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Curriculum Vitae 

06.11.2024 Doctoral Examination for Dr. rer. nat.

2020 - 2024 Studies of Electrical Engineering, Information Technology and Computer 
Engineering

RWTH Aachen University, Germany

August  2018 Master of Science 
Department of Physics, National Tsing Hua University, Taiwan

2017 - 2018 Exchange student at Linköping University 
Linköping, Sweden

June 2016 Bachelor of Science 
Department of Physics, National Tsing Hua University, Taiwan

2013 - 2016 Ming-Dao High School 
Taichung, Taiwan

1994 Born in Taichung, Taiwan





Contents

Abstract v

List of publications vii

Notation ix

1 Introduction 1

2 Background 3
2.1 Classification of the resistive switching random access memory . . . . . . 4
2.2 Operation of valence change memory devices . . . . . . . . . . . . . . . 7

2.2.1 Electroforming . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2.2 Switching cycles . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.3 Requirements and reliability . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.3.1 Retention . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.3.2 Endurance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.3.3 Variability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.3.4 Short conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.4 Charge transport model . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
2.4.1 Electron energy level . . . . . . . . . . . . . . . . . . . . . . . . . 23
2.4.2 Trap-assisted-tunneling mechanism . . . . . . . . . . . . . . . . . 23

2.5 Poisson-type equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
2.5.1 Poisson equation . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
2.5.2 Fourier heat equation . . . . . . . . . . . . . . . . . . . . . . . . 31

2.6 Generation and recombination of vacancies . . . . . . . . . . . . . . . . 32
2.6.1 Formation energy . . . . . . . . . . . . . . . . . . . . . . . . . . 33
2.6.2 Local structures . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
2.6.3 Bond polarization . . . . . . . . . . . . . . . . . . . . . . . . . . 35

2.7 Vacancy diffusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
2.7.1 Anisotropic diffusion . . . . . . . . . . . . . . . . . . . . . . . . . 38
2.7.2 Field acceleration . . . . . . . . . . . . . . . . . . . . . . . . . . 39

2.8 Statistics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
2.8.1 Normal distribution and probit function . . . . . . . . . . . . . . 42
2.8.2 Generation of a random process . . . . . . . . . . . . . . . . . . 43

i



Contents

2.9 Simulation method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
2.9.1 Spatial discretization . . . . . . . . . . . . . . . . . . . . . . . . 45
2.9.2 Discretization of Poisson-type equations . . . . . . . . . . . . . . 46
2.9.3 Time steps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3 Three-dimensional device simulation 51
3.1 Simulation setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
3.2 Impact of multiple charge states . . . . . . . . . . . . . . . . . . . . . . 54

3.2.1 Electron transport process . . . . . . . . . . . . . . . . . . . . . . 54
3.2.2 Modeling the charge states . . . . . . . . . . . . . . . . . . . . . . 55

3.3 Impact of the thermal effects . . . . . . . . . . . . . . . . . . . . . . . . 58
3.3.1 Modeling the thermal conductivity . . . . . . . . . . . . . . . . . 58
3.3.2 Modeling the energy dissipation . . . . . . . . . . . . . . . . . . 59
3.3.3 Temperature distribution . . . . . . . . . . . . . . . . . . . . . . 60

3.4 Impact of the anisotropic diffusion . . . . . . . . . . . . . . . . . . . . . 63
3.4.1 Vacancy chain effect . . . . . . . . . . . . . . . . . . . . . . . . . 63
3.4.2 Grain boundary effect . . . . . . . . . . . . . . . . . . . . . . . . 64
3.4.3 Combination of both effects . . . . . . . . . . . . . . . . . . . . . 64
3.4.4 Homogeneous anisotropic modulations . . . . . . . . . . . . . . . 65
3.4.5 Impact of variational anisotropic modulations . . . . . . . . . . . 71
3.4.6 Comparison to continuous models . . . . . . . . . . . . . . . . . . 73

3.5 Cycle-to-cycle variability at the small current compliance . . . . . . . . 75
3.5.1 Switching cycles . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
3.5.2 Dynamical processes . . . . . . . . . . . . . . . . . . . . . . . . . 77
3.5.3 Failure to larger values of current compliance . . . . . . . . . . . 82

3.6 Generalized electron hopping scheme . . . . . . . . . . . . . . . . . . . . 87
3.6.1 Grand partition function and the probability . . . . . . . . . . . . 88
3.6.2 Detailed balance among vacancies . . . . . . . . . . . . . . . . . . 90

3.7 Cycle-to-cycle variability for a larger current compliance . . . . . . . . . 95
3.7.1 Switching cycles . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96
3.7.2 Single conductive path . . . . . . . . . . . . . . . . . . . . . . . . 97
3.7.3 Deceptive success in a SET operation . . . . . . . . . . . . . . . 100
3.7.4 Multiple conductive paths . . . . . . . . . . . . . . . . . . . . . . 102

3.8 Impact of grain boundary properties . . . . . . . . . . . . . . . . . . . . 106
3.8.1 Extended leveling-off window . . . . . . . . . . . . . . . . . . . . 106
3.8.2 Failure in forming conductive filaments . . . . . . . . . . . . . . 109
3.8.3 Interacting conductive filaments . . . . . . . . . . . . . . . . . . 111

4 Conclusion and outlook 115

5 Appendix 117
5.1 Cumulative distribution function of a normalized distribution . . . . . . 117

ii



Contents

5.2 Simulation parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

Bibliography 121

iii





Abstract

Motivation, Goal and Task of the Dissertation

Valence change memory is a promising type of non-volatile memory for next-generation

applications. Compared to contemporary NAND Flash, valence change memory cells

exhibit advantages such as lower power consumption and faster operating speeds. In

addition, devices can be fabricated by existing semiconductor technologies. However,

the underlying physical mechanisms intrinsically impose difficulties in manipulating the

cell resistance precisely, leading to endurance and data retention issues. It has been

observed that the variability of the electrical behavior can be reduced by adopting a

large current compliance, which limits the maximum current flowing through the device,

but theoretical interpretations are still incomplete. Specifically, most numerical models

focus on devices with a large current compliance, while the impact of a small current

compliance remains unclear.

From a statistical perspective, different tendencies in a wide range of current com-

pliances have been observed in measurements. Different theoretical models have been

proposed based on a simple scheme, where one conductive path exists in the oxide layer.

However, none of these can explain the observed tendency in a small current compliance

regime. In addition, devices with a small current compliance consume less power, thus

offering significant advantages for practical applications.

The goal of this work is the theoretical investigation of the spatio-temporal evolution

of oxygen vacancies resulting in a resistive change of the valence change memory cell.

By treating oxygen vacancies as point defects, the same viewpoint as in the density

functional theory, findings from ab initio calculations can be applied. This enriches the

understanding of local structures and physical quantities during the oxygen migration.

To this end, the measurements at a macroscopic level can be explained by the spatio-

temporal evolution of oxygen vacancies at a microscopic level. The discussion sheds light
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on engineering devices for a specialized functionality.

Major Scientific Contributions

It is well-accepted that vacancy migration is a stochastic process, and the existence of

preferred paths due to local structures has been shown by ab initio calculations, but it

is not clear what kind of migration patterns might exist. In this regard, the interplay

between the vacancy distribution, local structures, and physical quantities involved in

a dynamical process is explored. Since ab initio calculations cannot cover all possible

vacancy distributions during a dynamical process, approximations are made to consider

all these configurations in semi-classical kinetic Monte-Carlo simulations.

Possible migration patterns are proposed to explain the observed statistical tendencies.

Three-dimensional device simulations are performed with relevant conditions aligned

with measurements. The SET and RESET operations of the cell are simulated. Some-

times these operations fail and the corresponding local structures of the conductive

filaments are identified. Furthermore, a simple yet physical interpretation is proposed

to explain the statistical behavior in a wide current compliance regime. It is based on a

scheme consisting of multiple filaments, which is different from existing interpretations.

The scheme is supported by measurements. In addition, a new model of the charge state

of the oxygen vacancies, which effectively leads to an extra charge factor, is proposed.

The plausibility is discussed in the framework of detailed balance under equilibrium

conditions.
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Notation

x Scalar quantity

x Vector quantity

X Matrix quantity

⟨x⟩ Average value

µx Median value

Symbols

α Symmetry factor

a Nearest hopping distance

a0 Attenuation radius

β Sweep rate

b Bond polarization

c Speed of light

c0 Vacuum speed of light

d Distance between two oxygen vacancy sites

D Electric flux density

ε Electrostatic permittivity

ε0 Vacuum permittivity
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εr Relative permittivity

e Magnitude of the elementary charge

E Electric field

Eloc Local electric field

Ec Energy level of the conduction band minimum

ED Zero-field activation energy for an oxygen vacancy diffusion

∆ED Filed-modulated activation barrier for an oxygen vacancy diffusion

EG Zero-field activation energy for an oxygen vacancy generation

ER Zero-field activation energy for an oxygen vacancy recombination

g Density of the heat generation rate

h Miller-Abrahams hopping rate

h̄ Reduced Planck constant

I Current

Ie Electron current

kB Boltzmann factor

kth Thermal conductivity

µ Elecetron Fermi level

µ0 Vacuum permeability

µr Relative permeability

m∗ Effective electron mass

m0 Electron rest mass

ν0 Attempt frequency for the vacancy generation, recombination and diffusion
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νe Attempt frequency for an electron hopping

Ω Size of a finite volume

ρ Charge density

p Probability of an oxygen vacancy in the filled state

φ Electrostatic potential

R0 Electrode coulping

r Position vector

t Time

T Temperature

Vapp Applied voltage

Vcell Voltage across a cell

Z Grand partition function

Acronums
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AE active electrode

ALD atomic layer deposition

BC boundary condition
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BS bipolar switching

BE bottom electrode
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xi



Contents

CBM conduction band minimum

CBRAM conductive bridge random access memory

CDF cumulative distribution function

CF conductive filament

CIM computing-in-memory

CMOS complementary metal-oxide semiconductor

D2D device-to-device

DD drift diffusion

DFT density functional theory

DOS density of state

DRAM dynamic random-access memory

DUT device under test

ECC Error Correcting Code

ECM electrochemical metallization memory

FN Fowler-Nordheim

FP Frenkel pair

FTJ ferroelectric tunneling junction

FVM finite volume method

GB grain boundary

HRS high resistance state

KMC kinetic Monte Carlo

LRS low resistance state

xii



Contents

MAC Multiple-Accumulate

MA Miller-Abrahams

MD molecular dynamics

MIM metal-insulator-metal

MRAM magnetoresistive random access memory

MTJ magnetic tunnel junction

MTTF mean time to failure

NEM Nano-electromechanical

NVM non-volatile memory

OE ohmic electrode

OEL oxygen exchange layer

OxRAM oxide-based random access memory

PCM phase change memory

PDE partial differential equation

PDF probability density function

P/E program/erase

PF Poole-Frenkel

PSD power spectral density

QPC quantum point contact

redox oxidation-reduction

RRAM resistive switching random access memory

ReRAM redox-based resistive switching random access memory

xiii



Contents

SA sense amplifier

SLC single-level cell

SSD solid-state drive

STO SrTiO3

STT spin transfer torque

TAT trap-assisted-tunneling

TCM thermochemical memories

TDDB time dependent dielectric breakdown

TDTR time-domain thermoreflectance

TE top electrode

URS unipolar resistive switching

US unipolar switching

VBM valence band maximum

VCM valence change memory

VO oxygen vacancy

WKB Wentzel–Kramers–Brillouin

xiv



1 Introduction

As information technology advances, the ability to process more data within a shorter

time is an important demand. Over the past few decades, this demand has been ad-

dressed through scaling down fabrication technology. However, the down-scaling of

complementary metal-oxide semiconductor (CMOS) architecture is approaching its phys-

ical limit. This presents challenges for contemporary memory devices such as NAND

Flash and dynamic random-access memory (DRAM), where transistors often become

bottlenecks in integrated circuits. On the one hand, the search for new materials and the

vertical stacking of memory units are possibilities for improvements. On the other hand,

solutions based on a different mechanism for both volatile and non-volatile memory de-

vices are proceeding. Nowadays, the resistive switching random access memory (RRAM)

is one of the promising candidates.

While studies of the resistance change date back to the 1960s [2, 3], research interest

has gradually transitioned to Si-based integrated circuit technology since the late 1970s.

Until the 1990s, this field started to regain attention triggered by Asamitsu et al. [4]

and Beck et al. [5]. Later in the 2000s, RRAM integrated into the contemporary CMOS

technologies have been reported [6, 7]. The reader is referred to Ref. [8, 9] for a detailed

review up to the late 2000s. In this stage, it was originally designed for data storage

applications. To be competitive with contemporary non-volatile memory devices, infor-

mation must be stored for several years without loss. In addition, features such as low

power consumption and fast read/write operations are desired for the next-generation

electronics. These requirements have been met by a variety of RRAM devices. Nowa-

days, commercial products based on the RRAM can be found in the market.

Recently, the RRAM has found new applications, i. e., computing-in-memory (CIM)

and neuromorphic computing, beyond pure data storage. Within the traditional von

Neumann architecture, the processing and memory units are separated, leading to in-

creased latency and power consumption due to data transfers. In contrast, CIM inte-

grates these units, alleviating the aforementioned problems at the hardware level. This

1



1 Introduction

is similar to the working principles of the biological brain, where both processing and

memory functions are performed by neurons and synapses [10]. Drawing inspiration from

the nervous system, a new architecture that emulates the neurons and synapses has been

proposed with the aim of harnessing its energy efficiency. Remarkably, the human brain

is estimated to conduct 1018 Multiple-Accumulate (MAC) using only 20W. This energy

efficiency outperforms those of contemporary supercomputers by about eight orders of

magnitudes [11]. This biological efficiency highlights the potential of neuromorphic com-

puting, which is applicable to artificial intelligence applications. The reader is referred

to Ref. [12–15] for the architecture and benchmarks, and Ref. [10, 16, 17] for a review.

However, neither the solid-state drive (SSD) nor the contemporary von Neumann

architecture based computing devices have been replaced by RRAM based devices. One

of the challenging problems arises from the working principle, where a stochastic process

of oxygen vacancy migration is involved. Although using a larger current compliance

could reduce the variability, this would inevitably result in larger power consumption.

This, in turn, raises the risk of damaging memory cells due to greater heat dissipation.

Therefore, the trade-off between the current compliance and the reliability of a memory

cell is critical. Since the oxygen vacancy is attributed to the electrical behavior of a

valence change memory (VCM) cell, the evolution of oxygen vacancies is investigated.

The focus is on devices in a small current compliance regime, i. e., Icc < 15 µA.
The second chapter provides measurement findings, a well-accepted theory for the

resistive switching phenomenon of the studied device, and the theoretical background

for the kinetic Monte Carlo (KMC) model. The model incorporates fingings from ab

initio calculations at T = 0K. This implies that entropy effects are absent, despite the

influence of local high temperatures during resistive switching. The reader is referred to

Ref. [18–22] for other numerical models discussing a resistive switching process.

In the third chapter, three-dimensional device simulations are performed and dis-

cussed. The chapter begins with simple schemes, where the temperature distribution

and electrostatic potential distribution are studied independently. Physical quantity dis-

tributions under different modeling frameworks are compared. Based on the established

results, a simple scenario for the observed variability is proposed and simulation results

are provided. It starts with a specific current compliance value and then extends to a

large window. In the meanwhile, a simple formulation based on the parallel connection

is proposed for the explanation of the observed variability.

Lastly, the fourth chapter summarizes this simulation work and the outlook.

2



2 Background

This chapter provides the essential background for exploring the dynamics at the mi-

croscopic level involved in the operation of filamentary type VCM cells. It starts with a

classification of different types of RRAM for an overview in Sec. 2.1. Later on, the focus

shifts back to the filamentary type VCM cells. The electrical characteristics involved

in a resistive switching process are provided in Sec. 2.2. However, a practical memory

cell typically undergoes millions of read-write operations, and thus the statistical aspect

is an important metric for examining a cell. Sec. 2.3 covers the fundamentals of the

reliability aspect. The theoretical model, i. e., KMC model, is employed to explore the

microscopic details during the dynamical process in this thesis. The KMC model in-

corporates physical processes such as charge transport and heat dissipation, covered in

Sec. 2.4 and Sec. 2.5, respectively. The chemical reactions of oxygen vacancies, including

the generation and recombination reactions, and the migration are detailed in Sec. 2.6

and Sec. 2.7, respectively. The statistical foundation for both numerical modeling and

experimental data analysis is introduced in Sec. 2.8. Finally, the methodology for solving

the three-dimensional numerical model is provided in Sec. 2.9.

3



2 Background

2.1 Classification of the resistive switching random

access memory

The classification aims to provide an overview of the technologies developed to date. A

large variety of physical mechanisms are involved in the resistance change across different

materials. Moreover, the interplay between physical mechanisms imposes difficulties in

building a universal classification. Therefore, the provided classification is based on the

principal physical effect widely accepted by the community.

The physical mechanisms behind the resistance change are generally divided into

three groups: magnetic effects, electrostatic effects, and atomic configuration effects

(see Fig. 2.1).

Figure 2.1: Survey of resistance-based non-volatile memories, also called memristive el-
ements or memristive RAM. Reproduced with permission from [23]. Copy-
right © 2022 Taylor & Francis Group.
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2.1 Classification of the resistive switching random access memory

Magnetic effects responsible for resistance changes occur in magnetic tunnel junc-

tions (MTJs), which consist of two ferromagnetic layers separated by a thin insulating

layer [24]. The relative orientation of the magnetic fields changes the electron tunneling

probability through the insulating layer, and thus data can be stored in terms of the

relative orientation of magnetic fields leading to magnetoresistive random access mem-

ory (MRAM). More recently, the spin transfer torque (STT) technology utilizing the

electron spin has been applied to develop the STT-MRAM [25, 26]. It has shown bene-

fits such as reduced power consumption and increased storage density compared to the

conventional MRAM. More details about the development of MRAMs can be found in

Ref. [27].

In parallel to magnetic effects, resistances could be modulated by electric effects. A

metal-insulator-metal (MIM) structure with a thin ferroelectric layer as the insulating

layer first proposed in 1971 [28] was later known as the ferroelectric tunneling junction

(FTJ). Conceptually, the manipulation of resistances is achieved through an applied

voltage, which changes the electric polarization of the ferroelectric layer. The reader is

referred to Ref. [29] for more details.

Resistance changes due to atomic effects are found in both organic [30] and inorganic

materials with various mechanisms identified. The mechanical distortion due to the

electrostatic force has been proposed for developing the Nano-electromechanical (NEM)

RAM [31]. For the phase change memory (PCM) [32], different electrical resistances of

amorphous and crystalline phases are used.

The redox-based resistive switching random access memory (ReRAM) based on the

oxidation-reduction (redox) reactions can be further divided into three major types, i.e.,

thermochemical memories (TCM), electrochemical metallization memory (ECM), and

VCM1. The dominant redox process of a TCM device is thermochemical rather than

electrochemical. That is, the redox process is mainly triggered by the thermal effect. A

detailed review of TCM can be found in Ref. [33]. On the other hand, in both ECM and

VCM electrochemical processes play a dominant role. The distinction between ECM

and VCM cells lies in the source of mobile ions. In an ECM cell, the electrochemically

active electrode metal is involved in the redox process and thus the dynamics of metal

ions is crucial for the resistance change. Under the pressure of an applied voltage,

metal ions drift to the counter electrode, which is usually an inert metal. The reduction

1In some literature, conductive bridge random access memory (CBRAM) and oxide-based random
access memory (OxRAM) are terminologies for ECM and VCM, respectively.

5



2 Background

reaction that occurs upon contact with the inert electrode gives rise to the growth of a

metallic conductive path towards the active electrode, thereby reducing the resistance.

To increase the resistance, the opposite polarity is applied to reverse the above process.

The reader is referred to Ref. [34] for more details about the ECM.

In VCM, a metal oxide layer sandwiched between two electrodes participates in the

chemical reaction. The mobile ions are typically oxygen anions, referred to as oxygen

vacancies. Furthermore, the dependence of the electrical behavior on the cross-section of

a device can vary dramatically. That is, devices for which conductivity is proportional to

their cross-section are said to be of an area-dependent type. In contrast, the filamentary

type devices refer to those where the resistance has a weak dependence on the cross-

section over almost three orders of magnitude [7, 35, 36]. The filamentary type VCM is

discussed further in subsequent sections.

6



2.2 Operation of valence change memory devices

2.2 Operation of valence change memory devices

The simplest device structure for a VCM device that facilitates the resistance change

can be realized by a MIM structure, i. e., an insulating layer sandwiched by metallic

electrodes with the constituted materials expressed in the format, M/I/M. The insulating

layer is a thin film with a typical thickness from several to tens of nanometers, see

Fig. 2.2a. Up to date, there are a variety of binary transition metal oxides, such as HfO2,

ZrO2, TiO2, Ta2O5, and NiO, and ternary oxides, e.g. SrTiO3 (STO), that are shown to

be suitable for the insulating layer [9, 21]2. Meanwhile, the materials of the two metallic

electrodes are not necessarily identical. Moreover, the metals are found to be crucial

for the creation of oxygen vacancies in the preliminary electroforming (FORMING)

process (see Sec. 2.2.1) and the subsequent SET and RESET processes (see Sec. 2.2.2).

(a)

Electrode 10 - 100 nm

Oxide 3 - 20 nm

Electrode 10 - 100 nm

(b)

Electrode

Capping layer

Oxide

Electrode

Figure 2.2: Schematic MIM structures for (a) a HfO2-based cell with typical thickness
and (b) a heterogeneous bilayer structure.

2.2.1 Electroforming

Preliminary to manipulating the resistance state of a VCM cell, the so-called electro-

forming or simply FORMING is required for most VCM devices. From a macroscopic

point of view, a soft dielectric breakdown process is triggered by the large voltage in

this step. The original resistance can be up to orders of magnitude higher than the

2In some literature, the subscript ”x” is used for oxides, such as HfOx, to emphasis the oxygen
composition is nonstoichiometric.
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2 Background

resistance after a successful FORMING process; thus, the high resistance state (HRS)

and the low resistance state (LRS) are used to refer to the state of a device possessing

two distinct resistance levels. On the other hand, the introduction of oxygen vacan-

cies (VOs) into the oxide layer is observed after the FORMING process, leading to the

resistance change from a microscopic point of view. Specifically, the VOs inside the oxide

layer provide intermediate sites for the electron tunneling between electrodes. With the

introduction of a sufficient number of VOs along the direction between electrodes, the

effective tunneling length is greatly decreased. As a result, the resistance reduces in the

presence of the establishment of a conductive path, which is coined as the conductive

filament (CF) [37–46].

The generation of VOs inside the oxide layer is closely related to the material of

electrodes. Typically, a high-work-function metal, such as TiN or Pt, is required for one

electrode. The other electrode may be either a high-work-function metal or a low-work-

function metal such as Ti, Hf, Zr, Al, or Ta. In the former case, where both electrodes

are high-work-function metals, a significantly higher voltage is required for the onset of

the abrupt increase of current [47–49]. In the latter case, the oxygen affinity of a low-

work-function metal is generally high. The oxidization of the metal is observed [49–51],

and oxygen vacancies are created in the oxide layer close to the interface. The layer is

referred to as the oxygen exchange layer (OEL). Furthermore, using a metal different

from that in the oxide might create an extra sub-oxide layer [52–54]3, leading to the

so-called heterogeneous bilayer structure. During the fabrication, the bilayer structure

could be achieved by intentionally growing an easily oxidizable capping layer above the

oxide layer as illustrated in Fig. 2.2b. The reader is referred to Ref. [55, 56] for the

electrical performance aspects and the potential applications of bilayer RRAM cells.

Depending on the purpose, there are two approaches for applying an external voltage:

the pulse and sweep mode, differing in the duration of the applied voltage. In principle,

the sweep mode is adopted to investigate the I-V characteristics as a starting point.

In contrast, the pulse mode is closer to practical applications since devices are switched

under a short-duration voltage signal. In practice, both approaches are used in reliability

tests, see Sec. 2.3.2. Regardless of the mode, applying a large voltage can potentially

damage the device during the FORMING step which can be avoided by attaching a

3It is noted that the experimental data and physical processes strongly depend on the materials. In
this introductory section, the materials for the MIM structure is presented.
Ti/TiOx/HfO2/TiN [52, 54]. Pt/Hf/ZrO2/Pt and Pt/Ti/ZrO2/Pt [53]
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2.2 Operation of valence change memory devices

current compliance to the circuit. By limiting the maximal current through the device,

the energy dissipation and thus the positive feedback between the maximal temperature

and the current can be controlled. Therefore, the risk of damaging a device due to the

current overshoot is reduced. Herein we focus on the device where a FORMING step is

required for subsequent resistive switching processes. In addition, the device structure

with a single oxide layer subjected to the sweep mode is simulated.

2.2.2 Switching cycles

After the FORMING step, the RESET operation is performed, aiming to increase the

resistance and to reach the expected HRS. From a microscopic point of view, the con-

nection of both electrodes by the CF is ruptured, leading to the observed high resistance

at the end of the process. Conversely, the re-connection of the ruptured CF is expected

in the SET operation, leading to the expected LRS. Since the resistance is expected to

be low, a current compliance is attached in the SET process as well. On the contrary, a

thermal runaway is not expected when the value of an applied voltage is either small or

large during the RESET process. When the voltage amplitude is still small, the Joule

heating is not significant enough to damage the cell despite the low resistance of the cell.

In the intermediate voltage regime, the migration of oxygen vacancies starts, leading to

the rupture of a CF and thus the HRS. Ideally, the reduced current decreases the energy

dissipation when the applied voltage is large. Therefore, the current compliance is not

applied throughout the whole RESET process. However, this approach is accompanied

by the risk of damaging a device if the decrease in current is slow or absent in the

intermediate voltage regime. Since the maximum current during a RESET process is

closely related to the current compliance during a SET process, adopting a small current

compliance reduces the risk.

Depending on the polarity of the applied voltage to operate these two processes, two

distinct approaches to manipulate the resistance states are available, i. e., the bipolar

resistive switching (BRS) and unipolar resistive switching (URS). Specifically, BRS and

URS refer to the switch of resistance states by opposite and identical voltage polarities,

respectively. URS or simply unipolar switching (US) is commonly observed in TCM cells

where the thermochemical reaction rather than the electrochemical reaction triggers the

resistive change [9, 33]. In this case, the transition to the HRS arises from the high

temperature in the absence of the current compliance in the RESET process while the
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presence of the current compliance in the SET limits the temperature. In this scenario,

the resistive switching depends on the asymmetrical usage of the current compliance but

not the external polarities in the two processes. Interestingly, it has been reported that

the VCM cells can be operated in US. In principle, US is observed for cells with high

work-function metals for electrodes [47, 57]4. The reader is referred to Ref. [58, 59] for

theoretical models.

On the other hand, BRS or simply bipolar switching (BS) is more common for VCM

cells. Typically, a BS operation relies on the asymmetrical arrangement of the work-

function for two electrodes, namely, one electrode with a low-work-function metal and

the other with a high-work-function metal [60]. The electrode with a low-work-function

metal is called ohmic electrode (OE) due to the formation of the ohmic contact with the

oxide in the ideal case. The electrode composed of a high-work function metal forms

a Schottky contact. It is called active electrode (AE) since the switching phenomena

are assumed to occur near the interface. The well-accepted scenario for BS-type cells

involves the redistribution of oxygen vacancies, while the total number of vacancies

remains unchanged after the FORMING process. Depending on the relative location

and the vacancy density, the structure of a CF can be further divided into two parts,

i. e., the plug and disc (see Fig. 2.3). The disc corresponds to the region close to the

AE where the vacancy density changes drastically, and thus plays a crucial role in the

resistive switching phenomena. The plug refers to the region where the vacancy density

is high and remains (almost) constant throughout the entire switching process. It serves

as a reservoir for providing and accepting vacancies to the disc in the SET and RESET

processes, respectively. The reader is referred to Ref. [9, 61] for more details.

4Pt/HfO2/TiN and TiN/HfO2/TiN [47], Pt/HfO2/Pt [57]
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2.2 Operation of valence change memory devices

Figure 2.3: VCM switching mechanism. Schematic I–V characteristic in combination
with sketches of the internal states and processes during switching. The
bipolar switching is based on the redistribution of oxygen vacancies in the
filament near the active electrode. The SET occurs when a negative potential
is applied to the active electrode. Oxygen vacancies and immobile metal
cations in a lower valence state, here Zr ions, are indicated by green and violet
spheres, respectively. Yellow spheres represent the stoichiometric oxide. The
active electrode, here Pt, is shown in gray on the left side. Reproduced
with permission from [61], 2012 Wiley-VCH Verlag GmbH & Co. KGaA,
Weinheim.
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2.3 Requirements and reliability

To move on to commercialization for non-volatile storage applications, several criteria

must be met. The following operations at the single-cell level are required for a single

memory cell:

• Read operations: The resistance of each resistance state is obtained by measuring

the read current at a read voltage, where a small voltage is aimed to avoid disturb-

ing the VO distribution and thus the resistance. However, the circuit design of a

sense amplifier (SA) imposes a minimal read voltage of approximately one-tenth of

the write voltage [23]. New circuit designs for a SA have been proposed to improve

the sensing margin [62, 63].

• Write operations: The write voltage and the write time are two important values

to compare with other memory devices. In general, non-volatile memory cells are

operated under a higher write voltage and a slower write time, compared to volatile

devices. For example, typical write voltages of NAND Flash cells and DRAM cells

are about 3V and about 1V, respectively. The write time, which is defined as the

duration of the write voltage pulse, is typically about 1 µs and 1 ns for Flash cells

and DRAM cells, respectively. Up to date, the resistive switching of VCM cells

can be operated at around 1V with the write times at nanosecond scale [64] and

below [65–68]5.

In addition, the scaling down of memory cells increases the density of logic elements

and thus enhances the functionality of a device. Modern technology has been developed

to maximize the space usage, which relates to the stackability. Lastly, since the estab-

lished CMOS fabrication processes for small feature sizes are extraordinarily expensive,

it is desirable to have fewer additional fabrication processes for a RRAM cell, which

corresponds to a better CMOS compatibility.

• Scalability: The intrinsic limit in physical size is due to the underlying physical

mechanisms. Contemporary technology has already encountered the geometrical

limit of a single Flash or DRAM cell, which is roughly 10 nm [21, 69]. In com-

parison, HfO2-based VCM cells were fabricated with widths of 40 nm×40 nm in

2012 [70] and 10 nm×10 nm [71] in 2014.

5Ta2O5-based [66], HfO2-based and Ta2O5-based [67], HfO2-based [64, 65, 68]
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• Stackability: This refers to a solution to enhance scalability by stacking individual

cells on top of one another, making a 2D crossbar array into a 3D circuit. This

idea was first introduced to NAND Flash technology in the 2000s [72] and has

dramatically boosted the usage of SSDs in data storage applications. The 3D

NAND Flash cells were reported to be over 200 layers in 2022 [73] and over 300

layers in 2023 [74]. Since the early 2010s, the stackability of RRAM memory

cells has been gaining much attention [75]. In 2020, devices composed of 8-layer

HfO2-based memory elements were proposed and fabricated [76].

• CMOS Compatibility: This refers to the additional fabrication processes for the

RRAM with the established CMOS equipment. It involves the fabrication envi-

ronments, materials, and the fabrication temperature. In 2004, Samsung showed

the integration of NiO-based RRAM cells with the contemporary 0.18 µm CMOS

technology into a one-transistor–one-resistor (1T1R) circuit [7]. Moreover, HfO2,

ZrO2, TiO2 were proposed as a high-κ dielectric material in replacement of SiO2 for

the gate dielectric material in 2001 [77]. Ta2O5-based memory cells have been suc-

cessfully fabricated on the standard 0.18 µm CMOS in 2008 [78]. These materials

show great compatibility with existing technologies.

The reader is referred to the Table 1 of Ref. [79] for a review of the progress in

technologies. Aside from the aforementioned requirements, the number of program/erase

(P/E) cycles of a NAND Flash cell is expected to be 105. For a volatile DRAM cell,

there is no theoretical limit. However, an estimation of the operation lifetime could be

conducted based on the refresh rate. Given a typical refresh time of 60ms, a DRAM cell

in the time span of 10 years would be operated about 5 · 109 times. Considering a large

number of operations, additional requirements arise, i. e., endurance and variability.

2.3.1 Retention

The retention time is a measure of the long-term stability of a non-volatile mem-

ory (NVM) cell. It refers to the period during which the stored information can be

kept without distortion. Take contemporary NAND Flash for example, both the P/E

cycles for which the device has been used as well as the ambient temperature affect

the retention. A common retention period for fresh NAND Flash cells is several years

within the range of 75-125 °C. Given that the retention of NVM cells extends to years,
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retention tests are typically not conducted at the above-mentioned temperatures. In-

stead, the devices under test (DUTs) are baked at elevated temperatures. The mean

time to failure (MTTF), which represents the time to reach the defined failure criteria,

is provided in the specifications by manufacturers. In a very simplified scenario, the

determination of the (effective) retention time at a given temperature is derived from

the Arrhenius relation.

The Arrhenius equation relates the reaction rate k to the temperature T by

k = A · exp
(
− Ea

kBT

)
, (2.1)

where A is the Arrhenius factor, kB is the Boltzmann constant and Ea is the activation

energy for a reaction. Typically, an Arrhenius plot refers to the logarithm of the reaction

rate versus the reciprocal temperature, showing the reaction rate at an extrapolated

temperature. Herein, the reaction rate is related to time by the inverse relationship,

tfail = k−1, and thus the MTTF can be evaluated at a lower temperature, see Fig. 2.4.

This is a common approach to evaluate the retention time for NAND Flash devices and

VCM cells, even though underlying failure mechanisms differ.

Figure 2.4: Arrhenius plot for tail bits of a retention test of a 256 kbit array. Reproduced
with permission from [43], © 2011 IEEE.

Generally, the shift of resistances under a higher temperature is explained by the

migration of oxygen vacancies, which is activated by the thermal fluctuation instead of

an external electric field. Either a threshold of the read current [80] or the ratio of the

final to initial resistances [81, 82] is adopted for the definition of data loss. A harsher

criterion for failure based on a smaller part of the devices is employed to detect the

fast retention failure [83, 84]. Specifically, the tail bits refer to devices with higher LRS
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resistances and lower HRS resistances. The data retention of tail bits raises a crucial

reliability concern, especially for a large memory array. In the early 2010s, common

retention failure patterns were identified. That is, the shift of LRS and HRS resistances

are often observed in the low- and high-current operations, respectively [43, 85]. Since

the low-current operation is more desirable, more studies have been dedicated to the

increase in LRS resistances referring to the LRS retention failure.

One explanation of the LRS retention failure is the highly mobile oxygen ions. In

Ref. [83]6, extracted data indicated a high mobility of oxygen ions, aligning with mea-

surements of the HfO2 thin film [86]. Specifically, oxygen ions close to the constriction

of the CF are responsible for the dissolution of the CF, leading to the early stage LRS

retention failure in a small percentage of devices. Interestingly, different fitted mobilities

are obtained due to the different criteria even for memory cells on the same stack [83, 87].

A similar argument regarding the mobility is proposed while it refers to the mobility of

oxygen vacancies [88]. S. Clima et al. discussed a scenario where the different mobilities

of vacancies create a heterogeneous distribution of diffusion barriers in space. In this

scheme, resistance shifts could be attributed to the mobile vacancies migrating into or

out of the constriction of the CF. The attribution of increased LRS resistances to the

out-diffusion of vacancies is further supported by both measurements [43, 81, 83, 87, 89]

and models [43, 81, 82, 90]. These works demonstrate that the LRS resistance stabilizes

with increased current compliance due to a stronger CF mitigating the impact of va-

cancy outflow. In addition to the current compliance, the alloying of HfO2 with Al has

been shown to increase the stability of LRS resistances [82, 91–93]. Interestingly, using

Ti as a dopant is shown to reduce the LRS retention [82, 92].

The requirement of a long-term stability of the stored information, a fast write op-

eration, and a comparable read/write operation voltage is often called the voltage-time

dilemma. On the one hand, the ratio is approximately 1014 with the retention being

10 years and the write operation within 10 ns. On the other hand, seeking low-power

electronics by asking for the write voltage at around 1V and the read voltage at around

0.1V yields a ratio of 10. To fulfill the requirement, the resistance change must be highly

non-linear in response to the applied voltage.

6HfO2-based
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2.3.2 Endurance

The endurance refers to the number of P/E operations until a NVM cell fails. For a

VCM cell with only two resistance states, it is examined by repeating the cycle composed

of the SET and RESET operations. Depending on the purpose, there are three common

approaches for conducting an endurance test, as illustrated in Fig. 2.5 [94]. With the

I-V sweep approach illustrated in Fig. 2.5a, one can obtain the detailed I-V relation

in each cycle at the costs of a time-consuming process, a limited number of cycles,

and a potential deviation from the realistic operation condition [95]. In the other two

test schemes, the SET and RESET operations are conducted in the pulse mode. The

difference is that the resistance states can be measured in each cycle only by advanced

equipment, as illustrated in Fig. 2.5b. In contrast, a limited number of data can be

obtained by standard hardware because the resistance is measured once every specific

number of switching cycles, as illustrated in Fig. 2.5c.

VRESET

VSET

Vmeas
t

V (t)

(a)

VRESET

VSET

Vmeas
t

V (t)

(b)
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t
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Figure 2.5: Schematic voltage signals for conducting endurance tests.

During the endurance test, electrical properties such as the LRS and HRS resistances

are recorded. The test ends when the resistance ratio fails to reach a reliable window, or

the resistance gets stuck at one of the resistance states. To develop next-generation

applications, the endurance of a VCM cell must be comparable with contemporary

technologies. For example, values of 105 and 1010 can be expected for a single-level

cell (SLC) and a DRAM cell, respectively. Up to date, endurance tests of a VCM cell

above 106 have been reported, see Table 2 of Ref. [96].

The increase of LRS resistances [44, 70, 85], decrease of HRS resistances [44, 70, 97, 98]

16



2.3 Requirements and reliability

and both tendencies together [99, 100]7 are observed during endurance tests. The shift

of resistances is explained by changes near the CF region, which can arise from either

reversible or irreversible processes. The reversible processes are typically associated with

the redistribution of CF constituents. For example, the decrease of HRS resistances is

explained by the redistribution of oxygen vacancies [70]. Among switching cycles, the

vacancy migration is more dominant in the SET process compared to that in the RESET

process, leading to the gradual accumulation of vacancies at the switching interface.

Consequently, the asymmetrical migration scenario leads to the cell being stuck in the

LRS after the RESET process.

In the scheme of the vacancy redistribution, the failure of both a high resistance after

the SET process and a low resistance after the RESET process can be recovered. It

has been shown that both failures in the SET and RESET processes can be restored

with a slow sweep rate in the SET and RESET operations, respectively [70]. Since the

vacancy migration is primarily guided by the applied voltage, the optimization of the

SET and RESET voltages is a promising approach to fine-tuning the endurance. More

specifically, the amplitude and width of the voltages in both processes are investigated

to improve the endurance [100, 101]. Under the optimized conditions, the endurance

can achieve up to 1010 cycles [70].

However, failures can also be associated with irreversible possesses, e. g., an excessive

amount of oxygen vacancies or atomic relaxation. In this case, a resistance state cannot

be recovered by the above-mentioned approach. For example, it is found that devices

with Hf or Ti as their OE demonstrate a RESET failure within the first 20 cycles [102].

In contrast, the uses of Ta or W demonstrate a much more stable resistive switching. By

investigating the defect formation energy at the electrode/oxide interface, the RESET

failure is attributed to excessive oxygen vacancies due to the negative formation energy.

It is noteworthy that the coupling of reversible and irreversible mechanisms gives rise

to intricate failure phenomena. In the analysis of 41 TiN/TaO2±0.2/TiN VCM cells,

it was found that 20 cells are stuck in the LRS while the other 21 cells are stuck in

the HRS [44]. During the endurance test, the vacancy redistribution gradually leads

to a thermodynamically favored configuration, where the vacancy mobility is decreased.

Furthermore, the SET and RESET failure can take place due to the segregation of Ta-

and O-rich regions along the CF, and crystallization at the gap of the CF, respectively.

7HfO2-based [70, 85, 97, 99], Ta2O5-based [44, 100]
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2.3.3 Variability

Failures of resistive switching can appear consecutively [70, 85, 97–99] or only occasion-

ally [99, 103]8 during cycling. M. Lanza et al. pointed out that the LRS and HRS

resistances, and other electrical properties should be measured in each cycle [96]. Only

by doing this, the failures only in certain cycles can be detected and the results of en-

durance tests are reliable. That is, the reliability of a VCM cell should be assessed by the

conventional endurance criteria of extensive operations, and by the cycle-to-cycle (C2C)

variability.

The C2C variability refers to the variation of LRS or HRS resistances across switching

cycles. It corresponds to the change of a CF arising from the stochastic migration of

oxygen vacancies in a microscopic viewpoint. The C2C variability is typically accessed

using the normalized deviation, calculated by dividing a deviation by either the average

or the median value. Note that a deviation is calculated by the difference between the

30% and 70% values in Ref. [95]. In addition, the normalized deviation against either the

resistance or the current compliance exists. It is evident that the normalized deviation

is reduced at a higher current compliance, as shown in Fig. 2.6. Fig. 2.7a reveals the

same trend after applying the inverse relationship between the resistance and current

compliance. Constant products of LRS resistance and current compliance are fitted

to be in the range of 0.4V to 1V [95, 104, 105]. Moreover, power-law relationships

with exponents ranging from 0.5 to 1.0 are found for LRS resistances [95, 105–108] for

relatively large current compliance, e. g., Icc > 10 µA. When the current compliance is

lower than a certain value, a leveling-off of the normalized deviation emerges as seen

in both Fig. 2.6 and 2.7a. On the other hand, exponents are closer to 0.5 for HRS

resistances [95, 108].

On top of the C2C variability, the different electrical performance among different

memory cells is mostly referred to as the device-to-device (D2D) (or cell-to-cell) vari-

ability [94, 95]. Due to the increasing number of memory cells in commercial applications,

the uniformity of memory cells should also be under control. In contrast to the C2C

variability, the D2D variability is considered to be associated with process variations.

In this regard, a reduction in D2D variability should be plausible by better controls of

fabrication processes. For instance, the deposition of the oxide layer is thought to be

the dominant factor for the D2D variation [94], and various indicators are proposed to

8[103]: Ag/spin-on-glass/poly(3,4-ethylenedioxythiophene) polystyrene sulfonate
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evaluate the uniformity of fabricated cells [109]. The reader is referred to Ref. [94] for the

comparison of two common processes for VCM cells, i.e., atomic layer deposition (ALD)

and sputtering.

Figure 2.6: Normalized deviation against current compliance for LRS. Reproduced with
permission from [108] with data in solid squares from [105], © 2014 IEEE.

(a) (b)

Figure 2.7: (a) Normalized deviation against LRS and HRS resistances. (b) LRS and
HRS resistances against current compliance. Reproduced with permission
from [95], © 2013 IEEE.

2.3.4 Short conclusion

Despite all the excellent properties of a single VCM cell, commercial applications are

not yet mainstream in the market. To migrate towards the large-scale manufacturing

phase, the reliability of commercial electronics is of central importance. Unfortunately,
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the working principle of VCM cells, which involves stochastic vacancy migrations, has

made the precise control of resistance states impossible. For the NAND Flash and

DRAM cells, an Error Correcting Code (ECC) design utilizes a small number of logic

elements to ensure the correctness of data [110, 111]. However, conventional ECC might

not be sufficient for RRAM cells since their variability is expected to be larger [111].

The choice of an ECC design is left for future investigations to ensure its functionality

without offsetting the benefits.

So far, measurements and theoretical models have provided a clear working principle

for VCM cells. Specifically, density functional theory (DFT) is applied to associate ma-

terials with the corresponding formation energies of oxygen vacancies, which is useful

for understanding the US and the BS phenomena as well as FORMING conditions. It

is noteworthy that DFT is suitable for a structure containing few atoms over a short

timescale due to complicated interactions. This would be sufficient to explore the phys-

ical properties around the CF, and a homogeneous material. However, the migration

of vacancies during the resistive switching process could give rise to intricate atomic

distributions, which might not be considered by DFT calculations. Moreover, physical

properties have been found to vary dramatically in the presence of a cluster of vacancies

which will be further discussed in Sec. 2.6 and 2.7. Therefore, DFT only provides a

guideline and there are still missing pieces to explain the dynamics during the resistive

switching process.

To this end, modeling the spatio-temporal distribution of vacancies in a larger dimen-

sionality and a longer timescale is crucial for practical applications. Models have been

developed for different regimes of space- and time- scales, see Fig. 2.8. For example,

1D compact models can simulate the electrical performance at a single cell level with

the limitation of not accounting for discrete vacancy distributions [112, 113]. The spa-

tial resolution of vacancies is improved by 3D continuous models [108, 114–116], which

are useful for devices with a large current compliance. In contrast, KMC models treat

oxygen vacancies as point defects, which lays a more intuitive picture of the dynamical

process.

Within the framework of a KMC model, the time evolution is simulated by splitting

into two steps. Firstly, the charge transport associated with physical quantities, such

as temperature and electrostatic potential, are solved self-consistently under the given

vacancy distribution. Once the solution is obtained, the change in vacancy distribution

is regarded as a Poisson process, and the subsequent time step is determined accord-
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ingly. The detailed description of the charge transport equation for current, and physical

quantities are laid down in Sec. 2.4, and 2.5, respectively. In addition, the change in

vacancy distribution is reserved for Sec. 2.6 and 2.7.
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Figure 2.8: A hierarchy of physical scales and applications for different models.

21



2 Background

2.4 Charge transport model

Due to the diversity of materials in VCM cells, several competing charge transport the-

ories have been proposed. In general, these theories can be categorized into two groups:

those that use a conventional drift diffusion (DD) mechanism and those that use a quan-

tum mechanical tunneling mechanism. The choice of a transport model is determined

by the energy levels of oxygen vacancies [117]. For an oxide layer with a shallow defect

level, drift and diffusion are more appropriate for the conduction mechanism whereas

quantum tunneling is more suitable for an oxide layer with a deep defect level. In this

thesis, the simulator is developed primarily for HfO2-based VCM cells, where quantum

mechanical effects are assumed to dominate the charge transport process. Given the

similar physical properties of HfO2 and ZrO2, it might apply to ZrO2-based VCM cells

as well. Unfortunately, a unified charge transport scheme is still missing even if the focus

is narrowed to the specific oxide materials.

For example, Puglisi et al. modeled the resistance by a series connection of resistances

corresponding to the unbroken and broken part of a CF in a 1D compact model [112].

The LRS and HRS resistances are explained by the length change of the broken segment.

More generally, the contact potential is taken into account and the resistance of each

segment is modeled to depend on the vacancy concentrations [113]. To resolve the spatio-

temporal evolution of the vacancy density, a 3D DD model is proposed [108, 114–116].

It is worth noting that the drift and diffusion refer to the migration of oxygen vacancies

instead of the charge carriers in conventional device simulations. The charge transport

is treated as a continuous flow through the oxide layer. In contrast to models that

regard vacancies as a continuous density, some treat vacancies as point defects. In the

quantum point contact (QPC) model, the CF has an hour-glass shape, and the charge

transport is formulated by the quantum tunneling through a constriction region [118–

120]. However, the time evolution of the spatial distribution is not included in the

QPC model, raising questions about the plausibility of the assumed geometry. On the

other hand, the trap-assisted-tunneling (TAT) mechanism is typically employed by KMC

models where the spatio-temporal evolution of vacancies is simulated. The simulation

of a stochastic migration process is reserved for Sec. 2.9.3, and this section focuses on

the TAT mechanism. In this framework, oxygen vacancies in the oxide act as traps

since charge carriers from one electrode to the other are achieved by being captured

and emitted from vacancy sites. This charge transport scheme is based on the quantum
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mechanism, namely, the quantum tunneling effect.

2.4.1 Electron energy level

Similar to doped semiconductors, discrete energy levels emerge in the presence of oxygen

vacancies. For cubic phase Hafnium oxide (c-HfO2), the defect energy levels of neutrally

and positively charged vacancies are approximately 2.1 eV, and approximately 1.0 eV

below the conduction band minimum (CBM), respectively [121]. Meanwhile, the band

gap of c-HfO2 is approximately 6.0 eV [121]. For the monoclinic phase of HfO2(m-

HfO2), the band gap is approximately 5.7 eV, and energy levels of neutrally charged

and positively charged vacancies are approximately 2.3 eV and 0.6 eV below the CBM,

respectively [122, 123]. This implies that holes are trapped much more deeply compared

to electrons at vacancy sites. In this regard, neither the thermal excitation of holes to

the valence band nor the tunneling of holes from one vacancy to another is significant.

The latter could be understood as the high potential barrier seen by trapped holes.

As a consequence, the current contribution from the hole transport is expected to be

significantly less than that from the electron transport.

2.4.2 Trap-assisted-tunneling mechanism

Within the TAT mechanism, electron transport from one electrode to another occurs in

multiple steps, with tunneling between traps enabled due to a small separation. Notably,

the Poole-Frenkel (PF) emission [124, 125], Schottky emission, Fowler-Nordheim (FN)

tunneling, and direct tunneling are not taken into account. The PF emission labeled

as process 5 in Fig. 2.9 refers to electrons being excited to the conduction band. The

Schottky emission labeled as process 1 refers to thermally activated electrons overcoming

the energy barrier at the interface. Within the FN tunneling, electrons tunnel from a

trapped site to the conduction band where it is lowered by the electric field, as shown

by processes 2 and 6. These conduction mechanisms are not considered based on the

following.

Yu et al. extracted measurement data and obtained a fitted value for a trap level of less

than 0.1 eV [126]. Based on this unrealistic result, it is concluded that the PF emission is

implausible for TiN/HfOx/Pt cells with a thickness of 10 nm. However, this conclusion

conflicts with the previous finding where the trap level of (1.5± 0.1) eV was determined
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from the PF mechanism [127]. The discrepancy might arise from the much thinner HfO2

layer with the thickness of 1.3 nm under investigation, where a much stronger electric

field makes the PF mechanism prominent.

Figure 2.9: A summary of different charge transport schemes. (1) Schottky emission;
(2) FN tunneling; (3) direct tunneling; (4) tunneling from cathode to traps;
(5) emission from trap to conduction band, which is essentially the Poole-
Frenkel emission; (6) FN like tunneling from trap to conduction band; (7)
trap to trap tunneling; and (8) tunneling from traps to anode. Reproduced
with permission from [126], © 2011 AIP Publishing.

On the other hand, one could argue that the FN tunneling is a minor effect due to

the deep trap level, i. e., about 2 eV below the CBM according to DFT and measure-

ments [122, 127, 128]. The distance for electrons tunneling to the sites with a sufficiently

low conduction band is too far, hindering the scheme from being plausible. Similarly, the

direct tunneling labeled as process 3 is excluded for the oxide thickness of 10 nm [126].

It is pointed out that the direct tunneling is negligible for a thickness roughly above

3 nm [128]. Lastly, the measured current is insensitive to temperatures, ruling out the

Schottky emission [126].

Therefore, the TAT scheme is adopted where electrons enter and leave the oxide layer

by processes 4 and 8, and tunnel among vacancy sites by process 7. The TAT mechanism

is formulated in the master equation, which governs the time evolution of the electron

occupancy at each vacancy site with the notation p. Under quasi-stationary conditions,
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2.4 Charge transport model

the master equation for the ith vacancy takes the form,

∂pi
∂t

= −pi
∑

M=A,C

RiM + (1− pi)
∑

M=A,C

RMi

− pi
∑
j,j ̸=i

(1− pj)hij + (1− pi)
∑
j,j ̸=i

pjhji = 0,
(2.2)

where RiM and RMi are electron hopping rates from the trap to an electrode and vice

versa. Both the anode (M = A) and the cathode (M = C) are taken into account. hij

and hji are the electron hopping rates from the ith to the jth vacancy and vice versa.

The current through the device is given by

I = e
∑
i

piRiC − (1− pi)RCi. (2.3)

To further discuss Eq. (2.2), different terminologies are assigned for the charge trans-

port between an electrode and a trap, and between one trap and another trap. The term

“tunneling” refers to processes 4 and 8 in Fig. 2.9 where electrodes are involved, while

“hopping” refers to process 7 where electrons transport between traps.

The RiM and RMi in Eq. (2.2) are further split into three terms,

RiM = R0TiMFiM

RMi = R0TMiFMi

, (2.4)

where R0 is an electrode coupling term, TMi and TiM are tunneling probabilities, and

FiM and FMi are incomplete Fermi integrals.

Generally, the tunneling between electrodes and oxygen vacancies involves interac-

tions between phonons and electrons [129–131]. However, the inclusion of phonon inter-

actions increases the computation efforts. The reader is referred to Ref. [129–134] for

multiphonon TAT model, where phonon interactions are taken into account. Since the

objective of this work is the investigation of the C2C variability, where the capability

of simulating more cycles is desired, phonon interactions are not considered. Rather,

it is assumed that injected electrons tunnel with the same probability [135, 136]. That

is, tunneling probabilities are independent of electron energies [135]. This decouples

tunneling probabilities and incomplete Fermi integrals, leading to Eq. (2.4). Tunneling
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probabilities given by the Wentzel-Kramers-Brillouin (WKB) approximation read

TiM = exp

−2

∫ xi

xM

√
2m∗(−Eq

i,filled − eφ(x))

h̄
dx


TMi = exp

−2

∫ xi

xM

√
2m∗(−Eq

i,empty − eφ(x))

h̄
dx


, (2.5)

where m∗ is the effective electron mass, e is the magnitude of an elementary charge, φ

is the electrostatic potential, and xi and xM are the 1D positions of the ith trap and

an electrode, respectively. Eq
i,filled and Eq

i,empty are electron energy levels relative to the

CBM for a vacancy in charge state q when filled and empty, respectively. It is noted

that the definition of energy levels is not unique. In the case of energy levels are not

referred to the CBM ECBM, ECBM−eφ(x)−Eq
i,filled replaces the process involving a filled

state. An analogous substitution applies to the process involving an empty state.

The incomplete Fermi integral for electrons injected into the ith vacancy reads

FMi =

∫ ∞

Eq
i,empty

F (E)ρ(E) dE, (2.6)

and for electrons injected into an electrode,

FiM =

∫ Eq
i,filled

−∞
(1− F (E))ρ(E) dE. (2.7)

F (E) is the Fermi-Dirac distribution, and ρ(E) is the density of state (DOS) of the

electrode. Eqs. (2.6) and (2.7) are evaluated above the empty energy level Eq
i,empty

and below the filled energy level Eq
i,filled of the ith vacancy, respectively. Herein, the

empty and filled energy levels refer to the electron energy levels of the vacancy site

being unoccupied and occupied by electrons, respectively. Given that the energetically

favored charge state is either doubly positive (q = +2) or neutral (q = 0), different charge

states of vacancies are available under the stress of an external voltage. Specifically, the

unoccupied state of a vacancy in the favored neutral charge state refers to the vacancy

losing one electron, resulting in the vacancy being +1 charged. The occupied state of

such a vacancy refers to the vacancy in the neutral charge state. A similar argument

applies to a vacancy in the favored +2 charge state, where the unoccupied and occupied
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2.4 Charge transport model

states refer to a vacancy being +2 and +1 charged, respectively.

In theory, the free-electron model yields the DOS depending on the square root of

the energy in 3D. However, the validity of the parabolic band structure within a thin-

film electrode is questioned. To see this, the device dimensionality is compared with

the de Broglie wavelength, which can be interpreted as the characteristic length below

which quantum effects become important, e. g., the quantum confinement. A rough

estimation of the de Broglie wavelength of electrons at room temperature yields λ =

2πh̄/
√
3m∗kBT ≈ 6.2 nm, where the electron rest mass is used. In this work, the constant

DOS is used as in the 2D case since a typical thickness is comparable with the de Broglie

wavelength. Guan et al. used a constant DOS for the incomplete Fermi integrals [135].

Lastly, the coupling constant R0 serves as a fitted parameter [135].

The rate of electrons tunneling between two oxygen vacancies is formulated by the

Miller-Abrahams (MA) hopping rate [137–139],

hij =

νe exp
(
−dij

a0

)
φi < φj

νe exp
(
−dij

a0
+

e(φj−φi)

kBTi

)
otherwise

, (2.8)

where νe is the electron attempt frequency, dij is the distance between two traps. Ti is

the temperature at the ith vacancy site. In contrast to the works where the potential

obtained from solving the Laplace equation enters Eq. (2.8) [20, 135], we assume it is

the potential due to space charges, i. e., charged vacancies, that modifies the electron

energy levels. a0 is the localization length of the trapped electron. More specifically,

Kundstroem et al. showed the wave function of the electron trapped at a delta-function-

like potential well has an asymptotic solution [140]. In spherical coordinates, it reads

ψ(r) =

(
K

2π

)1/2
exp(−Kr)

r
, (2.9)

where K =
√
2m∗Et/h̄, and Et is the barrier height, i. e., the energy difference from the

trapped level to the CBM. Care has to be taken when relating the K to a0 in Eq. (2.8).

From the unit analysis, it is naive to see a0 = 1/K. However, a dimensionless factor

could still be missing. To resolve it from an analytical perspective, let us consider the

tunneling probability of an electron seeing an energy barrier height of Et. To tunnel a
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length of dij under a constant barrier, the probability is given by

exp

(
−2

∫ x0+dij

x0

√
2m∗Et

h̄
dx

)
= exp(−2Kdij). (2.10)

By comparing with Eq. (2.8), it is then clear that

a0 =
1

2K
=

h̄

2
√
2m∗Et

(2.11)

is a more physically sound assumption than a0 = 1/K. a0 is interpreted as the atten-

uation radius since it is the characteristic radius of the localization length. Since the

diameter D instead of the radius is used in some work, the common exponential factor

reads exp(−2dij/D) for the corresponding MA hopping rate. Since the derivations of

Eq. (2.9) and (2.11) are not limited to electrons, the same argument can be applied to

holes. With a barrier height of about 5 eV for a trapped hole in HfO2 [121], it is clear

that the wave function of a hole is much more localized than that of an electron. Thus

hole transport via the TAT mechanism is less dominant than electron transport.

Lastly, it is noted the attenuation radius given by Eq. (2.11) is much smaller than

that used in the work [135], where HfO2-based devices are investigated. Meanwhile,

parameters involved in the electron tunneling process are adopted from this work. To

fill this gap, an extra factor is multiplied to Eq. (2.11) leading to

a0 =
3

4K
. (2.12)

The attenuation radius of the filled state is approximately 3.2 Å which is comparable to

the 3.3 Å used in the cited work.

The deviation of a0 in Eq. (2.12) from the theoretical one in Eq. (2.11) is interpreted

as the impacts of an ideal 1D chain of vacancies. DFT calculations have shown electrons

at these sites are more delocalized, see Fig. 2.10. In Chapter 3, simulation results show

that a 1D vacancy chain exists during the dynamical process. Therefore, an extended

attenuation radius is assumed to account for the 1D vacancy chain effect.
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2.4 Charge transport model

Figure 2.10: Structure and electron localization function of HfO2 oxide with 1D vacancy
chain. Reproduced with permission from [141], © 2016 IEEE.
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2.5 Poisson-type equations

In the framework of the TATmechanism, the charge transport depends on the occupation

of charge carriers at vacancy sites, the electrostatic potential, and the temperature. With

the fact that oxygen vacancies are inhomogeneously distributed in space and could be

electrically charged, the corresponding modification to the electric potential should be

considered. On the other hand, the confined cross-section, where most current flows

through, makes the Joule heating around the CF region non-negligible. For both physical

quantities, the corresponding governing equations are both in the general form,

∇ · (−m∇X) = f, (2.13)

where X refers to any scalar field, e. g., the temperature or the electrostatic potential, m

is the corresponding material property such as the permittivity or thermal conductivity,

and f is the source for the corresponding quantity, e. g., the space charge density or heat

generation rate density.

2.5.1 Poisson equation

In a medium, the speed of light c depends on the material properties and is given by

c =
c0√
µrεr

, (2.14)

where c0 ≈ 3 · 108m/s is the speed of light in vacuum, and µr and εr are the relative

permeability and relative permittivity, respectively. For HfO2 and ZrO2 oxides, the

typical values of material properties are εr ≈ 20 and µr ≈ 1, leading to an estimation of

speed in oxides,

c ≈ 7 · 107m/s. (2.15)

For VCM cells, the critical dimension is the thickness L, which is typically far below

1 µm. Therefore, the propagation time of the electromagnetic wave through the critical

dimension can be estimated as

test =
L

c
≈ 1.4 · 10−14 s (2.16)
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2.5 Poisson-type equations

for L = 5nm. With the adoption of a time step larger than tsim = 1ps ≈ 100 · test in
simulations, c · tsim ≫ L is fulfilled. That is, it implies that an electromagnetic signal

travels almost instantaneously through the thickness dimension, which simplifies the

Maxwell equation −∂B
∂t

= ∇×E = 0. Specifically, the electrostatic potential φ can be

defined and the electric field is given by

E = −∇φ. (2.17)

The substitution of D = εE into the Maxwell equation then yields

∇ ·D = ∇ · (−ε∇φ) = ρ, (2.18)

where D is the electric flux density, ε is the permittivity, and ρ is the charge density.

2.5.2 Fourier heat equation

The electron current confined in a small cross-section inevitably makes the Joule heating

effect non-negligible. With the typical thermal response time being less than 1 ns [114,

142], the quasi-stationary approximation can also be applied to the Fourier heat equation

provided the time step longer than approximately 0.1 µs in simulations. The governing

equation reads

∇ · (−kth∇T ) = g, (2.19)

where T is the temperature, kth is the thermal conductivity, and g is the heat generation

rate density. In most applications, thermal properties including thermal conductivity

are obtained from measurements adopting the so-called time-domain thermoreflectance

(TDTR) technique [143]. For 5.6 nm-thick HfO2 films, the thermal conductivity is close

to 0.5Wm−1K−1 in the range of 300K to 500K [144].
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2.6 Generation and recombination of vacancies

In physical chemistry, the occurrence of chemical reactions is explained in a scenario

where reactants overcome a minimum energy barrier, known as the activation energy.

The activation energy is a characteristic of a chemical reaction, which refers to the energy

difference between the transition and the reactant states.

In the framework of KMC models, the common approach to explore the dynamics of

oxygen vacancies involves three reactions, namely, the generation, recombination, and

diffusion of vacancies. However, activation energies could vary dramatically for different

configurations, such as crystal structures, local defect structures, or charge states of

vacancies. It is then a question of how many configurations are covered by ab initio

calculations. In addition, the impact of the external electric field is not discussed in

many first principle calculations. Instead, an empirical thermochemical model is widely

adopted to explain the shift of activation energies in the presence of the electric field.

In contrast to the consensus on the role of VOs involved in processes of the resistance

change, the physical effects leading to the creation of VOs are still under debate. Two

competing models exist for the source of VOs, namely, the creation of Frenkel pairs (FPs)

inside the bulk oxide and the reduction reaction at the oxide/electrode interface.

A FP refers to the displacement of an oxygen atom from its lattice site to an inter-

stitial site. This leads to the creation of a vacancy-interstitial pair. In the Kröger-Vink

notation, the reaction for a neutrally charged FP can be written as

O×
O VO + O′′

i , (2.20)

where O×
O is the neutrally charged oxygen atom at the lattice site, VO is the doubly

positively charged oxygen vacancy and the O′′
i is the doubly negatively charged intersti-

tial oxygen ion. In literature, the FP is expressed with components enclosed by a set of

square brackets, e. g., [VO − O′′
i ] for the FP in Eq. (2.20).

On the other hand, the reduction reaction takes the form

O×
O VO + O + 2 e′, (2.21)

where O can either oxidize with the electrode or be released as oxygen gas after com-

bining with a second oxygen atom. The oxidation of the electrode is observed in

ZrOx-based [41], and the release of oxygen gas is observed in TiO2-based devices [38]
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2.6 Generation and recombination of vacancies

and STO [145]. It has been shown that the oxygen content is not homogeneous but

lower at the oxide-metal interface where the oxygen affinity of the metal is relatively

higher [48, 49]. This stresses the impact of the metallic electrode involved in the va-

cancy generation process.

2.6.1 Formation energy

From a theoretical perspective, the formation energy is determined by ab initio calcu-

lations to estimate the generation of vacancies. The general equation for the formation

energy of a point defect in a charge state reads [146]

Eform(q) = Etot(q)− Ebulk
tot + q(EF + EVBM − e∆V0/b) + Ecorr(q)−

∑
i

niµi, (2.22)

where Etot(q) and Ebulk
tot are the total energies of the defect supercell and the pristine

supercell, respectively. With the reference set to the valence band maximum (VBM)

of the bulk material EVBM, the EF + EVBM is the Fermi level. The term ∆V0/b is

added to align the electrostatic potential of the defect supercell with that of the bulk

supercell [147]. Ecorr(q) is a correction term due to the finite size of a supercell [147, 148].

In some models, −e∆V0/b is included in a correction term [148]. The number change of

the i-species is accounted for by the corresponding chemical potential µi with ni < 0

for the removal from the bulk host. In addition, the chemical potential depends on

the content of the species. For oxygen atoms, O-rich and O-poor conditions are two

limits. That is, the O-rich condition refers to the O in the O2 gas, setting the reference

µO = 0, while the O-poor condition refers to the chemical potential at the metal/oxide

equilibrium. Typically, formation energies with both O-poor and O-rich conditions are

plotted in a single defect energy diagram [149]. Close to the Hf-HfO2 interface, Guo et

al. have shown a decrease of µO by 5.9 eV compared to that of the bulk oxide, which is

in agreement with Ref. [150]. Therefore, the creation of oxygen vacancies is dramatically

promoted.

On the other hand, the consideration of FPs in different regions of the HfO2, i. e.

at the HfO2-Hf interface, and in the bulk oxide, gives a similar conclusion [151]. In

short, the formation of FPs in the bulk oxide is energetically unfavored. Even if a FP

is formed, it will undergo recombination within a picosecond time scale, leading to a

defect-free configuration [152, 153]. This excludes the impacts of FPs for the resistive
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switching phenomena due to the short lifetime. Moreover, comparing a single VO within

the bulk oxide with a FP close to the Hf interface, the FP is shown to be favored from

the energy perspective. Once a FP is formed, the interstitial oxygen gets more stable

when migrating into the Hf-electrode [151]. According to Ref. [152], this scenario is not

considered as a FP but is equivalent to Eq. (2.21), where the electrode acts as an oxygen

reservoir.

In this work, the generation and recombination of VOs is modeled by an interfacial

model [19]. Specifically, VOs can access and leave the simulated oxide region only via sites

on the Hf-HfO2 interface, which is modeled as a single layer. At these sites, generation

and recombination rates are related to the activation energies as well as field acceleration

corrections given by

kG = ν0 · exp
(
−EG − αbEloc

kBT

)
, (2.23)

kR = ν0 · exp
(
−ER + (1− α)bEloc

kBT

)
, (2.24)

where ν0 is the attempt frequency. EG and ER are zero-field activation energies for the

generation and recombination of oxygen vacancies, respectively. The zero-field activation

energies, symmetry factor α, bond polarization b, and local electric field Eloc are detailed

in the following sections.

2.6.2 Local structures

It has been pointed out that the interface conditions [154, 155], the aggregation of oxygen

vacancies [156–161], and grain boundaries (GBs) [162] can lower the formation energy of

an oxygen vacancy. With a rough oxide-metal interface fabricated by the co-sputtering

technique, a much worse endurance is observed in Ta2O5-based devices [155]. This is

attributed to the spots, introduced by rough interface, for creating oxygen vacancies.

Consequently, a significant CF grows in a confined region, leading to a significant Joule

heating and device degradation. In contrast, a smooth interface promotes homogeneous

distribution of CFs with smaller cross-sections, leading to improved endurance.

On the other hand, DFT calculations have shown lower zero-field activation energies

for vacancy generation and higher mobility along GBs. Based on these findings, the GBs

have been widely assumed for simulating filamentary type VCM cells [132, 163, 164].
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2.6.3 Bond polarization

The abrupt increase in current of a RRAM device is analogous to a dielectric breakdown

under a high electric field in oxides [165, 166]. The principal model is a thermochemical

model or the E-model in some literature [167]. Within the E-model, the required energy

for breaking bonds is associated with the electric field and the atoms. Specifically,

the differences in electronegativity of oxide constituents lead to atomic dipoles, which

modulate the bond-breaking energy in the presence of an electric field. Furthermore, the

electric field at the microscopic level is modulated by neighboring dipoles which gives

rise to a difference in the electric field at the macroscopic level. The macroscopic electric

field is related to the microscopic electric field9 via the Lorentz relation [168–171]. Since

Eloc is modulated by neighboring atomic dipoles, it depends on the arrangement of the

local crystal structure. For a cubic structure, the analytical relation reads

Eloc =
εr + 2

3
Emacro, (2.25)

where Emacro is the macroscopic electric field, and the directions of these two fields are

aligned. The bond-breaking energy shifts are attributed to the potential energy change

arising from the molecular dipole p0 together with the local electric field [167]. More

specifically, the inner product p0 ·Eloc is replaced by the scalar product bEloc where b is

the bond polarization with all involved atomic dipoles projected on to the direction of

Eloc [172]. Typically, the magnitude of the macroscopic field is not obtained by solving

the Poisson equation. Instead, it is related to the applied voltage Vapp by

Emacro =
Vapp
L

, (2.26)

where L is the thickness of the oxide layer.

For VCM cells, the E-model is extensively employed in time dependent dielectric

breakdown (TDDB) measurements to extract activation energies under the stress of

applied voltages. Similar to the approach to estimate the retention time, the Arrhenius

equation is applied to extract the activation energy (see Fig. 2.11).

9In some literature, the terminology of the local electric field Eloc is used for the microscopic electric
field.
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(a) (b)

Figure 2.11: TDDB data to extract the zero-field activation energy and the correspond-
ing bond polarization. (a) Arrhenius plot for devices under the stress of
an electric field. (b) Effective activation energy versus the electric field.
Reproduced with permission from [173], © 2013 IEEE.

It is noteworthy that Eq. (2.23) is an empirical model for the modulation of activation

energies in the presence of an electric field. Schie et al. [152] mentioned the local field,

i. e. Eq. (2.25), is not plausible for the filamentary type VCM cell from two perspectives.

First, short-range interactions should be weaker than electrostatic interactions. Second,

dielectric properties should be homogeneous within a range where the neighboring atomic

dipoles contribute to the local field [174, 175]. Both requirements are not fulfilled near

the CF in a HfO2-based cell whereas a simple Arrhenius equation seems to be a good

approximation in TDDB measurements. Since the requirements do not hold near the

CF, the interface seems to be a reasonable region where it is assumed to be sufficiently

away from the CF. This interpretation supports the interfacial model and hinders the

generation of a FP within the oxide layer.

In contrast to the generation of oxygen vacancies, the recombination is more difficult

to measure. From a theoretical perspective, the recombination of oxygen vacancies

can also be explained as the recombination of a pair of a vacancy and an interstitial

oxygen, or a vacancy and an oxygen atom in the reservoir. Again, one could argue

the FPs might be a minor mechanism due to a fast recombination rate. The molecular

dynamics (MD) calculations have shown annihilation of FPs at a picosecond time scale

after being generated in HfO2 [152, 153]. The lifetime of a [VO − O′′
i ] pair and of a
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[V×
O − O′′

i ] pair are comparable. That is, the recombination is still fast even in the

absence of Coulomb interaction. The short lifetime of FPs suggests negligible impacts

during the operation. As a consequence, the recombination with oxygen atoms in the

reservoir leaves the interfacial model the only plausible process.

The recombination and generation of oxygen vacancies are reverse reactions; thus the

electric field has opposite effects on the change in activation energy (see Eqs. (2.23) and

(2.24)). In theory, the symmetry factor α is a free parameter that describes the position

of a barrier peak in a reaction coordinate. Typically, a value close to 0.5 is used for

α, indicating an almost equal shift in the energy barrier for reversible reactions due to

the electric field. However, the α = 1 is assumed in this work. This is identical to

Ref. [130, 176] and is adopted based on two findings. First, the linear dependence of the

effective generation barrier to the electric field is confirmed in TDDB experiments [173].

Second, the total number of vacancies is believed to be almost unchanged after the

FORMING process [120, 177]. Any α ̸= 1 is effectively treated as a choice of a new zero-

field generation barrier together with a high zero-field recombination barrier. Therefore,

the α = 1 is chosen to simplify further discussions.

With the interfacial model, the abrupt current increase in the FORMING stage can not

be solely explained since it predicts only the accumulation of vacancies at the interface

but no CF. To have the CFs, migration of vacancies from the interface into the bulk

oxide must be taken into account.
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2.7 Vacancy diffusion

Similar to the generation and recombination processes, the diffusion is modeled by the

Arrhenius equation in the form

kD = ν0 exp

(
−ED +∆ED

kBT

)
, (2.27)

where the ED is the zero-field activation energy of the diffusion process. From theo-

retical calculations, a much lower activation energy of a positively charged VO than of

a neutrally charged one has been found. The values for a doubly positively and neu-

trally charged vacancy in m-HfO2 are approximately 0.7 eV [178, 179] and 2.0 eV [178,

180, 181], respectively. Moreover, ab initio calculations have investigated the impact

of GBs [179], 1D vacancy chains [141, 182] and the crystal orientation [181], suggesting

shifts of the zero-field activation energy. Modulations due to these local structures can

be categorized by migration directions. Therefore, the diffusion barriers are not only in-

homogeneous in space but also anisotropic near the above-mentioned structures. These

effects are detailed in the next section.

2.7.1 Anisotropic diffusion

While the CF refers to the description from a macroscopic viewpoint, it is not strictly an

idealized 1D structure from a microscopic level. In the following discussion, the vacancy

chain refers to an idealized 1D structure. From a theoretical perspective, the impact

of a CF is then investigated by a vacancy chain. Rushchanskii et al. considered the

c-HfO2 and showed the diffusion of a vacancy out of the chain, i. e., the normal direction

to the chain axis, is suppressed [182]. On the other hand, the diffusion in the parallel

direction is enhanced. Specifically, the first vacancy to detach the rest of the chain is

1.1 ev. However, the barrier for the original second vacancy to detach the remaining

chain decreases to the value of 0.67 eV. The barrier saturates to the value of 0.51 eV

for the third vacancy of the original vacancy chain. Similar trends are found in the m-

HfO2. Duncan et al. considered both neutrally and positively charged states and showed

that outwards migration is suppressed and the inwards migration is enhanced [141]. In

addition, the migration in parallel to the chain is enhanced as shown in Fig. 2.12.

Interestingly, such anisotropic modulations are also found in a different local structure,
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i. e., GBs. McKenna et al. considered a twin-boundary inside m-HfO2 and showed the

migration of positively charged vacancies inside the GB being promoted with a barrier

of 0.57 eV [179]. Similarly, migration of vacancies towards and outwards the GB in the

normal direction is enhanced and suppressed, respectively. Furthermore, the modulation

of barriers is significant only within 3 Å of the twin-boundary, which is roughly the

nearest distance of two oxygen atoms in the HfO2. Admittedly, not only the anisotropic

but also isotropic zero-field diffusion barriers are not thoroughly studied for either c-HfO2

or m-HfO2, and results from both crystal structures are adopted in this thesis.

Figure 2.12: Migration barriers for VOs near and inside VO chain. A larger barrier
height corresponds to a lower vacancy mobility. Reproduced with permis-
sion from [141], © 2016 IEEE.

2.7.2 Field acceleration

Herein, a simplified ion hopping scheme is applied, where the energy barrier peak is

assumed at the middle of the migration path [183]. Gradients of temperature [184] and

the electrostatic potential are considered as driving forces. The modulation of activation

energy in Eq. (2.27) takes the form

∆ED =
Qeff∆V − kB∆T

2
, (2.28)

where Qeff is the effective charge of the charged vacancy, accounting for its charge state

as well as the electron trapped at the site. The factor 1/2 comes from the assumption

that fields shift only the value of a barrier peak but not the position of the peak, though
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the electric field could in general shift the position [185]. The potential energy change

at the barrier peak is proportional to the electrostatic potential difference

∆V (r, r′) =
[
φ(r′)− φr

self(r
′) + φr

im(r
′)
]
−
[
φ(r)− φr

self(r) + φr
im(r)

]
, (2.29)

where φ(r) and φ(r′) are the potential at the initial and final position, respectively.

The final position r′ refers to the destination site where the vacancy will reside after

the diffusion event. The potential change should not include the electric field due to the

vacancy itself, and thus the self-potentials φr
self(r) and φ

r
self(r

′) are excluded. Specifically,

φr
self(r) and φ

r
self(r

′) are solutions of the Poisson equation, where only a single vacancy is

placed at the initial site, subjected to zero applied voltages. However, the exclusion of the

self-potential also removes the impact of boundaries, or equivalently, image potential in

this case. Therefore, the image potential φr
im(r

′) and φr
im(r) should be added back. Since

the charged vacancy is placed between two metallic electrodes, the projection into the

top electrode simultaneously creates a paired image charge in the bottom electrode, and

vice versa. However, the potential of an image charge decays as the distance increases,

leaving a finite number of image charges nim important. Denote the distance to the top

and bottom electrode by x, and L − x, respectively. The image potential at the initial

position takes the form

φr
im(r) =

1

16πε

(
nim∑

i=−nim

−Qeff

|2x− 2iL| +
nim∑

i=−nim,i ̸=0

Qeff

|2iL|

)
. (2.30)

Meanwhile, the image potential at r′ depends on the position change, where the following

cases need to be considered.

1. The distance to both electrodes is unchanged.

φr
im(r

′) =
1

16πε

 nim∑
i=−nim

−Qeff√
a2 + (2x− 2iL)2

+

nim∑
i=−nim,i ̸=0

Qeff√
a2 + (2iL)2

. (2.31)

2. The distance to the top electrode is decreased by a.

φr
im(r

′) =
1

16πε

(
nim∑

i=−nim

−Qeff

|2x− a− 2iL| +
nim∑

i=−nim,i ̸=0

Qeff

|a− 2iL|

)
. (2.32)
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2.7 Vacancy diffusion

3. The distance to the top electrode is increased by a.

φr
im(r

′) =
1

16πε

(
nim∑

i=−nim

−Qeff

|2x+ a− 2iL| +
nim∑

i=−nim,i ̸=0

Qeff

|a− 2iL|

)
. (2.33)

In this work, nim = 50 is used for Eqs. (2.30) - (2.33), see Fig. 2.13 for the convergence

of Eq. (2.30).

Figure 2.13: Convergence of Eq. (2.30) with x = 1nm and L = 5nm, Qeff = e. (a) The
absolute value of the first term in the series. (b) The sum of the series (left
axis), and the absolute change of the series (right axis).

Lastly, the thermal effect is considered. Known as the Soret effect, thermodiffusion,

or thermophoresis effect, the temperature gradient is a driving force for the ion migra-

tion [186]. Note that the direction of preferred migration under a temperature gradient

depends on the ion species in general. Strukov et al. pointed out that vacancies will

move to a hotter region [184], and it takes the form

∆T (r, r′) = T (r′)− T (r). (2.34)
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2.8 Statistics

2.8.1 Normal distribution and probit function

C2C variability and D2D variability are commonly visualized by the plot of cumulative

distribution function (CDF). Specifically, the function describes the proportion of values

no larger than its argument, see Fig. 2.14a.

Figure 2.14: (a) CDF and (b) probit plot of an ideal and empirical standard normal
distribution. The red dots are 100 points randomly drawn from the normal
distribution, and the black lines are the ideal curves.

With a suitable transformation of the linear proportion, a random variable that follows

the normal distribution can be easily identified from the CDF plot. This is achieved by

the probit function, which is defined as the inverse function of the CDF of a normal

distribution. With it, a linear relation will be seen in the probit plot if the argument

follows a normal distribution, see Fig. 2.14b. In measurements, the logarithm of both

LRS and HRS resistances are found to follow the normal distribution [95, 187–189]; and

thus they are said to follow the log-normal distribution10. The reader is referred to

Sec. 5.1 for the mathematical expression of the CDF of a normalized distribution.

10In addition to the log-normal distribution, the LRS resistance follows the Gaussian distribution are
also observed [190].
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2.8 Statistics

2.8.2 Generation of a random process

The Poisson process among random processes is chosen to simulate the stochastic migra-

tion process of oxygen vacancies. Within the framework of the Poisson process, points

are randomly distributed in the 1D time interval (or the n-dimensional space). The

points are typically referred to as events, where two requirements need to be fulfilled,

i. e., homogeneity and independence11 [191]. To satisfy the two requirements, the interval

of two subsequent events x needs to follow the exponential distribution

Exp(x, λ) =

λ exp(−λx) x ≥ 0

0 x < 0
, (2.35)

where λ is the rate, or equivalently, the inverse of the expected interval of two subsequent

events. The 1D Poisson process is a series of events, where the interval of two consecutive

events is determined based on a uniformly sampled random variable 0 ≤ r′ ≤ 1.

Since the probability Pr(r′ ≤ R) = R holds provided that 0 ≤ R ≤ 1, the CDF F (x)

can be expressed in the form

F (x) = Pr(r′ ≤ F (x)). (2.36)

In addition, a CDF is a monotonously increasing function and its inverse function exists,

Eq. (2.36) is equivalent to

F (x) = Pr(F−1(r′) ≤ x). (2.37)

This recovers to the definition of a CDF, suggesting that F−1(r′) acts as the argument

of the distribution F . Once the algebraic equation F (x) = r′ is solved for x, F−1(r′)

is then evaluated at the given value r′ = r. In this way, the value following a known

distribution is selected based on r. For the exponential distribution, x = F−1(r′) is

analytic. To see this, we need to integrate the exponential distribution for its CDF. The

F (x) is simply
∫ x

0
λ exp(−λx′) dx′ = 1− exp(−λx). The inverse function is simply given

by

x = − ln(1− r′)

λ
. (2.38)

It is noteworthy that aside from Eq. (2.38), the numerator ln(1− r′) could be replaced

11In some literature, independence is called memoryless.
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by ln(r′),

x = − ln(r′)

λ
(2.39)

for the exponential distribution [192, 193]. Eq. (2.39) lays a foundation for simulating a

stochastic process in the KMC simulator, where specific details are reserved for Sec. 2.9.3.
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2.9 Simulation method

2.9 Simulation method

2.9.1 Spatial discretization

To solve a continuous partial differential equation (PDE) numerically for the spatial

distribution of a physical quantity, the system needs to be discretized. In this regard,

a finite number of points are introduced, which allows to approximate the solution to

the PDE by solving a set of algebraic equations. The form of an algebraic equation set

is dependent on the discretization approach. For semiconductor device simulations and

thus this work, the flux conservation is critical in relevant governing equations. To this

end, the finite volume method (FVM) method is adopted since the flux conservation can

be fulfilled with fewer efforts. The implementation of the FVM involves the construction

of finite volumes based on grids. In contrast to the general cases, where unstructured

grids are taken into account, we only consider structured grids. More specifically, the

tensor product of three 1D grids yields

ri,j,k =

xiyj
zk

 , (2.40)

where positive integers i, j and k are bounded by their maximum numbers, i. e., 1 ≤ i ≤
Nx, 1 ≤ j ≤ Ny and 1 ≤ k ≤ Nz. That is, the boundary in the x-direction is represented

by x1 and xNx , and so as for the y-direction and the z-direction. Moreover, denote three

half integers for the intersection point of bisections,

ri±1/2,j±1/2,k±1/2 =

xi±1/2

yj±1/2

zk±1/2

 =
1

2

xiyj
zk

+
1

2

xi±1

yj±1

zk±1

 . (2.41)

The finite volume Ωi,j,k is then the volume enclosed by x ∈ (xi−1/2, xi+1/2), y ∈ (yj−1/2, yj+1/2)

and z ∈ (zk−1/2, zk+1/2). Denote the length in a vector notation,

∆ri+1/2,j+1/2,k+1/2 =

∆xi+1/2

∆yj+1/2

∆zk+1/2

 =

xi+1 − xi

yj+1 − yj

zk+1 − zk

 , (2.42)
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the grid primitive of (i, j, k) is the cuboid centered at ri+1/2,j+1/2,k+1/2 with the length

∆ri+1/2,j+1/2,k+1/2 in each dimension. Conversely, the extent of a finite volume can be

defined in terms of half integers,

∆ri,j,k =
1

2
(∆ri+1/2,j+1/2,k+1/2 +∆ri−1/2,j−1/2,k−1/2). (2.43)

Fig. 2.15 summarizes the spatial discretization with notations in 2D.

xNx

xi+2

xi+1

xi

xi−1

x1

xi+3/2

xi+1/2

xi−1/2

y1 yj−1 yj yj+1 yj+2 yNyyj−1/2 yj+1/2

y

x

≈

≈

≈≈

ri,j

∆xi

∆yjri+3/2,j−1/2

∆xi+3/2

∆yj−1/2

Figure 2.15: An exemplified spatial discretization scheme in 2D. An inhomogeneous ma-
terial property is visualized by the shading of grid cells.

2.9.2 Discretization of Poisson-type equations

With the introduction of points, each PDE is broken into one algebraic equation at each

point. In the framework of the FVM, physical quantities are assumed to be constant
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2.9 Simulation method

within each finite volume. Using the simple structure of tensor grids, three indices can

be mapped into a single index

d = i+ (j − 1)Nx + (k − 1)NxNy. (2.44)

Therefore, any quantity defined by three indices can also be expressed in a 1D vector

form. The discretization of Eq. 2.13 with a standard FVM yields a set of equations in

the form

MX = F , (2.45)

whereM is associated with the corresponding material property, F is the source enclosed

in each finite volume, and X is the physical quantity at each point to be solved.

Since Eq. (2.45) is discretized from a partial differential equation, boundary conditions

are required. Specifically, Dirichlet boundary conditions (BCs) are used at contact inter-

faces of each metallic electrode, i. e., i = 1 and i = Nx. The electrostatic potential shift

due to the metal-oxide work function difference, i. e., the Schottky barrier, is neglected.

This leads to the potential of the points contacting metallic electrodes

φct = VM , (2.46)

where VM is the external voltage of the electrode. However, a BS-type VCM cell can be

composed of a high-work-function electrode (e. g., Pt), or a lower work-function electrode

(e. g., TiN) as the oxygen-inert electrode12. The contact of such metal to the oxide layer

is expected to give rise to the Schottky barrier. However, the Schottky barrier is not

taken into account herein as typically adopted in simulation works [135, 164]13. For the

Fourier heat equation, Dirichlet BCs at the contact points yield

Tct = Troom, (2.47)

where Troom = 300K is the room temperature. On the remaining surfaces, homogeneous

Neumann BCs with zero flux are used for both equations.

Though each governing equation can be solved separately, they are coupled to each

other. Therefore, the electron occupation probability obtained by solving the master

12Work functions of Hf, TiN, and Pt are about 3.8, 4.6, and 5.6 in the unit of eV, respectively. [177, 194]
13The contact potential is not provided [20, 131, 136].
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equation must also satisfy the other governing equations. This requirement applies to

the potential and the temperature as well. That is to say, the self-consistent solution

to an equation set composed of Eqs. (2.18), (2.19), and (2.2) is sought. In principle,

the equation set is solved by the Newton-Raphson method. However, convergence is not

guaranteed especially when the initial guess is far away from the solution. This problem

could be generally alleviated by solving each governing equation iteratively in the first

few steps. That is, the solution obtained from one governing equation is immediately

adopted to solve another equation. After certain criteria are met, the complete equation

set composed of all governing equations will be solved by the full Newton-Raphson

method.

2.9.3 Time steps

For the evolution towards the next time step, a forward Euler scheme is applied. Specif-

ically, physical quantities remain invariant in a short period of time [195]

∆t = − ln(r1)

ktot
, (2.48)

where 0 ≤ r1 ≤ 1 is a uniformly sampled random number, and ktot =
∑

i ki is the total

rate accounting for the rate of each possible event ki, including the vacancy generation,

recombination, and diffusion. Note that in comparison to Eq. (2.39), λ is replaced by

the total rate instead of being the rate of a single event [193, 196, 197]. Also note that

vacancy generation rates, recombination rates, and diffusion rates are unchanged due

to the stationary potential and temperature within this time interval. This assumption

naturally requires ∆t to be small. A large ∆t arises typically when the external voltage

is weak. In this case, the temperature of the oxide layer is low and field acceleration

effects are negligible. Consequently, reactions are unlikely to occur and thus Eq. (2.48)

gives an unfeasibly large time step. A maximum time step tmax is defined to limit ∆t.

If ∆t > tmax, the ∆t = tmax is chosen.

With the simulation time step determined, the applied voltage is updated at the

given sweep rate. Care has to be taken when the current is limited by the current

compliance during a FORMING or a SET process. During either process, the voltage

across the VCM cell Vcell could be smaller than the applied voltage Vapp to limit the

current. Therefore, extra trial loops are required to find Vcell when the resistance is low.
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2.9 Simulation method

Analogous to the procedure explained in Sec. 2.8.2, another uniformly sampled random

number 0 ≤ r2 ≤ 1 is generated for the temporal evolution of vacancies. Mathematically,

the inequality

1

ktot

n−1∑
i=1

ki < r2 ≤
1

ktot

n∑
i=1

ki (2.49)

is solved for n [192, 198]. The vacancy configuration is updated based on the chosen event

provided that ∆t ≤ tmax. Otherwise, the temporal evolution of vacancies is discarded.

The procedure of choosing the event is schematically illustrated in Fig. 2.16.

Figure 2.16: Scheme for choosing the nth event to occur.

Important steps are summarized in Fig. 2.17.
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Figure 2.17: Flowchart for the KMC simulator.
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3 Three-dimensional device simulation

This chapter presents simulation results of a three-dimensional HfO2-based filamentary

type VCM cell, focusing on the spatio-temporal evolution of oxygen vacancies in the

oxide layer. Since the spatial distribution of oxygen vacancies is difficult to capture

in real-time using contemporary microscopic imaging technologies, the objective is to

explore the relationship between the evolution of vacancies and the observed phenom-

ena from a modeling perspective. Unlike existing works, which primarily discuss the

evolution of vacancies in terms of vacancy density, this work focuses on the point-defect

nature. Within the small current compliance regime, the spatial variation of vacancies

could lead to relatively large changes in electrical characteristics, making the stochastic

nature of the migration process important. Since variations are typically smoothed in a

continuous model, the point-defect point of view is more suitable for simulating devices

with small current compliance to capture the impact of a limited number of vacancies.

To begin with, the impacts of different factors are discussed from Sec. 3.2 to 3.4.

Specifically, the impact of vacancies in different charge states during the charge transport

process is investigated in Sec. 3.2. As a CF emerges, thermal properties around it start

deviating from those of the host oxide. The modeling of an inhomogeneous thermal

conductivity and the temperature distribution are discussed in Sec. 3.3. Furthermore,

anisotropic diffusion barriers have been shown by DFT, though the discussion on the

dynamical process was still missing. The impact of anisotropic diffusion barriers is

detailed in Sec. 3.4. Based on the aforementioned findings, a possible scenario involving

a single CF is proposed to explain the observed large C2C variability, and simulations

from the FORMING process are presented in Sec. 3.5. However, the scheme only works

for the specific current compliance of 2 µA. The reason for this limitation is analyzed at

the end of the section. The extension to larger current compliance is discussed in Sec. 3.7.

It is investigated under a proposed electron hopping scheme within the framework of

MA hopping, detailed in Sec. 3.6. The C2C variability is extended to a larger current

compliance regime in Sec. 3.8.
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3 Three-dimensional device simulation

3.1 Simulation setup

The 3D simulation focuses on the dynamics of oxygen vacancies and other physical quan-

tities within the oxide layer. The electrodes are treated as contact surfaces, neglecting

microscopic changes within the electrode materials. This simplification may be relevant

for phenomena such as oxygen exchange at the oxide-electrode interface, particularly

at the interface with the bottom electrode (BE). It is worth noting that the oxygen

exchange at the bottom interface involves using easily oxidizable metals, such as Ti, Hf,

or Zr, for the BE. Although using a metal other than Hf might introduce a heteroge-

neous bilayer structure, this is not considered by this KMC simulator. Conversely, the

top electrode (TE) is typically composed of Pt or TiN1, which are less oxidizable. With

these materials, the VCM cell is expected to demonstrate a BS-type I-V characteristics.

The simulation setup of the simulated device is illustrated in Fig. 3.1. Note that the

arrangement of electrodes in the simulation might be opposite to those in measurements.

x

y

z

V

oxidizable electrode

inoxidizable electrode

5 nm

5nm

5nm

Figure 3.1: Simulated 3D HfO2-based cell with sizes labeled in each dimensionality.

The external voltage is always applied to the bottom electrode, while the top elec-

trode is always grounded during all operations, namely, FORMING, SET, and RESET

processes. This arrangement might differ from some measurements, where the voltage is

applied to either the top or bottom electrode depending on the operation. In addition,

the current compliance is not depicted as it is not part of the oxide layer. However, the

current compliance sets an upper limit for current through the VCM cell during the SET

1The TiN could also be the oxidizable electrode when the other electrode is composed of Pt. However,
FORMING voltages of this set of electrodes are typically much higher.
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3.1 Simulation setup

and FORMING processes achieved by reducing the voltage across the cell Vcell < Vapp.

In this work, an ideal current compliance is assumed corresponding to the lack of cur-

rent overshoot due to an instantaneous modulation of Vcell. Practically, this is achieved

by attaching a VCM cell to a transistor. It is noted that another approach exists where

an external resistor is connected in series. However, this approach is not considered in

simulations.
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3 Three-dimensional device simulation

3.2 Impact of multiple charge states

3.2.1 Electron transport process

Although the macroscopic Poisson equation has been employed in device simulations

for decades, the downscaling of modern electronic devices raises questions regarding its

validity. One example is the attempt to resolve the potential at nanometer-scale reso-

lution. At this scale, even an elementary charge inside a 1-nm cube results in a large

charge density, leading to a peak in the potential. This issue arises from a classical per-

spective on charge density. When quantum mechanical effects are considered, the spatial

variation of the electric potential becomes gradual [199]. However, the consideration of

quantum mechanical effects increases complexity and thus extends the simulation time

beyond practical usages. Therefore, several methods have been proposed to leverage the

high efficiency of conventional formulations. For example, the charge density is spread

out [199] or averaged [200] for the Poisson equation.

In this work, the introduction of the neutral charge state effectively smooths out the

peaks, leading to simulation results comparable to measurements. Fig. 3.2a compares

the current with and without the neutral charge state. Vacancies are fixed in space

to exclude complicated dynamical processes and the temperature is fixed at 300K for

simplicity. In the presence of an evident CF structure, the current is expected to be

high during the voltage sweep. This is seen only from the simulation that includes the

neutral charge state, while the current is much smaller without the neutral charge state.

To further discuss, potential distributions along the CF are plotted. In Fig. 3.2b, the

gradient of the potential is seen to be monotonic, and thus the direction of the electric

field is unchanged along the electron transport path. In contrast, a peak in the potential

at the middle of the transport path is seen in Fig. 3.2c. The electric field produced by

charged vacancies opposes the external voltage at the anode interface. Conceptually,

the (electron) current is driven by the electric field. Therefore, the electric field at the

anode interface effectively blocks the electron flow out of the oxide layer. As a result,

the current is much smaller and deviates from well-established understandings.

The inclusion of the neutral charge state gives a more physically intuitive interaction

between charged vacancies, the electrostatic potential, and electron transport. This

approach differs from the scheme of some existing works, where the energy level within

the oxide layer is modulated from the electrostatic potential obtained by solving the
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3.2 Impact of multiple charge states

Laplace equation. Herein, the Poisson equation is solved for the potential, which shifts

the energy level. The analysis, where all vacancies are fixed in space and the intrinsic

charge state is either neural or doubly positive, provides a starting point. In the following

section, a model of the charge states is developed to account for intricate distributions

during operations.

Figure 3.2: (a) Simulated I-V characteristic curves for all vacancies in the neutral (q = 0)
or doubly positive (q = +2) charge states. Electrostatic potential distribu-
tions at Vapp = 1.5V for all vacancies in (b) the neutral charge state and (c)
the doubly positive charge state. Vacancies are shown in red solid circles.

3.2.2 Modeling the charge states

In Ref. [160], the intrinsically neutral charge state is stable with a Fermi energy above

approximately 3.5 eV of its VBM. Within a Fermi energy range of approximately 2.5 eV

to 3.5 eV, an energetically preferred charge state depends on the local structure (see

Fig. 3.3). For Fermi energies within this range, a perfect 1D chain of vacancies referred

to as the VO-chain favors the neutral charge state over positive charge states from the

formation energy perspective (see Fig. 3.3). The analysis of its band structure shows a

significant dispersion along the direction of the vacancy chain (see Fig. 3 of Ref. [160]),

giving rise to a high electrical conductivity.
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3 Three-dimensional device simulation

Figure 3.3: Formation energy diagram per one VO for the isolated-VO and VO-chain
models as a function of Fermi energy. Note that the Fermi energy refers to
the VBM. Reprinted Fig. 2 with permission from [160]. Copyright (2013)
by the American Physical Society.

The Fermi energy of a HfO2-based device can be estimated given that the band gap

from experiments2 and electron affinity are 5.7 eV [201] and (2.00 ± 0.25) eV [202], re-

spectively. An evaluation yields a Fermi level of (3.70± 0.25) eV referring to the VBM.

Considering a Fermi level might fall below 3.5 eV due to the variation, the energeti-

cally preferred charge state is modeled to depend on the existence of an VO-chain. In

this work, a vacancy chain is modeled by the connection of adjacent vacancies only in

the x-direction, i. e., the direction connecting the two electrodes. This is assumed to

investigate the resistive switching phenomena due to CFs growing in this direction.

In Ref. [160], the VO-chain possesses three consecutive vacancies. However, it is not

clear whether the two connected vacancies would modulate the formation energy. Herein,

the minimum length of two vacancies is assumed to be sufficient for the modulation. This

aims to avoid a local electrostatic potential peak due to the doubly positive charge state.

In addition, it is assumed that an VO-chain has an impact on its nearest neighboring

sites. Therefore, an VO adjacent to an existing VO-chain in the y- or z- direction is

assumed to prefer the neutral charge state as well. Note that an existing VO-chain is a

prerequisite condition. The modeling of intrinsic charge states is illustrated in Fig. 3.4.

Within this scheme, the issue of the charge transport process in the presence of an

electrostatic potential peak is alleviated.

2DFT for different phases of HfO2 yields values within the range of 5.6 eV to 6.4 eV [121, 123]
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Figure 3.4: A summary of modeling intrinsic charge states.
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3.3 Impact of the thermal effects

3.3.1 Modeling the thermal conductivity

In Ref. [144], the thermal conductivity is measured on amorphous HfO2 (a-HfO2) for

different thicknesses at various ambient temperatures. For a 5.6-nm-thick HfO2 sample,

a thermal conductivity ranges from 0.49Wm−1K−1 to approximately 0.6Wm−1K−1 in

the range of 300K to 500K. In comparison, values of 0.27Wm−1K−1 to 0.49Wm−1K−1

are obtained for a 3-nm-thick sample by the scanning thermal microscopy measure-

ment [203]. It is noteworthy that the devices under measurement are not subjected

to an applied voltage. Under this condition, the creation of oxygen vacancies is not

expected. Therefore, the thermal conductivity is close to that of an ideally perfect ox-

ide, which differs from the thermal conductivity of its metallic form, namely, the oxide

with low oxygen content. Specifically, the thermal conductivity of Hf is in a range of

21Wm−1K−1 to 23Wm−1K−1 in the range of 300K to 500K [204].

Larentis et al. linearly interpolated the thermal conductivity as a function of oxygen

vacancy density [114]. The values of kth,HfO2
= 0.5Wm−1K−1 and kth,Hf = 23Wm−1K−1

are adopted for the densities of 0 and 1.2 · 1021 cm−3, respectively. In this work, the

thermal conductivity is formulated as a parabolic function of vacancy density n given

by

kth =

k0 n ≤ n0

k0 + k1(n− n0) + k2(n− n0)
2 n > n0

, (3.1)

where vacancies within a 1-nm cube are counted for density and n0 = 10−21 cm−3 is

chosen. Note that the chosen n0 corresponds to one vacancy within a cube and the

thermal conductivity is assumed to be that of an oxide. Moreover, using the k1 from

Larentis’s work together with k2 = 0 gives kth ≈ 0.83kth,Hf for two vacancies within a

cube. This increment is considered too rapid with respect to n. Therefore, a smaller k1

together with a quadratic modification term is assumed in replacement of a linear inter-

polation. Lastly, the thermal conductivity is bounded below the kth,Hf . The coefficient

of k0 is fixed at kth,HfO2
= 0.5Wm−1K−1 and the k1 and k2 are positive parameters in

the following sections.
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3.3.2 Modeling the energy dissipation

Similar to the formulation of the TAT mechanism, phonons are absent during the energy

transport process. This implies that changes in the electron energy are assumed to occur

only at the initial or the final vacancy sites (see Fig. 3.5). In addition, the energy change

of electrons is not quantized but arbitrary.

Cathode

Anode
IeCi

∆Eq
i

IeAj

∆Eq
j

Ieij − Ieji

∆Eij,f

Figure 3.5: Heat dissipation scheme during charge transport process.

Based on these assumptions, the heat generation rate density associated with electron

energy changes is divided into two parts: gtuni and ghopij . The heat generation rate density

at the ith vacancy site due to the jth vacancy in the hopping process reads

ghopij =

 1
eΩi

(Ieji − Ieij)(E
q
j,filled − Eq

i,filled) Eq
j,filled > Eq

i,filled

0 otherwise
, (3.2)

where Ieij and I
e
ji are the electron current from the ith vacancy to the jth vacancy and vice

versa. Ωi is the finite volume size of the ith grid, within which the energy is assumed

to spread homogeneously. Note that Eq. (3.2) includes the energy dissipation due to

electrons from the higher-energy site Ieji(E
q
j,filled − Eq

i,filled)/e and the energy absorption

due to electrons from the lower-energy site −Ieij(Eq
j,filled − Eq

i,filled)/e. The total heat

generation rate density at the ith vacancy site from a hopping process is then given by

ghopi =
∑
j ̸=i

ghopij , (3.3)
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where all other vacancies are taken into account.

On the other hand, an injected electron always dissipates its energy at the ith vacancy

site in a tunneling process. This is based on the assumption that the electron with

an energy higher than the empty state energy level of the vacancy site can tunnel.

Additionally, an injected electron eventually occupied the filled state, where the energy

level is lower than that of the empty state as illustrated in Fig. 3.5. Since electrons

are assumed to be injected with an identical tunneling probability, they are interpreted

as being equal energy. This simplifies the heat generation rate at the ith vacancy site,

which reads

Ωig
tun
i =

1

e
(IeCi + IeAi)∆E

q
i , (3.4)

where ∆Eq
i = Eq

i,empty − Eq
i,filled > 0, and IeCi and IeAi refer to the electron current

from the cathode and anode, respectively. Unlike the hopping process where energy

conservation is preserved, there is no conservation law in Eq. (3.4). This is due to the

truncation of energy changes at electrodes in correspondence to the assumption of a

constant temperature, i. e., the Dirichlet boundary condition.

3.3.3 Temperature distribution

To explore the role of temperature during vacancy migration, let us first consider two

representative vacancy distributions during the RESET operation. That is, the rupture

of a vacancy chain occurs at different positions as shown in Fig. 3.6. Here, a nega-

tive voltage is applied to the bottom electrode. The right panel depicts the outcome

of a successful migration from the initial distribution shown in the left panel. Note

that the migration does not necessarily take place in a dynamical process. While the

spatio-temporal evolution of vacancies will be further discussed in the next section, the

discussion is restricted to static vacancy distribution here.

In the left panel of Fig. 3.6a, a high temperature around the rupture region is ob-

served, which aligns with findings in Ref. [114]. This is expected due to the significant

electrostatic potential drop between two segments (see the left panel of Fig. 3.6b), lead-

ing to large power dissipation. Note that high temperature arises from a large potential

change and a non-negligible current. This scenario is typical in an early RESET stage

when the resistance remains low after a successful SET operation.

In the case of successful downward vacancy migrations, the rupture moves upward.

This leads to the high-temperature region moving into the middle of a vacancy chain,
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3.3 Impact of the thermal effects

as shown in the right panel of Fig. 3.6a. However, vacancies in the chain can not move

downwards further. Alternatively, vacancies out-flow the chain as shown in Fig. 3.7a even

though it is not energetically preferred. An escaped vacancy undergoes a transition to

a doubly positive charge state, and thus the mobility increases. In the bottom panel of

Fig. 3.7a, the presence of the isolated vacancy distorts the local electrostatic potential.

Specifically, the potential around it is raised due to the doubly positive charge state.

Similar migration continues provided that temperature is still sufficiently high. This

is seen in the upper panel of Fig. 3.7b, where the highest temperature is about 500K.

Eventually, the initially perfect 1D vacancy chain broadens, as shown in Fig. 3.7c.

To assess the temperature being sufficiently high, the temperature dependency of the

Arrhenius equation is plotted in Fig. 3.8. For the rate of 103Hz, estimated temperatures

are 300K, 400K and 600K for activation energies of 0.7 eV, 0.9 eV and 1.3 eV, respec-

tively. It is noted that these are rough estimations, particularly for migrations in the

x-direction since the electric field is excluded.

A shortening process of a 1D vacancy chain is provided from a point defect point of

view. The discussion reveals an important role of the temperature in understanding

the C2C variability. However, the scenario of a recovery in the length of a vacancy

chain is still missing. Without recovery, resistive switching can not be established since

resistance increases monotonically. This will be discussed in the following sections, where

the anisotropic diffusion barrier is introduced.

Figure 3.6: (a) Temperature distributions and (b) potential distributions in two exem-
plified vacancy chains.
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Figure 3.7: Temperature and potential distributions in an ordered time series.

Figure 3.8: Temperature-dependent rates given by the Arrhenius equation with the hop-
ping frequency of 70THz for different zero-field activation energies.
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3.4 Impact of the anisotropic diffusion

3.4 Impact of the anisotropic diffusion

DFT calculations suggest that either GBs or vacancy chains lead to anisotropic vacancy

migration. However, the combined effect of a vacancy chain within a grain boundary is

not fully understood. This section addresses this gap by first modeling effects from each

local structure depicted in Sec. 2.7.1. Within each type of local structure, the zero-field

activation energy in Eq. (2.27) takes the form

ED = Eq
D,iso +∆Edir

D,str, (3.5)

where Eq
D,iso is the isotropic zero-field activation energy. Eq

D,iso is modeled to depend on

the intrinsic charge state q where only the doubly positive and neutral charge states are

accounted for. Anisotropic modulations ∆Edir
D,str depending on the local structure as well

as the direction are indicated by the subscript and superscript, respectively. Moreover,

it is assumed to be independent of its intrinsic charge state. This is based on a similar

shift for different charge states observed in Ref. [141]. Lastly, ED is bound to be larger

than ED,min = 0.51 eV, which is the zero-field activation energy of a vacancy deeply

inside a vacancy chain.

3.4.1 Vacancy chain effect

In Ref. [182], anisotropic migration barriers are found for vacancies in a vacancy chain.

The detachment of the second vacancy along the chain direction is easier than that of

the first vacancy. A minimal activation energy of 0.51 eV is found for the third vacancy

of a chain. The modeling of modulations in the chain direction is sketched in Fig. 3.9a,

where at least four vacancies are required for the CF effect. This minimal number of

vacancies is assumed based on the symmetry. Specifically, the modulation for the second

VO moving downward is identical to that for the third VO moving upward provided there

are at least two vacancies within the lower segment. This implies that the upper segment

plays an equal role to the lower segment, as illustrated by the rightmost vacancy chain

in Fig. 3.9a.

On the other hand, outward migrations in y- and z- directions that break a perfect

chain are suppressed. In this case, a length of at least three VOs in a row is required

to increase the activation energy. Conversely, the inward migration is promoted as

sketched in Fig. 3.9b. Relevant anisotropic modulations of the activation energy are
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listed in Table 3.1.

∆Ep,1
D,chain

∆Ep,2
D,chain ∆Ep,3

D,chain

∆Ep,3
D,chain

(a)

∆En,out
D,chain

∆En,in
D,chain

(b)

Figure 3.9: Modeling the vacancy chain effect for anisotropic migration barriers in (a)
the parallel direction and (b) the normal direction. The modulations in
black color refer to a promotion in migrating along the indicated directions
while the blue color refers to a suppression in migrating along the indicated
direction.

3.4.2 Grain boundary effect

Modulations due to GBs are similar to those due to vacancy chains. Namely, the mi-

gration within a GB is promoted while the out-flow is suppressed. However, DFT inves-

tigation does not suggest an asymptotic modulation in the activation energy in neither

the x nor z- direction [179], where the GB extends on a xz-plane. The invariant energy

shift along both directions might arise from the considered vacancy migrating deeply

inside the GB. It is unclear whether the vacancy close to the boundary of a GB would

still exhibit the same anisotropy.

In this work, a GB region is modeled as a collection of 1D regions. Within each 1D

region, anisotropic properties are identical. However, these anisotropic properties may

differ between individual 1D regions.

3.4.3 Combination of both effects

The GBs, including their positions and associated anisotropic properties, are assumed

to be unchanged over time. Due to their attraction to vacancies, vacancies tend to accu-
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Symbol Value Symbol Value

∆En,in
D,chain -0.2 ∆Ein

D,GB -0.2

∆En,out
D,chain 0.2 ∆Eout

D,GB 0.2

∆Ep,1
D,chain -0.3 E+2

D,iso 0.7

∆Ep,2
D,chain -0.43 E0

D,iso 1.1

∆Ep,3
D,chain -0.59 ED,min 0.51

Table 3.1: Shifts of the zero-field activation energy in the unit of eV.

mulate within GBs. Moreover, the generation of vacancies is promoted at the interface

between GBs and the BE. These factors lead to the growth of CFs within GBs, and

thus the CF and GB effects are not exclusive.

To avoid double-counting effects of CFs and GBs, modulations due to each local

structure are first calculated separately. The effective modulation is assumed to be

the larger one of these two values. In addition, the modulation of an VO from one

chain to another in the y- or z- diction is also unclear. When a vacancy migrates from

its original chain, the migration is suppressed from the original chain perspective. In

contrast, migration is promoted from the neighboring chain perspective. Moreover, the

above argument is not restricted to a vacancy chain but also applies to a GB. To address

this complexity, we simplify the scenario by assuming a superposition of the modulations

due to the corresponding local structures.

3.4.4 Homogeneous anisotropic modulations

To begin investigations of vacancy dynamics during operations, the simple geometry of

a GB is considered. Specifically, there is only one single GB composed of five 1D regions,

referred to as channels. Each channel extends from the BE to the TE and possesses an

identical modulation to diffusion barriers. However, an VO can leave or enter a GB in

the y- or z- directions. In either direction, the modulation is obtained by superimposing

the modulations of the initial and final regions discussed in Sec. 3.4.3. Fig. 3.10 shows

the anisotropic modulations on the plane where the GB is located. Specifically, the

finite volumes are plotted as rectangles, and vacancies are defined at the center of finite

volumes. The figure illustrates the anisotropic modulation for a vacancy occupying the

finite volume. Fig. 3.10a shows the modulation in the ±x-direction, and Fig. 3.10b and

3.10c show the modulations for migrations in the +y and −y directions, respectively.
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Figure 3.10: Anisotropic modulations for migrations in (a) the ±x-directions, (b) the
+y-direction and (c) the −y-direction.

To ensure the following discussion aligns with practical conditions, simulations start

with a FORMING stage. Discussed vacancy distributions will be associated with FORM-

ING conditions rather than being convenient ones for a model. Maximum applied volt-

ages and sweep rates are summarized in Table 3.2.

Symbol Value Symbol Value

VFORM 2.5V VRESET −1.5V

VSET 1.5V |β| 0.5V · s−1

Table 3.2: The sweeping rates β and the maximal values of applied voltages in the
FORMING, SET, and RESET operations.

Fig. 3.11a shows the vacancy distribution at the last simulation step of a FORMING

process. It is observed that the middle vacancy chain has the maximum length, which

can be explained by the following procedures. Firstly, the emergence of a perfect 1D

chain leads to an abrupt increase in current. Accompanied by the increased current,

the Joule heating becomes significant. The temperature around the vacancy chain,

especially at the bottom of the chain, becomes sufficiently high to break the perfect 1D

structure. This is similar to the situation discussed in Sec. 3.3.3, specifically Fig. 3.7.

The migration pattern will eventually stop with the emergence of long chains, as the

resistance decreases and Vcell is subsequently limited due to the current compliance.
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3.4 Impact of the anisotropic diffusion

Therefore, the geometry of a CF is similar to an upside-down pyramid where the tip

is expected to be located at the chain with the lowest generation barrier, as shown in

Fig. 3.11a. The statistical significance is demonstrated by simulating fifty realizations

of a FORMING process. Specifically, the number of times that each finite volume is

occupied by an VO is plotted in Fig. 3.11b. The chain with a maximum length is seen

to be one with a lower generation barrier.

Figure 3.11: Vacancy distributions of (a) a single FORMING process. Statistical vacancy
distributions out of fifty realizations of FORMING processes for (b) one
fragile spot and (c) three fragile spots. The fragile spots with the lowest
generation barrier are indicated by red arrows.

During subsequent operations, the variation in lengths gradually smooths out. This

is illustrated by the location of high temperature during the RESET process together

with the layer-by-layer migration pattern. To demonstrate this, twenty switching cycles

after a FORMING process are simulated.

At the early stage of vacancy migration in a RESET process, vacancies closer to the BE

migrate first. Vacancies that detach the CF are initially triggered by high temperatures.

As these vacancies arrive at the BE interface, they remain in the doubly positive charge

state since they are not connected to any vacancy chain. These vacancies are highly

mobile, allowing them to move within the GB area on the interface plane. The longer

vacancy chain then loses vacancies via the horizontal migration at the BE interface

shown in Fig. 3.12a. Specifically, the migration is visualized by counting the number of

times a vacancy goes through (i. e., entering and leaving) each site over a period of time.
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Figure 3.12: Vacancy distributions (a) at Vapp = 0V, (b) at Vapp = −1.13V, (c) at
Vapp = −1.22V, and (d) at Vapp = 0V. The evolution in (a) collects
migrations from Vapp = 0V to Vapp = −1.02V during the ramp-up stage of
a RESET process. Note that the x-direction is turned upside down in (d).

As the magnitude of applied voltage increases, the downward migration gradually

dominates. During this stage, the original CF still remains connected to the TE while the

CF connecting to the BE starts growing, as shown in Fig. 3.12b and 3.12c. Interestingly,

the length variation of the upper CF decreases or even disappears due to a layer-by-layer

migration pattern. The length, top position, and bottom position of a gap over twenty

cycles are shown in Fig. 3.13a, 3.13b, and 3.13c, respectively. A gap region persists

since the gap length is always non-zero. The position of the gap is characterized by the

top position and the shift due to the polarity of Vapp is seen.

The length, top position, and bottom position of a gap at the first and the last step of

RESET processes are plotted in Fig. 3.14. In the figure, D1 and D2 refer to devices with

Icc = 2 µA and Icc = 4 µA, respectively. Notably for the D1 device, the top position from

the TE and the bottom position from the BE are frequently exceeding 1 nm. This leads

to an intermediate resistance state instead of two distinct states for two reasons. Firstly,

the vacancy distributions in early RESET processes are similar to those in late RESET

processes in an upside-down sense. Secondly, the gap lengths of these two stages are

comparable. Thus, the LRS and HRS resistances are comparable, implying the failure of

manipulating a resistance state by the applied voltage. This simple scheme reproduces

the failure to switch between the desired LRS and HRS.
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Figure 3.13: (a) Length, (b) top position, and (c) bottom position of a gap for increasing
applied voltage (β > 0) and decreasing applied voltage (β < 0) stages within
twenty switching cycles. A latter cycle is plotted in a lighter color.

Figure 3.14: (a) Length, (b) top position, and (c) bottom position of a gap. Solid and
dash-dotted lines refer to early and late RESET processes, respectively.

With this conclusion, the outcome of a homogeneous activation energy for the genera-

tion process is straightforward. Since vacancies are generated at multiple spots, growths

of chains are comparable, and thus multiple long chains emerge within a short time. This

effectively reduces the variation of vacancy chains after FORMING is done as shown in

Fig. 3.11c. Consequently, the failure scheme is analogous to the above one.
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It is noted that discussions of the width of a GB region and the magnitude of Icc are

still missing. Simulation results of changing only one parameter are shown in Fig. 3.15.

Specifically, the D3 and D4 devices are denoted to devices with GB spanning 0.5 nm and

2 nm, respectively. In comparison, the width of D1 and D2 devices is 1.0 nm. For the

D2 device, an ordered trajectory in all I-V sweep cycles is seen in Fig. 3.15a, and the

top and bottom positions demonstrate low variations in Fig 3.14. A similar trend is

observed for D3 device in Fig. 3.15b. On the other hand, a device with a wider GB in

Fig. 3.15c demonstrates a more chaotic trajectory similar to that in Fig. 3.13.

Figure 3.15: Lengths and top positions of a gap in the (a) D2, (b) D3, and (c) D4 devices.

In summary, the assumption of a GB region with homogeneous properties could only

serve as a starting point. For an oxide layer with a wide GB, this assumption leads to a

degraded memory cell as implied from Fig. 3.15c. That is, the vacancies spread out in

the lateral dimension within the predefined GB region resulting in a decreased length of

a CF. This leads to an increase of LRS resistances, or equivalently, an intermediate state

instead of two distinct states after applying applied voltages. In contrast, a larger Icc or

a narrow GB yields a small C2C variability since the evolution of a gap follows a similar

trajectory. This might contradict observations. In this section, the C2C variability is
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discussed on the evolution of a gap while the resistance aspect is reserved for Sec. 3.5.3.

3.4.5 Impact of variational anisotropic modulations

To break the layer-by-layer migration pattern, it is straightforward to introduce the

differentiation of the channels’ anisotropic modulations. Specifically, modulations of one

channel are more significant than those of the other channel. Under this condition, the

vacancy mobility in the x-direction of the strong channel is higher than that of the

weak channel. The differentiation in the mobility in the x-direction disrupts the layer

migration. In addition, vacancies in the weak channel experience a weak attraction

to the strong channel, essentially turning the weak channel into a supplier of oxygen

vacancies. This is illustrated in an exemplified SET process in Fig. 3.16.

In Fig. 3.16a, the top vacancy migrates upward within the strong 1D channel. Opposed

to random migrations on the interface plane, it is confined within the strong channel.

Note that a vacancy can still escape the strong channel but it tends to be drawn back

as highlighted by the red arrow. Also, note that the vacancies of the strong channel

do not always migrate upwards before that of the weak channel. In Fig. 3.16b, high

temperature can trigger the migration of the vacancy in the weak channel as highlighted

by the white arrow. Afterward, the vacancy merges into the strong channel in a normal

direction as the next movement of the configuration of Fig. 3.16c.

Since migration in the normal direction is driven by the attraction to a strong channel

instead of an electric field, such migration can also occur for a neutrally charged va-

cancy. However, a high temperature is required for such migration. This is captured in

Fig. 3.16d, where the top vacancy of the weak channel is surrounded by approximately

400K. An VO merges into the strong channel at the next simulation step. Therefore, the

vacancy leakage of the strong channel in the former RESET process is supplied during

the subsequent SET process. In contrast, the weak channel experiences a recovery of

vacancies during a RESET process discussed earlier. Therefore, the pair of a strong and

a weak channel contributes to a recoverable length of the longest vacancy chain.

Interestingly, both the GB and CF effects are important during the evolution illus-

trated in Fig. 3.17. In Fig. 3.17a, the upward migration of the vacancy indicated by the

white arrow is promoted due to the CF effect. Similarly, vacancies within the green box

shown in Fig. 3.17b will migrate upwards. This type of migration is expected to drive

the vacancies of a weak channel away from the BE. In this cycle, the upward migration
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continues for 0.5 nm further. Consequently, it leads to an increased LRS resistance.

Figure 3.16: (a) Vacancy distribution at the first simulation step of a SET process and
the evolution ends at Vapp = 0.84V . Vacancy distribution superimposed to
the temperature distribution (b) at Vapp = 0.86V, (c) at the next simulation
step afterward, (d) at the fourth simulation steps afterward.

Figure 3.17: (a) Vacancy distribution superimposed to temperature distribution at
Vapp = 0.87V. (b) Vacancy distribution at the next simulation step and
evolution within ten further simulation steps. (c) Vacancy distribution at
Vapp = 1.32V and evolution ends at the last simulation step of a SET pro-
cess.
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3.4.6 Comparison to continuous models

A point-defect viewpoint allows for a fully depleted gap region where no oxygen vacancies

exist. In contrast, a continuous model allows a microscopically vacancy-depleted region

to possess a residual vacancy density as shown in Fig. 3.18. This treatment effectively

reduces the gap length. In addition, a continuous treatment inevitably smooths the

spatial variation, especially around the gap. Consequently, a more complete CF exists

during the dynamical process, leading to a lower resistance and reduced variability. It

is unclear whether the lack of investigation of small current compliance by continuous

models stems from the assumption of a finite vacancy density within a gap region.

In addition, it is also unclear how to properly interpret discrete point defects based

on vacancy density, where a choice of characteristic length scale is critical. For instance,

the characteristic length may be around 1 nm to accurately resolve the gap in a typical

5-nm-thick HfO2 layer. However, a single vacancy within a cube extending 1 nm already

gives the vacancy density of 1021 cm−3. This value is comparable to 1.2·1021 cm−3, which

is the maximum density within a CF assumed in Ref. [114]. In comparison, the vacancy

density of a Hf4O7 is 4 · 1021 cm−3 given the lattice constant of 5 Å. While DFT calcula-

tion suggests a high electrical resistance for a Hf4O7 [182], the resistance of a CF with

the lower vacancy density of 1.2 · 1021 cm−3 is expected to be even higher. Therefore,

regarding the vacancy density of 1 · 1021 cm−3 as a criterion for a CF is questionable.

To alleviate this discrepancy, one can interpret the vacancy density in a larger charac-

teristic size, as illustrated in Fig. 3.18b. In this scheme, more vacancies contained in a

larger characteristic size reproduce the same density while a lower electrical resistance

is expected. However, this larger size sacrifices the spatial resolution needed to capture

a fully depleted gap.

In conclusion, models treating vacancies as point defects can capture a fully depleted

gap region in a thin-film structure. This lays a feasible approach to studying a large

variability at a small current compliance regime. Moreover, the point-defect viewpoint

aligns with DFT calculations, where the atomic interactions are accounted for. Thus, it

is believed to reveal more details during the dynamical process.
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Figure 3.18: Oxygen vacancy densities calculated based on cubes with lengths of (a)
0.5 nm and (b) 1.0 nm.
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3.5 Cycle-to-cycle variability at the small current

compliance

It is noted that the proposed scenario that occurs within a few cycles does not necessarily

keep occurring in subsequent cycles. To attribute the C2C variability in measurements

to the anisotropic diffusion barriers, one hundred cycles that follow the cycle of a FORM-

ING and a RESET are simulated. Relevant simulation parameters are listed in Table 5.1.

The anisotropic modulation due to the GB effect is visualized in Fig. 3.19. To compare

with measurements, the smallest value of Icc = 2 µA in the measurement [95] is chosen

to simulate. On the one hand, it reduces the computational effort. As a starting point, it

is assumed that a similar migration pattern occurs for another current compliance, and

thus the C2C variability follows the same statistical behavior. That is, the normalized

deviation is approximately unchanged for a comparable current compliance [95, 107]. On

the other hand, simulations at a larger current compliance do not provide a compara-

ble C2C variability as that of the measurement. The reason for inconsistent simulation

results is briefly discussed at the end of this section, while a generalization to larger

current compliance is reserved for Sec. 3.7.

Figure 3.19: Anisotropic modulations for migrations in (a) ±x-directions, (b) the posi-
tive y-direction, and (c) the negative y-direction.
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3.5.1 Switching cycles

Fig. 3.20 shows simulation results of both LRS and HRS resistances over cycles, where

the data from the FORMING cycle is excluded. The LRS and HRS resistances are

calculated in the early and the late RESET process at Vmeas = −0.1V, respectively. The

deviation σR is defined as the difference between the 70% and 30% of the overall data.

In addition, the median resistance µR rather than the average resistance is adopted to

represent resistances from a statistical perspective. The Vmeas, µR and σR are defined to

align with the measurement [95].

Figure 3.20: Simulation results of LRS and HRS resistances out of one hundred switch-
ing cycles after a FORMING process where the Icc = 2 µA is used.
(a) CDF in the probit-scale. The 30%, 50%, and 70% values are indi-
cated by dashed lines. Reproduced from Ref. [1], licensed under CC BY
4.0 (https://creativecommons.org/licenses/by-nc-nd/4.0/). (b) The power
spectral density (PSD) of resistances suggests the lack of a fixed frequency
for both resistances over cycles.

From the simulation result, the median and the deviation of the LRS resistances are

0.96MΩ and 1.1MΩ, respectively. In comparison, the measurement gives approximately

0.5MΩ and 0.7MΩ, according to Fig. 3.21a. Meanwhile, the median and the deviation

of the HRS resistances from the simulation are 8.6MΩ and 6.6MΩ, respectively. From

the measurement, it reads approximately 4MΩ and 3MΩ for the median and deviation

from Fig. 3.21b, respectively. The simulation of Icc = 2 µA reproduces a comparable

statistical result except for a consistent factor of approximately 2.
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Figure 3.21: CDF plot of LRS and HRS resistances out of measurements. Reproduced
with permission from [95], © 2013 IEEE.

It is noted that the information on changes in resistances over cycles is missing in a

CDF plot. To ensure the change is stochastic over cycles, the LRS and HRS resistances

in a sequential order are plotted in Fig. 3.22. Furthermore, the PSD in Fig. 3.20b

provides the information of a correlation in cycles. The absence of a peak in the PSD

implies a stochastic resistance distribution within one hundred cycles.

Figure 3.22: Simulation results of LRS and HRS resistances over cycles. The 30%, 50%,
and 70% values are indicated by dashed lines. Reused from Ref. [1], licensed
under CC BY 4.0 (https://creativecommons.org/licenses/by-nc-nd/4.0/).

3.5.2 Dynamical processes

Three cycles are chosen to represent low, high, and intermediate values of LRS resis-

tances, and the corresponding I-V characteristic curves are shown in Fig. 3.23.
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Figure 3.23: I-V characteristic curves of three cycles. The inset shows the I-V character-
istic curve of the FORMING process. Reproduced from Ref. [1], licensed
under CC BY 4.0 (https://creativecommons.org/licenses/by-nc-nd/4.0/).

It is seen that a long CF yields a low value of the LRS resistance shown in Fig. 3.24a

while a disruption of the CF yields a high value of the LRS resistance shown in Fig. 3.24b.

Between two extreme situations, an intermediate resistance arises from a moderate gap

region shown in Fig. 3.24c. So far, it is consistent with the well-established understanding

that the length of a gap is crucial to resistance.

Figure 3.24: Vacancy distributions at Vapp = Vmeas = −0.1V of the (a) third cycle, (b)
sixth cycle, and (c) sixteenth cycle. Reproduced from Ref. [1], licensed
under CC BY 4.0 (https://creativecommons.org/licenses/by-nc-nd/4.0/).
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However, a deeper investigation of the evolution during the third SET operation re-

veals the anisotropic migration pattern. In Fig. 3.25a, the vacancy distribution at the

early SET operation is a reference for later distributions. Fig. 3.25b shows the va-

cancy distribution before the current reaches the current compliance. To illustrate the

migration process, the evolution of vacancies is plotted in Fig. 3.26. In the following

discussion, dummy indexes from 1 to 4 are assigned for the vacancy chains from left

to right. Fig. 3.26a and 3.26b show that only the vacancies of the first and second

vacancy chains are involved in the migration. More importantly, the vacancy migra-

tion of the second chain is more frequent due to the assumption of anisotropic diffusion

(see Fig. 3.19a). This leads to the break of a layer-by-layer migration, as discussed in

Sec. 3.4.4. The gap is eventually enclosed with further vacancies migrating upwards, as

shown in Fig. 3.25c as well as Fig. 3.26c. When the current reaches the current com-

pliance, the Vcell might deviate from the Vapp, depending on the resistance of the cell.

The amount of reduction in the Vcell is related to the power dissipation along the CF,

which is critical for the subsequent migration. In this exemplified cycle, a few vacancies

close to the bottom interface keep moving, leading to the vacancy distribution shown

in Fig. 3.24a. Interestingly, it is seen from Fig. 3.26d that the vacancy migration of the

fourth chain is more active than that of the third. The break of layer-by-layer migration

is again observed, which creates a minor gap to the BE interface and thus increases the

LRS resistance.

Figure 3.25: Vacancy distributions at (a) Vapp = 0.64V, (b) Vapp = 1.0V
and (c) Vapp = 1.5V during the ramp-up stage of the third SET
process. Reproduced from Ref. [1], licensed under CC BY 4.0
(https://creativecommons.org/licenses/by-nc-nd/4.0/).
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Figure 3.26: Vacancy distributions superimposed by the evolution during the SET pro-
cess of the third cycle. The vacancy distribution at (a) Vapp = 0.64V, (b)
Vapp = 0.98V, (c) Vapp = 1.0V, and (d) Vapp = 1.5V. Evolution from the
contemporary stage towards the next stage is illustrated in colors (a), (b),
and (c), while the evolution of (d) ends at Vapp = Vmeas.

Lastly, the process involving a decrease in the LRS resistance of one cycle compared to

that of the previous cycle is shown in Fig. 3.27. Specifically, Fig. 3.27a, 3.27b and 3.27c

show the vacancy and temperature distributions in sequential time order in the RESET

process, while Fig. 3.27d and 3.27e show distributions in the next SET process. Since

the LRS resistance in the early RESET process is relatively high, the gap close to the BE

interface is expected as shown in Fig. 3.27a. That is to say, most vacancies are located

in the middle-height region as indicated by the white rectangle. As proceeding in the

RESET process, a high temperature coincides in the region where vacancy chains tend

to migrate downwards. This leads to the CF effect, where the migration of the vacancies

within the vacancy chain is promoted shown by the black arrow in Fig. 3.27b. This

could trigger a series of migration events, leading to a CF contains more vacancies near

the BE interface, as shown in Fig. 3.27c. In Fig. 3.27d, the positively charged vacancy

indicated by the white circle has the degree of freedom to migrate in either the −x or

y- direction. It is noted that the migration in −y and ±z directions are not considered,

since they result in the vacancy escaping out of the assumed GB region. With a high

temperature, the guided direction of an electric field is hindered. In this exemplified

scenario, this vacancy migrates into the second channel. As a result, a conduction path

composed of the second vacancy chain and the bottom segments of other vacancy chains
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is built, see Fig. 3.27e. It is noteworthy that the positively charged vacancy in Fig. 3.27d

does not necessarily migrate into the second vacancy chain. However, the decrease in

LRS resistance does not qualitatively depend on its migration direction. The dominant

factor is the large number of vacancies in the bottom region, leading to a significant

reduction in the resistance.

Figure 3.27: Vacancy distributions involved in a decreased LRS resistance
process. Reused from Ref. [1], licensed under CC BY 4.0
(https://creativecommons.org/licenses/by-nc-nd/4.0/).

The opposite process involving an increased LRS resistance is shown in Fig. 3.28.

Fig. 3.28a and 3.28b show the distributions at the beginning and the middle of the

RESET process, while Fig. 3.28c, 3.28d and 3.28e sketch the distributions in the following

SET process. Since the previous SET sets a lower LRS resistance, some vacancies

residing in the lower region, which are indicated by the white rectangle in Fig. 3.28a. In

contrast to the previous scenario, the migration of short chains is significant in the SET

process, as indicated by the black arrow in Fig. 3.28c. That is, these short vacancy chains

move away from the bottom interface, leading to an increase in the LRS resistance. This

is seen in Fig. 3.28d, where the vacancy chain indicated by a black box is in the top

region. By comparing to Fig. 3.28e, the vacancy chain indicated by the white box is

about to migrate upwards. This is due to the CF effect. At the end of the SET process,

a larger gap in the BE interface, which is compared to the early RESET process, is seen

in Fig. 3.28e. Thus, the LRS resistance of the latter cycle increases.
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Figure 3.28: Vacancy distributions involved in an increased LRS resistance
process. Reused from Ref. [1], licensed under CC BY 4.0
(https://creativecommons.org/licenses/by-nc-nd/4.0/).

3.5.3 Failure to larger values of current compliance

Although the simulation reproduces comparable results for Icc = 2 µA, the variability

counters observations at an elevated current compliance. For example, the use of Icc =

3 µA shown as D1 in Fig. 3.29 leads to a narrow spread of LRS resistances yet an averagely

higher value.

Figure 3.29: CDF plot of LRS resistances out of one hundred cycles. D1, D2, and D3

refer to the devices with the original GB, a wide GB with one fragile spot,
and a wide GB with three fragile spots, respectively. Additionally, D1 is
subjected to Icc = 3 µA while D2 and D3 are subjected to Icc = 2 µA.
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The statistical vacancy distribution out of fifty FORMING processes is shown in

Fig. 3.30a. It is seen that not only strong channels but also weak channels are filled with

vacancies. Interestingly, a large number of vacancies within the GB does not always

result in the expected LRS. Fig. 3.30c shows the statistical vacancy distributions at

the end of one hundred RESET processes. It is seen that vacancies can reach the BE

interface during RESET processes. However, a clear gap at the BE interface is seen in all

cycles from Fig. 3.30b. That is, the vacancies of weak chains do not stay in the bottom

region but keep migrating upwards during SET processes. An intricate picture arises

where the median (or average) resistance can not be solely explained by the number of

vacancies. On the other hand, the variability in resistances is confined. Given that a

gap always emerges at the end of a SET process, the large number of vacancies filled up

the upper GB region and thus reduces the shape variation of a CF.

This discrepancy of the average (or median) LRS resistance might be alleviated by

adaptively assuming a larger width of the GB area for the corresponding increased Icc.

Therefore, the accumulation of vacancies in the weak channels can be avoided. However,

the C2C variability accounts for the same device at different Icc. Such an assumption

deviates from a practical condition, and thus it is not considered in this work.

Figure 3.30: Statistical vacancy distributions of Icc = 3 µA out of (a) fifty FORMING
processes for the D1 device. Statistics of vacancy distributions of one hun-
dred (b) SET processes and (c) RESET processes.

On the other hand, the assumption of a fixed GB area with a large width, i. e., a region
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composed of four sets of a strong channel being next to a weak channel, is investigated.

Herein, the Icc = 2 µA is applied to D2 and D3, and the impact of one and three

fragile spots is investigated. In Fig. 3.29, devices with a larger GB seemingly lead to a

reasonable C2C variability. However, it is noted an abrupt change after approximately

R = 4 · 105Ω in the CDF plot. To identify whether the devices are stuck in a HRS,

the LRS resistance against switching cycles is plotted in Fig. 3.31. The LRS resistances

of both devices are observed to be stuck at a high value in a window of approximately

twenty cycles, as highlighted by black rectangles.

Figure 3.31: LRS resistances in sequential order for the three devices defined in Fig. 3.29.

To attribute the failure to the vacancy migration pattern, statistics of vacancy distri-

bution at the end of SET processes are plotted. Specifically, Fig. 3.32b and 3.33b show

the statistics of the failure windows for D2 and D3 devices, respectively. A gap at the

middle height at the end of SET processes for both devices is seen. Together with the

statistics at the end of RESET processes shown in Fig. 3.32c and 3.33c, it suggests that

the failure of enclosing a CF leads to elevated LRS resistances. Since this phenomenon

is seen in both devices with a wider GB, the width is suspected to be the reason. This

is interpreted as the outcome of the re-distribution of vacancies. Given an increased

space of the GB, vacancies tend to cluster at both TE and BE interfaces. Under this

condition, the CF effectively shrinks in length, leading to decreases in current and heat

dissipation. In addition, a local cluster of vacancies is modeled to increase the thermal

conductivity, further suppressing the temperature rise. Consequently, vacancy migration

is suppressed and the gap persists even after a SET operation is finished.
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Figure 3.32: Statistical vacancy distributions of Icc = 2 µA out of (a) fifty FORMING
processes for the D2 device. Statistics of (b) the first simulation step and
(c) the last simulation step of RESET processes. The statistics of (b) and
(c) account for cycles from the fifty-seventh to the seventieth cycle.

Figure 3.33: Statistical vacancy distributions of Icc = 2 µA out of (a) fifty FORMING
processes for the D3 device. Statistics of (b) the first simulation step and
(c) the last simulation step of RESET processes. The statistics of (b) and
(c) account for cycles from the seventy-seventh to the one-hundredth cycle.

In comparison, fewer strong channels as extensively investigated in this section reduce

the probability of vacancies merging into strong channels. In this scenario, the length
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of an effective CF preserves above a certain value, and a large window of failure is not

observed. This is supported by the statistical vacancy distributions in Fig. 3.34, where

the length of channel 2 is long in all late SET processes.

Figure 3.34: Statistical vacancy distributions of (a) the first simulation step and (b) the
last simulation step of RESET processes. The statistics account for cycles
from all switching cycles of the D1 device subjected to Icc = 2 µA.
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3.6 Generalized electron hopping scheme

In this section, an extra pre-factor in the master equation is proposed. The scheme is

examined by requiring the detailed balance between each pair of vacancies to be held,

and then see if the original MA hopping formalism is recovered.

The electron hopping from the ith to the jth vacancy is proportional to four inde-

pendent factors: the probability of the original site being occupied, the probability of

the final site being empty, the transition rate between these two sites, and the constant

attempt frequency. The hopping event per second is determined by the product of these

factors, as they are independent. However, this treatment might not account for the

situation where the original site is occupied by two electrons. Consider two configu-

rations where only the original site differs. In the first configuration, the original site

can be occupied by two electrons, while in the second configuration, only one electron

can occupy it. In addition, only one electron can hop out at a time. Whenever the

final site is empty and the original site is fully occupied, either one of the two electrons

in the first configuration can hop. This is interpreted as having two possible paths, as

schematically illustrated in Fig. 3.35a. Hereby, a factor of 2 is proposed to account for

this additional degree of freedom in choosing an electron. On the contrary, no extra

degree of freedom is expected in the second configuration, as illustrated in Fig. 3.35b.

Therefore, the hopping event per second of the first configuration is expected to be twice

of the second configuration.

Similarly, the same argument applies to empty states, where at most two empty or-

bitals and only one empty orbital are assigned for the first and the second configurations,

respectively. With one of the two empty orbitals occupied by an injected electron, the

hopping events per unit time of the first configuration is twice of the second configu-

ration. This is schematically shown in Fig. 3.35c and 3.35d for the first and second

configurations, respectively.

Denote the notation f q
t for the extra factor, and the discussed cases for q = {0,+2},

and t = {d, a} are summarized in Table 3.3.

f 0
d f+2

d f 0
a f+2

a

2 1 1 2

Table 3.3: Extra pre-factors accounting for the degree of freedom involved in donating
and accepting an injected electron.
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(a)

1

2

(b)

1

(c)

1

2

(d)

1

Figure 3.35: Schemes for (a) and (b) donating an electron, and (c) and (d) accepting an
electron.

In the next section, the MA hopping process

−pif q
i,d

∑
j

f q
j,a(1− pj)hij + (1− pi)f

q
i,a

∑
j

f q
j,dpjhji = 0 (3.6)

will be examined by asking for the detailed balance under equilibrium conditions.

3.6.1 Grand partition function and the probability

To examine the detailed balance under equilibrium conditions, the probability at each

state must first be determined analytically. Within the theory of grand canonical en-

semble, particle numbers and the energy of a sub-system can be exchanged with its

reservoir. The grand partition function takes the form

Z =
∞∑

N=0

∑
E(N)

exp

(
Nµ− E

kBT

)
, (3.7)

where N is the number of electrons, µ is the Fermi level and E is the number-dependent

energy of the sub-system. The energy levels are schematically shown in Fig. 3.36. From

the energy perspective, the formation energy of a doubly positive charge state is higher

than that of the other two charge states given that the neutral charge state is energeti-

cally favored. Conversely, the neutral charge state possesses a higher formation energy

if the doubly positive charge state is favored. For both cases, the formation energies of

a singly positive charge state are between the other two charge states, see Fig. 3.3. In

the following derivation, the fully ionized state is excluded for the intrinsically neutral

charge state, and the fully occupied state is excluded for the intrinsically doubly positive

state for simplicity.
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E0
i,filled

E0
i,empty

1

2

Electron
energy

Accessible
state(s)

(a)

E+2
i,filled

0

2

1

Electron
energy

Accessible
state(s)

(b)

Figure 3.36: Electron energy level scheme for (a) intrinsically neutral and (b) intrinsi-
cally doubly positive charge states. The filled and unfilled circles refer to
the occupied and unoccupied orbitals, respectively. Note that energies are
referred to the CBM.

For the neutral charge state, the grand partition function of the ith vacancy site reads

Zi = 2 exp

(
µ− E0

i,empty

kBT

)
+ exp

(
2µ− 2E0

i,filled

kBT

)
. (3.8)

The pre-factor of the first exponential function comes from the two accessible states

while the factor of µ in the exponent comes from the fact that only one electron is

involved. Similarly, the pre-factor the second exponential function, and the factor of µ

result from one accessible state and two electrons, respectively. The probability of the

ith vacancy at the filled state then reads

p0i,filled = exp

(
2µ− 2E0

i,filled

kBT

)/[
2 exp

(
µ− E0

i,empty

kBT

)
+ exp

(
2µ− 2E0

i,filled

kBT

)]

=

[
1 + 2 exp

(
2E0

i,filled − E0
i,empty − µ

kBT

)]−1

. (3.9)

Note that p0i,filled is the probability of the vacancy being fully occupied by two electrons,

or equivalently, the probability of the vacancy being neutrally charged.

For the doubly positive charge state, the grand partition function reads

Zi = 2 exp

(
µ− E+2

i,filled

kBT

)
+ 1. (3.10)
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Note that energies are referred to CBM and no electron is removed from the reservoir,

giving rise to the latter term, 1. This yields the probability

p+2
i,filled = 2 exp

(
2µ− E+2

i,filled

kBT

)/[
2 exp

(
µ− E+2

i,filled

kBT

)
+ 1

]

=

[
1 +

1

2
exp

(
E+2

i,filled − µ

kBT

)]−1

. (3.11)

It is noted that the shift due to the electrostatic potential is missing in Eqs. (3.9) and

(3.11). Since the electron energy levels are shifted by −eφ due to the potential, Eq
i,filled

and Eq
i,empty are replaced by Eq

i,filled− eφi and E
q
i,empty− eφi, respectively. This argument

holds regardless of the intrinsic charge state. In turn, the electrostatic potential shifts

the exponents and the probabilities of staying at the filled states reads

p0i,filled =

[
1 + 2 exp

(
2E0

i,filled − E0
i,empty − eφi − µ

kBT

)]−1

p+2
i,filled =

[
1 +

1

2
exp

(
E+2

i,filled − eφi − µ

kBT

)]−1 . (3.12)

3.6.2 Detailed balance among vacancies

Under equilibrium conditions, the requirement of the detailed balance between a pair of

vacancies yields

f q
i,dpif

q
j,a(1− pj)hij = f q

j,dpjf
q
i,a(1− pi)hji. (3.13)

Eq. (3.13) is then examined in four cases, categorized by the set of intrinsic charge states

of the ith and jth vacancies.

Hopping between vacancies in a neutral charge state

By substituting pi = p0i,filled and pj = p0j,filled into Eq. (3.13), one obtains

hji
hij

=
f 0
i,dp

0
i,filled

f 0
j,dp

0
j,filled

·
f 0
j,a(1− p0j,filled)

f 0
i,a(1− p0i,filled)

=
2 · p0i,filled
1 · p0j,filled

·
1 · (1− p0j,filled)

2 · (1− p0i,filled)

=
exp
(

2E0
j,filled−E0

j,empty−eφj−µ

kBT

)
exp
(

2E0
i,filled−E0

i,empty−eφi−µ

kBT

) = exp

(
−eφj − φi

kBT

)
. (3.14)
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Since the intrinsic charge states of both vacancies are identical, the energy level terms

of the ith vacancy cancel with those of the jth vacancy. In addition, the φj − φi > 0 is

assigned without loss of generality. The exchange of dummy indexes i and j does not

change the result that the larger MA hopping term arises from the flow to a lower-energy

site. This leads to the function form recovering to the MA formalism as Eq. (2.8).

Hopping between vacancies in a doubly positive charge state

Similarly, the substitution of pi = p+2
i,filled and pj = p+2

j,filled yields

hji
hij

=

exp

(
E+2

j,filled−eφj−µ

kBT

)
exp

(
E+2

i,filled−eφi−µ

kBT

) = exp

(
−eφj − φi

kBT

)
. (3.15)

Therefore, the original MA hopping term is again recovered.

Hopping between vacancies in different charge states

For the electron hopping between vacancies in different charge states, the attenuation ra-

dius are different. According to Eq. (2.11) with the absolute values of (E0
i,filled, E

+2
i,filled) =

(2.11, 1.97) in the unit of eV, this results in the relative difference 3.5% referred to that

of the neutral charge state. The difference is assumed to be sufficiently small and further

discussion is based on the truncation of the difference. Under this condition, the ratio

of the MA hopping rates is still the ratio of probabilities.

The ratio of MA rates is given by

hji
hij

=
f 0
i,dp

0
i,filled

f+2
j,d p

+2
j,filled

·
f+2
j,a (1− p+2

j,filled)

f 0
i,a(1− p0i,filled)

=
2 · p0i,filled
1 · p+2

j,filled

·
2 · (1− p+2

j,filled)

1 · (1− p0i,filled)

=
4

1
·

1
2
exp

(
E+2

j,filled−eφj−µ

kBT

)
2 exp

(
2E0

i,filled−E0
i,empty−eφi−µ

kBT

) (3.16)

= exp

(
∆E0

i

kBT

)
· exp

(
(E+2

j,filled − eφj)− (E0
i,filled − eφi)

kBT

)
, (3.17)

where ∆E0
i = E0

i,empty − E0
i,filled > 0. Two points are note-worthy. Firstly, pre-factors

of exponential functions for the probabilities are canceled with the proposed pre-factors
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in Eq. (3.16). Secondly, energy levels are shifted by the corresponding electrostatic

potentials, and an extra exponent ∆E0
i /kBT emerges in Eq. (3.17). The shift in energy

levels is an extension of the comparison of electrostatic potentials between two identically

charged vacancies. The MA hopping term that satisfies the detailed balance reads

hij =


νe exp

(
−dij

a0

)
Ẽq

i,filled > Ẽq
j,filled

νe exp
(
−dij

a0

)
exp

(
− Ẽ+2

j,filled−Ẽ0
i,filled

kBTi

)
otherwise

, (3.18)

where Ẽq
i,filled evaluated at q = 0 gives E0

i,filled − ∆E0
i − eφi, and Ẽq

i,filled evaluated at

q = +2 gives Ẽ+2
j,filled = E+2

j,filled − eφj.

To complete the discussion, the charge states of vacancies are now exchanged. This op-

eration is equivalent to exchanging indexes i, j in Eq. (3.17). Note that the substitutions

of j by ĩ and i by j̃ yield Eq. (3.18) in terms of new dummy indexes. In this condition,

values of energy levels are E+2
i,filled − eφi for the ĩth vacancy and E0

j,filled −∆E0
j − eφj for

the j̃th one.

In short, the requirement of the detailed balance among each pair of vacancies is

consistent with the MA formalism, provided vacancies are in an identical intrinsic charge

state. For two vacancies in different charge states, the MA hopping term is in the form

of Eq. (3.18) with an aligned a0 term. Moreover, the tunneling processes are assumed to

follow the same physical picture. Thus, the pre-factors apply to the tunneling process

as well. In the following sections, the master equation is applied in the form

−pif q
i,d

∑
j

f q
j,a(1− pj)hij + (1− pi)f

q
i,a

∑
j

f q
j,dpjhji

− pif
q
i,d

∑
M

RiM + (1− pi)f
q
i,a

∑
M

RMi = 0.
(3.19)

To investigate the impact of extra factors, a SET process is simulated for two as-

sumed vacancy distributions shown in Fig. 3.37. In a dynamical process, the vacancy

distribution in Fig. 3.37a is followed by that in Fig. 3.37b. For comparison of charge

transport schemes, vacancies are intentionally kept fixed in space with only one vacancy

in a doubly positive charge state in each distribution. Fig. 3.37a shows a larger current

for TAT2 compared to TAT1, where TAT2 and TAT1 refer to the TAT mechanism with

and without extra factors, respectively. The same tendency is observed in Fig. 3.37b.
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However, it is noted that numerical instability could be induced due to the modeling of

energy dissipation. Suppose that energy dissipates at jth vacancy site at an intermediate

step while it dissipates at ith vacancy site at the next step during Newton’s iteration.

According to Eqs. (3.2) and (3.18), this is due to the exchange of a higher energy level,

or equivalently, an oscillating sign of Ẽq
i,filled − Ẽq

j,filled. When both vacancies are in

the neutral charge state, a smooth electrostatic potential is expected, thus suppressing

oscillations. However, the potential peak due to a positively charged vacancy disrupts

this scheme. To see this, assume q = 0 and q = +2 for the ith and jth vacancies,

respectively. Then, φj > φi is expected given that these vacancies are not far away.

With the positive ∆E0
i , the difference between E0

i,filled − ∆E0
i − eφi and E+2

j,filled − eφj

reduces, making it susceptible to oscillation. Since the problem results from the positive

∆E0
i , a truncation ∆E0

i = 0 is assumed. More generally, the truncation is assumed for

the vacancies in the neutral charge state. The Impact is examined by the resultant I-V

characteristic curves denoted as TAT2t in Fig. 3.37. Insets show a negligible deviation (≈
1 · 10−11A) with and without ∆E0

i at a small applied voltage regime. Since the detailed

balance is discussed at equilibrium, the truncation method is assumed to reproduce the

same physical process.
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Figure 3.37: I-V characteristic curves and the corresponding vacancy distributions. The
vacancy in the doubly positive charge state is indicated by an arrow.
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3.7 Cycle-to-cycle variability for a larger current

compliance

In Sec. 3.5.3, the reason for the failure of reproducing a large C2C variability at an

elevated Icc was discussed. Simply put, the variation of a single GB area can not lead to

a reasonable C2C variability for a larger current compliance. However, the assumption

of multiple GBs adopted by simulation works [130, 132] alleviates this problem.

Multiple GBs are assumed in the oxide layer. Properties of each GB are kept identical

with generation barriers as the only exception for simplicity. More specifically, each GB

possesses only one fragile spot for introducing oxygen vacancies and energy barriers differ

by a small value of 0.02 eV. GB1 contains the spot with the lowest generation barrier

while GB3 contains the one with the highest barrier. Fig. 3.38 shows the anisotropic

modulations of channels that constitute a GB. According to the Arrhenius equation, the

difference of 0.02 eV in activation energies yields a factor of 2.2 at room temperature,

and thus CFs roughly grow in the order from GB1 to GB3. Impacts of the assumed

differentiation in generation barriers are reserved for Sec. 3.8.

Figure 3.38: Anisotropic modulations for migrations in (a) ±x-directions, (b) the posi-
tive y-direction, and (c) the negative y-direction. (d) Anisotropic modula-
tions at x = 2.3 nm for visualizing GBs in the oxide layer.

For further discussion, indices 1 to 6 are introduced for 1D regions as labeled in

Fig. 3.38d. Different from the assumption in the previous investigation, it is noteworthy
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that only channel 3 extends from the TE to the BE. The other two strong channels

now shrink in length and are assumed to reside in the middle height, aiming to avoid

a persistent gap shown in Fig. 3.32 and Fig. 3.33. Since the vacancy migration along

the x-direction is promoted even in a weaker channel, vacancies flowing into strong

channels, e. g., channel 1 and channel 3, in a ±y-direction might be hindered. Thus,

weak channels, e. g., channel 2, are assumed to be broken into segments. Under this

assumption, vacancy migration along the ±x-direction is suppressed at the broken sites,

and thus the horizontal migration into strong channels is possible. Lastly, the sixth 1D

region extending from x = 1.5 nm to x = 3.0 nm is assumed to break a perfect 2D GB.

3.7.1 Switching cycles

To assess the statistical significance, multiple realizations of stochastic processes are

simulated for each current compliance. The motivation is to demonstrate that simulation

results are not a special case of the proposed vacancy migration scheme. Note that these

results are not related to the D2D variability, which originates from the device variation.

In Fig. 3.39a, the product Vtrans = Icc · µR is guided by the dashed line with Vtrans =

2.0V. The simple relationship is seen to be a good approximation with the exception

at Icc = 1.5 µA. It is noted that this value is larger than the reported ones, i. e.,

0.4V [95, 142] and 1.0V [105, 106]. However, the LRS resistance of a small current

compliance Icc ≤ 5 µA is mentioned to deviate from this empirical relationship (see

Fig. 2.7b) [95]. Within a small interval of Icc, an empirical value of a larger Vtrans is

observed from the measurement which qualitatively agrees with the simulation result.

In addition, the median value and normalized deviation in multiple realizations for Icc =

2 µA are approximately 1MΩ and 1.0, respectively. These values are comparable to

the simulation result in Sec. 3.5. From a statistical perspective, the introduction of

extra factors involved in electron transport and the assumed GB distributions do not

undermine the established findings.

On the other hand, a bending tendency of the normalized deviation is reproduced in

a small current compliance regime, i. e., Icc ≤ 3 µA, as shown in Fig. 3.39b. Fig. 3.40

shows the CDF of LRS resistances over cycles for different current compliance values. It

is seen that the C2C variability keeps large at an elevated value of current compliance.

Therefore, the introduction of multiple GBs alleviates the problem discussed in Sec. 3.5.3.

The details of multiple CFs are reserved for Sec. 3.7.4.
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3.7 Cycle-to-cycle variability for a larger current compliance

Figure 3.39: (a) Median resistance against current compliance and (b) normalized devi-
ation against median resistance. The exponents of 0.5 and 1 are sketched
in the red and black lines, respectively.

Figure 3.40: CDF plot for current compliance with the realizations indicated by the
dashed-dotted line in Fig. 3.39b.

3.7.2 Single conductive path

Fig. 3.41 shows the current through each GB during the ramp-up stage of a FORMING

process. It is seen that most current flows through one GB area for Icc ≤ 2 µA, even
though three GBs are available. In addition, an abrupt increase in the vacancy number

is seen. Given that a 5-nm-thick oxide layer contains at most approximately twenty
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3 Three-dimensional device simulation

vacancies in a perfect 1D chain, Fig. 3.41a implies the maximum temperature is not

sufficiently high to break the 1D vacancy chain for Icc = 1.5 µA. This leads to the

deceptive phenomenon reserved for Sec. 3.7.3.

Figure 3.41: Vacancy numbers (left axis) and currents (right axis) through each GB for
(a) Icc = 1.5 µA and (b) Icc = 2 µA. The currents are shown as dashed-
dotted lines, where those less than 10% of the total current are not plotted.

In contrast, Fig. 3.41b shows a significant increase in vacancy number for Icc = 2 µA,
suggesting a different geometry of the CF. It is noted there are vacancies within GB2

and GB3. However, less than 10% of the total current flows through either GB2 or GB3

which makes the vacancies within these GBs negligible. Therefore, the previous scenario

with only one GB still holds. To study the impact of GBs in a different geometry, the

dynamics during a SET process is again investigated. Five stages are labeled in the inset

of the upper panel of Fig. 3.42 and the evolution of vacancies is presented in Fig. 3.43.

From Fig. 3.43a, it is seen the upward migration of vacancies which reduces the gap

length to the TE. This corresponds to the increase in current observed in the top panel of

Fig. 3.42. In Fig. 3.43b, the vacancies of channel 5 provide intermediate sites for electron

transport, leading to a sufficiently high temperature to make vacancies migrate into the

weak channel 4. At stage C, a gap emerges starting from approximately x = 1.5 nm to

x = 2.0 nm as shown in Fig. 3.43c. The emergence prevents a further resistance drop

which reflects on an approximately unchanged Vcell shown in the lower inset of Fig. 3.42.

Meanwhile, the upward migration of channel 3 continues, eventually enclosing the gap
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3.7 Cycle-to-cycle variability for a larger current compliance

as shown in Fig. 3.43d. A significant Vcell drop followed by a temperature drop is seen

in the bottom panel of Fig. 3.42. During this ramp-up process, the temperature is high

enough to trigger the migration. Although this continuous migration creates a gap to

the BE at stage E as shown in Fig. 3.43e, the Vcell is approximately unchanged.

Figure 3.42: I-V characteristic curve in the top panel, and evolution of voltages and
maximum temperature in the bottom panel. The regions where the hopping
current is accounted for are indicated by green boxes in Fig. 3.43e.

This is discussed by investigating the evolution of a bottleneck of the charge transport

path. Specifically, the large distance along the electron transport path occurs between

the upper channel 3 and channel 1 at stage D. As this gap shrinks, a new gap near

the BE develops. Consequently, the resistance is effectively compensated, leading to the

unchanged Vcell. To verify this interpretation, hopping current by the MA hopping out of
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channel 1 is plotted in the top panel of Fig. 3.42. From the figure, an increased hopping

current is seen between stages C and D. This suggests that vacancies of channel 1 provide

intermediate sites for electron transport. Therefore, channel 1 is a vacancy-rich region

and the vacancies of it do not exchange with an existing CF. The underlying reason

stems from the stronger anisotropic modulation in y-direction than that of channel 2.

Vacancies in channel 1 prevent a gap in an intermediate period and improve the stability

of the electrical performance. A similar argument applies to vacancies of upper channels

4 and 5 between stages B and C. The slight difference is that some vacancies are not

fixed in space during the whole ramp-up process.

Figure 3.43: (a) - (d) Vacancy distributions superimposed to evolution towards the next
stage, where stages are labeled in the upper panel of Fig. 3.42.

To this end, devices with two assumed GB distributions in the corresponding charge

transport schemes are compared. From a statistical perspective, the analysis of C2C

variability shows comparable median values and normalized deviations. Furthermore,

one SET process is chosen to examine the migration pattern.

3.7.3 Deceptive success in a SET operation

In Fig. 3.39b, the bending tendency in normalized deviation is observed for µR > 0.5MΩ,

corresponding to Icc ≤ 3.0 µA. However, it is noted that the LRS resistances could be

stuck in a value without notice in a CDF plot, as the failure schemes discussed in

Sec. 3.5.3. To see this, LRS resistance of a realization of Icc = 1.5 µA in the green
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3.7 Cycle-to-cycle variability for a larger current compliance

circle in Fig. 3.39a is plotted. In Fig. 3.44, the resistance of 2.0MΩ is highlighted by

the green line. Resistances continuously over this value are seen from the twentieth to

thirty-eighth cycles as well as after the seventieth cycle for Icc = 1.5 µA. In addition,

Fig. 3.45a shows that a SET operation typically leads to a gap deep inside the oxide

layer. By comparing to the statistical distribution from RESET processes, it suggests

the upward vacancy migration is suppressed during SET processes. Thus, lower channel

2 and channel 4 can not supply their vacancies, leading to steadily high values of the

LRS resistance. It is concluded that the device is stuck in an intermediate resistance

state, where a resistance change is attributed to the gap around x = 2.5 nm. Since

the resistive switching does not occur during approximately half cycles, this data point

should be excluded in the CDF plot and normalized deviation plot. This scenario is

applicable to explain that a repetitive resistive switching under 2 µA on a HfO2-based

device is rarely, if any, reported. On the other hand, the device using Icc = 2.0 µA in

the CDF plot does not reproduce large resistances in two subsequent cycles. This is

supported by the statistical vacancy distributions in Fig. 3.45b, where no distinct gap

deep inside the oxide layer is observed.

Figure 3.44: LRS resistances in sequential order for small current compliance.

Interestingly, the deviation arising from the persistent gap is approximately constant.

From the data highlighted in the green circle in Fig. 3.39b, the deviation is estimated to

be 1.5MΩ. And, the deviation in the blue circle is estimated to be 1.7MΩ. A constant

deviation seems to be a good indicator of a failed device.
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3 Three-dimensional device simulation

Figure 3.45: Statistical vacancy distributions of the last simulation steps of SET and
RESET processes out of the last thirty cycles for (a) Icc = 1.5 µA and (b)
Icc = 2 µA.

3.7.4 Multiple conductive paths

It is seen that an adoption of Icc ≥ 4 µA leads to a distinct reduction in normalized

deviation in Fig. 3.39b. By comparing Fig. 3.41b with Fig. 3.46b, it seems that the

leveling-off in the normalized deviation exists when one GB contributes most current.

As more than one GB becomes conductive, the normalized deviation decreases.

However, it is noted that the use of Icc = 3 µA, where two GBs are conductive as shown

in Fig. 3.46a, also leads to the normalized deviation in a bending level. It is suspected

whether the vacancy number within GB2 is limited, making this CF analogous to the one

seen for Icc = 1.5 µA. In Fig. 3.47a, it is clearly seen that the vacancy number within

the GB2 is less than that within the GB1. However, the number of approximately

thirty is comparable to that within GB1 for Icc = 2 µA (see Fig. 3.41b). Therefore,

the scenario for Icc = 1.5 µA does not apply to GB2 for Icc = 3 µA in spite of fewer

vacancies within GB2. A normalized deviation for Icc = 3 µA in the bending level is

interpreted as the outcome of one well-developed and one under-developed CFs. As a

comparison, Fig. 3.47b shows the vacancy numbers for Icc = 4 µA, where a comparable

vacancy number in two GBs is seen. Consequently, the normalized deviation is reduced.

A similar finding is found in Fig. 3.47c for Icc = 8 µA where three CFs are comparable.
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3.7 Cycle-to-cycle variability for a larger current compliance

Figure 3.46: Current through each GB area for (a) Icc = 3 µA and (b) Icc = 8 µA. The
current through the third GB area is less than 10% of the other two GB
and thus is not shown in (a).

Figure 3.47: Vacancy numbers within each GB for (a) Icc = 3 µA, (b) Icc = 4 µA and (c)
Icc = 8 µA.

The observation of a reduced normalized deviation can be understood by the single

CF picture at Icc = 2 µA together with the error propagation analysis. Denote Ri,j as

the resistance of the ith CF at the jth cycle, and ⟨Ri⟩ as the average over cycles. Model

103
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the effective resistance R by parallel connections of n CFs. With the error propagation

and the assumption of non-correlated CFs, the average and the variance of an effective

resistance take the form

⟨R⟩ =
(

n∑
i=1

1

⟨Ri⟩

)−1

σ2
R =

n∑
i=1

(
∂R

∂Ri

)2

σ2
i

, (3.20)

where the partial derivative terms are evaluated at the average resistance of each CF.

With the parallel connection formulation, a partial derivative term yields

∂R

∂Ri

=
∂

∂Ri

(
n∑

j=1

R−1
j

)−1

=

(
n∑

j=1

R−1
j

)−2

⟨Ri⟩−2 =

( ⟨R⟩
⟨Ri⟩

)2

. (3.21)

Herein, median values replace the roles of average values to represent the LRS resistances

out of one hundred cycles. By applying the assumption that one CF develops after

another when Icc > 2 µA, σi = σ0 and µRi
= R0 are assumed for fully developed ones.

Under this condition, Eq. 3.20 are parameterized based on n in the form

µR = R0 · n−1

σR = σ0 · n−3/2.
(3.22)

Therefore, the normalized deviation is proportional to the n−1/2, or equivalently, µ
1/2
R

as seen in experimental data. In the above argument, each CF is assumed to have

sufficient vacancies. The situation of at least one CF having fewer vacancies is not

discussed. However, a lower LRS resistance is attributed to more CFs, and thus the

impact of one CF deviating from a fully developed one decreases in the presence of more

CFs. The deviation leaves the power law in the large current compliance regime intact.

However, this might change the normalized deviation for small current compliance where

fewer CFs are available. The related discussion is reserved for Sec. 3.8.1.

The proposed analysis is different from previous works, where the normalized deviation

is estimated by the shape variation [107] or by the vacancy number variation [106] of a

single CF. The modeling of parallel connections provides another interpretation for the

reduced variability in a large current compliance regime. It is reported from Ta2O5-based

VCM devices, that uniformly spread-out CFs instead of a significantly localized CF can
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3.7 Cycle-to-cycle variability for a larger current compliance

lead to the resistive switching [155]. Multiple CFs are found in other filamentary type

devices [205–207]. Recently, multiple filaments have been observed in HfO2-based VCM

devices with micrometer-level cross-sections using a novel photon emission microscopy

technique [208, 209]. However, the spatial resolution of this technique is limited to above

300 x 300 nm, leaving it unclear whether devices with nanometer-scale cross-sections

follow the same conclusion.

It is noted that the parallel connection should be based on CFs being non-interacting.

Specifically, an electron flows through a single CF instead of hopping between different

ones. As illustrated in Fig. 3.38, the separation between each pair of CFs is approxi-

mately 3 nm. This distance is expected to be sufficiently large to stop electron transport

between two CFs. To justify this, the electron transport via the MA hopping mechanism

of Icc = 8 µA is plotted in Fig. 3.48. Specifically, the figure shows the hopping electron

current from one CF to another. All of the three pairs are compared with values normal-

ized by the total current. The hopping current is less than 0.2% of the current through

the device, suggesting electron hopping between CFs is negligible.

Figure 3.48: Electron hopping current between each pair of GBs normalized by the total
current during the ramp-up stage of a FORMING process. The right axis
shows the total current through the device.
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3.8 Impact of grain boundary properties

The growth condition of CFs significantly influences the C2C variability. In turn, the

pattern of one CF growing after another is related to the assumption of generation

barriers of fragile spots. The impact of generation barriers on the transition from a

leveling-off to a power-law regime is studied in Sec. 3.8.1.

On the other hand, the simulation reproduces a power law in 4 µA ≤ Icc < 8 µA.
Since the power-law regime is interpreted as the parallel connection of CFs, the limited

number of assumed GBs is the reason for the cessation of the power-law relationship.

With the adoption of Icc ≥ 8 µA, simulations show an increase in either the normalized

deviation or the median value, leading to discrepancies in experimental findings. This

is analogous to the failure scheme earlier shown in Sec. 3.5.3 where the assumed GBs

can not reproduce a sufficient number of CFs. Intuitively, the assumption of more GBs

enlarges the current compliance window for the power law being held. Meanwhile, it

does not change the result of a small Icc given that one CF develops after another.

However, both the generation of vacancies and the migration are important for forming

CFs during a FORMING process. Consider a scenario in which a vacancy is generated

but immediately stuck at the original site during the whole FORMING process, there

would be no CF. The details are reserved for Sec. 3.8.2. In Sec. 3.8.3, an assumption is

proposed to address the problem. Together with findings in Sec. 3.8.1, simulation results

show the power law in a larger window with an intact bending regime. In the following

discussion, a CF with an index refers to the CF within the GB with the same index.

3.8.1 Extended leveling-off window

According to simulation results, the existence of a fully-developed CF and an under-

developed CF seems to yield its normalized deviation in the bending regime. In this

section, the smaller variation in the generation barriers of 0.01 eV is adopted. Accord-

ing to the Arrhenius equation, this value yields a factor of approximately 1.5 at room

temperature.

Fig. 3.49a shows the vacancy number for Icc = 4 µA, where the number within the

GB2 is less than that of the GB1. The development of CFs of this R1 device is different

from the one with the same Icc shown in Fig. 3.47b. Instead, this is analogous to

that of Icc = 3 µA in Fig. 3.47a. The roles of vacancies within the GB2 and GB3 are
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justified by the contribution to current, as shown in Fig. 3.50a. It is seen that the GB2

but not both GBs is sufficient to contribute to the current. In return, this yields the

(µR, σR/µR) = (0.58MΩ, 0.8), corresponding to a value in the bending value shown in

Fig. 3.52b.

Figure 3.49: Vacancy numbers within each GB for Icc = 4 µA during a FORMING pro-
cess. Solid lines and dashed-dotted lines refer to the ramp-up and the
ramp-down stages, respectively. The normalized deviation of (a) is higher
than that of (b).

As a comparison, the vacancy number of the other realization denoted as the R2 device

is shown in Fig. 3.49b. Two comparable CFs emerges, which is qualitatively similar to

that of Fig. 3.47b. The minor reduction in the vacancy number is compensated by the

growth of CF3. Consequently, this leads to a reduced normalized deviation value, where

the corresponding median resistance and the normalized deviation are 0.5MΩ and 0.6,

respectively. The current through each GB as identification of being a CF is plotted

in Fig. 3.50b. The role of CFs during switching cycles is justified in Fig. 3.51, where

statistical vacancy distributions out of one hundred SET processes are plotted. The

CFs within the GB3 of both devices are not stable since the regions indicated by the

purple arrows are not always closed. Moreover, a detailed comparison implies that the

CF3 of R1 device is less stable than that of R2 device. From a statistical perspective,

more current flowing through the CF3 of R2 device compared to that of R1 device.
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Equivalently, less current flowing through the other two CFs of R2 device. Therefore,

maximum temperatures around CF1 and CF2 of R2 device are expected to be lower

compared to those of R1 device. Consequently, vacancy migration is expected to be less

frequent, leading to less C2C variability as observed.

Figure 3.50: Current through each GB region for Icc = 4 µA during the ramp-up stage
of the FORMING process. The normalized deviation of (a) is higher than
that of (b).

Figure 3.51: Statistical vacancy distributions out of one hundred SET processes for (a)
R1 and (b) R2 devices.
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Fig. 3.52b shows the normalized deviation against the median value of LRS resistances.

The data highlighted by the blue and green circles are analogous to those in Fig. 3.39b.

As discussed in Sec. 3.7.3, such data should not be accounted for. Moreover, simulations

imply that the application of Icc = 1.5 µA is not stable after multiple switching cycles.

A persistent gap emerges in fifteen realizations while only one exception is found to

possess a very close statistical behavior as the use of Icc = 2.0 µA. Therefore, the data

of Icc = 1.5 µA is not shown here. On the other hand, the leveling-off regime in the

interval of µR > 0.4MΩ is seen. Compared to the previous result, it starts from a lower

value of median value. It is noted there is a group of data highlighted by the red circle

that shows reduced normalized resistances. The reason is analogous to fragile spots with

larger differentiation in the generation barriers, where three CFs emerge. Therefore, the

assumption of a reduced variation in generation barriers extends the leveling-off regime

while the transition to the power-law regime becomes abrupt.

Figure 3.52: C2C statistics for multiple realizations. (a) Median LRS resistance against
current compliance. (b) Normalized deviation against median resistance.

3.8.2 Failure in forming conductive filaments

During FORMING processes, a vacancy is generated at the BE interface and then mi-

grates upwards. This is due to the migration being more probable than the generation.

One critical factor for such a condition is a lower migration energy barrier compared to

the generation energy barrier. This is expected for an VO in the positive charge state in

109



3 Three-dimensional device simulation

most cases. However, the electric field plays a different role in Arrhenius equations that

the migration and the generation processes follow. Specifically, the bond polarization

term (see Eq. (2.23)) enhances the impact of an electric field in the generation process.

This can lead to a generation process preferred over a migration process, even if an VO

is in the positive charge state. Consequently, once a vacancy exits the BE interface, a

new VO is generated. These two vacancies undergo a transition to the neutral charge

state, making both less mobile and stuck at the bottom region. This is captured in

Fig. 3.53a and 3.53b, where three short vacancy chains with merely two vacancies for

each chain are see at the BE interface. These short chains are located within GB3, GB4,

and GB5, corresponding to the spots with the three highest generation barriers of the

device. Since the fragile spots are stuck, no more vacancies can be created, and thus the

formation of CF at these GBs is suppressed. The assumed GBs are sketched in Fig. 3.54

and the generation barriers of the fragile spot within GB4 and GB5 are 0.14 eV and

0.16 eV higher than that of the lowest fragile spot, respectively.

Figure 3.53: Vacancy and temperature distributions on (a) the y = 1.5 nm plane, (b)
the z = 2.5 nm plane at Vapp = VFORMING and (c) the y = 1.5 nm plane at
Vapp = 2.1V.

In contrast, the GB possessing the lowest generation barrier fragile spot is expected

to develop a long CF. Hence, a sufficiently high temperature to activate the immobile

vacancies is expected. Fig. 3.53c shows a short rupture of a vacancy chain at Vapp=2.1V

of the early FORMING while the upward migration occurs in less than 1ms.
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Figure 3.54: Anisotropic modulations at x = 2.3 nm for visualizing GBs.

It is noteworthy that the choice of the generation energy barrier, the migration energy

barrier, and the dipole term together compose the scenario. In this work, the choice

of parameters leads to an abrupt current increase at Vapp ≈ 2.0V, which is in good

agreement with HfO2-based VCM cells in the same thickness in measurements.

3.8.3 Interacting conductive filaments

Even the newly assumed GB possesses a higher generation barrier, the temperature

around its fragile spot is raised due to the established CF as earlier shown in Fig. 3.53c.

Depending on the raised temperature, CFs might grow within the newly assumed GB.

To verify this idea, three GBs are assigned to the existing GBs by a short distance of

0.5 nm as sketched in Fig. 3.55d. The anisotropic modulations are assumed to be weaker

since generation barriers of the newly assumed GBs are much lower than that of the first

three GBs. Values are visualized in Fig. 3.55. The generation barriers of GB4, GB5 and

GB6 are 0.14 eV, 0.16 eV and 0.18 eV higher than the lowest value, respectively.

Fig. 3.56 shows the statistical vacancy distributions within six GBs for Icc = 10 µA.
Although there is no long CF grown in the newly assumed GBs, vacancies are seen to

attach to the BE interface. A distinct offset in the data before and after Icc = 9 µA is

seen in Fig. 3.57a. Moreover, the reduction in normalized deviation extends to a wider

Icc window shown in Fig. 3.57b. An exponent of approximately 1 is found for the power-

law regime. This tendency is comparable with measurements, where exponents in the
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Figure 3.55: Anisotropic modulations of the newly assumed GBs for migrations in (a)
±x-directions, (b) the positive y-direction, and (c) the negative y-direction.
(d) The anisotropic modulations at x = 2.3 nm for visualizing GBs in the
oxide layer.

range of 0.5 to 1 have been reported. As a transition to the interacting CFs picture, two

CFs being close to each other can be regarded as a single effective resistor. Note that the

effective CF is composed of two components differentiating in vacancy mobilities. The

CFs consisting of slow vacancies ensures that the bottom gap is enclosed when a SET

process is done, as shown in Fig. 3.56. Therefore, the emergence of vacancies within

GB4, GB5, and GB6 which couples to the long CFs is attributed to the transition in

C2C variability. Notably, Fig. 3.57a successfully reproduces a transition in Vtrans from

1.0V to 0.5V at around Icc = 8 µA, which is in a good agreement with measurements

(see Fig. 2.7b).

On the other hand, the inclusion of new GBs has a minor impact on results of smaller

current compliance, saying Icc ≤ 4 µA. Interestingly, this is still due to the higher

generation barrier. For example, the formation of CF2 is earlier than CF4. With CF2

completely grown, the current reaches its current compliance level, leading to a decrease

in Vcell. Therefore, the growth of subsequent CFs is not expected. This ensures that the

bending tendency is intact in the interacting CF picture.
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Figure 3.56: Statistical vacancy distributions out of one hundred SET processes for Icc =
10 µA.

Figure 3.57: C2C statistics for multiple realizations. (a) Median LRS resistance versus
current compliance. The black and red dashed-lines show Vtrans = 1.0V
and 0.5V for µR = Vtrans/Icc, respectively. (b) Normalized deviation versus
median resistance.
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While existing knowledge of variability in a large current compliance regime has been

built, a theoretical interpretation of the bending tendency in a small regime remains elu-

sive. However, the application of small current compliance is crucial for the development

of next-generation devices, particularly from a power consumption perspective.

To investigate variability, a device under the stress of a slow-varying applied voltage

is simulated. 3D simulations start from a FORMING process instead of an assumed

vacancy distribution. To this end, the spatio-temporal evolution of vacancies is discussed

in a more general sense since an initial vacancy distribution convenient for the proposed

interpretation is not employed. In addition, local structures are considered to introduce

anisotropy in the migration path. The impact on assumptions of GBs consisting of 1D

channels is investigated. Successful and unsuccessful SET operations are found to depend

on the width of assumed GB. For repetitive resistive switching operations within one

hundred cycles at Icc = 2 µA, the vacancy evolution involved in increasing and decreasing

the LRS resistances is discussed in detail.

Furthermore, extra factors involved in electron transport are proposed and employed

for the subsequent analysis. The discussion extends to current compliance within the

wider regime, i. e., 1.5 µA ≤ Icc ≤ 8 µA. The data of Icc = 1.5 µA seemingly shows a

large C2C variability but it is identified to be deceptive data due to the device being

stuck in an intermediate resistance state after tens of switching cycles. This is consistent

with the fact that repetitive resistive switching is rarely observed for HfO2-based VCM

devices below the current compliance of 2 µA. For the use of larger current compliance,

simulations successfully reproduce the power-law relationship and the leveling-off in the

normalized deviation of LRS resistances. A new interpretation based on the parallel

connection of CFs for the large current compliance regime is proposed. Lastly, both the

bending and the power law are shown to depend on the assumed GBs.

C2C variability is discussed based on limited changes to the assumed GBs in this work.

These are starting points for investigating D2D variability. A more general problem is
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seeking an appropriate distribution for the assumed GBs. However, the assumption of

GBs enables one to adopt DFT calculations for constructing a model to explore the

dynamical process. It is noted that the HfO2 layer may exhibit an amorphous crystal

structure, and equilibrium conditions can be disrupted under the stress of a large voltage

or elevated temperature. The entropy effects at a finite temperature is mainly unknown.

These conditions are typically not captured by DFT calculations. The presented results

are therefore obtained under specific assumptions. In this regard, the vacancy migration

inside such local structures is a complicated process and a better understanding is critical

for resolving the evolution of point defects. While a KMC model is a valuable tool for

studying resistive switching, it is important to recognize its limitations. Other models

may be more suitable for specific research questions.
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5 Appendix

5.1 Cumulative distribution function of a normalized

distribution

In literature, the notation φ(x) is used for either the normal distribution or standard

normal distribution. And, the same situation occurs for the corresponding CDF Φ(z).

In this section, φ(x̃) and Φ(z̃) refer to unnormalized forms while φ(x) and Φ(z) refer to

normalized forms. Mathematically speaking, the standard normal distribution is one of

analytic probability density functions (PDFs) given by

φ(x) =
1√
2π

exp

(−x2
2

)
. (5.1)

However, the closed form of the corresponding CDF does not exist, and thus the probit

function can not be expressed by elementary functions. In light of the wide usage of

normal distributions, the corresponding CDF can be formulated by the error function

erf(z) =
2√
π

∫ z

0

exp
(
−x2

)
dx. (5.2)

With Gaussian integral
∫∞
−∞ exp(−x2)dx =

√
π and the upper incomplete gamma func-

tion

Γ(s, x) =

∫ ∞

x

ts−1 exp(−t) dt, (5.3)

the error function in a variant form can be expressed by the upper incomplete gamma

function

erf(z) = 1− 1√
π
Γ

(
1

2
, z2
)
. (5.4)
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By applying the above expression to the standard normal distribution, the following

form

Φ(z) =

∫ z

−∞
φ(x) dx =


1
2

[
1 + erf

(
z√
2

)]
z ≥ 0

1
2

[
1− erf

(
−z√
2

)]
z < 0

, (5.5)

is often seen in the literature. The numerical values of the Φ(z) and corresponding probit

function can be looked up and important values are labeled in Fig.5.1.

(a) (b)

Figure 5.1: The conversion between the probit function and Φ(z).
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5.2 Simulation parameters

5.2 Simulation parameters

Symbol Value Symbol Value

EG,0 5.7 eV ν0 70THz

ER 1.1 eV νe 70THz

E0
D,iso 1.1 eV b 8.7 eÅ

E+2
D,iso 0.7 eV a 2.5 Å

E+2
empty −1.83 eV ε 29 ε0

E+2
filled −1.97 eV m∗ 0.1m0

E0
filled −2.11 eV R0 100THz

µ −1.9 eV kth,0 0.5WK−1m−1

|β| 0.5Vs−1 k1 8 · 10−28Wm2K−1

VFORMING 2.5V k2 0Wm5K−1

VSET 1.5V VRESET −1.5V

Table 5.1: The parameters adopted in Sec. 3.5. Note that the energy levels are referred
to the CBM.

Symbol Value Symbol Value

EG,0 3.8 eV k1 6 · 10−28Wm2K−1

ER 2.1 eV k2 1.1 · 10−55Wm5K−1

b 3.9 eÅ

Table 5.2: The parameters adopted in Sec. 3.7 and Sec. 3.8.
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