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A B S T R A C T

Mixture fraction-based models, such as non-premixed flamelet or Conditional Moment Closure (CMC) models,
find widespread application in the investigation of turbulent combustion and pollutant formation. These models
solve for the mixing field in physical space, while the chemistry solution is obtained in mixture fraction
space. The coupling between the two fields is accomplished by two flow-dependent parameters governing
the transport in mixture fraction space. These parameters must be computed consistently with the mixture
fraction field evolution in order to preserve scalar mass conservation. Analytic expressions can be derived
for obtaining these flow parameters consistently to the widely applied presumed Filtered Density Function
(FDF) approach. Two approaches are considered in this paper: the local model formulates the local flow
parameters consistently with the local FDF evolution before determining the global flow parameters through
volume averaging. The global model integrates the FDF in physical space first and then determines the global
flow parameter directly from the global mixture distribution evolution. These two models are employed in
Large Eddy Simulations (LES) of an auto-igniting n-dodecane spray. The simulation results are compared with
each other and to a conventional flow parameters model, with a specific focus on scalar mass conservation.
Both new models outperform the conventional model in terms of scalar mass conservation, with the most
pronounced effect observed for soot. Furthermore, it is demonstrated that, although both new models are
analytically equal, numerical errors arising from scalar convection terms in the LES solver impact mass
conservation properties differently. The local model accurately predicts conditional flow parameters but suffers
from numerical inconsistencies within discretized equations, resulting in scalar mass conservation errors,
particularly for highly-diffusive numerical schemes. In contrast, the global model incorporates numerical errors
from the flow solver within the flow parameters, thus yielding small conservation errors for all considered
scalar convection schemes.
1. Introduction

Non-premixed turbulent combustion plays a pivotal role in various
technical applications, such as internal combustion engines and gas tur-
bines, serving as a significant contributor to current energy demands.
However, this widespread utilization also leads to substantial global
warming and environmental pollution. In an effort to mitigate these
issues, there is a growing focus on replacing traditional fossil fuels with
alternative liquid fuels synthesized from renewable energy sources and
carbon feedstocks. While this transition can reduce net greenhouse gas
emissions, challenges persist in minimizing the production of harmful
pollutants like nitrogen oxides (NOx) and particulate matter (PM).

Despite considerable research efforts spanning several decades, ac-
curately predicting pollutant formation during combustion remains a
complex task. The intricacy of the problem arises from the multi-
physics interactions occurring over a wide range of length and time
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scales. In addressing this complexity, modern research has adopted
Large-Eddy Simulations (LES) employing detailed chemistry combus-
tion models. Among these, mixture fraction-based approaches, such as
flamelet and conditional moment closure (CMC) models, have emerged
as popular choices. This preference is attributed to their computa-
tional efficiency, making them particularly well-suited for modeling
non-premixed combustion in turbulent flames.

Mixture fraction-based combustion models decompose the evolution
of reactive scalars into the transport of mixture fraction, 𝑍, in physical
space and the evolution of scalars relative to mixture fraction. Central
to these models are the conditional flow parameters: scalar dissipation
rate, 𝜒𝑍 ||𝜓 , and diffusion rate, 𝜉𝑍 ||𝜓 , which govern the transport in
mixture fraction space and are defined as

𝜒𝑍 ||𝜓 = 2𝐷𝜕𝑍
𝜕𝑥𝑖
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where 𝑥𝑖 are the spatial coordinates, 𝐷 is the mixture fraction diffusiv-
ity, 𝜌 is the density, and 𝜓 is the mixture fraction sample space variable.
Although the flow parameters are often chosen independently for sim-
plicity, it is necessary to formulate them consistently with the mixture
fraction field evolution to ensure conservative scalar mixing [1,2].
The significance of this consistency is particularly pronounced in mix-
ture fraction-based soot modeling, where conventional flow parameter
models can introduce conservation errors of leading order [2].

The mixing field evolution is coupled to the conditional flow param-
eters through the Filtered Density Function (FDF) transport equation,
which can be derived following the procedure described by Pope [3]
and is - in the absence of mixture fraction sources - given by

𝜕𝜌𝑓𝑍
𝜕𝑡

+
𝜕𝜌 𝑢𝑖||𝜓𝑓𝑍

𝜕𝑥𝑖
= −

𝜕𝜌𝑓𝑍 𝜉𝑍 ||𝜓
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⎜
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𝜕2𝜌𝑓𝑍 𝜒𝑍 ||𝜓

𝜕𝜓2
,

(3)

here 𝑡 denotes the time, 𝑢𝑖 the velocity components, 𝑓𝑍 the Favre FDF,
nd 𝑓 ′

𝑍 the fine-grained FDF.
In principle, two approaches can be followed. The conditional pa-

ameters can be modeled, e.g., by presuming a functional form that
s scaled such that its unconditional filtered value is recovered, and
he mixing field evolution is then obtained accordingly by solving
q. (3). This approach has been proposed by Ilgun, Passalacqua, and
ox [4,5]. In the second approach, the mixture fraction FDF evolution
s modeled in a simplified manner, and the conditional flow parameters
re determined accordingly. A common approach to model the FDF
volution is the presumed FDF method, which presumes a functional
orm for the FDF that is parameterized by low-order mixture fraction
oments. Modeled equations are then solved for these moments in
hysical space. Recently, Davidovic and Pitsch [6] derived a formu-
ation to express the conditional flow parameters consistently with the
eta distribution. The flow parameter model has been applied to the
nert ECN Spray A case, and the model predictions have been compared
o a conventional model. These results indicated that conventional
odels can suffer from strong conservation errors, particularly for non-
nity Lewis number scalars. This hypothesis is addressed in the current
ork, where the revised model is applied to a reactive spray case. The

calar mass conservation properties of the revised model are compared
o a conventional model for both unity and non-unity Lewis number
calars.

The revised model is analytically consistent and, therefore, prevents
calar mass conservation errors when solved accurately. However, as
n the present study, LES of turbulent combustion typically employ
patial discretization, such as finite differences, and is commonly based
n implicit filtering, which has been shown to be susceptible to both
liasing and truncation errors [7–9]. Note that in this paper, the termi-
ology scalar mass conservation refers to the conservation property of
he transport scheme, excluding chemical source terms. While the effect
f numerical errors in LES on the filtered flow field has been extensively
tudied, the propagation of these errors for state-space combustion
odels has not yet been discussed. Thus, the objective of this paper

s twofold. In addition to evaluating the importance of consistent flow
arameter modeling under engine-relevant conditions, we investigate
he propagation of numerical errors arising from the flow solver into
he prediction of the mixture fraction-based combustion model. In other
ords, this study focuses on the scalar mass conservation properties of

he numerical schemes rather than comparing the simulation results to
xperimental data.

The structure of the paper unfolds as follows: Section 2 briefly
ummarizes the required theoretical background and presents the two
ormulations of the consistent conditional flow parameter model. The
odels are then applied to a single-hole n-dodecane injection case. The

ase and the results are presented in Section 3. The paper closes with
summary and conclusions in Section 4.
2

. Theory

The relevant theoretical background is provided in this section.
irstly, the unsteady, non-premixed global flamelet equations are de-
cribed. Subsequently, three different flow parameter models, applied
ater in this paper, are presented and discussed. These flow parameter
odels address numerical errors originating from the flow solver in
ifferent ways. A theoretical discussion is presented at the end of this
ection.

.1. Non-premixed flamelet equation

In the absence of liquid spray droplets, the spatial and temporal
volution of a Favre-filtered reactive scalar, 𝜙, is given by

𝜕𝜌𝜙
𝜕𝑡

+
𝜕𝜌𝑢𝑖𝜙
𝜕𝑥𝑖

= 1
Le𝜙

𝜕
𝜕𝑥𝑖

(

𝜌
̃
𝐷
𝜕𝜙
𝜕𝑥𝑖

)

+ 𝜔̇𝜙, (4)

where 𝜙 can represent species mass fractions, temperature, or mass-
related soot scalars and 𝜔̇𝜙 denotes the corresponding chemical source
term. Le𝜙 is the scalar Lewis number that is assumed to be constant.

sing the flamelet assumption, Eq. (4) can be transformed into mixture
raction space. The resulting global flamelet equations reads

𝜕𝜙̂
𝜕𝑡

+ 𝜉𝐺

(

1 − 1
Le𝜙

)

𝜕𝜙̂
𝜕𝜓

=
𝜒𝐺
2Le𝜙

𝜕2𝜙̂
𝜕𝜓2

+
̂̇𝜔𝜙
𝜌̂
, (5)

where the hat symbol denotes quantities in mixture fraction space.
𝜒𝐺 and 𝜉𝐺 are the global conditional mixture fraction dissipation and
iffusion rate, respectively, which are defined as

𝐺 =
∫ 𝜌𝑓𝑍 𝜒𝑍 ||𝜓d𝑉

∫ 𝜌𝑓𝑍d𝑉
, (6)

𝜉𝐺 =
∫ 𝜌𝑓𝑍 𝜉𝑍 ||𝜓d𝑉

∫ 𝜌𝑓𝑍d𝑉
. (7)

Note that Triantalyllidis and Mastorakos [10] have also proposed
Eq. (6) and Eq. (7) for calculating volume-averaged conditional flow
parameters in CMC-LES models.

It can be seen in Eq. (5) that 𝜒𝐺 acts as diffusivity and 𝜉𝐺 as
convective velocity in mixture fraction space. For more details on
the flamelet equation derivation, the reader is referred to our prior
work [6].

The local filtered scalar value is reconstructed using the flamelet
solution and the local FDF according to

𝜙 = ∫

1

0
𝑓𝑍 𝜙̂d𝜓. (8)

Note that 𝑓𝑍 depends on space, 𝑥𝑖, time, 𝑡, and sample space, 𝜓 ,
i.e., 𝑓𝑍 = 𝑓 (𝑥𝑖, 𝑡;𝜓). However, the functional dependency is dropped for
the sake of readability. Also, note that the modified beta distribution,
which has been proposed by Ge and Gutheil [11] for turbulent sprays,
is employed as FDF within this study.

2.2. Conditional flow parameter models

Three different models are employed in this study, and they are
compared concerning their scalar mass conservation capabilities. The
first model is a conventional one widely used in the literature, which
does not maintain consistency with the FDF evolution. The other two
models are formulated consistently with the FDF evolution but differ

in terms of computational efficiency and applicability.
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2.2.1. Inverse Error Function (ERFC) model
The widely applied scalar dissipation rate model derived by Pe-

ters [12], which closely approximates the scalar dissipation rate profile
of a counterflow diffusion flame, is used as a reference model in this
study. In this model, the scalar dissipation rate is approximated using
an inverse complementary error function profile given by

𝜒𝑍 ||𝜓 = 𝜒ref exp
(

2
[

erfc−1(2𝑍ref )
]2 − 2

[

erfc−1(2𝑍)
]2)

. (9)

The reference scalar dissipation rate, 𝜒ref , is obtained such that the
unconditionally filtered scalar dissipation rate 𝜒𝑍 is recovered given
the local FDF (𝜒𝑍 = ∫ 1

0 𝑓𝑍 𝜒𝑍 ||𝜓d𝜓). When curvature effects are
neglected, the conditional diffusion rate can be expressed by the scalar
dissipation rate profile [13] and is given by

𝜉𝑍 ||𝜓 = 1
4𝜌̂

[

𝜕𝜌̂ 𝜒𝑍 ||𝜓
𝜕𝜓

+
𝜒𝑍 ||𝜓

𝐷̂
𝜕𝜌̂𝐷̂
𝜕𝜓

]

. (10)

ote that the flow parameters are obtained independently of the FDF
volution in this model, and hence, using this model in combination
ith a presumed FDF approach may result in scalar mass conservation
rrors.

.2.2. Global Consistent Flow Parameters (GCFP) model
The GCFP model expresses global flow parameters consistently with

he global FDF evolution, irrespective of the specific model employed
o derive the global FDF. The model’s principal aim is the direct
omputation of global conditional flow parameters from the global mix-
ure evolution without explicit calculation of local parameters 𝜒𝑍 ||𝜓

and 𝜉𝑍 ||𝜓 . This methodology, however, necessitates additional model
ssumptions, specifically, a closed system and the absence of mixture
raction or mass source terms due to evaporation. If evaporation source
erms are present, a conditional source term appears in Eq. (3), which
eeds to be formulated consistently with the filtered evaporation source
erms in the mixture fraction moments equations. A mathematical
ormulation has been derived in our prior work [6]. However, it was
hown that the beta distribution is not able to preserve the physical
onstraints of the evaporation model. Invoking the aforementioned
ssumptions, Eq. (3) can be integrated over the entire system volume,
ffectively eliminating convection and diffusion terms. The resulting
lobal flow parameters are obtained through integration in mixture
raction space, as expressed by

𝐺 = − 2
𝑓𝐺 ∬

𝜓

0

𝜕𝑓𝐺
𝜕𝑡

d𝜓 ′d𝜓 ′, (11)

𝜉𝐺 = − 1
𝑓𝐺 ∫

𝜓

0

𝜕𝑓𝐺
𝜕𝑡

d𝜓 ′, (12)

where 𝑓𝐺 is the global mixture distribution function, which is defined
as 𝑓𝐺 = ∫ 𝜌𝑓𝑍d𝑉 . The numerical evaluation of Eqs. (11) and (12)
ppears straightforward, as only the temporal evolution of the global
DF has to be provided by the flow solver, which can be approximated
rom multiple FDF fields at different time-instances using finite differ-
nces. However, the evaluation of the GCFP model can be sensitive
o numerical errors arising from the numerical integration in mixture
raction space, particularly at mixture fraction locations where 𝑓𝐺 is

small. Yet, if the mixture fraction grid is sufficiently fine, the numerical
evaluation of Eqs. (11) and (12) provided good results in a previous
study [2]. Additionally, due to the imposed model assumptions, the
GCFP model has a limited applicability and cannot be employed in
flows involving fuel evaporation.

2.2.3. Local Consistent Flow Parameters (LCFP) model
In contrast to the GCFP model, the LCFP approach seeks to initially

compute the local conditional flow parameters (𝜒𝑍 ||𝜓 and 𝜉𝑍 ||𝜓), fol-
owed by the evaluation of global conditional flow parameters through
qs. (6) and (7). The local flow parameters can be determined by
3

w

xpressing the left-hand side of Eq. (3) through the presumed functional
ependency of 𝑓𝑍 on the mixture fraction moments and the modeled

evolution of those moments. If the FDF is parameterized by the first
two mixture fraction moments, the local conditional flow parameters
are given by

𝑓𝑍 𝜒𝑍 ||𝜓 = 2𝜒𝑍
𝜕F̃𝑍
𝜕𝑍2

+ 𝜒𝑍𝑍
𝜕2F̃𝑍
𝜕𝑍2

+ 2𝜒
𝑍𝑍2

𝜕2F̃𝑍
𝜕𝑍𝜕𝑍2

+ 𝜒
𝑍2𝑍2

𝜕2F̃𝑍

𝜕𝑍2
2
,

(13)

nd

𝑍̃ 𝜉𝑍 ||𝜓 = − 𝜉𝑍
𝜕𝐹𝑍
𝜕𝑍

−
(

𝜉
𝑍2 − 𝜒𝑍

) 𝜕𝐹𝑍
𝜕𝑍2

+
𝜒𝑍𝑍,𝑡
2

𝜕2𝐹𝑍
𝜕𝑍2

+ 𝜒
𝑍𝑍2 ,𝑡

𝜕2𝐹𝑍
𝜕𝑍𝑍2

+
𝜒
𝑍2𝑍2 ,𝑡

2
𝜕2𝐹𝑍

𝜕𝑍2
2
,

(14)

where new variables have been introduced for better readability, which
are defined as

𝐹𝑍 = ∫

𝜓

−∞
𝑓𝑍

(

𝜓 ′;𝑍,𝑍2
)

d𝜓 ′, (15)

F̃𝑍 = ∬

𝜓

−∞
𝑓𝑍

(

𝜓 ′;𝑍,𝑍2
)

d𝜓 ′d𝜓 ′, (16)

𝜒𝛼𝛽 = 2
(

𝐷̃ + 𝐷̃𝑡

) 𝜕𝛼
𝜕𝑥𝑖

𝜕𝛽
𝜕𝑥𝑖

, (17)

𝛼̃𝛽,𝑡 = 2𝐷̃𝑡
𝜕𝛼
𝜕𝑥𝑖

𝜕𝛽
𝜕𝑥𝑖

, (18)

𝜉𝛼 = 1
𝜌
𝜕
𝜕𝑥𝑖

(

𝜌𝐷̃ 𝜕𝛼
𝜕𝑥𝑖

)

, (19)

where 𝛼 and 𝛽 are placeholders for combinations of 𝑍 and 𝑍2.
Note that Eq. (15) and Eq. (16) can be integrated analytically when

a beta distribution is employed as FDF. Consequently, in contrast to
the GCFP model, the LCFP model is not susceptible to discretization
errors arising from the mixture fraction grid. In principle, an analytical
evaluation of the partial derivatives of 𝐹𝑍 and F̃𝑍 with respect to
̃ and 𝑍2 in Eq. (13) and Eq. (14) is also possible. However, these
xpressions become unwieldy and computationally expensive. Thus, the
artial derivatives are numerically evaluated using central differences.
urthermore, the LCFP model can be applied to open systems or flows
ith evaporating fuel. For more details on the derivation of the LCFP
odel, the reader is referred to our prior work [6].

.3. Assessment and propagation of numerical errors

LES of turbulent flows are prone to numerical errors, primarily
temming from the discretization of the non-linear convective term [8].
hose errors manifest in the FDF field through the transport of 𝑍 and
2̃. Consequently, even if the transport of 𝜙̂ in mixture fraction space

s solved accurately, a scalar mass conservation error might appear in
hysical space through the combination of 𝑓𝑍 and 𝜙̂ in Eq. (8). To
valuate those conservation errors, Eq. (4) is integrated over the entire
ystem volume. Assuming a closed system and invoking Eq. (8) yields

d𝛷
d𝑡

= ∫𝑉
𝜌∫

1

0
𝑓𝑍

̇̂𝜔𝜙
𝜌̂

d𝜓d𝑉 , (20)

ith 𝛷 = ∫𝑉 𝜌 ∫
1
0 𝑓𝑍 𝜙̂d𝜓d𝑉 . Thus, Eq. (20) can be used to evaluate the

evolution of the total scalar mass isolated from conservation errors due
to transport modeling inconsistencies or numerical errors arising from
transport terms. Thus, the accumulated scalar mass conservation error,
𝜖𝜙, can be estimated at each time step using the solution from Eq. (20)
and the filtered scalar field computed via Eq. (8) according to

𝜖𝜙 =
|

|

|

|

|

∫

𝑡

𝑡0

d𝛷
d𝑡

d𝑡 −
[

∫𝑉
𝜌𝜙d𝑉 −𝛷0

]

|

|

|

|

|

, (21)
here 𝛷0 is the total scalar mass at 𝑡 = 𝑡0.
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It is noteworthy that in a closed system without fuel evaporation,
the GCFP and LCFP models are mathematically identical and should
yield equivalent results if solved accurately. The LCFP model, requir-
ing only an instantaneous flow field for evaluation, ensures that the
predicted flow parameters remain uncontaminated by numerical errors
associated with the convective term. In contrast, the GCFP model relies
on the temporal evolution of the global mixture distribution function,
which is governed by the transport of 𝑍 and 𝑍2. Consequently, the tem-
oral evolution observed by the GCFP model is influenced by numerical
rrors arising from the convective transport of 𝑍 and 𝑍2. This leads to
he prediction of flow parameters by the GCFP model being impacted
y the numerical scheme employed for convective scalar fluxes.

. Model application

The different flow parameter models are applied in reactive spray
ES in this section. Firstly, the simulation case and setup are briefly
escribed. Afterwards, the numerical methods and models used in this
ork are summarized. Lastly, the simulation results are presented and
iscussed.

.1. Simulation case and setup

A single-hole, high-pressure, n-dodecane injection is studied in this
ork, which corresponds to the well-known ECN Spray A case. How-
ver, to be able to focus on the mathematical formulation and its inter-
ction with numerical errors, a single-flamelet model is employed. This
oes not capture variations in conditional reaction progress. Hence,
he injection duration has been artificially shortened to 0.4 ms. The
mbient gas has a temperature of 900 K at a pressure of 60 bar and
n oxygen mole fraction of 15 %. The injection rate corresponds to
500 bar injection pressure.

The flow solver grid has a minimum grid spacing of 100 μm at the
ozzle orifice and corresponds to a grid used in a previous study [6].
owever, since a shortened injection duration is considered, the grid
imensions have been reduced.

.2. Numerical simulation framework

A fully compressible solver is employed for the gas phase, while
he dispersed liquid phase is solved in a Lagrangian formulation. The
onservation of energy is solved using the internal energy formula-
ion, while the ideal gas law is employed as equation of state. The
nresolved Reynolds stresses and scalar fluxes are modeled using a
ynamic Smagorinsky model (DSM) [14]. Note that the coherent struc-
ures subfilter model (CSM) by Kobayashi [15] has also been tested
nd yields similar results in terms of scalar mass conservation. The
ubfilter model comparison is provided in the supporting material.
ass, momentum, and energy transfer with the dispersed phase are

alculated using state-of-the-art drag and evaporation models [16]. A
osin-Rammler distribution is used for the initial droplet size distribu-

ion, while secondary breakup is modeled using the Kelvin–Helmholtz
ayleigh–Taylor model [17]. For more details on the spray LES model,

he reader is referred to our prior work [6].
Unsteady non-premixed flamelet equations, Eq. (5), are solved inter-

ctively with the flow for all species, temperature, and soot scalars [18].
ollowing Attili et al. [19], unity Lewis numbers are used for all
pecies representing the role of turbulent transport. Hence, the species
ransport in mixture fraction space is independent of 𝜉𝐺. A reduced

chemical mechanism is employed for the n-dodecane chemistry [20].
The formation of polycyclic aromatic hydrocarbons (PAH) is modeled
based on the mechanism of Narayanaswamy et al. [21]. The HMOM
soot model [22], which uses a bivariate description of soot particles
and is based on detailed PAH chemistry, is employed for predicting
the soot evolution. Soot particle diffusion and thermophoretic transport
are neglected. Thus, the flamelet equation is solved in the 𝐿𝑒 → ∞
4

𝜙

Fig. 1. Normalized scalar mass (top) and scalar mass conservation error (bottom) for
OH, naphthalene (A2), and soot for the LCFP and ERFC model in the full injection
case.

limit for all soot moments, which makes the soot transport in mixture
fraction space independent of 𝜒𝐺.

All simulations were performed using the in-house flow solver
CIAO. The filtered Navier–Stokes equations are solved on a structured
staggered Cartesian grid. A scalar convection scheme variation is per-
formed, including conservative central differences [23], QUICK [24],
BQUICK [25], and WENO schemes [26] of different order. Other terms
are spatially discretized using conservative central differences of 2nd
order [23]. The time integration is performed using an explicit low-
storage five-stage Runge–Kutta (RK) method with 2nd order accu-
racy [27,28]. The flow time step is limited by an acoustic Courant–
Friedrichs–Lewy (CFL) condition enforcing CFL numbers below 1. The
Lagrangian particles are advanced using a 2nd order RK method that
employs adaptive time-stepping. The flamelet equations are discretized
using 2nd order central differences for the diffusive term and 1st order
upwind for the convective term, while the CVODE solver [29] has been
used for time-integration of the flamelet equation.

3.3. Results

Full injection cases have been performed for the ERFC and the LCFP
model. The flamelet grid has been discretized using 192 grid points, and
WENO5 has been used to approximate the convective scalar fluxes.

The total scalar mass and conservation errors, as defined by Eq. (21),
are depicted for OH, naphthalene A2, and soot in the top and bottom
plots of Fig. 1, respectively. Note that both the scalar mass and the
conservation error are normalized by the corresponding maximum
scalar mass. The selection of A2 and OH is motivated by their pivotal
roles in soot formation and soot oxidation. Notably, the LCFP and ERFC
models exhibit similar predictions for OH and A2, while there is a
substantial deviation in the predicted soot mass. The bottom plot in
Fig. 1 reveals that this difference primarily originates from conservation
errors arising due to inconsistent soot transport. Concurrently, despite
the LCFP model improving scalar mass conservation in comparison
to the conventional ERFC model, a non-negligible conservation error
persists. Given the analytical consistency of the LCFP equations with the
FDF transport equation, the remaining scalar mass conservation issue
must be attributed to numerical errors.

Note that a grid variation study has been performed, showing that
scalar mass conservation errors are also significant at refined grid spac-
ings. The results of this grid study are provided within the supporting
material.

Since numerical errors in LES are commonly dominated by the
convective flux discretization, further simulations have been conducted
to study the effect of the scalar convection scheme on the conservation
properties of the different models. The configuration has been tailored

such that other sources of errors are small. The flow field of the full
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Fig. 2. Initial solutions for the filtered mixture fraction, 𝑍, filtered OH mass fraction,
𝑌OH, filtered naphthalene mass fraction, 𝑌A2

, and filtered soot volume fraction, 𝑓𝑉 on
the spray center plane.

injection LCFP case at 1 ms after Start-Of-Injection (SOI) was adopted as
the initial solution. Note that all fuel has completely evaporated at this
point, eliminating any mixture fraction or mass source terms in the test
case and, thus, allowing the application of the GCFP model. To mitigate
errors stemming from numerical integration in the GCFP model and
discretization errors in the flamelet solver, the corresponding flamelet
solution was interpolated to a finer grid comprising 383 points. Ad-
ditionally, the time step size was reduced from approximately 100 to
10 ns to minimize numerical errors originating from time integration.
The initial flow fields for the filtered mixture fraction, 𝑍, OH mass
fraction, 𝑌OH, naphthalene mass fraction, 𝑌A2

, and soot volume fraction,
𝑓𝑉 are shown in Fig. 2.

Six different numerical schemes have been employed for scalar
convection, which feature different amounts of numerical dissipation
and dispersion. Note that WENO5(ULT) refers to a WENO5 scheme with
non-adaptive stencil weights that ensure higher numerical accuracy by
sacrificing boundedness. Fig. 3 displays the scalar mass conservation
error for OH, A2, and soot over ten time steps, normalized by the
total amount produced or consumed in that time period. Notably, the
conventional model again exhibits poor conservation for soot, with
up to 80 % mass lost due to inconsistent transport. This is expected
due to the negligence of curvature effects in the ERFC model, which
have been found to be crucial for soot transport in mixture fraction
space [2]. Additionally, the conservation errors of the LCFP and, except
for soot, the ERFC models are strongly influenced by the employed
scalar scheme. In contrast, the GCFP model demonstrates consistently
small errors.

Notably, the supposedly less accurate GCFP model exhibits superior
conservation properties compared to the LCFP model, especially for the
cases employing highly diffusive numerical schemes. The LCFP model
provides accurate flow parameters for an instantaneous flow field,
while the FDF evolution predicted by the LES flow solver is affected
through numerical errors in the mixture fraction moment transport. The
GCFP model incorporates these errors into the conditional flow param-
eters, thus, the errors cancel out when combining the flamelet solution
with the FDF in Eq. (8). In other words, the GCFP model predicts the
flow parameters consistently to the discretized FDF evolution, while the
LCFP model is numerically more accurate but not discretely consistent.

Since the GCFP model shows good conservation properties for all
scalar schemes, it can be used to approach the conservation issue from
5

Fig. 3. Normalized scalar mass conservation errors for OH (top), naphthalene (center),
and soot (bottom) for all three flow parameter models and scalar convection schemes.

a different perspective, i.e., comparing the GCFP flow parameters with
the LCFP predictions allows to quantify the effect of numerical errors
from the scalar flow solver on the mixing process. Fig. 4 shows a
comparison of the conditional flow parameters predicted at the initial
time step. Note that just a single line is plotted for both the ERFC and
the LCFP model since their prediction is scalar scheme independent.
The top plot in Fig. 4 illustrates the global conditional dissipation
rate, while the bottom plot represents the global mixture distribution
function integrated over each flamelet grid cell. This bottom plot
essentially depicts the total mass within a flamelet grid cell at a
specific mixture fraction. Consistent with our previous findings [6],
the ERFC and LCFP models exhibit similar predictions for conditional
dissipation rates. As mentioned before, the GCFP model computes the
flow parameters consistently with the discrete FDF evolution, and thus,
the scalar dissipation rate of the GCFP model is strongly affected
by the scalar convection scheme. Notable differences emerge at rich
mixtures where 𝑓𝐺 is small. These disparities may stem from numerical
errors in the scalar convection scheme or, as discussed earlier, from
the integration of the FDF in mixture fraction space. In some cases
(WENO3, WENO5(ULT), and CD), negative values for 𝜒𝐺 are obtained,
which are clipped to ensure flamelet solver stability. However, since
𝑓𝐺 is very small in these cases, the impact on total scalar mass is
marginal. In regions with substantially large 𝑓𝐺, i.e., 𝜓 < 0.1, the GCFP
model appears to converge towards the LCFP model with more accurate
schemes. The best agreement is found with the 2nd order central differ-
ence scheme (CD2), while WENO5(ULT) also shows good agreement.
However, both schemes are prone to dispersive errors affecting the
stability of the flow solver. It is interesting to note that among all scalar
schemes used in this study, CD2 is the only one that discretely satisfies
the product rule of differentiation, which is crucial in the derivation of
the LCFP equations.

The global conditional diffusion rate is examined in the centered
plot of Fig. 4. Notably, the ERFC model yields significantly different
𝜉𝐺 predictions in terms of both shape and magnitude. The ERFC model
predicts positive 𝜉𝐺 for all mixtures with substantially large 𝑓𝐺. Since
𝜉𝐺 acts as a convection velocity for all soot scalars, it becomes clear that
the ERFC model moves soot mass toward mixture zones of decaying
probability, and thus, is inherently unable to conserve soot mass. On the
other hand, the GCFP and LCFP models show similar 𝜉𝐺 profiles, where
again, the GCFP predictions tend to converge to the LCFP solution for
scalar schemes of higher accuracy, while the best agreement is observed
for the CD2 scalar scheme. However, it should be noted that the flow
solver eventually becomes unstable when using the CD2 scheme.
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Fig. 4. Global conditional dissipation rate (top) and diffusion rate (center) predicted
by the ERFC, LCFP, and GCFP models. The GCFP model is evaluated for several scalar
convection schemes. The instantaneous mixture distribution is given in the bottom plot.

4. Summary and conclusion

The recently developed LCFP model [6] has been employed for the
first time in a LES of spray combustion. The results have been compared
to simulation results obtained using the conventional flow parame-
ter model proposed by Peters [12]. As anticipated, the LCFP model
exhibited enhanced scalar mass conservation properties compared to
the conventional model, particularly concerning soot. Nevertheless,
discernible conservation errors persist in the LCFP model. To determine
the origin of these errors, a comparison was made between the LCFP
model and the GFCP model [2]. This comparison was conducted in
a simulation scenario configured to minimize numerical errors from
time integration and discretization in mixture fraction space, using dif-
ferent scalar convection schemes. The GCFP model expresses the flow
parameters consistently with the discretized FDF evolution and hence,
demonstrated minimal scalar mass conservation errors. Notably, the
LCFP model only achieved comparable mass conservation properties
to the GFCP model when employing WENO5(ULT) or CD2. However,
both schemes are prone to dispersion errors, which may impact the flow
solver stability, emphasizing the need for further research concerning
accurate and discretely consistent numerical scalar convection schemes.

Novelty and significance statement

Mixture fraction-based models decompose the transport of reactive
scalars in physical space into scalar transport relative to mixture frac-
tion and the transport of mixture fraction in physical space. While some
approaches exist to consistently express these processes, there remains
a noticeable gap in the literature regarding the impact of numerical
errors on the modeled quantities. This paper addresses this critical
gap by demonstrating that, in LES, numerical errors can significantly
affect scalar mass conservation errors when employing non-premixed
flamelet models. By elucidating the potential consequences of numeri-
cal errors, this work emphasizes the significance of employing accurate
numerical methods. The findings presented herein not only contribute
to the ongoing dialogue within the combustion science community
but also underscore the importance of refining numerical approaches.
This awareness is crucial for advancing the state-of-the-art in turbulent
combustion modeling and, consequently, improving the efficiency and
6
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