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A B S T R A C T

Geophysical methods are widely used to gather information about the subsurface as they are non-intrusive and 
comparably cheap. However, the solution to the geophysical inverse problem is inherently non-unique, which 
introduces considerable uncertainties. As a partial remedy to this problem, independently acquired geophysical 
data sets can be jointly inverted to reduce ambiguities in the resulting multi-physical subsurface images. A novel 
cooperative inversion approach with joint minimum entropy constraints is used to create more consistent multi- 
physical images with sharper boundaries with respect to the single-method inversions. Here, this approach is 
implemented in an open-source software and its applicability on electrical resistivity tomography (ERT), seismic 
refraction tomography (SRT), and magnetic data is investigated. A synthetic 2D ERT and SRT data study is used 
to demonstrate the approach and to investigate the influence of the governing parameters. The findings showcase 
the advantage of the joint minimum entropy (JME) stabilizer over separate, conventional smoothness- 
constrained inversions. The method is then used to analyze field data from Rockeskyller Kopf, Germany. 3D 
ERT and magnetic data are combined and the results confirm the expected volcanic diatreme structure with 
improved details. The multi-physical images of both methods are consistent in some regions, as similar 
boundaries are produced in the resulting models. Because of its sensitivity to hydrologic conditions in the 
subsurface, observations suggest that the ERT method senses different structures than the magnetic method. 
These structures in the ERT result do not seem to be enforced on the magnetic susceptibility distribution, 
showcasing the flexibility of the approach. Both investigations outline the importance of a suitable parameter 
and reference model selection for the performance of the approach and suggest careful parameter tests prior to 
the joint inversion. With proper settings, the JME inversion is a promising tool for geophysical imaging, however, 
this work also identifies some objectives for future studies and additional research to explore and optimize the 
method.

1. Introduction

Geophysical methods are widely used to gather information about 
the subsurface, as they are non-intrusive, comparably cheap while 
providing lots of flexibility in the survey design (Kearey et al., 2002). 
They have been proven to be an invaluable tool for a multitude of ap
plications ranging from resource exploration (Dentith and Mudge, 2014; 
Kana et al., 2015; Kearey et al., 2002) and process monitoring (Klotzsche 
et al., 2019; Steiner et al., 2021) to building integrity tests (Maack et al., 
2022; Niederleithinger et al., 2016). However, geophysical methods 
have the drawback that they are generally prone to ambiguities, 
meaning there are several geophysical models that explain the data 
within their uncertainty arising from the inherent non-uniqueness of the 

inverse problem (Menke, 2018; Zhdanov, 2015). Noise and human er
rors during data acquisition in addition to assumptions and simplifica
tions in the modelling and inversion frameworks introduce further 
uncertainties that could lead to a degradation of the reliability of the 
results (Kearey et al., 2002). To counteract ambiguity it is common 
practice to combine different geophysical methods in a joint interpre
tation. Even though different geophysical methods sense the same sub
surface features, the resulting images might indicate different structures. 
To address this issue, several approaches have been developed that 
couple several geophysical methods during the data inversion rather 
than in the interpretation phase. These joint inversion schemes are able 
to produce more consistent geophysical models as ambiguities during 
the data inversion are reduced by the enforcement of petrophysical or 
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structural relationships (e.g. (Gallardo, 2007; Gallardo and Meju, 2004; 
Gallardo et al., 2005; Haber and Gazit, 2013; Moorkamp et al., 2011; 
Moorkamp et al., 2016; Skibbe et al., 2021; Steiner et al., 2021)). This 
coupling of different geophysical methods is generally non-trivial and 
requires complex physical and mathematical formulations along with 
additional computational power, however, due to the advances in high- 
performance computing in the recent decade, the latter is no longer the 
main obstacle. Haber and Holtzman Gazit (Haber and Gazit, 2013), 
Moorkamp et al. (Moorkamp et al., 2016) and Wagner and Uhlemann 
(Wagner and Uhlemann, 2021) give an extensive overview of the most 
common joint inversion approaches with a multitude of synthetic and 
field data examples.

One of the latest advances in the field of geophysical joint inversion 
is presented by Zhdanov et al. (Zhdanov et al., 2022), who introduce a 
structural coupling based on joint minimum entropy (JME) formula
tions. The authors demonstrate the new scheme in the context of mag
netic and gravity data for large scale mineral exploration purposes with 
very promising results as these multi-physical images show significant 
improvements towards structural similarity as well as image sharpness. 
A validation of this approach in a more local context using seismic, 
electric or electromagnetic methods is yet to be presented. Therefore, 
this work aims to validate this approach using a synthetic data study 
including electrical resistivity tomography (ERT) and seismic refraction 
tomography (SRT) data as well as a field data study of ERT and magnetic 
data.

2. Theory and methods

The main part of this theory section is based on Zhdanov et al. 
(Zhdanov et al., 2022), who introduced the concept of joint minimum 
entropy constraints.

2.1. Entropy on model space

In the field of information theory, the term entropy can be under
stood as the level of uncertainty or information of a system of random 
variables (Shannon, 1948). The concept of entropy can also be trans
lated to the model space which is subject of a geophysical data inversion. 
Before performing the entropy calculations, model parameters need to 
be normalized. This is essential with regard to the joint entropy con
straints as it ensures comparability between different geophysical model 
spaces. A logarithmic normalization is performed as follows: 

mi
norm =

lnmi − min(lnmi)

max(lnmi) − min(lnmi) + β
(1) 

Here, mi refers to the model parameters of the method i and β to a 
numerical stabilizer. Note that in the following equation, subscripts and 
superscripts are dropped such that normalized model parameters are 
presented as m. The entropy on the model space can then be expressed 
through (Haber and Gazit, 2013; Zhdanov et al., 2022): 

H(m) = −

∫

Ω
pm(m(r) ) lnpm(m(r) ) dr (2) 

Ω represents the entire modelling space, namely a 2D or 3D mesh, 
and pm(m(r) ) a pseudo-probability density function acting on the model 
space which is a function of the cell position r. Zhdanov et al. (Zhdanov 
et al., 2022) propose the following formulation: 

pm(m(r) ) =
⃒
⃒m(r) − mref(r)

⃒
⃒q + β

Qm
(3) 

where Qm =

∫

Ω

⃒
⃒m(r) − mref(r)

⃒
⃒q + β dr (4) 

As seen in Eq. 3, the pseudo-probability density function is based on 
model contrasts between a set of normalized model parameters and 
some normalized reference model to the power of order q. The 
normalization factor Qm ensures that pm has unity norm and the nu
merical stabilizer β removes the singularity for models identical to the 
reference model. Note that Eq. 1, 3 and 4 use the same numerical sta
bilizer. Its effect can be neglected if it is chosen much smaller than the 
model parameters; in this study the parameter was kept fixed at 10− 10.

2.2. Joint entropy on model space

The pseudo-probability density function can be modified such that 
Eq. 2 represents the joint entropy of several models. For M geophysical 
methods, the following expression is emerging (Zhdanov et al., 2022): 

pJm =

∑M
i=1

(
w(i)

m

⃒
⃒
⃒m(i)(r) − m(i)

ref(r)
⃒
⃒
⃒
q
+ β

)

QqJME
=

∑M

i=1
p(i)

Jm (5) 

where QJm =

∫

Ω

∑M

i=1

(
w(i)

m

⃒
⃒
⃒m(i)(r) − m(i)

ref(r)
⃒
⃒
⃒
q
+ β

)
dr (6) 

It can be seen that the joint entropy is calculated through the sum of 
model contrasts over all methods in each model cell. The contrasts are 
weighted with respect to each other through the method weighting 
factor w(i)

m , which allows better control over the structural coupling with 
regard to a joint inversion. QJm ensures a unit norm similar to the single 
method case (Eq. 3). p(i)

Jm represents the contribution of each method i to 
the joint entropy pseudo-probability density function. Note that Eq. 5 
and 6 equal Eq. 3 and 4 for M = 1 and wm = 1. To illustrate the meaning 
of Eq. 2, 5 and 6, consider the two model scenarios in Fig. 1. Shown are 
two models, m(1) and m(2), with identical block anomalies that are 
increasingy shifted apart from each other or smoothed. The corre
sponding pseudo-probability density function pJm and the resulting en
tropy value H can be extracted from the bottom row. The reference 
model m(i)

ref is chosen to be a homogeneous model that resembles the 
background of both models. Therefore, contrasts with respect to the 
reference model occur in the location of the respective anomalies. This 
results in a large probability, i.e. large pJm, for a model anomaly to exist 
in this region. A comparison of the four scenarios illustrates that 
smoothing or shifting increases the area that significantly contributes to 
pJm which ultimately increases the joint entropy H of the models. The 
shifted models indicate that areas, where the anomalies of both models 
are overlapping, have the largest pJm values, which ultimately suggests 
that a joint anomaly is most likely to occur in this region. These obser
vations justify the joint minimum entropy as a suitable constraint in a 
joint inversion algorithm as a minimization of the joint entropy H pro
motes sharp anomalies, i.e. model contrasts with respect to the reference 
model, in similar regions. Further visualization of this concept will be 
provided at the end of this section.

2.3. Pseudo-quadratic joint minimum entropy stabilizers

As the goal is to minimize the joint entropy, the corresponding 
expression (Eq. 2, 5) can be plugged into the joint objective functional 
φJME of the joint inversion instance to be minimized. The problem is that 
these entropy expressions are non quadratic and therefore cannot be 
used in conventional quadratic optimization schemes such as the Gauss- 
Newton method (Loke and Dahlin, 2002). Zhdanov et al. (Zhdanov et al., 
2022) introduce a pseudo-quadratic stabilizer SJME that is used as a 
regularization term in the objective functional weighted by the regula
rization parameter λ:  
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φ(i)
d represents the data misfit functional of method i which is pre

sented in more detail in Zhdanov (Zhdanov, 2015) and Menke (Menke, 
2018). The stabilizer has a quadratic form and consists of model con
trasts and a diagonal matrix W(i)

e with method specific model weights 
ω(i)

JME on its diagonal, that will introduce variable damping on the model 
parameters during the inversion. The weights are calculated as shown in 
Eq. 8: 

ω(i)
JME(r) =

⎡

⎢
⎣

p(i)
Jm

⃒
⃒
⃒m(i)(r) − m(i)

ref(r)
⃒
⃒
⃒
2
+ β

ln
1

pJm

⎤

⎥
⎦

1
2

(8) 

Eq. 7 and 8 indicate that the functionals related to a method i can be 
separated. This leads to a cooperative inversion scheme that requires a 
recalculation of the method specific model weights after each iteration. 
The exact derivation of this expression can be found in Zhdanov et al. 
(Zhdanov et al., 2022). ω(i)

JME is also referred to as joint minimum entropy 
(JME) weights. In case of only one method, they are referred to as 
minimum entropy (ME) weights. It is important to mention that the 
discretization of the continuous integrals of Eq. 2 and 6 produces a factor 
related to the cell size. This can be neglected for regular grids, however, 
for many applications unstructured meshing is more suitable, in which 

case the distribution of the cell sizes accross the modelling domain 
strongly affects the model weighting (see Fig. 2). Introducing meshing 
related structure in the structural constraint might result in inversion 
outputs, i.e. physical parameter distributions, that resemble meshing 
structures rather than data-based subsurface features. As this is not 
desired within this study, the cell size factor will be neglected such that 
Eq. 8 holds.

The approach is implemented within the open-source geophysical 
modelling and inversion library pyGIMLi (Rücker et al., 2017). The 
implemented Gauss-Newton inversion framework allows to extend the 
diagonal matrix W(i)

e by an additional first-order smoothing operator, 
which results in smoothing in combination with damping within the 
model regularization. The smoothing constraints in the extended model 
weighting matrix are weighted with a smoothing factor a(i) for each 
method i. The smoothing operator is weighted by a times the mean of 
ω(i)

JME and therefore a = 0 will reduce to pure damping in the inversion.
It is also important to mention that the implementation allows to use 

the starting models of the inversion frameworks as the reference models 
as well as a splitting of starting and reference models. The latter was 
proven to be more beneficial for the SRT inversion as demonstrated in 
section 3.

Fig. 1. Illustrations of joint entropy (H) based pseudo-probability functions pJm. 
Top and middle row refer to m(1) and m(2), respectively, and bottom row shows the resulting pJm distribution with the joint entropy value. The superimposed dotted 
line indicates the location of the anomaly in the other model. Note that the the largest pJm values occurs in regions where the anomalies overlap and that the joint 
entropy H is minimized for sharp anomalies in identical regions.

φJME
(
m(1) ,m(2) ,…,m(M)

)

=
∑M

i=1
φ(i)

d + λSJME

=
∑M

i=1
φ(i)

d +
∑M

i=1
λ(i)

(
m(i) − m(i)

ref

)T
W(i)T

e W(i)
e

(
m(i) − m(i)

ref

) (7) 
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2.4. Illustration of model weights

Consider the simple 2D models presented in Fig. 3, namely a ho
mogeneous model, a gradient model and a block model. As seen in the 
governing equations (Eq. 5, 6, 8), the weight calculation requires a 
reference model. For this simple demonstration, the homogeneous 
model is set as the reference model for all three models. The bottom row 
of Fig. 3 shows the resulting ME weights of the corresponding models. As 
expected, the homogeneous model has homogeneous ME weights as it is 
identical with the reference model everywhere. The gradient and block 
model show higher weights in regions where they are equal or close to 
the homogeneous reference model and lower weights where strong 
model contrasts occur. Since the entropy weighting is within the frame 
of damping, this means that regions of the model that are close to the 
reference model are stronger damped towards the reference model and 
vice versa. Therefore, the ME weighting leads to the development of 
fewer yet stronger anomalies rather in contrast to smaller ones, which 
coincides with a decreased model entropy.

Now consider two different methods that are used to reconstruct 
different physical model parameters. Fig. 4 presents two different 
models that show a rectangular anomaly of different strength. To better 
showcase the effects of the JME weights along with the method 
weighting the anomalies are slightly shifted with respect to each other. 
Note that the reference model is a homogeneous model with the value of 
the background of both models. The second row presents the JME 
weights of model 1 and model 2 without method weighting. It can be 
seen that in addition to the region of the anomaly of the method itself 
also the anomaly of the other method appears with comparably low 
weights. This means that during the joint inversion model changes with 
respect to the reference model are promoted where any of the methods 
already have a strong contrast. The lowest weights can be found in the 

region where the anomalies are overlapping meaning that parameter 
changes are strongly encouraged in that region. Therefore, this will 
produce similar structure in both models during the cooperative inver
sion. The bottom two rows present the JME weights with a stronger 
method weighting on either model 1 or model 2. It can be observed that 
the anomaly of the higher weighted method is more dominant in the 
resulting model weights. This will cause the weaker weighted model to 
become more similar to the higher weighted. However, with increasing 
method weighting, this rather flexible exchange of structural informa
tion will lead to a strong structural constraint on the weaker weighted 
method such that the exchange of structural information is increasingly 
lopsided. A big risk of this is that possible inversion artefacts, like ray 
artefacts or other features created by noisy data, are enforced on another 
method making the inversion results rather worse than better. There
fore, it is suggested to use this method weighting with caution and only 
with small weighting factors to avoid running into these issues related to 
structural enforcement. Note that the method weighting factor can also 
be used to help one method converge better as a higher weighted 
method has more freedom to fit the data.

3. Synthetic data study

For this synthetic 2D model study, the ERT and SRT methods are 
considered. Therefore, a velocity model as well as an electrical re
sistivity model are constructed (Fig. 5). Both models show the same two 
anomalous bodies, namely a square on the left and a circle on the right. 
However, to make it more realistic the models are also differing in some 
aspects. The background resistivity is chosen to be constant at 700 Ωm, 
while the velocity background shows a high velocity layer (4000 m s −
1) underneath a low velocity layer (500 m s − 1). This is also beneficial 
to improve the ray coverage in the region of the anomalies during the 

Fig. 3. Illustration of ME weights (bottom row) of three simple 2D models (top row). 
The reference model for all three models was set to the homogeneous model. Note that the following parameters were fixed: β = 10− 10, q = 1.

Fig. 2. Illustration of cell size effects in the ME-weights. 
The columns are corresponding to a regular grid (left), a fine triangular mesh (middle) and a highly irregular mesh (right). The discretization with corresponding cell 
sizes are shown in the first two rows, while the weights of the homogeneous models are shown in the bottom rows. Note that the reference model equals the ho
mogeneous model. Inclusion of cell sizes introduces meshing related structure into the weights which is not desirable in this study.
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forward calculation of the seismic traveltimes as the bottom layer is a 
good refractor (Kearey et al., 2002). Furthermore, it allows to investi
gate if the seismic data will enforce this layered structure in the ERT 
result during the joint inversion.

Fig. 5 also shows the source and receiver locations used for the SRT 
data generation as well as all electrode locations for the ERT dipole- 
dipole survey. The acquisition spread of the SRT method is chosen to 
be twice as long as the electrode spread for the ERT method to improve 
the experimental design of the study (Kearey et al., 2002). Note that 
additional noise is superimposed on the synthetic data to make the 
scenario more realistic. The ERT noise reaches up to 2.5% of the simu
lated data and SRT measurements are affected by an absolute error or 
0.001 ms. In the following sections only the part of the model between 
− 30 m and 30 m are discussed as this is the region of the model domain 
that hosts the anomalies and that has good data coverage in both 
methods. The starting models are a homogeneous model with the mean 
value of the simulated apparent resistivities, namely 706 Ωm, for the 
ERT method and a vertical gradient model ranging from 500 m s− 1 to 
4200 m s− 1 for the SRT method. For both methods homogeneous 
reference models of 700 Ωm and 500 m s− 1 are selected, respectively.

3.1. Sensitivity study

Before multi-method inversions are performed, the effects of the 
regularization parameter λ and the smoothing factor a are investigated. 
The parameter tests are only presented for the SRT method as the 
parameter effects are better illustrated than for the ERT method. Note 
that the numerical stabilizer is kept fixed at a small value of β = 10− 10 

for all following ME and JME inversions in this work as it was proven to 
have no significant influence on the outcome and is only required to 
avoid division by zero in Eq. 1, 3, 5, and 8.

Standalone ME inversion results of the synthetic SRT data are pre
sented in Fig. 6. Note that these results are obtained for an order of q =

1. The final inversion results for three different λ (columns) and three 
different a (rows) are presented. In the first row, results with no 
smoothing, and therefore pure damping, are presented. They show very 
noisy results as the images do not indicate any clear structures. With 
increasing regularization, less high-velocity model cells emerge in the 
velocity images. For the highest λ, it seems like high-velocity cells are 
focused in regions of high ray coverage, and therefore resembling ray 
artefacts. Better results are obtained for additional smoothing. However, 
it can be seen that the SRT method generally requires strong smoothing 
to obtain reasonable velocity models. A possible reason for that might 

Fig. 4. Example of joint minimum entropy weights for simple 2D models. 
The rows correspond to related JME weights. The method weighting factors for both models are indicated by the text box in bottom left corner of each model weights 
plot. The model reference resembles the background of both models. Note that the following parameters were fixed: β = 10− 10, q = 1.

Fig. 5. Seismic velocity model (top) and electrical resistivity model (bottom) that are used for the synthetic SRT and ERT data generation in pyGIMLi (Rücker 
et al., 2017).
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be, that the entropy constraints collapse high-velocity structures to 
smaller, even higher velocity structures that bundle many ray paths. 
Therefore, smoothing is needed to counteract this behavior and obtain 
reasonable models. The test reveals that λ and a are related as the 
smoothing increases not only with a but also with λ for a smoothing 

factor a > 0. The results for λ = 10− 5 are generally not very clear and 
worse than the results for higher λ values. Therefore, a higher regula
rization parameter between 10− 3 and 10− 1 is suggested in this scenario 
together with a smoothing factor between 50 and 200. This parameter 

Fig. 6. Standalone SRT ME Results for three different smoothing factors a and three different regularization parameters. 
a = 0 refers to a model regularization of pure damping which is not beneficial for SRT inversions. Note that following parameters were fixed: λ, q = 1 and β = 10− 10.

Fig. 7. Comparison of conventional inversion, standalone ME inversion as well as unweighted and weighted JME inversion results of ERT and SRT data. 
Shown are the estimated model parameters of the last iteration. The entropy inversions have the following fixed parameters: q = 1, β = 10− 10, λERT = 0.003, λSRT =

0.05, aERT = 15, aSRT = 30.
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range is further confirmed by a relatively good measure of the error 
weighted data misfit functional, i.e. the root mean square error, χ2 close 
to 1. Similar observations can be made when performing the same test 
on the ERT method as pure damping is not a suitable regularization 
approach and therefore further justifies the extension of the matrix W(i)

e . 
It is important to mention that the smoothing is counteracting the 
minimum entropy constraint as no sharp boundaries are produced, 
however, Fig. 6 indicates that the additional smoothing is necessary to 
make the approach applicable to the SRT method. Therefore, a should 
not be chosen too big to erase the positive effects of the entropy 
constraints.

3.2. Result comparison

Fig. 7 presents a comparison of the velocity and electrical resistivity 
models obtained from conventional smoothness-constrained inversions, 
first-order standalone ME inversions and first-order JME inversions. The 
conventional inversion is able to retrieve the resistivity distribution 
sufficiently, but it does not fully recover the true velocity model as the 

bottom layer and the right anomaly are not imaged properly. In contrast 
to that, the standalone ME SRT inversion result shows a more continuous 
bottom layer with a slightly more dominant left anomaly and an 
improved right anomaly. The ERT result shows slight improvements in 
the imaging of the resistive circle as well as the bottom of the square 
anomaly, however, it seems to come with the drawback of a less ho
mogeneous background due to the damping nature of the approach.

For the joint inversion an unweighted scenario with method 
weighting factors of 1 for both methods (third row) and a weighted JME 
approach with five-times weighting on the SRT inversion (bottom row) 
are considered. The unweighted JME results show an improvement in 
the imaging of right anomaly for both methods. Especially in the ERT 
result the magnitude of the resistivity is more in accordance with the 
true model and the anomaly appears to be less smoothed. The left 
conductive anomaly in the resistivity image appears to have two sepa
rated zones, namely a highly conductive zone at the top and a less 
conductive one underneath due to the JME constraints. The SRT result 
shows little to no improvements of the left anomaly, however, the top 
appears more dominant, which can be related to the more conductive 
region in the resistivity image demonstrating the structural coupling. 

Fig. 8. Resulting data misfit of ERT (left) and SRT (right) inversion results of Fig. 7.
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For a higher weighting on the SRT method the left velocity anomaly 
appears slightly more homogeneous and the right one more dominant. 
The bottom of the conductive feature is also more conductive, which can 
be explained through a stronger contribution of the seismic velocity 
model contrast with respect to the reference model in that region and 
therefore further illustrates the structural coupling between the 
methods.

For a proper comparison of the different results the data misfit should 
be taken into consideration (Fig. 8). The ERT results show very good 
data fits for all inversions with slight improvements for the coupled 
inversions. In contrast to that, there are clear differences between the 
SRT data fits. The fit of the conventional inversion appears to be slightly 
worse than the standalone ME inversion. The misfit pattern shows a 
slight elevation for the unweighted JME inversion, however, for stronger 
weighting on the SRT method the misfit is improved and randomized. 
These observations and the improved multi-physical models (Fig. 7) 
indicate the positive effects of the joint inversion on the multi-physical 
imaging scenario.

The second-order equivalent inversion results, i.e. q = 2, are pre
sented in Fig. 9. While the standalone ME inversions show improved 
models for both methods, the joint inversion results look less promising 
than their first-order equivalents. The ERT JME results show strong 
variations close to the surface with slightly worse imaging of both 
anomalies. The resulting JME velocity models show collapsed high- 
velocity zones that cause a focusing of the raypaths, something that 
has already been observed in Fig. 6. These observations indicate that the 
second-order entropy expressions might be useful for standalone in
versions, however, they do not seem to be suitable for the joint in
versions. It is important to note that all SRT inversions fail to reconstruct 

the true velocity model accurate, as the smoothing that is required 
prohibits the development of sharp boundaries. While the improvements 
of the JME inversion are minor, they still give valuable insight on the 
effects of the parameters and the applicability of JME constraints on the 
SRT method.

3.3. Reference models

As seen in Eq. 5, anomalies are defined in regions where a strong 
model contrast with respect to the reference model occurs. In the 
cooperative inversion with the JME constraints, the structural coupling 
will then be strongest in regions where all methods show a model 
contrast with respect to their respective reference model. Therefore, the 
reference models have to be chosen carefully as they have a major in
fluence on the structural coupling. In this section, a JME inversion is 
performed for the four different reference models for the SRT method, 
namely the homogeneous reference model and the gradient starting 
model of the previous subsections as well as a two-layer model resem
bling the background of the true model and the SRT result of conven
tional smoothness-constrained inversion (see Fig. 10). Note that the 
homogeneous 700 Ωm resistivity model is kept as the ERT reference 
model. The corresponding JME results are presented in Fig. 11. The SRT 
results show clear differences that can be related to the reference model, 
as the homogeneous and the two-layer model show improved imaging 
over the other two reference models. The latter two lack consistency of 
the bottom layer and fail to recover the signature of the right anomaly. 
Arguably, the best results are obtained for the two-layer model, as the 
bottom layer is imaged relatively homogeneous and a comparable 
strong, isolated signature of the right anomaly is recovered. The ERT 

Fig. 9. Comparison of conventional inversion, standalone ME inversion as well as unweighted and weighted JME inversion results of ERT and SRT data. 
Shown are the estimated model parameters of the last iteration. The entropy inversions have the following fixed parameters: q = 2, β = 10− 10, λERT = 0.003, λSRT =

0.05, aERT = 15, aSRT = 30.
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results show little differences, however, the bottom of the left anomaly 
appears stronger for the two-layer SRT reference model. Furthermore, 
the high resistivity region in the top half of the right anomaly coincides 
with the isolated velocity signature of the right anomaly showcasing the 
structural coupling. These results underline the importance of the 
reference model on the JME inversion output of all methods and they 
suggest that the two-layer model for the SRT is most beneficial for this 
specific study. However, due to the smoothing that is required to obtain 
reasonable models, changes appear relatively subtle and no sharp 
boundaries along the two anomalies are created. This further suggests 
that this regularization approach is not as beneficial for the SRT method 
as demonstrated for potential field methods in Zhdanov et al. (Zhdanov 
et al., 2022).

The superior behavior of the homogeneous and the two-layer refer
ence model can be explained by considering the model contrasts of 
reference models with respect to the true models (Fig. 12). In this case, 
the ERT method has a homogeneous reference model identical to the 
background and therefore the resistivity model contrasts coincide 
exactly with the two anomalies. However, in the case of homogeneous, 
gradient and two-layer SRT reference models, the location of velocity 
model contrasts change considerably. For two-layer and homogeneous 
reference models, contrasts are identical with the ERT anomalies, with 
the latter having an additional anomaly in the bottom layer structure. In 
contrast to that, the gradient model produces model contrasts predom
inantly outside the actual square and circle anomalies. As the structural 
coupling within the JME inversion requires model contrasts to be in the 
same region, better images are obtained for the homogeneous and two- 

layer reference models, while the gradient reference model results in a 
comparably poor seismic velocity distribution. The same can be derived 
for a reference model like the conventional inversion output, which 
already includes the seismic velocity features to some degree and is 
somewhat close to the true model. These observations and thoughts 
explain why homogeneous and two-layer reference models are preferred 
over the other two and why the two-layer model shows slight im
provements with respect to the homogeneous reference model. There
fore, it can be concluded that the structural coupling does not require a 
reference models that holds information about shared subsurface fea
tures. The opposite is the case as reference models without the shared 
features will improve the structural coupling between the methods.

It is recommended that the reference model resembles the back
ground as good as possible and should, for example, include prior 
knowledge of layers or physical property distributions. If no certain 
prior knowledge is available, homogeneous models are the best choice 
for the model reference. In case of seismic data inversion, a homoge
neous model with a velocity of the uppermost layer is preferred as it can 
be directly inferred from the observed traveltimes and performs better 
than the gradient starting model. It might also be possible to extract 
more sophisticated background models through low-dimensional rep
resentations of conventional inversion results, for example a layered 
reference model. This procedure would further allow to identify possible 
subsurface features that occur in all multi-physical images, which ulti
mately guides the choice of the model references. One might argue that 
the reference model can be neglected, but it is important to recognize 
that neglecting the reference model in Eq. 3 to 8 is equal to a homoge
neous reference model of zero. Such a model is non-physical for velocity 
or resistivity distributions and therefore is not suitable as a reference 
model for the ERT and SRT method. However, it can be chosen as the 
starting and reference model for the magnetic or gravity method since 
the data can be inverted for susceptibility or density contrasts with 
respect to the background, which makes the reference model less 
influential in potential field inversions. This could also be an indication 
that the approach is more suitable for those methods, as the choice of the 
reference model can be neglected. Note that the original paper of 
Zhdanov et al. (Zhdanov et al., 2022) does not discuss implications with 
regard to the choice different reference models likely due to the their 
negligible effect on potential field methods such as gravity and 
magnetics.

4. Field data study: Rockeskyller Kopf, Germany

To further illustrate the approach a field data application is pre
sented in this section. The study site is located in the Westeiffel, Ger
many, (Fig. 13a) near the Rockeskyller Kopf volcanic complex. The goal 
is to identify a volcanic diatreme structure suspected to be the eruptive 
source of huge sanidine crystals which are indicating an abnormal 
volcanism for the region. The host rock is known to be a sandstone 
(Hopmann, 1914). A first dense magnetic survey revealed a strong total 
magnetic field anomaly indicating volcanic rocks (Boxberg and Frie
derich, 2024; Mertes, 1983). For better imaging of the diatreme struc
ture, four ERT lines were acquired, intersecting the central part of the 
magnetic acquisition geometry (Fig. 13b), which coincides with the 
center of the magnetic anomaly. Under the assumption that the volcanic 
rock holds higher electrical resistivities than the surrounding sandstone, 
the ERT and magnetic method are able to sense the same diatreme 
structure, which allows to perform a 3D JME inversion of both methods. 
Using the magnetic method also allows to validate the implementation 
of the approach as the magnetic ME and JME results should hold similar 
characteristics compared to the results of Zhdanov et al. (Zhdanov et al., 
2022).

In this field study, the reference models are chosen to be equal to the 
homogeneous starting models of the respective geophysical method. 
Fig. 14 presents a comparison of the conventional smoothness- 
constrained inversions alongside the standalone ME and JME 

Fig. 10. Different reference models for the SRT inversion. 
Considered are a homogeneous, gradient, and two-layer model as well as the 
conventional inversion output. Note that the homogeneous and gradient models 
are the reference and starting model of previous inversion, respectively.
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Fig. 11. Comparison of JME inversion results of ERT and SRT data with the four different SRT reference models considered in Fig. 10. 
Shown are the estimated model parameters of the last iteration.

Fig. 12. Comparison of model contrasts of the reference models of the synthetic data study with respect to the true models (Fig. 5). 
Considered is the homogeneous ERT reference model as well as the homogeneous, gradient and two-layer model reference for the SRT method (Fig. 10). The gradient 
model is not a suitable reference model as velocity model contrasts do not occur in the same regions as for the resistivity models.
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inversions. Shown is a cross-section through the resulting 3D models 
underneath ERT Line 2 (Fig. 13b).

The conventional ERT result shows a high-resistive feature at the 
bottom of the model reaching over 400 Ωm. Towards the southeastern 
end of the slope relatively strong resistivity variations occur near the 
surface. The corresponding 3D magnetic inversion result shows a 
smooth magnetic susceptibility anomaly. The magnitude of the anomaly 

reaches over 0.1 in its core while the surrounding host rock appears non- 
magnetic. It is important to mention that the model parameter range had 
to be limited during the magnetic inversion to avoid obtaining unreal
istic susceptibility values and therefore has a large influence on the 
appearance of the magnetic anomaly. Based on literature and previous 
investigations in the area, the susceptibility is limited to values between 
0 and 0.15 (Lowrie and Fichtner, 2020; Mertes, 1983), which explains 

Fig. 13. Maps of the study area (a) and the acquisition geometry (b). 
The red dot on the top right map of (a) shows the location of the main map within Germany. The red rectangle indicates the position of (b). (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 14. Comparison of conventional, ME standalone and JME inversion results underneath ERT line 2 (see Fig. 13b). 
The black lines outline the magnetic (MAG) anomaly of the JME inversion to better illustrate shared structures. The following parameters are used: q, λERT = 0.005, 
λMAG = 0.05, aERT = 35, aMAG = 50, wm,ERT = 10, wm,MAG = 1 and β = 10− 10.
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the maximum susceptibility contrast that is observed in the anomaly.
The standalone ME result of the ERT method shows a similar struc

ture to the conventional result, however, the magnitudes of the feature 
appear elevated due to the underlying entropy constraint. In contrast to 
that, the magnetic result shows major improvements as the anomaly 
appears as a homogeneous body with a sharp boundary, which illus
trates the sparsity constraint of the ME expression. The susceptibility 
contrast is slightly larger than in the conventional result with 0.15. Note 
that the diatreme structure is assumed to have a relatively sharp 
boundary in the magnetic susceptibility distribution instead of a gradual 
change as the host rock is not expected to be penetrated laterally, which 
ultimately provides a lateral constraint to the diatreme structure.

The JME results show clear differences to the conventional 
smoothness-constrained inversion and the standalone ME results. The 
magnetic anomaly shows a changed shape with respect to the ME re
sults. The boundary of the magnetic susceptibility anomaly is also pre
sent in the resistivity image, however, the match between the two 
different methods is better in the northwestern part than towards the 
southern end of the slope, where strong resistivity variations occur. The 
high resistive feature of the ME inversion appears diminished inside the 
magnetic anomaly and cut off from another high resistive feature on the 
southern end of the line. It is important to mention that the magnetic 
anomaly appears less homogeneous, which is probably connected to the 
changed shape while providing good data fit. Furthermore, the ERT 
results show comparably strong resistivity variations inside the mag
netic anomaly as resistivity increases with depth. Overall, the JME re
sults indicate a clear improvement towards structural similarity as a 
shared boundary is developed. Considering the corresponding ERT and 
magnetic data misfits (see Fig. 15), an improvement from conventional 
to standalone ME inversions can be observed in both methods. However, 
the JME inversion result indicates slight improvements only in the ERT 
pseudosections, while magnetic data fits appear slightly worsened. It is 
important to mention that in the inversion, a stronger weighting was put 

on the ERT method, which limits the freedom to fit certain structures in 
the magnetic inversion to some degree, and therefore could explain why 
increased misfits appear can be observed. These observations once again 
underline the beneficial influence of the JME inversion on model 
reconstruction and data fit.

A 3D visualization of the JME results is provided in Fig. 16. The 
strong magnetic susceptibility anomaly of over 0.1 indicates volcanic 
rocks and therefore suggests the suspected diatreme structure. The 
irregular shape of the anomaly is in accordance with the eruptive 
mechanism that caused parts of the host rock alongside the volcanic 
rocks to be erupted. Relatively low electrical resistivities at shallow 
depths and increasing resistivities towards deeper regions, indicated by 
ERT results, might indicate increasing compaction with depth of erupted 
volcanics, that partially fell back into the crater. The position of the 
magnetic anomaly is partly in accordance with the ERT results. A rela
tively good match between the high susceptibility and higher resistivity 
regions can be observed in the northwestern part of the suspected 
diatreme. Towards the southeastern region stronger resistivity varia
tions occur that probably originate from changing hydrologic conditions 
due to recent rainfalls in the region, that are sensed by the ERT method, 
but not captured by the total magnetic field measurements of the mag
netic method. This ultimately suggests that in the southeastern part the 
two methods do not sense the same structure, however, the results in 
Figs. 14 and 16 indicate that these resistivity changes do not influence 
the magnetic susceptibility distribution in the JME inversion. This 
demonstrates the flexibility of the approach, which supports shared 
features while allowing different methods to develop their unique 
structures throughout the structurally coupled inversion. In conclusion, 
the JME inversion returns a plausible, consistent multi-physical image 
that resulted in a detailed interpretation.

Fig. 15. Resulting data misfit of ERT (left) and magnetic (right) inversion results of Fig. 14.
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5. Discussion

5.1. Structural coupling and sparsity

The synthetic data study and the field data application revealed that 
the JME constrained joint inversion can be applied to the ERT and the 
SRT method with additional considerations. In both cases the entropy 
constraints improved the multi-physical subsurface imaging. Both 
studies revealed that the structural coupling between the methods ap
pears to be flexible as dominant features that are only present in one 
method are not enforced onto the other one.

Furthermore, when applied to the magnetic method, the approach 
not only significantly changes the shape of the anomaly but also de
creases the sparsity of the solution, i.e. stronger anomalies with sharp 
boundaries are produced (Fig. 14). This might be an indication that this 
approach is most powerful for the magnetic method, or other potential 
field methods as indicated by Zhdanov et al. (Zhdanov et al., 2022), 
when comparing it to the ERT or the SRT method. The latter two require 
additional smoothing as pure damping does not suffice in the inversion, 
which in return counteracts the sparsity of the solution. Especially the 
seismic method seems not well suited for the entropy constraints as they 
tend to collapse high-velocity zones along raypaths, which produces 
inherently unphysical subsurface images. Since they resemble sharp 
boundaries and strong anomalies, it is not an issue with the entropy 
coupling as such, however, the effects of the entropy coupling through 
damping must be limited by smoothing in order to obtain reasonable, 
geologic models. This ultimately limits the applicability of the entropy 
constraints in the SRT inversion.

Furthermore, this study identified the reference model as very 

influential on the structural coupling as it defines regions in the model 
domain that are identified as anomalies by the JME constraints. In po
tential field methods, where data is inverted for material contrasts with 
respect to the background, homogeneous reference models of value zero 
are physical and reasonable, which eliminates the influence of the 
reference model. However, for other geophysical methods like the ERT 
or SRT method this is not the case and therefore the decision of a suitable 
reference model requires some thought. Reference models have to be as 
close as possible to the background and should not contain shared fea
tures that are meant to be recovered within the JME inversion. In case of 
SRT inversions, it was shown that a homogeneous model is generally 
preferred over gradient models and therefore should be considered if no 
prior information about the background of the subsurface is available. 
More beneficial reference models can be retrieved as low-dimensional 
model representations of the background based on standalone, namely 
conventional or ME, inversions offer improved control on structural 
coupling. This was shown for SRT method as a two-layered subsurface 
showed improvements in terms of subsurface imaging.

5.2. Inversion parameters

As to be expected, the inversion parameters define the final outcome 
of the JME inversion as they influence the appearance of the multi- 
physical images and the convergence of the inversion frameworks. In 
the entropy constrained cooperative inversion scheme that was pre
sented in this paper, there are four parameters that govern joint inver
sion, namely the order q, the smoothing factor a, the regularization 
parameter λ and the method weighting factor wm. These four parameters 
allow for fine-tuning of the structural coupling and the inversion 

Fig. 16. 3D visualization of 3D JME ERT inversion and 3D JME magnetics (MAG) inversion. 
The magnetic anomaly is shown as the blue partially transparent volume. The 3D electrical resistivity volume is sliced diagonally and at an elevation of 425 m.a.s.l. 
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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outcome, for example setting method weighting factors based on prior 
knowledge about data quality. It was demonstrated that a suitable set of 
these parameters has beneficial effects on model reconstruction as well 
as data fit. No hard criteria could be established that define a suitable 
choice of those parameters, however, the following observations can 
guide the search for a suitable set of parameters: (1) The smoothing 
factor is essential to make the approach applicable to the SRT and ERT 
method and is in relation with the regularization parameter. (2) The 
synthetic data study indicates that a higher λ values in combination with 
a smaller smoothing is preferred over the opposite. (3) First-order en
tropy constraints appear to be more suitable for JME inversions as 
second-order expressions appear to be a too strong sparsity constraint 
that lead to ray path like artefacts in velocity models and noisy re
sistivity images. (4) Second-order ME constraints hold value for single- 
method inversions. (5) Grid searches can be used to find a good com
bination of λ and a.

6. Conclusion and outlook

This work demonstrated that the minimum entropy constrained 
inversion and joint minimum entropy constrained cooperative inversion 
introduced by Zhdanov et al. (Zhdanov et al., 2022) can be applied to the 
ERT and the SRT method. However, the approach needed to be extended 
by additional smoothing to ensure the applicability to those methods. 
The approach was further modified with an additional method weight
ing factor, which allows for better control on convergence and the 
structural coupling. It was shown that also the separate ME inversion 
holds considerable value for single method inversions as seen in the SRT 
or magnetic results and therefore could be added to the toolbox of 
geophysical inversion techniques. The study further indicates the 
importance of a proper set of inversion parameters as well as suitable 
reference models as they define the multi-physical images significantly. 
The results suggest that this approach is most beneficial for potential 
field methods and scenarios where an anomalous body is hosted in a 
relatively homogeneous or well known background as it promises 
improved structural coupling.

Furthermore, this work identifies some objectives for future studies 
and additional research to explore and optimize the method, such as: (1) 
A fair evaluation of approach with respect to other more established 
joint inversion approaches, for example the cross-gradients approach 
(Gallardo, 2007; Gallardo and Meju, 2004; Gallardo et al., 2005), joint 
total variation (Haber and Gazit, 2013) or the structurally-coupled 
cooperative inversion (SCCI) scheme of Skibbe et al. (Skibbe et al., 
2021). (2) An application of the JME inversion to 3 or more methods. (3) 
Explore possibilities of combining the JME inversion with the SCCI of 
Skibbe et al. (Skibbe et al., 2021) through weighting of the smoothing 
operator in We based on the roughness of the models or the roughness of 
the JME stabilizer. This might lead to partially decoupled boundaries 
around shared anomalies, and therefore has the potential to create 
sharper boundaries. (4) Adjust and test new pseudo-probability density 
expressions that define the joint minimum entropy.
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