding the discrete adjoint for-
mulation. Since the discrete adjoint equations are extracted from the primal
problem after the discretisation is performed, the adjoint and the primal grids
are identical. This is one of the main differences between the continuous and
the discrete approaches.

2.3. Validation

In this section, the primal problem is first presented and validated in the
frozen limit against analytical solutions. Once validated, sensitivities are
extracted using the approaches to gradient computation discussed previously
for a selected configuration. The advantages of each approach are highlighted
in order to select the most suitable strategy. The following parameters are
taken from the work of Matalon [29]: the homogeneous reaction frequency is
set to k = 1.3 x 10 [mole/ml.sec], the pressure range to 1 < pg < 10 [atm)],
and the water mass fraction to Yz,0 ~ 1073, The particle size, a, ranges
between 10 [um] and 100 [um]. Using these values, the expression for Da?

1
becomes, Da? = 4.2Yy,02a’p?.

2.3.1. Primal problem

In this section, the solution of the primal problem is compared to the analytical
solution in the frozen limit, where Da? = 0. The values of mass fractions
and temperature in the far-field are set to Y55 = 0.05, Y5p,, = 0.2, Y5, =
0.3, Yo = 045, T°* = 0.056 and v = Day/Daj = 0.1, as suggested
by Matalon [29, 50]. The far field temperature is set to T = 360 [K],
similar to the case studied by Matalon [29]. The dependency of the burning
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2. Sensitivity analysis of steady char combustion

rate on Daj in the frozen limit (Da? = 0), is shown in figure 2.1(a), for
0.1 < v < 5, and is compared to the analytical value. A comparison of
approximated value for the burning rate, computed for different domain sizes
(not shown here), showed that L = 120a is the smallest length beyond which
the solution becomes approximately independent of the domain size. However,
figure 2.1(a) shows that increasing the Damkohler number increases the error
in the approximated solution. Changing the Damkohler number in a steady-
state case alters the balance between diffusion time and chemical reaction time,
influencing the slope of the mass fractions profiles and amplifying the effect
of the far-field boundary conditions. Increasing the domain size for higher
Damkohler numbers reduces the resulting error. However, for the purpose of
this study, since the resulting errors are in the acceptable range, the domain
size is kept identical for all cases, and henceforth all the computations are
performed on domain sizes L > 120a. As predicted by Matalon [29], for small
Daj, the surface reactions are very weak and the burning rate tends towards
zero. The value of the burning rate, M, on the other hand, increases with
Da} and moves asymptotically to M = 0.2432. Figure 2.1(b) shows the
dependence of the burning rate on the particle surface temperature T;. The
predictions of the simulations are compared to the explicit expression derived
by Makino [51], where T°* = 0.25 which corresponds to T = 2530 K,
YS, = 0.1602, Y&, = 0 and Y, = 0.7398. This expression is valid for
burning rates sufficiently smaller than unity, an assumption which holds for
the set of parameters chosen for this comparison.

2.3.2. Extracted sensitivities

In this section, both the continuous and discrete adjoint methodologies are
validated against the extracted sensitivities from the analytical solution of the
primal problem, and the most suitable strategy, for applications of interest to
this study, is identified. The accuracy of the adjoint methods is also compared
to conventional methods such as finite difference and forward sensitivity.
Figure 2.2 compares the error in the estimated sensitivities. The values of
mass fractions and temperature in the far stream are identical to the ones
previously used. The results are reported for v = 0.1. A high value of ~
results in higher flame temperatures, leading to larger gradients in the species
and temperature fields, and resulting in more clear comparisons. While all
methods result in similar values for the extracted sensitivity, the discrete
adjoint methodology proves to be the most accurate. Despite the slightly large
error in the primal solution for high Damkohler numbers, which decreases
the accuracy of the extracted gradients, it is found that the discrete adjoint
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Figure 2.1.: Comparison of the burning rate, predicted by the simulations, to
the theoretical solution, in the frozen limit. —, analytical solution; e, numerical
solution.

is significantly more accurate than the other gradient extraction approaches
in this case. Increasing the surface Damkohler number results in a solution
closer to the asymptotic limit for the primal problem, which can be seen in
figure 2.1(a). In this region, the accuracy of the forward solution also decreases,
showing higher errors compared to the exact values. As a result, the increase
in the estimated errors of the gradient can be attributed to the errors of the
numerical scheme rather than the gradient extraction method. Moreover, the
discrete adjoint approach garantees the numerical consistency of the adjoint
operator. The continuous adjoint approach however, while garanteeing the
consistency at the continuous level, relies on independent integrations of the
primal and adjoint problems. As a consequence, inconsistencies may arise
which can, as documented in related studies, lead to higher errors in the
gradient prediction and in some cases even to the instability of the results [52].
The forward sensitivity and continuous adjoint predictions are very close.
This is expected, since in both cases, the analytical expression is extracted by
applying linear perturbation to the primal problem in continuous form. It
should be noted that the finite difference results vary based on the chosen
value of € in (F(z +¢€) — F(z))/e. The optimized value of € was selected here
by comparing to the results of the other sensitivity extraction methods. This
highlights one of the disadvantages of the finite difference strategy.

As previously mentioned, while the grid used in the discrete adjoint is the
same as that of the primal problem, the grid of the continuous adjoint solution

19



2. Sensitivity analysis of steady char combustion

Error%

Da®

Figure 2.2.: Error comparison of burning rate sensitivity with respect to Daj. e,
discrete adjoint; —, continuous adjoint; A, finite difference; o, forward sensitivity.
Error computed with respect to the analytical solution of the adjoint problem.

is different. Figure 2.3 compares the grids of the different gradient extraction
strategies including forward sensitivity. For clarity, only one out of eight grid
points is displayed. The total numbers of grid points are Ng,;q = [769, 313, 233]
for continuous, discrete adjoints, and forward sensitivity, respectively. In all
cases, the grid points accumulate at the particle surface, due to the presence
of the heterogeneous reactions. While the distance between the grid points
increases in both discrete and forward sensitivity methods when moving away
from the particle surface, the continuous adjoint shows accumulation of grid
points at the far stream boundary, due to the backward integration of the
continuous adjoint problem, derived in A.1. The non-linearity of the problem
requires the use of a checkpointing algorithm. In the case of the discrete
adjoint, since the grid matches that of the primal problem, the solution is
available at each checkpoint. However, due to the differences in the grid
distributions in the continuous adjoin approach, an interpolant (cubic splines,
in this case) is used in between the checkpoints. As a consequence, the
interpolation gives rise to significant errors in the gradient computed using
the continuous adjoint approach. This error is not only due to the accuracy
of the interpolant, but rather to the large discrepancies between the two grids,
as shown in figure 2.3, which result in inaccuracies in the construction of the
interpolant.
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Figure 2.3.: Comparison of the grids used in the different approaches: primal (o),
continuous adjoint (*), and forward sensitivity (+) problems.

2.4. Results

In this section, various quantities of interest (Qol’s) are identified, locally
or spatially distributed, and their sensitivities with respect to the existing
combustion parameters are extracted. In addition, these sensitivities are
extracted considering two different environments, as illustrated in Table 2.1,
and are compared. Oxy environment is of interest in coal combustion, as one
of viable methods to reduce CO2 emissions [53]. In the oxy environment, air
is replaced by pure oxygen (O2) or a mixture of oxygen with recycled flue gas,
generating high CO9 concentrations, and causing the combustion process to
change significantly. The conditions for the two environments in Table 2.1
closely match the conditions imposed in the simulation of Farazi et al. [4].

Test case Diluent Y§5,  YSs Y, Y
Air-atmosphere N, 0.326 0.0 0.105 0.569
Oxy-atmosphere COq 0.262 0.0 0.738 0.0

Table 2.1.: Environments considered for sensitivity analysis.

While the asymptotic limits Da? = 0 and co provide analytical solutions
that can be used to validate the models/numerical methods, in real configura-
tions, the reactions in the gas phase can not be ignored and the results obtained
in the frozen limit are not applicable. In what proceeds, the focus is therefore
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2. Sensitivity analysis of steady char combustion

set on finite Da? values. One such case for both air and oxy atmospheres is
shown in figure 2.4, with the following parameter values: a = 130 [um], po = 1
[atm], Yir,0 = 0.001, and the corresponding Damkohler numbers, Daf = 2500,
Daj = 6, and v = 3. In this case, a flame is present in the gas phase and its
location is highlighted by the profiles of temperature and carbon dioxide mass
fraction reaching their maximal value, at r/a = 1.675 for air atmosphere, and
r/a = 1.475 for oxy atmosphere. The location of the maximum temperature,
where substantial heat release and oxygen consumption occur, can be qualita-
tively compared to the two-dimensional direct numerical simulations of Farazi
et al. [4]. Although the values obtained for maximum temperature, for air
atmosphere T,,,, = 2140 [K], and for oxy-atmpophere T},,, = 1910.5 [K],
compare well to those of the two-dimensional simulations [4], a shift in the
flame position is observed. This shift can be attributed to the presence of
a free-stream velocity in the simulations of Farazi et al. [4], advecting the
gas away from the particle surface. Since the system is diffusion dominated,
the behaviour of the diluent species, whether it is a reactive species like
carbon dioxide in oxy environment, or an inert species like nitrogen in the
air environment, is similar, as illustrated in figures 2.4(a) and 2.4(b). On the
other hand, for the air atmosphere, carbon dioxide behaves similar to the
temperature profile, and can therefore be used to identify ignition in the gas
phase.

0.15

(a) Air atmosphere (b) Oxy atmosphere

Figure 2.4.: Evolution of mass fractions and temperature in the presence of a
flame in both air and oxy atmospheres for Da’ = 2500, Daj = 6, and v = 3: - - -,
Yo,; — Yng; — T5 — Yeo,; -+, Yeo.

The burning rate, M, which in this study represents a local quantity, has
obvious physical importance, since it determines the value of Stefan flow
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velocity imposed on the particle surface due to char combustion, and is an
indication of the non-linear interaction between flow and chemistry. This
value has also mathematical significance, since it corresponds to the eigenvalue
of the dynamical system. Therefore, the sensitivities of M with respect to
various model parameters are extracted for both atmospheres, and the results
are shown in figure 2.5. In both cases, the burning rate shows the highest
sensitivity to the surface parameters: particle temperature and . This result
is expected, since T controls the consumption of Oz and CO4 at the particle
surface, also reported by Makino [51], and helps overcoming the activation
energy of the heterogeneous reactions. This dominance persists even when
the far-field composition is altered. The gas Damkohler number is the least
sensitive parameter, as far as the burning rate is concerned, and this lack
of sensitivity can be easily explained by the dependency of the burning rate
mainly on the surface reactions, causing the homogeneous reactions to have
little impact on the predicted Stefan flow velocity. In addition, the gas
Damkohler number is already quite large, leading to the conclusion that gas
phase reactions are mixing-controlled. For smaller Da?, this might change,
since the homogeneous reaction provides thermal energy to the surface. Note
that this result does not indicate that the heterogeneous and homogeneous
reactions can be considered independently, the equations are in fact non-
linearly coupled. However, it can lead to the conclusion that perturbations
on the parameters controlling the intensity of the homogeneous reaction
do not cause large variations in the burning rate. As far as the activation
energy of the gas phase reaction, 6, is concerned, the sensitivities appear with
opposite signs, as the far-field composition is altered. This can be explained
by recognising that the selected operating condition for the air atmosphere
results in a case with a flame in the gas phase, while for the oxy atmosphere,
no flame is present. For cases with v < 1, such as the two cases here, the char
oxidation reaction (defined as reaction 2.1 in section 2.1) indeed dominates
the burning rate. As a result, increasing the activation energy in the no flame
region (oxy atmosphere), weakens the ignition possibility in the gas phase,
and the gradient of oxygen mass fraction at the surface becomes positive,
leading to a positive sign in the burning rate sensitivity. On the other hand,
for air atmosphere, augmenting the activation energy of the gas phase in the
presence of the flame, leads to an increase in oxygen consumption in the gas
phase, causing a negative gradient of oxygen mass fraction at the surface, and
consequently, a negative burning rate sensitivity. Similar behaviour can be
seen for the sensitivities with respect to surface temperature, since changes in
the surface temperature leads to similar behaviour in the gradient of oxygen
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Figure 2.5.: Burning rate sensitivity at operating values, Da? = 2500, Daj = 12,
Ts =0.25and vy=0.1.

mass fraction on the surface, positive values for the air and negative values
for the oxy atmosphere.

Extracted sensitivities for a spatially-distributed quantity, the total heat
release (not shown here), suggest trends similar to the burning rate behavior.
This quantity is of interest, since in most applications, the amount of energy
extracted from the system can be easily measured. On the other hand, the
total heat release also has mathematical significance, since it represents the
transcendental non-linearity of the system. Based on these local results, the
gradients with respect to surface parameters will be the focus the following
sensitivity analysis.

While local sensitivities, such as those presented in figure 2.5, provide
valuable information on the influence of certain parameters on the selected
quantity of interest, they are dependent on the local conditions of the steady
state solution. Experiments and numerical simulations have shown that,
various starting conditions can, for example, influence the temperature at
the surface of the particle in the steady state limit, and hence alter the
local conditions of the system, for which these sensitivities are extracted.
Therefore, in order to provide a more comprehensive picture, these sensitivities
should be extracted for all possible operating conditions rather than their
local counterparts leading to the sensitivity map of the system. Here, the
sensitivities are reported for varying surface temperature T and -y, since the
local analysis of figure 2.5 highlighted these two parameters to be the most
sensitive. This parameter space is sampled finely enough that the results
remain unchanged with reducing the sampling plane.
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Figure 2.6.: Burning rate sensitivity with respect to -y, for variable Ts and -, in

air and oxy atmospheres.
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Figure 2.6 shows the sensitivity of the burning rate, M, with respect to
for varying surface temperature and . The range for the surface temperature
T is chosen based on the values observed in the experiments of Schiemann et
al. [30], whereas, the range for v is selected such that it matches the values
investigated by Matalon [29, 50]. As illustrated in the figure, the magnitude
of the burning rate sensitivity with respect to v decreases as the value of
v increases. This behaviour seems to be independent of the composition of
the surrounding environment, although the level of sensitivities is generally
lower (in absolute value) in the oxy atmosphere than in air. This fact can be
explained by analysing the analytical relation of the burning rate gradient with
respect to . In order to extract this expression, first, the equation governing
the evolution of burning rate is formally derived, by adding all the source
terms of the heterogeneous reactions, leading to the rate of consumption of
char by surface reactions, leading to,

1-2a

M = Daj ( ) Yo, + Daj (1 — 2a) Yeo,. (2.25)

Taking the derivative of this equation with respect to v = g—Z%, gives:
1

dM 1—2a 1 1dYo ~dYco
—— =Dda — Yo, + ——2 1—2a)—=2| . (2.2
dy GQK a >< 210 dv)ﬂ RS (2.26)

This equation highlights nonlinear relation of the burning rate gradient with
respect to 7y, which depends on the local values of oxygen mass fraction at the
surface of the particle, first term on the right-hand side of the equation, as well
as the gradients of oxygen and carbon dioxide mass fractions, second and third
terms respectively. The overall sensitivity, reported in figure 2.6, therefore,
depends on the manner in which each of these terms evolve. Further analysis
of each term (not shown here) shows that throughout the chosen parameter
range, the local value of oxygen mass fraction has the highest absolute value
compared to the rest, and therefore dominates the behaviour of equation 2.26.
As «y increases, the local value of oxygen mass fraction at the surface decreases,
leading to the decrease of the overall sensitivity. From a physical stand
point, since the mass fraction of oxygen on the surface governs the oxidisation
of char through reaction 2.1, it is expected to have a considerable impact
on the value of burning rate and its sensitivity. In addition, in the oxy
atmosphere, due to the absence of the flame in the low - region, the variation
of burning rate with respect to v is more abrupt that in the case with the
surrounding air. This behaviour can be better illustrated by comparing the
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Figure 2.7.: Burning rate sensitivity with respect to surface temperature, T, in
air and oxy atmospheres.

sensitivities, for a variable v, at a given surface temperature. The choice of the
surface temperature will not impact the analysis, since as shown by figure 2.6,
this parameter induces a minor variation in the sensitivities, also supported
by equation 2.26, where T does not appear directly. The sensitivities are
extracted at Ty = 0.23, marked by dashed lines in figures 2.6(a) and 2.6(b),
for air and oxy atmospheres, and plotted in figure 2.6(c). This figure shows
that for v < 1, the sensitivities in the oxy atmosphere are larger in absolute
value than in air atmosphere, due to the lack of the flame in the gas-phase
in the case of the oxy environment. However, for v > 1, where a flame is
present in both cases, the oxy atmosphere leads to lower sensitivities overall.
Figure 2.7 shows the sensitivity of the burning rate with respect to the surface
temperature, Ty, in the Ty and ~ plane. Differentiating equation 2.25 with
respect to T gives:

dM [ [1-2a)\ (1) dYo, dYco,
defDa2 K o ><'y) a7, +(1—-2a) ar. |- (2.27)

As opposed to equation 2.26, the sensitivity depends not only on the local
gradients of mass fractions, but also on the local value of v, suggesting that
variations of both v and T are expected to affect the extracted sensitivity
maps, a fact supported by figure 2.7. However, surface temperature seems
to have a more dominant effect on the extracted sensitivities of the oxy
atmosphere compared to that of the air. This is due to the fact that, the
surface temperature in the oxy atmosphere affects the gradient of carbon
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Figure 2.8.: Heat release sensitivity map with respect to -y, for variable Ts and -,
in air and oxy atmospheres.

dioxide mass fraction on the surface more drastically that in air, specifically for
higher v values. This figure also shows that, in both air and oxy environments,
the sensitivities increase as v increases. This is in contrast to the behaviour
shown in figure 2.6. In addition, variations is surface temperatures (figure 2.7)
seem to lead to higher sensitivities in the burning rate rather than variations in
v (figure 2.6). While figure 2.6(b) shows a monotonic decrease of sensitivities
in the oxy environment through the transition from no flame zone to the
region containing the flame in the gas phase, figure 2.7(b) shows a change of
behaviour as the system goes through this transition line. This is mainly due
to the absence of the term depending on the local mass-fraction of oxygen
mass fraction in equation 2.27 compared to 2.26. In equation 2.27, the only
two terms governing the behaviour of the burning rate are the gradient of the
oxygen and carbon dioxide mass fractions. For v < 1, the influence of the
first term will dominate. However, as « increases, this influence decreases,
until finally at the transition line, the second term becomes larger than the
first, leading to the change in the evolution of sensitivities, from no flame to
flame regions in the oxy atmosphere. Therefore, in the presence of the flame
in the gas phase, both compositions lead to negative sensitivities, whereas for
v < 1, the sensitivities extracted in the air are positive, in contrast to those,
negative, in the oxy atmosphere. Similar behaviour was shown in figure 2.5,
and the same reasoning holds.

While analysing the sensitivities of the burning rate to the surface variables
is important, it is of interest to also report the sensitivities of an integrated
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quantity, such as the heat release ( fab {2 dr), to the same variables, in order to
examine the influence of the choice of Qol on the extracted sensitivities. In this
study, the entire computational domain is included in the integral. Figure 2.8
shows a sensitivity map of the total heat release with respect to -y, for variable
surface temperature and . Similar to figure 2.6, as 7y increases the sensitivities
of the total heat release decrease, while the flame temperature (7) increases.
The comparison between the sensitivities for air and oxy atmospheres shows
that the maximum sensitivities are higher for air atmosphere. However, the
variation is not monotonous in oxy atmosphere, as opposed to air. While in
the region where a flame is present in the gas phase, the sensitivities in both
air and oxy environments decrease with the increase of v, the behaviour of oxy
atmosphere is the opposite as the flame extinguishes. This can be attributed
to the fact that in char combustion, due to the presence of reactions on the
surfaces, both heterogeneous and homogeneous reactions contribute to the
total heat released in the system. Therefore, depending on the presence or
absence of a flame in the gas phase, the behaviour of the system can change.
In cases where a flame is present in the gas-phase, due to the higher enthalpy
of the homogeneous reaction, and the inverse proportionality between the
burning rate value and the flame temperature, the impact of the gas phase
reaction on the total heat release dominates. In addition, due to the boundary
conditions selected in this problem (surface temperature, T, being a known
quantity), the contribution of surface reactions to the overall heat-release
is predetermined. On the other hand, the heat release in the gas-phase is
determined by the overall flame temperature, as a solution to the governing
equations. Therefore, it may be expected that the gradient of the heat-release
should show dependence on the gradient of the flame temperature.

Figure 2.9 shows the comparison between the sensitivity of the total heat
release in the system and the gradient of the flame temperature for a given
surface temperature, Ty = 0.23 (7, = 2392 [K]) (shown by dashed lines in the
sensitivity maps of figure 2.8). For clarity, both terms have been normalized
by the maximum value of each quantity, and plotted for both air and oxy
atmospheres. This figure illustrates that both quantities follow the same
trend. The maximum gradient appears for the lowest value of v in the air
atmosphere. In the oxy atmosphere, however, the values are plotted only for
the case where a flame is present in the gas phase. For values lower than
the transition value of v, the flame extinguishes and moves to the particle
surface, where the temperature is set to Ty = 0,23 (T, = 2392 [K]), and is
independent of 7. In this region, the sensitivity of the total heat release is
dominated by the value of oxygen mass fraction at the surface, similar to the
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Figure 2.9.: Normalized flame temperature and total heat release sensitivities with
respect to 7 in air and oxy atmospheres at Ts = 0.23 (T}, = 2392 [K]): ——, total
heat release; ........ , flame temperature.

sensitivities of the burning rate with respect to v, as was explained through
equation 2.25. In contrast to the burning rate, the surface temperature seems
to affect the extracted sensitivities in both cases, with a higher impact in
the oxy atmosphere. Therefore, it will be of interest to also extract the
sensitivities with respect to the surface temperature.

Figure 2.10 compares the sensitivities of the total heat releases with respect
to surface temperature, in the T and ~ plane for both air and oxy atmospheres.
This figure shows that the maximum sensitivities for oxy atmosphere appears
away from the transition line. In the region where a flame is present, the
sensitivities increase as 7 increases and and T decreases, whereas for cases
where the flame is at the surface of the particle, the behaviour is the opposite
for surface temperatures higher than T = 0.225 (T}, = 2270 [K]). In the air
atmosphere on the other hand, the absolute value of sensitivities generally
increase with increasing v and decreasing T (T}, = 2270 [K]), following the
same trend as the oxy atmosphere, in regions where a flame is present in the
gas phase. The sensitivities of the heat release are much higher with respect
to surface temperature than ~.

2.5. Summary and Conclusions

In this chapter, I introduce a framework for extracting the steady-state
solution and sensitivities of different Qols with respect to model parameters
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Figure 2.10.: Heat release sensitivity map with respect to T, for variable Ts and
7, in air and oxy atmospheres.

of char combustion. Both continuous and discrete adjoint approaches are
introduced and compared. A two-step heterogeneous reaction mechanism and
a single homogeneous reaction are used to capture the combustion process,
as suggested by Matalon [29]. The results of the primal problem are then
compared to the analytical results of Matalon [50] and Makino [51] in the
frozen limit for verification purposes. After validating the forward solution,
sensitivities extracted using customary gradient extraction techniques (forward
sensitivities and finite difference) are compared to those of the continuous
and discrete adjoint approaches. Examining the resulting errors suggests that
the discrete adjoint is the most accurate formulation for gradient extraction,
as far as steady char combustion is concerned. The comparison of sensitivity
results for a single operating point (temperature, pressure, etc.) reveals that,
irrespective of the atmosphere, the system is highly sensitive to parameters
associated with surface reactions. This outcome is anticipated, given that the
burning rate value is directly influenced by heterogeneous reactions. Since
sensitivity at a specific operating point does not convey the overall gradient
behavior, sensitivity maps are extracted to offer a comprehensive view of the
system’s sensitivities. For the parameter range examined in this study, the
oxy environment exhibits two distinct behaviors: one characterized by the
predominance of the flame in the gas phase, and the other observed for low
values of 7y, where the gas-phase flame extinguishes, and all dynamics, including
the flame itself, occur on the particle surface. This leads to a more dynamic
representation in the sensitivity maps. This variation is more evident in the
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sensitivities derived for total heat release rather than burning rate. The heat
release in char combustion stems from both heterogeneous and homogeneous
reactions. In the presence of the flame, the flame temperature governs the heat
release and its gradient due to the higher enthalpy of homogeneous reactions.
However, when the flame shifts to the particle surface, only heterogeneous
reactions dictate the heat released into the domain. Further exploration of the
results under various conditions is crucial to validate the existing conclusions.
Therefore, the next chapter will focus on validating sensitivity results for
different operating conditions using experimental data.
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3. Adjoint-based sensitivity analysis of char combustion surface reaction kinetics

In this chapter, the focus remains on studying char burnout, but with an
emphasis on applying the adjoint methodology developed in Chapter 2 to actual
experimental conditions, specifically in the context of heterogeneous combustion
(gas-solid) over gas-phase combustion models. This study targets surface
kinetics as a dominant factor in char combustion, and extracts sensitivities of
various quantities of interest, such as burning rate and total heat release, with
respect to different surface reaction model parameters. To achieve this, the
study uses a specific single film model developed by Schiemann et al. [30], which
considers the effect of oxygen stoichiometric ratio on char oxidation. The
study further evaluates the variation of these sensitivities as the experimental
data is varied based on the particle size and free stream composition.

3.1. Governing equations

In this section, the governing equations describing flow/chemistry, in the gas
phase, and on the particle surface, along with the accompanying boundary
conditions, are similar to those presented in section 2.1. The main difference
is the new char combustion model developed by Schiemann et al. [54] which
is implemented here, leading to the following heterogeneous reaction on the
surface of the particle:

C[s] + (#)02 — (1 =) CO + 1 COs. (3.1)

Here, the stoichiometric ratio of oxygen depends on the value of 1, which

is determined from the relation given by Tognotti [55]. In non-dimensional

form, the relation is given by,
Y

. *S 0.21
0~ 0.02P**(02) " exp(

T.C,
QT
P

where, T, = 3070 (K), P* = # 1s the non-dimensional pressure, and Q
is the heat of the homogeneous reaction per unit mass of CO,, defined by
equation 2.10. The oxygen partial pressure P*(Os) is computed from the
following expression,

)s (3.2)

YW
P5(0) = Py 2—. 3.3
(02) = Py Wo. (3.3)
Furthermore, the total surface reaction is descried as follow,
. s -E;
w® = A*P*(O3)exp(—-2). (3.4)

RT,
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3.2. Operating conditions and sensitivity analysis

In this section, sensitivities of multiple quantities of interest with respect
to existing model/physical parameters are extracted. This study mainly
focuses on the sensitivities with respect to the heterogeneous model parameters
governing the reaction on the surface of the particle, as described in Section 3.1.
The variation of model sensitivities is then examined as particle size, particle
temperature, and free stream composition, which are varied as specified in
the experiments [30].

As particle size and shape are crucial parameters for reaction kinetics
determination, two measurement techniques were employed to reduce un-
certainty [56]: (i) Optical thermography, based on two-color pyrometry and
utilized with a stereoscopic Camera system for optical thermography (SCOT)
(ii) Light microscopy (Zeiss Axiophot, image scale 1.375 um/pixel), which
allows a much easier sample handling and a higher accuracy due to the higher
resolution and the stationary fixation of the particles on a flat surface. Particle
surface temperature was also measured using two-color pyrometry at A\; = 785
and Ao = 650 micrometers, where similar measures were taken to reduce the
uncertainty of measurements (~ 5%). Finally gas flow controllers provide
accurate measurement of the reaction atmosphere.

Due to access to detailed and accurate measurement data, the adjoint-
based analysis can be used to numerically provide sensitivities with respect
to each measured model parameter, at each measurement location. Using
the simulations to study the evolution of these sensitivities as free stream
and/or particle conditions change, a trend can be extracted for the variation
of sensitivities of the experimentally measured model parameters. For this
purpose, eight different experimental conditions are considered and analysed
as shown in table 3.1. The symbols are used to identify the measured data
in all the figures of this section. Note that the particle temperature, T
and free stream temperature (gas temperature in the experiment), 7°°, are
non-dimensionalized as follows: T, = T,,/Q/C,, T>* = T*°/Q/C, where

Q= 294% and Cp, = 0.02919%, also reported in table 3.1.

Before analysing the evolution of model sensitivities, the effect of the choice
of the quantity of interest (Qol) on the sensitivities, at a given measurement
point (case 1 of table 3.1), is determined. For this purpose, sensitivities of
representative model/physical parameters are considered. Due to lineariza-
tion, the extracted sensitivity doesn’t provide an actual estimation of the
variation in the magnitude of the Qols with respect to the various system
parameters. However, by comparing the sensitivities of the heterogeneous
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3. Adjoint-based sensitivity analysis of char combustion surface reaction kinetics

Case | Y0, | Y*°co, | Y*°un,0 T, T7°°% | 2xa [pm] | Da? | Symbol
1 0.0796 | 0.8756 | 0.04477 | 0.1866 | 0.1623 121 1537 .
2 0.0851 | 0.8191 | 0.09574 | 0.1820 | 0.1570 130 1800 °
3 0.1641 | 0.7897 | 0.04615 | 0.2104 | 0.1717 125 1643 O
4 0.1758 | 0.7252 | 0.09890 | 0.2051 | 0.1646 120 1520 O
5 0.2539 | 0.6984 | 0.04761 | 0.2253 | 0.1762 123 1588 o
6 0.2727 | 0.6250 | 0.10227 | 0.2248 | 0.1654 125 1651 )
7 0.3497 | 0.6010 | 0.04918 | 0.2402 | 0.1724 107 1202 A
8 0.3764 | 0.5176 | 0.10588 | 0.2375 | 0.1659 111 1299 A

Table 3.1.: Experimental conditions, considered here for analysis [57].

model parameters to the sensitivities in free stream compositions and particle
temperature, one can rank the importance of different parameters. This is
important as the most sensitive parameters should be measured as accurately
as possible in the experiment since they dominate the solution. Due to the
large variation in their values, providing a clear comparison between the sen-
sitivity of parameters is essential. Therefore, absolute values of the extracted
sensitivities are plotted on a logarithmic scale. The selected quantities of
interest are: (i) The total heat release (integrated in the spatial domain),
(ii) Burning rate, and (iii) v, given by equation 3.2. Figure 3.1 shows the
distribution of the extracted sensitivities for the identified Qols. Comparing
the sensitivities of the parameters determining the value of the heterogeneous
reaction: A°, E¥ and T, suggests that the activation energy E? is generally
the most sensitive parameter, as opposed to the pre-exponential factor, A®,
having the lowest sensitivities. T, dominates the extracted sensitivities for v,
which is also expected, as it appears directly in the expression defining this
quantity (equation 3.2). While the activation energy shows high sensitivities,
depending on the Qol, other physical parameters, such as the temperature
at the particle surface, T,, can contribute to comparable and sometimes
larger sensitivities, suggesting that particle temperature needs to be measured
extremely accurately, for the sensitivities with respect to model parameters
to be meaningful.

As far as experimental observations are concerned, several studies have
reported on the uncertainties in particle temperature measurements for burn-
ing char particles. Murphy Shaddix [58] use a ratio-pyrometer based on
photo-multiplier tubes (PMT). The reported uncertainty in a single particle
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Figure 3.1.: The sensitivity of different quantities of interest with respect to
existing model/physical parameters. (green), total heat release; (red), 1; (blue)
burning rate.

temperature measurement is reported to be better than 1% (approximately
20 [K]) for typical char combustion conditions. Bejarano & Levendis used
another type of PMT-based three-color pyrometer and investigated glassy
carbon spheres, which were supposed to be of relatively constant quality [59].
They observed a standard deviation of 70 [K] and some particle-to-particle
variations, such that the systematic error in the temperature measurement is
certainly smaller than this value. The technique adopted for experimental
measurements in this study is based on high-speed intensified CCD cameras
(a very detailed analysis of the temperature uncertainty of single particle
measurements using this method is given in [56]). Although this work re-
ports an average uncertainty of up to 4.7% for all particles accepted for
further evaluation, recording several hundred particles at one residence time
or conversion level reduces the error in the mean temperature. This leads to
comparatively low uncertainties in the average temperature, which is used for
further calculations, e.g., the determination of reaction rate parameters (a
study of the influence of the measurement uncertainty is given in [30]).

Figure 3.1 also shows that the extracted sensitivities are directly dependent
on the choice of Qol, similar to what has been shown in chapter 2 for total
heat released and burning rate. While one Qol might lead to high sensitivities
with respect to a model parameter or physical compositions of the problem,
another Qol might show no sensitivities at all. Therefore, if the Qol is not
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Figure 3.2.: Evolution of model sensitivities with respect to particle size (radius),
for burning rate as Qol: — & e, case 1; --- & o, case 2; — — — & O, case 3; —
& O, case 4; --- & o, case 5; — — — & o, case 6; — & A, case 7; --- & /\, case

8. Lines: simulations, where the free stream and particle conditions are fixed
similar as specified by the experiment, and particle size is allowed to vary; Symbols:
experimental conditions.

chosen correctly, it might have misleading consequences in the interpretation
of the extracted sensitivities. In case no sensitivities are reported with respect
to a certain Qol for a certain parameter, it should not be concluded that the
overall system is independent on the parameter, just the prediction of the
selected Qol.

Since the main objective of this study is determining the sensitivities in
kinetic model parameters, the evolution of the extracted sensitivities with
respect to the model parameters are examined, as the conditions specified
in the free stream and at the particle surface change according to the values
reported by the experimental measurements. The evolution is defined such
that, the parameters of each experimental configuration are fixed as specified
by table 3.1, except for the particle diameter, which is allowed to vary, as
shown in figure 3.2. The symbols show the corresponding measurement
location of each experiment. This figure, also compares the evolution of
sensitivities extracted for all heterogeneous model parameters: Ag, E,, and
T,, although the activation energy F, remains the most sensitive throughout.
Considering the experimental conditions (symbols in the figures), independent
of the model coefficient, case 8 results in the highest sensitivities, and case 1
leads to the lowest, as far as the prediction of the burning rate is concerned.
The burning rate, using the heterogeneous model presented in section 3.1, is
directly related to the global reaction rate, described by equation 3.4, which in
turn depends on the oxygen partial pressure at the surface, P*(03). Increasing
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case 8. Lines: simulations, where the free stream and particle conditions are fixed
similar as specified by the experiment, and particle size is allowed to vary; Symbols:
experimental conditions.

the oxygen concentration in the free stream, results in higher concentrations at
the surface as well, strengthening the effect of the surface reaction, which leads
to higher sensitivities in prediction of the burning rate. On the other hand,
experiments have shown [56], that higher oxygen concentrations lead to higher
particle temperatures, which in turn reduce uncertainties in measurements.
More accurate measurements of surface temperature, may compensate the
higher sensitivities reported here. Confirmation of this fact requires further
research, beyond the scope of this work. When studying the evolution of
sensitivities with respect to particle size (lines in figure 3.2), the experimental
condition imposed through case 8, still produces the highest sensitivities of
the burning rate. This figure also suggests that particle size has a weak
impact on the sensitivities of the pre-exponential factor (figure 3.2(a)), with
smaller particles having slightly higher sensitivities. However, the effect of
particle size is negligible as far as activation energy and T, are concerned,
figures 3.2(b) and 3.2(c), respectively. Since these two parameters show higher
sensitivities in prediction of the burning rate than the pre-exponential factor,
As | it can be concluded that, the particle size has a minor effect on the
extracted sensitivities of the most dominant model parameters.

Figure 3.1 shows that, as far as the burning rate is concerned, the dominant
parameter regarding the prediction of its value, could indeed be the particle
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Figure 3.4.: Evolution of model sensitivities with respect to particle size (radius),
for total heat release as Qol: — & e, case 1; --- & e, case 2; — — — & 0O, case
3; — & O, case 4; --- & o, case5; — — — & o, case 6; — & A, case T; --- & A,
case 8. Lines: simulations, where the free stream and particle conditions are fixed
similar as specified by the experiment, and particle size is allowed to vary; Symbols:
experimental conditions.

temperature or the free stream composition (Yoo, is selected here as a
representative, other quantities such as oxygen mass fraction follow the same
trend). As a result, figure 3.3 shows the evolution of sensitivities extracted
with respect to these two parameters. Comparison of figure 3.3(a) and 3.2(b)
shows that the sensitivities with respect to the particle temperature follow
the same trend as that of the activation energy ES. On the other hand,
the sensitivities of Yoo, follow the opposite trend, with highest sensitivities
reported for case 1. A closer inspection of this case shows higher concentrations
of Yoo, in the experimental condition as well, which could explain the impact
on the extracted sensitivities. The sensitivities with respect to particle
temperature are higher for all the considered cases compared to the other
existing model/physical parameters, with the sensitivities with respect to
the activation energy of the heterogeneous reaction following closely. This
results confirm the conclusion, that for all experimental conditions considered
here, particle temperature should be measured accurately to allow sensitivity
analysis of the model parameters.

Here, the impact of the choice of Qol on the evolution of sensitivities is
examined, and instead of the burning rate, the total heat release is selected
as the desired output. The evolution of sensitivities, extracted for this Qol, is
shown in figure 3.4. Figure 3.1 showed that, while the activation energy E?
remains the most sensitive model parameter for both quantities of interest,
burning rate results in higher sensitivities compared to total heat release. This
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proves to be the case for all the experimental conditions that are considered
here, as comparison of figures 3.4(b) and 3.2(b) suggests. Similar to the case
of the burning rate, the highest sensitivities are calculated for case 8 and
the lowest for case 1. The higher oxygen concentration together with higher
particle temperature in cases 7 and 8, result in higher temperatures throughout
the domain, increasing the sensitivities of prediction as far as the heat release
is concerned. In contrast to figure 3.2, however, the particle size has a larger
effect on the extracted sensitivities, with larger particle sizes leading to higher
sensitivities. For cases with highest sensitivities, cases 7 and 8, the effect of
particle size is also more substantial. The pronounced dependence on particle
size is due to the particular definition of Da? (equation 2.11), used in this
model, which results in quadratic dependence on the particle radius. Note
that the total heat release is calculated by integrating the reaction rate in
the whole spatial domain, containing the gas phase. As a result, although
the sensitivities are extracted with respect to the surface parameters, the
behaviour is dependent on the dynamics, prescribed by both heterogeneous
and homogeneous reactions. As described in detail by Schiemann et al. [30],
1 is an important parameter in the calculation of rate parameters A and E7.
As a result, figure 3.5 shows the evolution of the sensitivities with respect to v,
replacing particle size. This figure includes only the evolution of the sensitivity
with respect to the most dominant parameter E?, and for the experimental
setup of case 8 and 7, which were the most sensitive (figure 3.4(b)). Comparing
figures 3.4(b) and 3.5 shows that, plotting versus 1 rather than particle
radius changes the trend in the evolution of sensitivities. Lower values of ¢
result in higher sensitivities, suggesting an inverse relationship between the
value of ¢ and the particle size. This inverse proportionality can be explained
by considering the definition of the Da® in equation 2.20. This equation shows
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Figure 3.6.: Evolution of model sensitivities with respect to particle size (radius),
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where the free stream and particle conditions are fixed similar as specified by the
experiment, and particle size is allowed to vary; Symbols: experimental conditions.

the direct relation between the particle size and Da®. Increasing particle
size increases Da®, resulting in faster reactions, and higher carbon dioxide
production, hence reducing the oxygen mass fraction on the surface, and in
turn, reducing the value of 1, defined by equation 3.2. Therefore, all the plots
reported for particle size can be interpreted similarly for 1, considering this
inverse proportionality.

Figure 3.6 shows the evolution of sensitivities extracted for ¢ as the quantity
of interest. As demonstrated by equation 3.2, this variable is one of the
necessary parameters in determining the reaction rate of the heterogeneous
reaction, and is also the solution of the equations governing the steady char
combustion, explained in section 3.1. In contrast to the other quantities of
interest, T, is the most sensitive parameter as far as the prediction of v is
concerned. Another difference to the other Qols is that, higher sensitivities
are reported for case 1 as opposed to case 8. This is expected, since T, appears
directly in the definition of ¢ (equation 3.2). Considering the form of the
equation, it is obvious that the sensitivity of 1 is adversely related to the
partial pressure of oxygen, favoring case 1, where lower free stream oxygen
concentrations are imposed by the experimental conditions. Similar to the
burning rate, however, there seems to be a weak dependence on the particle
size, and this could be attributed to the dominance of the heterogeneous
reaction in determining the value of this parameter.
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3.3. Summary and Conclusions

As a conclusion, it should be noted that, while extracted sensitivities are
important in assessing and interpreting model/flow dynamics, they are, in
effect, a linear local interpretation of the response of the underlying system
to slight variations in model or flow parameters. For a nonlinear alternative,
uncertainty quantification should be used. In experimental studies, the results
are commonly reported with error bars indicating the level of uncertainties
in the measurements. In order to provide similar information from simula-
tions, the extracted sensitivities can be used to approximate such uncertainty
information. Such analysis will be the considered in the following chapters
of this study specially chapters 5 and 6. It should be also noted that, the
extracted sensitivities are directly dependent on the choice of the kinetic
model used to perform the simulations. Despite well-known weaknesses of the
one-step heterogeneous model analysed here, it is commonly used in literature
to give a quantitative description of different experimental or fuel-dependent
parameters on the resulting reactivity, motivating its use in the experimental
and numerical investigations here. However, a variety of other char com-
bustion models exist, many of them consider more physical and chemical
effects than the one-step kinetics model, which has been applied here (for
example, the CBK model family [60, 61], and Senneca’s model [62], to name a
few). Although different in their overall structures, these models all consider
multiple chemical reactions for char conversion, coupled serially and/or in
parallel. Nevertheless, the model calibration to a fuel relies on a single or
a few parameters of specific reactions, and the remaining parameters are
defined by fixed ratios in these models. Due to the different structure of these
models, the sensitivity of the model performance might not be equal to the
presented case, but similar tendencies are expected. These models are far more
complicated in their mathematical structure, therefore a detailed analysis of
the sensitivities of the involved parameters is left to future work. Further-
more, incorporating more descriptive solid fuel combustion kinetic models
such as CBK requires unsteady analysis to capture the various phenomena
on different time scales. Moreover, studying devolatilization and pyrolysis
processes cannot be adequately addressed in steady-state analyses, as the
rapid mutual interaction between gas-phase ignition and the devolatilization
processes makes it challenging to consider a single time scale. Therefore, the
subsequent chapters of this study will focus on unsteady analysis.
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4.1. Governing equations

This chapter focuses on simulations of unsteady char particle combustion,
which completes the char burnout studies covered in Chapters 2 and 3. The
study investigates different stages of char combustion and derives discrete
adjoint equations in an unsteady limit for the algebraic differential equations
governing the system. These equations are used to extract sensitivities of
various time integral quantities of interest, such as particle temperature or local
quantities of interest like burning rate. The sensitivities are then compared as
the free stream composition changes from air to oxy atmosphere, similar to
Chapter 2. The evolution of sensitivities in time is discussed and found to
depend on the selected quantity of interest. The study shows that the model
sensitivities with respect to heterogeneous reaction parameters, specifically
oxidation of carbon, are the highest, whereas the sensitivities with respect to
free stream composition are significantly lower.

4.1. Governing equations

The equations governing an axisymmetric unsteady single char particle com-
bustion in the low Mach number limit (these assumptions eliminate the need
for the momentum equation), are given below:

8p 10 a _
ot Tragr W = 0 (4D

opY; 10 o a9Y; _
ot T ror [f”" <“Y1Dl aﬂ Ten = 0

opC,T 1 0 [ oT Z: _
5 + oy |:P7“ (uCpT— Ag ar )} + - hiw; = 0, (4.3)

where n is the total number of species, Fick’s law of diffusion and Fourier’s
law of heat conduction are used, ¢ and r are independent coordinates, and
« is a parameter depending on the spatial coordinate system r. For a = 0,
the above equations are written in Cartesian coordinates, & = 1 in cylindrical
coordinates, and « = 2 in spherical coordinates. The dependent variables
(Y), p, u, and T represent the mass fractions, density, radial velocity, and
temperature fields, respectively. The parameters A, C,, and D, are the
gas thermal conductivity, the gas heat capacity at constant pressure, and
species diffusivities, which are computed assuming unity Lewis number. The
species are numbered as follows: (Y;) = (Yoo, Yo,, Yoo,, YN, ). The governing
equations are transformed from the physical coordinates (r,¢) to a mass-based
coordinate system (, 7). This transformation is not necessary, but it presents
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4. Sensitivity analysis of an unsteady char particle combustion

a couple of advantages. First, the velocity disappears from the transport
equations, which also eliminates the need for an initial velocity profile. Second,
the domain size is automatically scaled. It should be noted, however, that
the applicability of the adjoint-based algorithm is independent of this choice.
This transformation is achieved using the following equations:

0 0
— o 4.4
o " ox’ (44)
for the spatial and
0 0 0 0
9 oL el 4.
ot oy Protrg TG (45)

for the temporal derivatives. In these equations, mf§ = M,, /C\, represents the
mass flux at the surface of the particle (M,,) per unit surface area (Cy) and o
is the particle radius. Cy = 47 in the spherical case, C; = 2rH (H denoting
the height) in the cylindrical case, and Co = HW (H and W denoting the
height and width) in the Cartesian case. Using the identified parameters with
the assumption of unity Lewis number, the equations governing the evolution

of n number of species and energy are transformed as follows:

Y, LY A, D [ .0\  w

or 9y  C,0x ( " 8)() p ' (4.6)
oT T N\, 0O oT 1 =
or "o T o\ ax) TG, ; 4

Finally, the mass conservation equation is satisfied by the following equation,

or 1
_ b 4.
ax o (4.8)

This equation is otherwise referred to as the mapping equation, used to express
the original coordinate r as a function of the mass-based coordinate .

4.1.1. Boundary conditions

The boundary conditions at the surface of the particle are extracted from the
species conservation equation, that expresses the balance between convective
and diffusive transport on the one hand, and heterogeneous reactions on
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4.1. Governing equations

the other hand. In (¢,7) coordinate system, the resulting Robin boundary
conditions read,

w 0Y;
20 2w J wi s =0. (4.9)

MwY;s_Ca ~ -
) Pro Cp aX i )

Subscript s identifies variables calculated at the surface of the particle. The
particle burning rate, directly connected to the mass flow rate at the surface,
can be computed as follows,

Mw = mc,l + mc,Qa (410)

where 1.1 and 1.2 are the char reaction rate due to direct oxidation and
gasification, respectively (described in detail in section 4.1.2). Assuming
a homogeneous temperature profile in the particle, a Dirichlet boundary
condition is used for the gas phase temperature at the particle surface, resulting
in,

TI =T, (4.11)

S

This algebraic equation requires an initial condition for completeness, leading
to,
X (r=rmo) =0. (4.12)

Satisfying energy conservation in a control volume surrounding the particle
surface results in the evolution equation for the particle temperature, given
as,
oT, oT ) .
MPCCTTP — Caprga)\wa — (mc71hc,1 + mc,ghc)g) =0, (413)
. 3
where the enthalpy of the two surface reactions are, hy = HZ/V%NJ /kgs and

hy = %ﬁlogj/kgc, respectively, as proposed by Tirado et al. [63]. M,

represents the particle mass, and C, the specific heat capacity of char. A, is the
heat conductivity, determining heat conduction at the surface of the particle.
In this study, the particle is assumed to have a homogeneous temperature on
the surface and inside, therefore, the only heat conduction is from the gas to
the particle, resulting in A, = Ay. Finally, the boundary conditions in the
far-field are expressed explicitly as Dirichlet boundary conditions:

Yi(r,x > 0) = Y™, (4.14)

K3

T(r,x = 00) = T (4.15)

For the purpose of this study, the particle is considered to be spherical and «
is therefore set to 2.
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4. Sensitivity analysis of an unsteady char particle combustion

4.1.2. Chemical models

The above equations are finally closed by selecting a specific kinetic model
describing the heterogeneous and homogeneous reactions, resulting in the
respective reaction rates, defining w;’s, 1. 1, and . 2.

Heterogeneous reactions

The combustion process on the surface of the particle is approximated by the
following heterogeneous reactions (referred to as direct and indirect oxidation,
respectively),

Cls] + %02 - CO,
C'[s] + CO5 — 2C0.

The reaction rates are expressed as a function of the partial pressure of the
gaseous species at the surface, given by;

n1 _El
wep = AP exp(RTp), (4.16)
2 —E
Weo = AsPP?exp ( RTp) , (4.17)
where A, = 0.095kg/m®/s/Pa, E; = 108kJ/mol,, Ay =

7.55kg/m” s/ Pa’*®, By = 148.5kJ/moly, ny = 1, ny = 0.45, and P, is
the partial pressure of species i € {O3,COs}. Detailed descriptions of the
parameters can be found in [64]. The reaction rate of other species at the
surface can be computed from the char reaction rate by,

Wis = Xiwe1 + Zijwe,2, (4.18)
where,
W, Wo.
(XZ): 0077 025070 5
We 2We
and

2Weo Weco
Zi = 707_ = 70 .
(Zi) ( We We )

Finally, W denotes the molecular weight of carbon and Wy, denotes the
molecular weight of oxygen.
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4.2. Gradient computation

Homogeneous reaction

In this study, a single global reaction, oxidation of carbon monoxide, governs
the gas phase chemistry,
CO+ Oy — COs.

Therefore, the source terms appearing on the right-hand-side of species equa-
tion 4.6 are expressed using the reaction rate of the carbon monoxide oxidation
reaction, given as,

Wi = VWco, (4.19)

where v; represents the mass-based stoichiometric ratio between the species
i and the carbon monoxide. The reaction rate of CO can be modelled, as
proposed by Tirado et al. [63], by

-Kp*Yi5,
- WooW5 Wiko

-F
weo YeoYs, exp ( g) ; (4.20)

RT

where, K = 1.23 x 108sec, E, = 125400 J/mole,, Yu,0 = 1072, and W;
denotes the molecular weight of the ith species. In this study, following the
model proposed by Matalon [29], mass fraction of water is assumed to be
small, and its variation inside the domain is considered negligible. Further
analysis to determine the effect of water on the overall sensitivities will be the
subject of future research. Assuming constant thermodynamic parameters,
the source term of the energy equation can be defined as follows,

no Weo
w ZWZh? (Vi — Vi) = WCOzWHCO + wCOZHCOQ7 (421)
2

where Hoo = 110.53/Weo kJ/kg and Heo, = 393.474/Weo, kJ/kg. Weo
and Weo, denote the molecular weight of carbon monoxide and carbon
dioxide respectively.

4.2. Gradient computation

Sensitivity is, in effect, the rate of change in a measured quantity of interest
(Qol) with respect to a parameter or variable. It is a signed quantity that
signifies whether a change in the parameter will lead to an increase or decrease
in the value of the Qol and quantifies the magnitude of this change. In this
study, the Qol is computed using the governing equations presented in the
previous section. In order to extract the sensitivity information, a method
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4. Sensitivity analysis of an unsteady char particle combustion

needs to be devised to efficiently compute the gradient (Jacobian) of these
governing equations.

Several approaches exist to compute gradients from a system of equa-
tions [65]: analytical computation, numerical approximation, etc. As far as
numerical techniques are concerned, the most common method is the finite
difference approach. This method consists of adding a small perturbation
to the parameter with respect to which the sensitivity is being computed.
The nonlinear equations are then solved with the perturbed quantity, and
the difference between the resulting value and the original (unperturbed)
one divided by the perturbation provides a first-order approximation of the
gradient. This method quickly becomes too expensive for large systems of
nonlinear equations, with multiple parameters of interest, since it commands
multiple (potentially unsteady) simulations. In addition, the optimal value
of the selected perturbation changes from case to case and parameter to
parameter, making it non-trivial and non-robust in practice, where often
suboptimal values can lead to large variations in the estimated values of the
gradient. An alternative method is the forward sensitivity approach, which
is based on the linearization of the governing equations to provide evolution
equations for the gradient with respect to a single parameter. The main
advantages of the forward sensitivity method are (i) the nonlinear problem
needs to be solved once and (ii) the gradient of any quantity of interest with
respect to a certain parameter is computed from a linear system of equations,
more easily solved than the nonlinear equations. The main disadvantage
of this approach, which also renders it impractical for systems with large
parameter spaces, is that for each parameter, a separate equation needs to
be derived, discretized, and solved numerically. Nonetheless, the forward
sensitivity approach is also presented here and will be used to validate a third
method for gradient computation, namely the adjoint method. The latter
indeed proves superior in the context of this study and will, therefore, be
discussed subsequently.

4.2.1. Forward sensitivity

A brief description of the forward sensitivity approach is presented below for
a Differential Algebraic Equation given as;

d;iscl _ dT a(r d7_
dT (T)_F [ 7¢ ( )’Q ( )7p}7 (422)

0=F° [T,dsa (r), & (T),p}
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4.2. Gradient computation

where, & = (@“,@d) denotes the dependent variable, also known as the

state vector. In the case of unsteady char burnout presented here, the state
vector is composed of differential variables &7 (density, species mass fraction
and gas phase temperature) on the one hand, and an algebraic variable
@2 (radial coordinate) on the other hand. p represents the parameters of
interest. The algebraic operator F® contains the discretization of the mapping
equation. The differential operator F¢ represents the semi-discretization of
the transport equations that also includes Robin and Dirichlet boundary
conditions, at the particle surface and in the far-field, respectively. In the
literature, equation 4.22 is referred to as a Differential Algebraic Equation
(DAE) of index-1. It differs from Ordinary Differential Equations (ODE) in
that the rate of change of the algebraic variable u® does not appear explicitly.
For more information regarding the classification of such equations, the reader
is referred to [66].

In the context of adjoint-based sensitivity analysis, equation 4.22 is com-
monly known as the primal or forward problem (in the problem of interest to
this study, the forward problem is given by the governing equations described
in the previous section). The forward problem can be linearized as follows,

TOZ . ”’45 . mfa”f (4.23)
0B | " Ip|e
where
p = (‘;—f (4.24)

denotes the sensitivity with respect to p, any given component of p. As it
appears, the main drawback of the forward sensitivity approach is that it
requires re-deriving the second term on the right hand side of equation 4.23
for each selected parameter p, which becomes a disadvantage for systems with
large numbers of parameters. The adjoint method is then more apt to deal
with this shortcoming [10], as highlighted in the following section. As the
derivation of forward sensitivity equation does not depend on the quantity of
interest (Qol), the sensitivity with respect to any Qol can be computed using
the initial condition of the following form,

&, (0) = 0. (4.25)
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4. Sensitivity analysis of an unsteady char particle combustion

Here, only time-integrated Qols, denoted as G, are considered, leading to

-
G:/O glr,®(7),pldr, (4.26)

where, g denotes the instantaneous value of the Qol, and 7 the final time
horizon. The expression describing the sensitivity is then given, in normalised

form, as
-
99
- dr| . 4.27
/0 < ad& T,¢> 1 ( )

Normalising the extracted sensitivity by the value of the parameter and the
Qol, leads to a non-dimensionalized gradient, and allows a fair comparison
between sensitivities of various Qols with respect to different parameters.

dg
b ZJ
p + 8[)

dG _ [pll

dp G

P

4.2.2. Discrete adjoint

This section briefly describes the extraction of discrete adjoint equations, for
a DAE of index-1, as represented by equation 4.22 (a detailed description is
provided in [66]).

Considering a general Qol, G, the first step to derive the adjoint equation
is to construct the Lagrange functional as follows,

L=G(®*,%"p)— = 9P pa [ g (), 0 d
= ,®%,p Nt 7,2 (7), 2% (),p]  dr
0

-
+ / n® . F* [7’,45“ (r),®% (1) 7p} dr, (4.28)
0

where initial conditions have been omitted for clarity. G (@a,éd,p) is a
general representation for a semi-discrete quantity of interest. n¢ and n¢ are
the algebraic and differential adjoint variables respectively. In order to extract
the adjoint equation, the variation of the Lagrange functional with respect
to the state vector @ = (@d, 45“) is set to zero. The resulting equations are
presented in the next sections for special cases of a time-integrated Qol and a
local Qol.

Time-integrated quantity of interest

Considering the case of a time-integrated quantity of interest:

T
G = ; g [7’,45“ (r),®% (1), p] dr. (4.29)
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4.2. Gradient computation

Setting the variation of the Lagrange functional (equation 4.28) with respect
to the state vector to zero, leads to the following adjoint equations,

dnd  (oF\" ,  roFa\T | dg
d’7‘+<8@d) n + P n = _845(1’ (430)

oFd\ " oFa\t dg
<a¢a> ”d+<3¢a) N = (4.31)

where T denotes the transpose operator. In this case, the initial condition for
the adjoint equation is,

n? (T) = 0. (4.32)

As can be deduced from the initial condition, the adjoint equation needs
to be integrated backward in time. As a result, this equation is sometimes
referred to as the backward problem, as opposed to the forward (primal)
problem, which is integrated forward in time. The terms in equations 4.30
& 4.31 include jacobians of F?, F¢ and g, evaluated using the forward solution,
suggesting that the solution of the forward problem is needed at each time
step of the backward integration. This solution must either be already stored
in memory, or recalculated from the solution at the last stored time step.
This procedure is called checkpointing, which is also employed in this study
to make the forward solution available in the adjoint integration step. The
sensitivity can then be computed by linearizing the discrete version of the
Lagrange functional with respect to parameter p, leading to:

dG /T (ag , OF? 6F“)
o - 4 L 4o dr. 4.33
dp o \Jp " op " op (4.33)

The extracted gradient can then be normalised for each parameter, as is done
in equation 4.27.

Local quantity of interest

A local (in time) quantity of interest can also be considered as follows:
g’ =g (0, & (0),®" (0) 7p) ) (4.34)

In the above equation, o denotes the time instance where the sensitivity is
computed. Setting the variation of the Lagrange functional with respect to
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the state variable to zero leads to,

dn?  (oFIN\T . roFa\T

d7’+<w> n +<8¢d> n = 0, (435)
oFd\ " oFa\ "
(aw) "d+<8spa) (A (430

It should be noted that, the adjoint equations are not driven by the Qol
(the right-hand-sides of both equations are zero). Also, in contrast to the
time-integrated quantities, the general expression for the initial condition
shows explicit dependence on the Qol as follows,

oF*| \ "' ag
o \ 0P| oPe
In the case where the Qol is independent of the algebraic variable, the initial
condition (4.37) simplifies to:

dg

OF®

o

g

(4.37)

g

99
d _
n (o) = o i (4.38)
Finally, the sensitivity with respect to the parameter p is given by,
dg®  dg /U( g OF¢ 8F“)
A 4. dr. 4.39
dp ~opl, Jo \" op T " op (4.39)

4.3. Discretization and numerical solution

This section discusses the discretization and subsequent solution of the non-
linear, unsteady problem and the related linear sensitivity and adjoint equa-
tions. The method of lines is used to transform the algebraic partial differential
equations into algebraic ordinary differential equations by discretizing the
spatial operators. In order to ensure the stability of the problem, a first-
order upwind scheme is used to discretize the convective term, and a central
second-order scheme is used to discretize the diffusive and conductive terms.
The source terms are treated locally. The spatial dimension is discretized
using a regular equidistant mesh. The variables are collocated at the center
of their corresponding cell. As previously mentioned, the discretization is
performed in the mass-based coordinate (x,7), described in equation 4.8.
When a quantity needs to be evaluated in physical space, a change of coordi-
nates is performed back into the physical coordinates (r,t). A fully implicit
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time integrator (CVODE [67]) is used to advance the equations in time. For-
ward sensitivity and adjoint equations are discretized in a similar fashion as
the equations of the non-linear problem. Due to existing unsteadiness, the
linearized equations depend on the values of the unsteady state variables,
and a checkpointing algorithm is required. The pseudo-spatial (mass-based)
grids for forward sensitivity and adjoint problems are kept identical to the
ones used for the non-linear problem. However, interpolation within the time
steps of the time integrator is still required. The time steps are chosen small
enough to minimize the error due to interpolation between checkpoints. In the
mass-based coordinate system, the species, temperature, and density profiles
are initialized as constants. The last variable, » which is the spatial coordinate
in the physical space, is initialized to satisfy the mapping equation 4.8. This
is achieved by the following closed-form solution

pi

Ayi_
r = ﬁ/ ret (o 1) 2L (4.40)

The initial condition for the differential adjoint variables n? are discussed in
section 4.2.2. An initial value also needs to be prescribed for the algebraic
adjoint variables n®, which is done as follows,

o (99 4 OFY\ [oF*\!
= (6@_" 'adsa) (asﬁa) ' (441)

The resulting discretized equations are implemented using a recently developed
language, Julia [68], targeted at scientific computing applications. Julia lever-
ages state-of-the-art compiler technologies to deliver performance comparable
to traditional statically-typed languages while guaranteeing the productivity
expected from dynamic languages.

4.4. Results and Validation

The results are presented for two different environments, as illustrated in
Table 4.1. The oxy-fuel environment, particularly in oxyfuel combustion, is
of interest as one of viable methods to reduce CO2 emissions [53]. In an
oxy environment, air is replaced by pure oxygen Os or a mixture of oxygen
with recycled flue gas, generating high C'O; concentrations and causing
the combustion process to change significantly. The composition of both
environments is shown in Table 4.1, which closely matches the experimental
condition of the flat flame burner of Schiemann et al. [30], later simulated by
Farazi et al. [4].
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4. Sensitivity analysis of an unsteady char particle combustion

Test case Diluent Y5,  Ys, Yo, YN,
Air atmosphere Ny 0.326 0.0 0.105 0.569
Oxy atmosphere ~ CO4 0.262 0.0 0.738 0.0

Table 4.1.: Compositions defining air and oxy atmospheres in this study.

4.4.1. Forward (primal) problem

In this section, the results of the primal problem are presented and compared
between air and oxy atmospheres. The pressure P is set to 10° Pa, and the
far-field temperature T is 1673 K. The initial particle radius is set to
ro = 60 x 1078 m. It should be noted that devolatilisation is not accounted
for in this study. As a result, the initial particle temperature is assumed to
be Tx? = 1200K. Figure 4.1 shows the variation of temperature and relevant
mass fractions, from their initial to final distributions, for air atmosphere. In
order to better illustrate the initial variation of selected Qols in this study
(for example, burning rate, discussed later in this section), time variable ¢
is transformed to t* = In (t/At), where At = 1.25 x 10~ !s. Initially, due
to the transfer of heat from the surrounding hot gas to the cooler particle,
the gas temperature in the particle vicinity (r 10mm) starts to decrease, as
shown in figure 4.1a. As time evolves, the difference between particle and
gas phase temperatures decreases. Finally, the heat released by the system
is not completely absorbed by the particle, leading to an increase in the
gas phase temperature close to the particle surface. This behaviour can be
better observed by comparing the temperature distributions at t* = 22.14 and
t* = 27. Due to the presence of heterogeneous reactions on the surface (char
oxidation reaction, in particular), oxygen mass fraction reduces close to the
particle surface, as illustrated in figure 4.1b. Carbon dioxide mass fraction,
on the other hand, increases initially close to the particle surface, and after
reaching a peak, decreases to the far-field value (figure 4.1c). The peak in
carbon dioxide mass fraction, as a product of the gas phase reaction, gives and
indication of the flame position in the gas phase. Carbon dioxide is consumed
by the char reaction, leading to the decrease of its mass fraction value close
to the particle surface. While analysing the evolution of certain quantities in
the spatial domain can be informative, investigating the changes in quantities
such as particle surface temperature and burning rate, measurable in both
experiments and simulations, are more relevant to this study. Figure 4.2 shows
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Figure 4.1.: Evolution of spatial distribution of temperature, oxygen mass fraction
(Yo, ), and carbon dioxide mass fraction (Yco,) in the spatial domain, for air
atmosphere: —, (t* = 1071%); ... (¢t* = 18.85); — — —, (¢t* = 22.14); o, (t* = 27).

the evolution of the particle temperature and its burning rate M= erg for
air and oxy atmospheres. Since the interest of this study lies in analysing
the transient behaviour of the problem, the simulations are stopped when
the ratio of the burnt coal M, /My reaches 5.3%. Here, M, is the burnt mass
of the particle, and M is the initial mass of the particle. This time-frame
ensures that the problem does not reach a steady state. In chapter 6 the
simulation run time will be longer.

Burning rate is an important Qol, since it expresses the consumption rate of
the particle and sets the value of the Stefan flow velocity. In both cases, three
distinct regions can be identified as far as the burning rate is concerned: (i)
the short time behaviour, where the burning rate remains relatively constant,
followed by (ii) the intermediate time behaviour where the burning rate
reduces, reaching a plateau, and finally, (iii) the long time behaviour where
the burning rate increases in the oxy atmosphere and continues to decrease
in the air atmosphere. This change in the long time behaviour is similar to
the trends were observed in two-dimensional unsteady simulations of Farazi
et al. [4]. As far as the short time behaviour of the burning rate is considered,
the oxy atmosphere leads to higher burning rates compared to air, a trend
that persists in time. It should however be noted that these results are valid
for cases where the initial devolatilisation process can be ignored.

Considering the variation in the particle surface temperature, it can be noted
that, initially, due to weaker heterogeneous reactions on the particle surface
(low reaction rates), particle temperature increases slightly (this variation
is not visible in the profiles of figure 4.2b). At this stage, the particle is
heated mainly through heat conduction between the hot gas and the cooler
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Figure 4.2.: Evolution of particle temperature and burning rate in time: —, air;

— — —, oxy atmosphere.

particle. However, as the simulation advances and reaches the long time
behaviour, particle temperature rapidly increases, as both heterogeneous and
homogeneous reactions become stronger. Comparing the two atmospheres,
the heating rate for the particle in air is higher than in oxy atmosphere.

Particle temperature and burning rate will be used in the following sec-
tion as quantities of interest, and help identify sensitivities with respect to
model /physical parameters.

4.4.2. Sensitivities of unsteady char combustion

In this section, the sensitivities computed with the adjoint method (sec-
tion 4.2.2) are compared to those computed using the forward sensitivity
method.

Cross-validation of adjoint and forward sensitivity

In this section, the sensitivities computed using the adjoint and forward
sensitivity methods are compared and analyzed. Due to the unsteady nature
of the problem, the objective function (quantity of interest), G, is defined as
a time-integrated quantity (see section 4.2.2). Therefore, before extracting
the resulting sensitivities, the time horizon for integration 7 needs to be
defined. Figure 4.3 compares the sensitivities extracted using discrete adjoint
and forward sensitivity techniques for 7 = t* = 22.9. Here, the particle
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4.4. Results and Validation

temperature is selected as the quantity of interest, leading to the following
definition of the objective function:

.
G :/ T, dt. (4.42)
0

Figure 4.2a shows that, within this time horizon, the system demonstrates
an intermediate time behavior, where the burning rate is time-dependent (in
the following section, the dependence of sensitivities on the selected time
horizon is further analyzed). Figure 4.3 shows a good agreement between
the extracted sensitivities through the forward sensitivity and the discrete
adjoint techniques. The thermal conductivity A, exhibits a physical range of
values within 0.01 to 0.12 W/mK for the given configuration, considering T},
in the interval [350,1600] K and P = 1 bar. To showcase the reliability and
robustness of the adjoint approach, we specifically examine the sensitivity
concerning A, = 0.4 for extrapolated values at exceptionally high temperatures.
Further analysis demonstrates that this agreement holds regardless of the
selected time horizon or parameter of interest. Therefore, in the following
section, only the discrete adjoint method is used to compute the sensitivities.

0.04
0.03

0.02

Sensitivity

0.01

0 0.1 02 03 04
)\.’7

Figure 4.3.: Sensitivity of particle surface temperature, T},, with respect to gas
conductivity (Ag):—, discrete adjoint; e, forward sensitivity.

Time variable sensitivities

Since the burning rate is the most relevant Qol to this study, the evolution of
parameter sensitivities is first extracted for the burning rate. Therefore, the
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4. Sensitivity analysis of an unsteady char particle combustion
Qol is formally defined as:
T .
G :/ M, dt. (4.43)
0

Figure 4.4 compares the sensitivities extracted in both air and oxy atmospheres,
and the burning rate has reached a plateau, as illustrated by Figure 4.2a. In
Figure 4.4, the focus has been placed on the heterogeneous and homogeneous
kinetic model parameters (such as activation energies and pre-exponential
factors). Sensitivity with respect to the heat conductivity of the gas phase A,
is also computed, as it governs the heat conduction from the gas to the particle
and directly affects the burning rate (see section 4.1). Figure 4.4 shows that,
regardless of the free-stream composition, the sensitivity of burning rate to
the parameters of the homogeneous reaction is smaller than those of the
heterogeneous reactions. This result can change if more complex models
are considered. As far as the heterogeneous reactions are concerned, the
char oxidation reaction seems to be the most dominant. In both free-stream
compositions, the burning rate shows higher sensitivities with respect to
the parameters of the oxidation reaction, and in particular, the activation
energy, which shows the highest sensitivity in both cases. When comparing
the results of the two atmospheres, air seems to result in higher sensitivities
than an oxy atmosphere, due to the higher heating rate of char in air. These
results are, however, extracted for a selected time horizon. Therefore, it
would be of interest to investigate the evolution of these sensitivities as the
time horizon is varied. In order to extract time-varying sensitivities, term 7~
in Equation 4.43 is varied, and sensitivities are extracted for discrete time
intervals. The results are shown in Figure 4.5, and are compared for the two
free-stream compositions. Judging by the result of Figure 4.4, showing the
final distribution of the overall sensitivities at ¢* = 22.9, the burning rate is
expected to show the highest sensitivities with respect to the parameters of
the oxidation reaction, confirmed by the results of Figure 4.5. This figure
also shows that all parameter sensitivities are initially constant, following
the same behavior as the burning rate for short time horizons, as shown in
Figure 4.2a. For longer time horizons, while the decrease in burning rate
influences the sensitivities of some of the parameters, the sensitivities of the
dominant parameters seem to be unaffected. As the time horizon does not
affect the sensitivities extracted for the most dominant parameters, the short
time behavior can be used as a surrogate for the overall sensitivity distri-
bution. Comparison of Figures 4.5a and 4.5b suggests that the free-stream
species composition {Y 55, Y55, , Y5, YT} does not affect model sensitivities
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Figure 4.4.: Sensitivities extracted for burning rate with respect to kinetic model
parameters at t* = 22.9. (red), air; (blue), oxy atmosphere.

measured by choosing burning rate as Qol. The negligible effect of free-stream
composition on burning rate sensitivities can be attributed to a slower dif-
fusion time scale, which compared to the selected time horizon 7* leads to
insufficient time for the effect of the free stream to propagate to the surface of
the particle. To examine the effect of the choice of the Qol on the extracted
sensitivities, a configuration similar to the one examined in Figure 4.4 is
selected. Sensitivities are, however, extracted with respect to particle sur-
face temperature, as presented in Equation 4.42. The results are shown in
Figure 4.6. This figure demonstrates that the choice of the Qol affects the
distribution of sensitivities for both free-stream compositions. While the most
sensitive parameters remain the parameters of the direct oxidation reaction,
as was the case for the burning rate, the most dominant parameter is now the
pre-exponential factor with the activation energy following closely. The param-
eters of the second heterogeneous reaction show relatively higher sensitivities,
as far as the prediction of the particle temperature is concerned. Comparing
Figures 4.4 and 4.6 also shows overall higher sensitivities for burning rate
than particle surface temperature, suggesting that uncertainties in the value
of these parameters would result in higher discrepancies in the burning rate
prediction, rather than particle temperature. It is important to note that, in
this sensitivity analysis, the particle surface temperature (7},) is considered
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Figure 4.5.: Evolution of sensitivities, extracted for burning rate, M, as Qol, for
air and oxy atmospheres: ——, Fo; — — — no; -+, Aoy —, E1; — — — ng; -+, Ag;
o, )\g~

as a Qol. This is in contrast to the previous chapters [2,3], where the particle
surface temperature was treated as a model parameter and not a part of
the primal problem solution. In order to determine whether this behavior is
independent of the selected time horizon, the evolution of sensitivities needs
to be extracted as a function of time.

Figure 4.7 shows the evolution of the particle temperature sensitivities
with respect to the heterogeneous reaction parameters. The evolution of
sensitivities is entirely different from what was observed in Figure 4.5. This
change is due to the different behaviors of the two quantities of interest, as
illustrated in Figure 4.2. While the burning rate is initially constant and
then decreases, the particle temperature monotonically increases, with an
abrupt increase at the end of the considered time horizon. The sensitivities
of the particle temperature follow a similar trend. The parameters of the
direct oxidation reaction remain the most sensitive with the pre-exponential
factor dominating the sensitivities of the particle temperature. Comparing
the particle temperature sensitivities extracted in the two environments shows
that air yields slightly higher values as far as the pre-exponential factor is
concerned.

Regardless of the free-stream composition and the time horizon, selecting
the burning rate as the quantity of interest leads to larger values in parameter
sensitivities compared to the particle temperature, suggesting the burning
rate to be the more relevant choice of Qol for this problem. This is expected,
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Figure 4.6.: Sensitivities extracted for particle temperature 7}, with respect to
kinetic model parameters at t* = 22.9. (red), air; (blue) oxy atmosphere.

since the value of the Stephan flow velocity on the surface of the particle
governs the dynamics of the underlying system.

Finally, sensitivities with respect to physical conditions of the system are
extracted. Here, free stream mass fractions are chosen as the parameters of
interest, since when determining surface model parameters experimentally,
curves are fitted considering these quantities. High sensitivities with respect
to free steam conditions can lead to inaccuracy in the determination of model
coefficients. Earlier, the burning rate was established as the most relevant
quantity of interest to this problem. As a result, these sensitivities are
reported only for the burning rate. They are shown in Figure 4.8 where
they are compared for the two free-stream compositions. In contrast to the
sensitivities with respect to model parameters (Figure 4.5), the sensitivities
with respect to free stream mass fractions show more dependence on the
selected time horizon. However, the resulting non-dimensionalized sensitivities
are considerably lower than those extracted with respect to kinetic model
parameters. Comparing the sensitivities of the two free stream compositions
shows that, since the problem is diffusion-controlled, the diluting species
(Ng for air and CO4 for an oxy atmosphere), play an important role and
results in the highest sensitivities. This is followed by sensitivities in oxygen
mass fraction in both free stream compositions, as oxygen consumption is
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Figure 4.7.: Evolution of sensitivities, extracted for particle temperature, T),, as

Qol, for air and oxy atmospheres at t* = 22.9: —— Fa; — — —, ng; -~ -, Ag; ,
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an exothermic reaction of char oxidation and contributes the most to the
burning rate. Carbon monoxide shows a minimum sensitivity in both air and
oxy atmospheres, due to the weak gasification reactions on the surface and in
the gas phase.

4.5. Summary and Conclusions

In conclusion, while interpreting the results presented in this chapter, the
following points need to be considered. Firstly, working within the perimeter
of the kinetic models chosen in this study, the extracted sensitivities are
directly dependent on the accuracy of the predicted solution, as measured and
identified from the model. This does not guarantee that these sensitivities
match experimental observations. The differences, however, motivate the
use of more sophisticated models in their stead. Secondly, the extracted
sensitivities are directly dependent on the choice of Qol. While one Qol
might lead to high sensitivities with respect to a model parameter or physical
composition of the problem, another Qol might show no sensitivities at
all. Therefore, if the Qol is not chosen correctly, it might have misleading
consequences in the interpretation of the extracted sensitivities.

To overcome these obstacles, in the next chapters of this study, I will focus
on sophisticated gas-phase combustion models (Chapter 5) to address in
detail the effect of the gas-phase flame on solid fuel combustion processes
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Figure 4.8.: Evolution of free stream sensitivities, extracted for burning rate, M,
as Qol, for air and oxy atmospheres: ——, N2™; , T — — —, CO2%°; -+, 02
o, CO™.

such as devolatilization and pyrolysis, which will be discussed in Chapter 6.
Moreover, as shown in Figure 4.3, the sensitivity evolution with respect to
the parameter value is not constant. Thus, it is a valid question to consider:
How would the behavior of the model parameters’ sensitivities change with
the parameter value? To answer this question, uncertainty quantifications
will be included, as they provide global sensitivity analysis for the variation
in the model parameter value.
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5.1. Methodology

In this chapter, the primary focus is on gas phase kinetics rather than
surface kinetics and char combustion. The aim is to improve the homogeneous
combustion model in reactive solid fuel simulations, which relies on a large
number of parameters. To address this issue, the active subspace method
(ASM) is employed. ASM is a dimensionality reduction technique used to
identify the dominant directions in the objective function space. This allows
the construction of a reduced model with fewer parameters than the original
model, enabling more efficient computation of the specified Quantity of Interest
(Qol). An adjoint-based algorithm is also implemented to provide low-cost
access to gradient information required for dimensionality reduction. Using
this approach, the uncertainties of ignition delay time (IDT) with respect
to reaction rate are quantified in an isobaric zero-dimensional reactor in an
efficient and cost-effective manner. The global sensitivity analysis of IDT
is also extracted to identify the dominant reactions pathway. Furthermore,
the PDF of IDT based on the predictions of the active subspace method is
compared to the PDF based on linear approximation using the adjoint model
(LAAM). Depending on the case, a satisfactory estimation is achieved at a
fraction of the cost. Finally, the limitations of the linear approach (LAAM)
in cases with strong nonlinearities are highlighted.

5.1. Methodology

In this section, the algorithms for extracting the uncertainties and the relevant
gradient information from the system of interest are briefly presented. The
objective function of interest to this work is the ignition delay time (IDT),
which is defined as the moment where the gradient of temperature reaches its
maximal value,

IDT = argmax 7" (t) (5.1)
togtgtf

where ¢y and t; denote the initial and final times. The system of interest is
composed of an isochoric adiabatic gas inside the reactor. The composition
and temperature of this gas evolve in a zero spatial-dimensional and only
time-dependent system according to

ay, 1.
= —W;

o p

or 1 o2

ot~ pC, 0T
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5. Uncertainty quantification of kinetic models using active subspace algorithms

where (Y;) (i € [1, N;]) denote the species mass fractions, and C,, and p the
mixture’s average heat capacity at constant volume and density, respectively.
The terms (w;) denote the species’ rates of consumption or production, which
are related to the reaction rates,

—E.:
K; = A;T"% exp ( J) : (5.3)

RT

where j = [1, N,.]. N, denotes the mechanism’s number of reactions, and
(4;), (b)), and (E;) the Arrhenius coefficients parameterizing reaction j. The
source term wr is the heat release rate given by

NS
d}T = — szul, (54)
i=1
where u; denotes the internal energy of species 1.

5.1.1. Adjoint Method

The adjoint method performs the computation of the gradient of output
functionals (real-valued quantities of interest) at a cost comparable to a single
function evaluation, regardless of the number of components (parameters of
the model) [10]. While efficient, the adjoint method offers less flexibility than
forward sensitivity methods, such as the finite difference method, to tackle
implicit functions such as Eq. 5.1. As a consequence, the following alternative
objective function, proposed by [25], is employed,
[ 5
J=IDT = — (T (t) — T, (t))” dt. (5.5)
2ty Jo

where t; is the final time, 7T, the shifted temperature profile, and t, =
—t, x 1072[25] the shifting time, proportional to the reaction characteristic
time t,., defined as,

o= [ ()] 170, -

Forming the Lagrange multiplier [25], the adjoint equations can be extracted,
resulting in Vi € [[1, Ng]

at oy, oy, \ p" ay; \pC, T )"

96 _0J 0 (wr e
"ot —or aT(pc)*%m(p)

(5.7)
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Fig. 5.1.: Comparison between reference and shifted temperature profiles: —, reference;

— — —, shifted.

where ¢; is the adjoint variable corresponding to the Y; equation and ¢ to
the temperature equation (details regarding the extraction of the adjoint
equations are provided in [25]). In the latter equations, J is the integrand
already included in the definition of J, namely

1 2
J= E(T—Ts) . (5.8)

The adjoint equations are integrated backward in time from the following
conditions,

i(ty) =0, Viell,Ns],
&i(ty) i€ [1,N,] (5.9)
¢ (ty) =0.
The component of gradient associated with a parameter g is then given as
N {&7 wj 9 ( wr
- = +& < +o— dt. 5.10
dg — Ji, L0909 9g \ pC, (5:10)

Here, g may denote a kinetics parameter (such as a given 4;, ¢ € [1, Ny]),
a thermodynamics coefficient, or a component of the initial condition. The
linearization of the primal source terms (w;, wr, etc.) and objective (J)
are performed using automatic differentiation [69]. The primal and adjoint
equations are implemented in the open-source package Apophis.jl. The com-
parison of the extracted sensitivities (gradient components) using automatic
differentiation (AD), and complex step differentiation (CSD), an alternative
method for extracting accurate gradients (for more information regarding
CSD refer to [70]), are compared in Fig. 5.2 for GRI 3.0 mechanism [25].
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Fig. 5.2.: Sensitivity analysis of ignition delay time with respect to A for the ten most
dominant reactions using AD (light gray) and CSD (dark gray) for GRI 3.0 mechanism.

The agreement between the two approaches validates the adjoint method in
extracting sensitivities, independent of the size of the mechanism considered.
The sensitivities are non-dimensionalized as,

_ g (5.11)
dg J

and normalized by the maximum absolute value of S. For this analysis, the
initial mass fractions are You, = 0.05, Yo, = 0.2, and Yy, = 0.75. The
initial temperature is set at T" = 1000 K in atmospheric pressure as stated
in [25]. The extracted sensitivities agree well and confirm that the reaction
2CH3(+M) = CyHg(+M) dominates the ignition process, as far as the
Arrhenius parameters are concerned. These results are consistent with those
reported in the literature [25].

5.1.2. Active Subspace Method (ASM)

This section highlights how the aforementioned adjoint-based sensitivity com-
putation is leveraged to perform uncertainty quantification of IDT with respect
to the parameters of interest (kinetics, thermodynamics, initial conditions)
using the active subspace methodology [40].

The dimension of the parameter space is denoted as D, and the random
input variables as x = (z1,--- ,zp). The distribution of z; (j € [1,D]) is
normalized and centered, which may be assumed to be lognormal, uniform, etc.
for each parameter. The Qol will be denoted by f. The number of samples M
is proportional to the number of dimensions of the input space D and a factor
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5.1. Methodology

1. The active subspace methodology aims to construct an R-dimensional
subspace of the D-dimensional parameter space (R <« D) that describes
most of the variation of the quantity of interest f. The low-dimensional
approximation of f is

fx)=G(y), y=8'x (5.12)

where G(y) is the response surface, y € K¥, x € KP, and S is an orthogonal
matrix (K =R or C). The active subspace is then defined as span (S). One
way to identify the active subspace is to perform an eigenvalue decomposition
of the expectation matrix C defined as,

IR Y AVE AN T
C_Mz<dxi> (dx) = WAW (5.13)

i=1

where M denotes the number of samples, W and A are the eigenvalues
and eigenvectors. Selecting the first R eigenvectors of this decomposition
selects the R most dominant directions of the parameter space and provides
an approximation of S = [wy, -, wg]. The motivation for computing the
gradients of f at each sample x; (i € [1, M]) using the adjoint method stems
from the fact that it results in the computation of C scaling as In (D) as
opposed to D In (D) using finite differences.

The error in the estimated eigenvalues and eigenvectors due to an insufficient
number of runs can be estimated with bootstrapping. Bootstrapping is
a robust statistical method for estimating the sampling distribution of a
statistic without making assumptions about the population distribution. It
involves repeatedly resampling with replacement from the observed data to
generate multiple datasets of the same size as the original [38, 40]. Once the
active subspace is identified, various methods, including polynomial fitting,
Polynomial Chaos Expansion (PCE) [32, 71], and High Dimensional Model
Representation (HDMR) [37], can be employed to construct the response
surface. Here a multi-dimensional least-square method is used. A brief
summary of the major steps is presented in Tab. 5.1.

5.1.3. Linear Approximation using the Adjoint Method (LAAM)

Linear approximation using the adjoint method (LAAM) is proposed here as
a low-cost alternative to the active subspace method and is based on linearly
approximating the Qol with respect to its input parameter space [72]. While
very eflicient, it should be noted that for functions with a high degree of
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5. Uncertainty quantification of kinetic models using active subspace algorithms

Table 5.1.: Response surface construction algorithm.

Choose the appropriate distribution for input variables
Assemble M random points of the input space, where M = nln (D)

Use the adjoint-based method to compute the expectation matrix C (Eq. 5.13)

S

Apply eigenvalue decomposition to matrix C' and choose the dominant eigenvalues and eigenvectors
Estimate upper and lower bounds for the eigenvalues with bootstrapping (vary M and repeat 3 and 4)

Construct the mapping matrix S from the dominant eigenvectors and compute the new variable y = STx

=~ o w

Construct the response surface G (y) = f (x) based on the number of active dimensions

non-linearity with respect to the parameter space, this assumption becomes
inefficient; an example of this is discussed in Sec. 5.2.3. The expansion is
performed around the mean of the collected samples, denoted X (the center
of mass), and expressed as

dQol

Qol (x) = fraam (x) = Qol (X) + i

(x-%). (5.14)

X

Focusing on ignition delay time (Qol = IDT), the gradient computation is
performed using

dIDT
dl‘j

_ 47
f_ dAj

3
W € TL NI, Ay ) PEBTE () )

= 3 J 1DT

where J and ¢, are defined in Egs. 5.5 and 5.6, and ( IB‘ )3 is a normalization
factor due to the difference between 7 and f. The main advantage of LAAM
is that it can provide a good approximation of the uncertainties with only
a single function evaluation, regardless of the size of the system. This huge
reduction in computational cost allows rapid analysis of large mechanisms,

which will be highlighted in Sec. 5.2.

5.2. Results

In this section, the system uncertainties are first extracted using ASM and
LAAM for a range of mechanisms using a single active dimension. A case is
then presented where a single dominant direction does not emerge from the
eigenmode expansion, motivating the development of a surface reconstruction
that relies on a higher-dimensional subspace. Finally, uncertainties with
respect to initial conditions are considered to highlight the limitations of the
LAAM approach.
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5.2.1. One-dimensional subspace

ASM is used here to construct a response surface for kinetic model parameters.
The number of dimensions represents the number of variables on which the
solution of the objective functions depends. Here, the number of dimensions
is equal to the number of reaction rates in the kinetic gas mechanism. The
dimensions of the response surface represent the new number of variables on
which the objective function depends.

Due to comparatively large available data on a hydrogen mechanism (h2vb),
specifically uncertainty factors and distribution, this mechanism is first em-
ployed to benchmark the presented methodologies. Assuming constant tem-
perature, the uncertainties with respect to the reaction rates are mainly
attributed to the pre-exponential factors, (4;), j € [1, N, 1 [73]. Following
documented studies [45], the random variables (A;) are assumed to follow a
lognormal distribution,

1 2
In (A;) NN{ln (A9), {31n(UFj)} } (5.16)
which are centered and normalized as
1 o4
;= 3 In (UF;) In 20~ N(0,1) (5.17)
J

where A? is the mean value of the parameter (the value originally stated
by the mechanism) and UF; is the temperature-independent Uncertainty
Factor [74]. The number of input parameters z; is dependent on the number
of elemental reactions. The initial conditions are Y, = 0.29, Yo, = 0.15,
Yy, = 056, To = 1000 K, and Py = 1.59 x 10° Pa. Using the normal
distribution (Eq. 5.17), M samples are selected, and the value of IDT (f(x))
is computed. The gradients are evaluated using the adjoint methodology with
J (Eq. 5.5) as Qol. The extracted gradients are then normalized as

af  A;f dJ

v, ~ 37 dA; In UF;. (5.18)
As highlighted in Tab. 5.1, the matrix C is then constructed, and an eigenvalue
decomposition is performed to identify the eigenvalues and vectors before
performing bootstrapping to estimate the error bounds. In this particular
case, M = 65 (n = 50 and Ny, = 50) suffices to identify the active direction.
There is a difference of about four orders of magnitude between the first and
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Fig. 5.3.: Comparison of the response surface fitted against a single active direction: e,
samples; ——, third-degree polynomial fit.

second eigenvalue (A1/\2 =~ 1 x 10%), and a single direction is expected to
adequately capture the response surface and the relation between IDT and
the (Aj)

Fig. 5.3 shows a cubic fit between IDT and the reduced space variable y,

3
Gy)=> cay", (5.19)

n=0

where y = w{ x. The values of cg = —3.1144, ¢; = —1.2182 x 107!, ¢p =
6.8x1073, and c3 = 2.929x107° are computed using the least-square method.
The resulting probability density function (PDF) using the active subspace
strategy is compared to the Monte Carlo method with N = 20,000 samples
(Fig. 5.4). In this comparison, the Monte Carlo simulation PDF is constructed
by running the primal problem simulation for each sample, and the resulting
ignition delay time (IDT) from each simulation is used to build the PDF. The
two PDFs match well and show the mean, u, and the standard deviation, o,
of around—3.1 and 0.12, respectively. This comparison confirms the adequacy
of the Qol used for adjoint estimation for computing the required gradients
using the ASM method. In order to assess the applicability of LAAM, Fig. 5.5
compares the linear approximation of IDT to the original function, using the
mean extracted from averaging N = 200 samples. Due to the presence of
non-linearities, the linear approximation of IDT deviates from pu;pr £2 X 0.
Nevertheless, in this case, due to a small variance of the PDF that clusters the
samples around the mean, the linear approximation is found to be satisfactory.
The resulting PDF is compared to that of the Monte Carlo and ASM for N =

74



5.2. Results

-3.25 -3.00

log,,(IDT [s])
Fig. 5.4.: Comparison of the reconstructed PDF for h2vb mechanism: —, ASM; o, Monte
Carlo; — — —, LAAM.

0.0016 o

700012

IDT

0.0008-

0.0004 -

I I I I I
0.0004  0.0006 0.0008 0.0010 0.0012
L

Fig. 5.5.: IDT: —, linear approximation; e, original.

20,000 samples in Fig. 5.4. The comparison between LAAM and ASM PDFs
shows a deviation in the mean by €, ~ 10 % while the error in the variance is
€s = 2%. The departure between the peak values of the PDFs is of the order
of 3%. As a result, the overall approximation of the PDF using LAAM is
satisfactory. In order to demonstrate the applicability of the approach to large
mechanisms, uncertainties in the kinetic rates for the GRI 3.0 mechanism are
extracted and investigated under the same conditions as the h2vb mechanism,
including the use of identical initial conditions (temperature and pressure),
as shown in Fig. 5.6. The number of samples used to construct each PDF is
N = 20,000, showing comparable results to Fig 5.4. The error in the mean
between LAAM and ASM for GRI 3.0 is €, =~ 1% while the error in the
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Fig. 5.6.: Comparison of the reconstructed PDF for GRI 3.0 mechanism: —, ASM; o,
Monte Carlo; — — —, LAAM.

variance is €, &~ 1 %. Due to the similarity in the results produced by the two
mechanisms, the imminent analysis will be carried out for h2vb only.

In general, the cost of LAAM is approximately two orders of magnitude
lower than ASM, since all the information is gathered using a single forward-
then-backward sweep. The computational expense of ASM compared to
LAAM increases significantly as the size of the mechanism increases. This
remarkable reduction in cost highlights LAAM’s advantage, specifically as a
first estimation of the uncertainties of large mechanisms. For demonstration,
the cost of the two algorithms is compared in Tab. 5.2 for various mechanisms
using the same number of samples, N. This table confirms that the com-
putational cost of LAAM is negligible compared to ASM, scaling as O(N).

Table 5.2.: Response surface construction algorithm.

Mechanism h2vb GRI1.2 GRI211 GRI3.0 ITV
Species number 10 32 49 53 490
Reaction number 21 177 297 325 2072
Timeraan [s] 161.163 x 1073 2.57 5.963 14.869 2267.604
Timeasm [s] 50.436 1202.813 3715.522  11570.595 2.683 x 10°
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5.2.2. Multi-dimensional subspace

The cases that are studied in applications of interest to this work [44, 45] are
commonly reduced to a single dominant direction (one dominant eigenvalue),
which can be fitted with a response line. However, this cannot be generalized
to all the operating points, especially when considering uncertainties of IDT,
for example in high-density isochoric reactors where the ignition delay time
increases.

One such case is replicated here by using similar initial conditions as in [44],
for h2vb, with a slightly lower initial temperature, T = 925 K and mixture
composition (Y, = 0.29, Yo, = 0.15, Yy, = 0.56 and Py = 1.59 x 10° Pa).
It should be noted that this case results in higher density compared to the case
studied in Sec. [3.1]. As density increases so does IDT and the dispersion of
the sample points, causing a polynomial fit using a single dominant direction
to become inaccurate, as shown in Fig. 5.7 where the PDF using a single
direction is compared to the Monte Carlo. This figure shows that using a
single direction causes the peak magnitude to be overpredicted.

However, this issue can be overcome by applying a multi-dimensional
subspace using the first two eigenvectors. Fig. 5.8 shows that the majority
of the sample points align in a flat surface, which can be mapped using a
multi-dimensional least square method fitted to a plane. Comparing the two
PDFs in Fig. 5.7 plotted using 20000 samples exhibits an improvement in the
accuracy using two dominant directions instead of one. Although the three
PDFs have similar shapes, the standard deviation of the PDF constructed
using a single eigenvector is much lower than the PDFs using Monte Carlo and
two eigenvectors. However, it is important to note, that similar to the case

T
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Fig. 5.8.: Response surfaces constructed in multi-dimensions : 0, LAAM; 0 ASM; e,
samples.

considered in the previous section, the deviation in the mean value is not high,
therefore I would expect LAAM to also perform satisfactorily in this context.
Fig. 5.7 also compares the prediction of LAAM to the Monte Carlo, and
response surfaces using one and two directions. While similar to the response
surface using a single direction the peak of the PDF is not estimated correctly,
LAAM is able to predict a correct shape for the distribution. The linear
approximation of the QoI using LAAM (Eq. 5.14) can also be projected on
the active directions (y1,y2) to assess how well it approximates the response
surface. This projection fraanr (X) = fraanm (Y1, y2) is shown by the plane
with the highlighted borders in Fig. 5.8. This figure shows that LAAM is
able to approximate this response surface closely and therefore provides a
better approximation than the ASM response surface with only one direction
as shown in Fig. 5.7. However, the peak of the PDF is underestimated due
to the linearity of the approximation. In order to provide some insight into
the manner by which the active dimensions are selected, Fig. 5.9 shows the
linear combination of the rate parameters constructing these dimensions.
Comparing the two dominant eigenvectors shows R1 to be the most sensitive
reaction in one direction y; = w{ x and R5 in the other direction ys = wy x.
Therefore, further analysis is required in order to identify the reaction with the
highest overall sensitivity. In multiple directions, the linear combination alone
might be misleading and the analysis of the global sensitivity is necessary to
understand the reaction pathway. Here, I compute this quantity by calculating
the gradient of the response surface, deiy), and averaging the result over the
entire sample, resulting in the final global gradient with respect to system
parameters, as shown in Fig. 5.10. This figure shows that considering only a
single active dimension overestimates the role (sensitivity) of the fifth and
twelfth reaction (R5, R12) causing them to have a significant contribution to
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the ignition process, while using two active dimensions retrieves the dominance
of R1 (H+ O3 = O+ OH), respousible for OH production, in agreement with
the literature [25].

5.2.3. Initial conditions effect

The results presented in Sec. 5.2.1 and 5.2.2 compare the extracted sensitivities
using ASM and LAAM for cases exhibiting weakly nonlinear dependence of
the Qol with respect to the parameter space. Here, I aim to lift this constraint
by extracting the uncertainties of IDT with respect to variations in the initial
conditions, showing strong nonlinear behavior, and test whether the LAAM
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fit.

approach can provide acceptable predictions. For this purpose, a random
combination of initial fuel mass fraction Yy g, to air mass fraction Yj o,
ratio, and temperature T are extracted from a uniform distribution defined
as,

2, =U(82; x (B+1),02; x (B-1)), (5.20)
25 = (Yu,,Yo,,Yo,,To) (5.21)

where B is the percentage of deviation from the mean value (2;. The test case
mean value §2; will be similar to the studied case in Sec. 5.2.1 with twenty
percent of variation B = 0.2 around this value.

Following the procedure for constructing the active subspace, the resulting
response surface (not shown here) is divided into two regions, separating
igniting and non-igniting samples. Since quantifying the uncertainties of IDT
is the purpose of this work, the cases without ignition are discarded, allowing
the reduction of the active dimensions to one, as shown in Fig. 5.11. The
response line is calculated using a tenth-order polynomial. Examining the
chosen eigenvector (identified direction) shows that the temperature Tj has
the biggest influence on the selected direction. This can be expected as the
temperature affects the reaction rate nonlinearly and can cause larger gradients
when constructing the expectation matrix, C. Therefore, the uncertainties in
IDT are mainly due to the variation in the initial temperature. The resulting
PDFs are shown in Fig. 5.12. This figure illustrates that employing the
response surface in a single direction provides an accurate approximation of
the overall probability density function (PDF), serving as a reference similar
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Fig. 5.12.: Comparison of the reconstructed PDF: —, ASM; o, Monte Carlo; — — —,
LAAM.

to the Monte Carlo method. The comparison to the PDF built using the
LAAM approach shows a large deviation from the rest. This case highlights
the limitations of the LAAM approach. Several reasons contribute to this huge
deviation between LAAM and Monte Carlo PDFs, but the main factor can
be attributed to the use of the uniform distribution for the initial conditions
[Y;, To] in the presence of a large variance, reducing the correlation between
the computed gradient at the mean and the other samples. In addition, at
high initial temperatures (above the mean value) the reaction time ¢, is very
small. As the initial temperature decreases, t,, dramatically increases, causing
the deviation in IDT to also increase, resulting in a large tail in the PDF. As
a result, the skewness and flatness of the PDF in Fig. 5.12 are different from
the PDFs in Figs. 5.4 and 5.7. The resulting PDF is therefore hard to capture
using linear approximation. This also necessitates a higher-order polynomial
fit (tenth order) when using the ASM method to create the response surface.

However, this error can be reduced by using piece-wise linear approximations
by splitting the domain into smaller segments and applying LAAM at the
mean value of the samples at each part individually. It is important to note
that the number of simulations would remain in the same order of magnitude;
nevertheless, the accuracy would significantly increase [72]. Alternatively,
higher-order derivatives could be used, which will be the subject of future
work.

5.3. Summary and Conclusions
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As a conclusion, it is found that the change of mixture initial conditions plays
a key role in determining the number of dominant directions used to construct
the response surface for different Qols. Moreover, the distribution functions of
the model parameters contribute to the accuracy of the constructed PDF, and
this accuracy strongly varies depending on the UQ methods (LAAM, AASM,
etc.). Finally, the global sensitivity analysis and uncertainty quantification
will provide answers about the actual influence of any perturbation of the
different model parameters on the Qol values that cannot be provided by
local sensitivity analysis. This serious outcome will be used in the following
chapter 6 which will be a melting bowl for all the different models involved
in solid fuel combustion such as char combustion, devolitization, gas-phase
ignition, along with the methods that have been discussed in this study so
far, in particular sensitivity analysis and uncertainty quantifications.
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6. Uncertainty quantification of single axisymmetric particle combustion

This chapter combines various models (i.e., solid and gas phase chemical
kinetics) in the simulation of solid fuel combustion with the developed methods
for sensitivity analysis and uncertainty quantification introduced in the previous
chapters 2, 4, and 5. The primary goal is to conduct a simulation of an
unsteady single solid particle that considers detailed gas phase chemistry,
devolatilization coupled with char combustion, and differentiate the role of
each phenomenon in the combustion behavior of the solid particle. This
simulation is compared in both conventional air and oxy-fuel atmospheres.
The evolution of the particle temperature distinguishes two different stages
of particle combustion: before and after gas phase ignition. The sensitivity
analysis is carried out to determine the most effective parameters for particle
temperature and particle burning rate. The results show that the particle
diameter is the most effective parameter for particle temperature, while the
devolatilization parameters are the most effective for particle burning rate.
Additionally, the onset of the gas phase ignition identifies two different stages
in the evolution of sensitivities of various quantities of interest with respect
to gas and solid-phase parameters. The uncertainties associated with gas
phase reaction rates demonstrate that the reactions involving volatile species,
particularly hydrogen radicals, are the most active in the reaction pathway.
Finally, the PDF based on the predictions of the active subspace method shows
good agreement with the PDF based on Monte Carlo but with significantly less
cost.

6.1. Governing equations

The governing equations that describe the flow around a reactive axisymmetric
particle in a fluid are presented in a similar way as in Chapter 4, Section 4.1.

The main difference in the governing equation can be noticed in the burning
rate of the particle, where the devolatilization effect should be included.
To express the variation in the particle mass due to char combustion and
volatilization, it can be computed as,

dM,

— L 1
= (6.1

6.1.1. Chemical and thermodynamic models

Several terms introduced in the previous equations require modeling. In this
section, the chemical and thermodynamic models used to close the above
system are discussed.
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Volatilization

A two-step reaction model [75, 76] with first-order kinetics is used to represent
the mass release of volatilized species, given by

mv,i = CiKv,iMpa (62)

where (; = (2 = 0.5 are the release constants. The volatile release rate
K, ; follows the Arrhenius law, with the rate constant values for the mul-
tiple steps given by E,; = 74.1kJmol ™, A, = 1.34 x 10°s~1, B, = 0,
E, =251 k:Jmol*l7 Ay =1.46 x 105 s~ and Bv,2 = 0. The heat release
associated with volatilization is hy 1 = hy2 = 1x103kJ kg™t [75]. The species
composition resulting from devolatilization processes is listed in Tab. 6.1.

Species H CO CO9 CH,
Composition 32.6% 0% 105% 56.9%

Table 6.1.: Volatile species composition.

Gas-phase kinetics

The gas-phase chemistry is presented by the GRI 1.2 mechanism which includes
177 reactions between 32 species. The different thermodynamic properties for
each species are computed using NASA polynomial correlations [77].

6.2. Results

In the following, the model sensitivities and uncertainties of a single reacting
particle are presented for two different freestream compositions representing
air and oxy atmospheres. The initial composition of the oxy atmosphere
and the air atmosphere with rich oxygen is similar to that in [4, 76], and is
described in Tab. 6.2.

Test case Diluent Yg‘z’ Y& Y(,?ooz Yﬁ;’ T
Air Ny 326% 0% 105% 56.9% 1673K
Oxy CO, 262% 0% 73.8% 0% 1673 K

Table 6.2.: Compositions of air and oxy atmospheres.
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6. Uncertainty quantification of single axisymmetric particle combustion

6.2.1. Forward (primal) problem

The initial particle temperature is set to 7,7 = 300 K', which is low enough to
allow devolatilization as the particle heats up and before the char combustion
takes place [4, 76]. Fig. 6.1 illustrates the spatial evolution of the temperature
profile at specific times, which reveals that the gas phase temperature increases
post-ignition and decreases near the particle surface. This temperature profile
behavior suggests that energy is transferred from the hotter gas phase to the
cooler particle surface. The evolution of temperature profiles between air and
oxy atmospheres reveals that ignition occurs faster in the oxy atmosphere,
which is consistent with the findings of Farazi et al. [4], who used the same
volatilization model. The choice of volatilization model significantly impacts
the ignition time, and different models can lead to conflicting results. In
this study, the two-step model was used, which produces a similar rate of
species release to that of the model used in the char combustion mechanism by
Bradley [78]. This similarity could have an impact on the model’s predictions
presented in this study. The combination of volatiles that are released depends
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(a) Air atmosphere (b) Oxy atmosphere

Fig. 6.1.: Spatial evolution of the gas phase temperature for the air and oxy atmospheres.
The solid (— — —), dashed (— — —), and dash-dotted (—.—) lines correspond to ¢t = 1ms,

4ms, and 6 ms, respectively.

on both the fuel type and the complexity of the devolatilization model used.
In a study investigating particle devolatilization and combustion, where the
C2SM model was utilized [79], it was observed that during the devolatilization
process volatile species like CO and C'H,4 accumulated at the particle surface
due to their lower diffusion rate, similar to what is observed here. On the
other hand, as shown in Fig. 6.2a, carbon dioxide peaks far from the particle
surface. This can be attributed to the high reactivity of the reaction involving
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OH + CO = H + COs, which leads to the consumption of carbon monoxide
and the production of carbon dioxide. It should be emphasized that during
this phase, char combustion, also known as heterogeneous ignition, is negligible
due to the unavailability of oxygen at the particle surface. This is due to the
fact that oxygen is consumed in gas-phase reactions during the devolatilization
process. It is essential to identify different stages of the temporal evolution

Species [—|

0246810 0 10 20 30 40 50 60 0246810 0 10 20 30 40 50 60

Spatial [um] Spatial [pm)] Spatial [pm)] Spatial [um]
(a) Air atmosphere (b) Oxy atmosphere

Fig. 6.2.: Distribution of species in air and oxy atmospheres in the gas phase at a specific
timestamp of ¢ = 4ms. The dotted line (...) represents the distribution of COa2, the solid
line (— — —) represents Oz, while dashed lines (— — —) represent CO and dash-dot lines
(—..) represent CH 4.

of quantities of interest such as burning rate and particle temperature [80].
These quantities will later be used to characterize parametric sensitivities. As
these Qols indicate the different stages of particle combustion (preheating,
devolatilization, ignition, etc.), they help to study the mutual effects and
transitions between different phenomena. Additionally, particle temperature
is a major parameter measured in different experiments [54, 81], and can be
used to compare and validate numerical results against experimental data [57].
In both the air and oxy environments, the particle temperature T}, increases
due to the temperature gradient between the hot medium and the colder
particle. During the initial heating stage (¢ < 0.5ms), both cases experience
similar heating rates due to the significant temperature difference between
the gas and solid phases, as depicted in Fig. 6.3a. However, the heating
rate for the air atmosphere is lower than that of the oxy atmosphere due to
the more rapid increase in the gas phase temperature for oxy relative to air.
An inflection point can be observed in the T}, evolution curve in Fig. 6.3a
around t = 6 ps, which is related to the initiation of char ignition. Notably,
the inflection point is not observed for the air atmosphere due to the lower
particle heating rate. Sensitivities of char combustion have been analyzed in
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a different study by Hassan et al. [47].
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Fig. 6.3.: Temporal evolution of particle temperature and burning rate: — — — air

atmosphere; — oxy atmosphere.

Fig. 6.3b shows two different stages of the evolution of the particle burning
rate. The first stage coincides with a region where the burning rate does not
depend on the atmosphere, i.e., the early stage of particle heating. The second
stage, after the ignition onset, coincides with a monotonic increase in the
particle burning rate. The rate of change is higher for the oxy atmosphere.

6.2.2. Extracted sensitivities

This section aims to compute the sensitivities of various quantities of interest
(Qol) with respect to different system parameters using the adjoint method.
The gradients will be computed for both the air and oxy atmospheres, whose
compositions are presented in Table 6.2. Additionally, the evolution of
sensitivities over time will be examined. All sensitivities are normalized,
which helps distinguish the dominant parameters.

Sensitivities of Particle temperature

To evaluate sensitivities over all combustion phases and to avoid the complexi-
ties of particle ignition, we examine the time-cumulative particle temperature
T, rather than its instantaneous value, resulting in,

1 T

0
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The integration limits in Eq. 6.3 are 79 = 0 and 7 = 5ms chosen to ensure
that gas phase ignition occurs in both air and oxy atmospheres, while avoiding
char combustion. The sensitivities of particle temperature with respect to
different parameters are shown in Fig. 6.4. This figure shows that particle
size is the most influential parameter, with increasing particle size resulting
in lower temperatures, as demonstrated in [63]. Sensitivities to particle
thermodynamic parameters (C. and )Ag) are the most prominent during the
heating-up phase. Sensitivities with respect to char combustion parameters
E., B., and A, are insignificant due to the absence of heterogeneous ignition:
as discussed in Sec.6.2.1, oxygen is mainly consumed by gas-phase combustion.
Particle temperature also shows low sensitivities with respect to various
devolatization parameters. These parameters are, however, important when
considering particle burning rate, as demonstrated in [4] and subsequently
gas-phase ignition, and will be highlighted in the following section. Comparing
sensitivities in air and oxy atmospheres reveals a similar pattern for both.
Notably, the sensitivity to particle parameters g, C., and A4 is slightly
lower in an air atmosphere due to weak flammability, where the temperature
gradient between gas and particle decreases as shown in Fig. 6.1a.
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Fig. 6.4.: Sensitivity of the average particle surface temperature with respect to the
system parameters in the air (M) and oxy (M) atmospheres.

Given the unsteady nature of the problem, it is important to investigate the
temporal evolution of sensitivities with respect to the most influential system
parameters. This is achieved by adjusting the limits of the integral in Eq. 6.3
to encompass the entire time domain of the Qol. The time domain is then
discretized into several sequential segments, and the sensitivities are computed
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individually for each segment and then aggregated to provide the complete
time evolution. These results are shown in Fig. 6.5, which demonstrates
that the sensitivity of particle temperature (7},) with respect to surface heat
conductivity (As) for both air and oxy atmosphere increase until ¢ ~ 1.5ms.
This is because the gradient between the adjacent gas layer and particle
temperatures decreases significantly at this stage, minimizing the effect of A;.
Gas conductivity A, follows a similar trend but with a more rapid decay rate
due to the propagation of the flame towards the particle surface (not shown
here). Both volatiles activation energy and temperature exponent, (E, 1 and
Bu.1), show a similar behavior independent of the atmosphere (air/oxy). They
begin to have an impact after the early non-linear heating phase, close to
the gas phase ignition onset, as demonstrated in Fig. 6.3a. The sensitivities
to particle radius and thermal capacity (rg and C,, respectively) increase in
both atmospheres as the heating rate of the particle % reaches its maximum.
Following the ignition onset, their sensitivities decrease slightly as the heating
rate of the particle diminishes and the flame spreads towards the particle
surface.

0.2 0.2
<] 00 < 00
~ =
~| s < a
& [F-02 & [§-02
= =
-0.4 -0.4
—0.6 -0.6
0.000 0.001 0.002 0.003 0.004 0.000 0.001 0.002 0.003 0.004
time [s] time [s]
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Fig. 6.5.: Temporal evolution of the average particle temperature sensitivities with respect
to the system parameters: —, A\s; — — —, Ey1; — @ —, 705 —.—, Cc; —4—, By,1.

The sensitivities of particle temperature with respect to gas phase reactions
rate are shown in Fig. 6.6. According to Fig. 6.6a, the reaction OH + Hy =
H + H,0 (R1) exhibits the highest sensitivity for T, in an air atmosphere.
In fact, the top four reactions in Fig. 6.6a involve H and OH radicals. These
findings highlight the sensitivity of H and OH radicals absorption/release
reactions in the predicted sensitivities of particle temperature. Fig. 6.6b shows
that H + Oz = O + OH (R2) reaction is in turn the most sensitive in an
oxy atmosphere. However, the sensitivities of H and OH radical reactions
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remain important as the atmosphere changes, which could be due to the fact
that these reactions make a significant contribution to the reactions involving
methane (CH,) and methyl (C'Hs) present in the gas-phase. Comparing
Figs. 6.4 and 6.6 reveals that the sensitivities of the reaction rates depend
strongly on the atmosphere used, which is in contrast to the system parameters
that show little variations across different environments. To assess the effect

OH + H, = H + H,0 - ( | OH + H, & H + H0 - [
O + CH, = OH + CH, - ( ] O + CH, = OH + CH, - :
OH + CO = H + CO; - : OH + C0 = H + CO, - :
O+ H: 5 H+OH - : O+ Hy = H+OH - :|
OH + CH, = CH; + H0 - :| OH + CH, = CH; + H0 - :|
H+ 0,50+ OH - : H+ 0,50+ OH - D
20H 5 0 + HO - : 20H & 0 + H0 - :
0+ CH; = H + CH,0 - : O + CHy = H + CH,0 - E
HCO + 0, = HO, + CO - E HCO + 0. % HO: + CO - [:
0 + CH:0 % OH + HCO - : 0 + CH,0 % OH + HCO - D
U‘[I U‘.S l‘.() ().‘0 “‘5 l‘()
Sl Sal«
(a) Air atmosphere (b) Oxy atmosphere

Fig. 6.6.: Sensitivity of the average particle surface temperature with respect to the rates
of gas phase reactions of different mechanisms for air and oxy atmospheres: DRM22 (m)
and GRI1.3 (m).

of the mechanism used to model the gas phase chemistry on the extracted
sensitivities, a simpler reduced kinetics mechanism (DRM22) [82], consisting
of 104 reactions and 22 species, is implemented in the simulation. The
sensitivities of the particle temperature with respect to the different gas phase
reaction rates are shown in Fig. 6.6. A comparison with results from the
detailed mechanism shows that the top ten most sensitive reactions are indeed
the same in both cases. Furthermore, Ry and Ry are still the dominant
reactions in air and oxy-atmosphere respectively, regardless of the mechanism
used. A noticeable difference is the change in order between the two reactions
(O+CH4=0H +CH3) and (OH + CO = H + COy), but the sensitivity of
the two reactions is still comparable.

Sensitivities of burning rate

The burning rate, denoted by 7y, is a crucial Qol in particle combustion
analysis. Similar to T}, the burning rate is consistently increasing over time.
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6. Uncertainty quantification of single axisymmetric particle combustion

Therefore, it is reasonable to define the time-averaged value of the burning
rate as the Qol. This value can be defined as follows:

.
Qol = / Ty dr. (6.4)

Rather than analyzing the separate effects of char combustion and de-
volatilization (1 = 1. + 10,), it is possible to construct a Qol based on the
variation of the total particle mass as shown in equation 6.1,

T T
M
Qol = / g dr = — / adTp dr, (6.5)
T0 T0
T
oM
Qol = — / 4 = My, — My, (6.6)
To

This approach allows for a more comprehensive evaluation of the overall
behavior of the combustion process. Taking the derivative of the Qol with
respect to the state vector (¢) and incorporating it into the initial conditions
of the adjoint equations, Eq. 4.32, leads to the following equations:

ng(T) =0, ¢ ={T,Y,T,Y.} (6.7)
i, (T) = —1.

The value of 79 and 7 are chosen to be similar to T}, in order to facilitate
their comparison. Fig. 6.7 displays the sensitivity analysis results with respect
to the various system parameters. The sensitivity values for r( are significant,
similar to that of the particle temperature, owing to the strong correlation
between T}, and ;. However, in contrast, the devolatilization parameters
have the most dominant effect when the char combustion rate is low, as
1 is approximately equal to 1, as there is no heterogeneous ignition. In
comparison to the extracted sensitivities of particle temperature (Fig. 6.4),
Fig. 6.7 indicates lower sensitivities for the thermodynamic parameters.

Time evolution of particle burning rate sensitivities with respect to the top
sensitive parameters is depicted in Fig. 6.8. Similar to particle temperature,
the sensitives of the dominant parameters reach their maximum when ignition
occurs (¢t = 0.001 sec). These results are expected due to the strong impact of
gas phase ignition on devolatilization rate and temperature gradient between
the gas and particle surface. Comparing Figs. 6.8 and 6.5 shows that the
sensitivity of the temperature exponent 3, ; in the devolatilization model with
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Fig. 6.7.: Sensitivity of the average particle burning rate with respect to the system
parameters in the air (M) and oxy (M) atmospheres.

respect to burning rate remains nearly constant regardless of the atmosphere.
However, it exhibits a higher sensitivity value when compared to particle
temperature.

In both atmospheres, the particle burning rate is highly sensitive to the
volatile activation energy F, 1, especially at an early stage, where m; = 1,
and char combustion is negligible. After gas phase ignition, the particle
temperature 7}, becomes high enough and the sensitivity of the volatile
activation energy dwindles with a similar rate independent of the atmosphere.
It is worth noting that the signs of the sensitivities remain consistent and
align with the findings presented in Fig. 6.7. Additionally, the sensitivity of
E, 1 emerges as the most influential across all instances.

Comparison of Figs. 6.8 and 6.5 shows that while the atmosphere does
not seem to influence the value and evolution of sensitivities with respect to
different system parameters, the selected Qol could have a large influence.
This suggests that depending on the quantity we would like to predict in such
systems, different system parameters could be influential, and how influential
depends on the time instance that the analysis is performed. Fig. 6.9 highlights
the sensitivities of the particle burning rate with respect to the gas phase
reaction rates. These results are consistent with the time-cumulative particle
temperature results depicted in Fig. 6.6. The agreement is expected as
the ignition process, particle temperature, and the burning rate are highly
correlated in this setting. The only notable difference between Figs. 6.9a
and 6.6a is that the reaction OH + CO = H + CO4 is the most dominant
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Fig. 6.8.: Temporal evolution of the average particle burning rate sensitivities with respect
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for the burning rate, due to the high release rate of carbon dioxide in the
air atmosphere, as shown in Fig. 6.2a. It is worth noting that, similar to
the particle temperature, Figs. 6.9a and 6.9b illustrate that the reactions
involving volatile species are the most sensitive.

_ O + CH, = OH + CH; _ -0+ H,< H+ OH

_ -0+ H;= H+ OH - - 0+ CH, = OH + CHy

_ - OH + CH; = CH; + H,O - - OH + CH, = CH; + H,O

_ -H+ 0,50+ OH - - 0+ CH; = H + CH,0

- - 0+ CH; = H + CH,O - < CHay(s) + CO: = CO + CH.O
- - 20H = O + H,0 - - HCO + M < H+ CO + M

- - 0 + CH,O = OH + HCO - - CHay(s) + 0, < H + OH + CO

- - OH + CH; = CHa(s) + H.O . - H + HO; = 20H

0.0 0.5 10 ()‘.U U"‘ l‘U

Sale [Sal~

(a) Air atmosphere

(b) Oxy atmosphere

Fig. 6.9.: Sensitivity of the average particle burning rate with respect to the rates of gas
phase reactions.

In order to provide a comprehensive understanding of the sensitivity of the
different parameters involved in the simulation, the sensitivities of the particle
temperature and the burning rate to the initial free-stream composition are
extracted and compared. Figs. 6.10a and 6.10b demonstrate that, regardless of
the atmosphere or the quantity of interest, Yo, is the most dominant species,
and controls the ignition process for both the gas phase and the particle. It is
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noteworthy that the sensitivity of carbon monoxide is more pronounced in
the oxy atmosphere than in the air atmosphere.
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Fig. 6.10.: Sensitivity of the average particle temperature and burning rate with respect
to the initial mass fraction composition in the oxy (M) and air (M) atmospheres.

The comprehensive sensitivity analysis conducted on various quantities
of interest demonstrates that the sensitivities to system parameters remain
constant across different atmospheres, regardless of atmospheric composition.
Conversely, the combustion atmosphere significantly influences the hierarchy
of the most sensitive reactions across different quantities of interest.

6.2.3. Extracted uncertainties

As shown in the previous section and due to their impact on both particle
temperature (7},) and burning rate (1), it is crucial to quantify the impact of
uncertainties in gas phase kinetics and system parameters on the prediction of
these quantities of interest. The uncertainties will be extracted as explained
in Tab. 5.1. Due to the cost associated with the forward problem and gradient
extraction, as well as the high accuracy of AASM, a total of 100 samples
(N = 100) are utilized to construct the covariance matrix. A single dominant
direction (the eigenvector related to the first eigenvalue) is picked to build the
response surface of particle temperature 7}, and the particle burning rate r;.
First the uncertainties with respect to the gas phase kinetic models will
be investigated. In this context, the dominant eigenvector is used as a
representative of the dominant reaction pathway, shown in Fig. 6.11, using
the average particle temperature as the Qol. These results can be directly
compared to the results of the sensitivity analysis shown in Fig. 6.6. Fig. 6.11
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shows that OH + Hy = H + H20 (R1) and H + Oy = O+ OH) (R2) are the
most dominant reactions in air and oxy atmospheres, respectively, contributing
significantly to the overall uncertainty of predictions. It is worth noting that
R2 also strongly contributes (within the top three reactions) to the predicted
uncertainties of the air atmosphere. This is in contrast with the sensitivity
analysis shown in Fig. 6.6a, where (R2) ranks lower in the hierarchy of sensitive
reactions. This highlights the limitation of a local method such as sensitivity
analysis to analyse a complex system such as the one presented here. Reaction
OH + CO = H + CO4 remains important in the air atmosphere due to the
elevated production of (CO3). This result is in alignment with the findings of
the local sensitivity analysis in Fig. 6.6.
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Fig. 6.11.: Uncertainties of reaction pathways for cumulative particle temperature.

As mentioned previously, it is essential to assess the evolution of uncertainties
over time in unsteady configurations. To accomplish this, the integration
limits in Eqgs. 6.4 and 6.3 are sequentially changed from 0 to 5ms. Fig. 6.12
depicts the evolution of the predicted mean value and standard deviation,
amplified 50 times for better visibility, superimposed. This figure reveals
that the uncertainties are negligible during the heating phase regardless of
the atmosphere and the Qol, and it becomes relatively more significant after
the gas phase ignition. This is because the gas phase chemistry has minimal
influence before the ignition onset. In addition, the uncertainties in the oxy
atmosphere is consistently higher than that in the air atmosphere for all
quantities of interest. Moreover, the uncertainties in the burning rate exceeds
that of the particle temperature. This is attributed to the fact that the
burned mass is more sensitive to gas phase kinetics compared to the particle
temperature.

96



6.2. Results

In order to examine the statistical properties of the response surface for
different quantities of interest in more detail, the probability density function
(PDF) of the Qols is plotted at t = 5ms and compared with the Monte Carlo
method. The error between the PDF moments of the Monte Carlo simulations
and the reduced order model is calculated using equation:
3 2
f = Hac 71 0, (6.9)
5 Yee]

where i corresponds to the order of the moment. The mean errors of the
response surface PDF are ¢! = 1 x 1076 %, indicating an accurate approxi-
mation of the mean for both air and oxy atmospheres. However, it’s worth
noting that the limited number of samples used to construct the response
surface (N, = 177 reactions and the domain size ro, = 160 mm) can affect
the accuracy.
When comparing the PDFs of the air and oxy atmospheres, it can be observed
that the oxy atmosphere exhibits a much higher skewness (ten times larger)
due to its high flammability. This leads to a larger number of samples with
high particle heating rates. Nevertheless the overall low standard deviations
indicate the high performance of the different models, regardless of the atmo-
sphere and the quantities of interest (Qols).
Finally, In order to examine the uncertainties of system parameters on the
overall predictions of the burning rate and particle temperature, we perform
a separate analysis where the kinetic parameters of gas-phase reactions are
fixed and AASM method is applied only on the samples extracted from the
system parameters shown in Figs 6.4 and 6.7. Since the number of selected
particle parameters is smaller than the parameters of the gas-phase kinetic
model, only 70 samples are used to build the response surface. The dominant
eigenvectors, extracted using the AASM approach, highlighting the global
sensitivity of particle temperature with respect to system parameters for each
atmosphere are shown in Fig.6.13 and can be compared directly to Fig 6.4.
When comparing global and local sensitivities, depicted in Fig.6.13 and Fig.6.4,
respectively, it becomes evident that the particle radius r¢ emerges as the most
sensitive parameter. Furthermore, the global sensitivity of particle thermal
conductivity Ag, as illustrated in Fig.6.13, exceeds the sensitivity observed
in the local analysis presented in Fig.6.4. In contrast to the local sensitivity,
Fig.6.13 demonstrates minimal global sensitivity for particle thermal capacity
C.. Comparing Figs. 6.13a and 6.13b reveals that the global sensitivity re-
mains consistent, irrespective of atmospheric conditions. These results are
consistent with the findings from the local sensitivity analysis.
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Fig. 6.12.: Evolution of uncertainties in particle temperature and burning rate with
respect to gas-phase kinetic parameters: —, mean value (u°); red, standard deviation (o).

Fig. 6.14 displays the evolution of uncertainties in particle temperature and
burning rate with respect to system parameters. By comparing Figs. 6.14
and 6.12, we observe that system parameters have a much more substantial
influence on uncertainties than the reactions rates. This can be attributed to
the pre-ignition stage’s primary role in controlling the particle’s heating rate.
Although the atmosphere has a negligible impact on sensitivities (Figs. 6.4
and 6.7), Fig. 6.14 demonstrates that the uncertainties in an oxy atmosphere
are higher than those in an air atmosphere. Moreover, the uncertainties in
the oxy atmosphere increase as ignition progresses, in line with the trends
seen in reaction rate Fig. 6.12.

Uncertainties in the burning rate before ignition are almost negligible. How-
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Fig. 6.13.: Uncertainty of particle temperature with respect to the system parameters.

ever, these uncertainties become significantly more pronounced in both air and
oxy atmospheres after ignition. Comparing the results of Fig.6.14 reveals that
the uncertainties in burning rate are much higher than those in particle tem-
perature. This suggests that particle burning rate is more globally sensitive to
system parameters. Moreover, it is important to note that the results of the
uncertainties are highly dependent on the uncertainty factor (UF). Therefore,
even a small variation in the value of UF can significantly affect the evolution
of uncertainties. Due to the shortage of reliable information regarding the
value of the uncertainty factor for particle parameters, the chosen value is
(UF=1.1), as a further increase in this value of UF could lead to unrealistic
results (not show here). Comparing Figs. 6.14 and 6.8 reveals that while
the sensitivities of system parameters remain unaffected by the atmosphere,
the uncertainties is significantly influenced by atmospheric conditions. This
underscores the importance of performing uncertainty quantification in deter-
mining the influence of system parameters on prediction of different quantities
of interest.

Comparing the different probability density functions (PDFs) in Fig 6.14 for
particle temperature 7}, and the average burning rate 1, reveals a higher
skewness value for the mht PDF compared to the 7}, PDF. Furthermore, similar
to PDFs in Figs 6.12 the PDFs for an oxy atmosphere exhibit higher skewness
than those for an air atmosphere.
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6.3. Summary and Conclusions

This chapter concludes the development of different methods, including sensi-
tivity analysis and uncertainty quantifications, and applies these methods to
a complete model in single particle configurations. It has been found that the
sensitivities of the particle burning rate and temperature are maximum in
the first stage (before gas phase ignition) and tend to reach a plateau after
ignition. This behavior is contrary to what was shown in Chapter 4, where
only char combustion was considered.

Regarding sensitivities with respect to gas phase chemistry, it is found that
the reaction OH + Hy = H + H5O is independent of the atmosphere, high-
lighting the role of hydrogen in gas phase ignition. Moreover, the sensitivity
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analyses show that oxygen concentration is the most important species, as
its level of consumption in the gas phase determines the gas phase ignition
characteristics. The high consumption of oxygen in the gas phase is also the
reason for the ignition delay of the solid particle.

Finally, the uncertainty quantification shows that the uncertainty with
respect to gas phase chemistry is nearly negligible, which demonstrates the
robustness of the chemical kinetic model and mechanism. On the other hand,
the uncertainties quantified for the particle parameters are more pronounced,
especially when considering the particle burning rate. The most remarkable
finding is that the evolution of the uncertainties increases with time, unlike
the sensitivities, which decrease with time. As the uncertainty quantifications
represent the global perspective, this could answer the actual question of the
true influence of different parameter sensitivities on the objective function
values, as shown in Figs 6.14 6.12.

As the burning rate shows large uncertainty propagation with respect to
particle model parameters, it would be necessary for future studies to investi-
gate the influence of burning the particle in multi-dimensional configurations,
considering the different shapes of particles. Moreover, the effect of group
combustion would significantly impact the burning rate for each particle in a
cluster, indicating different behavior for the model uncertainties that need
to be investigated. All of these important questions will be part of future
studies in the Oxyflame project, of which this study is a part.
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Concluding remarks

In this thesis, a framework for simulating solid fuel combustion and extracting
the sensitivities of different quantities of interest (Qols) with respect to
various combustion model parameters is introduced. The aim is to study the
performance, extract sensitivities, and quantify the uncertainties of different
combustion models. Several configurations are analyzed, and the results are
compared in different atmospheres (conventional air and oxy-fuel).

As a first step, both continuous and discrete adjoint are applied to char
burnout for steady state configuration. Examining the resulting errors suggests
discrete adjoint to be the most accurate formulation for gradient extraction,
as far as steady char combustion is concerned. As the main interest lies
in the configuration where a flame exists in the gas phase, the evolution of
mass fractions and temperature is simulated in the presence of the flame to
account for the gas-phase chemistry effect, and sensitivities of various local and
spatially distributed Qols with respect to multiple parameters are extracted
and compared, using the discrete adjoint formulation. In addition, due to
the importance of the oxy environment in coal combustion, the extracted
sensitivities are compared for both air and oxy atmospheres. The comparison
between the results for a single operating point shows that, regardless of the
atmosphere, the system is highly sensitive to the parameters related to the
surface reactions, which is expected, since the value of burning rate is directly
dependent on the heterogeneous reactions. As the sensitivity of any Qol at a
certain operating point does not give an indication about the global behaviour
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of the gradients, in order to provide a global picture of the sensitivities in
the system, sensitivity maps are extracted. Since local analysis shows high
sensitivities with respect to the surface parameters, sensitivity maps are also
extracted with respect to the parameters governing the surface reactions:
surface temperature and the ratio between the surface Damkohler numbers
~. For the range of parameters chosen in chapter 2, the oxy environment
shows two different characteristics: one dominated by the presence of the
flame in the gas phase, and the other seen for low values of v , where the
flame in the gas-phase extinguishes, and all the dynamics, as well as the flame
itself, reside on the surface of the particle, leading to a more dynamic picture
in the sensitivity maps. This variation is more apparent in the sensitivities
extracted for the total heat release rather than the burning rate. The two
contributions to the heat release in char combustion are the heterogeneous
and homogeneous reactions. In the presence of the flame, due to the higher
enthalpy of the homogeneous reaction, the flame temperature dictates the
value of heat release and its gradient. However, when the flame moves to the
surface of the particle, only the heterogeneous reactions govern the value of
heat released into the domain.

Due to the importance of the heterogenous reactions in these sonfigurations,
a deeper investigation of the surface reaction kinetic models is carried out by
introducing the single film model developed by Schiemann et al. in Chapter 3
for a steady-state configuration. The particular model of interest for this
case is extracted through detailed measurement of Schiemann et al. [30],
where model parameters are reported for various particle sizes, free stream
compositions, and particle temperatures.

The variation of sensitivities are reported as the particle size, and free stream
compositions are varied, as specified by the experimental measurements. The
analysis shows the activation energy to be the most sensitive parameter, as
far as, the burning rate and total heat release are concerned. The resulting
parameter sensitivities vary slightly with particle diameter for burning rate
as Qol. On the other hand, particle size shows a much higher impact in
the extracted sensitivities when considering the total heat release. This is
attributed to the fact that the total heat release is an integrated quantity,
evaluated within the entire domain, whereas the burning rate is a local
quantity determined mainly by the heterogeneous reaction rate on the surface
of the particle. The analysis shows that the free stream composition has
a large impact in the extracted sensitivities. Free stream conditions with
higher oxygen concentrations, generally result in higher sensitivities in the
model coefficients. Higher oxygen concentration leads to stronger reactions
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on the surface, increasing the burning rate, leading to higher sensitivities in
the model parameters as well.

It is important to note that when the surface temperature is set to a specific
value based on the problem’s boundary conditions, the impact of surface
reactions is predetermined, which can affect the obtained sensitivities. To
obtain a more comprehensive understanding, chapter 4 removes the surface
temperature from the boundary conditions, resulting in a Robin-type boundary
condition for temperature, and allows it to be solved as part of the problem.
Additionally, the study investigates the impact of unsteadiness and non-
linearity on the extracted sensitivities of char combustion models by analyzing
an unsteady configuration.

In addition to the model parameters, another important factor in char
combustion is the free stream composition. Due to success of oxy environments
in reducing COy emissions, air is commonly replaced by pure oxygen (O3) or
a mixture of oxygen with recycled flue gas, leading to variable free stream
compositions. Therefore, the impact of free stream composition on the
sensitivities need to be quantified as well. In chapter 4, using the adjoint
method, sensitivities were extracted for variable quantities of interest in
two free stream compositions corresponding to air and oxy environment.
When the particle burning rate is considered as the Qol, the parameters of
the first surface reaction (direct oxidation reaction) prove to be the most
dominant, and in particular, the activation energy. This dominance remains
independent of the selected time horizon (short or long) and the free stream
composition. On the other hand, a shift of the Qol to particle temperature
changes both the distribution of sensitivities at a selected time instance and
their evolution in time. In the case of particle temperature, the pre-exponential
factor seems to be the most sensitive parameter and its sensitivity steadily
increases in time. This is due to the difference in the evolution of the particle
temperature and the burning rate in time. However, regardless of the free
stream composition, the burning rate shows higher sensitivities with respect
to the model parameters, suggesting this quantity to be the most relevant
in such sensitivity analyses. Burning rate sensitivities with respect to free
stream variables show that the diluent species has the highest sensitivity, with
the oxygen mass fraction following closely. However, the sensitivities with
respect to free stream values are considerably lower than the sensitivities of
heterogeneous model parameters, suggesting these models to be the main
source of sensitivity in the system.

Chapter 5 provides a framework for investigating the uncertainties of
chemical kinetic models in an isochoric adiabatic reactor configuration. The
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uncertainties are extracted using active sub- space methodology (ASM) cou-
pled with the adjoint method to minimize the cost of evaluating the necessary
gradients. The results are also compared to the linear adjoint approximation
method (LAAM), which provides a very quick estimation of the overall uncer-
tainties. In a standard low-density case, where a single dominant direction
can be selected, the uncertainties extracted using LAAM and ASM compare
well with standard Monte Carlo. Although the accuracy of ASM is better
than LAAM for this case, LAAM is able to provide a satisfactory result with a
fraction of the cost. Different operating conditions, achieved by modifying the
initial conditions, may lead to significant differences in the dispersion of the
samples and the number of active dimensions. This is shown in a second case
where a single active direction does not come out of the eigenmode expansion,
motivating the use of a multi-dimensional subspace to construct the response
surface. Despite the underlying locality and linearity assumptions, LAAM
still gives a very good approximation for this case. This suggests that LAAM
can be used as a preliminary estimation for UQ especially for large systems.
Finally, the effect of strong nonlinearities on the overall uncertainties are
considered. The results prove that the prediction of LAAM deteriorates in
these conditions. However, this error can be reduced by using piecewise linear
approximations by splitting the domain into smaller segments. This will be
the subject of future research.

Chapter 6 concludes the study by summarizing various solid fuel combustion
models, including char burnout, detailed gas phase kinetics, devolatilization,
and others, applied in the simulation of unsteady axisymmetric particle. To
identify the most sensitive parameters, a semi-discrete adjoint approach is used.
The extracted sensitivities indicate that the particle size is the most dominant
parameter regardless of the atmosphere (air/oxy) when considering the average
particle temperature as the quantity of interest (Qol), consistent with the
findings of [63]. However, when considering the average burning rate as the Qol,
devolatilization parameters become more prominent due to the insignificant
char combustion in the initial stage of devolatilization. Furthermore, analyzing
the sensitivity of different quantities of interest concerning gas phase reaction
rates reveals that volatile species are the most influential.

By analyzing the evolution of the sensitivities of the most dominant pa-
rameters over time, it is revealed that the maximum gradient occurs during
the early heating phase of the particle. After that, the sensitivity values for
most parameters stabilize until the onset of gas phase ignition, where the
sensitivity trend changes. As the local gradient does not indicate the actual
reaction path, active subspace method (ASM) is applied to evaluate global
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sensitivities, as done in chapter 5. The Probability Density Function (PDF)
of different quantities of interest regarding gas phase reaction rates agrees
well with the Monte Carlo computed ones, with a cost reduction of up to

three orders of magnitude.
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A. Adjoint derivation for boundary value problem

A.1. Derivation of the adjoint equation and gradient
formula for two-point boundary value problem

The notation introduced in section 2.2 is used below. The derivation follows
the original work of Servan & Petzold [49], with additional details for further
clarity.

A.1.1. Forward sensitivity of the primal problem
Let the sensitivity of u () with respect to p be denoted as

du

u, (r)= —| .

o= Gl

up is the solution of the linearized problem, referred to as the forward
sensitivity problem

dugp

dr

subjected to the boundary conditions

=Fyup + Fp,

Au,, (a) + Bup (b) + hyp = 0 (A1)

where A and B are defined in Eq. 2.22, F, and F, denote the jacobians of F
with respect to u and p, and hy the jacobian of h with respect to p.

A.1.2. Adjoint of the primal problem

This step focuses exclusively on the computation of the gradient of integral-
form functionals (Eq. 2.24), which, is evaluated upon an integration over [a, s].
This suggests the use of two adjoint variables : A{, the adjoint of the forward
sensitivity equation over the interval [a, s|, and A§ over [s,b]. The Lagrange
procedure revolves around the addition of the following term to dG*/dp :

° S * dll b s * dll
/G)\l <dthuupr)dr+/S A5 (dthuupr)drO

where the * subscript denotes the conjugate transpose. Integration by parts
yields

s b
[A;*up]jﬂ)\;*up}’;—/ Ai*der—/ AS* Fpdr

(AN (AN
—/ u), ( dTl +F:;>\§> dr—/ u), ( d: +F;>\§> dr = 0.
a S
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A.1. Derivation of the adjoint equation for two-point boundary value problem

Upon summation of Eqgs. 2.24 and A.2, it emerges that provided the following
three equations hold,

dA§
~t = FX
¢ (A.3)
dAg * S
Tdar Fuz
and
Al (s) = A3 (s) =0, (A4)
the gradient of G* is given by the following formula:
dG*® o .
=N 0wy )+ A (@ up )
(A.5)

s b
—|—/ (gp—|—)\‘19*Fp)dr—|—/ A" Fpdr.

If suitable boundary conditions relating A$ (a) and A§ (b) are provided,
Egs. A.3 and A.4 will form a multi-point boundary value problem for the
adjoint variables A and A§. Given the linear dependence of the augmented
objective function in the adjoint variables, it is legitimate to assume that the
missing boundary conditions too are linear, that is there exist two square
matrices A and B such that

AN (a) +BAS (b) =0 (A.6)

and P = [K|§] has full rank. Note also that given the integral form of
G*, the conditions were also assumed homogeneous. Eq. A.6 states that the
boundary conditions (A (@), AS (b)) belong to the null space of P.

Since the adjoint methodology aims at avoiding computing forward sensi-
tivities altogether, the aforementioned boundary condition should eliminate
up (a) and u, (b) from Eq. A.5 by leveraging the forward sensitivity boundary
condition (Eq. A.1). The key to elucidate the missing boundary conditions,
and therefore construct A and B, is the following theorem : given two m by
2m full-rank matrices P and Q, then

span (P*) = null (Q) < span (Q*) = null (P).

In other words, posing Q = [-A|B], if P (and therefore, A and B) is
constructed such that its row space matches the null space of Q, then since
(A3 (a), A (b)) belongs to the null space of P, there exists a such that

A$ (a) —A*
A3 (b) B*
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A. Adjoint derivation for boundary value problem

As will be shortly seen, if the missing adjoint boundary conditions are be
constructed such that

—k

A

span e = null ([—A|B)), (A7)

then substitution of Eq. A.1.2 in the first two terms of the right-hand side of
Eq. A.5 yields
A" (@) up (a) = A3" (b) up (b) = —a” [Auy, (a) + Bup, (b)]

where the second factor in the right-hand side matches the first two terms in
the sensitivity boundary condition equation A.1, which, can therefore be used
to eliminate up, (a) and up (b). One finally finds
dG*®
dp

s b
- —a*hp+/ (gp + )\{*Fp)dr—i—/ A3 Fpdr
where
a = (AA* + BB*) ' [BA] (b) — AX; (a)].

The matrices A and B derived for the combustion problem of interest are
presented in A.2.

A.1.3. Forward sensitivity of the adjoint problem

Let pf denote the forward sensitivity of A§ with respect to s (i = 1,2).

Y
T ods

S

K
From Eq. 2.23, I find
dg R o
s ) = —B"hp + gp (s) +/a pi " Fpdr +/S w5 Fpdr.
where A§ (s) — A3 (s) was used,
B=(AA"+BB")"' [Buj (b) — Apj (a)]

and (p$, p3) is the solution of the following multi-point boundary value
problem

dpi .
o = FLui,
dps .
g = FLu3,
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subject to

{ui (s) — 3 () — g () = 0,
Aps (a) + Bus (b) = 0.

The jump condition at r = s in Eq. A.1.3 stems from the differentiation of
Eq. A.4 with respect to s, which, results in
dA}
dr

s X3
—p5(s) — d7"2 =0

S S

pi(s) +

that was further simplified using Eq. A.3.

A.1.4. Integration bounds

Two limit cases are of interest in the present study: s — b for integral
quantities, and s — a for pointwise quantities. As highlighted below, the
multi-point boundary value problems required for adjoint-based the gradient
computations reduce to two-point boundary value problems.

Limit case s =0

In the limit s — b, the adjoint problem reduces to

d\P
B
dr

AN (a) + B AP (b) = 0,
and

dG® -1 b b ’ b*
Gy~ (AAT+BB) (BA® (b) — AN (a)) hy, +/ (gp +A Fp) dr.

Limit case s =a

In the limit s — a, the forward sensitivity of the adjoint variable with respect
to s = a is the solution of

a

dp® . 4

y ak”,
.
Ap® (a) +Bp® (b) + Agy (a) = 0.
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The gradient of the pointwise quantity g (a) is then

dg

in| = (AA* + BB*) "' (Bu® (b) — Ap® (a)

. (A8)
— Ag(a) + gp (a) + / o Fpdr

A.2. Linearized boundary conditions

A.2.1. Forward problem

The jacobian matrices A and B of the boundary conditions, listed in the
following order, are provided below. First, at the particle surface, species
conservation (4 equations), temperature and saturation condition. Second, in
the far field, composition (4 equations) and temperature.

(M (a—1)DarJa 2(@—1)Day 0 0 Yeo -1 0 0 0 0
0 M + Da, 0 0 0 Yo, 0 -1 0 0
0 0 M+Day, 0 0 Yoo, 0 0 -1 0 0
0 0 0 M 0 Yy, 0 0 0 —-10
0 0 0 01 0 0 0 0 0 0

A=11 1 1 1 0 0 0 0 0 0 0][(A9
0 0 0 00 0 0 0 0 0 0
0 0 0 00 0 0 0 0 0 0
0 0 0 00 0 0 0 0 0 0
0 0 0 00 0 0 0 0 0 0
K 0 0 00 0 0 0 0 0 0
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0000000000 0
0000000000 0
0000000000 0
0000000O0O0O0 0
0000000000 0
B=1[00000000000 (A.10)
10000000000
0100000000 0
0010000000 0
0001000000 0
0000100000 0

A.2.2. Adjoint problem

In order to express the boundary conditions of the adjoint problem, we define

oM + (1 — &) Da

7 =Y, + : .
co(a) aM + aDaj 0 (a) (A1)
M +2(1 - «) Daj '
M + Das 2Yco, (a) + Y, (a)

The matrices A and B are constructed so as to satisfy Eq. A.7, that is a
basis for the null space of Q is constructed and used to assemble A and B.
The choice of the basis is of course not unique, and the following matrices are
but one example :
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I\;I:/—ODzaf A;/jgzag YAI}VIZ 7M:/-OD2H; 71\;46-'7:))2; 7}?612 06120000
Yo,—Z Yoo, Y, Z—Yo, Yco, Y,
M+Daj M+Da§Jr M M+Da;  M+Dai M 06102000
T Wb+ i Ged o 010 0 Z 00
N[):]Dzaf Nﬁ;ﬂ;erlzw_Z 71\7'1}:311-; 7»3/;;2(12 Z_A§N2 0100020
B 0 0 0 0 000 0 0 0 1
A= 0 0 0 0o 000 0 0 o o2
0 0 0 0 000 00 0O
0 0 0 0 000 0 0 00
0 0 0 0 000 0 0 00
0 0 0 0 000 0 0 00
I 0 0 0 0 000 0 0 0 0
and
0000000000 O
00 0 00 O0OO0OO0OTO0TO0TUO0
0O 0 0 0 0 0 0 O0O0O00O0
00 0 00 O0OO0O0OTO0OTO0TUO0
0O 0 0 0 0 0 000 o000
B=|0 0000100000 (:13)
00 00 0 O0OT1TTO0O0O00O0
O 0 0 00001000
00 00 0 O0O0O0OT1TTO0TO0
0O 0 0 0 0 0 O0O0UO0OT1T0O0
00 00 0 O0O0O0OO0OO0 1

With this choice, the adjoint problem is therefore subjected to homogeneous
boundary conditions of the following types :

e At r = a, four Robin conditions (one per adjoint species mass fraction)
and one Neumann condition (for the adjoint temperature),

e At r = b, one Dirichlet condition (for the adjoint burning rate) and five
Neumann conditions (one per adjoint species mass fraction, plus one
for the adjoint temperature).
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