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Diese Dissertation ist auf den Internetseiten der Universitätsbibliothek online
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Limei Jin, Franz Bereck, Rüdiger-A. Eichel, Josef Granwehr, and Christoph

Scheurer



iv Eidesstattliche Erklärung

Submitted to the journal and under review

III. Online battery state analysis using stochastic pulse excitation
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Abstract

The surge in electric vehicle adoption necessitates the development of high-performance

and reliable battery systems. To optimize battery performance and ensure their safe

and efficient operation, the Battery Management System (BMS) plays a crucial role.

While BMS is commonly utilized at the pack level to oversee the overall health and

performance of a battery pack, the recognition of each individual cell with unique op-

erational characteristics within the pack needs more granular and precise management

and monitoring at the cell level. Therefore, battery digital twin, which is a real-time,

multi-scale virtual representation of the physical battery cell, comes into view. We

aim to develop a simplest possible equivalent circuit model-based digital twin. It is

designed to accurately reflect the behavior of the actual battery cell under various

load conditions. The virtual battery model serves to simulate these conditions and to

obtain a wealth of simulated data accordingly. These large amount of data can then

be employed by machine learning algorithms to predict the battery’s state, providing

optimization feedback to enhance the real battery’s operation.

Equivalent Circuit Modeling (ECM) of Electrochemical Impedance Spectroscopy

(EIS) data is a common technique to describe the current state of batteries and can

be used as a virtual battery. To characterize ECM parameters in a data supported

way, the Gaussian Process Regression (GPR) based Distribution of Relaxation Times

(DRT) technique, which simplify EIS data by deconvolution with a suitable kernel, is

used to provide the number of distinguishable features based solely on an individual

EIS data set. Here a weighted DRT is employed, where weights are tailored based

on the frequency-dependent sensitivity of the data, and GPR is utilized to accurately

determine these weights. GPR is capable of estimating an suitable weighting matrix

from a single data set, potentially enabling automatized DRT inversion without user

intervention. The obtained DRT spectrum is then used for the selection of an equivalent

circuit model, its initial parametrization, and setting of constraints. Thereby, the ECM

parameters that are fitted to experimental EIS data for a single cycle, vary by the

State of Charge (SOC). Eventually, by means of the investigated battery it is discussed

that using a combination of DRT and ECM, a more physically relevant description of
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processes in an electrochemical system can be achieved.

Unlike SOC, developing a robust and continuous State of Health (SOH) estimation

using EIS to build battery digital twins poses a formidable challenge. To bridge the

gap between the experiment with data driven techniques that do not rely on fitting

of experimental data using a priori models, ECM parameters over a single cycle are

expanded in a high-dimensional Chebyshev space. It facilitates not only a mapping of

the SOC dependence with robust boundary conditions, but also an extension towards

a more abstract SOH description is possible. Due to the long impedance measurement

time, the Quasi Monte Carlo (QMC) method can be employed to generate differently

aged battery models with limited experimental impedance data. As data becomes

available, the space spanning the possible states of a battery can be gradually refined.

The developed framework, therefore, allows for the training of big data models starting

with very little experimental information and assuming random fluctuations of the

model parameters consistent with available data.

Battery data, whether obtained through direct measurement or simulation, is in-

herently complex and high-dimensional. Therefore, detecting anomalies or deciphering

the aging pathways from raw data poses significant challenges. To harness effective

battery state management, we propose to extract characteristic information from au-

toencoder latent spaces. First of all, we undertake a comparative analysis of the latent

spaces derived from frequency-based impedance data, and from time-based voltage and

current data. This comparison provides confidence in the applicability of methods tra-

ditionally used for EIS in laboratory environments to the analysis of raw time-series

data. Furthermore, in order to estimate realistic battery usage simulation results by in-

corporating random noise and variations into the data, which is essential for developing

robust battery management systems, we compare the latent space trained from ideal

sinusoidal data and that from permuted noisy data. The extracted battery features in

the latent space were analyzed using Support Vector Machine (SVM) classifiers with

both linear and non-linear kernels to segment batteries into three distinct age groups:

fresh, aged and damaged cells. The consistent and observable robust aging motion,

as depicted by the distribution of classes in the latent space, remains unaffected by

the choice of using time-based or frequency-based data, as well as whether the data

is ideal or noisy. It underscores the potential and reliability for the development of

pseudo-random complex pulse current excitation that can be used for estimating the

battery’s state, which can then potentially be utilized to inform the development of

optimized cell-based load profiles in the future.

While EIS offers valuable insights into a battery’s state, real-world battery opera-

tion during driving scenarios involves dynamic state changes, where current and voltage



Abstract vii

signals are far from ideally sinusoidal. To bridge the gap between EIS and real-world

driving cycle analysis, we introduce the concept of a stochastic pulse design compatible

with the load profile. This approach starts with frequency-based impedance data as a

reference and transitions into stochastic pulse signals that act as a weak perturbation

in the time domain, thereby providing optimal contrast regrading the battery’s state.

The systematic generation of stochastic pulse signals is inspired by fractal curves and is

limited by constraints of experimental devices. These signals are designed to mimic the

variability and unpredictability of real-world battery usage more closely. The current

pulse signals are then simulated through the battery models at different SOC/SOH

combinations, yielding the corresponding voltage responses. The analysis of this pair-

wise current/voltage data is also conducted in the latent space of an Autoencoder,

which comprises essential features extracted from the input data. Here, traditional

EIS data is computed as a reference standard to compare the effects of different pulse

sequences against a well-established benchmark in battery analysis. For a visual and

quantitative comparison between two latent spaces, Quantile-Quantile (Q-Q) plots are

employed to estimate performance among different pulse sequences when replicating

the distribution of the EIS-derived latent space. Additionally, their performance can

also be visual by latent space segmentation. By correlating the segmentation of latent

space with battery aging indicators, we validate the representativeness of our identified

best and worst performed pulse signals against conventional EIS data. Furthermore,

at certain stages of a battery’s aging process, altering the pulse sequence can lead to

enhanced performance in terms of age group separation. This insight underscores the

potential for adaptive strategies in battery management, where pulse sequences can be

dynamically adjusted based on the battery’s stage of aging to optimize performance

and possibly extend its lifespan.
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Zusammenfassung

Der Anstieg bei der Adoption von Elektrofahrzeugen macht die Entwicklung leis-

tungsfähiger und zuverlässiger Batteriesysteme notwendig. Um die Leistung der Bat-

terie zu optimieren und ihren sicheren und effizienten Betrieb zu gewährleisten, spielt

das Batteriemanagementsystem (BMS) eine entscheidende Rolle. Während das BMS

üblicherweise auf der Ebene des Batteriepakets eingesetzt wird, um den Gesamtzus-

tand und die Leistung eines Batteriepakets zu überwachen, erfordert die Erkennung

jeder einzelnen Zelle mit einzigartigen Betriebseigenschaften innerhalb des Pakets eine

detailliertere und präzisere Verwaltung und Überwachung auf Zellebene. Daher kommt

der digitale Zwilling der Batterie ins Spiel, eine Echtzeit-, mehrskalige virtuelle Darstel-

lung der physischen Batteriezelle. Unser Ziel ist es, einen möglichst einfachen digitalen

Zwilling auf der Grundlage eines Ersatzschaltbildes zu entwickeln. Es ist darauf aus-

gelegt, das Verhalten der tatsächlichen Batteriezelle unter verschiedenen Lastbedingun-

gen genau zu reflektieren. Das virtuelle Batteriemodell dient dazu, diese Bedingungen

zu simulieren und entsprechend eine Fülle von Simulationsdaten zu gewinnen. Diese

großen Datenmengen können dann von Algorithmen des maschinellen Lernens verwen-

det werden, um den Zustand der Batterie vorherzusagen und Optimierungsrückmel-

dungen zu geben, um den Betrieb der realen Batterie zu verbessern.

Die Ersatzschaltkreismodellierung (ECM) von Daten der elektrochemischen

Impedanzspektroskopie (EIS) ist eine gängige Technik zur Beschreibung des ak-

tuellen Zustands von Batterien und kann als virtuelle Batterie verwendet werden.

Um ECM-Parameter auf eine datengestützte Weise zu charakterisieren, wird die auf

der Gaußschen Prozessregression (GPR) basierende Verteilung der Relaxationszeiten

(DRT) verwendet, welche EIS-Daten durch Deconvolution mit einem geeigneten Kernel

vereinfacht und die Anzahl der unterscheidbaren Merkmale basierend allein auf einem

individuellen EIS-Datensatz bereitstellt. Hier wird eine gewichtete DRT eingesetzt,

bei der die Gewichte auf der Grundlage der frequenzabhängigen Empfindlichkeit der

Daten zugeschnitten sind, und GPR wird zur genauen Bestimmung dieser Gewichte

verwendet. GPR ist in der Lage, eine geeignete Gewichtungsmatrix aus einem einzigen

Datensatz zu schätzen und ermöglicht potenziell eine automatisierte DRT-Inversion
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ohne Benutzereingriff. Das erhaltene DRT-Spektrum wird dann für die Auswahl eines

Ersatzschaltkreismodells, dessen initiale Parametrisierung und das Setzen von Ein-

schränkungen verwendet. Dadurch variieren die an experimentelle EIS-Daten für einen

einzigen Zyklus angepassten ECM-Parameter je nach Ladezustand (SOC). Anhand der

untersuchten Batterie wird schließlich erörtert, dass mit einer Kombination aus DRT

und ECM eine physikalisch relevantere Beschreibung der Prozesse in einem elektro-

chemischen System erreicht werden kann.

Im Gegensatz zum SOC stellt die Entwicklung einer robusten und kontinuierlichen

Schätzung des Gesundheitszustands (SOH) der Batterie unter Verwendung von EIS

zur Erstellung digitaler Batteriezwillingsmodelle eine erhebliche Herausforderung dar.

Um die Lücke zwischen dem Experiment und datengesteuerten Techniken zu schließen,

die sich nicht auf die Anpassung experimenteller Daten unter Verwendung von a priori

Modellen stützen, werden die ECM-Parameter über einen einzelnen Zyklus in einem

hochdimensionalen Chebyscheff-Raum erweitert. Dies erleichtert nicht nur eine Ab-

bildung der SOC-Abhängigkeit mit robusten Randbedingungen, sondern ermöglicht

auch eine Erweiterung hin zu einer abstrakteren SOH-Beschreibung. Aufgrund der

langen Impedanzmesszeit kann die quasi Monte Carlo (QMC) Methode eingesetzt

werden, um unterschiedlich gealterte Batteriemodelle mit begrenzten experimentellen

Impedanzdaten zu generieren. Sobald Daten verfügbar sind, kann der Raum, der die

möglichen Zustände einer Batterie umspannt, schrittweise verfeinert werden. Das en-

twickelte Framework ermöglicht daher das Training von Big-Data-Modellen, beginnend

mit sehr wenigen experimentellen Informationen und unter der Annahme von zufälligen

Schwankungen der Modellparameter, die mit den verfügbaren Daten übereinstimmen.

Batteriedaten, ob durch direkte Messung oder Simulation gewonnen, sind von Natur

aus komplex und hochdimensional. Daher stellt die Erkennung von Anomalien oder die

Entschlüsselung der Alterungspfade aus Rohdaten eine große Herausforderung dar. Um

ein effektives Batteriezustandsmanagement zu ermöglichen, schlagen wir vor, charak-

teristische Informationen aus den Latent Space von Autoencodern zu extrahieren.

Zunächst führen wir eine vergleichende Analyse der aus frequenzbasierten Impedanz-

daten und aus zeitbasierten Spannungs- und Stromdaten abgeleiteten Latent Spaces

durch. Dieser Vergleich stärkt das Vertrauen in die Anwendbarkeit von Methoden, die

traditionell für EIS in Laborumgebungen verwendet werden, auf die Analyse von ro-

hen Zeitreihendaten. Um realistische Simulationsergebnisse für die Batterienutzung zu

ermitteln, indem wir zufälliges Rauschen und Schwankungen in die Daten einbeziehen,

was für die Entwicklung robuster Batteriemanagementsysteme unerlässlich ist, vergle-

ichen wir den Latent Spaces, der anhand idealer sinusförmiger Daten trainiert wurde,

mit dem aus permutierten verrauschten Daten. Die extrahierten Batteriemerkmale
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im Latent Space wurden mit Support-Vektor-Maschinen (SVM)-Klassifikatoren mit

sowohl linearen als auch nicht-linearen Kernels analysiert, um Batterien in drei un-

terschiedliche Altersgruppen zu segmentieren: frische, gealterte und beschädigte Zellen.

Die konsistente und beobachtbare robuste Alterungsbewegung, wie durch die Verteilung

der Klassen im Latent Space dargestellt, bleibt unbeeinflusst von der Wahl der Nutzung

zeitbasierter oder frequenzbasierter Daten, sowie davon, ob die Daten ideal oder ver-

rauscht sind. Dies unterstreicht das Potenzial und die Zuverlässigkeit für die Entwick-

lung von pseudo-zufälligen komplexen Pulsstromanregungen, die zur Schätzung des

Batteriezustands verwendet werden können, welcher dann potenziell zur Information

der Entwicklung von optimierten zellbasierten Lastprofilen in der Zukunft genutzt wer-

den könnte.

Während EIS wertvolle Einblicke in den Zustand einer Batterie bietet, beinhaltet

der reale Batteriebetrieb in Fahrszenarien dynamische Zustandsänderungen, bei de-

nen Strom- und Spannungssignale bei weitem nicht ideal sinusförmig sind. Um die

Lücke zwischen EIS und realer Fahrzyklusanalyse zu schließen, führen wir das Konzept

eines stochastischen Pulsdesigns ein, das mit dem Lastprofil kompatibel ist. Dieser

Ansatz beginnt mit frequenzbasierten Impedanzdaten als Referenz und geht über zu

stochastischen Pulssignalen, die als schwache Störung im Zeitbereich wirken und somit

optimalen Kontrast bezüglich des Batteriezustands bieten. Die systematische Erzeu-

gung von stochastischen Pulssignalen ist von fraktalen Kurven inspiriert und wird durch

die Beschränkungen der experimentellen Geräte limitiert. Diese Signale sind so konzip-

iert, dass sie die Variabilität und Unvorhersehbarkeit des realen Batteriegebrauchs

enger nachahmen. Die aktuellen Pulssignale werden dann durch die Batteriemod-

elle bei verschiedenen SOC/SOH-Kombinationen simuliert, was die entsprechenden

Spannungsantworten liefert. Die Analyse dieser paarweisen Strom-/Spannungsdaten

wird auch im Latent Space eines Autoencoders durchgeführt, der wesentliche aus den

Eingabedaten extrahierte Merkmale umfasst. Hier wird traditionelle EIS-Daten als

Referenzstandard berechnet, um die Effekte verschiedener Pulssequenzen gegenüber

einem gut etablierten Benchmark in der Batterieanalyse zu vergleichen. Für einen

visuellen und quantitativen Vergleich zwischen zwei Latent Spaces werden Quantile-

Quantile (Q-Q) Diagramme verwendet, um die Leistung unter verschiedenen Pulsse-

quenzen bei der Replikation der Verteilung des aus EIS abgeleiteten Latent Space

zu schätzen. Zusätzlich kann ihre Leistung auch durch die Segmentierung des La-

tent Spaces visualisiert werden. Indem wir die Segmentierung des Latent Spaces mit

Batteriealterungsindikatoren korrelieren, validieren wir die Repräsentativität unserer

identifizierten besten und schlechtesten Pulssignale gegenüber konventionellen EIS-

Daten. Weiterhin kann in bestimmten Phasen des Alterungsprozesses einer Batterie
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die Änderung der Pulssequenz zu einer verbesserten Leistung hinsichtlich der Tren-

nung von Altersgruppen führen. Diese Erkenntnis unterstreicht das Potenzial für adap-

tive Strategien im Batteriemanagement, bei denen Pulssequenzen dynamisch angepasst

werden können, basierend auf dem Alterungsstadium der Batterie, um die Leistung zu

optimieren und möglicherweise ihre Lebensdauer zu verlängern.
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Chapter 1

Introduction

In recent years, the rapid market growth of electric vehicles as environmentally friendly

mobility solution has accentuated the importance of high-performance battery systems

[1]. These systems typically comprise complex battery packs composed of numerous

cells working in tandem [2]. To optimize battery longevity and ensure their safe and

efficient operation, the Battery Management System (BMS) is responsible for monitor-

ing and updating the state of the entire battery pack during operation. However, the

BMS primarily works on the overall battery pack, it faces challenges in recognizing and

addressing the unique operational characteristics of each individual cell within the pack

[3]. This limitation underscores the necessity for a more granular level of management

to ensure optimal performance across all cells. To bridge this gap, the introduction of

a Digital Twin (DT) enhanced with Machine Learning (ML) at the cell level is pro-

posed. This advanced approach involves creating a virtual model for each cell that

mirrors its real-world counterpart in every performance-critical aspect. Thereby, the

DT can receive real-time data from each cell, enabling the BMS to distinguish between

the unique characteristics and performance of each cell. This detailed level of insight

allows for precise monitoring and management, optimizing the health and efficiency of

each cell within the pack [4].

Since disassembling a battery or even bringing it to a well-defined thermodynamical

state while driving is not feasible, the Electrochemical Impedance Spectroscopy (EIS)

technique serves as a valuable tool, providing a high density of information on a cell’s

state within a comparatively short analysis time [5]. This information is crucial for

constructing a robust battery DT as a virtual representation of the physical asset [6].

By leveraging in operando impedance data, we establish equivalent circuit models that

act as virtual batteries, effectively mapping to the real battery [4].

To detect early signs of battery aging, optimize the actions of the real battery, and

provide timely feedback to the user (e.g. a car driver), our model must be predictive.
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To achieve this, we incorporate ML techniques in conjunction with a virtual battery

model that enables pre-training from simulation data, predict future outcomes and

give feedback to control units within the real battery. The extensive initial training

data for the neural network uses a comprehensive synthetic dataset, which is com-

piled from simulations based on theoretical models and a limited set of experimental

data for gauging. The simulation process involves the use of detailed equivalent cir-

cuit models that represent the intricate processes occurring within a battery, focusing

on parameters that allow for estimating State of Charge (SOC) and State of Health

(SOH) of a battery. SOC is a measure of the current charge level of the battery rel-

ative to its capacity, while SOH reflects the overall condition of the battery and its

capacity for storing energy compared to a new battery. For the limited experimental

data, we conduct carefully designed experiments that measure the battery’s response

under controlled conditions. These experiments are crucial for validating the accuracy

of our simulations and ensuring that the model reflects all relevant aspects of real

battery behavior. Furthermore, the synthetic data training approach facilitates the

identification of best-performing, cell adapted load profiles for lifetime improvement

through systematic stochastic pulse sequence optimization on the population of vir-

tual batteries, taking into account physical constraints derived from experiments. This

gray-box modeling strategy, which integrates physics-based equivalent circuit modeling

and data-driven surrogate modeling, enhances the model’s efficiency and predictability

through iterative refinement and calibration [7]. Importantly, it retains key physical

insights into the battery system, ensuring meaningful interpretation within the context

of the overall model. The vision of a battery digital twin with cell level granularity

that is established in this dissertation is shown in Figure 1.1.

In Chapter 2 the theoretical understanding of battery modeling techniques ad-

dressing directly the macro-scale electric behavior will be discussed. This includes not

only the experimental EIS-data based Equivalent Circuit Modeling (ECM) combined

with the Distribution of Relaxation Times (DRT) analysis, but also the computational

numerical modeling methods involving Chebyshev polynomials and Quasi-Monte Carlo

sampling. This comprehensive overview will cover two critical descriptors for the evo-

lution of the battery state on separate timescales: SOC and SOH. Additionally, the

real-time simulation framework for battery models used in this work, named ISEA

Framework, will be introduced. Furthermore, the chapter will present an exploration

of machine learning algorithms, specifically focusing on the autoencoder architecture

and Support Vector Machines (SVM). Alongside these machine learning approaches,

statistical methods for analysing their results in the latent space, such as Delaunay

triangulation and the Quantile-Quantile (Q-Q) plot, will be presented.
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Figure 1.1: The vision of machine learning integrated battery digital twins

In Chapter 3, a simplified ECM for robust digital twins and its parameter iden-

tification based on experimental EIS data at different SOCs will be discussed. To

parametrize the model to EIS data in a physically comprehensive way without over-

fitting or under-fitting, the initial assumption and boundaries of ECM fitting are de-

rived by using the DRT method, which transforms an EIS spectrum to the relaxation

time domain for extracting separable peak features, particularly for ZARC elements.

ZARC is an electrical element occuring in the battery ECM, consisting of a Constant

Phase Element (CPE) and an ohmic resistor connected in parallel to represent double-

layer capacitance and charge transfer at the electrode-electrolyte interface. The ECM

parameters identified in this process are dependent on SOC and are represented in the

form of look-up tables for ensuing simulations. However, for more effective lifetime

monitoring of the battery, these SOC-dependent parameters should be refined. The

goal is to transition from static look-up tables to dynamic functions that flexibly reflect

the changing relationship between ECM parameters and a battery’s state. SOC changes

occur on a relatively short time scale, fluctuating within a single charge-discharge cycle

based on immediate power demands and charging protocols. In contrast, SOH evolves

over a much longer time scale, reflecting the gradual degradation and loss of capac-

ity of the battery due to repeated charging cycles, aging, and operational conditions.

A predictive model aiming to optimize battery performance and longevity, therefore,

is required to operate effectively across these disparate time scales. It needs to pro-

vide real-time insights for managing SOC to meet immediate energy needs, while also
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predicting long-term SOH trends to inform maintenance, replacement schedules, and

overall battery management strategies. By dynamically adjusting ECM parameters as

a function of SOC, and incorporating a nuanced understanding of SOH progression,

the model can offer a comprehensive and accurate tool for battery state monitoring

and decision-making.

Chapter 4 aims to employ Chebyshev polynomial approximation to parameterized

ECM mapped to experimental cells over a single charging/discharging cycle. Addi-

tionally, the chapter delves into the use of Quasi-Monte Carlo sampling techniques to

generate large numbers of Chebyshev coefficient vectors to build a space for expressing

a battery’s health within. This statistical method is employed to systematically inves-

tigate and distinguish between three categorically different stages of battery cell aging.

These stages are represented as distinct clusters or groups in the data. Each group cor-

responds to a specific phase in the battery lifespan, ranging from its fresh state when

newly manufactured, through its operational phase where performance might gradually

degrade, to its end-of-life stage when the battery’s capacity and efficiency significantly

diminish. The central point in each cloud uses experimental data in its corresponding

aging stage as an achoring point. The term clouds is metaphorically used to describe

these clusters of data points that represent regions in the simulation space with cells

at similar aging stages, providing a visual representation of the spread and overlap of

aging characteristics within the dataset. The use of this high-dimensional “Chebyshev

space” ensures an optimal robustness and a minimization of divergence in regions of

conceivable states of a battery that are not sufficiently sampled experimentally.

In Chapter 5, an advanced analysis of battery behavior by leveraging computa-

tional simulations and machine learning techniques is introduced to extend the bound-

aries of traditional EIS analysis. The synthetic input data for the training comes

from simulations of battery models that are sampled following the procedures laid out

in the previous chapter. The machine learning technique discussed in this chapter

involves the use of autoencoders, which are an architecture specifically designed for

feature extraction and dimensionality reduction. By alternatively feeding time-based

or frequency-based battery data into autoencoders, we can compare their topologies

and aging pathways in a lower-dimensional latent space. The similarity of the two

resulting latent spaces allows us to abandon traditional impedance measurements and

gradually employ raw time series data for further analysis. The time-based battery

data is from simulations and is ideally noiseless. Therefore, the chapter addresses

the challenge of data scarcity and the robustness of the model by introducing noisy,

permuted, and partial signals into the training process. The noisy permuted signals

are employed to test model’s ability to generalize and explore how little data is re-
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quired to still achieve meaningful insights, when obtaining extensive datasets might be

challenging or resource-prohibitive.

Chapter 6 describes the systematic generation of stochastic pulse sequences that

allows not only for the optimization of excitation schemes specifically designed for

battery characterization, but also for stochastic spectroscopic experiments that comply

to real-world scenarios during charging or discharging processes where full control of

the battery for the measurement process is typically not achievable. The evaluation of

how different pulse profiles influence battery diagnostics is conducted in a latent space,

using EIS data as a reference. For an effective comparison of two latent spaces, the

probability distribution of points within them is analysed by comparing their quantile

locations. Furthermore, the segmented latent space resulting from pulse signals, aligned

with the division strategy applied to the latent space derived from EIS data, is also

visualized. The identified optimal pulse sequence by evaluating how well it aligns with

the reference impedance data in terms of distribution and aging-related segmentation

within the latent space, could be used for battery lifetime optimization.

In the final Chapter 7, the essential contributions of this dissertation are sum-

marized and an outlook is presented to emphasize future research and application

perspectives.
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Chapter 2

Theory and Background

2.1 Electrochemical Impedance Spectroscopy

Electrochemical impedance spectroscopy is used to characterize the electrical behav-

ior of electrochemical systems, such as batteries. EIS involves measuring the complex

impedance as a function of frequency. The analysis of impedance over a broad spec-

trum of frequencies yields a high density of information about the cell’s state within

a comparatively short analysis time [8]. Impedance, Z, is a generalization of Ohm’s

law for Alternating Current (AC) currents I(t), which states that the impedance of

a system can be determined by the ratio of the voltage response U(t) to the applied

current. Mathematically, impedance Z(f) at a specific frequency f can be calculated

from U(t) and I(t) by analyzing the amplitude and phase shift between the voltage

and current signals. This relationship allows for the assessment of the cell’s impedance

across a range of frequencies. The impedance is therefore defined as:

Z(ω) =
|U |ej(ωt+ψ)

|I|ejωt
= |Z|ejψ (2.1)

where |U |, |I| are, respectively, voltage and current amplitudes of sinusoidal signals,

ω is the angular frequency which is equal to 2πf , and ψ is a phase shift. Expanding

expression using Euler’s relationship ejθ = cosθ + jsinθ, in complex notation, the

impedance can be represented as [9]:

Z(ω) = |Z|(cosψ + j sinψ) = ℜ(Z) + ℑ(Z) (2.2)

where ℜ(Z) is the real part, ℑ(Z) is the imaginary part, and j =
√
−1 is the imaginary

unit.

EIS is most effective when the investigated electrochemical system is linear and
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Figure 2.1: The relationship between the voltage and current, and the ratio of them
results in impedance

time-independent, as the technique assumes the system’s response to an applied si-

nusoidal signal is proportional and invariant over time. If the system is non-linear

or time-dependent, the EIS data may not accurately reflect the system’s properties.

However, some assumptions of EIS may still be valid for slightly non-linear or quasi-

stationary systems if the perturbation signal is sufficiently small, ensuring that the

system’s response approximates linear behavior within a limited operational range.

Subsequently, the impedance data collected across various frequencies can be plot-

ted on a Nyquist plot or a Bode plot. The Bode plot shows the magnitude |Z| and
phase ψ of the impedance as functions of frequency (Equation 2.2). In the Bode plot,

the x-axis represents the logarithm of the frequency, and y-axis represents the magni-

tude of the impedance in decibels (dB) and the phase angle in degrees. Thereby, one

can easily observe trends, identify characteristic frequencies, and distinguish between

resistive and capacitive behavior [10]. In a Nyquist plot, such as the one shown in

Figure 2.2, the real part Re(Z) is usually plotted against the imaginary part Im(Z)

for visualizing the system’s response to different frequencies, each point on the Nyquist

plot corresponds to a specific frequency. The plot often takes the shape of a semicircle

or an arc, and its characteristics provide insights into the electrochemical processes

occurring within the system [11].
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2.2 Equivalent Circuit Modeling

One of the common ways to represent the behaviour of a battery cell is with a simplified

electrical circuit that mimics its impedance response, using the ECM technique [12].

The EC model uses a circuit, where the elements are arranged in series and parallel

configurations. The choice of circuit elements depends on the electrochemical processes

occurring in the system.

Serial Resistor

A serial resistor Rs is a fundamental component often incorporated to represent real or

ohmic resistance within a system. According to Ohm’s law, theoretically the voltage

U0 at the ohmic resistance is directly proportional to the battery current I0,

Z(ω) = Rs =
U0

I0
. (2.3)

Ohmic resistance accounts for voltage decline and power loss as heat. In EIS spectra,

the value of the serial resistor is observed through the intersection of the Nyquist curve

with the real axis in the high frequency range [13].

ZARC

The ZARC element, which consist of a Constant Phase Element (CPE) and parallel

connected resistor, is a common component to describe the charge transfer and the

double layer capacitance at an electrode–electrolyte interface. The CPE is an capac-

itive element to represent the frequency-independent behavior. Mathematically, the

impedance of a ZARC element is represented as [14]:

Z(ω) =
R

1 + (jωτ)ϕ
(2.4)

where τ is the mean time constant, ϕ is the depression factor, and R is the charge

transfer resistance of ZARC element. If ϕ = 1, the ZARC behaves as an parallel RC

circuit element and if ϕ = 0, it behaves as a ideal resistor. The ZARC element typically

manifests as a depressed semicircle in the EIS spectrum [13]. The determination of the

number of ZARC elements used in the circuit, along with their characteristic frequencies

and parameters, is carried out through techniques such as the DRT [15], which will be

discussed in the following section.
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Warburg

Diffusion processes are generally represented by Warburg elements and there are two

types: the Finite Length Warburg (FLW) and the Finite Space Warburg (FSW), some-

times called the short and open Warburg elements respectively [16]. FLW considers a

specific length or distance over which the Warburg impedance operates. In the EIS

spectrum, the shape of the FLW looks like a line transitioning into a semi-circle. It

can be thought of as a Warburg being shorted by a resistor. FSW implies a limitation

on the space through which ions or charge carriers can diffuse. In the Nyquist plot,

the classic FSW appears as a straight line with a 45-degree slope at low frequency.

However, there is another type of Warburg impedance observed under conditions of

finite lengths or specific boundary constraints. In this scenario, the impedance tran-

sitions to a predominantly capacitive behavior at very low frequencies, leading to an

alignment that is nearly vertical in the Nyquist plot. In a coin cell, it is used to model

slow diffusion process of ions within an electrolyte, and its mathematical expression

with approximation is [17]:

Z(ω) =
AW√
ω
(1− j) coth(ClimAW

√
2jω) (2.5)

where AW is the Warburg coefficient and Clim is the limit of capacitance.

Open Circuit Voltage

Open Circuit Voltage (OCV) is the potential difference across a cell when there is no

current flow. In an ECM, it is often represented as a voltage source in series with other

circuit elements. OCV is a crucial parameter for understanding the SOC of a battery

and serves as a reference point for the voltage characteristics of the cell [18].

Graphical Representation

A sample EIS spectrum of a commercial coin cell, which is measured from 10 mHz to

300 kHz at SOC 100%, is shown in Figure 2.2. The intersection with the real axis, semi-

circles and straight line can be represented each by serial resistor for ohmic behaviour,

ZARC elements for charge transfer and double layer capacitance, and Warburg element

for diffusion process.
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Figure 2.2: ECM based on the EIS response of a lithium-ion battery at 37 mAh capacity
and 100% SOC.

2.3 Distribution of Relaxation Times

Identifying the number of ZARC elements in a semicircle of an EIS spectrum with-

out overfitting and determining their physicochemically reasonable parameter values is

challenging for pure impedance fitting, because it is highly dependent on initial guesses

and boundaries. Therefore, impedance should be pre-processed using the DRT method.

The DRT represents a technique to simplify EIS data Z(ω) by deconvolution with

an Resistor—Capacitor (RC) kernel [19]:

Z(ω) = R0 +Rp

∫ ∞

0

γ(τ)

1 + jωτ
dτ (2.6)

Here, R0 is the ohmic resistance, Rp the polarization resistance, and τ = RC is the time

constant of a parallel RC circuit element. γ(τ) with
∫∞
0
γ(τ)dτ = 1 is the distribution

function of the RC circuits used to fit the impedance data.

DRT transforms impedance data from frequency domain to a time constant domain,
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Figure 2.3: DRT transformation of EIS data. (Upper) Principle of deconvolution with
RC kernel, (Left) DRT transformation in the time constant domain, (Right) Separation
of semi-circle corresponding to three peaks in the EIS spectrum

which represents a distribution of parallel RC circuits by assuming the system to be

passive and non-oscillating. Thereby, in the relaxation time domain, inner processes

become visible as peak at their respective time scale (Figure 2.3). These peaks give

important hints about the number of distinguishable features and their distribution

within the sensitivity limit of the EIS data, without a priori knowledge of the response

of the investigated system. Especially, Gaussian Process Regression (GPR) based DRT

method estimate weights based on single dataset, which facilitates the use of DRT as

an automatic EIS data pre-processing procedure for ECM parametrization with no

user intervention [15]. However, DRT is unstable for low frequency domain features of

Warburg elements, which often cannot be meaningfully deconvoluted using a kernel of

an RC element [20].
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2.4 Battery State

As a battery undergoes charging and discharging cycles, its electrochemical reactions,

interfaces, and structural components can experience degradation and changes in per-

formance. For example, the charge transfer resistance and diffusion elements may

increase as the battery ages or undergoes cycling, leading to higher internal resistance

and reduced battery performance [21]. Here two crucial parameters, the state of charge

and the SOH, are indicative of the battery’s dynamic state.

2.4.1 State of Charge

SOC refers to the current level of charge stored in a battery relative to its maximum

capacity. It provides information about the available energy in the battery and is crucial

for estimating the remaining runtime or capacity of the battery. SOC determination

can be performed using various methods, including coulomb counting and voltage-based

estimation [22].

Coulomb counting estimates SOC by integrating the current flowing in and out of

the battery over time. It involves measuring the battery’s current and keeping track

of the cumulative charge transferred. However, accurate coulomb counting requires

precise measurement of current and accounting for efficiency losses [23]. Voltage-based

estimation relies on the voltage response of the battery during charging and discharging.

A battery’s OCV can provide a rough estimation of SOC.

2.4.2 State of Health

SOH represents the overall condition and degradation of a battery relative to its initial

capacity or performance. It provides information about the battery’s aging, capacity

loss, and internal resistance increase over time. SOH determination can vary depending

on the specific battery chemistry and available data.

Capacity-based estimation compares the current capacity of the battery to its orig-

inal capacity when it was new. By measuring the available capacity and comparing

it to the expected capacity, SOH can be estimated. This can be done through peri-

odic capacity testing or through algorithms that track capacity degradation over time

[24]. However, capacity fade alone may not provide a comprehensive picture of bat-

tery health, as other degradation mechanisms may affect performance, and capacity

testing requires dedicated equipment, which is not practical for continuous monitor-

ing. Besides that, the internal resistance of a battery increases as it degrades [25].

By measuring the internal resistance through EIS, the changes in resistance over time
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can indicate the battery’s SOH. EIS measurements over battery full lifetime are time-

consuming techniques and interpretation of multiple impedance spectra can be complex

and requires expertise. Alternatively, pure data-driven ML models are employed as a

promising alternative to predict and estimate the battery’s degradation. They utilize

various health indicators and large amount of sensor data to effectively capture the

non-linear complex relationship among battery parameters and degradation levels [26,

27].

Unlike SOC determination, prediction and estimation of battery age is an ongoing

field of research, and accurate and precise determination of SOH can be challenging due

to the complexity of battery aging processes and various influencing factors. Besides,

measuring different types of batteries at their individual state takes much time.

2.5 Chebyshev Polynomials

Chebyshev polynomials are a family of orthogonal polynomials that arise in various

areas of mathematics and physics. There are two kinds of Chebyshev polynomials,

known as Chebyshev polynomials of the first kind Tn and the second kind Un. These

polynomials are defined over the interval [−1, 1] and are expressed recursively as [28]:

Tn(cosθ) = cos(nθ), Un(cosθ)sinθ = sin((n+ 1)θ)

T0(x) = 1, U0(x) = 1,

T1(x) = x, U1(x) = 2x,

Tn+1(x) = 2xTn(x)− Tn−1(x), Un+1(x) = 2xUn(x)− Un−1(x)

(2.7)

Tn and Un are the nth degree polynomials, and Tn is orthonormal with respect to the

weight 1√
1−x2 , while Un is to the weight

√
1− x2.

Orthogonality in Chebyshev polynomials allows for effective smoothing of noisy

data. When fitting a function to data points, the orthogonal property ensures that the

influence of each polynomial component on the others is minimized. This leads to a

more stable and reliable fit. Besides, orthogonal polynomials can represent complex

functions with fewer terms compared to non-orthogonal polynomials. The min-max

property of Chebyshev polynomials ensures that the maximum deviation between the

polynomial and the actual function is minimized over the interval, achieving a more

uniform error distribution compared to other polynomial fits. For instance, in sce-

narios with unequal sampling density, where some regions of the interval are densely

sampled while others are sparse, traditional polynomial fits might exhibit small errors

in well-sampled areas and large errors in poorly sampled ones. In contrast, Chebyshev

polynomials mitigate this issue by distributing the error more uniformly across the
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entire range, regardless of the sampling density variations.

These remarkable orthogonality and min-max properties of the Chebyshev poly-

nomials, particularly Tn, offer a robust framework for exploration of non-linear rela-

tionships between multiple battery parameters and SOC without succumbing to over-

fitting.

2.6 Quasi Monte Carlo

Quasi Monte Carlo methods represent a numerical technique to evaluate multi-

dimensional integrals. While traditional Monte Carlo methods use random sampling to

approximate integrals, QMC uses low-discrepancy sequences, often referred to as quasi-

random sequences [29]. These sequences are designed to fill the integration space more

uniformly than uncorrelated random points, leading to potentially faster convergence

rates.

The most widely used low-discrepancy sequence is Sobol sequence, which is a dig-

itally constructed sequence that uses a base-2 numeral system [30]. Sobol sequences

are particularly effective in high dimensional spaces due to their construction involv-

ing bitwise exclusive OR (XOR) operations, which ensure an even distribution across

dimensions.

Mathematically, it generates n = 2m points in unit d-dimensional hypercube [0, 1)d

and m refers to the number of bits of the generator. For each dimension i of the

hypercube, the n-th element of the sequence is generated by [31]:

xn,i = ⊕m
j=1(nj, vi,j) (2.8)

where ⊕ denotes the bitwise XOR operation, nj are the binary digits of n, and vi,j is the

direction numbers for the i-th dimension, which are derived from primitive polynomials

over the field of two elements (F2) [32].

Their properties of deterministic and uniform distribution of points in the unit

hypercube in higher dimensions helps in achieving better convergence rates in numerical

integration. To use these points for analyses based on the Gaussian distribution, they

need to be adjusted from their original unit hypercube-shaped spread to align with

the Gaussian distribution’s specific range and shape. An example of QMC sampling is

shown in Figure 2.4.
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Figure 2.4: QMC sampling in the two-dimensional space using (left) Sobol sequences
with 10 Bits for generating 210 points and (right) transform into Gaussian distribution.

2.7 ISEA Framework

The real time capable ISEA Framework written in C++, which is developed at the

Institute for Power Electronics and Electrical Drives (ISEA), allows us to simulate

EC-models with load profiles and gather the voltage response. As the framework is

real-time capable it can be implemented on a Hardware in the Loop (HIL) to estimate

crucial states of storage system packs used in electric vehicles [17]. For our research

work, we focused on the framework’s ability to allow electrical simulations of the battery

storage system consisting of arbitrary but reasonable serial connections between its

electrical components.

Figure 2.5 provides an overview of the framework’s operations. The determined

ECM parameters and OCV at various SOCs are stored as Lookup table and an initial

SOC and temperature of the battery system are given. For each simulation, the current

through the electrical model is given as a function of time. At each time step, it cal-

culates voltage response based on differential and algebraic equations and updates the

battery’s state, such as SOC or temperature, as well as corresponding ECM parameter

values by evaluating the respective lookup tables [33]. These steps are repeated for the

specified duration or until the current profile is fully simulated. The calculated voltage

at every time step builds a voltage profile that corresponds to the current input. Ad-

ditionally, a thermal model can be simulated by coupling with the electrical model, so

that the thermal heat is directly fed into the thermal simulation. However, currently

we only use the electrical simulation, keeping the temperature constant.
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Figure 2.5: Principle of ISEA simulation framework

2.8 Machine Learning

2.8.1 Autoencoder

An autoencoder is a type of artificial neural network used in unsupervised learning

to perform dimensionality reduction and feature extraction from input data [34]. It

consists of an encoder and a decoder.

The encoder maps an input vector x ∈ Rn, which could also be the vectorization of a

higher-dimensional input matrix, to a lower-dimensional latent representation y ∈ Rm,

named Latent Space (LS). This process applies similarly to the output vector y, in-

dicating that both input and output can originate from or be utilized in the form of

higher-dimensional structures, efficiently compressed into vector forms for processing.

The input vector undergoes a linear transformation in the form of matrix multipli-

cation with learned weights specific to the encoder’s layers. The result of the linear

transformation is passed through a non-linear activation function, allowing the network

to learn complex patterns and relationships. The transformation can be represented

as [35]:

y = ReLU(W · x+ b) (2.9)

where W is the weight matrix, b is the bias vector, and ReLU is Rectified Linear

Unit (ReLU) activation function, which keeps positive values and sets negative input

values equal to zero. The final layer y represents the compressed, lower-dimensional

latent space representation of the original input vector. The decoder then aims to
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reconstruct data z ∈ Rn from the latent space representation. The objective of training

the autoencoder is to minimize a reconstruction loss between the input x and its

reconstruction z, typically using a loss function, such as Mean Squared Error (MSE):

L(x, z) = ||x− z||2 [36].

Utilizing convolutional layers in both encoding and decoding processes is called

Convolutional Autoencoder (CAE), which is designed for handling grid-like data, such

as images. CAE extends the basic autoencoder architecture by convolution opera-

tion with a set of learnable filters and following max pooling for reduction of spatial

dimensions [37]. Therefore, the encoding process can be represented as:

y = ReLU(W · (P(C(X))) + b) (2.10)

where C represents convolution, P represents pooling.

Suppose input matrix X has a size of L×H, and apply a filter F, which is a smaller

matrix of size l × h, then the convolution operation is defined as [38]

(X ∗ F)(i, j) =
l−1∑
u=0

h−1∑
v=0

X(i+ u, j + v) · F(u, v) (2.11)

where (i, j) denotes the position on the input image where the filter is applied, and the

dot product is summed over the filter dimensions. The stride defines how many pixels

the filter moves across the image. A stride of 1 moves the filter one pixel at a time.

Padding involves adding extra pixels around the edge of the input image. This is often

done to control the size of the output feature map. In Max-pooling, the maximum

element is selected from the region of the feature map covered by the filter. Pooling

helps the Convolutional Neural Network (CNN) to achieve spatial invariance, allowing

the network to detect features regardless of their spatial location in the input [39]. For

example, max-pooling with a 2× 2 filter and stride 2, the operation is defined as

P (i, j) = max(X[2i : 2i+ 2, 2j : 2j + 2]) (2.12)

where P (i, j) represents the element of the pooled output at position (i, j), and the

max operation is taken over the 2× 2 region of X.

Similarly, decoder mirrors the architecture of the encoder but in reverse. Upsam-

pling layers increase the spatial dimensions of the latent representation. They can be

implemented as deconvolutions or convolutions followed by upsampling. Convolutional

layers are then used to refine the upsampled features and reconstruct the original input.

The aim of training a CAE is to reduce the loss function, similar to that of a basic

autoencoder. The basic structure of CAE is shown as Figure 2.6.
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Figure 2.6: Structure of a convolutional autoencoder

CAEs leverage the power of convolutional neural networks, making them adept at

capturing spatial hierarchies in data. Convolutional layers share weights, making CAEs

more parameter-efficient compared to fully connected layers in basic autoencoders [40].

Both convolution and pooling operations reduce the dimensionality of the input, leading

to a more compact representation and reducing the likelihood of over-fitting. Autoen-

coders for dimensionality reduction is similar to Principal Component Analysis (PCA)

but more powerful due to their non-linear capabilities [41]. Additionally, they can learn

useful features automatically from the input data. When transforming battery data

into the latent space using an autoencoder, the data is typically more amenable to

clustering.

However, the individual values of vectors in the latent space might not have an

explicit or interpretable meaning on their own. Instead, the crucial information lies in

the relative positions and relationships between these vectors, especially in the context

of neighboring vectors. The structure and distribution of vectors in the latent space,

as well as their proximity or separation, play a vital role in how the model captures

and represents patterns and information from the data.

2.8.2 Support Vector Machine

Support vector machine is a supervised machine learning algorithm for classification

in a lower-dimensional representation. SVM aims to find an optimal hyperplane that

maximizes the margin between different clusters while minimizing classification error
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[42]. The convex optimization problem in SVM guaranteed the global optimum, which

is not sensitive to the initial guess or starting point.

As a non-parametric model, it makes fewer explicit assumptions about the under-

lying data distribution or the number of features compared to other models. In other

words, it does not assume a specific functional form for the data, nor does it assume

particular cluster shapes or densities. Besides, SVMs are effective in handling both

linearly and non-linearly separable data. Through the use of appropriate kernel func-

tions, they can learn complex decision boundaries without assuming linearity. These

kernel choice allows implicitly mapping of data into a higher-dimensional space, mak-

ing it easier to find a separating hyperplane. SVM prioritizes a subset of data points,

known as support vectors that lie closest to the decision boundary and influence the

position and orientation of the hyperplane, therefore it allows a robust decision-making

even with a small dataset. Additionally, SVM is less sensitive to outliers due to the

margin-maximizing objective. Outliers have minimal impact on the position of the

hyperplane, and they represent unusual or faulty behavior in the context of battery

clustering for anomaly detection.

In a two-dimensional latent space, an SVM using a linear kernel, the dataset should

be {(x1, y1), (x2, y2), ..., (xn, yn)} with feature xi and the class label yi, and their decision

boundary is:

f(x) = wT · x− b (2.13)

where w is the weight vector perpendicular to the hyperplane, x is the feature vector,

and b is the bias term. The predicted class for a given feature vector x is determined

by the sign of f(x). In binary classification for example, where the class label yi has

values +1 or -1, the objective is to find w and b that maximize the margin 2
∥w∥ [43]

while ensuring correct classification yi(w
T ·xi−b) ≥ 1 for all i = 1, 2, ...n. That means,

the optimization goal is to minimize[44]:

λ∥w∥2 + [
1

n

n∑
i=1

max(0, 1− yi(w
Txi − b))] (2.14)

where the parameter λ > 0 determines the trade-off between increasing the margin

size and ensuring that the xi lie on the correct side of the margin. Here a regulariza-

tion parameter C is introduced, which is inversely related to λ, thus the optimization

problem can be messaged into [42]:

minimize
w,b,ζ

(∥w∥22 + C
n∑
i=1

ζi) (2.15)
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subject to

yi(w
Txi − b) ≥ 1− ζi, ζi ≥ 0, ∀ ∈i 1, 2, ...n (2.16)

where ζi = max(0, 1− yi(w
Txi− b)). The hyperparameter C helps to control the error

of misclassifying. The high values of C means higher penalty and better accuracy,

the optimization will choose a smaller-margin hyperplane if that hyperplane does a

better job of getting all the training points classified correctly [45]. But it also leads

to overfitting because of a low bias and high variance. Conversely, a low value of

C will cause the optimizer to look for a larger-margin separating hyperplane, even if

that hyperplane misclassifies some points. It results in underfitting, where the model

has high bias but low variance, indicating it is not complex enough to capture the

underlying pattern of the data effectively. Tuning C correctly is a vital step in the use

of SVM with linear kernel. This is usually achieved through cross-validation, where

different values of C are tested, and the one that results in the best performance on a

validation set is chosen.

Besides linear classification, SVM can handle non-linear relationships in the data

through the kernel function, like polynomial, Radial Basis Function (RBF) and so on

[46]. One of the most widely used non-linear boundary function is RBF, and it can be

mathematically expressed as

K(x1, x2) = exp

(
−∥x1 − x2∥2

2σ2

)
(2.17)

where σ is the variance and ∥x1−x2∥ is distance between two points x1 and x2. Finding

right σ for a given dataset is critical and a new hyperparamter γ is introduced to control

the distance of the impact of a single training point [47]. γ is inversely proportional

to σ, and a high value of γ leads to overfitting. In SVM, the γ parameter determines

the scope of influence for a single training example, affecting how closely the model

fits to the training data. A high γ value means that a data point must be very close

to a support vector to be considered in the same category. Therefore, with a high γ,

the influence of each support vector is limited to points that are very close to it, which

can result in a more complex decision boundary that fits the training data very closely,

and potentially leading to overfitting where the model may not generalize well to new,

unseen data. Instead, a low γ value means a broad similarity radius which results in

more points being clustered together and cannot capture the complexity or shape of

the data.

For evaluating the performance and generalization capabilities of the SVM, the

training scores and cross-validation scores are essential metrics. The simple validation
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process used in machine learning is setting another test set for the trained model to

evaluate its accuracy. The training score is defined as the ratio of correctly predicted

instances to the total number of instances in the dataset. However, by splitting the

data into multiple subsets, the learning results can depend on a particular random

choice for the pair of (train, test) sets. The average accuracy is often reported as the

cross-validation score. This helps prevent overfitting and increases the generalization

ability of the model.

2.9 Statistical analysis for latent space

2.9.1 Delaunay Triangulation

Delaunay triangulation is a mathematical technique used for partitioning a space, par-

ticularly when applied to the division of a latent space. The triangulation provides

a straightforward visual representation of complex data, making it easier to interpret

and understand [48].

The algorithm constructs triangles connecting points in the latent space in such a

way that no point lies inside the circumcircle of any triangle [49]. This creates a mesh

or network of triangles covering the entire set of points. The triangulation maximizes

the minimum angle of all the angles of the triangles, avoiding skinny triangles as much

as possible. It provides an efficient way to divide the space, capturing the natural

neighborhood relationships between points. Areas with a high concentration of points

will have smaller triangles, while sparse areas will be represented by larger triangles.

By adjusting the criteria for forming triangles, such as limiting the size or area of

triangles, it is possible to control the number of groups. Unlike predetermined or

rigid clustering algorithms, Delaunay triangulation allows the data itself to dictate

the group boundaries. The visual layout of triangles can help in identifying hidden

patterns, relationships, and even anomalies within the data.

2.9.2 Quantile Quantile plots

Quantiles are a fundamental concept in statistics, used to compare and analyze dis-

tributions. They are particularly important in the context of Q-Q plots, which are

graphical tools for assessing whether two data sets come from populations with a com-

mon distribution [50].

Quantiles are cut points dividing a dataset into equal-sized, contiguous intervals,

each containing a specific proportion of the data. Specific names are given to common

quantiles based on how they divide the data: quartiles split the data into four equal
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parts, deciles into ten, and percentiles into a hundred distinct groups [51].

Mathematically, a quantile Q for a given proportion p in a dataset X is defined

such that a certain percentage p of data in X is less than or equal to Q. For a sorted

dataset X = {x1, x2, ..., xn} with a finite sample of size n, x1 ≤ x2 ≤ ... ≤ xn, the

p-quantile is located in the index k of sorted dataset [52]:

k = p · (n+ 1) (2.18)

If k is an integer, the p-th quantile is the value at the k-th position in the sorted dataset.

If k is not an integer, interpolate between the closest ranks to find the quantile value.

Therefore, the median is the 0.5 quantile, dividing the dataset into two equal halves.

For probability distribution with a mean and variance, it is the case that [53]:

µ− σ

√
1− p

p
≤ Qp ≤ µ+ σ

√
p

1− p
(2.19)

where Qp is the value of the p-quantile for 0 < p < 1, µ is the mean, and σ is the

standard deviation.

To effectively visualize how closely two latent spaces align in terms of their distri-

butional properties, one can construct quantile against quantile plots, where each point

(x, y) corresponds to a specific quantile [54]. The y-coordinate of a point represents a

quantile from the second distribution, while the x-coordinate corresponds to the same

quantile from the first distribution. This arrangement forms a parametric curve on the

plot, where the parameter is the index of the quantile interval.

If the distributions are similar, the points on the Q–Q plot will generally fall close

to the identity line y = x. However, if the distributions have a linear relationship

but are not identical, the points will still align along a line, but this may not coincide

with the identity line. The similarities or disparities in key distributional properties,

such as location, scale, and skewness between the two distributions, can be illustrated.

The slope of the data points relative to the identity line offers important insights. If

the overall slope of the plot is shallower than the y = x line, it indicates that the

distribution represented on the horizontal axis is more spread out compared to the one

on the vertical axis. Conversely, a slope that is steeper than the y = x line suggests

that the distribution on the vertical axis exhibits greater dispersion than the one on

the horizontal axis [55]. Besides, if Q-Q plots display an arced or S-shaped pattern,

it signifies that one distribution exhibits greater skewness compared to the other, or

that one of the distributions possesses heavier tails than its counterpart. Additionally,

the linear regression line drawn through the quantiles can provide valuable information

about the relative position and scale of the data samples being compared. The intercept
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and slope of this regression line are indicative of these aspects. When the median of

the distribution plotted along the horizontal axis is zero, the regression line’s intercept

offers insight into the relative location of the data, while its slope reflects the relative

scale of the distributions.
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Chapter 3

ECM Parametrization based on

experimental EIS data

This chapter is adapted from the publication that has been submitted to the journal

and is now under review: Weighted distribution of relaxation time analysis

of battery impedance spectra using Gaussian process regression for noise

estimation, by C. Bartsch, L. Jin, F. Bereck, A. Mertens, R.-A. Eichel, C. Scheurer,

and J. Granwehr. It has been also published in ChemRxiv, DOI: 10.26434/chemrxiv-

2024-1gxgq (2024).

The GPR-based DRT algorithms and noise characterization for estimation of ini-

tial conditions of ECM parameters was developed by Christian Bartsch and Andreas

Mertens. The ECM fitting and parametrization at various SOCs were conducted by

the author of this thesis, Limei Jin. The experimental setup and measured EIS data

of coin cell was provided by Franz Bereck.

3.1 Introduction

With the growing demand for electric vehicles and an increase in decentralized energy

supplies, the need for reliable and long-lasting batteries is ever increasing [56]. To

reduce the degradation of individual battery cells and to ensure a longer lifespan,

advanced characterization methods, which can be applied in situ or in operando, in

combination with adapted analysis and modeling techniques to retrieve a maximum of

information, need to be developed [57].

EIS has proven to be a versatile non-invasive method for characterizing lithium-

ion batteries [58, 8]. In its most common implementation, a frequency-dependent

impedance is determined from an oscillating voltage perturbation and the measured

current response of the system.
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For an in-depth understanding and prediction of battery characteristics, different

modelling strategies are available. The most general and widely used models are elec-

trochemical models and empirical models. Additionally, stochastic models and ana-

lytical models are widespread [59]. Electrochemical models are based on the chemical

kinetics and reaction dynamics of processes in the battery. These models have a high

accuracy, but exhibit disadvantages in the complexity of equations and correspondingly

long simulation times. In contrast, empirical models such as ECM are computationally

efficient, but deliver limited predictive power regarding ageing and a high stiffness of

the model [60]. Among the other two model types, stochastic models are less descrip-

tive but more intuitive, and analytical models use heuristic techniques to model certain

specific characteristics of batteries, such as capacity or runtime [59].

Equivalent circuit modelling is the most common technique to analyze EIS data

[61]. Thereby, the battery is modelled as an electrical circuit consisting of different

classical and non-classical passive circuit elements. Equivalent circuit elements may be

related to particular processes in a battery. Resistors and capacitors are the main con-

ventional elements used to characterize electrochemical systems. Resistors are suitable

for characterizing not only electronic, but also ionic conductivites, while capacitors

describe charge retention or double layers. Diffusive processes behave differently, with

a response typically at low frequencies down to µHz [62]. These processes can often

be modelled by so-called Warburg elements [63]. A fundamental limitation of ECM

fitting is the non-uniqueness of the model to reproduce a certain impedance spectrum,

even if data is available at arbitrary sensitivity [64].

ECM parameters need to be adjusted as a function of the battery state for an ac-

curate control and lifetime monitoring [65]. The most important state information is

the SOC. To simulate virtual batteries over full cycles, look-up tables of ECM param-

eters at different SOC are commonly employed [66]. Parametrization relies on fitting

of experimental data, which itself relies on the selection of a suitable model and robust

data analysis protocols.

In general, two different ECM fitting strategies can be followed. An effective model

can be devised, where the dominant processes for the impedance response are macro-

scopically represented by suitable equivalent circuit elements. This approach facilitates

direct fitting of the data, and the obtained ECM may be used as the basis for a digital

twin of a battery. Residuals are reduced by increasing the number of circuit elements,

but this does not necessarily improve the physical meaning of the fit and may lead

to over-fitting. Resistor–capacitor pairs, i.e. a resistor in parallel with a capacitor,

represent a basic circuit element for such an ECM. To account for distributions of

parameters while keeping the number of elements low, the empirical ZARC circuit ele-
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ment, where the capacitor in an RC element is replaced by a constant phase element,

has been proposed [67].

Nonetheless, such an empirical ECM still contains only a subset of the parameters

necessary for obtaining accurate physical properties of the different materials and inter-

faces. A different approach is followed in physics-based modelling, where materials and

devices are accurately modelled based on physical processes, and an electrical circuit

is devised based on impedance response of the different processes [68]. In this case, a

direct relation between model and physical properties is possible, but the model con-

tains too many parameters for direct data fitting. Therefore, additional assumptions

or constraints as well as parameters determined using other analytical techniques or

numerical simulations are necessary for a complete parametrization.

Alternatively, a more data-driven approach can be followed for an improved ECM

parametrization. It has been shown that the electrochemical circuit elements commonly

used to describe batteries in ECMs can be modelled accurately as distributions of RC

elements [69]. Thereby the impedance response of an RC element is used as a kernel

for the deconvolution of EIS spectra to obtain a DRT. Commonly, DRT is used as a

substitution of ECM. The supplemental use of DRT and ECM is rather uncommon

despite the evident complementarity of the two techniques [70].

The features of a DRT spectrum are considerably narrower than the discernible

features in EIS raw data. By transforming the EIS spectrum of a battery to the

relaxation time domain, inner processes become visible as peaks at their respective

time constant τ or, equivalently, frequency f = (2πτ)−1. While these peaks, or modes,

cannot always be clearly separated, they still give important hints about the number of

contributing processes, their time scales, and their relative impact on the impedance of

the battery. Shifts of these peaks can indicate changes of the internal battery chemistry.

The residuals of a correctly parametrized DRT fit should not contain any system-

atic, non-random features [71]. Furthermore, no assumptions are necessary regarding

the number of underlying processes and their distribution. A DRT analysis provides the

number of distinguishable processes and their distribution within the sensitivity limit

of the data. If the signal-to-noise ratio is not sufficient to distinguish two processes,

they are represented as one broadened mode whose width represents the uncertainty of

the data. One of the main challenges with this technique is the heteroscedasticity (non-

uniformity) of noise in techniques such as EIS, where data is recorded over a frequency

range spanning several orders of magnitude [72, 73, 74, 75]. To extract the maximum

amount of available information from an EIS measurement by DRT, the frequency de-

pendence of the noise needs to be considered [76, 70, 77]. Past approaches to DRT

often used uniform data weighting [19], which causes local over- or under-regularization,
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potentially even both in the same data set. Thereby, through over-regularization, infor-

mation contained in the data is partly suppressed, producing an overly smooth DRT

curve and non-random, systematic residuals, while under-regularization produces a

DRT curve with physically implausible features such as narrow spikes or oscillations

that often represent an overfitting of noise. A more coarse-grained alternative is to

conduct a piece-wise DRT calculation, where regions of similar noise values are in-

dividually inverted [71]. This approach is, however, rather laborious, and a robust

implementation that does not require user intervention is not straightforward.

Batteries show non-linear dynamic behavior that depends on different internal and

external conditions such as temperature, SOC, SOH, calendaric age, or runtime [78,

7]. Hence the characterization and accurate modeling of batteries is quite demanding.

More drastically, a non-linear response may even challenge the suitability of spectro-

scopic characterization techniques altogether, since causality may be violated [79]. To

evade this argument, the common assumption is made that a system is quasi-causal

on the time scale of the experiment or the amplitude of the perturbation. However,

when experiments are repeated, the validity of this assumption must be assessed for the

comparability of subsequent experiments, in particular if they are used to characterize

noise processes [80].

Here, we present DRT inversion of EIS data of commercial Li-ion button cells using

uniform penalty regularization with weighted data [81]. To obtain a noise estimation

that is necessary for data weighting, a statistical data analysis of multiple EIS mea-

surement repetitions at identical SOC is compared with an estimate of measurement

uncertainty based on GPR using a single data set. Residuals of these fits are assessed

for systematic features, and the validity of the assumption of quasi-causality at a par-

ticular SOC is critically tested. For data interpretation, DRT spectra are then used for

the parametrization of ECM fits, particularly for the choice of the number of ZARC

elements, and to obtain starting values and constraints for their fit. As an alternative

approach, ZARC elements are fitted directly to the DRT.

3.2 Methodology

3.2.1 DRT of electrochemical systems using Debye kernel

The DRT is an estimation of a distribution function obtained by deconvolution of the

frequency-dependent impedance response Z(ω), with ω an angular frequency, of an

electrochemical system using an RC kernel, also called Debye kernel [82]. Thereby

the impedance is represented as a distribution of RC parallel circuit elements, each

characterized by its relaxation time τ = RC, where R is the resistance and C the
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capacitance of the respective element. Then, [19]

Z(ω) = R0 +Rp

∫ ∞

0

γ(τ)

1 + jωτ
dτ , (3.1)

where R0 is the Ohmic resistance, Rp the polarization resistance, γ(τ) with∫∞
0
γ(τ)dτ = 1 is the distribution function used to fit the impedance data, and j =

√
−1

is the imaginary unit. Such an inversion has been theoretically shown to be mathemat-

ically possible for data of any non-oscillating electrical system [69]. However, a direct

physical interpretation is primarily viable for an impedance response of RC or ZARC

features.

Since EIS spectra typically span a frequency range of several orders of magnitude,

it is common to use a logarithmic frequency variation for the measured data and also

represent the DRT logarithmically scaled [82]. Thereby, Equation 3.1 is replaced by

Z(ω) = R0 +Rp

∫ ∞

−∞

Γ(y)

1 + jωτr exp(y)
dy , (3.2)

substituting y ≡ ln(τ/τr) as the independent variable, and Γ(y) = τγ(τ). Reference

frequency τr, which is usually selected as τr = 1 s, is used to obtain a unitless argument

for the logarithm.

Experimentally, Equation 3.2 is discretized as [83]

Z(ωk) =
N∑
l=0

gl
1 + jωkτl

. (3.3)

Here, ωk are the experimental frequency values, g0 represents the Ohmic resistance

(τ0 = 0), gl for l ≥ 1 is a discretization of the continuous distribution Rpτγ(τ) with∑N
l=1 gl = Rp, and the corresponding τl are user-selectable, logarithmically spaced time

constant values τl that cover at least the frequency range of the experiment. Equa-

tion 3.3 can be expressed in matrix notation using vectorω containing all experimental

frequency values ωk and vector τ containing the τl values. τ0 can also be included in

τ, albeit g0 is calculated by only using Tikhonov regularization in standard form (vide

infra)[81]. Then, a discretized kernel

K = J ⊘
(
J + jωτ⊤

)
(3.4)

in matrix form can be constructed, where J is a matrix of ones and ⊘ represents an

element-wise division, and [83]

Z = Kg + e . (3.5)
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Z is the vector of experimental impedance values, e is a vector containing all noise

contributions to Z, and g is a real vector representing the true underlying distribution

of relaxation times that describes the data in the frame defined by the choice of ω, τ

and the kernel equation. g has the same number of elements as τ and Z the sames as

ω.

3.2.2 Tikhonov regularization

Since the inversion of Equation 3.5 is ill-posed, the equation cannot be directly solved

for g and it is necessary to stabilize the problem numerically [84]. One possibility

is a regularization approach, which uses a justified bias as an additional selection

criterion among the many possible solutions according to their physical plausibility.

This bias is chosen in a way that extreme or unphysical features of the DRT such

as spikes, steep slopes, or extreme oscillations of the distribution are penalized. The

penalty or constraint may be chosen such that certain features can still occur, but

only if justified by the data as an increase in fit quality that is not just overfitting

of noise. The regularization algorithm should favor the solution with the broadest

distribution of lines that is still consistent with the data, hence line broadening beyond

the underlying distribution of time constants corresponds to the uncertainty of the fit

due to experimental noise.

The inversion of Equation 3.5 can be formulated as a minimization problem where

g is estimated through the numerical calculation of the Tikhonov regularization in

generalized form,

ĝ = min
g∈R

[
∥Kg − Z∥22 + λ2∥Λg∥22

]
. (3.6)

Here, Λ is the Tikhonov regularization matrix, and λ is a scaling factor that determines

the regularization strength. For practical DRT calculations, usually either the squared

norm of the real part of the residual matrix,
∥∥ℜ (Kg − Z)

∥∥2
2
, or its imaginary part,∥∥ℑ (Kg − Z)

∥∥2
2
, is used, although calculations using complex impedances as written

in Equation 3.6 have also been suggested [85, 70]. The letter results in a sensitivity

enhancement of about
√
2. Alternatively, an independent DRT calculation with the real

and the imaginary part of Z can be used as consistency check, since the same real-valued

g should be obtained in both cases. Such a check is analogous to a Kramers–Kronig test

that is commonly conducted in standard ECM analysis to confirm causality, linearity,

and stability of EIS data [86].

For Tikhonov regularization in standard form, Λ is the identity matrix. For the

generalized form of the regularization, various approaches for the choice of Λ have been

suggested, and it may be created by merging different contribution matrices designed



3.2 Methodology 31

to represent specific prior assumptions or constraints.[87] The complete regularization

matrix is calculated as

Λ⊤Λ =
∑
X

Λ⊤
XΛX (3.7)

by combining its different components ΛX , where X is a placeholder for the different

contributions: a uniform penalty term to ensure smoothness of the result, a zero-

crossing penalty to prevent unnecessary oscillations, and a boundary penalty to avoid

non-physical outliers at the low- and high-frequency edge of the distribution.[88]

For DRT calculation of EIS data, the use of a second derivative operator has been

suggested as a suitable choice for Λ. A variation of this approach had been demon-

strated using an inverse weighting of the individual components with the curvature of

the distribution g, effectively leading to a Uniform Penalty (UP) [81]. Thereby the

goal is to perform smoothing of the DRT that is uniform in regions with non-negligible

spectral density, in order to represent sharp as well as broad features in g as faithfully

as possible.

The commonly employed non-negativity constraint on the DRT is avoided and

replaced with a zero-crossing penalty [88] to prevent unnecessary oscillations of the

distribution while allowing for inductive contributions that appear with a negative

sign when a DRT is calculated using the Debye kernel. In some experimental sam-

ples, inductive contributions to the impedance form justified negative contributions to

the DRT spectrum [89, 90]. Not suppressing these contributions removes a source of

systematic error in the transformation and ensures that the respective information is

retained during the DRT step.

Another penalty term regularizes the boundaries to prevent artificial runaway effects

at the edges of the distribution. All penalty terms X are collected in Λ, which is

adjusted iteratively until convergence is achieved or a maximum number of iterations

is reached.

Parametrization of Λ is generally done using predetermined weight factors for the

different contributions [83], but λ is treated as a user-adjustable parameter. To allow for

a fully automatized parametrization without adjustable parameter, one option would

be an algorithmic parameter adjustment [91]. Alternatively, it has been suggested

to set λ such that the regularization term in Equation 3.6 equals the norm of the

experimental noise [87]. Since the UP regularization is rather insensitive to the exact

parameter selection [81], the latter option represents a simpler and still robust choice.

It has been successfully implemented not only for DRT [71], but also for applications

with exponential kernel, which is more problematic in terms of noise enhancement in

case of underregularization than the Debye kernel [88]. As a test criterion for a correct
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parametrization, it must be ensured, for example by testing with simulated data, that

the inverted distribution does not show smaller line widths than the ideal result.

Since noise is not uniform across the whole EIS spectrum [92], Equation 3.6 is ex-

tended with a weight matrix B to account for variations of the noise of the impedance

spectrum. In the simplest case without cross-correlation of noise between different fre-

quencies, B is a diagonal matrix containing the inverse of the noise standard deviation

of the data vector Z. It is used to weight the data and, accordingly, the kernel [81].

Then the residual term in Equation 3.6 becomes

∥∥B(Kg − Z)
∥∥2
2
. (3.8)

To apply UP regularization with weighted data, it is necessary to determine the noise

level individually for each experimental frequency.

A DRT performed without frequency-based weighting will either underestimate the

high noise that is typically found at low frequencies, which leads to under-regularization

and fitting of noise that causes spurious features in the DRT spectrum, or regions with

low noise are over-regularized. Thereby, information available in the data may be

suppressed, leading to non-random residual differences between data and fit.

The deconvolution is successful if the resulting residuals show no systematic patterns

beyond statistical noise.[71] If the residuals show systematic elements, they contain

information about the data that has been hidden from the DRT. A DRT, on the other

hand, will not always be able to separate all features present in the data. This is

influenced by feature distance and shape as well as by the noise amplitude [93]. The

main goal is to extract all features that are justified by the data, with uncertainty due

to experimental noise represented by the width of a feature in the DRT. In other words,

the aim is to find a DRT with modes as broad as possible that still causes no residuals

with systematic, non-random contributions.

3.2.3 Noise characterization

Noise model

Based on work by Macdonald et al. [92], Agarwal et al. suggested an empirical noise

model that will serve as a reference to assess the plausibility of the estimated noise

values [94]. The model assumes an identical standard deviation σ for both real and

imaginary part of the noise,

σr(ω) = σi(ω) = σ(ω) = β
∣∣Zr(ω)

∣∣+ α
∣∣Zi(ω)

∣∣+ γ

∣∣Z(ω)∣∣2
Rm

. (3.9)
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Z is the impedance with its real and imaginary part Zr and Zi, respectively. Rm

is the value of the current-measuring resistor. Parameters α, β and γ are empirically

determined based on experimental data. It was suggested that noise can be reproduced

well in the mid-to-high frequency range above about 1Hz, which is the region typically

described by ZARC elements [94]. The impedance and its standard deviation are

frequency dependent while the other parameters are scalars.

Statistical noise characterization

Repeating an experiment multiple times is the conceptually simplest way to deter-

mine its frequency dependent noise amplitude. However, the impedance of a battery

depends sensitively on external parameters such as temperature, but also on poten-

tially slowly relaxing kinetic effects in the active material or its surface if fast charge

or discharge has been employed. Such factors may lead to fluctuations or drifts of

the impedance that could easily surpass the intrinsic noise at a particular frequency.

Consequences are twofold: the noise obtained when an experiment is repeated and

analyzed independently at each frequency could be exaggerated, and causality of the

impedance response could be violated. The latter effect may void the applicability

of the DRT concept altogether, but at this point it is assumed that the system can

be considered as quasi-stationary for each individual acquisition. The former effect

leads to noise components at very low frequencies on the order of the repetition rate

of the experiment. Under the assumption of independent and identically distributed

(iid) Gaussian white noise for each data point, and the assumption of only a small

noise variation between neighbouring frequencies in the EIS spectrum, the problem of

very low frequency noise contributions and drifts can be mitigated by noticing that the

noise variance of individual data points is a factor 2 smaller than the noise variance

of the difference between two data points. The noise variance can then be estimated

independently for the real and the imaginary part of the impedance using

σ2(fk) =

NEIS/2∑
n=1

((
Z2n (fk)− Z2n (fk+1)

)
−
(
Z2n−1 (fk)− Z2n−1 (fk+1)

))2
2NEIS

. (3.10)

Here, NEIS is the total number of measurements and Zn(fk) is the impedance value in

data set number n at frequency fk of the kth data point in each measurement. NEIS

is assumed to be even, and σ(fkmax) = σ(fkmax−1) is used at the maximum frequency

value fkmax . The difference is calculated both along the frequency dimension as well as

between individual repetitions of the experiment. The noise level estimations obtained

via this method were sufficient to provide the weights for stable DRT inversions.
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Gaussian process regression

Repeating each measurement multiple times is not practical at scale. Alternatively,

by applying a GPR in a sliding window across the impedance vector, an estimate for

the noise level could be achieved from just one measurement. GPR can be defined

as an ordinary Bayesian regression with an infinite dimensional parameter space of

unknown nonlinear regression functions [95]. It is based on a Gaussian process, which

is a stochastic process parameterized by two functions. Firstly, its mean function

m(x) = E
[
g(x)

]
, (3.11)

where g(x) is the defined, but unknown function of the underlying process, E denotes

the expected value operator and x is variable. The second defining function of the

process is its covariance function

c(x, x′) = E
[
(g(x)−m(x))(g(x′)−m(x′))

]
. (3.12)

Here, m(x) is the mean function from the previous step and x′ is another variable. A

Gaussian process that can be characterized by these two functions is written as

g(x) ∼ GP(m(x), c(x, x′)). (3.13)

This Gaussian process is suitable for specifying the probability distribution of a random

function [96]. The goal of GPR is to reconstruct the underlying signal by eliminating

the contaminating noise. This is done through computing a weighted average of the

noisy observations y as

ḡ(x) = c̃(x)⊤(C+ σ2
nI)

−1y , (3.14)

Here, ḡ(x) is the predicted mean of g(x). c̃(x) denotes the vector of covariances between

the test point x and the other points in the data set, I is the identity matrix, C the

covariance matrix of the data vector, and σ2 the noise variance. Both C and σ2 are

calculated and optimized in the GPR algorithm implementation provided by the python

package sklearn. [96]

The algorithm was applied to all possible subsets of adjacent data points in a

moving frequency range of two decades inside one EIS measurement. Each frequency

data point ω was subsequently assigned a noise level that was calculated as the average

of the noise level estimation results σGPR(S) of all subsets S that this data point was

part of,

σ(ω) =
∑
S∋ω

σGPR(S)/#(S ∋ ω) . (3.15)
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3.2.4 Equivalent circuit model fitting

Fitting of a suitable ECM is a common method for interpreting EIS data. An ECM

comprises electrical circuit elements that are connected in series or in parallel to

represent electrochemical processes. Each element is characterized by its frequency-

dependent complex impedance function with several element-specific parameters. The

experimentally probed frequency range of the impedance spectrum can often be sub-

divided into three sections. The intersection between EIS curve and impedance real

axis at the high frequency end can be interpreted as serial Ohmic resistance R0, which

represents the voltage drop and power loss to heat when an outside voltage is applied.

The semicircles in the mid-frequency range reflect charge transfer and double layer

capacitance at the electrode and electrolyte interface [97], and it can be expressed as

serially connected ZARC elements. The diffusion process inside the electrodes, which

is visible as a straight line with a characteristic phase angle in the low frequency region,

can be modeled by Warburg elements.

The complex impedance function of a ZARC element, which is functionally a par-

allel circuit of a constant phase element Q and a resistor R, is

ZZARC(ω) =
Rct

1 + (jωτZARC)ϕ
. (3.16)

Here, Rct is the charge transfer resistance, τZARC is the mean time constant, and ϕ is

the depression factor. If ϕ = 1, the ZARC behaves as an RC parallel circuit element.

If ϕ = 0, it behaves as a resistor.

For finite space Warburg elements, the complex impedance is evaluated as [98]

Zω =
AW√
ω
(1− j) coth

(
ClimAW

√
2jω
)
, (3.17)

where AW is the Warburg coefficient and Clim is the limit of capacitance. A direct

interpretation in the DRT domain is not straightforward. While fitting is possible

[69], the result depends on the signal-to-noise level of the data and the choice of data

points used to evaluate the DRT. The latter effect offers a straightforward possibility

to identify FSW contributions by calculating a DRT with a varying number of data

points. While ZARC elements should be affected only marginally, the distribution

peaks related to Warburg elements move and increase in amplitude when additional

data points are added at the low-frequency end of the EIS data set.

Finite length Warburg elements, on the other hand, become resistive at low fre-

quencies, and an analytic DRT expression exists that is independent of the selected
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data points or the sensitivity of the measurement [99].

Traditionally, ECM fits are used to extract parameters based on a priori knowledge

about features of the EIS spectrum of an investigted system, yet this method has certain

drawbacks. In particular, finding the correct number and type of elements, such that

each element has a physical meaning or is justified as an individual component by

the data, is non-trivial. Furthermore, a numerical ECM fit of even an ideal model

may converge in a local minimum that makes little physical sense. Fit quality alone

is a poor indicator for the scientific utility of the fit. Choosing good initial values

and constraints for the fitted parameters is required to obtain physically meaningful

results. This may be possible by noticing that different ECM elements depict features at

different frequencies in the DRT. A DRT can thus be a useful preparation step for ECM

fitting. For one, no prior assumption regarding the number and type of circuit elements

is necessary. On the contrary, a DRT provides information regarding the number of

elements that can be separated purely based on the data, which can be especially

helpful to define the number and values of ZARC elements in a model. Additionally,

the DRT technique can also give information regarding the noise bandwidth and a

soft boundary of its parameters. For diffusion processes and the parametrization of

Warburg elements, DRT with a Debye kernel may not be most suitable [100], but an

empirical fit is possible. Therefore the statistics of the residuals does not get degraded

by the presence of processes giving rise to Warburg behavior [69].

DRT with a Debye kernel provides direct information regarding ZARC elements.

Since a ZARC element can be represented analytically in the DRT domain as [101, 76,

102]

γZARC(τ) =
Rct

2π

sin (ϕπ)

cosh

(
ϕ ln

τ

τZARC

)
+ cos(ϕπ)

, (3.18)

it is possible to directly fit ZARC elements to DRT modes. Thereby, advantage can

be taken of the fact that the DRT provides direct information regarding the type and

number of distinguishable ECM features, alleviating the drawbacks of traditional ECM

fits while retaining their full utility, and requiring only a slightly increased computation

time.

3.3 Methods and Materials

3.3.1 Experimental setup

A LiCoO2 LIR2032 button cell battery with a nominal capacity of 45 mAh was in-

vestigated. A total of 21 EIS measurements per SOC point were conducted on a



3.3 Methods and Materials 37

Biologic SP-200 potentiostat with minimal state-of-charge variation for subsequent

DRT processing and noise characterization. All experiments were carried out at room

temperature in an uncontrolled environment using the same battery.

In a first measurement, the capacity was determined by discharging the fully charged

cell at the expected nominal 1C rate of 45 mA until reaching the End of Discharge

Voltage (EODV) of 3 V. The resulting sum of the drawn current defined the prevailing

capacity of this particular cell to 24.57 mAh.

The button cell was then charged using the CC–CV method. First, the cell was

charged with a constant current of 0.5C until reaching the upper voltage limit of 4.2 V.

The voltage was then held until the charging current reached the lower threshold of

C/20. After resting for 2 h to ensure that the battery had reached the rest potential,

the first EIS measurements at 100% SOC were conducted. Afterwards, the cell was

discharged at C/10 for 1 h, followed by another rest period of 2 h and the next EIS

measurements. This process was repeated until the potential reached the EODV,

followed by the last EIS measurement at 0% SOC.

The frequency vector f = ω/2π used for galvanostatic EIS measurements ranged

from 1 × 10−2Hz to 3 × 105Hz. The current amplitude was automatically varied to

reach a minimum voltage excitation of 10 mV. Each measurement was averaged over

two periods and contained 84 logarithmically spaced data points with 12 points per

decade, except for the 6 lowest frequency points that were spaced at 6 points per

decade. This allowed faster measurements, as the impact of low frequencies on the

duration of EIS experiments was dominant.

3.3.2 DRT analysis

DRT inversion was calculated using a home-written Python script [83], using the imag-

inary part of the impedance data. The DRT relaxation time vector τ was chosen from

10−10 s to 1010 s and contained 500 logarithmically spaced data points. Before calculat-

ing the final DRT, the algorithm was performed twice to obtain additional parameters.

The first time, an impedance data scaling factor was chosen to normalize the variance

of the residuals between the experimental data and the fit, determined by transforming

the calculated DRT back into the frequency domain, to a value of one. This stabilized

subsequent numerical calculation. The second time, the residuals were used to generate

a frequency dependent noise level vector estimation via GPR using the numerical noise

estimation algorithm written by Metzen and Lemaitre [103] in scikit [104], which was

applied in a logarithmically scaled sliding window with a length of two decades. The

third and final DRT was calculated by using the scaling factor and weights obtained

in the previous steps.
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In all the figures, the shown DRT was unscaled with respect to the definition in

Equation 3.5 and labeled as arbitrary units (a.u.). In other words, by multiplying

the specified numerical values with the kernel, the fit of the measured impedance was

obtained directly.

3.3.3 ECM Fitting

The button cell was modeled by one serial resistance, three ZARC elements [67], and

one Warburg element in series. Simulations were conducted using the ISEA Framework

[17]. After parametrization, the ECM was also used to simulate the real-time current

and voltage response, effectively enabling a fully numerical validation of the proposed

data analysis protocol.

3.4 Results and Discussion

3.4.1 EIS experiments

Figure 3.1 shows repeated EIS measurements of a button cell battery at a state of

charge of 37.5%. The spectra exhibit variations beyond random noise, particularly at

low frequencies. This suggest systematic influences on the experimental data that are

not considered in the theoretical noise model [94, 92]. It shows that, due to drifts or

very slow fluctuations, a direct use of a set of reference measurements is not sufficient

for a selective characterization of frequency dependent random noise, which is necessary

for the determination of weights for data fitting. Similar results have also been reported

in a recent study with a carefully implemented and optimized experimental setup [105],

which illustrates that the presented results are representative for EIS investigations of

batteries. Considering difference values between neighbouring data points in the EIS

spectrum, systematic contributions get reduced considerably and remain immediately

apparent only in the low-frequency region of the real part of Z (Figure 3.1, bottom row).

Using the difference method also along the dimension of the experiment repetition, as

described by Equation 3.10, further reduces systematic contributions, facilitating a

statistical analysis of random noise as required for a weighted DRT analysis.

The noise standard deviation for the real and imaginary part of the data, calculated

using Equation 3.10, is shown in Figure 3.2.

The noise level is compared with a fit using the Agarwal model (Equation 3.9).

A good correspondence is observed over the whole frequency range for the imaginary

part of the noise. The real part shows some deviations in the region below 0.1Hz. As

observed in the low frequency region of the real part of the impedance in Figure 3.1,
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Figure 3.1: a) Nyquist plots of a series of 21 EIS measurements of a Li-ion button cell
battery at 37.5% charge. A drift of the different measurements is observed, but not fully
investigated in this work. b) Bode plots of the differences between neighbouring data
points along the frequency axis for the real part (left) and for the negative imaginary
part (right) of the impedance. c) Bode plots of the differences between neighbouring
data points along the frequency axis and along the measurement index dimension for
the real part (left) and for the negative imaginary part (right) of the impedance, as used
in Equation 3.10. These plots illustrate how the measurements are mostly congruent,
with the exception of the real part of the impedance at low frequencies. (These figures
are produced by Josef Granwehr)

there are some systematic drift or very low frequency residuals even when noise is

estimated using the difference method. Apart from this, trends correspond well when

comparing a statistical noise analysis and the Agarwal model. The values for α, β and

γ are comparable when independently determined for the real and the imaginary part

of the noise, hence the hypothesis in [94] that σr(ω) ≈ σj(ω) is justified. Overall, this

comparison shows that the noise estimated experimentally is consistent with what had

been reported in literature for such experiments, hence the determined noise values are

a suitable basis for the estimation of weights for a weighted DRT inversion.

The results from noise estimation via GPR and the statistical method are compared

in Figure 3.3.

The two methods show a good agreement in the intermediate frequency range be-
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Figure 3.2: Statistically determined noise of real (blue) and imaginary (black)
impedance data shown in Figure 3.1. The Agarwal model (Equation 3.9) was fit to
provide α = 6.49 · 10−4, β = 1.42 · 10−4, γ/Rm = 0 for the real part (dashed red line),
and α = 6.61 ·10−4, β = 1.04 ·10−4, γ/Rm = 0 for the imaginary part of the data (solid
magenta line). For the fit of σr, only data points above ω/2π = 0.1 Hz were used. a)
Linearly scaled y-axis. b) Logarithmically scaled y-axis. (These figures are produced
by Josef Granwehr)

tween about 0.1Hz and 100 kHz. At higher frequencies, GPR shows a larger noise level

than the statistical analysis. The reason is the presence of a systematic feature, which

resembles Gaussian noise at the chosen sampling density but is present in all the data

sets. If noise is estimated from a single measurement only, such systematic features

cannot be distinguished. If the GPR noise level is determined from repetitions of the

experiment, then the similarity of the noise becomes apparent as well, leading to a re-

duced noise estimate (Figure 3.3c). In the low frequency region, the statistical method

produces a higher noise estimate. One reason for this observation is the tendency

for overfitting by GPR when insufficient data is available, as may be the case at the

boundaries of a data set [106]. Furthermore, the statistical method may overestimate

the random noise level due to the above mentioned non-random drift contribution that

is not reproduced for different repetitions of the experiment. In this case, GPR may

even provide a more faithful set of weights for DRT inversion. Overall, DRT results

with GPR noise estimation are close to statistical analysis results while requiring only

a single EIS measurement.

3.4.2 DRT calculation

The influence of weighting is demonstrated in Figure 3.4, which compares three DRTs

from the same data set, one calculated with uniform weighting based on the mean noise

amplitude across all frequencies, one using weights determined statistically using all

data sets, and one with weights from GPR.

When comparing the DRTs, they show very similar features. Since the DRT mode
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Figure 3.3: Comparison of noise estimate for statistical and GPR analysis of a series of
21 EIS measurements of a Li-ion button cell battery at 37.5% charge. The results for the
two methods are similar enough to be used interchangeably for weight determination
of DRT transformations. a) Noise standard deviation for the real (right) and the
imaginary part of the impedance (left), determined using a moving average over two
frequency decades. (blue, black) Statistically determined noise. (red, magenta) Mean
GPR determined noise level of all the data sets, which were individually averaged over
two frequency decades. The shaded regions represent the standard deviation. The gray
curves show the GPR noise estimate after moving average for individual data sets. b)
Ratio of noise standard deviation between statistically determined and GPR noise
levels for the real (blue) and the imaginary part of the impedance (black). averaged
over two frequency decades. c) Comparison of statistically determined noise standard
deviation (blue: real; black: imaginary) and standard deviation of residuals between
GPR estimate and experimental data (red: real; magenta: imaginary), without moving
average. (These figures are produced by Josef Granwehr)

is broad at high frequency, where the noise level is small, the distributions appear

similar.

As already noticed by Borgia et al., UP regularization is fairly robust with respect

to the exact value of the regularization parameter or, in this case, the weights, which

play a similar role on a local scale [81]. In this particular case, this is amplified by

the broad DRT modes without any particularly narrow features, especially in the high

frequency region where the noise level is lower and a higher resolution could be achieved.

However, while visually the differences between the three DRTs may appear marginal,
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Figure 3.4: DRT of 21 EIS measurements of a Li-ion button cell at an SOC of 37.5%
performed using different weighting methods. Left Column: Calculated DRT. Middle
Column: Weighted residuals. Right Column: Frequency dependent uncertainty used
for weighting. a) DRT performed with uniform weighting. b) Weighted DRT performed
using statistically determined weights. c) Weighted DRT performed with algorithmi-
cally determined weights using GPR. (These figures are produced by Christian Bartsch)

the residuals are more discriminating. With unweighted DRT (Figure 3.4a), systematic

residuals above the random noise level are clearly apparent at frequencies higher than

1 kHz. Such residuals are indicative of lost information that is contained in the data.

Particularly when looking for small changes during cycling of a battery, such a loss of

information in the frequency range that is sampled most sensitively by EIS may be

significant. Furthermore, an automatized, data-driven analysis of DRT may be able

to discern features that are suppressed by unweighted data processing. And finally,

batteries or battery components that with narrower high frequency modes are expected

to show a higher resolution with weighted DRT analysis.

A comparison of weighted DRT using weights derived from statistical analysis (Fig-

ure 3.4b) with weights generated via GPR (Figure 3.4c) using the same data produces

very similar results. This does not only apply to the DRT itself, but also to the residu-
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als. In both cases, no systematic features are apparent any more. Since the DRT works

similarly well with both weight determination methods, the GPR method is preferred,

as it works on single measurements rather than larger sets of measurements. This

approach was capable of automatically generating an estimated noise vector suitable

for a stable DRT from a single EIS measurement of a battery.

The low-frequency mode of the DRT varies strongly between measurements and

changes considerably when multiple DRT inversions of the same measurement are cal-

culated while omitting between zero and five of the lowest-frequency data points. This

is consistent with the expected behavior of a Warburg element. Therefore this fre-

quency range is excluded from the ZARC fits below, and no quantitative interpretation

is attempted based on the DRT data.

3.4.3 Numerical Verification of Weighted DRT

The fidelity of the DRT deconvolution algorithm was verified by analyzing synthetic

data using a simulated noisy data set of a serial circuit of four ZARC elements (Fig-

ure 3.5). For this, an impedance spectrum and an analytical DRT spectrum were

calculated and compared with the DRT of the impedance spectrum with added noise.

The noise was generated according to the empirical frequency dependent noise level

determined through the statistical method (Figure 3.2). The numerical result was

compared to the expected analytical DRT determined from the source parameters of

the simulated ZARC elements. The simulation was created using the parameters in

Table 3.1, Equation 3.16 for ZARC impedance, and Equation 3.18 for the analytical

DRT of a ZARC element. These equations were evaluated for the same 84 logarithmi-

cally spaced frequencies between 1× 10−2Hz and 3× 105Hz that were also used in the

experimental EIS measurements.

Name Rct[Ω] ϕ τZARC[s]

ZARC 1 2.5 0.9 1

ZARC 2 5 0.85 10−2

ZARC 3 2.5 0.3 10−4

ZARC 4 10 0.75 10−6

Table 3.1: Simulation parameters for the ZARC elements in Figure 3.5.(It is produced
by Christian Bartsch)

The result of the DRT calculation is presented in Figure 3.5, along with the an-
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alytically determined DRT of the circuit. The contributions of the individual ZARC

elements, calculated using Equation 3.18, are also shown.
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Q1 Q2 Q3 Q4

R1 R2 R3 R4

Figure 3.5: Top: ECM used for the simulation. It consists of four ZARC elements,
numbered 1 to 4, each of which is modeled as a parallel circuit of a resistor R and a
constant phase element Q. a,b) Comparison of analytical DRT of simulated circuit,
determined from the simulation source parameters in Table 3.1, with different DRT fits
for demonstration. a) DRT fit of the simulated impedance using weights determined
via GPR. (DRT on the left, residuals on the right side). b) DRT fit of the simulated
impedance using uniform weights. (DRT on the left, residuals on the right side). The
Z-dependent noise for the simulation was created using the Agarwal model with the
parameters determined for the imaginary part by the fit in Figure 3.2. c) Noise level
estimated via GPR alongside true noise vector of the simulation. (These figures are
produced by Christian Bartsch)
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Generally, the numerical DRT using GPR determined weights (Figure 3.5a) matches

the analytical DRT. The numerical DRT shows a slight broadening of the sharper

peaks, which can be attributed the artificial noise added before the DRT calculation.

This is not undesired, since a fit of a distribution based on a noisy data set should

never give a narrower distribution than the original, noise-free analytic distribution.

At the bottom edges, the numerical DRT strives toward zero faster than the analytical

DRT. This could be explained by the preference of the regularization method for a

different lineshape. The bottom of each line may also be fitted with a slightly different

shape, as long as the contribution to the signal is within the noise level. The shape

of the high frequency mode somewhat deviates from the analytical shape, since it

lies partly outside the measured frequency range, and the respective wing of the line

is obtained by extrapolation. Nevertheless, it is important to notice that, based on

the weighted residuals, the calculated numerical distribution is consistent with the

analytical distribution, both in terms of position and integral of the lines. Overall, the

spectrum was represented faithfully, with all features fed into the simulation recreated

in the numerical DRT as far as they are supported by the data. Notice also that

the GPR determined noise level matches the frequency dependent noise level used to

determine a synthetic noise vector well even at the high and the low frequency end of

the data set. This may be caused by the exact Gaussian character of the noise, which

contrasts the experimental data, where noise is only approximately Gaussian.

The situation is different for the DRT obtained with uniform weighting. At low

frequencies, an extrapolated additional feature is obtained that is caused by noise

overfitting due to underregularization. This can be seen in the residuals, which are

considerably smaller than the synthetic noise added to the ideal data at low frequencies.

At high frequencies, the situation is reversed. There the uniform weight obtained by

the mean of the noise is penalizing the respective data points too much, leading to

additional line broadening and systematic residuals.

3.4.4 ECM Fitting of Real Battery

Direct ECM fit

Considering the DRT in Figure 3.4, the ECM shown in Figure 3.6b consisting of three

ZARC elements, which cover features at frequencies above about 1Hz, in series with a

Warburg element for low-frequency features, appears a suitable model for the investi-

gated Li-ion button cell. Nonetheless, at least one of the modes modeled by a ZARC

element is showing an asymmetric shape, which either indicates a more complicated

ECM with overlapping features, or a distribution of parameters that is not accurately
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represented by a ZARC element.

In Figure 3.6a, the ZARC elements of a direct ECM fit obtained with random

parameter starting values and without parameter constraints, transformed into the

DRT domain, is compared with the obtained DRT.

R0

Q1 Q2 Q3

Warburg

R1 R2 R3

(a) (b)

(c) Nyquist plot (d) Residuals

Figure 3.6: ECM fit to an experimental EIS spectrum of a Li-ion button cell at 37.5%
charge, based on the battery model shown at the top. (a) Direct ECM fit, shown in
the relaxation time domain. The three ZARC elements (yellow, cyan and green) of a
direct ECM fit without parameter constraints and their sum (red) are overlaid with a
DRT spectrum (purple). The Warburg element of the direct fit is not shown. (b) Three
ZARC elements fitted directly to the DRT in an effort to provide a preprocessing step
for a better ZARC fit during the electrochemical characterization of the system. (c)
Nyquist plot of experimental EIS spectrum (blue), a direct ECM fit (orange), and a fit
of the DRT (red). (d) Residuals for the different fits. (Figures a and b are produced by
Christian Bartsch)
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In this particular example, the ZARC element shown in yellow represents two DRT

modes, while the cyan ZARC element forms a negative contribution in the DRT that

corrects for a discrepancy of low frequency impedances and their fit with a Warburg

element, which is not shown since an analytic representation in the DRT domain does

not exist. Although the direct ECM fit without constraints is rather heavy-handed,

some typical problems faced when fitting an ECM directly to EIS data can be identi-

fied. Dominant, asymmetric features tend to get fitted by multiple components at the

expense of less prominent features. Furthermore, deviations of a mode from the shape

of a fitting function may get compensated with unphysical or unrealistic features, such

as the negative ZARC element that implies an inductive contribution as a correction

for the Warburg element.

ECM fit using DRT data

Fitting the intermediate frequency range directly in the DRT domain using Equa-

tion 3.18 is shown in Figure 3.6b. It shows that three ZARC elements do offer a good

description of the sample behavior above 1Hz. Since the equation used to fit ZARC

elements in the DRT domain is symmetric in log space, asymmetric modes in the dis-

tribution cannot be accurately reproduced. Nonetheless, the distinguishable features

in the DRT could be individually fitted with this simple ECM.

As suggested in subsection 3.2.4, the DRT method using a Debye kernel is most

useful for characterizing ZARC element contributions, therefore the focus here lies on

the middle and upper frequency range of the EIS spectrum. In Figure 3.6c, Figure 3.6d,

fit and residuals of a representative EIS spectrum are shown. The DRT-informed EIS fit

and direct numerical EIS fit have a similar quality in the Nyquist plot, with comparable

amplitudes of the residuals in the frequency domain despite considerably different DRT

spectra and ECM parameters. Additional information from a DRT does not have a

strong influence on the root mean square error between experimental and fitted data,

consistent with results presented by Boukamp [19]. However, DRT-based information

helps to build a more physically reliable battery simulation model. Notice that while

DRT residuals can be reduced to essentially heteroscedastic white noise, ECM fitting

shows systematic residuals that are several times higher [107]. Therefore, DRT is

potentially suitable as a preprocessing step that contains the same information as the

raw data, while an ECM fit is an effective, reduced – or compressed – representation.

ECM fit at different SOC

EIS data was first transformed via DRT to obtain a guess of the number and type

of features contained in the data in order to get an appropriate circuit model repre-
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sentation of the system. Once a suitable ECM was identified, ZARC contributions

to the impedance spectra were algorithmically fitted to extract starting values and

boundaries for an ECM fit that was performed on the raw data in the frequency do-

main. These steps were performed sequentially without user interaction or case-specific

configuration, and are thereby suitable for large data sets.

Figure 3.7 shows the fitted parameters RZARC, τZARC and ϕZARC of the three ZARC

elements for different SOC values of the Li-ion button cell with and without use of

DRT.

Figure 3.7: ZARC parameters of Li-ion button cell model shown in Figure 3.6, con-
sisting of a resistor, a Warburg element and three ZARC elements in series. (top)
Estimation of parameter values RZARC with (a) and without DRT (b). (middle) Esti-
mation of parameter values τZARC with (c) and without DRT (d). (bottom) Estimation
of parameter values ϕZARC with (e) and without DRT (f).
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The resistance of ZARC elements shows less extreme values, fluctuations and out-

liers in the fits performed with DRT information. The parameter τZARC represents the

inverse frequency of each ZARC semicircle in the EIS spectrum. According to the DRT

spectrum, the three ZARC elements have distinct positions with little overlap, as is

observed in Figure 3.7c. Purely numerical parameter estimation without DRT infor-

mation, on the other hand, exhibits overlap of fitted ZARC elements at higher SOC

(Figure 3.7d). Fitting of ϕZARC using DRT information shows fairly small, smooth

variations as a function of SOC. By numerical fitting, the resulting values of ϕZARC

strongly fluctuate, which appears difficult to justify for a fresh battery. Furthermore,

values of ϕZARC are occasionally higher than 1 if no constraints for the fitted parameter

are applied.

In the electrochemical data recorded during cycling, a continuous potential variation

was observed that would not suggest the strong fluctuations observed in the direct ECM

fits. This implies that a DRT supported ECM fit is more robust and allows for a better

control regarding outliers. Since DRT and EIS contain the same information if DRT

inversion was parametrized correctly, a physically more justified model can be obtained

when incorporating DRT in the ECM fit.

3.5 Conclusions

Data weighting was demonstrated as an adequate approach to determine the DRT of

a battery that shows typical heteroscedasticity of noise. Stochastic residuals without

any non-random systematic features were obtained after a DRT fit, indicating that no

information was lost during the DRT step. It was demonstrated that GPR can be used

for model-free estimation of weights based on a single data set only. The obtained

distributions were consistent with DRT obtained using a statistical noise analysis of

multiple repetitions of the same experiment.

The GPR-based method produced reproducible and robust weights, which facili-

tates the use of DRT for the ECM parametrization with minimal or no user intervention.

Thereby, advantage is being taken of the increased resolution of the DRT compared

to the standard EIS spectrum without loss of information. Initially, the DRT was

used to select a suitable ECM for the investigated button cell battery. Once estab-

lished, the algorithm was demonstrated for the parametrization of this battery without

manual adjustments. Robust ZARC parameters were obtained across the full range of

charge states without obvious outliers while previously, ECM fit results of similar qual-

ity required manual adjustment of fit parameters and assumptions about the system

based on sources other than the measured data. It has been shown that the stability



3.5 Conclusions 51

and quality of ECM fits were improved by including this additional knowledge about

the physical state of the measured system in the fitting process without introducing

arbitrary assumptions.

Such an automated parametrization based only on the available data opens the door

for data-centered applications that use large sets of data spanning the whole lifetime

of a battery.
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Chapter 4

Sampling battery models at various

SOC/SOH combinations

This chapter is adapted from the publication that has been submitted to the journal and

is now under review: Extending equivalent circuit models for state of charge

and lifetime estimation, by L. Jin, F. Bereck, J. Granwehr, and C. Scheurer.

The theoretical analysis about Chebyshev Polynomials for ECM parameters as a

function of SOC, and model variation for covering over SOH, as well as modeling and

simulation were conducted by the author of this thesis, Limei Jin. The experimental

EIS data was provided by Franz Bereck.

4.1 Introduction

In recent years, the rapid growth of electric vehicles and grid energy storage has under-

scored the importance of high-performance and reliable battery systems [108]. Their

efficiency and longevity are crucial for achieving sustainable energy solutions. To op-

timize battery performance and ensure their safe and efficient operation, the BMS is

required to capture charge and health states from an operating battery [109]. While

BMS is commonly utilized at the pack level to oversee the overall health and perfor-

mance of a battery pack, the recognition of each individual cell with unique operational

characteristics within the pack needs more granular and precise management and mon-

itoring at the cell level.

These variations in cell behavior necessitate the implementation of a DT at the cell

level. A DT is a real-time connected multi-scale virtual representation of physical asset.

Its application in the field of battery systems combines multi-disciplinary modelling

approaches with different types of on-board data and analysis techniques [4].

Black-box modeling and white-box modeling are two common approaches for bat-
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tery modeling [110]. Black-box modeling treats the battery as a complex system with

inputs and outputs, focusing solely on capturing its behavior without considering the

underlying physical processes [7]. White-box modeling aims to represent the battery’s

behavior based on the fundamental physics and chemistry governing its operation [7].

However, both approaches have their limitations. Black-box models lack interpretabil-

ity and do not provide insights into the underlying mechanisms, while white-box models

can be computationally expensive and may struggle to capture all intricacies of com-

plex battery systems [111]. To bridge this gap, gray-box battery modeling emerges as

an alternative [112]. It incorporates the physics-based understanding of the battery

system while leveraging data to enhance model accuracy and efficiency. The model

structure captures the key electrochemical processes within the battery for meaningful

interpretation of the results. At the same time, by iteratively refining the model using

input data to calibrate or predict specific observed parameters, the gray-box model can

better capture the nuances and complexities of real-world battery behavior. In most

cases, they integrate with machine learning algorithms, to enhance their predictive

capabilities while maintaining interpretability [113].

ECM approximate batteries as an electrical circuit with discrete components, such

as resistors, capacitors, voltage sources, and non-classical circuit elements representing

diffusion processes or chemical transformations. Their parametrization and evolution

over time is extracted from measured EIS data at different operation states of a bat-

tery. When modeling a battery using an equivalent circuit, different components are

considered to represent the various electrochemical processes occurring within the bat-

tery and the complexity of the equivalent circuit can vary depending on the specific

battery chemistry and the level of detail required for analysis. A simplified ECM offers

robustness in the context of creating a DT for a battery system. Although a more

complex ECM structure has the potential to closely mimic real battery behavior, a

simplified ECM offers a well-balanced compromise. It balances the computational ef-

ficiency needed for real-time or large-scale simulations while still providing valuable

and interpretable insights into the battery’s operation and performance. A snapshot

of a simplified equivalent circuit model for a coin cell may include a serial resistance

for voltage drop and power loss, ZARC elements for charge transfer and double-layer

capacitance at the electrode-electrolyte interfaces, and Warburg elements for diffusion

process [61]. Parameterized models can effectively capture the dynamic behavior of

batteries while significantly reducing computational requirements compared to physics-

based models. However, it is not only time-consuming to conduct EIS measurements

at all possible battery states, but also robustly estimating and accurately monitoring

internal parameters during aging is challenging. The main difference between an ECM
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and a DT is that the former represents the current state of a system, while the latter is

predictive. Therefore, an implementation of a DT may be possible based on an ECM

that is suitable for a particular electrochemical system. The DT is based on a set of

all parametrizations that represent a physically possible state of a battery. They form

a hyperspace within which the battery evolves.

In an ideal battery, charging and discharging should be infinitely reproducible under

a wide range of reasonable operating conditions. However, in reality, batteries degrade

as they undergo multiple charging and discharging cycles [114]. To understand and

characterize their behavior over time, the concept of separating time scales is useful.

Thereby, short time scale refers to the behavior and changes that occur relatively

quickly and often within one charging/discharging cycle. At a short time scale, SOC

represents the current level of charge within the battery at any given moment. It reflects

the immediate effects of charging/discharging cycles and can fluctuate frequently as

the battery is used. It can be expressed as a percentage of the battery’s full capacity

[22]. Conversely, long time scale refers to slower changes that occur over the battery’s

lifetime. Over a long time scale, SOH designates its overall condition and performance

compared to its initial, pristine state [115]. While SOC is relatively straightforward

to define and measure, albeit not completely unambiguous, SOH is a more complex

and nuanced concept that is not solely determined by the slow aging of a battery. For

example, SOH can be affected by sudden and unexpected events, such as overcharging,

overheating, or other adverse conditions, which can have a rapid and negative impact on

the battery’s health [116]. A battery can also experience partial recovery from specific

types of damage or degradation, particularly when promptly addressing the adverse

conditions [21]. Therefore, it is oversimplifying to express SOH as, for example, the

number of charging/discharging cycles or the capacity ratio.

In the process of quantifying the dependencies of ECM parameters on SOC, con-

ventional polynomial functions can be employed. However, they come with inherent

limitations when dealing with high-order approximations, making them susceptible to

issues like overfitting. To address these challenges and enhance the robustness of the

parameter quantification process, orthogonal basis fitting methods, such as Chebyshev

polynomials with their min-max properties, emerge as a potential approach. Details

will be elaborated in the methodology section. The challenge of manifesting SOH

within ECM is addressed by the shift of distinct regions, which are generated and de-

lineated based on measurements taken from differently aged cells. The generation of

battery models along with aging face limitations in the high-dimensional spaces. As

the dimensionality increases, traditional random sampling methods struggle to provide

representative and evenly distributed samples, resulting in inadequate coverage of the
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space. Quasi-random sequences, such as QMC methods with low-discrepancy prop-

erties, emerges as a valuable strategy to overcome these challenges. Details will be

followed in the methodology section.

In this chapter, we will demonstrate the application of Chebyshev polynomial fitting

to parameterized simplified EC models mapped to experimental cells. Additionally, we

will utilize quasi-Monte Carlo sampling to explore and differentiate three distinct aging

cell clouds, providing valuable insights into the battery’s lifespan dynamics, spanning

from fresh to end-of-life conditions.

4.2 Methodology

4.2.1 Parametrization of ECM elements as a function of SOC

EIS is used to measure the batteries’ responses at multiple points along charg-

ing/discharging cycles. These impedance data are fitted to ECM for a single cycle.

This pointwise approach along the SOC dimension yields very noisy parameter values

due to inherent measurement noise and the non-linear fitting procedure of equivalent

models known to contain massive aliasing between model parameters. It has thus to be

repeated without aging the battery noticeably, so that the assumption of a fixed state

on the slow ”SOH” timescale holds. The simplified ECM for a coin cell includes three

elements: a serial resistance, ZARC elements, and a Warburg element, to represent

different aspects of its behavior [17]:

Z(ω) = Rs +
σ√
ω
(1− j) coth(Climσ) +

x=3∑
x=1

Rx

1 + (jωτx)ϕx
(4.1)

where Rs is the serial resistance. ZARC element is functionally a parallel circuit of

a constant phase element representing a lossy capacitor and a resistor. Here τx is

the mean time constant, ϕx is the depression factor, and Rx is the charge transfer

resistance of three ZARC elements. If ϕx = 1, the ZARC behaves as an parallel RC

circuit element and if ϕx = 0, it behaves as a ideal resistor. For FSW element, σ is

the Warburg coefficient and Clim is the limit of capacitance. The initial and boundary

conditions of ECM fitting has recently been extracted by a transform based DRT

analysis which allows one to reduce the ambiguity in the construction of ECM and

thus over-fitting [15]. The fitted ECM parameters, such as Rs, Rx, τx, ϕx, σ and Clim,
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vary depending on SOC, so that Equation 4.1 should be expanded as

Z(ω, SOC) = Rs(SOC) +
σ(SOC)√

ω
(1− j) coth(Clim(SOC)σ(SOC))

+
x=3∑
x=1

Rx(SOC)

1 + (jωτx(SOC))ϕx(SOC)

(4.2)

These dependencies can be quantified for each parameter as a function of SOC. The

relationship between ECM parameters and SOC is often nonlinear, making it difficult

to find a simple mathematical model that accurately captures the dependencies. Addi-

tionally, double fitting introduces additional sources of error and uncertainty into the

parameter estimation process and increases the risk of overfitting. Overfitting occurs

when a model is too complex and captures noise or random variations in the data

rather than the true underlying relationships. This can lead to poor generalization and

inaccurate predictions when the model is applied to new data.

This problem can be mitigated by using an orthogonal function basis, such as

Chebyshev polynomials, to project data on the optimal solution. Furthermore, Cheby-

shev polynomials have the property of minimizing the maximum absolute value over

a given interval [117]. This helps preventing physically unrealistically large values of

the fitted polynomials in regions with poor sampling to facilitate closer fits in densely

sampled regions. It leads to a more robust and accurate representation of the depen-

dencies of ECM parameters on SOC across the entire range. It can ensure that the

parametrization is equally well-determined across the SOC range, reducing the risk of

overfitting or underfitting in specific regions.

Unlike regular polynomial regression with monomial basis functions x, it uses the

orthogonal polynomials in a least-squares functional approximation,

f(x) =
∞∑
n=0

anTn(x) (4.3)

where an is the coefficient associated with the Chebyshev polynomial Tn(x) of order n,

and Tn(x) is defined as,

Tn(x) = Tn(cos θ) = cos (nθ) , x ∈ [−1, 1] (4.4)

with weight function w(x) = 1√
(1−x2) [118]. Chebyshev polynomials of the first kind

have the advantage of being well-behaved and oscillating within the interval [-1, 1].

This is beneficial because the boundaries of the SOC range are less often realized

in practice, and using Chebyshev polynomials can help mitigate any potential issues
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related to extrapolation or fitting near the boundaries. For example, the relationship

between parameter Rs and SOC could be expressed as

R̃s(SOC) = a1T1(SOC) + a0T0(SOC) , SOC ∈ [−1, 1] (4.5)

The goal is to find optimal coefficients an to minimize the error between functional

estimated values R̃s(SOC) and experimentally parameterized values Rs(SOC). Using

the discrete orthogonality property, coefficients can be approximated as:

an =
2

N

N−1∑
i=0

f(xi)Tn(xi) (4.6)

where N is the total number of data points, f(xi) is the value of the function being

fitted at the data point xi, and Tn(xi) is the value of the nth Chebyshev polynomial

evaluated at xi. This property simplifies the calculations and makes the convergence

of the regression analysis faster, resulting in more efficient parameter estimation.

As a result, the parameters from Equation 4.2 depending on SOC are expressed as

32 dimensional Chebyshev coefficients. These Chebyshev coefficients are used to cre-

ate a compact representation of the battery’s history over single charging/discharging

cycle. For representing multiple charging/discharging cycles or an aging procedure,

these vectors of coefficients should be concatenated to create a holistic comprehensive

representation of the battery’s complete history, which allows for an thorough analysis

of the battery’s behavior, performance degradation, and aging effects.

4.2.2 Model variation for covering over lifetime

Representing SOH changes over multiple charging/discharging cycles through its effects

on ECM parameters is challenging. SOH is a specific indicator that quantifies the

current condition or health of a system relative to its original or ideal state. It provides

a snapshot of the battery’s health at a given point in time and it cannot be directly

measured but is often inferred based on charging/discharging cycle numbers.

However, relying solely on cycle numbers to infer SOH has limitations, especially

when sudden issues and subsequent recovery are involved. Sudden issues, such as

rapid voltage drops or battery overheating, might temporarily accelerate degradation

in batteries, but the recovery could be partial or nonlinear. Cycle numbers alone

may not capture the extent of this recovery. Besides, SOH is a multifaceted and

interdependent concept encompassing capacity loss, impedance changes, aging rates,

and more. Capturing all these dimensions accurately in a single set of parameters is

challenging.
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Alternatively, a data-driven approach may be chosen. Machine learning models

help to parameterize and represent SOH as multidimensional clusters for quantifying

and tracking the health of a battery relative to its initial state. It enables to monitor

aging pathway and predict Remaining Useful Life (RUL) of battery based on various

scenarios. Nevertheless, obtaining reliable and comprehensive experimental data over

a long period for machine learning makes it time-consuming and resource-intensive.

Parametrizing a Chebyshev space provides a means to replace experimental data with

computationally generated battery models. As more data becomes available during the

lifetime of the battery, the numerical data can be replaced by experimental data, and

the statistical models for the computational batteries can be consecutively improved.

One Chebyshev coefficients vectors represents a battery’s SOC dependent

impedance behavior over a single cycle. And SOH is effectively depicted as distinct

regions or clouds within a broader Chebyshev space. These clouds dynamically shift

and evolve as the battery undergoes the aging process. Each cloud within this space

signifies a particular state of health the battery can manifest. Visualizing SOH in

this manner helps in grasping the continuous and non-linear nature of the aging pro-

cess. It allows for a more comprehensive understanding of how the battery’s health

progresses over time, capturing the variability and nuances that come with different

aging patterns. Our objective is to derive slight extensions of these coefficient vectors,

effectively broadening their representation to cover specific regions of interest through-

out the battery’s operational lifespan. We aim to encapsulate and encompass crucial

phases, behaviors, or characteristics exhibited by the battery during its entire life cycle.

QMC is a method that can be used to generate high-dimensional vectors within a

specified interval that is consistent with uncertainty estimates of model parameters by

utilizing quasi-random sequences to sample the parameter space in a more uniform and

efficient manner compared to standard random sampling. Since Chebyshev coefficients

for a single cycle are high dimensional as described above, QMC is particularly suitable.

To generate points in the parameter space, one selects a quasi-random sequence,

such as Sobol sequence [119], which have good low-discrepancy properties. The Sobol

sequence provides 2m points in a unit hypercube with d dimensionality [0, 1)d, where

each point is obtained by bitwise XOR operations on a set of direction numbers. Then

transform the generated Sobol points to mimic the normal distribution N(µ,Σ). There-

fore, generating a sufficient number of points n through QMC is described as:

n = 2m ∈ [0, 1)d ∼ N(µ,Σ) (4.7)

The foundational set of Chebyshev coefficients is established through a parametriza-

tion process, primarily driven by experimental impedance data as elaborated in sub-
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section 4.2.1. This process allows for a robust representation of the battery’s electrical

behavior, encapsulating its impedance characteristics. These d-dimensional n vectors

are strategically employed to delineate distinct regions of interest, effectively capturing

critical phases within the battery’s entire lifespan. By considering the basic vectors cor-

responding to a fresh battery, an aged battery and a dead battery, we can systematically

sample and construct three discernible clouds. The fresh battery cloud encapsulates

the pristine state of the battery, representing its behavior at the initial stage of its life

cycle. It provides insights into the battery’s optimal performance and behavior when

it’s in its best condition. In contrast, the dead battery cloud represents the end-of-life

stage, providing an understanding of the battery’s behavior when it nears the end of

its operational life. In between, The aged battery cloud signifies the battery’s behavior

as it undergoes the aging process. Sampling and analyzing these three distinct clouds

provides a comprehensive understanding of the battery’s behavior from its inception

to its eventual end-of-life.

4.3 Materials and Methods

4.3.1 Electrical simulation

The generated Chebyshev coefficients vectors at differently aged battery clouds are

used to construct new ECMs at variety SOCs. These ECMs serve as numerical models

that simulate the battery’s behavior. The ISEA Framework [17], a real-time capable

electrical simulation platform, was used to combine a particular current profile with an

ECM to gather a voltage response. The input time-based load profiles are sinusoidal

waveforms spanning a wide range of frequencies to mimic the conditions encountered

during EIS. These current profile starts the ECM at initialized state, and for each

time step, calculate voltage response based on differential and algebraic equations [33]

and update the battery’s state variables within ECM. These steps are repeated for the

specified duration or until the current profile is fully simulated. The calculated voltage

at every time step builds a voltage profile that corresponds to the current input. The

impedance is then calculated as the ratio of voltage to current in the frequency domain.

4.3.2 EIS measurements for simulation

To fully parametrize a cell for simulation with the ISEA Framework, EIS measurements

at multiple SOCs of each cell were acquired. Therefore, the cells were charged with 2C

using the CC-CV method until a residual charging current of 0.05C is reached. After

a resting period of 10 minutes, an EIS spectra in galvanostatic mode between 200kHz
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and 10mHz is measured, followed by a discharge current of 0.1C for 30 minutes to

ensure a 5% SOC discharge. Before the next set of EIS measurements, the cell rests

for 1h until a steady state is reached. This procedure is repeated until the cell is fully

discharged, resulting in 21 SOC points.

To exactly determine the SOC values of each subsequent measurement step, the

individual discharge capacities were calculated by integrating the discharge current

over time. The sum of all capacity values results in the 0.1C discharge capacity of the

investigated cell.

Three cells were taken into consideration:

• a fresh cell that has seen no use before the parametrization other than calendaric

ageing since production (37mAh).

• an aged cell that has been used regularly in real life application and therefore has

a lower capacity compared to the fresh cell (25mAh).

• a dead cell that has gone through a lot of cyclic and calendaric ageing and shows

a significantly lower capacity compared to the fresh cell (16mAh).

4.4 Results and Discussion

Approximation of ECM parameters vs. SOC by Chebyshev polynomials

Regression of Chebyshev polynomials to the ECM parameters from fits of experimental

impedance data at different SOC values is shown in Figure 4.1. The selection of their

best order of polynomials involves Root Mean Squared Error (RMSE) and coefficient

of determination, expressed as R2.

As pointwise parametrized results show, the serial resistance Rs decreases as SOC

increases, it implies battery is discharging [120]. This phenomenon is consistent with

experimental results [121]. The evaluation results quantifying their relationship with

different Chebyshev polynomial degrees illustrate that RMSE decreases and the R2

increases as the model complexity increases. The order that results in the lowest

RMSE and the highest R2 is considered the best choice. However, our goal is to

minimize the dimensionality, in other words, to represent the battery models with as

few coefficients as possible. At the point of polynomial with one degree RMSE and

R2 starts to stabilize, therefore, their relationship can be assumed and simplified to a

linear one.

R1, τ1 and ϕ1 represent the low frequency ZARC element, since τ represents the

inverse frequency and τ1 is the highest one among three elements. As observed the
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increasing parameter values R1 and τ1 with increasing SOC exhibit a approximately

linear behavior, where both RMSE and R2 slightly reach an optimal value. The time

constant τ = RC associated with resistance builds up charge during charging and

has increased resistance, which may intensify the formation and growth of the Solid

Electrolyte Interface (SEI) layer.

In contract to it, R3 and τ3, which make up the high frequency ZARC element,

their values decrease as SOC increase. It builds up discharge during charging, which

implies cathode. Their RMSE and R2 plot against the order of polynomial suggest a

linear regression function.

The another distinguishable ZARC element in the middle frequency has more fluc-

tuating values along with SOC and they needs higher degree polynomial functions for

mimic the dependencies. Obviously R2 can be described by 2-polynomial function,

but RMSE and R2 plot of τ2 don’t show clear stabilization within expected polynomial

degree. Here we choose the point where both lines meet, 3 degree of polynomials, while

it represents a balance between fitting the data and model complexity.

ϕ values strongly fluctuate and their polynomial function normally has also higher

degree. Based on the strategy of choosing either stabilizing or intersecting points,

ϕ1 selects 2 polynomials, ϕ2 3 polynomials, and ϕ2 1 polynomial respectively. The

Warburg coefficient σ and limit of capacitance Clim for diffusion process represent the

straight line in the low frequency in the Nyquist plot. σ decreases as SOC increases, but

conversely, Clim increases as it increases, and both can be expressed by second-degree

polynomial functions.
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Figure 4.1: Chebyshev polynomial regression of ECM parameter values along with SOC
(left) and their RMSE and R2 of different degrees of Chebyshev polynomial regression
(right)
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These Chebyshev polynomials can replace lookup tables to model the dependen-

cies of ECM parameters and SOC in a more compact and mathematically efficient

manner. To evaluate the polynomials, plug the specific SOC value at 70% into the

defined Chebyshev polynomials and regular polynomial function to obtain the corre-

sponding parameter values and calculate new impedance according to Equation 4.2.

As a representative middle point of SOC range, the charging and discharging effects

on the battery are relatively balanced and 70% SOC is relevant to practical usage for

optimal performance. In Figure 4.2, the mathematically calculated and experimentally

observed EIS spectrum, and their residuals are shown.

The chosen order of the polynomial for a parameter is limited to maximum of 4,

signifying a highly regularized model. Consequently, the effects and differences be-

tween two polynomials are not substantial. Although both polynomial fitting methods

provided good visual fits on the Nyquist plot, the Chebyshev polynomial regression

demonstrated better performance in terms of residual distribution and fit accuracy.

The more homogeneous distribution of residuals and the smaller RMSE across the

entire frequency range indicate a higher level of precision and accuracy in capturing

the impedance behavior of the system. Thereby Chebyshev polynomial coefficients

are capable and reliable to replace traditional ECM parameters representation along

with SOC. However, the extremely high and low frequencies may not have practical

significance in real-world applications. Using RMSE to average values across the entire

frequency spectrum might not be a suitable measure, as it could obscure the mean-

ingful insights in the more relevant frequency ranges. This analysis is selected from

individual spectrum at a certain SOC, and the subsequent section will delve into a

comparative analysis of multiple spectra.

Figure 4.2: The differences between the observed impedance from EIS measurement
and predicted impedance from regular and Chebyshev polynomial regression model at
SOC=70% (a) and their residuals (b)
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When aiming for a global EIS fit of the experimental data from a single cell at fixed

age for all measured SOCs, instead of conducting individual fits for each SOC sepa-

rately, securing an appropriate starting set of Chebyshev coefficients for this non-linear

fitting might be crucial. For this, the Chebyshev coefficients taken from pointwise

approach that describes in this context can provide a solid foundation for initial condi-

tions and reasonable boundaries. The optimized Chebyshev coefficients directly fitted

from experimental EIS data are detailed in the Supporting Information (section 4.6).

Model variation over lifetime

The determined Chebyshev coefficients above are based on ECM fitting on measured

impedance at a single cycle. The total number of coefficients to represent an ECM

is 32, which is hard to visualize for such high dimensional vectors. Here we take the

parameter ϕ1 as an example, which is quantified by second order polynomial function

with three coefficients and is able to visualize in Figure 4.3.

In this study, three fundamental sets of coefficients, derived from experimental data

analysis and denoted as fresh cell, aged cell, and dead cell, serve as key reference points

in a 3-dimensional space, which are plotted as star points. The generation of coefficients

based on these fundamental points is carried out using QMC Equation 4.7 and should

take care of boundaries. A simple concept is to create circles around each fundamental

point, the radius is set to half the distance between any two neighboring fundamental

points. Thousands of points are generated within respective circles and this process is

applied independently in each dimension.

The aged cell group and fresh cell group are located nearly, while dead cell group is

far away from them. It indicates that the healthy batteries and unhealthy batteries are

significant noticeable in the Chebyshev space. The generated coefficients serve as the

basis for defining parameter values. These coefficients are utilized to construct poly-

nomial functions along the SOC. The new polynomial functions should align with the

fundamental Chebyshev polynomial function’s behavior. The fundamental Chebyshev

polynomial function of each group serves as a reference for the desired tendencies in the

generated polynomial functions. If the generated polynomial functions do not exhibit

the desired tendencies akin to the fundamental Chebyshev polynomial function, the

corresponding points are discarded. Additionally, ϕ1 of dead cells increases dramati-

cally with increasing SOC, while its change in healthy cells is not significant. At higher

SOC, the three distinct clouds become heavily intertwined, while at lower SOC, they

remain well separated. This observation suggests that, even when examining a single

parameter, batteries can be effectively grouped based on their lifetime characteristics.

Notably, within the fresh and aged cell clouds, there is a outlier present even at low
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SOC levels, thus it becomes essential to observe the speed at which outliers are gen-

erated as the standard deviation of QMC generation increases. This sensitivity to the

standard deviation highlights the need for robust analysis and management of battery

behavior, especially in cases where outliers play a significant role.

Figure 4.3: Generated parameter ϕ1 along with SOC (a) and its coefficients for aged,
fresh and dead cells (b)

Similarly, applying QMC generation methods to the rest of parameters allows one

to build high dimensional vectors to represent differently aged cells and store big data

for further machine learning process (Figure 4.4). Notably, the impedance generated

using Chebyshev polynomials exhibits a distribution that closely aligns with the ex-

perimental data, outperforming regular polynomials. As a result, the overall mean

value of Chebyshev polynomials is smaller than that of regular polynomials. Similarly,

when comparing both polynomial types at different SOC values, Chebyshev polyno-

mials exhibit a smoother transition in response to changes in SOC. The sensitivity of

impedance variation to the standard deviation of QMC generation highlights the speed

of cloud expansion. As the variance of Gaussian distribution increases, the variance of

impedance with standard polynomials accelerates more rapidly than with Chebyshev

polynomials. In practical terms, this means that Chebyshev polynomials introduce out-

liers more slowly within cloud boundaries, thereby causing clouds to expand gradually

and ensuring that the distinct clouds do not mix together. This behavior contributes to

ensuring that the scaling up of the clouds remains under control and occurs gradually,

with a measured pace.
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Figure 4.4: The generated aged cell models based on Chebyshev polynomials and reg-
ular polynomials. (a) shows the impedance calculated from the generated parameters
of the aged cell cloud at a single SOC; (b) illustrates the mean and standard deviation
of residuals when compared to the experimental data; (c) shows residuals over multiple
SOCs; (d) is impedance variance along with standard deviation of QMC generation
over multiple SOCs

4.5 Conclusions

In order to reduce the dimensionality of model representation at a single charg-

ing/discharging cycle, Chebyshev polynomials quantify the SOC dependencies on ECM

parameters in a robust way, which allows to reconstruct the ECM at any desired SOC

value in a concise manner. Each charging/discharging cycle can be represented by a

certain set of Chebyshev coefficients that correspond to the fitted parameters at dif-

ferent SOC values during that cycle. These coefficients form the battery’s history over

that specific cycle.

Since parametrizing SOH is a complex task due to the multifaceted nature of bat-

tery health, it makes difficult to use multiple charging/discharging cycle numbers to

represent the aging process comprehensively. Aging behavior can only be tracked by

segmentation of different battery health categories. QMC method helps to generate
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sufficient sets of high dimensional Chebyshev coefficients vectors based on experimen-

tal data to build certain region of battery health without massive experiments. These

sampled large amount of numerical models work as foundation for further machine

learning, which allows for tailored approaches to mitigate or manage specific degrada-

tion patterns. The data delivered in this article includes Chebyshev coefficients vectors

of different battery health categories, and their corresponding simulated time-based

current and voltage data, as well as their analyzed impedance and DRT data.

4.6 Supporting Information

The process initiates with a set of 32 Chebyshev coefficients derived from a pointwise

approach as described in this context, which serve as the initial variables for opti-

mization. The object function employs this set of coefficients to determine the ECM

parameters across full SOCs. For each ECM parameter set at each SOC, impedance is

calculated over a wide range of frequencies. These calculated impedances are then com-

pared against the experimental impedance data, with the aim of minimizing the resid-

uals between them. Following this, an iterative Bayesian optimization process takes

the initial guess for the Chebyshev coefficients and the fitting boundaries, applying

the predefined objective function to find the minimal residuals. It intelligently selects

the next set of parameters for evaluation, informed by prior iterations. The goal is to

identify the optimal set of Chebyshev coefficients that leads to a more accurate fit to

the experimental EIS data. Table 4.1 presents an example of the optimized Chebyshev

coefficients obtained with a good initial set side by side with those obtained without

such initialization. The parameter Rser0 and Rser1 in the table are the coefficients

of serial resistor Rs to represent their SOC dependencies by 1-polynomial regression.

Similarly, the parameters are related to polynomials of element in the table.
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element parameter initial optimized
without
good

initialization

Rs Rser0 0.295 0.310 13.979
Rser1 -9.363e-5 -8.895e-5 -1.724

Clim WC0 8.053 8.456 -19254.8
WC1 0.077 0.081 -233.2
WC2 9.425e-5 9.897e-5 -0.703

σ WS0 0.049 0.047 -0.609
WS1 8.551e-4 8.978e-4 0.034
WS2 1.243e-5 1.181e-5 4.852e-4

R1 Z1R0 1.414 1.484 -1.657
Z1R1 0.011 0.010 0.142

τ1 Z1T0 0.052 0.055 -0.113
Z1T1 5.029e-4 4.778e-4 0.0329

ϕ1 Z1P0 0.879 0.835 0.93
Z1P1 0.00128 0.00122 0.0173
Z1P2 -6.285e-6 -6.599e-6 1.251e-3

R2 Z2R0 1.766 1.854 -7.786
Z2R1 0.00704 0.00739 -0.244

τ2 Z2T0 0.00827 0.00867 -0.12
Z2T1 3.801e-5 3.611e-5 0.011
Z2T2 -1.596e-4 -1.676e-4 -1.7e-4
Z2T3 -1.078e-10 -1.049e-10 7.645e-7

ϕ2 Z2P0 0.855 0.898 -0.388
Z2P1 -0.00255 -0.00243 0.0289
Z2P2 2.152e-5 2.259e-5 2.158e-3
Z2P3 -5.576e-8 -5.297e-8 -1.121e-5

R3 Z3R0 2.069 2.141 -5.257
Z3R1 -0.012 -0.011 0.755
Z3R2 1.532e-5 1.061e-5 4.818e-3

τ3 Z3T0 5.526e-4 5.802e-4 7.551e-4
Z3T1 -4.794e-6 -4.554e-6 -7.112e-6

ϕ2 Z3P0 0.367 0.349 0.575
Z3P1 -0.00138 -0.00145 -0.0559

Table 4.1: Table to 32 Chebyshev coefficients of 12 ECM parameters fitted to exper-
imental impedance data by initial pointwise approach, iterative global optimization,
and fitting without good initialization. The SOC is sampled at 19 discrete points within
the range of 0-100%. For each SOC, the impedance is measured across a frequency
spectrum consisting of 84 points, spanning from 10 mHz to 300 kHz.
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Chapter 5

Observation of battery aging

process in latent space

This chapter is adapted from the publication that has been submitted to the journal

and is now under review: Lifetime monitoring for lithium-ion battery in the

low dimensional latent space, by L. Jin, F. Bereck, R.-A. Eichel, J. Granwehr, and

C. Scheurer.

The theoretical analysis about design of autoencoder, classification and validation

of battery aging state in latent space, as well as simulation and training of battery data

were conducted by the author of this thesis, Limei Jin. The experimental EIS data

was provided by Franz Bereck.

5.1 Introduction

Batteries in electric vehicle contain intricate battery packs composed of numerous cells

working in tandem. The BMS is responsible for effective management of these cells,

ensuring optimal performance and overall lifetime [4]. However, achieving precise con-

trol over the complex electrochemical processes occurring within each cell remains a

challenge. Therefore, the integration of a DT into cell management practices empowers

the BMS with advanced capabilities for monitoring, analysis, and control [113].

A DT is a virtual representation of the physical battery system, and the data

obtained from EIS can be integrated into this digital model, ensuring that the virtual

model stays synchronized with the actual behavior of the battery cell and updated in

real time [8]. The EIS stands out as a spectroscopic technique capable of providing

insights beyond conventional measures of potential and current. However, EIS assumes

a linear and time-invariant system, which is often not true in real-world applications,

and EIS provides a snapshot of the system’s behavior at a specific point in time,
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usually represented as SOC [58]. It cannot easily capture the system’s non-periodic

dynamics or changes over time, such as SOH, which can be crucial for understanding

the behavior of a system in real-world, time-varying conditions (chapter 4). Besides,

obtaining high-quality, comprehensive experimental impedance data from batteries is

time-consuming.

Addressing these challenges, the frequency domain analysis will be transitioned

to time domain. Initially, the time-based data analysis is applied on ideal sinusoidal

current and voltage signals for better comparison with traditional EIS analysis. How-

ever, in real-world scenarios, battery behavior can vary significantly due to factors such

as temperature fluctuations [122], electrode degradation [21] and other environmental

conditions. It results in an idealized sinusoidal waveform that is no longer realistic.

Hence, introducing controlled noise [77], such as Gaussian noise, into simulation signals

enhances realism, making them more representative of the complexities in real-world

battery applications. Additionally, real-world data collection, especially with compre-

hensive measurements, can be time-consuming and resource-intensive [123]. Hence,

testing the model’s ability to generalize and provide reliable outcomes with limited

input information is necessary. Partitioning each noisy sinusoidal signal into subsets

and scrambling them among various frequencies contributes to reduce the amount of

data required for analysis, as long as their resulting signals, that are independent on

frequency order, give the same results as idealized signals. It allows researchers to

investigate how little data with how many frequency points is sufficient for objective

analysis while preserving essential characteristics. It also helps avoid bias introduced

by analyzing only idealized sinusoidal signals and introduces variability for capturing a

broader range of potential scenarios, such as stochastic pulse signals or other fluctuated

signals. Thereby, model’s robustness and adaptability can be tested with fewer data

points.

However, time-based battery data analysis involves large amount of high-

dimensional data, thus, ML emerges as a transformative approach, offering potentials

to leverage large datasets and extract meaningful features from these complex data

in a non-linear way, improving the precision and efficiency of battery monitoring [7].

Especially, dimensionality reduction techniques like autoencoders are used to identify

the most relevant features and focus on the most informative aspects of the data.

Autoencoders are a deep neural network architecture commonly used in unsuper-

vised learning to perform dimensionality reduction and feature extraction from input

data [34]. They typically consist of an encoder and a decoder. The encoder takes the

normalized data as input and compresses it into a lower-dimensional latent represen-

tation, named Latent Space. The decoder then aims to reconstruct the original data
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from the latent space representation. The objective of training the autoencoder is to

minimize a reconstruction loss between the input data and its reconstruction.

Analyzing battery data in the LS provides the chance to observe aging process

more easily. By mapping different battery ages onto the latent space, it becomes

possible to visualize the progression from fresh to aged and potentially end-of-life states.

The position of data points in the latent space reflects the underlying dynamics of

aging, providing insights into how batteries evolve over time. Furthermore, the low-

dimensional LS enables efficient classification of battery states. Through techniques

like SVM [42], distinct regions in the latent space can be associated with different

battery ages.

In this article, we will explore the transition from linear to non-linear regimes,

aiming to extend the limits of traditional EIS analysis for battery system. By mapping

different types of battery data into LS, derived through autoencoders, we will delve

into capturing the evolving characteristics of batteries over time, paving the way for

live aging tracking.

5.2 Methodology

5.2.1 Structure of autoencoder

In our approach, we exclusively employ the encoder portion of the autoencoder while

omitting the decoder, as our primary focus lies on the observation of battery aging

within the latent space. The activation function chosen for our neural network is ReLU

for its simplicity and effectiveness, and CNN layers are utilized due to our input data

comprising multiple channels [124]. Opting for a latent space dimensionality of two is

sufficient for categorization and convenient for visualization. Although alternative sce-

narios might necessitate higher dimensions, our specific case for tracking battery aging

benefits from the simplicity and interpretability offered by a two-dimensional space.

The foundational library of the autoencoder provides the backbone for implementing

the selected algorithms in our analysis.

5.2.2 Mapping data to autoencoder input/output layers

In this study, we work with time-based and frequency-based input data over a single

cycle, featuring 18 SOC points, at each 5% over discharging cycle. The frequency-

based input comprises real and imaginary parts of impedance, each with 78 values

at every SOC point, mirroring the frequency points taken in the EIS measurement.

Additionally, an SOC sequence with 18 measuring points is included, as illustrated in
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Figure 5.2a. Similarly, the time-based data consists of a current sequence with 1000

time steps, a corresponding voltage sequence with the same time steps, and an SOC

sequence aligning with the frequency-based analysis, showcased in Figure 5.2b and

Figure 5.2c.

Given the sensitivity of neural networks to input scale variations, we employ min-

max scaling normalization for each sequence [125]. This process transforms each se-

quence into a standardized range, typically between 0 and 1. It ensures uniformity

across different input scales, preventing any single sequence from dominating the net-

work and promoting stability during the training process.

The normalized three-channel input sequence undergoes a convolutional transfor-

mation in the encoder, designed with multiple layers. The kernel size, stride, and

padding parameters control the convolutional operations and downsampling. The ini-

tial convolutional layer applies operation with a kernel size of 3x3x3, maintaining the

spatial dimensions through padding and a stride of 1, and transforms into an out-

put tensor with 16 channels. Then, a ReLU activation function follows to introduce

non-linearity to the transformation. The subsequent layer with 16 channels employs

a similar convolutional operation with a 3x3x3 kernel but introduces spatial down-

sampling through a stride of 2, effectively reducing the spatial dimensions. Again, a

ReLU activation function is followed afterwards. The last convolutional layer refines

the representation to 2 channels with another 3x3x3 kernel and a ReLU activation.

The resulting tensor is then flattened, transforming it from a 3D tensor to a 1D tensor.

Three linear layers follows to further reduce the dimensionality of the representation

through ReLU activations. The final linear layer outputs the compressed representa-

tion in the latent space with a size two. Thereby, each three-sequence input data set

over a single cycle compressed as one point in the 2D latent space. When applying the

same structure of input data over multiple cycles, multiple three-sequence input data

sets are condensed independently, leading to the emergence of different points in the

latent space (Figure 5.1).

5.2.3 Classification

Each point in the latent space serves as a representation of cells with varying aging

conditions. However, the individual values of vectors in the LS might not have an

explicit or interpretable meaning on their own. Instead, the crucial information lies

in the relative positions and relationships between them, especially in the context of

neighboring points. The structure and distribution of vectors in the LS, as well as their

proximity or separation, play a vital role in how the model captures and represents

patterns and information from the data. Hence, a classification is attempted regarding
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Figure 5.1: Structure of an Autoencoder for training ideal sinusoidal time series data
for differently aged cells

to the SOH of battery cells.

SVM is a supervised machine learning algorithm, which aims to find an optimal

hyperplane that maximizes the margin between different clusters while minimizing

classification error [42]. The convex optimization problem in SVM guaranteed the

global optimum, which is not sensitive to the initial guess or starting point.

As a non-parametric model, it makes fewer explicit assumptions about the under-

lying data distribution or the number of features compared to other models. In other

words, unlike some clustering methods that might create circular decision boundaries

around clusters, SVM seeks the hyperplane, that is not constrained by a predefined

shape. Therefore, SVM is particularly suitable for tracking aging pathways in the la-

tent space. It segregates entire space into three age regions, if necessary can be more.

By observing the distribution of these regions, one can gain a comprehensive under-

standing of how cells age. Additionally, SVM prioritizes a subset of data points, known

as support vectors that lie closest to the decision boundary and influence the position

and orientation of the hyperplane, therefore it allows a robust decision-making even

with a small dataset.

SVM handels both linear and non-linear kernels. The parameter C helps to control

the error of misclassifying in SVM with linear kernel function, while γ parameter de-

termines the classification results of non-linear kernel function, polynomial and RBF

[46].

The high values of C and γ mean higher penalty and better accuracy, the optimizer

will choose a more complex decision boundary that fits all the training data very closely,

and potentially leading to over-fitting because of a low bias and high variance [45].
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Conversely, a low value of C and γ will cause robust boundaries with mis-classification,

which results in a high bias and low variance for under-fitting problem.

5.2.4 Cross-validation

To find optimal hyperparamter of a classifier, Cross-Validation (CV) technique is in-

volved to estimate the accuracy of a model along with hyperparamter variation [126].

The simple validation process used in machine learning is setting another test set

for the trained model to evaluate its accuracy. The training score reflects how well the

model predicts the labels of the data it was trained on. However, this alone does not

guarantee the model’s ability to generalize to new, unseen data.

In a 3-fold CV, the training set is partitioned into three non-overlapping subsets,

and the model is trained and validated three times. Each time using a different subset

as the test set and the remaining two subsets as train sets. The average accuracy over

the three folds is reported as the CV-score. It provides an overall evaluation and an

indication of how well the model performs on data it hasn’t seen during training.

Combination of training scores and cross-validation scores ensure that SVM model

fits without over-fitting nor under-fitting.

5.2.5 Scrambling

We take experimental EIS data during a discharging cycle on three distinct battery

cells with varying ages: a fresh cell with a capacity of 37 mAh, an aged cell with 25

mAh, and a damaged cell with 16 mAh. ECM fitting combined with DRT techniques

allows us to parameterize virtual models that represent three real battery cells. Then

the use of Chebyshev polynomials enables to quantify of SOC dependencies on ECM

parameters, and these Chebyshev coefficients form the battery’s history over a spe-

cific cycle. Subsequently, QMC method is applied to generate sufficient sets of high

dimensional Chebyshev coefficients vectors. These sets, anchored around the three

experimental data points, define specific regions of battery health (chapter 4). These

sampled large amount of numerical models are simulated with ideal sinusoidal current

profile and their corresponding voltage output is stored for further ML.

We start with these prepared ideal sinusoidal voltage and current data (Figure 5.2b)

ranging from high- to low-frequencies. The frequency range precisely aligns with the

frequency components encountered in EIS measurements, to ensure that the simulated

data maintains relevance and comparability to experimental impedance data. For

more representative real-world scenarios, we introduce Gaussian noise to each of the

sinusoidal voltage data with different frequencies (chapter 3).
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To investigate how many individual oscillations are needed for the same LS topol-

ogy as traditional periodic signals, scrambling signals independently of frequency order

is a necessary step. It reduces data requirements, which is valuable for testing the

model’s ability to generalize with limited input. Each noisy sinusoidal signal is metic-

ulously partitioned into several subsets or segments. The number of subsets precisely

corresponds to the number of frequency points, ensuring that each recombined signal

covers all frequency range. The subsequent step involves taking the subsets from dif-

ferent frequency signals and rearranging or scrambling them among various frequency

components. For example, subsets from a high-frequency signal may be placed within

low-frequency signals, and vice versa. As a result, the new signals now contain com-

ponents from randomly different frequencies (Figure 5.2c).

5.3 Materials and Methods

The open-source machine learning library PyTorch is used to construct convolutional

autoencoder architecture [127]. An real-time capable electrical simulation platform,

ISEA Framework is utilized to simulate EC models with current input and gather

voltage output [33].

5.4 Results and Discussion

Latent Space: time-based data vs. frequency-based data

Battery data has been subjected to training using an autoencoder, and the subsequent

analysis is conducted in a two-dimensional latent space for simplicity. Higher dimen-

sional latent space may be required for more complex system responses. Each point

within this latent space represents a distinct battery model corresponding to a specific

cycle number, in other words a certain battery age.

While traditional impedance analysis is well-established and widely used, compar-

ing it with time domain data analysis ensures that the latter method is reliable and

capable of capturing dynamic battery performance. Comparing the LS results obtained

from ideal periodic signals with it derived from EIS data provides a means to validate

the linearity assumption. To account for non-linear battery’s behaviour, the LS repre-

sentation from scrambled data is validated, aiming to achieve results consistent with a

linear system, thus providing a secure foundation for extending the linear limits.

Figure 5.3 shows the latent space representation gained from training by ideal si-

nusoidal current and voltage data (Figure 5.2b), by scrambled noisy time series data
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(Figure 5.2c), and by their impedance data (Figure 5.2a). The blue points have been

generated using QMC methods for understanding aging behavior, and the three star

points are actual data obtained from experiments as a basis for comparison and vali-

dation. The measurement on a battery with capacity 37 mAh serves as fresh cell, with

25 mAh as an aged cell model, and with 16 mAh as defective cell.

As observed, the topology of the latent space appears similar in shape for all training

data sets, from blue star point through green point to red point can form a directed line.

The similarity between Figure 5.3a and Figure 5.3b implies that analysis of ideal time-

based data can capture key information and features similar to the frequency-based

impedance data analysis under linear assumption and the same conditions. Comparing

Figure 5.3c with the others indicate that frequency independent noisy signals still

give us the similar results as linear system. Therefore, it allows a reliable dynamic

battery performance analysis by using traditional impedance analysis as reference or

benchmark.

However, the latent space obtained from time-series data appears to be rotated in

relation to the latent space from impedance data. Such a rotation in latent space does

not indicate a problem especially in the context of unsupervised learning, rather is a

characteristic of the dimensionality reduction process. The non-linear transformation

of the autoencoder can result in a change in the reorientation and redistribution of the

data points while the essential features and patterns in the data are preserved.

The positions of the three experimental datasets in the latent space, representing

distinct battery ages, effectively imprint the motion of aging onto the latent space

topology. The color progression from blue to green to red corresponds to the transition

from a fresh battery to an end-of-life battery, and these aging pathways consistently

manifest across the three different types of training data (Figure 5.3). Visually, the

blue point representing the fresh cell, the green point denoting the aged cell, and

the red point indicating the dead cell are aligned along a continuum, symbolizing the

chronological progression of battery life. Despite the minimal number of experimental

samples, the concept of associating the SOH with the latent space topology is effectively

realized, showcasing the its commitment to data economy and resource efficiency. This

imprinting process establishes a clear correlation between the observed aging patterns

and the latent space, affirming the autoencoder’s capability to capture essential features

even with a sparse dataset.

Classification: permuted noisy data vs. ideal periodic data

The classification of battery age in the latent space is implemented using SVM with

a linear kernel and a non-linear RBF kernel. The optimization of SVM performance
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(a) frequency-based impedance
data

(b) ideal sinusoidal current and
voltage data

(c) scrambled noisy voltage and
current data

Figure 5.2: Different types of battery training data over a single cycle

(a) training by impedance
data

(b) training by periodic time
series data

(c) training by scrambled time
series data

Figure 5.3: Latent space of generated uncategorized battery cells

involves the careful selection of the kernel type and their associated coefficients, a

crucial step in ensuring the accuracy and reliability of the classification results.

When evaluating the linear kernel, the left validation curves in Figure 5.4a and

Figure 5.4b are presented to illustrate training scores and cross-validation scores as

a function of the linear kernel parameter C. As C values increase, both training and

validation scores rise and eventually stabilize. The optimal balance between model bias

and variance is often achieved when both scores reach a plateau. This plateau signifies a

point where further increasing the complexity of the model does not lead to substantial

improvements in performance and may even result in overfitting. Accordingly, C values

of 106 and 107 are chosen to define the coefficient for the linear kernel.

Furthermore, left validation curves in Figure 5.4c and Figure 5.4d delve into coef-

ficient γ for RBF kernel. The analysis reveals that very low γ values result in both

training and validation scores being low, termed underfitting, whereas medium γ val-
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ues lead to high scores, signifying effective classifier performance. On the other hand,

excessively high γ values indicate overfitting, with strong training scores but poor val-

idation scores. Consequently, γ values of 102 and 108 are selected to define γ for the

RBF kernel function for ideal and permuted signals, respectively. This rigorous pa-

rameter selection process ensures that the SVM classifier is finely tuned and proficient

in accurately classifying battery age within the latent space.

As observed, there are substantial differences in the selected γ values for the two

datasets, while two C values selected are similar. This discrepancy arises from the

scaling differences in the two latent spaces derived from distinct input data. It’s worth

noting that a linear boundary is infinite and remains unaffected by scaling, while non-

linear boundaries are indeed influenced by scaling factors.

In the middle classifier plots in Figure 5.4, the classifiers effectively define clas-

sification boundaries in the two-dimensional latent space. It signifies that the two-

dimensional features derived from the latent space are sufficiently informative for the

segmentation of fresh, aged, and damaged battery cells. Notably, the latent spaces

resulting from the training of ideal, noiseless time-series signals (Figure 5.4a and Fig-

ure 5.4c) and those obtained from training with permuted noisy signals (Figure 5.4b and

Figure 5.4d) yield similar classification results. In both cases, the trajectory of battery

aging pathways is observed to transition from the bottom-left blue region, through the

center-right orange region, and eventually to the upper-center green region. It suggests

that the reduction in frequency range, as employed in the further analysis of stochastic

pulse signals, does not have a detrimental effect on the classification results. In essence,

the classifiers exhibit consistent and reliable performance, validating the utility of the

chosen latent space and data processing techniques in battery age classification.

The trained classifier is put to the test using a new battery dataset to assess its

accuracy, and the results are presented in the left confusion matrix in Figure 5.4.

In this matrix, the diagonal elements represent the number of data points for which

the predicted label matches the true label, and they exhibit the highest values. These

diagonal elements reflect correct predictions by the classifier. The off-diagonal elements

indicate misclassified points, and they have the maximum value of 4 in this case. A

higher concentration of diagonal values within the confusion matrix is indicative of more

accurate predictions. The accuracy, which quantifies the overall performance of the

classifier, reveals that the classifier employing the RBF kernel function performs slightly

better than the one using a linear kernel. Nevertheless, the differences in accuracy

between the two classifiers are relatively small, underlining their overall effectiveness

in accurately categorizing battery age.
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(a) linear classification for ideal signal

(b) linear classification for permuted signal

(c) RBF classification for ideal signal

(d) RBF classification for permuted signal

Figure 5.4: Classification of batteries into three aging groups within the latent
space.(Left) SVM validation curve along with hyperparameter variation; (Middle) Seg-
mentation visualization of three different battery’s ages; (Right) Test results of trained
classifiers

5.5 Conclusions

This paper has led to the development of a robust classifier capable of effectively

segmenting three distinct battery cell groups: fresh cell, aged cell, and dead cell. The
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classification process, as well as the observation of battery aging pathways, is conducted

within a two-dimensional latent space obtained through the machine learning algorithm

autoencoder. To transition from linear to non-linear regimes and to mimic real-world

operational conditions, ideal periodic and noisy permuted time-based battery data are

utilized to be mapped into the latent space. To validate their robustness and efficiency,

traditional impedance is employed as a reference. The consistent and observable robust

aging motion, as depicted by the distribution of classes in the latent space, remains

unaffected by the choice of using time-based or frequency-based data, as well as whether

the data is ideal or noisy. This finding underscores the potential and reliability for

the development of stochastic pulse sequences that can optimize charging strategy to

extend the battery’s lifetime.

5.6 Supplementary Information

The segmentation of battery data into 5 classes in the latent space still provides aging

motion, from blue fresh cells through orange, green, and red aged cells into purple dam-

aged cells (Figure 5.5). The aging pathway stay consistent in periodic and permuted

data.

(a) linear classification for periodic

data

(b) linear classification for permuted

data

(c) non-linear classification for peri-

odic data

(d) non-linear classification for per-

muted data

Figure 5.5: Classification of batteries into five aging groups within the latent space.
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Chapter 6

Stochastic pulse excitation

This chapter is adapted from the pre-final version of publication that will be submitted

soon: Online battery state analysis using stochastic pulse excitation, by L.

Jin, F. Bereck, R.-A. Eichel, J. Granwehr, and C. Scheurer.

The theoretical design of stochastic pulse excitation, simulation of battery models,

machine learning and feature analysis in latent space were conducted by the author of

this thesis, Limei Jin. The experimental limitation was provided by Franz Bereck.

6.1 Introduction

EIS is a standard spectroscopic method that provides a more detailed understanding

of a battery’s state compared to simple current-voltage curves. However, traditional

EIS methods often face challenges, such as the assumption of operation in the linear

response regime, and the time required to acquire a spectrum. These limitations make

it difficult to record a full EIS spectrum during driving, as the transient state changes

of the battery may occur on time scales shorter than the acquisition time. Therefore,

a more realistic and comprehensive assessment of battery load profiles in diverse and

dynamic real-world scenarios would be desirable.

In battery system assessment, a variety of excitation signals are utilized to probe and

model the dynamics of a system based on its response to these inputs. One widely used

technique is the single-frequency method [128], which encompasses excitation signals

that are characterized by their for practical purposes monochromatic nature, presenting

one frequency at a time to the system. This category includes techniques such as the

sine sweep and square sweep, allowing for an in-depth analysis of the system’s response

across the frequency spectrum. The EIS method also uses the sine sweep excitation

signals. However, the single-frequency sweep requires a longer measurement time and

a higher Signal-to-Noise ratio [129]. Because each frequency is tested sequentially,
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extended periods of time are required to capture a stable system response and ensure

clear signal detection amidst background noise.

Broadband methods [128], on the other hand, are distinguished by their multi-

frequency content, capable of stimulating a system across a wide frequency range si-

multaneously. Within these methods, the step signal, which is a non-periodic signal

that abruptly transitions from one level to another, provides a basic excitation scheme.

This abruptness makes it a potent tool for evaluating a system’s transient response,

especially for high frequency response [130]. Multi-sine signals are another option,

combining several sine waves of different frequencies. This method is advantageous

as it allows for observing a system’s behavior efficiently, with the benefit of requiring

simple setups and minimal computational analysis, thus reducing overall testing com-

plexity [131]. For the specific focus of our study, we employ pseudo-random sequences

as a flexible scheme within the space of conceivable implementations of the broadband

strategy. These sequences, although seemingly random, are precisely defined and repro-

ducible, offering the advantage of a broad frequency range stimulation while ensuring

consistency and reliability in experimentation. Pseudo-random sequences mimic the

stochastic nature of real-world signals, providing a robust assessment of a system’s

performance under conditions that closely resemble actual operational scenarios.

To study the characteristics of voltage and current responses in batteries under dy-

namic conditions, we apply stochastic pulse current signals as pseudo-random excita-

tion to the battery and analyze the resulting voltage responses. Varying the amplitude

and duration of the pulse signals allows exploring how the battery responds to different

levels of excitation and sudden changes in input conditions. Then, current pulse input

signals and their response voltage signals for different states of various batteries are

used to train a convolutional autoencoder to produce low-dimensional latent spaces.

The resulting latent spaces derived from different excitation signals are systematically

evaluated by employing traditional impedance spectroscopy as reference. The com-

parative analysis involves probability distribution comparison through quantiles and

segmentation analysis of the latent space, focusing on regions that can be assigned to

aging. The ultimate goal is to identify an optimal pulse sequence by evaluating how well

it aligns with the reference impedance data in terms of distribution and aging-related

segmentation within the latent space.
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6.2 Methodology

6.2.1 Pulse excitation concept

The construction principle for the systematic generation of stochastic current signals

as pseudo-random excitation to the battery is inspired by the Koch curve [132]. Their

geometric shape displays self-similarity across different scales. It is constructed by

starting with a straight line segment, dividing it into thirds, replacing the middle

segment with two segments that form an equilateral triangle, and then removing the

base of the triangle. This process is repeated indefinitely, creating a complex and

detailed fractal pattern. In our approach, we utilize a related iterative and self-similar

construction to design excitation signals that can test the battery’s response under

varied yet precisely defined conditions, offering insights into its imitated real-world

performance. As Figure 6.1 shows, the first hierarchy level is a simple rectangular pulse

Figure 6.1: The concept of stochastic pulse generation from first level to higher levels

waveform and total excitation with equal positive and negative amplitudes asserts that

the overall SOC remains essentially unchanged. The subsequent level is created by

splitting level 1 into two parts. The amplitude of a subpart is selected based on the

previous level’s amplitude, with a small variation added and subtracted to keep the

total values consistent with the previous level. Similarly, higher levels continue this

pattern. Pulse signal at level 3 is generated by splitting sub-pulse at level 2 into 3 parts,

and the integrated amplitude values remain identical to level 2. By using iterations of

this kind, one can generate more complex pulse sequences from simple wavelets.



86 6 Stochastic pulse excitation

The actual protocol for these hierarchical levels is described by amplitude and time

duration variation, which is systematically controlled as follows:

• the starting Level 1 has a pulse amplitude I1, which is limited by the experimental

physical system to avoid significant SOC fluctuations on the slowest timescale.

The duration is set as t1 = 1s, which means a formal frequency scale given by

f1 = 1 Hz, not accounting for the high frequency components due to the step

edges.

• Level 2 has amplitude I2 derived from I1, with small variation on it, I2 = |I1±α|.
The random selection of sub-waveform is reflected in taking plus or minus. And

α represents a small variation on the amplitude. Their duration is multiplied by

previous level t2 =
1
2
t1, which is equal to f2 = 2f1.

• Similarly, Level 3 follows with amplitude I3 = |I2 ± α| and duration t3 =
1
3
t2.

• Continue this pattern, at Level l, the amplitude would be |Il = Il−1 ± α|, and
duration tl =

1
l
· tl−1, which means frequency fl = l · fl−1.

The number of excitation levels uses prime numbers to minimize duplication and en-

hancing the uniqueness. In signal processing and system excitation, avoiding harmonic

overlap is crucial for clear and distinct results. Prime numbers, by their nature, do not

share common factors with each other, reducing the likelihood of harmonic interference

or resonance effects that could skew the results or make them less distinct. Therefore,

excitation levels l = {1, 2, 3, 5, 7, 11, 13...} ensure that each level is distinct from the

others and minimizes the risk of overlapping. Additionally, the prime number sequence

grows in a way that inherently spaces the numbers apart at increasing intervals, which

contributes to an efficient and broad coverage of the excitation spectrum.

When designing experiments that involve current pulse excitation, the number of

excitation levels is closely tied to the constraints and capabilities of the experimental

hardware. Critical parameters include the maximum sampling rate of the system and

the total number of steps per excitation profile that can be effectively managed on

memory-limited, cheap commodity hardware. For instance, if 3 levels, Level 1, 2, 3,

are chosen, the highest frequency for the pulse excitation would be 6Hz. To accurately

capture this, the system’s achievable time resolution must be at least 0.167s, ensuring

each waveform is properly recorded. Additionally, the profile comprises a minimum

of 3 charging steps and 3 discharging steps, totally 6 steps for a complete operational

cycle. These requirements are crucial to ensure that the hardware can handle rapid

transitions between charging and discharging states without any significant delay or

error.
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Combining these generated levels into a single current pulse sequence introduces

randomness. At each level, a sub-pulse is randomly selected. For example, at level

2, there are two sub-pulses with different amplitudes. One of these can be chosen

to represent level 2. Through the combination and permutation of different levels

with their respective sub-pulses, various sets of pulse current profiles are generated.

Figure 6.2 shows one such generated pulse current profile, which includes seven different

levels arranged in a random order. The negative pulse excitation is designed similarly

Figure 6.2: Example of generated pseudo-random current pulse sequence

to the positive pulse excitation, ensuring that the total integrated current amplitude

of the pulse profile remains zero to maintain SOC consistency. Consequently, it allows

not only for the excitation specifically designed for battery characterization, but also

for the excitation that simulate real-world scenarios to be taken as input for charging

or discharging process without external control. Furthermore, this scheme includes

both low and high-frequency components, which is beneficial for battery testing, as

it allows for a comprehensive evaluation of the system’s response across an extensive

spectrum of frequencies. Unlike Pseudo-Random Binary Sequence (PRBS) excitation,

where the bandwidth is constrained by the sample period at high frequencies and by

the sequence’s period at low frequencies [133], our approach ensures the inclusion of

frequencies as high and as low as practically feasible. This broader frequency capability

is crucial, especially since PRBS excitation often encounters system identification errors

near the edges of its bandwidth and is typically limited to load-free time periods [134].



88 6 Stochastic pulse excitation

6.2.2 Latent space segmentation

The generated pulse excitation sequences are used in simulations of the numerical bat-

tery models at different states (chapter 4) to gather a wide variety of response voltage

signals. To extract meaningful features from extensive simulation datasets of paired

pulse current and voltage, an unsupervised ML technique based on a convolutional

autoencoder, is employed. This reduces the high dimensionality of the space of battery

models in a non-linear way and enables battery aging pattern recognition in a low-

dimensional Latent Space (chapter 5). Thereby, each pulse profile leads to a projection

of time-series battery response data into a distinct and independent latent space com-

posed of multiple points, where each point represents a battery cell at a different stage

of aging. For evaluating the effect of different pulse signals on battery performance,

their derived latent space population should be compared with reference space pro-

duced by traditional EIS data. This comparative analysis provides insights into how

various pulse profiles influence the representation of differently aged battery cells in

the reduced-dimensional latent space.

Geometrically, neighboring points in the latent space can be organized into simple

triangular regions, to simply assess the relations within the SOH landscape of battery

models. Monitoring the movement across these regions enables tracking of battery

aging dynamics effectively. As further experimental data becomes available to sub-

stitute the synthetica points, more refined approaches for topological analysis can be

employed. Delaunay triangulation is a powerful method for creating a triangulation

mesh, connecting points in a way that maximizes the minimum angle of all the angles

of the triangles [135]. This approach provides a structured visualization of how these

points or states are related to each other spatially. The edge lengths of all edges in

the triangulated mesh are combined in a histogram. This histogram serves as a tool to

identify a suitable edge length as a hyperparameter for segmenting the latent space into

reasonably resolved regions. The aim is to avoid segments that are too small, which

may represent insignificant variations, or too large, which might cloak important yet

subtle differences between states.

Once suitable segmentation criteria are established in the latent space derived from

standard EIS data, this segmentation framework can be transfered to the latent space

derived from various realizations of pulse data. This allows for a comparison between

two latent spaces, aiding in the assessment which pulse signal produces a latent space

segmentation most similar to the one derived from traditional EIS.

Comparing two latent spaces derived from pulse and EIS data through segmenta-

tion presents certain limitations due to the presence of misclassified points within the

groups. This issue arises because the segmentation process is based purely on geometri-
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cal separation, and when this segmentation is mapped onto another space, outliers can

occur at the edges of the separation. Consequently, a point-to-point comparison be-

tween the two latent spaces is considered a more accurate and computationally efficient

method. This approach mitigates the challenges posed by geometrical segmentation

and provides a more precise alignment between the latent spaces derived from pulse

and EIS data.

6.2.3 Point-to-point comparison

Assessing the correlation between segments in the LS faces limitations in detailed

understanding of the variations and relationships between individual points within a

specific segment. Our goal is to scrutinize whether each point in the LS from EIS data

precisely aligns with its counterpart in the LS derived from pulse signals. To facilitate

a direct point-to-point comparison of two latent spaces, a more explicit approach,

Quantile-Quantile plot, is adopted.

A Q-Q plot is a graphical tool used to estimate the similarity between two proba-

bility distributions. If the observed distribution is similar to theoretical distribution,

the points in the Q-Q plot will approximately lie along an identity line [136]. In the

process of comparing latent spaces derived from EIS data and pulse signals, the feature

vectors from both spaces are collected and used to compute the quantiles. To facilitate

a meaningful comparison, both datasets undergo a standardization procedure, ensuring

that they share a common scale with a mean of 0 and a unit standard deviation. Then

voltage responses for 21 evenly spaced SOC percentage points ranging from 0% to

100%, at each 5%, are generated. At each specified percentage point, the actual quan-

tile values for the standardized EIS data and pulse data are calculated. They form

a set that is subsequently utilized to construct a Q(EIS)-Q(pulse) plot. The inherent

continuity of the distributions being compared, such as normal distributions, result in

smooth Q-Q plots. This smoothness arises from the gradual, uninterrupted change in

quantile values found in continuous data, as opposed to the discrete jumps that might

be seen in more granular or categorical data. With finer gradations between quantiles

and larger number of data points, the transition from one quantile to the next becomes

less abrupt, leading to a visually smoother curve or line on the graph.

The distance of each point on the Q-Q plot to the identity line serves as a score

matrix, enabling the evaluation of different pulse signal performances in comparison to

the EIS data. The smaller the distance, the better the alignment between the latent

space derived from the two sources, indicating better performance in replicating the
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traditional EIS analysis. The score function is defined as:

Score =
1

N

N∑
i=1

√
(xi − yi)2 (6.1)

where N is the total number of points on the Q-Q plot, (xi, yi) are the coordinates of

the i-th point in the plot. xi refers to the quantile value from the pulse sequences data,

while yi is corresponding quantile value from EIS data.

6.3 Methods and Materials

6.3.1 Experimental limitation

Experimental device limitation of the sampling rate is up to 42µs, approximately

23kHz, with 40 steps per profile. Hence, the levels are limited up to Level 13, in

other words, Level 1, 2, 3, 5, 7, 11, 13 are taken. The designed current profile en-

compasses 7 charging steps and 7 discharging steps, totally 14 steps. The hierarchical

starting level takes frequency 1Hz with duration 1s, aiming to capture significant char-

acteristics of the battery load that are most relevant and informative under typical

driving conditions in EVs [137]. Additionally, assume that using up to 0.035% of the

battery’s total capacity in Coulombs during this short pulse time is acceptable to en-

sure that the SOC remains unchanged. When working with a fresh coin cell battery

with maximum 40mAh capacity and the pulse duration is restricted to no more than

5 seconds, consequently, the amplitude should be capped at 10mA to avoid significant

SOC fluctuations [138]. Therefore, the starting level’s amplitude is set at 3.2mA as

basis to ensure minimal SOC changes with small excitation for coin cell with capacity

from 30mAh to 16mAh.

6.3.2 Simulation

The combination and permutation of chosen 7 levels can generate a diverse set of pulse

current profiles, estimated to be around 5000 profiles. Besides, the battery models

at different SOC/SOH combinations are computationally generated (chapter 4) and

stored, around 1500 cell models. A real-time capable electrical simulation platform,

ISEA Framework, is utilized to simulate these models with current profiles and gather

voltage output [33]. This means the electrical simulation runs 7.5 million times and

correspondingly millions of voltage/current data were gathered. These large amount of

pairwise current and voltage data with their SOC information are fed into constructed
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convolutional autoencoder (chapter 5). Each pairwise pulse voltage/current data pro-

duces a latent space, which is constructed from 1500 models. Consequently, we obtain

5000 diverse latent spaces and each space has 1500 points distributed differently, which

represents aging states.

6.4 Results and Discussion

Pulse sequence estimation by quantiles

To estimate how various pulse current profiles affect battery’s aging process, the re-

sponse voltage data with its input current data are employed to analyzed in the latent

space, which is a reduced representation of complex data sets. Every unique pulse

sequence generates its own distinctive latent space, comprising 2D features extracted

by the encoder. For example, blue pulse sequence in Figure 6.3c produces its corre-

sponding LS illustrated in Figure 6.5c. The points in the latent space represent the

battery cell at its different aging states. Additionally, traditional EIS data is taken as

a reference standard hence it also yields its own latent space (Figure 6.5a). It allows us

to compare the effects of different pulse sequences against a well-established benchmark

in battery analysis.

For a visual and quantitative comparison between two latent spaces, we constructed

Q-Q plots. These plots were generated by computing the quantiles from the points

distributed on the LS derived from both pulse sequence and EIS data. The mean

of distances between the points on Q-Q plot and the identity line is employed as a

score (Equation 6.1). The scores over all generated pulse sequences are shown in

Figure 6.3b, the higher score implies the LS derives from pulse is more similar to it

from EIS, therefore, this pulse performs better than the others. Out of all the 5000

pulse sequences generated, we identified the best and the worst one.

Figure Figure 6.3a presents the Q-Q plots for the pulse sequences with the highest

and the lowest scores, showcasing the extremes in performance among different pulse

sequences when replicating the distribution of the EIS-derived latent space. The best

pulse sequence (shown in blue), indicated by a score value of 0.005 exactly aligning with

the identity line, suggests that the distribution of features in its latent space closely

resembles that of the EIS-derived latent space. In contrast, the worst pulse sequence

(orange), with a score value of 0.7, deviates significantly from the identity line. The

fast vertical layout and a region that is sampled very poorly in the Q-Q plot indicate

substantial disparities between the latent space produced by this pulse sequence and

the one obtained from EIS data. These discrepancies might signify a poor replication

of the electrochemical characteristics in the latent space, potentially hindering the
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effectiveness of the pulse sequence in capturing the underlying electrochemical behavior

of the battery.

In Figure Figure 6.3c, the specific instances of the best and worst pulse sequences

are visually represented over time. Due to the presence of high-frequency values in

certain segments of the pulse sequences, the shapes of these pulses are challenging to

discern within small time intervals.

(a) Q-Q plot (b) histogram of scores

(c) pulse sequences over time

Figure 6.3: Selected best and worst pulse sequences using quantiles to estimate simi-
larity to latent space derived from EIS data

Additionally, we analyze pure charging sequences and pure discharging sequences,

which are subdivided from the generated general sequences. These are then fed into

an autoencoder for training. Utilizing the same estimation method to the distribu-

tion of the latent space through quantiles, we have identified the optimal charging
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pulse sequence (Figure 6.4a) and the optimal discharging pulse sequences (Figure 6.4c),

comparing to EIS data as reference. While the estimated optimal charging sequence

performs similarly to the best general sequence that previously selected (Figure 6.4b),

the optimal discharging sequence demonstrates a significant discrepancy, as illustrated

in Figure 6.4d. It underscores the sensitivity of battery performance to specific charging

and discharging patterns. Even minor variations in pulse sequences can have significant

impacts on battery health and efficiency. This sensitivity suggests a potential avenue

for further optimization in designing charging and discharging protocols to maximize

performance and longevity. Figure 6.4e displays the selected optimal general sequence,

charging sequence, and discharging sequence over time, which patterns of these se-

quences are distinctly different from each other.
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(a) optimal charging pulse against to EIS

data

(b) optimal charging pulse against to the

best general pulse

(c) optimal discharging pulse against to

EIS data

(d) optimal discharging pulse against to

the best general pulse

(e) optimal general, charging, discharging pulse sequence over time

Figure 6.4: Selected best charging and discharging pulse sequences using quantiles to
estimate similarity to latent space derived from EIS data, and their correlation to the
best general sequences
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Pulse sequence estimation by LS segmentation

The performance of identified general best and worst pulse sequences can be also visual

in the latent space segmentation (Figure 6.5). The division of space uses Delaunay

triangulation to create a mesh of triangles and find reasonable edge length for partition

into roughly similar areas (Figure 6.5b). As Figure 6.5a shows, the reference latent

space can be divided into six regions, setting battery aging stages from 1 to 6, indicated

by colors transitioning from red to purple. These classified points are mapped to the

points in the latent spaces derived from general best and worst pulses. Since the battery

models with different health states simulated for pulse current and sinusoidal current

are identical, mapping model points from EIS LS to the best pulse LS (Figure 6.5c)

and to the worst pulse LS (Figure 6.5d) is straightforward. Their coloring is according

to the EIS segments.

Overall, the mapped segmentation in the LS from the best pulse remains similar to

the EIS data, while the mapped groups in the LS from the worst pulse are significantly

mixed up. It indicates that the latent space derived from the worst pulse sequence fails

to consistently represent the distinct battery aging stages that are clearly observed in

the reference EIS data. The mixed-up groups in the worst pulse latent space suggest

an incapability in capturing the underlying patterns of battery aging.

(a) LS from EIS (b) histogram of edge length

(c) LS from best pulse (d) LS from worst pulse

Figure 6.5: Mapping latent space segmentation from EIS data into latent spaces from
the best and worst pulse sequences
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Figure 6.6: alternative pulse sequence for better segmentation of age group 5 and age
group 6

Although, the overlap between the brown and purple regions in Figure Figure 6.5c,

where some purple group members appear in the brown region, can be attributed to the

geometric division of the latent space from EIS data. The division creates triangular

regions, and at the edges of these triangles, points are situated very closely to each

other. As a result, points near the edges might be assigned to the same group despite

belonging to different geometric regions.

Additionally, the separation of age 1 and 2 is even more broadly distributed in the

best pulse case than in the EIS, while age 5 and 6 are poorly separated. Consequently,

we have excluded the features of ages 5 and 6 and reapplied the quantile criteria to

identify an alternative pulse excitation. It aims to treat the age 5 and 6 categories sim-

ilarly to how ages 1 and 2 are treated. As illustrated in the Figure 6.6, we successfully

identified an alternative pulse sequence that more effectively separates the age 5 and 6

groups. While the total latent space of this new sequence does not closely resemble that

of the EIS latent space and there is some overlap with other age groups, specifically

ages 2 and 3, it nonetheless offers improved clarity in distinguishing between certain

groups. It highlights that at certain stages of a battery’s aging process, altering the

pulse sequence can lead to enhanced performance in terms of age group separation.

This insight underscores the potential for adaptive strategies in battery management,

where pulse sequences can be dynamically adjusted based on the battery’s stage of

aging to optimize performance and possibly extend its lifespan.

Therefore, we take different number of groups to assess the clarity of segmenta-

tion, as Figure 6.7 shows. Regardless of which number of categorization is chosen,

overlapping between neighboring categories always persists. The possible reason is the

algorithm behind for selecting edge length of triangles among a mesh of Delaunay trian-

gles, such that no point lies inside the circumcircle of any triangles. Here, the mean of

the edge lengths of each triangle is computed. The criteria is to extract the top number

of triangles with the largest mean edge lengths for cutting into corresponding number
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of groups. Hence, selecting top 5, top 4, or top 3 largest triangles, result in absolutely

different geometric division. Mapping this separation into latent space derived from

best pulse sequence makes the categorization not really explicit. But it does not sig-

nificantly impact the overall segmentation. The movement of aging patterns in the LS

from the best pulse sequence remains consistent with the segmentation observed in the

EIS data. The key features and trends in the battery aging process are still accurately

captured, underscoring the robustness and reliability of the latent space representation

derived from the best pulse sequence in mirroring the behavior seen in EIS data.

(a) 5-groups segmentation of

EIS space

(b) 4-groups segmentation of

EIS space

(c) 3-groups segmentation of

EIS space

(d) Mapping 5-groups segmen-

tation to pulse space

(e) Mapping 4-groups segmen-

tation to pulse space

(f) Mapping 3-groups segmen-

tation to pulse space

Figure 6.7: Latent space segmentation into 3, 4 or 5 groups derived from EIS data and
mapping to optimal pulse space

6.5 Conclusions

Through the systematic generation of stochastic pulse sequences without SOC changes,

and using them to simulate battery models at various states, we collect a substantial

amount of pulse current and voltage data. They are mapped into a latent space by

encoder, which facilitates a straightforward comparison of the distribution of mod-

els with a reference space obtained from EIS data. By conducting a point-to-point

comparison by Q-Q plot between these two spaces, we can identify the optimal and

worst-performing pulse sequences. The performance of the optimal pulse in group-

ing and tracking in terms of aging in the latent space demonstrates a similar pattern
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to EIS analysis, showcasing its effectiveness in capturing crucial characteristics of the

battery’s state. Furthermore, testing the optimal pulse in a real battery experiment

verifies its adaptability and serves as a foundation for future investigations, which may

involve running specific charging or discharging profiles of pulse sequences for extended

durations, aiming to explore their optimization for battery lifetime and their impact

on fast-charging scenarios.
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Chapter 7

Summary and Outlook

The thesis exploits the application of battery digital twins with machine learning al-

gorithms to estimate its aging behaviour and optimize charging profiles. The EIS

measurement on the coin cell provides real impedance data for construction of equiva-

lent virtual battery models with relatively short analysis time. The GPR-based DRT

method is facilitated for a physically justified ZARC series parametrization from an EIS

measurement with minimal or no user intervention. Thereby, selected suitable ECM

for the investigated battery and its robust ZARC parameters were obtained across the

full range of charge states without obvious outliers. The other meaningful elements for

an ECM is extracted by curve fitting. It has been shown that the stability and quality

of ECM fits were improved by including this additional knowledge about the physi-

cal state of the measured system in the fitting process without introducing arbitrary

assumptions.

The fitted ECM parameters at various SOCs are stored as look-up table. In order

to reduce the dimensionality of model representation, Chebyshev polynomials quantify

the SOC dependencies in a robust way, which allows to reconstruct the ECM at any

desired SOC value in a concise manner. Thereby, each charging/discharging cycle can

be represented by a certain set of Chebyshev coefficients that correspond to the fitted

parameters at different SOC values during that cycle. These coefficients form the

battery’s history over that specific cycle.

To extend this coefficients to broader cycles for tracking aging performance, the-

oretically, one should take EIS measurements at multiple charging/discharging cycles

and repeat the parametrization and SOC-quantification procedures, which is extremely

time-consuming. However, since aging is a multifaceted process, encompassing a di-

verse range of aspects and dimensions of battery’s behaviour, cycle numbers cannot

be used to represent the aging process comprehensively. Therefore, the QMC method

helps to generate sufficient sets of high dimensional Chebyshev coefficient vectors based
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on a limited set of experimental data to build certain regions of battery health without

massive experiments. The limited experiments are taken at distinct states of health:

fresh cell, aged cell, and damaged cell. Thereby, the aging behavior can be tracked

by segmentation of different battery health categories. These sampled large amounts

of numerical models work as foundation for further machine learning, which allows for

tailored approaches to mitigate or manage specific degradation patterns.

These numerical EC-models were simulated under different current waveforms.

Ideal periodic sinusoidal current with its voltage response data is utilized to compute

impedance, serving as a reference. The noisy permuted current and paired voltage

data is used to mimic real-world operational conditions. Furthermore, stochastic pulse

current with its voltage response data is used to estimate best charging profiles for

optimization of battery performance. The electrical simulation, which entails applying

a current input profile to an EC-model at a single SOC to obtain a corresponding

voltage profile, is carried out using the ISEA Framework.

To deal with a large number of pairwise current and voltage data with its SOCs,

an unsupervised machine learning algorithm, convolutional autoencoder is employed to

reduce dimensionality and extract 2D-features into latent space. In the latent space,

each EC-model with its various SOCs over a single cycle is represented as a single

point. The aggregation of these points, corresponding to different cycles, and their

spatial distribution collectively delineate an aging pathway. Thereby, applying a single

current profile across all numerical models results in the creation of one latent space,

comprising multiple data points.

To transition from linear to non-linear regimes and to mimic real-world operational

conditions, latent spaces from impedance data, from ideal periodic data, and from noisy

permuted time-based data, are compared. This comparison of latent spaces involves

utilizing a robust classifier by SVM that is adept at effectively segmenting the data

into three distinct groups representing different states of battery cells: fresh, aged,

and damaged. Consequently, the consistent and observable robust aging motion, as

depicted by the distribution of classes in the latent space, remains unaffected by the

choice of using time-based or frequency-based data, as well as whether the data is ideal

or noisy. This finding underscores the potential and reliability for the development of

stochastic pulse sequences that can optimize a charging strategy.

Considering experimental limitation of device, we systematically generate thou-

sands of stochastic pulse sequences, and simulate them with our large number of nu-

merical models one by one. Subsequently, their pairwise current and voltage data are

processed through a convolutional autoencoder. As a result, the thousands of pulse

profiles used in the analysis generate thousands of distinct latent spaces. Addition-
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ally, the latent space derived from traditional impedance is employed as a reference

for validation of their robustness and efficiency. To efficiently compare the distribution

of models among a large number of latent spaces, the Q-Q plot is used to identify

the optimal and worst-performing pulse sequence compared to reference space. The

performance of identified optimal pulse in grouping and tracking in terms of aging in

latent space demonstrates a similar pattern to EIS analysis, showcasing its effective-

ness in capturing crucial characteristics of the battery’s state. Furthermore, testing

the optimal pulse in a real battery experiment verifies its adaptability and serves as a

foundation for future investigations. Further longer optimal charging pulse sequences

for operating batteries over cycles can be targeted in the future.

In summary, this study demonstrates that using a battery digital twin effectively

bridges the gap between data acquisition and data analysis. It showcases the feasibil-

ity of developing these processes separately while utilizing the digital twin as a pivotal

connecting element. Moreover, it enables the management of the battery at the cell

level, offering a granular and precise approach to battery maintenance and operation.

Furthermore, it indicates that the presented parametrization strategy has the poten-

tial to evolve the digital twin into a predictive model, rather than limiting it to a

mere downstream EC model based on measured or simulated data. Additionally, this

approach aids in identifying the optimal load profile for operating the battery, while

considering the physical constraints of the device.

The current methods still face certain limitations that could impact their efficacy

and applicability. One such limitation is the reliance on limited experimental datasets.

In this research, a limited set of experimental battery data was used for the development

and validation of the framework. Further, an area for potential exploration could be the

extensive comparison of the performance of numerical models in latent space against

a larger dataset of experimentally obtained battery aging data. This future endeavor

would not only validate and potentially refine the current models but also enhance

their generalizability in the real-world battery aging processes.

Another limitation is the exclusion of temperature variations, which are critical to

battery performance and aging. In this study, we have focused on SOC and SOH as the

two crucial parameters for maintaining battery operation, with the assumption that the

temperature is set to room temperature. Looking ahead, integrating temperature as

an additional parameter in the virtual battery models and within the machine learning

networks represents a promising avenue for future exploration. This consideration

would enhance the accuracy and applicability of the models in real-world scenarios.

Lastly, further refining the parametrization strategy to include more sophisti-

cated or additional parameters could improve the predictive capabilities of the digital
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twin. By continuously updating and validating the model against larger, more varied

datasets, it’s possible to achieve a digital twin that not only accurately reflects current

battery states but also reliably forecasts future conditions and performance.
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