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Abstract

Two graphs G and H are homomorphism indistinguishable over a class of graphs F if,
for all graphs F ∈ F , the number of homomorphisms from F to G is equal to the
number of homomorphisms from F to H. In 1967, Lovász showed that two graphs
are isomorphic if, and only if, they are homomorphism indistinguishable over the
class of all graphs. Subsequently, many graph isomorphism relaxations such as
quantum isomorphism, spectral, and logical equivalences have been characterised
as homomorphism indistinguishability relations over certain graph classes. Thereby,
homomorphism indistinguishability connects seemingly disparate fields such as
quantum information, finite model theory, and machine learning.

This thesis explores three themes: We first review the plenitude of characterisa-
tions of graph isomorphism relaxations as a homomorphism indistinguishability
relation. Focusing on integer programming relaxations for graph isomorphism, we
prove that the feasibility of each level of the Sherali–Adams and Lasserre hierarchies
is characterised as homomorphism indistinguishability relations. These results,
which are derived using (bi)labelled graphs and homomorphism tensors, shed
light on the distinguishing power of these hierarchies. In particular, we determine
the precise number of Sherali–Adams levels necessary such that their feasibility
guarantees the feasibility of a given Lasserre level.

Abstracting from the wealth of homomorphism indistinguishability characterisa-
tions, we embark on a more principled study of homomorphism indistinguishability
investigating the distinguishing power and the complexity of homomorphism indis-
tinguishability relations over minor-closed graph class.

The homomorphism distinguishing closure cl(F ) of a graph class F is the central
notion for studying the distinguishing power of homomorphism indistinguishability
relations. It is defined as the maximal graph class whose homomorphism indistin-
guishability relation coincides with the one of F . Roberson conjectured that every
minor-closed union-closed graph class F is homomorphism distinguishing closed,
i.e. cl(F ) = F . We confirm Roberson’s conjecture, which is generally wide open,
for further graphs classes and prove unconditionally that if F is minor-closed then
so is cl(F ).

Lastly, we investigate the complexity of deciding whether two graphs are homo-
morphism indistinguishable over a fixed graph class. For infinite graph classes,
this problem is a priori not even decidable. In stark contrast to this, we show
that, over every minor-closed graph class of bounded treewidth, homomorphism
indistinguishability can be decided in randomised polynomial time.
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Zusammenfassung

Zwei Graphen G und H heißen Homomorphismen-ununterscheidbar über einer Gra-
phenklasse F , wenn für all Graphen F ∈ F gilt, dass die Zahl der Homomorphismen
von F nach G gleich der Zahl der Homomorphismen von F nach H ist.

Lovász zeigte 1967, dass zwei Graphen genau dann isomorph sind, wenn sie
Homomorphismen-ununterscheidbar über der Klasse aller Graphen sind. Im An-
schluss daran wurden zahlreiche Graphenisomorphie-Relaxationen wie Quanten-
isomorphie, sowie spektrale und logische Äquivalenzen als Homomorphismen-
Ununterscheidbarkeits-Relationen charakterisiert. Dadurch verbindet Homomor-
phismen-Ununterscheidbarkeit scheinbar disparate Forschungsfelder wie Quanten-
informationstheorie, Endliche Modelltheorie und Maschinelles Lernen.

Diese Dissertation untersucht drei Themen: Zu Beginn geben wir einen Überblick
über die Vielzahl von Charakterisierungen von Graphenisomorphie-Relaxationen
als Homomorphismen-Ununterscheidbarkeits-Relationen, insbesondere von Relaxa-
tionen von ganzzahligen Programmen für Graphenisomorphie. Wir zeigen mittels
bimarkierter Graphen und Homomorphismentensoren, dass die Lasserre-Hierarchie
solche Charakterisierungen besitzt. Als Korollar bestimmen wir die Unterschei-
dungskraft dieser Hierarchie im Vergleich zur Sherali-Adams-Hierarchie.

Mit dem Ziel, von der Fülle obiger Charakterisierungen zu abstrahieren, beginnen
wir eine prinzipiellere Untersuchung von Homomorphismen-Ununterscheidbarkeit,
insbesondere von Unterscheidungsstärke und Komplexität von Homomorphismen-
Ununterscheidbarkeits-Relationen über Minoren-abgeschlossenen Graphenklassen.

Der Homomorphismen-Unterscheidungs-Abschluss cl(F ) einer Graphenklasse F
ist der zentrale Begriff mit Hinblick auf die Unterscheidungsstärke von Homomor-
phismen-Ununterscheidbarkeits-Relationen. Er ist definiert als die maximale Gra-
phenklasse, deren Homomorphismen-Ununterscheidbarkeits-Relation mit der von F
zusammenfällt. Roberson vermutete, dass jede Graphenklasse, die unter Minoren-
bildung und disjunkter Vereinigung abgeschlossen ist, Homomorphismen-Unterschei-
dungs-abgeschlossen ist, d.h. es gilt, dass cl(F ) = F . Wir bestätigen die Robersonsche
Vermutung, die allgemein offen ist, für weitere Graphenklassen. Außerdem zeigen
wir, ohne Annahme unbewiesener Aussagen, dass cl(F ) Minoren-abgeschlossen ist,
wenn selbiges für F gilt.

Abschließend betrachten wir die Komplexität von Homomorphismen-Ununter-
scheidbarkeit. Wir zeigen, dass zwei Graphen in randomisierter Polynomialzeit
auf Homomorphismen-Ununterscheidbarkeit über jeder Minoren-abgeschlossenen
Graphenklasse beschränkter Baumweite geprüft werden können.
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1 Introduction

Graphs are versatile data structures, which are used in theory and applications to
model e.g. chemical compounds, social interactions, trophic networks, and program
executions. When maintaining graph data, it is essential to decide whether two
graphs are isomorphic, i.e. structurally equivalent [88]. The limited complexity-
theoretic understanding of graph isomorphism [83] has led to the study of compu-
tationally tractable graph isomorphism relaxations, i.e. isomorphism-invariant equival-
ence relations between graphs. Graph isomorphism relaxations are also practically
relevant [80, 75]: In applications, it may be inconsequential whether two graphs are
isomorphic but whether they encode e.g. molecules which share desired properties.

In 1967, Lovász [114] proved that two graphs G and H are isomorphic if, and
only if, for every graph F, the number of homomorphisms from F to G equals
the number of homomorphisms from F to H. A homomorphism from F to G is a
map h : V(F) → V(G) such that if uv ∈ E(F), then h(u)h(v) ∈ E(G). Lovász [114]
inspired the notion which is now known as homomorphism indistinguishability:
Two graphs G and H are homomorphism indistinguishable over a graph class F if, for
every F ∈ F , the number of homomorphisms from F to G is equal to the number of
homomorphisms from F to H.

Not only graph isomorphism but also many of its relaxations can be characterised
as homomorphism indistinguishability relations. A substantial body of research
characterised graph isomorphism relaxations from diverse fields such as quantum
information [124, 15], finite model theory [63, 79, 68], optimisation [61, 86, 151],
algebraic graph theory [61, 86], machine learning [130, 177, 81, 180], and category
theory [57, 3, 129] as homomorphism indistinguishability relations.

This thesis explores three themes: Characterisations are results equating a homo-
morphism indistinguishability relation with a known graph isomorphism relaxation
from e.g. logic or algebraic graph theory. The wealth of such results motivates
a more principled study of homomorphism indistinguishability [14, 150]. Here,
two fundamental properties of homomorphism indistinguishability relations are
investigated: their distinguish power and their complexity. The homomorphism
distinguishing closure introduced in [150] is the central tool for understanding the
distinguishing power of homomorphism indistinguishability relations. Complex-
ity is concerned with computationally determining whether two input graphs are
homomorphism indistinguishable over a fixed graph class.

1



1 Introduction

Graph Class Homomorphism Indistinguishability
Relation

Reference

All graphs isomorphism Theorem 3.1.1
Bipartite graphs isomorphic bipartite double covers Corollary 3.1.3
Planar graphs quantum isomorphism [124]
Cycles cospectral adjacency matrices Theorem 3.3.2
Cycles and paths cospectral adjacency matrices and co-

spectral complement adjacency matrices
Corollary 3.3.3

Paths fractional isomorphism without non-
negativity constraints

Corollary 4.2.3

Stars equal degree sequence Theorem 3.3.1
Outerplanar graphs level-1 Lasserre relaxation Corollary 5.2.22

Treewidth < k Ck-equivalence Theorem 3.4.4
Treedepth ≤ q Cq-equivalence Theorem 3.4.5
Pathwidth < k level-k Sherali–Adams relaxation

without non-negativity constraints
Theorem 4.0.1

Table 1.1: Graph classes and their homomorphism indistinguishability relations.

1.1 Characterisations

The two results which popularised homomorphism indistinguishability subsequent
to Lovász [114] provide characterisations of graph isomorphism relaxations as
homomorphism indistinguishability relations: Dvořák [63] showed that two graphs
satisfy the same sentences in k-variable first-order logic with counting quantifiers if,
and only if, they are homomorphism indistinguishable over all graphs of treewidth
less than k. In a well received recent paper, Mančinska & Roberson [124] proved
that two graphs are quantum isomorphic if, and only if, they are homomorphism
indistinguishable over all planar graphs.

Subsequently, many other graph isomorphism relaxation have been characterised
as homomorphism indistinguishability relations over various graph classes. Table 1.1
gives an overview of these results.1 Constitutive for the beauty of homomorphism
indistinguishability is the surprising fact these characterisations involve arguably
natural graph classes. In fact, all but two graph classes in Table 1.1 are minor-closed
and thus rich in structure.

The characterisations in Table 1.1 fall into roughly two groups whose prototypical
representatives are the results by Dvořák [63] and Mančinska & Roberson [124]:
They equate homomorphism indistinguishability relations with logical or equational
graph isomorphism relaxations.

1Citations for results by others which are explicitly stated in this thesis can be found where stated.

2



1.1 Characterisations

1.1.1 Logical Characterisations

Borrowing terminology from database theory or finite model theory, counting
homomorphisms from a graph F to a graph G can be thought of as evaluating
a query on the graph G. Instead of evaluating to true or false, such a query can
evaluate to any non-negative integer. It turns out that when counting is built into
the logic, then logical sentences and homomorphism counts can simulate each
other. More precisely, Dvořák [63] showed that homomorphism counts are equally
expressive as sentences in first-order logic with counting quantifiers.

First-order logic with counting quantifiers C is the extension of first-order logic
by quantifiers ∃≥nx with the semantics ‘there exist at least n many values for x’.
Its k-variable fragment Ck has received much attention in finite model theory, cf.
[76]. Immerman & Lander [93] and Cai, Fürer, & Immerman [37] showed that
two graphs are Ck-equivalent, i.e. they satisfy the same Ck-sentences, if, and only if,
they are not distinguished by the k-dimensional Weisfeiler–Leman algorithm [174].
Recently, connections between the Weisfeiler–Leman algorithm and graph neural
networks [177, 130] led to a substantial interest of machine learning specialists in
this algorithm. See [139, 100, 81] for further background on the Weisfeiler–Leman
algorithm and the logic C.

A connection between counting logic and homomorphism indistinguishability
was established independently by Dvořák [63] and Dell, Grohe, & Rattan [61]. They
showed that two graphs are Ck-equivalent if, and only if, they are homomorphism
indistinguishable over all graphs of treewidth less than k. Thereby, the wealth of
connections to other areas possessed by Ck-equivalence is inherited by homomorph-
ism indistinguishability. Furthermore, as this thesis demonstrates, homomorphism
indistinguishability is a versatile framework for proving such reformulations.

The characterisation of Ck-equivalence was later paralleled by a characterisation
of Cq-equivalence in terms of homomorphism indistinguishability. Here, Cq is the
fragment of C of formulas of quantifier-depth at most q. Grohe [79] showed that two
graphs are Cq-equivalent if, and only if, they are homomorphism indistinguishable
over all graphs of treedepth at most q.

The results [61, 63, 79] were proven using elementary and linear-algebraic tech-
niques. Recently, they have been reproven and extended using a category-theoretic
formalism. The starting point of this line of research is the Ehrenfeucht–Fraïssé
game for Ck introduced by Hella [91], namely the bijective k-pebble game, which is
played by two players called Spoiler and Duplicator. Duplicator wins the bijective
k-pebble game on two graphs if, and only if, they are Ck-equivalent [37]. Abramsky,
Dawar, & Wang [2] cast this game in category-theoretic terms by constructing the
pebbling comonad Pk. The pebbling comonad is a functor which maps graphs to
graphs and satisfies some additional properties. It is designed such that facets of the
bijective k-pebble game correspond to its category-theoretic properties: For example,
two graphs are Ck-equivalent if, and only if, they are isomorphic in the coKleisli

3



1 Introduction

category of Pk. Moreover, a graph has treewidth less than k if, and only if, it admits
a Pk-coalgebra.

Notably, homomorphism indistinguishability ties in well with comonads: Dawar,
Jakl, & Reggio [57] showed that coKleisli isomorphism with respect to any comonad
which sends finite structures to finite structures is a homomorphism indistinguishab-
ility relation. Reggio [148] later proved that this holds more generally for every
finite-rank comonad. Instantiated with the pebbling comonad and variants of it,
these results imply those of Dvořák [63] and Grohe [79]. Conversely, Abramsky, Jakl,
& Paine [3] demonstrated that every homomorphism indistinguishability relation
over a graph class with mild closure properties can be characterised as coKleisli
isomorphism with respect to some finite-rank comonad. Besides these general result,
the comonadic perspective led to new logical characterisations of homomorphism in-
distinguishability relations, e.g. for homomorphism indistinguishability over graphs
of bounded pathwidth [129].

Contributions. Logical characterisations play only a minor role in thesis. The
following contributions were made in preparation of this thesis but are mostly
omitted here.

In [68], using elementary means, we reconciled the results by Dvořák [63] and
Grohe [79] characterising Ck-equivalence and Cq-equivalence by proving a charac-
terisation of (Ck ∩ Cq)-equivalence in terms of homomorphism indistinguishability
over a class of graphs which admit tree decompositions whose width and depth is
simultaneously bounded. This result had been previously obtained in [57] using
the pebbling comonad. Moreover, we prove homomorphism indistinguishability
characterisations for equivalence in guarded fragments of C.

In [111], we showed that the k-variable fragment of linear-algebraic logic does
not admit a characterisation in terms of homomorphism indistinguishability (Sec-
tion 7.2.2). Hence, it does not admit a characterisation in terms of coKleisli iso-
morphisms with respect to any finite-rank comonad [148]. Thereby, we answered a
question raised by Ó Conghaile & Dawar [137] negatively. Linear-algebraic logic
[56] is an extension of first-order logic which was studied as part of the quest for
logic capturing the complexity class polynomial time. See [55, 108] for further
background.

1.1.2 Equational Characterisations

The combinatorial problem of deciding whether there exists a graph isomorphism
between two graphs can be reformulated as an integer linear program: Two graphs
G and H are isomorphic if, and only if, there exists a permutation matrix P ∈
{0, 1}V(G)×V(H) such that AGP = PAH. Here, AG and AH denote the adjacency
matrices of G and H, respectively. A permutation matrix is a {0, 1}-matrix all whose
rows and columns contain a single 1. The constraints of this system of equations can
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1.1 Characterisations

Graph Class Matrix Property Reference

All graphs permutation Theorem 3.1.1
Planar graphs quantum permutation [124, 120]
Trees doubly stochastic Corollary 4.2.4
Paths pseudo-stochastic Corollary 4.2.3
Cycles orthogonal Corollary 4.2.1
Cycles and paths orthogonal pseudo-stochastic Corollary 3.3.3 and [53, 97]

Table 1.2: Two graphs G and H are homomorphism indistinguishable over a graph
class in the first column if, and only if, there exists a matrix X satisfying
the corresponding matrix property such that AGX = XAH.

be relaxed in order to yield potentially polynomial-time equational graph isomorphism
relaxations.

For example, instead of looking for a permutation matrix P satisfying AGP = PAH ,
one may search for a matrix X satisfying AGX = XAH which has non-negative
rational entries and whose rows and columns sum to 1. Such a matrix is called
doubly stochastic and two graphs G and H are said to be fractionally isomorphic if
there exists a doubly stochastic X satisfying AGX = XAH , cf. [172, 159]. Amounting
to a system of linear inequalities over the rationals, fractional isomorphism can be
decided in polynomial time using standard algorithms.

Tinhofer [172] showed that two graphs are fractionally isomorphic if, and only
if, they are not distinguished by the one-dimensional Weisfeiler–Leman algorithm.
Thus, by [61], two graphs are fractionally isomorphic if, and only if, they are
homomorphism indistinguishable over all trees. Surprisingly, the feasibility of
AGX = XAH for matrices X satisfying many other properties can be characterised
as homomorphism indistinguishability relations. These results are summarised in
Table 1.2.

Fractional isomorphism is a rather coarse graph isomorphism relaxation. By
introducing additional constraints, the solutions to AGX = AHX can be forced to
resemble encodings of graph isomorphisms more closely while maintaining tractab-
ility. It is this idea that lies behind the Sherali–Adams [169], Lovász–Schrijver [117],
and Lasserre [106] hierarchies, cf. [107]. Applied to the graph isomorphism integer
linear or quadratic program, these hierarchies yield sequence of linear or semidefin-
ite programs, e.g. the level-t Sherali–Adams relaxation for t ≥ 1, which are infeasible
for more and more non-isomorphic graphs as the level t grows. The program for
each level can be solved in polynomial time using standard algorithms such as the
ellipsoid method (at least up to some fixed precision, cf. [13]). However, in order to
distinguish all graphs on n vertices, one must solve these programs at level Ω(n)
[16, 122, 138, 43]. The Sherali–Adams and Lasserre hierarchy admit connections to
proof complexity, cf. [21, 13]. Whereas the Sherali–Adams hierarchy corresponds to

5



1 Introduction

the monomial polynomial calculus proof system and algebraic approaches to graph
isomorphism based on Gröbner bases [23, 85], the Lasserre hierarchy corresponds
to sum-of-square proofs.

Atserias & Maneva [16] observed that, with respect to their distinguishing power,
the levels of the Sherali–Adams hierarchy and the dimensions of the Weisfeiler–
Leman algorithm interleave. Independently, Malkin [122] showed that the levels of
the Sherali–Adams hierarchy of the graph isomorphism quadratic program precisely
match the Weisfeiler–Leman dimensions in distinguishing power. An analogous
statement was later shown by Grohe & Otto [84] for a modification of the Sherali–
Adams hierarchy of the graph isomorphism linear program. Thus, the feasibility of
these systems can be characterised as homomorphism indistinguishability relations.

The one result in Table 1.2 which overshadows all the others in sophistication
and impact is the characterisation by Mančinska & Roberson [124] of quantum
isomorphism as homomorphism indistinguishability over the class of planar graphs.
Quantum isomorphism is a notion from quantum information theory, which was
introduced by Atserias, Mančinska, Roberson, Šámal, Severini, & Varvitsiotis [15].
Two graphs are quantum isomorphic if players of a certain non-local game have an
entanglement-assisted strategy to convince a referee that the graphs are indistin-
guishable. Quantum isomorphism can also be reformulated as a system of equations:
By [120], two graphs G and H are quantum isomorphic if, and only if, there exists
a quantum permutation matrix U such that AGU = UAH. A quantum permutation
matrix is a matrix whose entries are projections in some possibly infinite-dimensional
unital C∗-algebra and whose rows and columns sum to the identity.

The result of Mančinska & Roberson [124] is remarkable for two reasons: First, it
establishes a connection between homomorphism indistinguishability and the fields
of quantum information and quantum group theory. It does so by using heavy
mathematical machinery. Second, it implies that homomorphism indistinguishability
over planar graphs is undecidable, a repercussions which will be further discussed
in Section 1.3.

Contributions. The result of Mančinska & Roberson [124] was proven using
(bi)labelled graphs and homomorphism tensors. These objects, which are the
protagonists of a fruitful interplay of combinatorics and linear algebra, are also
central to the results presented in this thesis. They are introduced in Chapter 3.

Matrix Equations from Homomorphism Indistinguishability. In Chapter 4, we
construct matrix equations whose feasibility characterises homomorphism indistin-
guishability over the classes of graphs of bounded treewidth, bounded pathwidth,
and bounded treedepth. Thereby, we lift the equational characterisations of homo-
morphism indistinguishability over trees and paths from Table 1.2 to the classes of
graphs of bounded treewidth and bounded pathwidth.

6



1.2 Closure

Reproving a result of Malkin [122], we recognise our matrix equations as the
Sherali–Adams relaxations of the graph isomorphism quadratic program. In The-
orem 4.0.1, we show that, for two graphs, the level-k Sherali–Adams relaxation has
an arbitrary rational solution if, and only if, they are homomorphism indistinguish-
able over all graphs of pathwidth less than k. This answers a question raised by
Dell, Grohe, & Rattan [61]. Furthermore, we introduce in Theorem 4.0.2 a variant of
the Sherali–Adams hierarchy corresponding to homomorphism indistinguishability
over graphs of bounded treedepth.

The linear-algebraic core of these results comprises two variants of a theorem of
Specht [170] and Wiegmann [175] giving a criterion for simultaneous similarity via
an orthogonal matrix. Two families of square matrices A1, . . . , An and B1, . . . , Bn are
simultaneous similar via a matrix X if AiX = XBi for all i ∈ [n]. In Theorems 4.1.4
and 4.1.10, we give criteria for simultaneous similarity via doubly stochastic and
pseudo-stochastic matrices.

Homomorphism Indistinguishability from Matrix Equations. In Chapter 5,
we consider a well-established equational graph isomorphism relaxation, namely
the Lasserre semidefinite programming hierarchy [106] for the graph isomorphism
quadratic program. Starting with these system of equations, we construct graph
classes Lt such that the level-t Lasserre relaxation is feasible for two graphs if, and
only if, they are homomorphism indistinguishable over Lt.

As a corollary, we precisely determine the distinguishing power of the Lasserre
hierarchy compared to the Sherali–Adams hierarchy. Previously, Atserias & Fijalkow
[13] showed that there exists some constant c such that feasibility of the level-ct
Sherali–Adams relaxation implies the feasibility of the level-t Lasserre relaxation.
They thereby showed that, up to a linear offset in the number of levels, the Sherali–
Adams and Lasserre hierarchy have the same distinguishing power. The constant c,
however, remained unknown and dependent on implementation details. We show
in Theorem 5.0.1 that c can be taken to be 3 and that this is best possible. We do so
by conducting a graph-theoretic analysis of the graph classes Lt, thus reducing the
semantic question on distinguishing power to a syntactic analysis of the treewidth
of the graphs in Lt.

1.2 Closure

In the 1950s, it was believed that a graph is determined up to isomorphism by its
spectrum, i.e. the multiset of eigenvalues of its adjacency matrix [90, footnote 16].
This belief was refuted by the construction of cospectral non-isomorphic graphs by
Collatz & Sinogowitz [44, footnote 11], cf. [54]. Forty years later, it still seemed plau-
sible that a much stronger graph invariant, namely the output of the k-dimensional
Weisfeiler–Leman algorithm for some fixed k, would determine a graph up to
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isomorphism. This would have placed graph isomorphism in polynomial time.
Dashing this hope, Cai, Fürer, & Immerman [37] showed in a seminal work that,
for every k ∈ N, there exist non-isomorphic graphs on O(k) vertices which the
k-dimensional Weisfeiler–Leman algorithm fails to distinguish.

Both cospectrality and indistinguishability under the k-dimensional Weisfeiler–
Leman algorithm are homomorphism indistinguishability relations. Thereby, the
initially mentioned results in fact concern the distinguishing power of homomorph-
ism indistinguishability relations.

The central object for studying the distinguishing power of homomorphism
indistinguishability relations was recently introduced by Roberson [150]: The homo-
morphism distinguishing closure cl(F ) of a graph class F is the class of all graphs F
such that all graphs G and H which are homomorphism indistinguishable over F
admit the same number of homomorphisms from F. In other words, it is the
unique maximal graph class whose homomorphism indistinguishability relation
coincides with the one of F . A graph class F is homomorphism distinguishing closed if
cl(F ) = F , i.e. if adding even a single graph to F would change its homomorphism
indistinguishability relation.

Determining the distinguishing power of the homomorphism indistinguishability
relation of F amounts to determining the homomorphism distinguishing closure
of F . For example, the aforementioned result of Cai, Fürer, & Immerman [37] asserts
that the homomorphism distinguishing closure of the class of graphs of treewidth
at most k does not contain all graphs. In contrast, it is not generally the case
that the homomorphism distinguishing closure of a proper graph classes is itself
a proper graph class: For instance, Dvořák [63] showed that the homomorphism
distinguishing closure of the class of 2-degenerate graphs contains all graphs.

Towards systematically understanding these phenomena, Roberson [150] conjec-
tured that every graph class which is closed under taking minors and disjoint unions is
homomorphism distinguishing closed. This conjecture is wide open and has been con-
firmed only for the class of planar graphs [150] and the class of graphs of treewidth
at most k [134]. Beyond minor-closed graph classes, Roberson [150] showed that
the class of graphs of vertex degree ≤ d is homomorphism distinguishing closed.
Notably, all three of these results were obtained by analysing the graphs constructed
by Cai, Fürer, & Immerman [37].

The homomorphism distinguishing closure is entwined with notions in counting
and descriptive complexity: Building on the observation that graph motif counts
such as (induced) subgraph counts can be written as linear combinations of homo-
morphism counts, Curticapean, Dell, & Marx [49] showed that the coefficients of
a graph motif count with respect to the basis of homomorphism counts are what
determines the complexity of the graph motif count. As observed in Lemma 7.1.2
and [134], this holds true also for the descriptive complexity of graph motif counts.
Indeed, the result by Neuen [134] that the class of graphs of treewidth at most k is
homomorphism distinguishing closed implies a full classifications of the graphs
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whose subgraph counts can be expressed in Ck, answering a question from [10].
Consequences of this classification were recently used for proving lower bounds in
symmetric circuit complexity [59, 60].

Contributions. In Chapter 6, we survey the currently available results on the
homomorphism indistinguishability closure. We extend the list of known homo-
morphism distinguishing closed graph classes by showing that the classes of graphs
of bounded treedepth [68] and bounded pathwidth (Theorem 6.4.6), for h ≥ 3, the
class of graphs of treewidth at most two which do not contain the complete bipartite
graph K2,h as a minor (Theorem 6.3.15), and the class of disjoint unions of cycles
(Theorem 7.1.4) are homomorphism distinguishing closed.

Moreover, we prove Roberson’s conjecture for all graph classes which are in
a sense finite. Since every homomorphism distinguishing closed graph class is
closed under disjoint unions, infinite graph classes arise inevitably when studying
homomorphism indistinguishability over finite graph classes. We introduce the
notions of essentially finite and essentially profinite graph classes (Definition 6.5.1) in
order to capture the limited behaviour of graph classes arising from finite graph
classes. Examples for essentially profinite graph classes include the class of all
minors of a fixed graph and the class of cluster graphs, i.e. disjoint unions of
arbitrarily large complete graphs. In Theorem 6.5.2, the essentially profinite graph
classes which are homomorphism distinguishing closed are fully classified. Thereby,
the realm of available examples of homomorphism distinguishing closed graph
classes is drastically enlarged.

In Chapter 7, we provide further evidence for Roberson’s conjecture by showing
that if F is a minor-closed graph class, then cl(F ) is minor-closed. We do so by
establishing a connection between closure properties of graph classes and preserva-
tion properties of their homomorphism indistinguishability relations (Table 7.1). As
a corollary, we show in Theorem 7.2.2 that equivalence over a self-complementary
logic is a homomorphism indistinguishability relation over a minor-closed graph
class if it can be characterised as homomorphism indistinguishability relation at all.
This result allows to apply deep results from graph minor theory to the study of the
distinguishing power of such logics (Theorem 7.2.6). Roughly speaking, a logic is
self-complementary (Definition 7.2.1) if atomic subformulas Exy can be replaced by
¬Exy ∧ (x 6= y). Most well-studied logics possess this property.

1.3 Complexity

The interest in graph isomorphism relaxations and their homomorphism indis-
tinguishability characterisations originated in graph isomorphism and its unclear
complexity-theoretic status. Notwithstanding considerable efforts, graph isomorph-
ism has thus far resisted a complexity-theoretic classification since Karp [99] in-
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cluded it in their 1972 list of problems in NP which are not known to be NP-complete,
cf. [83]. Neither known to be in polynomial time, the fastest known algorithm for
graph isomorphism, due to Babai [17], runs in quasi-polynomial time. In the final
part of the thesis, we return to computational complexity by considering the decision
problem HomInd(F ): For a fixed graph class F , it asks to decide whether two input
graphs are homomorphism indistinguishable over F .

In virtue of the many homomorphism indistinguishability characterisations
presented in Section 1.1, the problems HomInd(F ) subsume deciding graph iso-
morphism relaxations from seemingly disparate areas. Typically, the graph classes F
featured in these characterisations are infinite. Thus, the trivial approach to Hom-
Ind(F ) of checking whether the input graphs have the same number of homomorph-
isms from every graph in F does not even render HomInd(F ) decidable. Böker,
Chen, Grohe, & Rattan [33] constructed esoteric graph classes for which deciding
homomorphism indistinguishability is arbitrary hard. But even for minor-closed
graph classes, the complexity-theoretic landscape of these problems is rather diverse:

For the class G of all graphs, HomInd(G) is graph isomorphism [114]. Only
known to be in quasi-polynomial time [17], the precise complexity of HomInd(G) is
unknown. For the class P of all planar graphs, HomInd(P) is quantum isomorphism
and undecidable [124, 15]. For the class T W k of graphs of treewidth at most k,
HomInd(T W k) can be solved with the k-dimensional Weisfeiler–Leman algorithm
in time nO(k) for n-vertex graphs [93]. Whether this runtime is optimal, is a long
standing open question [20, 22].

Although HomInd(T W k) is in polynomial time for every k, there are infinitely
many minor-closed graph classes F of bounded treewidth, e.g. the classes of
k-outerplanar graphs, for which HomInd(F ) could yet be undecidable.

Contributions. In Chapter 9, we show that HomInd(F ) is in randomised poly-
nomial time for every minor-closed graph class F of bounded treewidth (The-
orem 9.0.1). Furthermore, for minor-closed graph classes of bounded pathwidth, we
do not require randomness and give a deterministic polynomial-time algorithm for
HomInd(F ) (Theorem 9.0.2). As a concrete application, we show that the exact fea-
sibility of the Lasserre semidefinite programming hierarchy for graph isomorphism
can be decided in randomised polynomial time (Theorems 9.3.1 and 9.3.2).

Finally, we accompany these tractability results with various hardness result,
proving, for example, that it is coNP-hard to decide whether two graphs are not
distinguished by the k-dimensional Weisfeiler–Leman algorithm when k is part
of the input (Theorem 9.4.1). We conclude by conjecturing a trichotomy for the
complexity of HomInd(F ) for minor-closed graph classes F (Conjecture 9.6.1).
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2 Preliminaries

Write N = {0, 1, 2, . . . } for the set of non-negative integers. For n ∈ N, write
[n] = {1, . . . , n} if n ≥ 1 and [0] = ∅ otherwise. For n ∈N, write (n) for the tuple
(1, . . . , n) if n ≥ 1 and (0) = () for the empty tuple. Write Sn for the symmetric
group acting on n letters.

Let X and Y be sets. We write Z = X tY to indicate that Z is the disjoint union of
X and Y, i.e. X ∪Y = Z and X ∩Y = ∅. Slightly abusing notation, write X tY to
denote a set which is the disjoint union of X and Y, i.e. a set with suitable renamed
elements. Here, the elements of X tY are identified with those of X and Y. That is,
X and Y are thought of as being disjoint sets in the first place.

Let X be a set. Write 2X := {Y | Y ⊆ X} for the power set of X. For ` ∈ N,
write (X

` ) := {Y ⊆ X | |Y| = `} for the set of subsets of X of size `. Write
( X
≤`) :=

⋃
0≤k≤` (

X
k ). Write Π(X) for the set of all partitions of X.

We write {{. . .}} to denote multisets. Formally, a multiset is a map m : X → N

for some set X. For x ∈ X, m(x) is the multiplicity of x. For example, {{x, x, x, y}}
denotes the map m : {x, y} →N with x 7→ 3 and y 7→ 1.

Let ` ≥ 1. We denote tuples x ∈ X` by boldface letters. Their entries are denoted
by x1, . . . , x`. A map f : X → Y induces a map f : X` → Y` via f (x)i := f (xi) for all
i ∈ [`]. For two tuples x ∈ Xk and y ∈ X` and k, ` ≥ 1, write xy = x1 . . . xky1 . . . y` ∈
Xk+` for their concatenation.

We write log for the logarithm to base 2 and ln for the natural logarithm whose
base is Euler’s number e.

2.1 Graph Theory

All graphs in this thesis are finite, undirected, and without multiple edges. Formally,
a graph is pair G = (V, E) of a finite set V of vertices and a set E ⊆ (V

2) ∪V of edges.
A simple graph is a graph G = (V, E) where E ⊆ (V

2), i.e. a graph without loops. For
a graph G, write V(G) for its set of vertices and E(G) for its set of edges. Instead
of writing edges as {u, v} ∈ E(G), we write uv ∈ E(G). Here, it is not necessarily
u 6= v.

For n ∈ N, write Kn, Cn, and Pn for the complete graph, cycle, and path, on n
vertices. That is, V(Kn) = V(Cn) = V(Pn) = [n] and E(Kn) = ([n]2 ), E(Pn) =

{i(i + 1) | i ∈ [n− 1]}, and E(Cn) = E(Pn) for n = 1 and E(Cn) = E(Pn) ∪ {1n}
otherwise. Note that Kn = Cn = Pn for n ∈ {0, 1, 2}. For n, m ∈ N, write Kn,m for
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2 Preliminaries

the complete bipartite graph with V(Kn,m) := {(0, i) | i ∈ [n]} ∪ {(1, j) | j ∈ [m]} and
E(Kn,m) := {(0, i)(1, j) | i ∈ [n], j ∈ [m]}. A complete bipartite graph K1,n for n ∈N

is called a star.
For a graph G and v ∈ V(G), write NG(v) := {w ∈ V(G) | vw ∈ E(G)} for

the set of neighbours of G. Note that if v carries a loop, then v ∈ NG(v). A vertex
v ∈ V(G) is isolated if NG(v) ⊆ {v}. Write degG(v) := |NG(v)| for the degree of v.
Write ∆(G) := maxv∈V(G) degG(v) for the maximum degree of G.

A walk in a graph G is a sequence of vertices v1, . . . , vn ∈ V(G) such that vivi+1 ∈
E(G) for all i ∈ [n − 1]. We say that the walk is between the vertices v1 and vn.
A walk is a path if the vertices v1, . . . , vn are distinct. A cycle is a walk v1, . . . , vn

with n ≥ 3 whose first and last vertex coincide, i.e. v1 = vn. A graph is cyclic if it
contains a cycle and acyclic otherwise. A graph G is Eulerian if it contains a cycle
v1, . . . , vn ∈ V(G) which visits every edge precisely once, i.e. for every e ∈ E(G)

there exists a unique i ∈ [n− 1] such that e = vivi+1.
For a graph G and a set P ⊆ V(G), write G[P] for the subgraph induced by P,

i.e. the graph with vertex set P and edges uv if u, v ∈ P and uv ∈ E(G). For
a vertex v ∈ V(G) or a set of vertices Q ⊆ V(G), write G − Q := G[V(G) \ Q]

and G − v := G − {v}. A graph G′ is a subgraph of G, in symbols G′ ⊆ G, if
V(G′) ⊆ V(G) and E(G′) ⊆ E(G).

A graph G is connected if there exists a walk between every pair of vertices. A
connected component of a graph G is a set C ⊆ V(G) such that G[C] is connected and
there exists no set C ( C′ ⊆ V(G) such that G[C′] is connected. A cut vertex is a
vertex v ∈ V(G) such that G− v has more connected components than G.

A graph G is a forest if there exists a unique path between every pair of distinct
vertices. A connected forest is called a tree.

A rooted tree (T, r) is a pair of a tree T and a vertex r ∈ V(T) called the root
of (T, r). The out-degree of a vertex v ∈ V(T) in (T, r) is the number of neighbours
of u ∈ NT(v) such that the unique path between u and r contains v. The depth of
(T, r) is the maximal number of vertices on any path starting in r. That is, the depth
of the singleton rooted tree is 1.

2.1.1 Graph Operations

For graphs G and H, write G + H for their disjoint union. For disjoint unions of
more multiple graphs G1, . . . , Gn, write än

i=1 Gi := G1 + · · ·+ Gn. For an integer
` ≥ 1 and a graph G, write `G := ä`

i=1 G. The categorical product of two graphs G
and H is the graph G× H with vertex set V(G× H) := V(G)× V(H) and edges
between vw, v′w′ ∈ V(G) × V(H) if, and only if, vv′ ∈ E(G) and ww′ ∈ E(H).
The lexicographic product of two graphs G and H is the graph G · H with vertex set
V(G)× V(H) and edges between vw, v′w′ ∈ V(G)× V(H) if, and only if, v = v′

and ww′ ∈ E(H) or vv′ ∈ E(G).
The complement of a simple graph F is the simple graph F with V(F) = V(F)
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2.1 Graph Theory

and E(F) = (V(F)
2 ) \ E(F). Observe that F = F for all simple graphs F. The full

complement of a graph G is the graph Ĝ obtained from G by replacing every edge
with a non-edge and every loop with a non-loop, and vice-versa, i.e. E(Ĝ) :=(
(V(G)

2 ) ∪V(G)
)
\ E(G).

The quotient F/P of a simple graph F by a partition P of V(F) is the simple graph
with vertex set P and edges PQ for P 6= Q if, and only if, there exist vertices p ∈ P
and q ∈ Q such that pq ∈ E(F). A graph F′ can be obtained from a simple graph F
by contracting edges if there is a partition P ∈ Π(V(F)) such that F[P] is connected
for all P ∈ P and F′ = F/P . A minor of a simple graph F is a subgraph of a graph
which can be obtained from F by contracting edges.

Let F be a simple graph with edge uv ∈ E(F). The graph obtained from F by
subdividing uv is the graph F′ with vertex set V(F′) := V(F) t {w} and E(F′) :=
(E(F) \ {uv}) ∪ {uw, wv}. A graph F′ is a subdivision of a simple graph F if it can
be obtained from F by repeatedly subdividing edges.

2.1.2 Homomorphisms and Isomorphisms

A homomorphism from a graph F to a graph G is a map h : V(F) → V(G) such
that h(u)h(v) ∈ E(G) whenever uv ∈ E(F). In particular, a homomorphism maps
vertices carrying a loop to vertices carrying a loop. Write Hom(F, G) for the set of
all homomorphisms from F to G and hom(F, G) := |Hom(F, G)| for the number of
homomorphisms from F to G. Especially in the context of Section 3.2, we write
FG := hom(F, G).

For graphs F and K, F is said to be K-colourable if there is a homomorphisms
F → K. A graph F is n-colourable for n ∈ N if it is Kn-colourable. The chromatic
number χ(F) of a graph F is the least n ∈N such that F is n-colourable. A graph F
is bipartite if χ(F) ≤ 2. The graphs F and K are homomorphically equivalent if there
exist homomorphisms F → K and K → F.

It is well-known, cf. e.g. [116, (5.28)–(5.30)], that for all graphs F1, F2, G1, G2, and
all connected graphs K, the following equalities hold:

hom(F1 + F2, G) = hom(F1, G) hom(F2, G), (2.1)

hom(F, G1 × G2) = hom(F, G1) hom(F, G2), and (2.2)

hom(K, G1 + G2) = hom(K, G1) + hom(K, G2). (2.3)

Conventionally, we distinguish between graphs occurring as domains and codo-
mains of homomorphisms, cf. [116, p. 7]. The letters F, K, L will denote graphs
which are the domains of homomorphisms, i.e. left hand-side graphs. The letters G
and H will denote graphs which are the codomains of homomorphisms, i.e. right
hand-side graphs. That is, a typical homomorphism maps F to G.

Let F and G be graphs. A strong homomorphism from F to G is a map h : V(F)→
V(G) such that uv ∈ E(F) if, and only if, h(u)h(v) ∈ E(G).
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2 Preliminaries

Let G and H be a graphs. An isomorphism from G to H is a bijection ϕ : V(G)→
V(H) such that uv ∈ E(G) if, and only if, ϕ(u)ϕ(v) ∈ E(H). Two graphs G and H
are isomorphic, in symbols G ∼= H, if there exists an isomorphism ϕ : G → H.
Conventionally, isomorphic graphs are regarded as equal. An automorphism of a
graph G is an isomorphism ϕ : G → G. The set of automorphisms of G forms a
group under composition, the automorphism group Aut(G) of G.

A graph class is a set of graphs F which is closed under isomorphism, i.e. if
F ∈ F and F′ ∼= F, then F′ ∈ F . Let G denote the class of all graphs. For a graph
class F , an integer ` ∈ N, and a graph K, write F≤` := {F ∈ F | |V(F)| ≤ `},
F≥` := {F ∈ F | |V(F)| ≥ `}, and FK := {F ∈ F | hom(F, K) > 0}. For example,
GK2 is the class of all bipartite graphs.

2.1.3 Tree, Path, and Cycle Decompositions

Treewidth measures how similar a graph is to a tree. We recall the well-known
notion of a tree decomposition in the following slightly more general form.

Definition 2.1.1. Let F be a graph. An F-decomposition of a graph G is a pair (F, β)

where β is a map V(F)→ 2V(G) such that
1. the union of the β(v) for v ∈ V(F) is equal to V(G),
2. for every edge e ∈ E(G), there exists v ∈ V(F) such that e ⊆ β(v),
3. for every vertex u ∈ V(G), the set of vertices v ∈ V(F) such that u ∈ β(v) is

connected in F.

The sets β(v) for v ∈ V(F) are called the bags of (F, β). The width of (F, β) is the
maximum over all |β(v)| − 1 for v ∈ V(F). An F-decomposition is called a tree
decomposition if F is a tree, a path decomposition if F is a path, and a cycle decomposition
if F is a cycle. The treewidth tw(G), pathwidth, and cyclewidth of a graph G is the
minimum width of a tree, path, and cycle decomposition of G, respectively. For t ≥ 0,
write T W t and PW t for the classes of all graphs of treewidth and, respectively,
pathwidth at most t. The following Lemma 2.1.2 generalises the standard [26,
Lemma 8].

Lemma 2.1.2. Let k ≥ 1 and F be a connected graph. If a graph G has an F-decomposition of
width at most k− 1 and |V(G)| ≥ k, then there is an F′-decomposition β : V(F′)→ 2V(G)

of G such that
1. |β(t)| = k for all t ∈ V(F′), and
2. |β(s) ∩ β(t)| = k− 1 for all st ∈ E(F′).

The graph F′ can be obtained from F by contracting and/or subdividing edges.

Proof. If |V(G)| = k, then F′ can be taken to be the single vertex graph. If |V(G)| > k,
then F must contain at least one edge. Let β : V(F)→ 2V(G) be the F-decomposition
of width at most k− 1. We repeatedly apply the following steps:
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Figure 2.1: The treedepth of the path Pn is dlog(n + 1)e, cf. [133, Equation (6.2)].
The grey dotted arrows→ indicate the forest order ≤.

• If st ∈ E(F) is such that β(s) ⊆ β(t) or β(t) ⊆ β(s), then the edge st in F can
be contracted and the set β(s) ∪ β(t) can be taken to be the bag at the vertex
obtained by contraction.

• If st ∈ E(F) and |β(s)| < k and β(t) 6⊆ β(s), then β(s) can be enlarged by a
vertex v ∈ β(t) \ β(s).

• If st ∈ E(F) and |β(s)| = |β(t)| = k and |β(s) ∩ β(t)| < k− 1, then subdivide
the edge st in F by introducing a fresh vertex r. Choose vertices v ∈ β(s) \ β(t)
and w ∈ β(t) \ β(s) and let β(r) := (β(s) \ {v}) ∪ {w}.

If none of these operations can be applied, the decomposition is as desired.

Since the class of trees (paths) is closed under contracting and subdividing edges,
tree (path) decompositions satisfying the assertions of Lemma 2.1.2 can be found
for all graphs of bounded treewidth (pathwidth).

2.1.4 Treedepth and Pebble Forest Covers

Treedepth measures how similar a graph is to a star. This notion was introduced by
Nešetřil & Ossona de Mendez [132]. See also [133, Chapter 6] for further context.

A forest order on a set X is a partial order ≤ on X such that, for every x ∈ X, the
set {y ∈ X | y ≤ x} is finite and totally ordered [57, Section II.C]. Let F be a graph.
An elimination forest or forest cover of F is a forest order ≤ on V(F) such that, for
every edge uv ∈ E(F), the vertices u and v are comparable with respect to to ≤, i.e. it
holds that u ≤ v or v ≤ u. The depth of ≤ is the size of the largest subset of V(F)
which is totally ordered under ≤. The treedepth td(F) of a graph F is the minimum
depth of an elimination forest of F. See Figure 2.1 for an example.

A leaf of an elimination forest ≤ on F is a vertex v ∈ V(F) such that, for all
w ∈ V(F), it holds that v ≤ w implies that v = w. Dually, a root is a vertex v ∈ V(F)
such that, for all w ∈ V(F), it holds that w ≤ v implies that v = w.

In [2], k-pebble forest covers were introduced under the name k-traversal. They
account for treedepth and -width simultaneously.

Definition 2.1.3 ([2, Section 2.3]). Let F be a graph and k ≥ 1. A k-pebble forest cover
of F is a pair of a forest cover ≤ of F and a function p : V(F)→ [k] such that, for all
uv ∈ E(F) with u ≤ v, it holds that p(u) 6= p(w) for all u < w ≤ v. Write T k

q for the
class of graphs which admit a k-pebble forest cover of depth at most q.
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Clearly, every graph admitting a k-pebble forest cover of depth at most q has
treedepth at most q. By [68, Theorem 14], a graph admits a k-pebble forest cover
of depth at most q if, and only if, it admits a tree decomposition (T, β) of width at
most k− 1 containing a vertex r ∈ V(T) such that, for every path P in T from r to
a leaf in ≤, it holds that

∣∣∣⋃v∈V(P) β(v)
∣∣∣ ≤ q. In particular, every graph admitting a

k-pebble forest cover has treewidth at most k− 1. See [68] for further graph-theoretic
properties of T k

q .

2.2 Finite Model Theory

A logic on graphs [65] is a pair (L, |=) of a class L and a relation |= ⊆ G × L comparing
simple graphs and elements of L which is isomorphism-invariant, i.e. satisfies that,
for all ϕ ∈ L and simple graphs G and H such that G ∼= H, it holds that G |= ϕ if,
and only if, H |= ϕ. When convenient, the reference to |= is omitted and (L, |=) is
denoted by L. Two simple graphs G and H are L-equivalent, in symbols G ≡L H, if,
for every ϕ ∈ L, it holds that G |= ϕ if, and only if, H |= ϕ. One may think of a logic
on graphs as a mere collection of isomorphism-invariant graph properties. Every
ϕ ∈ L defines such property.

2.2.1 First-Order Logic

We recall first-order logic FO following [78, 139]. First-order logic FO comprises
variables x, y, z, . . . which range over vertices of a graph. The formulas x = y and
Exy are atomic FO-formulas. More complicated FO-formulas can be formed using
negation ¬, conjunction ∧, disjunction ∨, existential quantification ∃x, and universal
quantification ∀x. A variable x is free in an FO-formula ϕ if it appears at least once
in ϕ outside the scope of any quantifier. An FO-sentence is an FO-formula without
free variables.

An FO-formula ϕ(x1, . . . , xk) with free variables x1, . . . , xk is evaluated on a graph
G by assigning vertices v1, . . . , vk ∈ V(G) to the free variables. We write G |=
ϕ(v1, . . . , vk) if the formula evaluates to true.

For example, the FO-sentence δ := ∃x∃y∃zExy ∧ Eyz ∧ Exz is true on a graph G
if, and only if, it contains K3 as a subgraph.

The quantifier depth qd(ϕ) of an FO-formula ϕ is inductively defined as follows:
If ϕ is atomic, then qd(ϕ) := 0. If ϕ is obtained from ψ1, . . . , ψ` using the Boolean
connectives ¬, ∧, or ∨, then qd(ϕ) := max{qd(ψ1), . . . , qd(ψ`)}. If ϕ = ∃xψ or
ϕ = ∀xψ, then qd(ϕ) := qd(ψ) + 1.

2.2.2 First-Order Logic with Counting Quantifiers

First-order logic with counting quantifiers C is the extension of FO by quantifiers of the
form ∃≥nx for n ∈N with the semantics that ‘there exists at least n distinct assign-
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ments of vertices to x’. The counting quantifiers ∃≥nxϕ(x) can be simulated in FO

via ∃x1 . . . ∃xn

(∧
1≤i<j≤n xi 6= xj ∧

∧
1≤i≤n ϕ(xi)

)
. However, the resulting formulas

are much less concise.
Write Ck for the k-variable fragment of C, i.e. the set of all formulas which

contain at most k distinct variables. Note that reusing variables is permitted. For
example, ∃x∃y(Exy ∧ ∃xEyx) is a C2-sentence, which expresses that a graph admits
a homomorphism from the path P3.

Write Cq for the quantifier-rank-q fragment of C, i.e. the set of all formulas
ϕ ∈ C such that qd(ϕ) ≤ q. Here, the definition of the quantifier rank for FO-
formulas extends to C-formulas by letting qd(ϕ) := qd(ψ) + 1 if ϕ = ∃≥nxψ. Write
Ck

q := Ck ∩ Cq.

2.2.3 Monadic Second-Order Logic

Monadic second-order logic is the name of several extensions of first-order logic.
We adopt the definitions and examples from [48, Sections 1.3 and 5.2.6].

The logic MSO1 is the extension of FO by monadic variables X, Y, Z, . . . which
range over sets of vertices. In addition to the atomic FO-formulas, x ∈ X is an
atomic MSO1-formula for a first-order variable x and a set variable X. For example,
the MSO1-sentence

∃X1∃X2∃X3 partition(X1, X2, X3) ∧ ∀x∀y(Exy→ ¬
3∨

i=1

(x ∈ Xi ∧ y ∈ Xi))

expresses that a simple graph is 3-colourable. Here, the subformulas are defined as

partition(X1, X2, X3) := ∀x
3∨

i=1

(x ∈ Xi) ∧
∧

1≤i<j≤3

disjoint(Xi, Xj),

disjoint(X, Y) := ¬∃x(x ∈ X ∧ x ∈ Y).

Another example is the MSO1-formula

conn(X) := ¬∃Y (∅ ( Y ( X ∧ ∀x∀y(x ∈ X ∧ y ∈ X ∧ Exy→ (x ∈ Y ↔ y ∈ Y)))

which expresses that the subgraph induced by the set of vertices assigned to X
is connected. Here, →, ←, ∅, ( abbreviate MSO1-formulas which can clearly be
constructed using the available expressions. Moreover, for every simple graph H,
there exists a MSO1-sentence which defines the class of all graphs which contain
H as a minor. Exemplarily, with H = K3, the following MSO1-sentence defines the
class of graphs containing K3 as a minor:

∃X1∃X2∃X3

3∧
i=1

conn(Xi) ∧
∧

1≤i<j≤3

disjoint(Xi, Xj) ∧ ∃x∃y(x ∈ Xi ∧ y ∈ Xj ∧ Exy).
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The logic MSO2 is the extension of MSO1 by first-order and monadic variables
which range over edges and sets of edges. It also contains atomic formulas inc(x, y)
where x is a first-order vertex variable and y is a first-order edge variable. The
formula inc(x, y) evaluates to true for a vertex v and an edge e if v is incident to e, i.e.
v ∈ e. For example, in MSO2 one can express that a graph contains a Hamiltonian
cycle.

Finally, the logics CMSO1 and CMSO2 are the extensions of MSO1 and MSO2

respectively by atomic formulas cardp,q(X) for set variables X and integers q ≥ 2
and q > p ≥ 0 with the semantics that the cardinality |X| of X is p modulo q.

2.3 Weisfeiler–Leman Algorithm

The Weisfeiler–Leman algorithm [174] is an important graph isomorphism heuristic
with direct connections to various applied and theoretic domains. See [81, Section V]
and [100, 101] for background references.

Let G be a graph and v ∈ V(G)` a tuple of vertices. Define the atomic type
atp(G, v) as the equivalence class of (G, v) under the equivalence relation given by
(G, v) ∼ (H, w) if, and only if, vivj ∈ E(G)⇔ wiwj ∈ E(H) and vi = vj ⇔ wi = wj

for all i, j ∈ [`].
For a tuple v ∈ V(G)`, i ∈ [`], and v ∈ V(G), write v[i/v] ∈ V(G)` for the tuple

obtained from v by replacing the i-th entry by v.

Definition 2.3.1. Let k ≥ 1. Let G be a graph and v ∈ V(G)k. Define wl0
k(G, v) :=

atp(G, v) and

wli+1
k (G, v) :=

(
wli

k(G, v),{{(
atp(G, vv), wli

k(G, v[1/v]), . . . , wli
k(G, v[k/v])

) ∣∣∣ v ∈ V(G)
}} )

for i ≥ 0.

Note that the term atp(G, vv) can be omitted when k ≥ 2.
If wli+1

k (G, v) = wli+1
k (G, u), then wli

k(G, v) = wli
k(G, u). Thus, whenever the

colouring of V(G)k computed by wli+1
k has more distinct colours than wli

k, then
it is a proper refinement of the colouring computed by wli

k. Hence, the colouring
stabilises after at most nk − 1 iterations where n denotes the number of vertices in G.
We denote the stable colouring by wl∞

k and write

wl∞
k (G) :=

{{
wl∞

k (G, v)
∣∣∣ v ∈ V(G)k

}}
.

Two graphs G and H are distinguished by wlk if wl∞
k (G) 6= wl∞

k (H). By [93, The-
orem 4.9.5], the partition induced by the stable colouring can be computed in time
O(k2nk+1 log n) for n := |V(G)|.

18



2.4 Linear Algebra

By the following Theorem 2.3.2, the k-dimensional Weisfeiler–Leman algorithm
decides whether two graphs are Ck+1-equivalent.

Theorem 2.3.2 ([93, Theorem 4.9.6] and [81, Corollary V.9]). Let k ≥ 1. For graphs G
and H with v ∈ V(G)k and w ∈ V(H)k, the following are equivalent:

1. wl∞
k (G, v) = wl∞

k (H, w),
2. for every Ck+1-formula ϕ(x1, . . . , xk) with k free variables, G |= ϕ(v) if, and only if,

H |= ϕ(w).
In particular, wl∞

k (G) = wl∞
k (H) if, and only if, G and H are Ck+1-equivalent.

It is sometimes more convenient to work with the classical Colour Refinement cr
algorithm, as defined below, than with the 1-dimensional Weisfeiler–Leman al-
gorithm wl1. By [81, Proposition V.4], two graphs are distinguished by cr if, and
only if, they are distinguished by wl1.

Definition 2.3.3. Let G be a graph and v ∈ V(G). Define cr0(G, v) = 1 and

cri+1(G, v) :=
(

cri(G, v),
{{

cri(G, v′)
∣∣∣ v′ ∈ NG(v)

}})
.

Write cr∞(G, v) for the finest such colouring and cr∞(G) := {{cr∞(G, v) | v ∈ V(G)}}.
Two graphs G and H are distinguished by cr if cr∞(G) 6= cr∞(H).

2.4 Linear Algebra

We consider finite-dimensional vector spaces over the rationals Q, the reals R, the
complex numbers C, or over finite fields Fp for primes p. For the purpose of this
section, let K denote any such field. See [104, 105] for basics of linear algebra.

For a vector space V, write End(V) for the vector space of endomorphisms of V,
that is the set of linear maps V → V. Let idV ∈ End(V) denote the identity map.

For a finite-dimensional K-vector space V, write dim(V) for its dimension. If
U is a subspace of V, we write U ≤ V. For a vector space V and a set X ⊆ V,
write span(X) :=

⋂
X⊆U≤V U for the vector space spanned by X. Here, U ranges over

subspaces of V.

2.4.1 Inner-Product Spaces and Adjoints

In this section, we consider vector spaces without explicit basis. Therefore, we work
with abstract vectors rather than with arrays of numbers.

Let V be a K-vector space for some field K. A non-degenerate inner-product [105,
Section V.1] on V is a map 〈−,−〉 : V ×V → K such that

1. 〈v, w〉 = 〈w, v〉 for all v, w ∈ V,
2. 〈v, αw + βx〉 = α 〈v, w〉+ β 〈v, x〉 for all v, w, x ∈ V and α, β ∈ K,
3. for every w ∈ V, if 〈v, w〉 = 0 for all v ∈ V, then w = 0.
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We require the following fact to define the adjoint of a linear map between finite-
dimensional spaces with non-degenerate inner-products. Its proof is standard, cf.
e.g. [105, VII, §1, Lemma 1.1].

Fact 2.4.1. Let K be a field. Let V and W be finite-dimensional K-vector spaces with
non-degenerate inner-products 〈−,−〉V and 〈−,−〉W . For every linear map f : V → W,
there exists a unique linear map g : W → V such that 〈v, g(w)〉V = 〈 f (v), w〉W for all
v ∈ V and w ∈W.

On complex vector spaces, we consider Hermitian products. Let V be a C-vector
space. A positive definite Hermitian product [105, p. 108] is a map 〈−,−〉 : V ×V → C

such that the following hold:
1. 〈v, w〉 = 〈w, v〉 for all v, w ∈ V,
2. 〈v, αw + βx〉 = α 〈v, w〉+ β 〈v, x〉 for all v, w, x ∈ V and α, β ∈ C,
3. for every v ∈ V, 〈v, v〉 is a non-negative real and 〈v, v〉 = 0 if, and only if,

v = 0.
That is, a positive definite Hermitian product is linear in the second component.
The following analogue of Fact 2.4.1 holds:

Fact 2.4.2. Let V and W be finite-dimensional C-vector spaces with positive definite
Hermitian products 〈−,−〉V and 〈−,−〉W . For every linear map f : V →W, there exists
a unique linear map g : W → V such that 〈v, g(w)〉V = 〈 f (v), w〉W for all v ∈ V and
w ∈W.

Subsequently, we do not make a distinction between K-vector spaces over an
arbitrary field K with non-degenerate inner-product and C-vector spaces with
positive definite Hermitian products. We call such a vector space inner-product space.

Let V be an inner-product space with inner product 〈−,−〉. Two vectors v, w ∈ V
are orthogonal if 〈v, w〉 = 0. In this case, write v ⊥ w. For two sets U, W ⊆ V, write
U ⊥W if u ⊥ w for all u ∈ U and w ∈W. Let U ≤ V be a subspace. The orthogonal
complement U⊥ := {v ∈ V | u ⊥ v ∀u ∈ U} of U is the vector space of all vectors
orthogonal to all vectors in U.

Let V and W be inner-product spaces over K with inner-products 〈−,−〉V and
〈−,−〉W . Let X : V → W be a linear map. By Facts 2.4.1 and 2.4.2, there exists a
unique map X∗ : W → V such that 〈Xv, w〉W = 〈v, X∗w〉V for all v ∈ V and w ∈W.
The map X∗ is the adjoint of X.

If X corresponds to a matrix A = (aij) ∈ Kn×m after choosing suitable bases and
K 6= C, then X∗ corresponds to the transpose AT := (aji) ∈ Km×n of A. If V and W

are over C, then X∗ corresponds to the conjugate transpose A∗ := AT
= (aji) of A.

The map X is orthogonal if X∗X = idV and XX∗ = idW for X∗ : W → V. Over C,
we refer to orthogonal matrices as unitary. Note that X is orthogonal if, and only if,
〈Xv, Xv′〉W = 〈v, v′〉V for all v, v′ ∈ V.
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Let V be an inner-product space. An endomorphism X ∈ End(V) is symmetric
or Hermitian if X∗ = X. A symmetric endomorphism X is positive semidefinite, in
symbols X � 0, if 〈v, Xv〉 ≥ 0 for all v ∈ V.

Gram–Schmidt Orthogonalisation

The Gram–Schmidt orthogonalisation procedure is a well-known method in linear
algebra used to transform a collection of vectors into a orthonormal basis [105, V, §2,
Theorem 2.1]. For the purpose of Section 4.1, a variant of it is required to construct
unitary linear maps between vector spaces spanned by possibly infinite sequences
of vectors.

Lemma 2.4.3. Let V and W be finite-dimensional inner-product spaces over a field K. Let
〈−,−〉V and 〈−,−〉W denote their respective inner-products. Let I be a possibly infinite
set. Let (vi)i∈I and (wi)i∈I be two sequences of vectors such that vi ∈ V and wi ∈ W for
all i ∈ I. Suppose that

1. the vi for i ∈ I span V, the wi for i ∈ I span W, and
2. 〈vi, vj〉V = 〈wi, wj〉W for all i, j ∈ I.

Then there exists a unitary linear map Φ : V →W such that Φ(vi) = wi for all i ∈ I.

Proof. Since the vi for i ∈ I span V, there exists a finite set I′ ⊆ I such that the vi for
i ∈ I′ are a basis for V. We define Φ on this basis by vi 7→ wi for i ∈ I′.

The map Φ is such that Φ(vk) = wk for all k ∈ I. Indeed, let k ∈ I be arbitrary.
Then there exist αi ∈ K, i ∈ I′, such that vk = ∑i∈I′ αivi. Then for arbitrary j ∈ I,〈

wj, Φ(vk)
〉

W = ∑
i∈I′

αi
〈
wj, Φ(vi)

〉
W = ∑

i∈I′
αi
〈
wj, wi

〉
W =

〈
vj, vk

〉
V =

〈
wj, wk

〉
W .

Thus, Φ(vk) = wk. It follows that Φ is unitary. Indeed,
〈
Φvk, Φvj

〉
W =

〈
wk, wj

〉
W =〈

vk, vj
〉

V for all k, j ∈ I.

2.4.2 Tensors

Let K be a field. Contrasting Section 2.4.1, the vector spaces in this section are of
the form KI for some finite set I. Therefore, they have an implicit basis given by the
standard basis vectors ei for every i ∈ I.

Note that the index sets I considered in this thesis are not ordered. Typically, the
set I will be taken to be the vertex set of some graph, which is not assumed to be
ordered, since graph isomorphism and its relaxations are trivial for ordered graphs.

Definition 2.4.4. Let k, ` ∈N. Let I be a finite set. A (k, `)-shaped tensor is an element
ϕ ∈ KIk×I` . Write TI(k, `) = KIk×I` for the K-vector space of all (k, `)-shaped
tensors.
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For example, TI(k, `) contains the tensor 1 which is one everywhere. We abbre-
viate TI(k) := TI(k, 0). Strictly speaking, TI(k, `) also depends on the field K. To
improve legibility, we choose to suppress this from our notation. We consider the
following operations on tensors.

Definition 2.4.5. Let k, `, m, n ∈ N. Let I be a finite set. Let ϕ, ψ ∈ TI(k, `),
χ ∈ TI(`, m), ξ ∈ TI(m, n), ζ ∈ TI(k, k), and µ, ν ∈ TI(k, 0). Define

1. the sum-of-entries soe(ϕ) := ∑x∈Ik ,y∈I` ϕ(x, y) ∈ K,
2. the trace tr(ζ) := ∑x∈Ik ζ(x, x) ∈ K,
3. the matrix product ϕ · χ ∈ TI(k, m) via (ϕ · χ)(x, z) := ∑y∈I` ϕ(x, y)χ(y, z) for

all x ∈ Ik and z ∈ Im,
4. the tensor product ϕ⊗ ξ ∈ TI(k + m, `+ n) via

(ϕ⊗ ξ)(x, y) := ϕ(x1 . . . xk, y1 . . . y`)ξ(xk+1 . . . xk+m, y`+1 . . . y`+n)

for all x ∈ Ik+m and y ∈ I`+n,
5. the Schur product ϕ� ψ ∈ TI(k, `) via (ϕ� ψ)(x, y) := ϕ(x, y)ψ(x, y) for all

x ∈ Ik and y ∈ I`,
6. the iterated Schur product ϕ�0 := 1 and ϕ�r := ϕ� ϕ�r−1 for all integers r ≥ 1,
7. for σ ∈ Sk+`, the permuted tensor ϕσ ∈ TI(k, `) via ϕσ(x, y) := ϕ(u, v) where

ui := (xy)σ−1(i) and vj−` := (xy)σ−1(j) for all 1 ≤ i ≤ ` < j ≤ `+ k and x ∈ Ik,
y ∈ I`,

8. the adjoint tensor ϕ∗ ∈ TI(`, k) via ϕ∗(x, y) := ϕ(y, x) for all x ∈ I` and y ∈ Ik.
If the tensor is over C, then ϕ∗(x, y) := ϕ(y, x) for all x ∈ I` and y ∈ Ik, and

9. the inner-product 〈µ, ν〉 := µ∗ · ν ∈ K = TI(0, 0).

Vandermonde Interpolation

At several points, we will encounter vector spaces V ≤ KI for some field K and a
finite set I which are closed under Schur products, i.e. if v, w ∈ V, then also v�w ∈ V.
Such spaces admit bases which can be constructed using iterated Schur products.

Fact 2.4.6 ([105, p. 155]). Let K be a field and I be a finite set of size n. If v ∈ KI has
distinct entries, then 1, v, v�2, . . . , v�(n−1) is a basis of KI .

Fact 2.4.6 will be applied in the following form:

Lemma 2.4.7 (Vandermonde Interpolation). Let K be a field and I be a finite set. Let
V ≤ KI be a vector space closed under Schur products that contains 1. Consider the
equivalence relation ∼ on I given by x ∼ x′ if, and only if, v(x) = v(x′) for all v ∈ V.
Then the indicator vectors 1C1 , . . . , 1Cr of the equivalence classes of ∼ form a basis of V.

Proof. Write W for the space spanned by the indicator vectors 1C1 , . . . , 1Cr . Clearly,
V ≤W. Conversely, fix distinct equivalence classes C, C′ ⊆ I. There exists a vector
v ∈ V such that v(i) 6= v(j) for some i ∈ C and j ∈ C′. Furthermore, v is constant on
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C and C′. By Fact 2.4.6, span{1, v} ≤ V contains a vector vC,C′ such that vC,C′(i) = 1
for all i ∈ C and vC,C′(i) = 0 for all i ∈ C′. The vector vC,C′ may assume arbitrary
values on I \ (C ∪ C′). By iterating this construction for all equivalence classes,
one may write the indicator vector 1C as

⊙
C′ 6=C vC,C′ ∈ V where the Schur product

ranges over all equivalence classes C′ of ∼ other than C. Hence W ≤ V.

Pseudo-Stochastic and Doubly-Stochastic Matrices

Let K be a field. Let I and J be finite sets. Fix inner-product spaces V ≤ KI and
W ≤ KJ containing the all-ones vectors, i.e. 1I ∈ V and 1J ∈ W. Then a map
X : V →W is pseudo-stochastic if X1I = 1J and X∗1J = 1I for X∗ the adjoint of X. A
matrix X ∈ KI×J is pseudo-stochastic if X1I = 1J and X∗1J = 1I . A matrix X ∈ RI×J

is doubly stochastic if it is pseudo-stochastic and its entries are non-negative reals.
For the sake of completeness, we give a proof of the following lemma on doubly

stochastic matrices.

Lemma 2.4.8 ([172, Lemma 1]). Let I and J be finite sets. Let v ∈ RI and w ∈ RJ . If
X ∈ RI×J is doubly stochastic such that Xw = v and XTv = w, then v(i) = w(j) for all
i ∈ I and j ∈ J such that X(i, j) > 0.

Proof. By [128, Theorem 1a], the assumptions Xw = v and XTv = w imply that the
vectors v and w have the same multisets of entries.

Let A ⊆ I, respectively B ⊆ J, denote the set of indices on which v, respectively
w, assumes its least value r ∈ R. It is claimed that if i ∈ I \ A and j ∈ B or if i ∈ A
and j ∈ J \ B, then X(i, j) = 0. The claim follows by induction on the number of
different values in the vectors v and w. First observe that, for j ∈ B,

r = v(i) = (Xw)(i) = r ∑
j∈B

X(i, j) + ∑
j∈J\B

X(i, j)w(j) ≥ r ∑
j∈J

X(i, j) = r(X1)(i) = r.

Hence, equality holds throughout. This implies that ∑j∈J\B X(i, j) = 0 as w(j) > r
for all j ∈ J \ B. It follows that X(i, j) = 0 for i ∈ A and j ∈ J \ B. The same holds
when i ∈ I \ A and j ∈ B.

2.4.3 Completely Positive Maps and Choi Matrices

Let PSD denote the family of real positive semidefinite matrices. By the Spectral
Decomposition Theorem [105, VIII, §4, Theorem 4.3], a matrix M ∈ Rn×n is positive
semidefinite if, and only if, Mij = vT

i vj for some vectors v1, . . . , vn and all i, j ∈ [n].
The vectors v1, . . . , vn are the Gram vectors of M. Let DNN denote the family of
doubly non-negative matrices, i.e. of entry-wise non-negative positive semidefinite
matrices.

Let m, n ∈N. Let K be a family of matrices. A linear map Φ : Cm×m → Cn×n is
• trace-preserving if tr(Φ(X)) = tr(X) for all X ∈ Cm×m,
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• unital if Φ(idm) = idn,
• K-preserving if Φ(K) ∈ K for all K ∈ K,
• completely K-preserving if idr⊗Φ is K-preserving for all r ∈N,
• positive if it is PSD-preserving, and
• completely positive if it is completely PSD-preserving.

The Choi matrix of Φ is CΦ = ∑m
i,j=1 Eij ⊗Φ(Eij) ∈ Cmn×mn. Here, Eij ∈ Cm×m for

i, j ∈ [m] denotes the matrix whose (i, j)-th entry is one and all whose other entries
are zero.

We recall the following lemmas from [126]. The statement of Lemma 2.4.9 for
PSD is the well-known Choi’s Theorem for Completely Positive Maps [42].

Lemma 2.4.9 ([126, Lemma 4.4]). Consider a family of matrices K ∈ {DNN,PSD} and
a linear map Φ : Cm×m → Cn×n for m, n ∈N. The following are equivalent:

1. the map idm⊗Φ is K-preserving,
2. the Choi matrix CΦ of Φ lies in K,
3. Φ is completely K-preserving.

Lemma 2.4.10 ([126, Lemma 4.10]). Let Φ : Cn×n → Cn×n for m, n ∈ N be a linear
map which is completely positive, trace-preserving, and unital. Then, for every matrix X ∈
Cn×n such that Φ∗(Φ(X)) = X, it holds that Φ(XW) = Φ(X)Φ(W) and Φ(WX) =

Φ(W)Φ(X) for all W ∈ Cn×n.

A vector space A ⊆ Cn×n is an algebra if it is closed under matrix multiplication.
It is unital if it contains the identity matrix idn. It is self-adjoint if it is closed under
taking conjugate transposes.

Lemma 2.4.11 ([126, Lemma 5.1]). Let A and B be self-adjoint unital subalgebras of Cn×n

for n ∈ N. Let ϕ : A → B be a trace-preserving isomorphism such that ϕ(X∗) = ϕ(X)∗

for all X ∈ A. Then there exists a unitary U ∈ Cn×n such that ϕ(X) = UXU∗ for all
X ∈ A.

Lemma 2.4.12 ([126, Lemma 4.5]). Let m, n ∈ N. Let D ∈ Cm×n be a matrix and let
u ∈ Cn and v ∈ Cm. Then the following are equivalent:

1. D(u� w) = v� (Dw) for all w ∈ Cn,
2. Dij = 0 for all i ∈ [m] and j ∈ [n] such that vi 6= uj,
3. D∗(v� z) = u� (D∗z) for all z ∈ Cm.

2.5 Representation Theory of Involution Monoids

A monoid Γ is a possibly infinite set equipped with an associative binary operation
and an identity element denoted by 1Γ. An example for a monoid is the endomorphism
monoid End(V) for a vector space V over a field K with composition as binary
operation and idV as identity element. A monoid representation of Γ is a map

24



2.5 Representation Theory of Involution Monoids

ϕ : Γ → End(V) such that ϕ(1Γ) = idV and ϕ(gh) = ϕ(g)ϕ(h) for all g, h ∈ Γ. The
representation is finite-dimensional if V is finite-dimensional. For every monoid Γ,
there exists a representation, for example the trivial representation Γ → End({0})
given by g 7→ id{0} for all g ∈ Γ.

Let ϕ : Γ → End(V) and ψ : Γ → End(W) be two representations of Γ over K.
Then ϕ and ψ are equivalent if there exists a K-vector space isomorphism X : V →W
such that Xϕ(g) = ψ(g)X for all g ∈ Γ. Moreover, ϕ is a subrepresentation of ψ if
V ≤ W and ψ(g) restricted to V equals ϕ(g) for all g ∈ Γ. A representation ϕ is
simple if its only subrepresentations are the trivial representation and ϕ itself. The
direct sum of ϕ and ψ denoted by ϕ⊕ ψ : Γ→ End(V ⊕W) is the representation that
maps g ∈ Γ to ϕ(g)⊕ ψ(g) ∈ End(V)⊕ End(W) ≤ End(V ⊕W). A representation
ϕ is semisimple if it is the direct sum of simple representations.

Let ϕ : Γ→ End(V) be a representation with subrepresentations ψ′ : Γ→ End(V ′)
and ψ′′ : Γ → End(V ′′). Then the restriction of ϕ to V ′ ∩V ′′ is a representation as
well, called the intersection of ψ′ and ψ′′. For a set S ⊆ V, define the subrepresentation
of ϕ generated by S as the intersection of all subrepresentations ψ′ : Γ→ End(V ′) of
ϕ such that S ⊆ V ′.

The character of a representation ϕ is the map χϕ : Γ→ K defined as g 7→ tr(ϕ(g)).
Its significance stems from the following theorem, which can be traced back to
Frobenius & Schur [70]. For a contemporary proof, consult [104, Theorem 7.19].

Theorem 2.5.1 (Frobenius & Schur [70]). Let K be a field of characteristic zero. Let Γ
be a monoid. Let ϕ : Γ→ End(V) and ψ : Γ→ End(W) be finite-dimensional semisimple
representations over K. Then ϕ and ψ are equivalent if, and only if, χϕ = χψ.

The monoids studied in this work are equipped with an additional structure
which ensures that their finite-dimensional representations are always semisimple:
An involution monoid2 is a monoid Γ with a unary operation ∗ : Γ→ Γ such that

(gh)∗ = h∗g∗ and (g∗)∗ = g for all g, h ∈ Γ. (2.4)

Note that if V is an inner-product space, then End(V) is an involution monoid with
the adjoint operation X 7→ X∗. Representations of involution monoids must preserve
the involution operations. That is, an involution monoid representation ϕ : Γ→ End(V)

is a monoid representation such that ϕ(g∗) = ϕ(g)∗ for all g ∈ Γ.

Lemma 2.5.2. Let K be a field and V an inner-product space over K. Every finite-
dimensional representation ϕ : Γ→ End(V) of an involution monoid Γ is semisimple.

2Involution monoids correspond to ∗-algebras: A ∗-algebra is an involution monoid with additional
structure. Conversely, an involution monoid Γ gives rise to the ∗-algebra CΓ of formal finite C-linear
combinations of elements in Γ. Although ∗-algebras are much more studied than involution
monoids, we choose to work with the latter in order to maintain a clear separation between
algebraic and combinatorial arguments in Sections 4.1 and 4.3, respectively.
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Proof. Let ϕ : Γ → End(V) be a finite-dimensional representation of Γ. It suffices
to show that, for every subrepresentation ψ : Γ → End(W) of ϕ, there exists a
subrepresentation ψ′ : Γ → End(W ′) of ϕ such that ϕ = ψ⊕ ψ′, i.e. ϕ acts as ψ on
W and as ψ′ on W ′. Set W ′ to be the orthogonal complement of W in V. It has to be
shown that ϕ(g) ∈ End(V) for every g ∈ Γ can be restricted to an endomorphism
of W ′. Let w ∈ W and w′ ∈ W ′ be arbitrary. Then 〈ϕ(g)w′, w〉 = 〈w′, ϕ(g)∗w〉 =
〈w′, ϕ(g∗)w〉 = 0 since ϕ(g∗) maps W → W and W ⊥ W ′. Hence, the image of
W ′ under ϕ(g) is contained in the orthogonal complement of W, which equals W ′.
Clearly, ϕ = ψ⊕ ψ′.

2.6 Integer Programming for Graph Isomorphism

In this section, two integer programming approaches to graph isomorphism are
introduced. The first one uses linear programs while the second one is based on
quadratic programs.

2.6.1 Linear Programming

Two graphs G and H are isomorphic if, and only if, there exists a permutation
matrix X ∈ {0, 1}V(G)×V(H) such that AGX = XAH where AG and AH denote the
adjacency matrices of G and H respectively. A permutation matrix is a {0, 1}-matrix
whose rows and columns each contain precisely one 1. This system can be rewritten
as follows:

Definition 2.6.1. For simple graphs G and H, consider the linear program LP(G, H)

with variables Xvw for vw ∈ V(G) × V(H) and the following equations for all
v ∈ V(G) and w ∈ V(H)

∑
v′∈V(G)

Xv′w = 1, (2.5)

∑
w′∈V(H)

Xvw′ = 1, (2.6)

∑
v′∈V(G)

AG(v, v′)Xv′w = ∑
w′∈V(H)

Xvw′AH(w′, w). (2.7)

The system in Definition 2.6.1 has a solution with values in {0, 1} if, and only if,
G and H are isomorphic. The standard LP relaxation of Definition 2.6.1 was studied
by Tinhofer [172]. It is commonly referred to as fractional isomorphism, cf. [144]
and the monograph [159].

Theorem 2.6.2 ([172, Theorem 1]). Two simple graphs G and H are fractionally iso-
morphic, i.e. LP(G, H) has a non-negative rational solution, if, and only if, they are not
distinguished by the Colour Refinement algorithm.
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Sherali–Adams Relaxation of LP(G, H)

The notion of fractional isomorphism is strengthened by the Sherali–Adams hier-
archy. This hierarchy of linear programming relaxations was introduced in [169].
Applied to LP(G, H), it yields the following hierarchy of systems of linear equations.
See [122] for details on how it is derived from LP(G, H) using the definition in [169].

In this thesis, we will mostly consider the Sherali–Adams hierarchy of the graph
isomorphism integer quadratic program as defined in Definition 2.6.7. The following
definitions and results are stated in order to avoid confusion about the variants of
the Sherali–Adams hierarchy.

Definition 2.6.3. Let k ≥ 1. For simple graphs G and H, the level-k Sherali–Adams re-
laxation of LP(G, H) is the system of equations with variables Xπ for π ∈ (V(G)×V(H)

≤k )

and the following equations for all π ∈ (V(G)×V(H)
≤k−1 ) and v ∈ V(G), w ∈ V(H):

∑
v′∈V(G)

Xπ∪{v′w} = Xπ, (2.8)

∑
w′∈V(H)

Xπ∪{vw′} = Xπ, (2.9)

X∅ = 1, (2.10)

∑
v′∈V(G)

AG(v, v′)Xπ∪{v′w} = ∑
w′∈V(H)

Xπ∪{vw′}AH(w′, w). (2.11)

It was shown independently by Atserias & Maneva [16] and Malkin [122] that the
hierarchy of Sherali–Adams relaxations of LP(G, H) interleaves with the hierarchy
of dimensions of the Weisfeiler–Leman algorithm, cf. Theorem 2.3.2:

Theorem 2.6.4 ([16, Theorem 1], [122, Theorems 1.1 and 1.2, Lemma 1.3]). For simple
graphs G and H and k ≥ 1, consider the following assertions:

1. the level-(k + 1) Sherali–Adams relaxation of LP(G, H) has a non-negative rational
solution,

2. G and H are Ck+1-equivalent, and
3. the level-k Sherali–Adams relaxation of LP(G, H) has a non-negative rational solution.

Then the first assertion implies the second and the second assertion implies the third.

Subsequently, Grohe & Otto [84] introduced a variant of the Sherali–Adams
relaxation of LP(G, H) called ISO(k + 1/2) which has a non-negative solution if,
and only if, G and H are not distinguished by the k-dimensional Weisfeiler–Leman
algorithm. Note that the only difference between the Sherali–Adams relaxation
of LP(G, H) from Definition 2.6.3 and the system in Theorem 2.6.5 is the scope of
Equation (2.11).

Theorem 2.6.5 ([84, Theorem 5.9]). Let k ≥ 1. Two simple graphs G and H are
Ck-equivalent if, and only if, there exists a non-negative rational solution to the system of
equations with variables Xπ for π ∈ (V(G)×V(H)

≤k ) and
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1. Equations (2.8) to (2.10) for all π ∈ (V(G)×V(H)
≤k−1 ) and v ∈ V(G), w ∈ V(H) and

2. Equation (2.11) for all π ∈ (V(G)×V(H)
≤k−2 ) and v ∈ V(G), w ∈ V(H).

2.6.2 Quadratic Programming

Alternatively, one may formulate graph isomorphism as a quadratic program. Recall
the definition of the atomic type atp from Section 2.3.

Definition 2.6.6. For simple graphs G and H, consider the quadratic program
QP(G, H) with variables Xvw for vw ∈ V(G)×V(H) and equations

∑
v∈V(G)

Xvw = 1 for all w ∈ V(H), (2.12)

∑
w∈V(H)

Xvw = 1 for all v ∈ V(G), (2.13)

XvwXv′w′ = 0 for all vw, v′w′ ∈ V(G)× V(H) s.t.
atpG(vv′) 6= atpH(ww′).

(2.14)

The system QP(G, H) has a {0, 1}-solution if, and only if, G and H are isomorphic.

Sherali–Adams Relaxation of QP(G, H)

Using the Sherali–Adams hierarchy, the system QP(G, H) can be turned in a lin-
ear system of equations. See [122] for details on this construction. A set π =

{v1w1, . . . , v`w`} ⊆ V(G)×V(H) is a local isomorphism if it holds that atpG(v1, . . . , v`) =
atpH(w1, . . . , w`). It is called a local strong homomorphism if vivj ∈ E(G) if, and only
if, wiwj ∈ E(H) for all i, j ∈ [`].

Definition 2.6.7. Let k ≥ 1. For simple graphs G and H, the level-k Sherali–Adams
relaxation of QP(G, H) is the system SAk(G, H) with variables Xπ for π ∈ (V(G)×V(H)

≤k )

and equations

∑
v∈V(G)

Xπ∪{vw} = Xπ for all π ∈ (V(G)×V(H)
≤k−1 ) and w ∈ V(H), (2.15)

∑
w∈V(H)

Xπ∪{vw} = Xπ for all π ∈ (V(G)×V(H)
≤k−1 ) and v ∈ V(G), (2.16)

X∅ = 1, (2.17)

Xπ = 0 for all π ∈ (V(G)×V(H)
≤k ) such that π is

not a local isomorphism.
(2.18)

Furthermore, consider the system SAk
↔(G, H) with the same variables as SAk(G, H)

and Equations (2.15) to (2.17) and

Xπ = 0 for all π ∈ (V(G)×V(H)
≤k ) such that π is

not a local strong homomorphism.
(2.19)
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Following [84], Equations (2.15) to (2.17) are called the continuity equations and
Equations (2.18) and (2.19) the compatibility equations. Malkin [122] showed that
SAk(G, H) is related to the Weisfeiler–Leman algorithm. The system SAk(G, H) was
also studied in [61] where it is called Lk

iso(G, H). We will reprove Theorem 2.6.8 in
Corollary 4.4.1. See also [61, Theorem 3].

Theorem 2.6.8 ([122, Theorems 1.2]). Let k ≥ 2. Two simple graphs G and H are not
distinguished by wlk if, and only if, SAk+1(G, H) has a non-negative rational solution.

Lasserre Relaxation of QP(G, H)

The Lasserre relaxation of an integer program was introduced in [106]. We define the
Lasserre relaxation of QP(G, H) following [126, Section 10]. See [152, Appendix A]
for a comparison to the version used in [13]. See [107] for a comparison of the
Lasserre and Sherali–Adams hierarchies.

Definition 2.6.9. Let t ≥ 1. For simple graphs G and H, the level-t Lasserre relaxation
of QP(G, H) is the system Lt(G, H) with real variables yI for I ∈ (V(G)×V(H)

≤2t ) and
constraints

Mt(y) := (yI∪J)I,J∈(V(G)×V(H)
≤t ) � 0, (2.20)

∑
v∈V(G)

yI∪{vw} = yI for all I ∈ (V(G)×V(H)
≤2t−2 ) and w ∈ V(H), (2.21)

∑
w∈V(H)

yI∪{vw} = yI for all I ∈ (V(G)×V(H)
≤2t−2 ) and v ∈ V(G), (2.22)

y∅ = 1, (2.23)

yI = 0 for all I ∈ (V(G)×V(H)
≤2t ) such that I is

not a local isomorphism.
(2.24)

The Lasserre relaxation of QP(G, H) was studied in [43, 138], where it is shown
that in order to distinguish all non-isomorphic graphs on n vertices one must
consider the level-Ω(n) Lasserre relaxation.

If Lt(G, H) has a real solution, then SAt(G, H) has a non-negative real solution.
This is because Equation (2.20) implies that yI ≥ 0 for all I ∈ (V(G)×V(H)

≤t ) since the
diagonal entries of a positive semidefinite matrix are non-negative.

In Theorem 5.1.8, we show that the 2t− 2 in Equations (2.21) and (2.22) can be
replaced by 2t− 1 without loss of generality. That is, the system Lt(G, H) has a
(non-negative) real solution if, and only if, the system obtained from Lt(G, H) by
replacing Equations (2.21) and (2.22) with Equations (5.11) and (5.12) has a (non-
negative) real solution. The 2t− 2 in Definition 2.6.9 is an artefact of the construction
of Lt(G, H) from QP(G, H), cf. [126, Section 10] and [43, Equations (2d)–(2e)].
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3 Homomorphism Indistinguishability
Characterisations: A Primer

Lovász [114] showed that two graphs G and H are isomorphic if, and only if, they
admit the same number of homomorphisms from every graph F. This result has
given rise to what is now known as homomorphism indistinguishability.

Definition 3.0.1. Let F be a graph class. Two simple graphs G and H are homo-
morphism indistinguishable over F , in symbols G ≡F H, if hom(F, G) = hom(F, H)

for all F ∈ F .

In this thesis’ language, Lovász’s result asserts that two graphs G and H are
isomorphic if, and only if, they are homomorphism indistinguishable over all
graphs. By restricting the graph class F , one potentially obtains other homomorphism
indistinguishability relations ≡F . For every graph class F , the relation ≡F is a graph
isomorphism relaxation, i.e. an equivalence relation ≈ comparing simple graphs such
that if two simple graphs G and H are isomorphic, then G ≈ H.

Example 3.0.2. The graphs G and H depicted by Figure 3.1 are homomorphism
indistinguishable over the graph class {K1, P3} where K1 is the one-vertex graph and
P3 is the path graph on 3 vertices. Indeed, hom(K1, G) is the number of vertices in G.
Hence, hom(K1, G) = 7 = hom(K1, H). To compute the number of homomorphisms
from P3 to G and H, observe that, for every possible image v ∈ V(G) of the
central vertex in P3, there are degG(v)

2 many choices for the images of the two
adjacent vertices; they can be mapped to either of the neighbours of v. It follows
that hom(P3, G) = ∑v∈V(G) degG(v)

2 = 6 · 22 + 02 = 24 = 3 · 12 + 3 · 22 + 32 =

∑w∈V(H) degH(w)2 = hom(P3, H).

(a) G. (b) H.

Figure 3.1: A pair of graphs.
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This chapter and the subsequent Chapters 4 and 5 are concerned with characterisa-
tions of homomorphism indistinguishability relations. Lovász’s result characterising
the homomorphism indistinguishability relation of the class of all graphs as iso-
morphism serves as a starting point. In this chapter, such characterisations will
be proven for the classes of bipartite graphs, cycles, stars, and trees in terms of
combinatorial, spectral, or logical graph isomorphism relaxations. These results are
the historically first results on homomorphism indistinguishability and, with few
exceptions, folklore.

The main tools for deriving such characterisations are (bi)labelled graphs and
homomorphism tensors. Both are introduced in this chapter. (Bi)labelled graphs
are combinatorial objects which allow to construct complicated graphs from simple
building blocks. Homomorphism tensors are algebraic in nature and used to keep
track of homomorphism counts when assembling (bi)labelled graphs.

Homomorphism indistinguishability has been considered in a variety of other
settings, such as directed graphs [115], relational structures and relational databases
[57, 129, 36, 103], hypergraphs [32, 158, 157], and in general in locally finite categories,
i.e. in a category in which the morphisms between any two objects form a finite
set [57, 148, 94, 143]. The goal of this thesis is to present homomorphism indis-
tinguishability as a rich and well-behaved phenomenon. Seeking connections to
classical graph theory, this thesis focuses on simple graphs, which represent the most
elementary yet versatile setting for studying homomorphism indistinguishability.

Instead of counting homomorphisms into the graphs of interest G and H, one
may also count homomorphisms from G and H. This notion, which is in a sense
dual to Definition 3.0.1, was studied under the name right profile. Despite being
a natural, right profiles have the disadvantage of admitting less characterisations
in terms of e.g. logic [14, 38]. Also counting homomorphism into a graph is often
computationally easier than counting homomorphisms from a graph [52, 64]. For
these reasons, right profiles will not be discussed in this thesis.

Chapter Outline. Beginning with Lovász’s seminal result in Section 3.1, character-
isations for homomorphism indistinguishability over bipartite graphs, stars, cycles,
and trees are proven in Sections 3.1, 3.3, and 3.4. These sections also showcase some
of the linear-algebraic techniques that are repeatedly used in subsequent arguments.
In Section 3.2, (bi)labelled graphs and homomorphism tensors are introduced. The
chapter is concluded in Section 3.4 by stating results of Dvořák [63], Grohe [79], and
Dawar, Jakl, & Reggio [57] relating homomorphism indistinguishability to counting
logic equivalences.

3.1 Lovász’s Theorem

Lovász’s Theorem 3.1.1 is the first result on homomorphism indistinguishability.
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3.1 Lovász’s Theorem

Theorem 3.1.1 (Lovász [114]). For simple graphs G and H on at most n vertices, the
following are equivalent:

1. G and H are homomorphism indistinguishable over all graphs,
2. G and H are homomorphism indistinguishable over all graphs on at most n vertices,
3. G and H are isomorphic.

The central ingredient for the proof of Theorem 3.1.1 is the following Lemma 3.1.2.
The lemma has been reproven and generalised many times, cf. [14, 57].

Lemma 3.1.2 (Lovász [114]). Let n ∈N. Let I be a collection of pairwise non-isomorphic
simple graphs on at most n vertices such that, for every simple graph G on at most n vertices,
there is H ∈ I such that G ∼= H. Then the matrix (hom(F, G))F,G∈I is invertible.

Proof. The proof follows [80, Theorem 4.2]. First observe that every homomorphism
h : F → G can be written as h = f ◦ g where

• g : F → F′ is surjective, i.e. for every vertex u′ ∈ V(F′), there is u ∈ V(F) such
that g(u) = u′ and, for every edge u′v′ ∈ E(F′), there is an edge uv ∈ E(F)
such that g(uv) = u′v′,

• f : F′ → G is injective, i.e. if u′ 6= v′ for u′, v′ ∈ V(F′), then f (u′) 6= f (v′).
For every fixed homomorphism h : F → G, the graph F′ as above is unique. Nev-
ertheless, there are multiple factorisations h = f ◦ g. Indeed, if h = f ◦ g is as
above and τ ∈ Aut(F′) is an automorphism of F′, then h = ( f ◦ τ) ◦ (τ−1 ◦ g) is
another such factorisations. In fact, the number of factorisations h = f ◦ g equals
aut(F′) := |Aut(F′)|.

Write surj(F, F′) for the number of surjective homomorphisms F → F′ and
inj(F′, G) for the number of injective homomorphisms F′ → G. With this notation,
it holds for F, G ∈ I that

hom(F, G) = ∑
F′∈I

surj(F, F′)
1

aut(F′)
inj(F′, G).

Consider the following partial order on I . Let F ≤ F′ for F, F′ ∈ I if, and only
if, |V(F)| ≤ |V(F′)| and |E(F)| ≤ |E(F′)|. Under this ordering, the matrices
(surj(F, G))F,G∈I and (inj(F, G))F,G∈I are respectively lower and upper triangular
with non-zero entries on the diagonal. The middle term (aut(F′))−1 can be thought
of as a diagonal matrix with non-zero diagonal entries. Thus, (hom(F, G))F,G∈I is
the product of three invertible matrices and thus invertible itself.

Lovász’s Theorem 3.1.1 is easily deduced from Lemma 3.1.2.

Proof of Theorem 3.1.1. The only non-trivial implication is from the second to the
last assertion. The following argument is by contraposition. By Lemma 3.1.2, the
matrix (hom(F, G))F,G∈I is invertible. If G and H are non-isomorphic, then the
columns hom(−, G) and hom(−, H) are linearly independent and in particular
non-equal. Thus, there exists a graph F on at most n vertices such that hom(F, G) 6=
hom(F, H).
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3 Homomorphism Indistinguishability Characterisations: A Primer

Figure 3.2: Two graphs which are homomorphism indistinguishable over all bipart-
ite graphs. The bipartite double covers of both graphs are isomorphic to
the disjoint union of two 6-cycles.

As a corollary, a characterisation of homomorphism indistinguishability over the
class of all bipartite graphs is derived in the following Corollary 3.1.3. Corollary 3.1.3
is well-known, cf. [116, Section 5.4.2], [31], [3, Footnote 9]. Here, the bipartite double
cover of a graph G is the categorical product G× K2 of G and the complete graph
K2 on 2 vertices.

Corollary 3.1.3. For simple graphs G and H on at most n vertices, the following are
equivalent:

1. G and H are homomorphism indistinguishable over all bipartite graphs,
2. G and H are homomorphism indistinguishable over all bipartite graphs on at most 2n

vertices,
3. G and H have isomorphic bipartite double covers, i.e. G× K2 ∼= H × K2.

Proof. It is first argued that Item 3 implies Item 1. If G × K2 ∼= H × K2, then
G× K2 and H× K2 are homomorphism indistinguishable over all graphs. For every
bipartite graph F, it holds that hom(F, K2) 6= 0. Hence, by Equation (2.2),

hom(F, G) =
hom(F, G× K2)

hom(F, K2)
=

hom(F, H × K2)

hom(F, K2)
= hom(F, H).

Thus, G and H are homomorphism indistinguishable over all bipartite graphs.
Clearly, Item 1 implies Item 2. For the remaining implication, observe that,

if G and H are homomorphism indistinguishable over all bipartite graphs on at
most 2n vertices, then G × K2 and G × K2 are homomorphism indistinguishable
over all graphs on at most 2n vertices. Indeed, if F is non-bipartite, then hom(F, G×
K2) = 0 = hom(F, H × K2) since the bipartite double covers are bipartite. Thus,
G × K2 ∼= G × K2 follows from Theorem 3.1.1 observing that G × K2 and H × K2

have at most 2n vertices.

See Figure 3.2 for an example of two non-isomorphic graphs which are homo-
morphism indistinguishable over all bipartite graphs. Homomorphism indistin-
guishability over bipartite graphs is related to the notion of cancellation, which is
discussed in detail in Section 7.3. By [144, Theorem 4.2], two graphs G and H have
isomorphic bipartite doubly covers if, and only if, they are semi-isomorphic, i.e. there
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...

1

2

k − 1

k

(a) 1 ∈ G(k).

...

1 1

2 2

k − 1 k − 1

k k

(b) I ∈ G(k, k).

1 1

(c) A ∈ G(1, 1).

Figure 3.3: The (bi)labelled graphs from Example 3.2.3 in wire notation of [124]: A
vertex carries in-label (out-label) i if it is connected to the number i on
the left (right) by a wire. Actual edges and vertices of the graph are
depicted by black.

exists doubly stochastic matrices X and Y such that AG = XAHY. Here, AG and
AH denote the adjacency matrices of G and H, respectively.

3.2 (Bi)Labelled Graphs and Homomorphism Tensors

In this section, the main tool of this thesis is introduced. Lying at the interface of
algebra and combinatorics, (bi)labelled graphs and their homomorphism tensors
allow to manipulate graphs while keeping track of their homomorphism counts.
This makes them very suitable for proving characterisations of homomorphism
indistinguishability relations in terms of systems of equations.

Definition 3.2.1. Let ` ∈ N. An `-labelled graph is a tuple F = (F, v) where F is a
graph and v ∈ V(F)`. Write G(`) for the class of all `-labelled graphs.

For i ∈ [`], the vertex vi is said to carry the i-th label of F. Note that the vertices
in v are not necessarily distinct, i.e. vertices may have several labels.3 Bilabelled
graphs are defined similarly:

Definition 3.2.2. Let k, ` ∈ N. A (k, `)-bilabelled graph is a tuple F = (F, u, v) for
u ∈ V(F)k and v ∈ V(F)`. Write G(k, `) for the class of all (k, `)-bilabelled graphs.

For i ∈ [k], the vertex ui is said to carry the i-th in-label of F. Similarly, for
j ∈ [`], the vertex vj is said to carry the j-th out-label of F. As above, the la-
belled vertices do not need to be distinct. When convenient, `-labelled graphs
are thought of as (`, 0)-bilabelled graphs, i.e. G(`, 0) = G(`). Unlabelled graphs
are just (0, 0)-bilabelled graphs, i.e. G = G(0) = G(0, 0). The following example
(bi)labelled graphs are depicted by Figure 3.3.

3Note that Definition 3.2.1 is dual to what is known as a graph labelling [73], where labels are assigned
to vertices of a graph, rather than vertices to labels as it is the case here.
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3 Homomorphism Indistinguishability Characterisations: A Primer

Example 3.2.3. For k ≥ 1, let 1k ∈ G(k) denote the k-labelled graph consisting
of k isolated vertices with distinct labels (1, . . . , k), i.e. 1k = (I, (1, . . . , k)) with
V(I) = [k] and E(I) = ∅. Write 1 = 1k if k is implicit. Let I ∈ G(k, k) denote
the (k, k)-bilabelled graph with I = (I, (1, . . . , k), (1, . . . , k)). Let A denote the
(1, 1)-bilabelled graph consisting of a single edge whose endpoints each carry one
label, i.e. A = (K2, 1, 2) for V(K2) = {1, 2} and E(K2) = {12}.
Remark 3.2.4. Let k, ` ∈ N. Two (k, `)-bilabelled graphs F = (F, u, v) and F ′ =
(F′, u′, v′) are isomorphic if there exists an isomorphism ϕ : F → F′ such that ϕ(u) = v
and ϕ(u′) = v′. Isomorphic bilabelled graphs are regarded as equal.

3.2.1 Combinatorial Operations on (Bi)Labelled Graphs

In this section, various combinatorial operations on labelled and bilabelled graphs
are considered. Even when applying these operations to (bi)labelled graphs whose
underlying unlabelled graph is simple, it might happen that the resulting graph has
multiedges or loops. Since homomorphisms will be counted from these graphs into
simple graphs, cf. Definition 3.0.1, multiedges can be disregarded. Loops need to be
retained in order for Lemmas 3.2.13 and 3.2.14 and Corollary 3.2.15 to hold.

Definition 3.2.5. Let k, ` ∈ N. Let F = (F, u) ∈ G(`) and F ′ = (F′, u′) ∈ G(`). Let
F ′′ = (F′′, u′′) ∈ G(k).

1. The graph soe(F) := F is the underlying unlabelled graph of F.
2. The gluing product F� F ′ of F and F ′ is the `-labelled graph obtained by taking

the disjoint union of F and F′, pairwise identifying the vertices ui and u′i for
i ∈ [`], and removing multiedges but retaining loops. The i-th label of F � F ′

is carried by the vertex obtained from ui and u′i.
3. The disjoint union F⊗ F ′′ of F and F ′′ is the (k+ `)-labelled graph (F+ F′′, uu′′).
4. For a permutation σ ∈ S`, the `-labelled graph Fσ obtained from F by permut-

ing labels is Fσ = (F, σ(u)) where σ(u)i := uσ(i) for i ∈ [`].

See Figures 3.4 and 3.6a for examples of these operations. On bilabelled graphs,
similar operations can be defined.

Definition 3.2.6. Let k, `, m, n ∈ N. Let K = (K, u, v) ∈ G(k, `), K′ = (K′, u′, v′) ∈
G(`, m), K′′ = (K′′, u′′, v′′) ∈ G(k, `), L = (L, x, y) ∈ G(m, n), and F = (F, u′) ∈
G(`).

1. The graph soe(K) := F is the underlying unlabelled graph of K.
2. The reverse of K is K∗ := (K, v, u) ∈ G(`, k).
3. The disjoint union K ⊗ L of K and L is the (k + m, ` + n)-bilabelled graph

(K + L, ux, vy).
4. The series composition of K and K′ is the (k, m)-bilabelled graph K ·K′ obtained

by taking the disjoint union of K and K′ and identifying for all i ∈ [`] the
vertices vi and u′i. In this process, multiedges are removed and loops retained.
The in-labels of K · K′ lie on u while its out-labels are positioned on v′.
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1
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⊗ 1 =

1
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(a) Disjoint union of a 2-labelled graph with a 1-labelled graph.
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3

�

1

2
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=

1
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3

(b) Gluing product of two 3-labelled graphs.
1

2

3


(1 3 2)

=

1

2

3

(c) Permutation of labels of a 3-labelled graph.

Figure 3.4: Operations on labelled graphs.

5. The series composition of K and F is the k-labelled graph K · F obtained by
taking the disjoint union of K and F and identifying for all i ∈ [`] the vertices
vi and u′i. In this process, multiedges are removed and loops retained. The
in-labels of K · F lie on u.

6. The parallel composition of K and K′′ is the (k, `)-bilabelled graph K � K′′

obtained by taking the disjoint union of K and K′ and identifying for all i ∈ [k]
and j ∈ [`] the vertices ui with u′′i and vj with v′′j . In this process, multiedges
are removed and loops retained. The in-labels of K � K′′ lie on u while its
out-labels are positioned on v.

7. For a permutation σ ∈ Sk+`, write Kσ := (K, x, y) ∈ G(k, `) where xi :=
(uv)σ(i) and yj−k := (uv)σ(j) for all 1 ≤ i ≤ k < j ≤ k + `, for the graph which
is obtained from K by permuting labels according to σ.

Examples for these operations are depicted by Figure 3.5. When convenient, series
composition is written as juxtaposition, i.e. K ·K′ = KK′ and K · F = KF. The series
composition of several bilabelled graphs is denoted by ∏n

i=1 F i := F1 · · · · · Fn. Using
the operations in Definitions 3.2.5 and 3.2.6, the following derived operations can be
defined. See Figure 3.6 for examples.

Definition 3.2.7. Let k ∈N. Let F, F ′ ∈ G(k) and K ∈ G(k, k).
1. The inner-product of F and F ′ is the unlabelled graph 〈F, F ′〉 := soe(F � F ′).
2. The trace of K is the unlabelled graph tr(F) := soe(I � K) for I ∈ G(k, k) as
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soe ( 1 1 ) =

(a) Unlabelling a (1, 1)-bilabelled graph.

(
1

2

)∗
=

1

2

(b) Swapping labels of a (2, 0)-bilabelled graph. The result is a (0, 2)-bilabelled graph

1 1 · 1 1 = 1 1

(c) Series compositions of (1, 1)-bilabelled graphs.

1 1 � 1 1 = 1 1

1 1 � 1 1 = 1 1

(d) Parallel compositions of (1, 1)-bilabelled graphs.

1
1

2
·

1

2
= 1

1
1

2
·

1

2
= 1

(e) Series composition of a (1, 2)-bilabelled graph with a 1-labelled graph. The result is a
2-labelled graphs. A multiedge is dropped and while the loop is retained.

Figure 3.5: Operations on bilabelled graphs.
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〈 1

2

3

,

1

2

3
〉 = soe


1

2

3

 =

(a) Inner-product of two 3-labelled graph.

tr ( 1 1 ) =

(b) Trace of a (1, 1)-bilabelled graph.

Figure 3.6: Derived operations on labelled and bilabelled graphs.

defined in Example 3.2.3.

It may appear unusual to give combinatorial operations as those in Definition 3.2.7
linear-algebraic names. The reason for this will become clear in Section 3.2.4, where
combinatorial operations are proven to correspond to linear-algebraic operations.

3.2.2 Homomorphism Tensors

In plain terms, homomorphism tensors can be thought of as possibly higher dimen-
sional arrays of numbers counting homomorphisms from (bi)labelled graphs into
some fixed graph.

Definition 3.2.8. Let k, ` ∈N and F = (F, u, v) ∈ G(k, `). For a graph G, define the
homomorphism tensor FG ∈ NV(G)k×V(G)` of F with respect to G by letting FG(x, y)
for x ∈ V(G)k and y ∈ V(G)` be the number of homomorphisms h : F → G such
that h(u) = x and h(v) = y.

Here, h(u) = x means that h(ui) = xi for all i ∈ [k]. As above, k-labelled graphs
are regarded as (k, 0)-bilabelled graphs and Definition 3.2.8 is extended as follows:
If F ∈ G(k) is a k-labelled graph, then its homomorphism tensor with respect to G
is FG ∈NV(G)k

.
Conventionally, homomorphism tensors of labelled graphs are called homomorph-

ism vectors and homomorphism tensors of bilabelled graphs homomorphism matrices.
Since homomorphism tensors take values over N, they can be regarded as vectors
or matrices in vector spaces over any field.

Example 3.2.9. Let G be a simple graph and x, y ∈ V(G) and recall the (bi)labelled
graphs from Example 3.2.3 and Figure 3.3.

1. 1 ∈ G(1) is the 1-labelled edgeless graph with a single vertex. Write I for its
underlying unlabelled graph, i.e. V(I) = {u} and E(I) = ∅. By definition,
1G(v) is the number of homomorphism from I to G which map u to x. There
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3 Homomorphism Indistinguishability Characterisations: A Primer

is precisely one such homomorphisms. Hence, 1G ∈NV(G) is the vector which
is 1 everywhere.

2. I ∈ G(1, 1) is the (1, 1)-bilabelled edgeless graph with a single vertex. Note
that the in-label and the out-label of I reside on the same vertex u. By
definition, IG(u, v) is the number of homomorphisms from I to G which map
u to x and v to y. Such a homomorphism exists if, and only if, x = y, in which
case there is exactly one such homomorphism. Hence, IG ∈NV(G)×V(G) is the
identity matrix, i.e. the matrix which is 0 everywhere, except on the diagonal
where it is 1 everywhere.

3. A ∈ G(1, 1) is the (1, 1)-bilabelled graph on two vertices connected by an
edge such that the in- and out-label reside on distinct vertices. Its underlying
unlabelled graph is the 2-vertex complete graph K2. Write V(K2) = {u, v} and
A = (K2, u, v). Thus, AG(x, y) is the number of homomorphisms from K2 to
G which map u to x and v to y. Such a homomorphism exists if, and only
if, xy ∈ E(G), in which case there is exactly one such homomorphism. Thus,
AG ∈NV(G)×V(G) is the adjacency matrix of G.

Example 3.2.9 featured (bi)labelled graphs all whose vertices are labelled. Such
(bi)labelled graphs are called atomic.

Definition 3.2.10. Let k, ` ∈N. A (k, `)-bilabelled graph F = (F, u, v) is atomic if all
its vertices are labelled, i.e. V(F) = {u1, . . . , uk, v1, . . . , v`}. Write A(k, `) ⊆ G(k, `)
for the class of atomic (k, `)-bilabelled graphs.

The homomorphism tensors of the atomic graphs in Example 3.2.9 take values
from {0, 1}. This is not a mere coincide.

Observation 3.2.11. Let k, ` ∈N and F = (F, u, v) ∈ G(k, `). Let G be a graph. If F is
atomic, then FG ∈ {0, 1}V(G)k×V(G)` .

Proof. Let x ∈ V(G)k and y ∈ V(G)`. By Definition 3.2.8, FG(x, y) is the number of
homomorphisms h : F → G such that h(u) = x and h(v) = y. Since every vertex
of F appears in u or v, a map h : V(F) → V(G) is uniquely determined by the
conditions h(u) = x and h(v) = y. The map h is either a homomorphism, in which
case FG(x, y) = 1, or it is not a homomorphism, in which case FG(x, y) = 0.

3.2.3 Formal Linear Combinations of (Bi)Labelled Graphs

Finite formal linear combinations of (bi)labelled graphs q = ∑ αiF i for F i ∈ G(k, `)
and coefficients αi from some field K are a notational device which allows to state
some arguments more succinctly. The F i are called the constituents of q. The set
of finite formal linear combinations of (k, `)-bilabelled graphs with coefficients in
K is denoted by KG(k, `). Its elements are denoted by lowercase boldface letters.
The operations from Section 3.2.1 extend linearly to operations on formal linear
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1 1

(a) J ∈ G(1, 1).

1 1

(b) I ∈ G(1, 1).

1 1

(c) D ∈ G(1, 1).

Figure 3.7: Bilabelled graphs from Example 3.2.12.

combinations of (bi)labelled graphs. The homomorphism tensors of (bi)labelled
graphs from Definition 3.2.8 can be linearly extended to KG(k, `), i.e. for a graph G
and q = ∑ αiF i ∈ KG(k, `), let qG := ∑ αiF i

G ∈ KV(G)k×V(G)` .
In the literature [119, 63], linear combinations of (bi)labelled graphs are sometimes

called quantum graphs. Given the rise of quantum graph theory, this name seems
inappropriate. For example, many graph matrices studied in spectral graph theory
are linear combinations of homomorphism matrices [54].

Example 3.2.12. Let J, I, D, A ∈ G(1, 1) be as in Figures 3.3c and 3.7. Let G be a
graph.

1. The matrix DG is the degree matrix of G, i.e. for x, y ∈ V(G), DG(x, y) =

degG(x) if x = y and zero otherwise.
2. The matrix DG − AG is the Laplacian matrix of G.
3. The matrix AG = JG − IG − AG is the adjacency matrix of the complement G

of G.

3.2.4 Correspondences between Algebraic and Combinatorial Operations

In this section, it is shown that the combinatorial operations on (bi)labelled graphs
defined in Section 3.2.1 correspond to algebraic operations on homomorphism
tensors, cf. Definition 2.4.5. Early references for this observation include [116, 119,
63].

Lemma 3.2.13. Let k, ` ∈ N. Let F = (F, u) and F ′ = (F′, u′) be `-labelled graphs. Let
F ′′ = (F′′, u′′) ∈ G(k). Let G be a graph.

1. The number of homomorphisms hom(soe(F), G) = soe(FG) from the unlabelled
graph soe(F) to G is the sum-of-entries soe(FG) of the homomorphism vector FG.

2. The homomorphism vector (F � F ′)G of the gluing product F � F ′ is equal to the
Schur product FG � F ′G.

3. The homomorphism vector (F ⊗ F ′′)G of the disjoint union F ⊗ F ′′ is equal to the
tensor product FG ⊗ F ′′G.

4. For a permutation σ ∈ S`, the homomorphism vector (Fσ)G of the permuted Fσ is
equal to the tensor (FG)

σ with permuted axes.

Proof. For x ∈ V(G)`, FG(x) is the number of homomorphisms h : F → G such that
h(u) = x. Thus soe(FG) = ∑x∈V(G)` FG(x) is the total number of homomorphisms
from F to G.
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3 Homomorphism Indistinguishability Characterisations: A Primer

In order to verify that (F � F ′)G(x) = FG(x)F ′G(x), write F � F ′ = (F′′, u′′). A
bijection between the following sets of (pairs of) homomorphisms is established.

{h′′ : F′′ → G | h′′(u′′) = x} → {h : F → G | h(u) = x} × {h′ : F′ → G | h′(u′) = x}.

Let π : F → F′′ and π′ : F′ → F′′ denote the maps that associate to a vertex of F and
F ′ the vertex in F � F ′ that it corresponds to under the gluing operation. Both π

and π′ are homomorphisms. It is claimed that h′′ 7→ (h′′ ◦ π, h′′ ◦ π′) is the desired
bijection. This map is surjective since two homomorphisms h and h′ as above can be
pieced together to yield a homomorphisms h′′. Then, h′′ ◦ π = h and h′′ ◦ π′ = h′.
The map is injective since every vertex v ∈ V(F′′) is in the image of π or in the
image of π′.

For the disjoint union, a similar argument yields the claim. For permutations, the
claim is purely syntactical.

Similar correspondences holds for the operations on bilabelled graphs from
Definition 3.2.6. The proof of the following lemma is analogous to the proof of
Lemma 3.2.13.

Lemma 3.2.14. Let k, `, m, n ∈ N. Let K = (K, u, v) ∈ G(k, `), K′ = (K′, u′, v′) ∈
G(`, m), K′′ = (K′′, u′′, v′′) ∈ G(k, `), L = (L, x, y) ∈ G(m, n), and F = (F, u′) ∈ G(`).
Let G be a graph.

1. (soe(K))G = soe(KG),
2. (K∗)G = (KG)

∗,
3. (K ⊗ L)G = KG ⊗ LG,
4. (K · K′)G = KG · K′G,
5. (K · F)G = KG · FG,
6. (K � K′′)G = KG � K′′G,
7. For a permutation σ ∈ Sk+`, (Kσ)G = (KG)

σ.

The following Corollary 3.2.15 justifies the choices of the operations’ names in
Definition 3.2.7.

Corollary 3.2.15. Let k ∈N. Let F, F ′ ∈ G(k) and K ∈ G(k, k). Let G be a graph.
1. 〈F, F ′〉G = 〈FG, F ′G〉,
2. (tr(F))G = tr(FG).

The following example illustrates why loops must be retained in the operations
defined in Section 3.2.1.

Example 3.2.16. In the second identity in Figure 3.5d, a loop arose as the result
of a parallel composition. Write this identity as I � A = S, i.e. I and A are as in
Example 3.2.3 and S is the (1, 1)-bilabelled graph with a single vertex carrying a loop.
Let G be a simple graph. In Example 3.2.9, it was argued that the homomorphism
matrices IG and AG are the identity matrix and the adjacency matrix, respectively.
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Since G is simple, its adjacency matrix has only zeros on the diagonal. Hence, the
Schur product IG � AG is the zero matrix. In accordance with Lemma 3.2.14, the
zero matrix is equal to the homomorphism matrix SG. Indeed, as a looped graph,
soe(S) does not admit any homomorphism to the simple graph G.

If loops had been removed after taking the parallel composition I � A, the
resulting bilabelled graphs would have been I. However, since IG is the identity
matrix, this would have violated the desired identity from Lemma 3.2.14.

3.3 Cycles, Paths, and Stars

In this section, it is illustrated how (bi)labelled graphs and their homomorphism
tensors can be used to prove homomorphism indistinguishability characterisations.
The graph classes considered are the class of cycles, paths, and stars. All results are
folklore.

For a simple graph G and i ∈ N, write sG(i) :=
∣∣{v ∈ V(G) | degG(v) = i}

∣∣ for
the number of vertices of G of degree i.

Theorem 3.3.1. For simple graphs G and H on at most n vertices, the following are
equivalent:

1. G and H are homomorphism indistinguishable over stars,
2. G and H are homomorphism indistinguishable over stars on at most n vertices,
3. G and H have the same degree sequence, i.e. sG(i) = sH(i) for all 0 ≤ i ≤ n− 1.

Proof. For d ≥ 0, write Sd for the 1-labelled star graph with d leaves and label
at the central vertex. For every graph G with vertex v ∈ V(G), it holds that
Sd

G(v) = (degG(v))
d. The left hand-side is the number of homomorphisms from Sd

to G which map the labelled vertex to v. For each leaf of Sd one may choose an image
among the neighbours of v. Thus, there are (degG(v))

d many such homomorphisms.
For the implication from Item 3 to Item 1, let Sd := soe(Sd) denote the unlabelled

star with d leaves. Then, by Lemma 3.2.13,

hom(Sd, G) = soe(Sd
G) = ∑

v∈V(G)

(degG(v))
d =

n−1

∑
i=0

idsG(i).

Thus, if G and H have the same degree sequence, then Item 1 holds. Item 1 trivially
implies Item 2. For the remaining implication, one may view the above equation as a
matrix-vector identity as follows: Letting d range from 0 to n− 1, the left hand-side
yields the vector (hom(Sd, G))0≤d≤n−1 = (hom(Sd, H))0≤d≤n−1. The right hand-side
yields the product of the matrix (id)0≤i,d≤n−1 with the vector (sG(i))0≤i≤n−1. By
Fact 2.4.6, the matrix, which is the Vandermonde matrix for the values 0 ≤ i ≤ n− 1,
is invertible. Thus, sG(i) = sH(i) for all 0 ≤ i ≤ n− 1, as desired.
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Figure 3.8: Two graphs which are homomorphism indistinguishable over all stars.
Both graphs contain four vertices of degree one and two vertices of
degree two.

See Figures 3.2 and 3.8 for examples of graphs which are homomorphism indistin-
guishable over all stars. In contrast, the graphs G and H depicted by Figure 3.1 are
distinguished by homomorphism counts of stars, e.g. hom(K1,3, G) = 6 · 23 + 03 =

48 6= 54 = 3 · 13 + 3 · 23 + 33 = hom(K1,3, H).
Although the statement of Theorem 3.3.1 does not appear linear-algebraic, the

core argument in its proof is based on the Vandermonde determinant. In the case of
the following Theorem 3.3.2, both statement and proof are linear-algebraic. Again,
the statement is well-known, cf. e.g. [80, Theorem 4.3]. For background references
on graph spectra, see [54]. See Figures 3.1 and 7.2 for example pairs of cospectral
non-isomorphic graphs. Note that, in Theorem 3.3.2, the complete graphs K1 and
K2 are also considered to be cycles, cf. Section 2.1.

Theorem 3.3.2. For simple graphs G and H on at most n vertices, the following are
equivalent:

1. G and H are homomorphism indistinguishable over cycles,
2. G and H are homomorphism indistinguishable over cycles on at most n vertices,
3. tr(Ai

G) = tr(Ai
H) for all 0 ≤ i ≤ n,

4. AG and AH have the same characteristic polynomial,
5. AG and AH are cospectral, i.e. they have the same multiset4 of eigenvalues.

Proof. The first step is to rephrase Item 3. For i ∈ N, the matrices Ai
G and Ai

H are
the homomorphism matrices of the (1, 1)-bilabelled path on i + 1 vertices where
one of the labels is positioned on each of the vertices of degree one, cf. Figure 3.5c.
For i = 0, the path consists only of one vertex carrying both labels. Taking the
traces of these matrices amounts to identifying the labelled vertices and dropping
the labels, cf. Figure 3.6b. Thus, for i ≥ 3, tr(Ai

G) is the number of homomorphisms
from the cycle on i vertices to G. Furthermore, tr(A0

G) = tr(IG) counts the number
of vertices in G, i.e. the number of cycles of length 0. Moreover, tr(A1

G) is zero since
G is simple, cf. Figure 3.5d, while tr(A2

G) is twice the number of edges in G, i.e. the

4Note that a priori the geometric and algebraic multiplicities of eigenvalues may differ. The former
are the dimensions of the eigenspaces while the latter are the multiplicities of the eigenvalues
as roots of the characteristic polynomial. Since G and H are simple undirected graphs, their
adjacency matrices AG and AH are symmetric. By the Spectral Decomposition Theorem [105, VIII,
§4, Theorem 4.3], the geometric and algebraic multiplicities of eigenvalues of symmetric matrices
coincide.
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3.3 Cycles, Paths, and Stars

number of homomorphisms from C2 = K2 to G. Thus, Items 2 and 3 are equivalent
and implied by Item 1.

The remainder of the proof follows [58, Proposition 1]. By the Spectral Decompos-
ition Theorem [105, VIII, §4, Theorem 4.3], the trace of the i-th power of a symmetric
matrix equals the sum of the i-th powers of its eigenvalues. Thus, Item 5 implies
that tr(Ai

G) = tr(Ai
H) for all i ∈N, which yields Item 1 by the initial observations.

Clearly, Items 4 and 5 are equivalent.
Thus, it remains to deduce Item 4 from Item 3. Let λ1, . . . , λm for m := |V(G)|

denote the eigenvalues of AG with multiplicities. The characteristic polynomial of
AG is

det(xI − AG) =
m

∏
i=1

(x− λi) =
m

∑
d=0

(−1)m+dem−d(λ1, . . . , λm)xd

where ek(λ1, . . . , λm) := ∑i≤j1<···<jk≤m λj1 λj2 · · · λjk . Here, det(xI − AG) denotes the
determinant of the matrix xI − AG. By Newton’s identities, cf. [178],

kek(λ1, . . . , λm) =
k

∑
i=1

(−1)i−1ek−i(λ1, . . . , λm)si(λ1, . . . , λm)

for all 1 ≤ k ≤ m and sk(λ1, . . . , λm) := ∑m
i=1 λk

i = tr(Ak
G). Thus, the characteristic

polynomial of AG is determined by the values tr(Ak
G) for 0 ≤ k ≤ m. The roots of

this polynomial are the eigenvalues of AG. Hence, Item 3 implies Item 4.

The following characterisation of homomorphism indistinguishability over paths
and cycles is implied by Theorem 3.3.2. Note that another characterisation for
homomorphism indistinguishability over paths was derived by Dell, Grohe, & Rattan
[61]. This characterisation is reproven in Corollary 4.2.3. Recall from Section 2.1 that
G denotes the complement of the graph G. The spectrum of the adjacency matrix of
the complement of a graph is well studied in spectral graph theory [54]. Equivalent
characterisations for cospectrality of the adjacency matrices of a pair of graphs and
their complements are listed in [53, Theorem 3].

Corollary 3.3.3. For simple graphs G and H on at most n vertices, the following are
equivalent:

1. G and H are homomorphism indistinguishable over cycles and paths,
2. G and H are homomorphism indistinguishable over cycles and paths on at most n

vertices,
3. AG and AH are cospectral and AG and AH are cospectral.

Proof. Clearly, Item 1 implies Item 2. Assuming Item 2, it follows from Theorem 3.3.2
that AG and AH are cospectral. By Example 3.2.12, AG = JG − IG − AG where I
and J are the (1, 1)-bilabelled graphs depicted by Figure 3.7. In order to con-
clude that AG and AH are cospectral, it is argued that tr

(
(JG − IG − AG)

`
)
=
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3 Homomorphism Indistinguishability Characterisations: A Primer

tr
(
(JH − IH − AH)

`
)

for all 0 ≤ ` ≤ n. By expanding this expression using Defin-
itions 3.2.6 and 3.2.7, it follows that tr

(
(J − I − A)`

)
is a linear combination of

unlabelled graphs on at most ` ≤ n vertices which are cycles or disjoint unions
of paths. By Lemma 3.2.14, Corollary 3.2.15, and Equation (2.1), it follows that
tr
(
(JG − IG − AG)

`
)
= tr

(
(JH − IH − AH)

`
)

for all 0 ≤ ` ≤ n. This yields Item 3

via Theorem 3.3.2 applied to G and H.
Finally, it is argued that Item 3 implies Item 1. To that end, observe that The-

orem 3.3.2 yields that G and H are homomorphism indistinguishable over all cycles.
Thus, it remains to show that G and H are homomorphism indistinguishable over
all paths. Consider the following claim:

Claim 3.3.3a. For all ` ≥ 1, if tr
(
(JG − IG − AG)

i) = tr
(
(JH − IH − AH)

i) for all
0 ≤ i ≤ `, then G and H are homomorphism indistinguishable over all paths on at
most ` vertices.

Proof of Claim. For ` = 1, the claim follows since tr((J − I − A)0) = tr(I) is the
one-vertex path. For ` ≥ 2, assume that the inductive hypothesis holds for `− 1 and
suppose that tr

(
(JG − IG − AG)

i) = tr
(
(JH − IH − AH)

i) for all 0 ≤ i ≤ `. By the
inductive hypothesis, G and H are homomorphism indistinguishable over all paths
on at most `− 1 vertices. Thus, it remains to show that hom(P`, G) = hom(P`, H)

for the `-vertex path P`.
Write Σ` := {J, I, A}` for the set of formal length-` words over the alphabet

comprised of the letters J, I, and A. For w ∈ Σ`, write p(w) ∈ N for the number
of occurrences of I and A in w. Moreover, let Ww be the (1, 1)-bilabelled graph
obtained by taking the series composition of the (1, 1)-bilabelled graphs J, I, and A,
as listed in w. Expanding the product and applying linearity of the trace, it follows
that

tr
(
(JG − IG − AG)

`
)
= ∑

w∈Σ`

(−1)p(w) tr(Ww
G) (3.1)

and the same expression holds when G is replaced by H throughout. For each
w ∈ Σ`, tr(Ww

G) is the number of homomorphisms from some cycle or disjoint union
of paths to G as described by the following distinction of cases.

• If w does not contain J, then tr(Ww) is a cycle and it is tr(Ww
G) = tr(Ww

H) by
Theorem 3.3.2.

• If w contains J at least twice, then tr(Ww) is a disjoint union of paths on at
most `− 1 vertices. By the inductive hypothesis and Equation (2.1), tr(Ww

G) =

tr(Ww
H).

• If w contains J precisely once and I at least once, then tr(Ww) is a path on at
most `− 1 vertices. By the inductive hypothesis, tr(Ww

G) = tr(Ww
H).

Write Γ` ⊆ Σ` for the set of words which contain J precisely once and do not
contain I. The set Γ` comprises precisely the words in Σ` which are not covered by
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3.4 Trees, Bounded Treewidth, and Bounded Treedepth

the case distinction above. Hence,

∑
w∈Σ`\Γ`

(−1)p(w) tr(Ww
G) = ∑

w∈Σ`\Γ`

(−1)p(w) tr(Ww
H). (3.2)

Note that, for every w ∈ Γ`, the unlabelled graph tr(Ww) ∼= tr(JA`−1) is the path
on ` vertices. Moreover, |Γ`| = `. By subtracting Equation (3.2) from Equation (3.1),

hom(P`, G) =
1
` ∑

w∈Γ`

(−1)p(w) tr(Ww
G) =

1
` ∑

w∈Γ`

(−1)p(w) tr(Ww
H) = hom(P`, H). C

If AG and AH are cospectral, then tr(A`
G) = tr(A`

H), for all ` ∈N, by the Spectral
Decomposition Theorem [105, VIII, §4, Theorem 4.3]. Hence, Claim 3.3.3a implies
that G and H are homomorphism indistinguishable over all paths.

An example for a pair of graphs which are homomorphism indistinguishable over
cycles and paths is given in [53, Figure 1] and depicted by Figure 3.1. It shows that
homomorphism counts from cycles and paths do not determine whether a graph
is connected. This answers a question raised by Dvořák [63, Section 5] negatively.
In contrast, being disjoint unions of paths, the graphs depicted by Figure 3.8 are
distinguished by homomorphism counts from paths [14, Theorem 3].

3.4 Trees, Bounded Treewidth, and Bounded Treedepth

Dell, Grohe, & Rattan [61] showed that two graphs are homomorphism indis-
tinguishable over trees if, and only if, they are not distinguished by the Colour
Refinement algorithm, cf. Definition 2.3.3. This result is given in Theorem 3.4.1 as a
final introductory example.

Theorem 3.4.1 ([61, Theorem 1]). For simple graphs G and H, the following are equivalent:
1. G and H are homomorphism indistinguishable over the class of trees,
2. G and H are not distinguished by Colour Refinement.

For example, the graphs depicted by Figure 3.2 are not distinguished by Colour
Refinement. In contrast, Colour Refinement distinguishes the pairs of graphs in
Figures 3.1 and 3.8.

Towards the proof of Theorem 3.4.1, let T ⊆ G(1) denote the family of 1-labelled
trees, i.e. the set of all T = (T, v) where T is a tree and v ∈ V(T). The following
Lemma 3.4.2 will imply Theorem 3.4.1.

Lemma 3.4.2. For simple graphs G and H with v ∈ V(G) and w ∈ V(H), the following
are equivalent:

1. TG(v) = T H(w) for all T ∈ T ,
2. cr∞(G, v) = cr∞(H, w).
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3 Homomorphism Indistinguishability Characterisations: A Primer

Proof. First the backward direction is shown by induction on the depth of T ∈ T
where T is regarded as rooted tree with root at the labelled vertex. The only tree of
depth one is 1 ∈ T , cf. Figure 3.3a. Clearly, 1G(v) = 1 = 1H(w). Otherwise, there
are two cases to consider:

If the labelled vertex of T is of degree one, then T = A · S for some tree S ∈
T of lesser depth. Then, by Lemma 3.2.14, TG(v) = ∑v′∈V(G) AG(vv′)SG(v′) =

∑v′∈NG(v) SG(v′). By assumption, there exists a bijection π : NG(v) → NH(w) such
that cr∞(G, v′) = cr∞(H, π(v′)) for every v′ ∈ NG(v). Thus, by the inductive
hypothesis, TG(v) = ∑v′∈NG(v) SG(v′) = ∑v′∈NG(v) SH(π(v′)) = T H(w).

If the labelled vertex of T has degree at least two, then T = T1� · · · � T` for some
T1, . . . , T` ∈ T whose labelled vertices have degree one. The case above applies to
these labelled trees. Thus, TG(v) = T1

G(v) · · · T`
G(v) = T H(w) by Lemma 3.2.13.

The converse direction is proven by induction on the iterations of Colour Re-
finement. By Definition 2.3.3, cr0(G, v) = cr0(H, w). For the inductive step, recall
that

cri+1(G, v) =
(

cri(G, v),
{{

cri(G, v′)
∣∣∣ v′ ∈ NG(v)

}})
.

Construct for every colour cri(G, v′) a formal linear combinations of elements in T
which counts the number of neighbours v′ ∈ NG(v) of this colour. By the induction
hypothesis, for every other colour c := cri(F, x) 6= cri(G, v′) where F ∈ {G, H} and
x ∈ V(F), there exists Tc such that n1 := Tc

F(x) 6= Tc
G(v

′) =: n2. Consider the formal
linear combination tc := (n2 − n1)

−1(Tc − n11). Then tc
G(v

′) = 1 and tc
F(x) = 0.

Thus, the formal linear combination q :=
⊙

c tc where c ranges over all colours
other than cri(G, v′) is such that qF(x) = 1 if, and only if, cri(F, x) = cri(G, v′) and
zero otherwise. Hence, (A · q)G(v) counts the number of neighbours of colour
cri(G, v′). By assumption, (A · q)G(v) = (A · q)H(w) since all constituents of these
linear combinations are homomorphism vectors of elements of T . It follows that v
and w have the same number of neighbours of colour cri(G, v′). This implies that
cri+1(G, v) = cri+1(H, w).

Theorem 3.4.1 can be deduced from Lemma 3.4.2 as follows.

Proof of Theorem 3.4.1. For the backward direction, observe that if cr∞(G) = cr∞(H),
then there exists a bijection π : V(G) → V(H) such that cr∞(G, v) = cr∞(G, π(v))
for all v ∈ V(G). Let T be a tree with u ∈ V(T) arbitrary and write T := (T, u) ∈ T .
By Lemma 3.4.2, TG(v) = T H(π(v)) for all v ∈ V(G). Thus,

hom(T, G) = soe(TG) = ∑
v∈V(G)

TG(v) = ∑
v∈V(G)

T H(π(v)) = hom(T, H).

Conversely, one may apply the same interpolation argument as in the proof of
Lemma 3.4.2. Indeed, for every colour c occurring among the cr∞(G, v) and
cr∞(H, w) for v ∈ V(G) and w ∈ V(H), there exists a formal linear combina-
tion qc of elements in T such that qc

F(x) = 1 if, and only if, cr∞(F, x) = c for
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F ∈ {G, H} and x ∈ V(F) and zero otherwise. Since all constituents of qc are in T ,
it holds that soe(qc

G) = soe(qc
H) and this quantity is equal to the number of vertices

in G and H, respectively, of colour c. It follows that cr∞(G) = cr∞(H).

In [61], Theorem 3.4.1 was extended to all dimensions of the Weisfeiler–Leman
algorithm. The proofs of Theorem 3.4.1 and the following Theorem 3.4.3 are
conceptually similar despite that the latter theorem requires a heavier technical
set-up akin to the one developed in Chapter 4.

Theorem 3.4.3 ([61, Theorem 3]). Let k ≥ 1. For simple graphs G and H, the following
are equivalent:

1. G and H are homomorphism indistinguishable over the graphs of treewidth at most k,
2. G and H are not distinguished by the k-dimensional Weisfeiler–Leman algorithm.

Via Theorems 2.3.2 and 2.6.8, the above Theorem 3.4.3 relates homomorphism
indistinguishability over graphs of treewidth at most k to Ck+1-equivalence and
to feasibility of the Sherali–Adams relaxation SAk+1(G, H). Historically, these
connections were first established by the following Theorem 3.4.4 due to Dvořák
[63], which predates Theorem 3.4.3. The proof of Theorem 3.4.4 reveals much about
the connection between homomorphism indistinguishability and counting logic.
Theorems 8.3.2 and 9.3.8 are proven using similar techniques.

Theorem 3.4.4 ([63, Theorem 7]). Let k ≥ 1. For simple graphs G and H, the following
are equivalent:

1. G and H are homomorphism indistinguishable over the graphs of treewidth at most k,
2. G and H are Ck+1-equivalent.

A similar result involving the C-fragment of formulas of bounded quantifier rank
was shown by Grohe [79].

Theorem 3.4.5 ([79, Theorem 1.1]). Let k ≥ 1. For simple graphs G and H, the following
are equivalent:

1. G and H are homomorphism indistinguishable over the graphs of treedepth at most k,
2. G and H are Ck-equivalent.

The reader is referred to [57, 68], where Theorems 3.4.4 and 3.4.5 were reproven
using uniform proof strategies based on category theory and the tools from Sec-
tion 3.2, respectively. Both of these works also contain the following theorem, which
was first proven by Dawar, Jakl, & Reggio [57]. Recall the definition of the class T k

q
of graphs admitting a k-pebble forest cover of depth at most q from Definition 2.1.3.

Theorem 3.4.6 ([57, Section IV.B]). Let k, q ≥ 1. For simple graphs G and H, the
following are equivalent:

1. G and H are homomorphism indistinguishable over T k
q ,

2. G and H are Ck
q-equivalent.

49





4 Matrix Equations from Homomorphism
Indistinguishability

The observation that two graphs G and H are isomorphic if, and only if, there exists a
permutation matrix P ∈ {0, 1}V(G)×V(H) such that AGP = PAH motivates the study
of equational graph isomorphism relaxations. An example for such a relaxation is
fractional isomorphism, which is defined as the feasibility of the system AGX = XAH

where X ∈ QV(G)×V(H) is a doubly stochastic matrix. By Theorems 3.4.1 and 2.6.2,
two graphs are fractionally isomorphic if, and only if, they are homomorphism
indistinguishable over all trees.

Characterisations of homomorphism indistinguishability relations in terms of
matrix equations are the subject of this chapter, cf. Table 1.2 for an overview. Using
(bi)labelled graphs and homomorphisms tensors, cf. Section 3.2, such character-
isations are established for the classes of graphs of bounded treewidth, bounded
pathwidth, bounded cyclewidth, and bounded treedepth. In this way, known
equational graph isomorphism relaxations such as the Sherali–Adams linear pro-
gramming hierarchy are recovered.

By Theorem 2.6.8, the level-k Sherali–Adams relaxation SAk(G, H) of the graph
isomorphism quadratic program QP(G, H) has a non-negative rational solution if,
and only if, G and H are homomorphism indistinguishable over the class of graphs
of treewidth at most k− 1. Dell, Grohe, & Rattan [61] showed that if SAk(G, H) has
an arbitrary rational solution, then G and H are homomorphism indistinguishable
over all graphs of pathwidth at most k − 1. We show in Theorem 4.0.1 that the
converse holds and thereby answer a question raised by Dell, Grohe, & Rattan
[61] affirmatively. In the process, we define the linear programs PWk(G, H) and
SAk
↔(G, H), which are motivated by homomorphism indistinguishability. Further-

more, we give an explanation for the rather miraculous appearance of non-negativity
constraints when moving from homomorphism indistinguishability over graphs of
bounded pathwidth to treewidth.

Theorem 4.0.1. Let k ≥ 1. For simple graphs G and H, the following are equivalent:
1. G and H are homomorphism indistinguishable over the class of graphs of pathwidth

at most k− 1,
2. PWk(G, H) has a rational solution,
3. SAk

↔(G, H) has a rational solution,
4. SAk(G, H) has a rational solution.
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Moreover, we consider homomorphism indistinguishability over the class of
graphs of bounded treedepth. We introduce the linear programming relaxations
TDk(G, H) and TDk

↔(G, H) which can be regarded as variants of SAk(G, H) and
SAk
↔(G, H) whose variables are indexed by ordered tuples instead of sets. In

contrast to Theorems 4.0.1 and 2.6.8, adding non-negativity constraints does not
affect the feasibility of these systems.

Theorem 4.0.2. Let k ≥ 1. For simple graphs G and H, the following are equivalent:
1. G and H are homomorphism indistinguishable over the graphs of treedepth at most k,
2. TDk(G, H) has a non-negative rational solution,
3. TDk(G, H) has a rational solution,
4. TDk

↔(G, H) has a non-negative rational solution,
5. TDk

↔(G, H) has a rational solution.

The systems TDk
↔(G, H) and SAk

↔(G, H) are derived from the systems TDk(G, H)

and SAk(G, H), respectively, by dropping equality constraints. Thereby, Theor-
ems 4.0.1 and 4.0.2 can be thought of as equality elimination results paralleling a
similar result [57, Theorem 32] for counting logic.

In order to construct a matrix equation characterising homomorphism indistin-
guishability over some graph class F , we follow the strategy which is outlined
subsequently. The starting point in each case is a class of unlabelled graphs F
for which we desire a characterisation of the homomorphism indistinguishability
relation ≡F in terms of a matrix equation.

First, we construct a family of labelled or bilabelled graphs L from F . Usually, we
want the underlying unlabelled graphs of the L ∈ L to be exactly the graphs in F .
Note that, when placing labels on unlabelled graphs, there are inevitably several
choices to consider. How to make this choice depends on the two subsequent steps.

Second, we define combinatorial operations on the family L. These may include
e.g. series and parallel composition, and gluing, cf. Definitions 3.2.5 and 3.2.6. The
placement of labels is crucial. For example, when dealing with the class of graphs
of treewidth at most k− 1, we place for every graph in this class k labels in the same
bag of a tree decomposition. In this way, the resulting class of k-labelled graphs is
closed under gluing.

Third, we show that L is generated by finitely many generators under the opera-
tions defined above. This is desirable because we want the resulting matrix equation
to have finitely many constraints.

Fourth, we derive a matrix equation from the combinatorial data described above
by invoking representation-theoretic results. These results, stated in Theorems 4.1.2,
4.1.4, and 4.1.10, give criteria for simultaneous similarity of sequences of matrices in
terms of character-like functions. The matrices to which these theorems are applied
are the homomorphism matrices of the (bi)labelled graphs in L.
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Chapter Outline. In Section 4.1, we begin with laying the representation-theoretic
foundations for the fourth step. In Section 4.2, we give basic examples for the proof
strategy outlined above. In Section 4.3, we consider more complex instances such
as the graph classes of bounded treewidth. In Section 4.4, we relate our matrix
equations to the Sherali–Adams hierarchy and prove Theorems 4.0.1 and 4.0.2. In
Section 4.5, we extend our combinatorial and algebraic techniques in order to design
systems of equations capturing homomorphism indistinguishable over the class of
graphs admitting pebble forest covers of bounded depth.

The material in this chapter has been previously published as [86, 87, 145, 146]
and is joint work with Martin Grohe and Gaurav Rattan.

4.1 Three Variants of a Theorem by Specht and Wiegmann

In this section, two novel variants of a classical theorem by Specht [170] and
Wiegmann [175] are derived. Two sequences of square matrices A1, . . . , An and
B1, . . . , Bn are simultaneously similar via a matrix X if AiX = XBi for all i ∈ [n].
Inspired by the classical Specht–Wiegmann Theorem, which establishes a criterion
for simultaneous similarity via a unitary matrix, Theorems 4.1.4 and 4.1.10 give
criteria for simultaneous similarity via a pseudo-stochastic or doubly stochastic
matrix. All results give criteria for simultaneous similarity of sequences of matrices
in terms of character-like functions.

To state the result formally, fix throughout a possibly infinite set of indices M. Let
ΓM denote the set of all finite words over the alphabet {xi, x∗i | i ∈ M}. The set ΓM

forms a monoid under concatenation with the empty word ε as unit element, i.e.
concatenation is an associative binary operation. Furthermore, the monoid ΓM can
be endowed with an involution defined by extending xi 7→ x∗i to ΓM in accordance
with Equation (2.4). In this way, ΓM can be thought of as a free involution monoid.

Let A = (Ai)i∈M be a sequence of matrices in KI×I for some field K and some
finite set I. For a word w ∈ ΓM, let wA denote the matrix obtained by substituting
xi 7→ Ai and x∗i 7→ A∗i for all i ∈ M and evaluating the matrix product. Furthermore,
εA is set to be the identity matrix in KI×I . Crucially, the words in ΓM are finite
despite that the underlying alphabet is infinite. Hence, this map is well-defined.
The substitution w 7→ wA is an involution monoid representation of ΓM.

Example 4.1.1. Let M = {1, 2} and w := x1x∗2 x2 ∈ ΓM. Then wA = A1A∗2 A2 ∈ KI×I .

4.1.1 Unitary and Orthogonal Similarity

We first recall the classical Specht–Wiegmann Theorem [170, 175]. It gives a criterion
for simultaneous unitary or orthogonal similarity of two sequences of matrices in
terms of traces. See also [96, 72] for more recent accounts.
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Theorem 4.1.2 (Specht [170] and Wiegmann [175]). Let K ∈ {R, C}. Let I and J be
finite sets. Let M be an arbitrary set. Let A = (Ai)i∈M and B = (Bi)i∈M be two sequences
of matrices such that Ai ∈ KI×I and Bi ∈ KJ×J for all i ∈ M. Then the following are
equivalent:

1. there exists a unitary matrix U ∈ KI×J such that AiU = UBi and A∗i U = UB∗i for
every i ∈ M,

2. there exists an invertible matrix X ∈ KI×J such that AiX = XBi and A∗i X = XB∗i
for every i ∈ M,

3. for every word w ∈ ΓM, tr(wA) = tr(wB).

Note that if K = R, then the first assertion reduces to the existence of an
orthogonal matrix U ∈ RI×J such that AiU = UBi and AT

i U = UBT
i for every i ∈ M.

Following the conventions of Section 2.4.1, we do not need to distinguish this case
explicitly. We will see in Remark 4.2.2 that Theorem 4.1.2 does not hold when K is
taken to be Q. If K = Q, then only Items 2 and 3 are equivalent.

Proof of Theorem 4.1.2. Since all unitary matrices are invertible, Item 1 implies Item 2.
That Items 2 and 3 are equivalent follows from Theorem 2.5.1 and Lemma 2.5.2. To

that end, first consider the backward forward direction. If X ∈ KI×J is an invertible
matrix such that AiX = XBi and A∗i X = XB∗i for every i ∈ M, then, for every w ∈
ΓM, it holds that tr(wA) = tr(wAXX−1) = tr(XwBX−1) = tr(X−1XwB) = tr(wB) by
cyclicity of the trace.

Conversely, as observed above, the maps w 7→ wA and w 7→ wB yield two repres-
entations of the involution monoid ΓM. By Lemma 2.5.2, these representations are
semisimple. If tr(wA) = tr(wB) for every word w ∈ ΓM, these two representations
have the same character, and hence, by Theorem 2.5.1, they are equivalent. Therefore,
there exists an invertible matrix X ∈ KJ×I such that XwBX−1 = wA for every word
w ∈ ΓM. This yields Item 2.

For the remaining implication, we argue that the unitary matrix U can be obtained
from the polar decomposition of the invertible matrix X. By [92, Theorem 7.3.1],
write X = UP where U ∈ KI×J is unitary and P ∈ KJ×J is positive definite. It is
P2 = X∗X and therefore P2Ai = X∗BiX = AiX∗X = AiP2 for all i ∈ M. Similarly,
P2A∗i = A∗i P2 for all i ∈ M. By [92, Theorem 7.2.6b], it holds that PAi = AiP
andPA∗i = A∗i P for all i ∈ M. By multiplying from both sides with P−1, it follows
that P−1Ai = AiP−1 and P−1A∗i = A∗i P−1 for all i ∈ M. By construction, U = XP−1

and thus U is such that UAi = BiU and UA∗i = B∗i U for all i ∈ M.

Words of Polynomial Length

The condition in Item 3 of Theorem 4.1.2 involves traces of words of arbitrary length.
Since the considered matrices are of finite dimension, it suffices to compare traces
from words in ΓM of polynomial length. The following result is due to Pearcy [142].
Tighter bounds are known [140], a linear bound was conjectured by Paz [141].
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Theorem 4.1.3 ([142, Theorem 1]). Writing n := max{|I| , |J|}, the conditions of
Theorem 4.1.2 are equivalent to the following: For every word w ∈ ΓM of length at
most 2n2 − 1, tr(wA) = tr(wB).

Proof. To ease notation, suppose without loss of generality that I and J are disjoint.
For a word w ∈ ΓM, define the block matrix wA⊕B :=

(
wA 0
0 wB

)
∈ K(I∪J)×(I∪J).

Observe that w 7→ wA⊕B is an involution monoid representation. In particular,
(xy)A⊕B = xA⊕ByA⊕B and (x∗)A⊕B = (xA⊕B)∗ for all x, y ∈ ΓM.

Let SA⊕B ≤ K(I∪J)×(I∪J) denote the vector space spanned by the wA⊕B for w ∈ ΓM.
Clearly, SA⊕B has dimension at most 2n2. Furthermore, for ` ≥ 0, write S≤`A⊕B ≤ SA⊕B
for the vector space spanned by the wA⊕B for words w ∈ ΓM of length at most `.
The space S≤0

A⊕B containing the identity matrix, has dimension 1.

Claim 4.1.3a. If S≤`A⊕B = S≤`+1
A⊕B for some ` ∈ N, then SA⊕B = S≤`A⊕B. In particular,

S≤2n2−1
A⊕B = SA⊕B.

Proof of Claim. By induction on j ≥ 1, it is shown that S≤`+j
A⊕B ≤ S≤`A⊕B. The base

case j = 1 holds by assumption. Let x ∈ ΓM be a word of length `+ j + 1. Let y
denote the first letter of x and write z for the length-(`+ j) suffix of x, i.e. x = yz.
By assumption, there exist words z1, . . . , zr of length at most ` and coefficients
α1, . . . , αr ∈ K such that zA⊕B = ∑r

i=1 αizi
A⊕B. Hence,

xA⊕B = yA⊕BzA⊕B =
r

∑
i=1

αiyA⊕Bzi
A⊕B =

r

∑
i=1

αi(yzi)A⊕B ∈ S≤`+1
A⊕B .

Thus, S≤`+j+1
A⊕B ≤ S≤`+1

A⊕B ≤ S≤`A⊕B, as desired. C

Equipped with Claim 4.1.3a, we prove the main claim. For a matrix C ∈
K(I∪J)×(I∪J), write trA(C) := ∑i∈I C(i, i) and analogously trB(C) := ∑j∈J C(j, j). Let
w ∈ ΓM be an arbitrary word. By Claim 4.1.3a, there exist words w1, . . . , wr ∈ ΓM of
length at most 2n2− 1 and coefficients α1, . . . , αr ∈ K such that wA⊕B = ∑r

i=1 αiwi
A⊕B.

Hence,

tr(wA) = trA(wA⊕B) = ∑ αi trA(wi
A⊕B) = ∑ αi tr(wi

A) = ∑ αi tr(wi
B)

= trB(wA⊕B) = tr(wB).

Thus, the assertion in Theorem 4.1.3 implies Item 3 of Theorem 4.1.2.

4.1.2 Pseudo-Stochastic Similarity

Our first variant of Theorem 4.1.2 establishes a criterion for simultaneous similarity
with respect to a pseudo-stochastic matrix. In this case, instead of traces, sums-of-
entries have to be considered. Theorem 4.1.4 applies to any field K ∈ {Q, R, C}.
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Theorem 4.1.4. Let K ∈ {Q, R, C}. Let I and J be finite sets. Let M be an arbitrary set.
Let A = (Ai)i∈M and B = (Bi)i∈M be two sequences of matrices such that Ai ∈ KI×I and
Bi ∈ KJ×J for all i ∈ M. Then the following are equivalent:

1. there exists a pseudo-stochastic matrix X ∈ KI×J such that AiX = XBi and A∗i X =

XB∗i for all i ∈ M,
2. for every word w ∈ ΓM, soe(wA) = soe(wB).

Theorem 4.1.4 is implied by Lemma 4.1.5, which provides a sum-of-entries ana-
logue of Theorem 2.5.1. As it establishes a character-theoretic interpretation of the
function soe, it may be of independent interest. In the statement of Lemma 4.1.5,
1I ∈ KI denotes the vector all whose entries are one.

Lemma 4.1.5. Let K ∈ {Q, R, C}. Let Γ be an involution monoid. Let I and J be finite
sets. Let ϕ : Γ → KI×I and ψ : Γ → KJ×J be representations of Γ. Let ϕ′ : Γ → End(V)

and ψ′ : Γ→ End(W) denote the subrepresentations of ϕ and of ψ generated by 1I and 1J ,
respectively. Then the following are equivalent:

1. there exists a unitary pseudo-stochastic map U : W → V such that ϕ′(g)U = Uψ′(g)
for all g ∈ Γ,

2. there exists a pseudo-stochastic matrix X ∈ KI×J such that ϕ(g)X = Xψ(g) for all
g ∈ Γ,

3. for all g ∈ Γ, soe(ϕ(g)) = soe(ψ(g)).

Proof. Suppose that Item 3 holds. The space V is spanned by the vectors ϕ(g)1I for
g ∈ Γ while W is spanned by the ψ(g)1J for g ∈ Γ. For g, h ∈ Γ, it holds that

〈ϕ(g)1I , ϕ(h)1I〉 = 〈1I , ϕ(g)∗ϕ(h)1I〉 = 〈1I , ϕ(g∗h)1I〉
= soe(ϕ(g∗h)) = soe(ψ(g∗h)) = 〈ψ(g)1J , ψ(h)1J〉 .

Hence, V and W are spanned by vectors whose pairwise inner-products are re-
spectively the same. Thus, by Lemma 2.4.3, there exists a unitary U : W → V such
that Uψ(g)1J = ϕ(g)1I for all g ∈ Γ. This implies that Uψ′(g) = ϕ′(g)U for g ∈ Γ.
Furthermore, U1J = Uψ(1Γ)1J = ϕ(1Γ)1I = 1I and U∗1I = 1J since U is unitary.
Thus, Item 1 holds.

Suppose now that Item 1 holds. By Lemma 2.5.2, write ϕ = ϕ′ ⊕ ϕ′′ and ψ =

ψ′ ⊕ ψ′′ where ϕ′′ : Γ → End(V⊥) and ψ′′ : Γ → End(W⊥) are involution monoid
representations of Γ. By assumption, there exists a unitary map U : W → V such
that Uψ′(g) = ϕ′(g)U for all g ∈ Γ. Extend U to X by letting it annihilate W⊥. Then
Xψ(g) = (U ⊕ 0)(ψ′ ⊕ ψ′′)(g) = Uψ′(g)⊕ 0 = ϕ′(g)U ⊕ 0 = ϕ(g)X for all g ∈ Γ.
Since U is pseudo-stochastic and 1I ∈ V and 1J ∈W, X is pseudo-stochastic as well.
Hence, Item 2 holds.

For the remaining implication, let X ∈ KI×J be a pseudo-stochastic matrix such
that ϕ(g)X = Xψ(g) for all g ∈ Γ. Then, for every g ∈ Γ,

soe(ϕ(g)) = 1T
I ϕ(g)1I = 1T

I ϕ(g)X1J = 1T
I Xψ(g)1J = 1T

J ψ(g)1J = soe(ψ(g)).

Hence, Item 2 implies Item 3.
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Words of Polynomial Length

The following Theorem 4.1.6 parallels the polynomial bound from Theorem 4.1.3 on
the length of the words which need to be inspected. Theorem 9.1.4 will imply that
the bound in Theorem 4.1.6 is asymptotically tight up to a constant.

Theorem 4.1.6. Writing n := max{|I| , |J|}, the conditions of Theorem 4.1.4 are equivalent
to the following: For every word w ∈ ΓM of length at most 2n− 1, soe(wA) = soe(wB).

Proof. Suppose without loss of generality that I and J are disjoint. As in the proof
of Theorem 4.1.3, write wA⊕B :=

(
wA 0
0 wB

)
∈ K(I∪J)×(I∪J) for w ∈ ΓM. Furthermore,

write 1 for the all-ones vector in KI∪J . Write VA⊕B ≤ KI∪J for the space spanned
by the vectors wA⊕B1 for all words w ∈ ΓM. Write V≤`A⊕B ≤ VA⊕B for ` ≥ 0 for the
subspace spanned by the vectors wA⊕B1 for words w ∈ ΓM of length ≤ `. The space
V≤0
A⊕B, containing 1, is one-dimensional. The space VA⊕B is at most 2n-dimensional.

Claim 4.1.6a. If V≤`A⊕B = V≤`+1
A⊕B for some ` ∈ N, then VA⊕B = V≤`A⊕B. In particular,

V≤2n−1
A⊕B = VA⊕B.

Proof of Claim. By induction on j ≥ 1, we show that V≤`+j
A⊕B ≤ V≤`A⊕B. The base case

j = 1 holds by assumption. Let x ∈ ΓM be a word of length `+ j + 1. Let y denote
the first character of x and write z for the length-(` + j) suffix of x, i.e. x = yz.
By assumption, there exist words z1, . . . , zr of length at most ` and coefficients
α1, . . . , αr ∈ K such that zA⊕B1 = ∑r

i=1 αizi
A⊕B1. Hence, xA⊕B1 = yA⊕BzA⊕B1 =

∑r
i=1 αiyA⊕Bzi

A⊕B1 = ∑r
i=1 αi(yzi)A⊕B1 ∈ V≤`+1

A⊕B . Thus, V≤`+j+1
A⊕B ≤ V≤`+1

A⊕B ≤ V≤`A⊕B, as
desired. C

Let w ∈ ΓM be arbitrary. By Claim 4.1.6a, there exist words wi ∈ ΓM of length at
most 2n− 1 and coefficients αi ∈ K such that wA⊕B1 = ∑ αiwi

A⊕B1. Hence, writing
1A and 1B for the indicator vectors on I and J in KI∪J ,

soe(wA) = 1T
AwA⊕B1 = ∑ αi1T

Awi
A⊕B1 = ∑ αi soe(wi

A) = ∑ αi soe(wi
B) = soe(wB),

as desired.

4.1.3 Doubly Stochastic Similarity

Our second variant of the Specht–Wiegmann Theorem gives a criterion for simul-
taneous doubly stochastic similarity. Recall that a real matrix is doubly stochastic
if it is pseudo-stochastic and has non-negative entries. Since double stochasticity
makes no sense over complex numbers, we restrict our attention to representations
of involution monoids over R and Q. In contrast to Theorems 4.1.2 and 4.1.4, the
criterion derived in this section does not involve words over some set of matrices
but trees, defined as follows:
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Definition 4.1.7 (Trees over a monoid). Let Γ be a monoid. A tree over Γ is a tuple
t = (T, r, e) where T is a finite tree, r ∈ V(T), and e : E(T) → Γ is a map which
assigns an element of Γ to every edge of T.

Two trees t = (T, r, e) and t′ = (T′, r′, e′) over Γ are isomorphic if there is a graph
isomorphism h : T → T′ such that h(r) = r′ and e′(h(u)h(v))) = e(uv) for all
uv ∈ E(T). We tacitly identify isomorphic trees over Γ and write T(Γ) for the set of
(isomorphism types) of trees over Γ. We consider the following operations on T(Γ).

Definition 4.1.8. Let t = (T, r, e) and t′ = (T′, r′, e′) be elements of T(Γ). Let g ∈ Γ.
1. Define t� t′ := (T′′, r′′, e′′) ∈ T(Γ) where T′′ is the tree obtained from taking

the disjoint union of T and T′ and identifying the vertices r and r′. Further-
more, r′′ is the identified vertex and e′′ : E(T′′) → Γ is such that e′′|E(T) = e
and e′′|E(T′) = e′.

2. Define gt := (T′′, r′′, e′′) ∈ T(Γ) where V(T′′) := V(T) t {r′′}, E(T′′) :=
E(T) t {rr′′}, and e′′ : E(T′′)→ Γ is such that e′′|E(T) = e and e′′(rr′′) = g.

The elements of T(Γ) can be constructed from the tree over Γ with only one vertex
by the operations in Definition 4.1.8, i.e. by gluing and by attaching a new root s to
a tree t = (T, r, e) and picking an element g ∈ Γ to associate with the new edge sr.

The set T(Γ) forms a monoid under the operation � of gluing two of its elements
together at their roots. Since isomorphic trees are identified in T(Γ), the monoid
is commutative. Its unique neutral element is the one-vertex tree. Endowing trees
over monoids with a monoid structure is not a novel idea, cf. e.g. [30].

A representation of a monoid Γ induces a representation5 of the monoid T(Γ).

Definition 4.1.9. Let K be a field. Let Γ be a monoid and let I be a finite set.
A monoid representation ϕ : Γ → KI×I of Γ induces a monoid representation
ϕ̂ : T(Γ)→ KI of T(Γ) defined inductively as follows:

1. ϕ̂(t) := 1I if t has only one vertex,
2. ϕ̂(t) := ϕ̂(t′)� ϕ̂(t′′) if t := t′ � t′′ for t′, t′′ ∈ T(Γ) on more than one vertex,
3. ϕ̂(t) := ϕ(g) · ϕ̂(t′) if t = gt′ for t′ ∈ T(Γ) and g ∈ Γ.

For the involution monoid ΓM and a sequence of matrices A = (Ai)i∈M, the
representation of T(ΓM) induced by w 7→ wA is abbreviated as t 7→ tA. See Figure 4.1
for an example. The main result of this section is the following.

5In Definition 4.1.9, KI is understood as the monoid whose binary operation is the Schur product �
and whose neutral element is the all-ones vector 1I . Crucially, KI is commutative. The map
ϕ̂ : T(Γ)→ KI defined in Definition 4.1.9 is strictly speaking only a monoid homomorphism and
not a monoid representation as KI is not an endomorphism monoid. However, KI can be identified
with the set of diagonal matrices in KI×I in which case the Schur product in KI corresponds to the
standard matrix product in KI×I . Thus, calling ϕ̂ a monoid representation is only slightly abusive.
It allows us to make a distinction between matrices and vectors, which will in Section 4.3 amount
to a distinction between bilabelled and labelled graphs.
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x1 x5

x∗2 x3

Figure 4.1: Example for a tree t ∈ ΓM for M = [5]. The root is depicted in grey.
Here, tA = (A∗2((A11)� (A51)))� (A31).

Theorem 4.1.10. Let K ∈ {Q, R}. Let I and J be finite sets. Let M be an arbitrary set.
Let A = (Ai)i∈M and B = (Bi)i∈M be two sequences of matrices such that Ai ∈ KI×I and
Bi ∈ KJ×J for all i ∈ M. Then the following are equivalent:

1. there exists a doubly stochastic matrix X ∈ KI×J such that AiX = XBi and A∗i X =

XB∗i for all i ∈ M.
2. for every t ∈ T(ΓM), soe(tA) = soe(tB).

Theorem 4.1.10 is implied by the following Lemmas 4.1.11 and 4.1.12.

Lemma 4.1.11. Let K ∈ {Q, R}. Let Γ be a monoid. Let I and J be finite sets. Let
ϕ : Γ → KI and ψ : Γ → KJ be representations of Γ where KI and KJ are regarded as
monoids whose binary operation is the Schur product and whose unit element is the all-ones
vector. Then the following are equivalent:

1. there exists a pseudo-stochastic matrix X ∈ KI×J such that Xψ(g) = ϕ(g) for all
g ∈ Γ,

2. there exists a doubly stochastic matrix X ∈ KI×J such that Xψ(g) = ϕ(g) for all
g ∈ Γ,

3. there exists a bijection π : J → I such that ψ(g)j = ϕ(g)π(j) for all j ∈ J and g ∈ Γ,
4. for all g ∈ Γ, soe(ϕ(g)) = soe(ψ(g)).

Proof. Each of Items 1 to 3 implies Item 4. Indeed, assuming Item 1, for all g ∈ Γ,

soe(ψ(g)) = 1T
J ψ(g) = 1T

I Xψ(g) = 1T
I ϕ(g) = soe(ϕ(g)). (4.1)

Since every doubly stochastic matrix is pseudo-stochastic, Item 2 implies Item 1.
Assuming Item 3, for all g ∈ Γ,

soe(ψ(g)) = ∑
j∈J

ψ(g)j = ∑
j∈J

ϕ(g)π(j) = ∑
i∈I

ϕ(g)i = soe(ϕ(g)).

Assuming Item 4, we separately prove each of the converse implications. To that
end, write V ≤ KI and W ≤ KJ for the spaces spanned by the ϕ(g) and ψ(g),
respectively, for g ∈ Γ. Suppose that soe(ϕ(g)) = soe(ψ(g)) for all g ∈ Γ. Then, for
all g, g′ ∈ Γ,〈

ϕ(g), ϕ(g′)
〉
= soe(ϕ(g)� ϕ(g′)) = soe(ϕ(gg′)) = soe(ψ(gg′)) =

〈
ψ(g), ψ(g′)

〉
.
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Hence, by Lemma 2.4.3, there exists a unitary map U : W → V such that Uψ(g) =
ϕ(g) for all g ∈ Γ. Since U is unitary, also ψ(g) = U∗ϕ(g) for all g ∈ Γ. Extend U to
map X : KJ → KI annihilating W⊥. Then X is a pseudo-stochastic map satisfying
Xψ(g) = ϕ(g) and ψ(g) = X∗ϕ(g) for all g ∈ Γ. Hence, Item 1 holds.

For Item 2, it remains to argue that X is doubly stochastic. To that end, consider
the equivalence relation ∼I on I induced by V via i ∼ i′ if, and only if, v(i) = v(i′)
for all v ∈ V. Define an equivalence relation ∼J on J analogously.

Claim 4.1.11a. Let X ∈ KI×J be a matrix such that Xψ(g) = ϕ(g) for all g ∈ Γ. Then
X maps indicator vectors of ∼J-classes to vectors whose entries are from {0, 1}.

Proof of Claim. Let D ⊆ J be a ∼J-class and write 1D ∈ KJ for its indicator vector.
Write 1D = ∑r αrψ(gr) for some gr ∈ Γ and coefficients αr ∈ K. Then

(X1D)� (X1D) = ∑
r,s

αrαs(Xψ(gr))� (Xψ(gs))

= ∑ αrαs ϕ(gr)� ϕ(gs)

= ∑ αrαs ϕ(gr � gs)

= ∑ αrαsX(ψ(gr � gs))

= ∑ αrαsX(ψ(gr)� ψ(gs))

= X(1D � 1D)

= X1D

Hence, X1D has entries from {0, 1}. C

Given Claim 4.1.11a, it remains to argue that the entries of X are non-negative. To
that end, let j ∈ J and let D ⊆ J denote its equivalence class under ∼J .

Write P ∈ KJ×J for the projection onto W. By construction, W is closed under
Schur products. Thus, by Lemma 2.4.7, the indicator vectors of the ∼J-classes are an
orthogonal basis of W. Hence, Pej = |D|−11D where ej ∈ KJ denotes the standard
basis vector corresponding to j. By Claim 4.1.11a,

X(i, j) = eT
i Xej = eT

i XPej = |D|−1eT
i X1D

is non-negative for every i ∈ I. Hence, X is doubly stochastic and Item 2 holds.
For Item 3, consider the following Claim 4.1.11b:

Claim 4.1.11b. Let X ∈ KI×J be a matrix such that Xψ(g) = ϕ(g) and ψ(g) = X∗ϕ(g)
for all g ∈ Γ. Then X maps indicator vectors of ∼J-classes to indicator vectors of
∼I-classes.

Proof of Claim. First observe that X descends to an isomorphism W → V. Indeed,
the assumptions imply that the maps XX∗ and X∗X restrict to the identity maps on
V and W, respectively.
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Let D ⊆ J denote a ∼J-class. By Claim 4.1.11a, X1D is a vectors whose entries are
from {0, 1}. Furthermore, X1D 6= 0 since X descends to an isomorphism from W
to V.

Therefore, X1D = 1C1 + · · ·+ 1C`
for some ∼I-classes C1, . . . , C` ⊆ I and ` ≥ 1.

Dually, X∗1Ci = 1Di1 + . . . 1Diki
for some ∼J-classes Di1, . . . , Diki ⊆ J with ki ≥ 1.

Hence,
1D = X∗X1D = X∗1C1 + · · ·+ X∗1C`

= 1Di1 + · · ·+ 1D`k`
.

This implies that ` = ki = 1 for all i and thereby the claim. C

By Claim 4.1.11b, X maps ∼J-class vectors to ∼I-class vectors. Furthermore,
1TX1D = 1T1D = |D| since X is pseudo-stochastic. Thus corresponding classes have
the same size. Finally, since X descends to an isomorphism W → V, the map X
induces a bijection σ between the ∼J-classes and ∼J-classes. Hence, there exists a
bijection π : J → I such that X(π(j), j) > 0 for all j ∈ J. Now, Lemma 2.4.8 implies
Item 3.

Lemma 4.1.11 is applied in the proof of Lemma 4.1.12, which yields Theorem 4.1.10.

Lemma 4.1.12. Let K ∈ {Q, R}. Let Γ be an involution monoid. Let I and J be finite sets.
Let ϕ : Γ → KI×I and ψ : Γ → KJ×J be representations of Γ. Let ϕ̂ and ψ̂ be the induced
representations of T(Γ). Then the following are equivalent:

1. there exists a doubly stochastic matrix X ∈ KI×J such that ϕ(g)X = Xψ(g) for all
g ∈ Γ,

2. there exists a pseudo-stochastic matrix X ∈ KI×J such that ϕ(g)X = Xψ(g) for all
g ∈ Γ and Xψ̂(t) = ϕ̂(t) for all t ∈ T(Γ),

3. for all t ∈ T(Γ), soe(ϕ̂(t)) = soe(ψ̂(t)).

Proof. Item 2 readily implies Item 3, cf. Equation (4.1). Item 3 implies Item 1: Apply
Lemma 4.1.11 to the monoid T(Γ) and its representations ϕ̂ and ψ̂. The lemma
yields a doubly stochastic matrix X ∈ KI×J such that Xψ̂(t) = ϕ̂(t) for all t ∈ T(Γ).
Let P ∈ KJ×J denote the projection onto the space W ≤ KJ spanned by the ψ̂(t)
for t ∈ T(Γ). Then Pψ̂(t) = ψ̂(t) for all t ∈ T(Γ) and thus XP satisfies the same
identities as X, i.e. XPψ̂(t) = ϕ̂(t) for all t ∈ T(Γ).

It holds that Pψ(g) = ψ(g)P for all g ∈ Γ. This follows from the following
observation: if w ∈W⊥, then

〈
ψ̂(t), ψ(g)w

〉
=
〈
ψ̂(g∗t), w

〉
= 0 for all t ∈ T(Γ) and

g ∈ Γ.
Hence, it suffices to verify the identity ϕ(g)XP = XPψ(g) for g ∈ Γ on W. Let

t ∈ T(Γ). Then XPψ(g)ψ̂(t) = Xψ̂(gt) = ϕ̂(gt) = ϕ(g)ϕ̂(t) = ϕ(g)XPϕ̂(t).
By Lemma 2.4.7, P is doubly stochastic. Thus XP is doubly stochastic, being the

product of two doubly stochastic matrices. Hence, XP is as desired.
Item 1 implies Item 2: Let X be as in Item 1. It has to be shown that Xψ̂(t) = ϕ̂(t)

for all t ∈ T(Γ). The proof of the following slightly stronger claim is guided by [172,
Lemma 1].
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Claim 4.1.12a. Let t ∈ T(Γ), i ∈ I, and j ∈ J. If X(i, j) > 0, then ψ̂(t)(i) = ϕ̂(t)(j).

Claim 4.1.12a implies that Xψ̂(t) = ϕ̂(t) for all t ∈ T(Γ). Indeed, for t ∈ T(Γ) and
i ∈ I,

(Xψ̂(t))(i) = ∑
j∈J,

X(i,j)>0

X(i, j)ψ̂(t)(j) = ∑
j∈J,

X(i,j)>0

X(i, j)ϕ̂(t)(i) = ψ̂(t)(i)(X1J)(i)

= ψ̂(t)(i). (4.2)

Recalling the convention that X∗ = XT for real-valued matrices, one may similarly
see that X∗ ϕ̂(t) = ψ̂(t) for all t ∈ T(Γ). This consequence is applied in the inductive
proof of Claim 4.1.12a.

Proof of Claim 4.1.12a. The proof is by induction on the structure of the elements of
T(Γ), cf. Definition 4.1.9. For the single-vertex tree, the claim is vacuous.

For the inductive step, two means of constructing more complex elements t =
(T, r, e) ∈ T(Γ) are considered. If t = t′ � t′′ for two non-trivial t′, t′′ ∈ T(Γ), the
claim is readily verified. It remains to consider the case in which r has a unique
child s in T. Write t′ = (T − r, s, e|E(T−r)) ∈ T(Γ) for the subtree rooted at s. Let
g := e(rs) ∈ Γ. That is, t = gt′.

The vectors ψ̂(t) and ϕ̂(t) satisfy the assumptions of Lemma 2.4.8. Indeed, by
Item 1 and Equation (4.2),

Xψ̂(t) = Xψ(g)ψ̂(t′) = ϕ(g)Xψ̂(t′) = ϕ(g)ϕ̂(t′) = ϕ̂(t), (4.3)

and, alluding to the assumption that Γ is an involution monoid,

X∗ ϕ̂(t) = X∗ϕ(g)ϕ̂(t′) = (ϕ(g∗)X)∗ ϕ̂(t′) = (Xψ(g∗))∗ ϕ̂(t′)

= ψ(g)X∗ ϕ̂(t′) = ψ(g)ψ̂(t′) = ψ̂(t). (4.4)

Equations (4.3) and (4.4) in conjunction with Lemma 2.4.8 imply the claim. C

As argued above, Claim 4.1.12a implies Item 2.

Trees of Polynomial Depth and Degree

In contrast to Theorems 4.1.3 and 4.1.6, an exponential bound on the size of the
trees which need to be a considered in Theorem 4.1.10 is proven. Lower bounds are
discussed in Remark 4.2.5. First the depth of the trees is bounded. The depth of a
tree t = (T, r, e) ∈ T(ΓM) is defined as the depth of the rooted tree (T, r), i.e. as the
maximal number of vertices of any path on T starting in r. For example, the tree in
Figure 4.1 is of depth three.

Lemma 4.1.13. Writing n := max{|I| , |J|}, the conditions of Theorem 4.1.10 are equival-
ent to the following: For every tree t ∈ T(ΓM) of depth at most n + 1, soe(tA) = soe(tB).
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Proof. The following argument is inspired by the proof of [142, Theorem 1]. For
d ≥ 1, write T≤d

A ≤ KI for the vector space spanned by the tA for all t ∈ T(ΓM) of
depth ≤ d. Write TA for the space spanned by the vectors tA for all trees t ∈ T(ΓM).
Clearly, TA is at most n-dimensional. The space T≤0

A , containing the all-ones vector,
is one-dimensional.

Claim 4.1.13a. If T≤d
A = T≤d+1

A for some d ∈ N, then TA = T≤d
A . In particular,

T≤n
A = TA.

Proof of Claim. By induction on j ≥ 1, it is shown that T≤d+j
A ≤ T≤d

A . The base case
j = 1 holds by assumption. Let t ∈ T(ΓM) be a tree of depth d + j + 1. If t can
be written as t = t1 � · · · � t` for some trees t1, . . . , t` ∈ T(ΓM) whose roots have
degree one, then it suffices to show that ti

A ∈ T≤d
A for all i ∈ [`] since T≤d

A is closed
under Schur products.

Hence, it may be supposed that the root r of t has a single child s. Write t′ for the
subtree of t rooted at s and g ∈ ΓM for the element associated with the edge rs. By
assumption, there exist trees x1, . . . , xm ∈ T(ΓM) of depth at most d and coefficients
α1, . . . , αr ∈ K such that t′A = ∑m

i=1 αixi
A. Then tA = ∑m

i=1 αigAxi
A ∈ T≤d+1

A . Thus,
T≤d+j+1
A ≤ T≤d+1

A ≤ T≤d
A , as desired. C

By Claim 4.1.13a, every tA ∈ TA can be written as a linear combination of some
t′A ∈ T≤n

A . It remains to show that the coefficients in this linear combination are the
same for A and B.

Claim 4.1.13b. For every t ∈ T(ΓM), there exist coefficients α1, . . . , αm ∈ K and trees
t1, . . . , tm ∈ T(ΓM) of depth at most n such that

tA = ∑
i

αiti
A and tB = ∑

i
αiti

B. (4.5)

Proof of Claim. By induction on the structure of t. If t is the single vertex tree,
then the claim is vacuously true. If t has a unique child, write s for the subtree
rooted at this child and g ∈ ΓM for the element associated to the edge ts. Observe
that tA = gAsA and tB = gBsB. The inductive hypothesis applies to s yielding
coefficients α1, . . . , αm ∈ K and trees s1, . . . , sm ∈ T(ΓM) of depth at most n such
that Equation (4.5) holds. By Claim 4.1.13a, for every i ∈ [m], there exist coefficients
βij ∈ K and trees rij ∈ T(ΓM) of depth at most n such that gAsi

A = ∑j βijr
ij
A. In order

to conclude that the same identity holds for B, observe that the tree represented
by gsi has depth at most n + 1. The same holds for all other trees occurring in the
following calculation. For every i ∈ [m],〈

gBsi
B −∑

j
βijr

ij
B, gBsi

B −∑
j

βijr
ij
B

〉
= soe(gBsi

B � gBsi
B)− 2 ∑

j
βij soe(gBsi

B � rij
B) + ∑

j,k
βijβik soe(rij

B � rik
B )
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= soe(gAsi
A � gAsi

A)− 2 ∑
j

βij soe(gAsi
A � rij

A) + ∑
j,k

βijβik soe(rij
A � rik

A )

=

〈
gAsi

A −∑
j

βijr
ij
A, gAsi

A −∑
j

βijr
ij
A

〉
= 0.

Thus, gBsi
B = ∑j βijr

ij
B, as desired. If t is of the form t1 � · · · � tr for some trees

t1, . . . , tr whose roots have degree one, then the first case applies to each of these
subtrees. The claim follows readily. C

Finally, for every tree t ∈ T(ΓM) of arbitrary depth, let α1, . . . , αm ∈ K and
t1, . . . , tm ∈ T(ΓM) be as in Claim 4.1.13b. Then

soe(tA) = ∑ αi soe(ti
A) = ∑ αi soe(ti

B) = soe(tB).

We conclude this section by bounding the degree of the trees which need to be
considered in Theorem 4.1.10.

Theorem 4.1.14. Writing n := max{|I| , |J|}, the conditions of Theorem 4.1.10 are
equivalent to the following: For every tree t ∈ T(ΓM) of depth at most n + 1 and out-degree
at most 2n− 1, soe(tA) = soe(tB).

In particular, it suffices to consider trees on at most ∑n+1
d=1(2n− 1)d−1 ≤ (2n)n+1

vertices. We will comment on the tightness of the bounds in Theorem 4.1.14 in
Remark 4.2.5.

Proof of Theorem 4.1.14. Suppose that soe(tA) = soe(tB) for all trees t ∈ T(ΓM) of
depth at most n + 1 and out-degree at most 2n− 1. Given Lemma 4.1.13, it suffices
to show that soe(tA) = soe(tB) for all trees t ∈ T(ΓM) of depth at most n + 1. To
ease notation, suppose without loss of generality that I and J are disjoint. Similarly
to the set-up of the proof of Theorem 4.1.3, define, for a tree t ∈ T(ΓM), the block
vector tA⊕B :=

( tA
tB

)
∈ KI∪J . We construct, for every d ≥ 1, a spanning set of vectors

for the space T≤d
A⊕B spanned by the vectors tA⊕B for all trees t ∈ T(ΓM) of depth

≤ d and out-degree ≤ 2n− 1. For a tree t ∈ T(ΓM) and i ≥ 1, write t�i for the tree
obtained by gluing i copies of t together. Furthermore, let t�0 := 1 be the one-vertex
tree.

Claim 4.1.14a. For every d ≥ 1, there exist a set T ⊆ T(ΓM) of trees of depth ≤ d,
whose roots have out-degree ≤ 1, and all whose out-degrees are ≤ 2n− 1 such that

T≤d
A⊕B = span{t�i

A⊕B | t ∈ T, 0 ≤ i ≤ 2n− 1}.

Proof of Claim. For d = 1, the singleton containing the one-vertex tree is as desired.
For d ≥ 2, consider the following equivalence relation on I ∪ J: Let i ∼d j if, and
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only if, tA⊕B(i) = tA⊕B(j) for all t ∈ T(ΓM) of depth ≤ d. Observe that if i 6∼d j,
then there exists s ∈ T(ΓM) of depth ≤ d and with root of degree 1 such that
sA⊕B(i) 6= sA⊕B(j). Indeed, if the root of a tree t such that tA⊕B(i) 6= tA⊕B(j) has
higher degree, then t is the gluing product of multiple trees with root of degree one,
and one of these factors is as desired.

Let S ⊆ T(ΓM) be a set of trees of depth at most d and with roots of degree 1
such that i ∼d j if, and only if, sA⊕B(i) = sA⊕B(j) for all s ∈ S. By Fact 2.4.6,

T≤d
A⊕B = span{s�i

A⊕B | s ∈ S, 0 ≤ i ≤ 2n− 1}.

For s ∈ S, write s′ for the tree rooted at the unique child of the root of s. Moreover,
write gs ∈ ΓM for the element associated to the edge incident to the root of s. The
tree s′ is of depth at most d− 1. Write Q ⊆ T(ΓM) for the set of trees of depth at
most d− 1 with roots of out-degree ≤ 1, and all whose out-degrees are ≤ 2n− 1,
which is guaranteed to exist by induction. Then, by linearity,

T≤d
A⊕B = span{s�i

A⊕B | s ∈ S, 0 ≤ i ≤ 2n− 1}
= span{(gss′)�i

A⊕B | s ∈ S, 0 ≤ i ≤ 2n− 1}
≤ span{(g(q�j))�i

A⊕B | q ∈ Q, g ∈ ΓM, 0 ≤ i, j ≤ 2n− 1}
≤ T≤d

A⊕B.

Note that all trees g(q�j) appearing in the final set are of depth ≤ d, have roots of
out-degree ≤ 1, and only vertices of out-degree ≤ 2n− 1. Hence, the set of trees
{g(q�j) | q ∈ Q, g ∈ ΓM, 0 ≤ j ≤ 2n− 1} is as desired. C

For a vector v ∈ KI∪J , write soeA(v) := ∑i∈I v(i) and analogously soeB(v) :=
∑j∈J v(j). Let t ∈ T(ΓM) be a tree of depth at most n + 1. By Claim 4.1.14a, there
exist trees t1, . . . , tr ∈ ΓM of depth at most n + 1 and out-degrees at most 2n− 1 and
coefficients α1, . . . , αr ∈ K such that tA⊕B = ∑r

i=1 αiti
A⊕B. Hence,

soe(tA) = soeA(tA⊕B) = ∑ αi soeA(ti
A⊕B) = ∑ αi soe(ti

A) = ∑ αi soe(ti
B) = soe(tB).

Thus, the assertion in Theorem 4.1.14 implies the assertion in Lemma 4.1.13.

4.2 Cycles, Paths, and Trees

In this section, Theorems 4.1.2, 4.1.4, and 4.1.10 are showcased by reproving homo-
morphism indistinguishability characterisations of three well-studied equational
graph isomorphism relaxations. The equational relaxations we consider are feasibil-
ity of LP(G, H), i.e. the system AGX = XAH, for matrices X which are doubly
stochastic, pseudo-stochastic, or orthogonal, cf. Table 1.2. By Theorems 2.6.2
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and 3.4.3, the existence of such a doubly stochastic matrix is equivalent to ho-
momorphism indistinguishability over trees. By [61, Theorem 2], such a pseudo-
stochastic matrix exists if, and only if, the two graphs are homomorphism in-
distinguishable over paths. It is folklore, cf. Theorem 3.3.2, that homomorphism
indistinguishability over cycles is equivalent to the existence of such an orthogonal
matrix.

Given the correspondence between combinatorial operations on (bi)labelled
graphs and combinatorial operations on homomorphism tensors introduced in
Section 3.2, the following Corollaries 4.2.1, 4.2.3, and 4.2.4 are proven by applying
Theorems 4.1.2, 4.1.4, and 4.1.10 to the homomorphism tensors of bilabelled paths.

Recall A ∈ G(1, 1), the (1, 1)-bilabelled edge, cf. Example 3.2.3 and Figure 3.3c.
The homomorphism matrix AG is the adjacency matrix of the graph G, cf. Ex-
ample 3.2.9.

Corollary 4.2.1. For simple graphs G and H on at most n vertices, the following are
equivalent:

1. G and H are homomorphism indistinguishable over the class of cycles,
2. G and H are homomorphism indistinguishable over the class of cycles on at most

2n2 − 1 vertices,
3. there exists an orthogonal matrix X ∈ RV(G)×V(H) such that AGX = XAH.

Proof. Apply Theorem 4.1.2 with I := V(G) and J := V(H), and A := (AG) and
B := (AH). Series composition of A with itself yields precisely the (1, 1)-bilabelled
paths with labels at the vertices of degree ≤ 1, cf. Figure 3.5c. Taking the traces of
their homomorphism matrices amounts to identifying the labels of these paths and
thus counting homomorphisms from cycles into G and H, cf. Figure 3.6b.

By Theorem 4.1.3, it suffices to consider words in AG and AH of length at most
2n2 − 1. Each letter corresponds to an edge. Thus, homomorphism counts from
cycles on at most 2n2 − 1 vertices suffice.

By Theorem 3.3.2, considering cycles on at most n vertices suffices. The bound in
Corollary 4.2.1 is suboptimal as it is derived from the more general Theorem 4.1.3,
which, contrary to Newton’s identities, gives a criterion of simultaneous orthogonal
similarity of multiple matrices. Note that the orthogonal matrix in Corollary 4.2.1
and hence in Theorem 4.1.2 cannot be demanded to have rational entries despite
that the adjacency matrices of G and H are rational.

Remark 4.2.2 ([113, Theorem 7, Example 8]). There exist simple graphs G and H
which are homomorphism indistinguishable over the class of cycles such that there
exists no rational orthogonal matrix X ∈ QV(G)×V(H) satisfying AGX = XAH.

For paths, we obtain a result analogous to Corollary 4.2.1. The equivalence of the
first and last assertion was first shown by Dell, Grohe, & Rattan [61, Theorem 2].

66



4.2 Cycles, Paths, and Trees

Corollary 4.2.3. For simple graphs G and H on at most n vertices, the following are
equivalent:

1. G and H are homomorphism indistinguishable over the class of paths,
2. G and H are homomorphism indistinguishable over the class of paths on at most

2n vertices,
3. there exists a pseudo-stochastic matrix X ∈ QV(G)×V(H) such that AGX = XAH.

Proof. Recall the proof of Corollary 4.2.1 and invoke Theorem 4.1.4. Taking sums-of-
entries of homomorphism matrices of (1, 1)-bilabelled paths amounts to counting
homomorphisms from the underlying unlabelled paths into G and H, cf. Figure 3.5a.
By Theorem 4.1.6, it suffices to consider words in AG and AH of length at most
2n − 1. Each letter corresponds to an edge. Thus, homomorphism counts from
paths on at most 2n vertices suffice.

The characterisation from [61, Theorem 1] of homomorphism indistinguishability
over trees involves a non-negativity condition on the matrix X. While such an as-
sumption appears natural from the viewpoint of solving the system of equations for
fractional isomorphism, it lacks an algebraic or combinatorial interpretation. Using
Theorem 4.1.10, we reprove this known characterisation and give an alternative
description that emphasises its graph-theoretic origin. Recall the family of 1-labelled
trees T ⊆ G(1) defined in Section 3.4.

Corollary 4.2.4. For simple graphs G and H on at most n vertices, the following are
equivalent:

1. G and H are homomorphism indistinguishable over the class of trees,
2. G and H are homomorphism indistinguishable over all trees T for which there exists a

vertex r ∈ V(T) such that the rooted (T, r) is of depth at most n + 1 and maximum
out-degree at most 2n− 1,

3. G and H are homomorphism indistinguishable over all trees on at most (2n)n+1

vertices,
4. there exists a pseudo-stochastic matrix X ∈ QV(G)×V(H) satisfying AGX = XAH

and one of the following equivalent conditions:
a) all entries of X are non-negative,
b) XT H = TG for all 1-labelled trees T ∈ T ,
c) X preserves the Schur product on RTH , the space spanned by the T H for T ∈ T ,

i.e. X(u� v) = (Xu)� (Xv) for all u, v ∈ RTH.

Proof. By Theorem 4.1.14, the first two assertions are equivalent. A tree as in the
second assertion has at most ∑n+1

d=1(2n− 1)d−1 ≤ (2n)n+1 vertices. Hence, the third
assertion implies the second. Clearly, the first assertion implies the third.

For the last assertion, consider the following argument: The equivalence of
Items 4a and 4b is immediate from Lemma 4.1.11. Assuming Item 4b, Item 4c
follows since X(T H � SH) = X((T � S)H) = (T � S)G = TG � SG for all T , S ∈ T .
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Conversely, by induction on the structure of T ∈ T , if T = A · S for some S ∈ T ,
then XT H = AGXSH = TG by the assumption XAH = AGX. If T = R� S for some
R, S ∈ T , then the claim follows immediately from Item 4c.

We finally comment on the optimality of the bounds in Corollary 4.2.4.

Remark 4.2.5. By Corollary 6.3.10, homomorphism counts of constant degree trees
do not have the same distinguishing power as homomorphism counts from all
trees. In particular, the bound on the maximum degree in Corollary 4.2.4 cannot
be replaced with a constant. Furthermore, by [71], there exist graphs G and H on
n vertices which are distinguished by Colour Refinement but only in Θ(n) iterations.
Thus, by [61], cf. Theorem 3.4.1, these graphs are homomorphism indistinguishable
over all trees T for which there exists r ∈ V(T) such that the rooted tree (T, r) is
of depth Θ(n). Thereby, the bound in Corollary 4.2.4 on the depth of the trees is
asymptotically tight.

4.3 Cyclewidth, Pathwidth, Treewidth, and Treedepth

In Corollaries 4.2.1, 4.2.3, and 4.2.4, the machinery from Section 4.1 was applied to
involution monoids which are generated by a single non-trivial generator, namely
the bilabelled edge, cf. Figure 3.3c. In this section, we consider involution monoids
which are generated by more than one non-trivial generator. In the language of
Theorems 4.1.2, 4.1.4, and 4.1.10, this amounts to considering multiple matrices.
As before, the matrices are homomorphism matrices of bilabelled graphs. Using
multiple such graphs permits the treatment of more complicated graph classes such
the classes of graphs of bounded cycle-, path-, treewidth, and treedepth.

The following subsections feature four different algebro-combinatorial setups,
which are summarised in Figure 4.2. The algebraic structure of the considered class
of (bi)labelled graphs determines the domain of the matrix variables in the matrix
equations whose feasibility is equivalent to homomorphism indistinguishability
over the family of underlying unlabelled graphs. Domains covered by our results are
orthogonal matrices, pseudo-stochastic matrices, and doubly stochastic matrices. In
some cases, feasibility over two of these possible domains coincides (Section 4.3.4).

4.3.1 Cycle- and Pathwidth: Generators for Involution Monoids

The families of bilabelled graphs considered in this section all are involution monoids
in the following sense. For k ≥ 1, the class G(k, k) of all (k, k)-bilabelled graphs
forms an involution monoid whose binary operation is series composition, whose
involution operation is reversal, and whose neutral element is the identity graph
I = (I, (1, . . . , k), (1, . . . , k)) with V(I) = [k] and E(I) = ∅, cf. Figure 3.3b. Here it
is crucial to to regard isomorphic bilabelled graphs as equal, cf. Remark 3.2.4, since
every monoid necessarily has a unique neutral element.
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pseudo-stochastic solutions doubly stochastic solutions

orthogonal solutions
cyclic tr(S)

e.g. cycles, cyclewidth (Section 4.3.1)

R = S1 gluing-closed
e.g. treedepth (Section 4.3.4)

R = S1
e.g. paths, path-

width (Section 4.3.1)

R inner-product compatible
e.g. bounded degree

trees (Section 4.3.5)

R agglutinatively
generated by S

e.g. trees, treewidth (Section 4.3.2)

R gluing-closed
e.g. Eilenberg–Moore categories

of comonads (Section 4.3.3)

Figure 4.2: Interplay of a family of labelled graphs R ⊆ G(k) and a family of bil-
abelled graphs S ⊆ G(k, k) yielding matrix equations with orthogonal,
pseudo-stochastic, or doubly stochastic solutions. Arrows indicate im-
plications, e.g. every gluing-closed family of labelled graphs R is inner-
product compatible.
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This section features subclasses S ⊆ G(k, k) which also form involution monoids.
That is, they satisfy the following properties:

1. I ∈ S ,
2. S∗ ∈ S for all S ∈ S ,
3. S · S′ ∈ S for all S, S′ ∈ S .

An example of an involution monoid of (1, 1)-bilabelled graphs is the path monoid
of all (1, 1)-bilabelled paths with labels at opposing ends, cf. Figure 3.5c. In order
to derive systems of equations with finitely many equations, we consider finite
generating sets of involution monoids:

Definition 4.3.1. Let S be an involution monoid. A set B ⊆ S generates S if
1. I ∈ B,
2. B∗ ∈ B for all B ∈ B,
3. for all S ∈ S there exist B1, . . . , Br ∈ B such that S = B1 · · · Br.

For example, the path monoid is generated by the (1, 1)-bilabelled graph A
depicted by Figure 3.3c and the identity graph I, cf. Figure 3.5c.

Recall that F≤` := {F ∈ F | |V(F)| ≤ `} for a graph class F and ` ∈ N. For a
class S ⊆ G(k, k) of (k, k)-bilabelled graphs where k ≥ 1, write soe(S) := {soe(S) |
S ∈ S} and tr(S) := {tr(S) | S ∈ S}. Both soe(S) and tr(S) are classes of unlabelled
graphs. The following Theorem 4.3.2 is immediate from Theorems 4.1.2 to 4.1.4
and 4.1.6.

Theorem 4.3.2. Let k ≥ 1. Let S ⊆ G(k, k) be an involution monoid generated by B ⊆ S .
Let G and H be simple graphs on at most n vertices. Suppose that every graph in B has at
most b ∈N∪{∞} vertices and let N1 := 2nkb ∈N∪{∞} and N2 := 2n2kb ∈N∪{∞}.
Then the following are equivalent:

1. G and H are homomorphism indistinguishable over soe(S),
2. G and H are homomorphism indistinguishable over (soe(S))≤N1 ,
3. there exists a pseudo-stochastic matrix X ∈ QV(G)k×V(H)k

such that BGX = XBH

for all B ∈ B.
Furthermore, the following are equivalent:

1. G and H are homomorphism indistinguishable over tr(S),
2. G and H are homomorphism indistinguishable over (tr(S))≤N2 ,
3. there exists an orthogonal matrix U ∈ RV(G)k×V(H)k

such that BGU = UBH for all
B ∈ B.

Proof. In the set-up of Theorems 4.1.2 and 4.1.4, let I := V(G)k, J := V(H)k, and
M := B. Furthermore, let A (respectively, B) be the sequence of homomorphism
tensors BG (respectively, BH) for B ∈ B. Words w ∈ ΓM corresponds to bilabelled
graphs from S and vice-versa. The matrices wA and wB are homomorphism tensors
of such a bilabelled graph. With these observations, Theorem 4.3.2 is immediate
from Theorems 4.1.2 to 4.1.4 and 4.1.6.
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We remark that we are only interested in the order of magnitude of the paramet-
ers N1 and N2. In order to state Theorem 4.3.2 more clearly, we chose to be slightly
wasteful compared to Theorems 4.1.3 and 4.1.6. See also Section 9.1.

The remainder of this section features an application of Theorem 4.3.2 to homo-
morphism indistinguishability over graphs of bounded pathwidth and cyclewidth.
The prototypical example of an involution monoid is the family of graphs of path-
width at most k.

Definition 4.3.3. Let k ≥ 1. Let PW(k, k) denote the family of all (k, k)-bilabelled
graphs F = (F, u, v) such that F admits a path decomposition (P, β) with vertices
u, v ∈ V(P) satisfying

1. β(u) = {u1, . . . , uk} and β(v) = {v1, . . . , vk},
2. if u 6= v, then degP(u) = degP(v) = 1; if u = v, then degP(u) = degP(v) = 0,
3. |β(s)| = k for all s ∈ V(P) and |β(s) ∩ β(t)| = k− 1 for all st ∈ E(P).

The first two axioms of Definition 4.3.3 prescribe where in a path decomposition
the labelled vertices have to be placed. The last axiom makes subsequent arguments
easier and does not constitute a loss of generality, cf. Lemma 2.1.2. We first show
that PW(k, k) is an involution monoid.

Lemma 4.3.4. For k ≥ 1, PW(k, k) is an involution monoid.

Proof. Clearly, I ∈ PW(k, k) and PW(k, k) is closed under reversal. In order to
show that PW(k, k) is closed under series composition, let F = (F, u, v), and
F ′ = (F′, u′, v′) be elements of PW(k, k) and let (P, β), u, v ∈ V(P) and (P′, β′),
u′, v′ ∈ V(P′) be for F and F ′ as in Definition 4.3.3, respectively. The graph
F ′′ := F · F ′ is obtained by taking the disjoint union of F and F′ and identifying
vi with u′i for all i ∈ [k]. A suitable path decomposition (P′′, β′′) for F ′′ can be
constructed by taking the disjoint union of P and P′ and identifying v with u′. The
map β′′ : V(P′′) → 2V(F′′) is defined to coincide with β on V(P) and with β′ on
V(P′). On v and u′, where the two domains coincide, the maps β and β′ have the
same image in V(F′′). Let u′′ := u and v′′ := v′. Then (P′′, β′′), u′′ and v′′ are for F ′′

as in Definition 4.3.3.

The following Lemma 4.3.5 describes the unlabelled graphs which can be obtained
from the bilabelled graphs in PW(k, k) by unlabelling and taking traces.

Lemma 4.3.5. Let k ≥ 1.
1. The class soe(PW(k, k)) is the class of all graphs of pathwidth at most k− 1 on at

least k vertices.
2. The class tr(PW(k, k)) is the class of all graphs of cyclewidth at most k− 1 on at

least k vertices.

Proof. By Definition 4.3.3, every F ∈ soe(PW(k, k)) has pathwidth at most k− 1 and
at least k vertices. Conversely, if F has pathwidth at most k− 1 and at least k vertices,
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then, by Lemma 2.1.2, there exists a path decomposition (P, β) of F satisfying Item 3

of Definition 4.3.3. The labels can be arbitrarily placed on F in accordance with
Definition 4.3.3.

For the second claim, let F = (F, u, v) ∈ PW(k, k) be a bilabelled graph with path
decomposition (P, β) and u, v ∈ V(P) as in Definition 4.3.3. Let C denote the cycle
obtained from P by making a fresh vertex w adjacent to u and v. Extend β to C by
letting β(w) := β(u) ∪ β(v). In the unlabelled graph tr(F), the vertices ui and vi for
i ∈ [k] are respectively identified. Hence, (C, β) gives rise to a cycle decomposition
of tr(F) of width at most k.

Conversely, by Lemma 2.1.2, if F has cyclewidth at most k − 1 and at least
k vertices, then there is a cycle decomposition (C, β) of F satisfying Item 3 of
Definition 4.3.3. Pick any vertex w ∈ V(C). Let P denote the path obtained from
C by replacing w with two fresh vertices u and v adjacent to the two neighbours
of w respectively. Write X ⊆ β(w) for the set of all vertices x ∈ β(w) which do
not appear in all bags of (C, β), i.e. x 6∈ β(y) for some y ∈ V(C). For x ∈ X, let
c1, . . . , cr and d1, . . . , ds denote the vertices of C whose bags contain x. Suppose that
dsds−1 . . . d1wc1 . . . cr is a path in C and that u was made adjacent to c1, and v to d1.
Construct a graph F′ from F by replacing every x ∈ X by two vertices x′ and x′′ and
making x′ adjacent to all neighbours of x in β(c1) ∪ · · · ∪ β(cr) and x′′ adjacent to
all neighbours of x in β(d1) ∪ · · · ∪ β(ds). Define a path decomposition (P, γ) of F′

by letting γ(u) := (β(w) \ X) ∪ {x′ | x ∈ X} and γ(v) := (β(w) \ X) ∪ {x′′ | x ∈ X}.
Every other bag γ(z) for z ∈ V(P) \ {u, v} is obtained from β(z) by replacing x ∈ X
by x′ or x′′ depending on whether z is among the c1, . . . , cr or the d1, . . . , ds.

Let u, v ∈ V(F′)k be tuples comprised of the vertices of γ(u) and γ(v) such that
if ui = x′ for some x ∈ X and i ∈ [k], then vi = x′′. Also, if ui ∈ β(w) \ X for i ∈ [k],
then we require that ui = vi. Let F ′ := (F′, u, v). Taking the trace of F ′ has the effect
that, for every x ∈ X, the copies x′ and x′′ are identified. Hence, tr(F ′) ∼= F, as
desired.

To apply Theorem 4.3.2, it remains to give a set of generators for PW(k, k), cf.
Figures 3.3b and 4.3.

Lemma 4.3.6. Let B(k, k) denote the set of the following (k, k)-bilabelled graphs. For
1 ≤ i, j ≤ k,

• the identity graph I = (I, (1, . . . , k), (1, . . . , k)) with V(I) = [k], E(I) = ∅,
• the adjacency graphs Aij = (Aij, (k), (k)) with V(Aij) = [k] and E(A) = {ij},
• the forgetting graphs

Ji = (Ji, (1, . . . , k), (1, . . . , i− 1, i′, i + 1, . . . , k))

with V(Ji) = [k] ∪ {i′} and E(Ji) = ∅,
• the swap graphs

Sij = (Sij, (1, . . . , k), (1, . . . , i− 1, j, i + 1, . . . , j− 1, i, j + 1, . . . , k))
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(b) forgetting graph Ji.
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(c) swap graph Sij.

Figure 4.3: Bilabelled graphs in B(k, k) as defined in Lemma 4.3.6.

with V(Sij) = [k] and E(Sij) = ∅.
Then B(k, k) generates PW(k, k).

Proof. Clearly, B(k, k) ⊆ PW(k, k). Items 1 and 2 of Definition 4.3.1 are immediate.
It remains to verify Item 3: To that end, let F be an arbitrary graph with a path de-
composition (P, β) with vertices u, v ∈ V(P) and u, v ∈ V(F)k as in Definition 4.3.3.
The proof is by induction on |V(P)|.

If |V(P)| = 1, then u = v and {u1, . . . , uk} = {v1, . . . , vk}. Hence, there exists a
permutation σ : [k] → [k] such that ui = vσ(i) for all i ∈ [k]. Write σ = τ1 · · · τr as
product of transpositions. Then F = (F, u, v) is equal to

Sτ1 · · · Sτr · ∏
i,j∈[k] s.t. vivj∈E(F)

Aij,

a product of graphs in B(k, k).
If |V(P)| ≥ 2, let w ∈ V(P) denote the unique neighbour of u. Let P′ := P− u.

The subgraph F′ of F induced by
⋃

p∈V(P′) β(p) satisfies Definition 4.3.3 with the path
decomposition (P′, β|V(P′)), the vertices w, v, the tuple v and some tuple w ∈ V(F′)k

such that β(w) = {w1, . . . , wk} and wi = ui for all i ∈ [k] \ {`} for some ` ∈ [k]. Let
F ′ := (F′, w, v). Then

F = ∏
i,j∈[k] s.t. uiuj∈E(F)

Aij · J` · F ′.

The claim follows inductively.

In order to avoid the technicalities of working with small graphs, we record the
following Lemma 4.3.7, which describes a padding trick.

Lemma 4.3.7. Let F ′ ⊆ F be graph classes such that nK1 ∈ F ′ for some n ≥ 1. Suppose
that, for all graphs F ∈ F \ F ′, it holds that F + `K1 ∈ F ′ for some ` ≥ 1. Then, for all
simple graphs G and H, it holds that G ≡F H if, and only if, G ≡F ′ H.
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Proof. Since F ′ ⊆ F , it suffices to argue that the backward implication holds.
Suppose that G and H are homomorphism indistinguishable over F ′. Since nK1 ∈
F ′ for some n ≥ 1, it holds that |V(G)|n = hom(nK1, G) = hom(nK1, H) = |V(H)|n.
Hence, G and H have the same number of vertices. Suppose without loss of
generality that this number is non-zero. Let F ∈ F \ F ′. Then F + `K1 ∈ F ′ for
some ` ≥ 1. Hence, by Equation (2.1),

hom(F, G) =
hom(F + `K1, G)

hom(`K1, G)
=

hom(F + `K1, H)

hom(`K1, H)
= hom(F, H),

which implies that G and H are homomorphism indistinguishable over F .

For the case of the classes of graphs of pathwidth at most k or cyclewidth
at most k, we apply Lemma 4.3.7 with F being the respective graph class and
F≥k := {F ∈ F | |V(F)| ≥ k} assuming the role of F ′. With this choice of F ′, the
somewhat cumbersome assumptions of Lemma 4.3.7 can be alleviated for graph
classes which are minor-closed and closed under disjoint unions. For example, by
Lemma 4.3.5, it holds that two graphs G and H are homomorphism indistinguishable
over the class of graphs of pathwidth at most k if, and only if, G ≡soe(PW(k,k)) H.
In contrast, the class of graphs of cyclewidth at most k is not closed under disjoint
unions but satisfies the weaker assumptions of Lemma 4.3.7. Indeed, if a graph F
has at most k vertices, then it has cycle decomposition with a single bag and all
graphs F + nK1 for n ∈ N are also of cyclewidth at most k. Thus Lemmas 4.3.5
and 4.3.7 yield that two graphs G and H are homomorphism indistinguishable over
the class of graphs of cyclewidth at most k if, and only if, G ≡tr(PW(k,k)) H.

This concludes the preparation for obtaining a system of matrix equations char-
acterising homomorphism indistinguishability over graphs of bounded pathwidth
and cyclewidth via Theorem 4.3.2. For later reference in Section 4.4.1, we denote the
system of linear equations in Item 3 of Theorem 4.3.8 by PWk(G, H).

Theorem 4.3.8. Let k ≥ 1. For simple graphs G and H on at most n vertices, the following
are equivalent:

1. G and H are homomorphism indistinguishable over graphs of pathwidth at most k− 1,
2. G and H are homomorphism indistinguishable over graphs of pathwidth at most k− 1

on at most 2nk(k + 1) vertices,
3. there exists a pseudo-stochastic matrix X ∈ QV(G)k×V(H)k

such that BGX = XBH

for all B ∈ B(k, k).

Proof. In virtue of Lemma 4.3.6, we apply Theorem 4.3.2 to the involution monoid
PW(k, k) with generating set B(k, k). Write N := 2nk(k + 1). Consider the following
additional assertions:

4. G and H are homomorphism indistinguishable over graphs of pathwidth at
most k− 1 on at least k vertices,
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5. G and H are homomorphism indistinguishable over graphs of pathwidth at
most k− 1 on at least k vertices and at most N vertices.

By Theorem 4.3.2 and Lemma 4.3.5, Items 3 to 5 are equivalent. By containment
of the respective graph classes, Item 1 implies Item 2, which implies Item 5. By
Lemma 4.3.7, Items 1 and 4 are equivalent. This closes a cycle of implications.

Analogously, we obtain the following theorem:

Theorem 4.3.9. Let k ≥ 1. For simple graphs G and H on at most n vertices, the following
are equivalent:

1. G and H are homomorphism indistinguishable over graphs of cyclewidth at most k− 1,
2. G and H are homomorphism indistinguishable over graphs of cyclewidth at most k− 1

on at most 2n2k(k + 1) vertices,
3. there exists an orthogonal matrix U ∈ RV(G)k×V(H)k

such that BGU = UBH for all
B ∈ B(k, k).

4.3.2 Treewidth: Agglutinative Generation

The class of graphs of treewidth at most k− 1 is generated by the same generators as
PW(k, k), cf. Lemma 4.3.6. However, instead of only considering series composition,
we require the gluing product as well. To that end, recall the k-labelled version 1 of
the (k, k)-bilabelled graph I from Example 3.2.3 and Figure 3.3a.

Definition 4.3.10. Let k ≥ 1. Let S ⊆ G(k, k) be an involution monoid. The set
X ⊆ G(k) of graphs agglutinatively generated by S is inductively defined as follows:

1. 1 ∈ X ,
2. S · X ∈ X for S ∈ S and X ∈ X ,
3. X � X ′ ∈ X for X, X ′ ∈ X .

For a class R ⊆ G(k) where k ≥ 1, write soe(R) := {soe(R) | R ∈ R}. For
agglutinatively generated graph classes, the following general theorem follows from
Theorems 4.1.10 and 4.1.14:

Theorem 4.3.11. Let k ≥ 1. Let S ⊆ G(k, k) be an involution monoid generated by B ⊆ S .
Let X ⊆ G(k) be the class agglutinatively generated by S . Let G and H be simple graphs
on at most n vertices. Suppose that every graph in B has at most b ∈ N ∪ {∞} vertices
and let N := (2nk)nk+1b ∈N∪ {∞}. Then the following are equivalent:

1. G and H are homomorphism indistinguishable over soe(X ),
2. G and H are homomorphism indistinguishable over (soe(X ))≤N ,
3. there exists a doubly stochastic matrix X ∈ QV(G)k×V(H)k

such that BGX = XBH

for all B ∈ B.

Equipped with this general theorem, we now turn to establishing that the class of
graphs of bounded treewidth is subject to it. To that end, we first define a suitable
class of labelled graphs. Definition 4.3.12 parallels the definition of PW(k, k) from
Definition 4.3.3.
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4 Matrix Equations from Homomorphism Indistinguishability

Definition 4.3.12. Let k ≥ 1. Define T W(k) ⊆ G(k) as the class of k-labelled graphs
F = (F, u) such that there exists a tree decomposition (T, β) of F and a vertex
r ∈ V(T) such that

1. β(r) = {u1, . . . , uk} and
2. |β(s)| = k for all s ∈ V(T) and |β(s) ∩ β(t)| = k− 1 for all st ∈ E(T).

We show that T W(k) is the class which is agglutinatively generated by PW(k, k).

Lemma 4.3.13. Let k ≥ 1. The class soe(T W(k)) is the class of all graphs of treewidth
at most k − 1 on at least k vertices. Furthermore, T W(k) is agglutinatively generated
by PW(k, k).

Proof. The first assertions is immediate from Definition 4.3.12 and Lemma 2.1.2. For
the second assertion, write X for the class agglutinatively generate by PW(k, k).

We first show that all graphs in F = (F, u) ∈ X admit a tree decomposition (T, β)

of width at most k− 1 such that there is a vertex r ∈ V(T) with β(r) = {u1, . . . , uk}.
We call the vertex r the root of the decomposition. The hypothesis clearly holds for 1.

By structural induction, suppose that F = S · X for X = (X, x) ∈ X of lesser
complexity and S = (S, u, v) ∈ PW(k, k). Let (P, β) denote the path decomposition
of S with vertices u, v ∈ V(P) as stipulated in Definition 4.3.3. Let (T, γ) denote the
tree decomposition of X with root r whose existence is guaranteed by the inductive
hypothesis. Define a tree Q by taking the disjoint union of P and T and identifying
v and r. Define α : V(Q)→ 2V(F) via

α(q) =

{
β(q), if q ∈ V(P),

γ(q), if q ∈ V(T).

Since β(v) = γ(r) implicitly, the map α is a tree decomposition of width at most k
of F. By construction, all labelled vertices in F lie in the same bag.

If F = X � X ′, a tree decomposition for F can be constructed from the tree
decompositions of X and X ′ by taking the disjoint union of the decomposition trees
and identifying the roots.

Thus, every F = (F, u) ∈ X is such that F admits a tree decomposition (T, β) of
width at most k− 1 with a vertex r ∈ V(T) such that β(r) = {u1, . . . , uk}. By the
proof of Lemma 2.1.2, this tree decomposition can be modified while maintaining
β(r) such that it satisfies the second property of Definition 4.3.12. Hence, X ⊆
T W(k).

Conversely, we argue by induction on the size of decomposition tree T that every
F ∈ T W(k) with tree decomposition (T, β) is in X .

If |V(T)| = 1, then T is a path. Clearly, F ′ := (F, u, u) ∈ PW(k, k) and F = F ′1 ∈
X , as desired.

If |V(T)| > 1, distinguish two cases: First suppose that r has only one neighbour
r′. Define T′ as the tree obtained from T by deleting r and write F′ for the subgraph
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4.3 Cyclewidth, Pathwidth, Treewidth, and Treedepth

of F induced by
⋃

t′∈V(T′) β(t′). Let β′ denote the restriction of β to V(T′). By
Lemma 2.1.2, there is a unique index i ∈ [k] such that ui ∈ β(r) \ β(r′). Write x
for the unique vertex in β(r′) \ β(r). Then the inductive hypothesis applies to F′,
(T′, β′), r′ and v := u1 . . . ui−1xui+1 . . . uk ∈ V(F′)k. Then

F = A · Ji · (F′, v) ∈ X for A := ∏
`,j∈[k] s.t. u`uj∈E(F)

A`j.

Finally, suppose that r has multiple neighbours r′1, . . . , r′m. For i ∈ [m], write
Ti for the connected component of r′i in the forest obtained from T by deleting
r′1, . . . , r′i−1, r′i+1, . . . , r′m. Write F′i for the subgraph of F induced by

⋃
t′∈V(Ti) β(t′) and

β′i for the restriction of β to V(T′i ). Observe that r is of degree one in all graphs
T1, . . . , Tm. By the previous case, (F′i , u) ∈ X . Clearly, F =

⊙m
i=1(F′i , u) ∈ X .

This concludes the preparation for the proof of the main theorem of this section.

Theorem 4.3.14. Let k ≥ 1. For simple graphs G and H on at most n vertices, the following
are equivalent:

1. G and H are homomorphism indistinguishable over the class of graphs of treewidth at
most k− 1,

2. G and H are homomorphism indistinguishable over the class of graphs of treewidth at
most k− 1 on at most (2nk)nk+1(k + 1) vertices,

3. there exists a doubly stochastic X ∈ QV(G)k×V(H)k
such that XBG = BHX for all

B ∈ B(k, k).

Proof. In virtue of Lemma 4.3.6, we apply Theorem 4.3.11 to T W(k), which is
agglutinatively generated by the involution monoid PW(k, k) with generating set
B(k, k). Write N := (2nk)nk+1(k + 1). Consider the following additional assertions:

4. G and H are homomorphism indistinguishable over the class of graphs of
treewidth at most k− 1 on at least k vertices,

5. G and H are homomorphism indistinguishable over the class of graphs of
treewidth at most k− 1 on at least k vertices and at most N vertices.

By Theorem 4.3.11 and Lemma 4.3.13, Items 3 to 5 are equivalent. By containment
of the respective graph classes, Item 1 implies Item 2, which implies Item 5. By
Lemma 4.3.7, Items 1 and 4 are equivalent. This closes a cycle of implications.

4.3.3 Gluing-Closed Graph Classes

In preparation for Sections 4.3.4 and 6.4.3, we consider classes of labelled graphs
satisfying the following property:

Definition 4.3.15. Let k ≥ 1. A set R ⊆ G(k) is gluing-closed if R� R′ ∈ R for all
R, R′ ∈ R.
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Every agglutinatively generated graph class is gluing-closed. Other examples
of gluing-closed graph classes arise from the Eilenberg–Moore categories of co-
monads from [57]. The following Theorem 4.3.16 characterises homomorphism
indistinguishability over gluing-closed graph classes.

Theorem 4.3.16. Let k ≥ 1 andR ⊆ G(k). Suppose thatR is gluing-closed and contains 1.
For simple graphs G and H, the following are equivalent:

1. G and H are homomorphism indistinguishable over soe(R),
2. there exists a pseudo-stochastic matrix X ∈ QV(G)×V(H) such that XRH = RG for

all R ∈ R,
3. there exists a doubly stochastic matrix X ∈ QV(G)×V(H) such that XRH = RG for

all R ∈ R,
4. there exists a bijection π : V(G)k → V(H)k such that RG(v) = RH(π(v)) for all

v ∈ V(G)k and R ∈ R.

Proof. The theorem follows from Lemma 4.1.11. To that end, take Γ to be R. Since R
is gluing-closed and contains 1, it forms a monoid under the gluing product. Take
I := V(G)k and J := V(H)k. The representations ϕ and ψ are given by R 7→ RG and
R 7→ RH, respectively.

The bijection in Theorem 4.3.16 should be thought of as preserving the colouring
of the tuples v ∈ V(G)k and w ∈ V(H)k by the values of RG(v) for RH(w) for
R ∈ R, cf. Theorem 3.4.1.

4.3.4 Treedepth: Generation by Involution Monoids and Closure under
Gluing

By Theorem 3.4.5, homomorphism indistinguishability over graphs of treedepth at
most k corresponds to equivalence over the quantifier-rank-k fragment of first-order
logic with counting quantifiers Ck. We extend this characterisation by proposing a
linear system of equations very similar to the one for bounded pathwidth. In order
to infer such a system of equations, we consider another type of interaction between
labelled and bilabelled graphs. Let S ⊆ G(k, k) be an involution monoid. Write
S1 := {S · 1 | S ∈ S} ⊆ G(k). This section is concerned with the case when S1 is
gluing-closed. If S1 is gluing-closed, then pseudo-stochastic solutions exist if, and
only if, doubly stochastic solutions exist:

Theorem 4.3.17. Let k ≥ 1. Let S ⊆ G(k, k) be an involution monoid generated by
B ⊆ S . Suppose that S1 is gluing-closed. Let G and H be simple graphs on at most
n vertices. Suppose that every graph in B has at most b ∈ N ∪ {∞} vertices and let
N := 2nkb ∈N∪ {∞}. Then the following are equivalent:

1. G and H are homomorphism indistinguishable over soe(S),
2. G and H are homomorphism indistinguishable over (soe(S))≤N ,
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3. there exists a pseudo-stochastic matrix X ∈ QV(G)k×V(H)k
such that BGX = XBH

for all B ∈ B,
4. there exists a doubly stochastic matrix X ∈ QV(G)k×V(H)k

such that BGX = XBH

for all B ∈ B.

Proof. By Theorem 4.3.2, Items 1 to 3 are equivalent. Let X ⊆ G(k) denote the
class agglutinatively generated by S , cf. Definition 4.3.10. Since S1 is gluing-closed,
it follows inductively that X ⊆ S1. Conversely, S1 ⊆ X since taking product of
bilabelled graphs in S is one of the operations listed in Definition 4.3.10. Hence,
S1 = X . Theorem 4.3.11 yields that Items 1 and 4 are equivalent.

In order to apply Theorem 4.3.17, to the class of graphs of bounded treedepth, we
define the following class of bilabelled graphs.

Definition 4.3.18. Let k ≥ 1. The class T D(k, k) is the class of all (k, k)-bilabelled
graph F = (F, u, v) such that there exists a forest order ≤ on F satisfying

1. every edge uv ∈ E(F) is such that u ≤ v or v ≤ u,
2. for every leaf x ∈ V(F) of ≤, the set {z ∈ V(F) | z ≤ x} has size k,
3. u and v are paths from a root to a leaf, i.e. u1 < u2 < · · · < uk and v1 < v2 <

· · · < vk.
4. the leaves uk and vk have the least number of common ancestors among all

pairs of leaves of F, i.e. writing

ca(x, y) := |{z ∈ V(F) | z ≤ x ∧ z ≤ y}| (4.6)

for x, y ∈ V(F), it holds that ca(x, y) ≥ ca(uk, vk) for all pairs of leaves
x, y ∈ V(F).

Items 1 and 2 ensure that the underlying unlabelled graph F is of treedepth at
most k, cf. Section 2.1.4. Item 3 guarantees that this property is preserved under
series composition. The remaining Item 4 helps to establish that T D(k, k) is finitely
generated.

Lemma 4.3.19. For k ≥ 1, T D(k, k) is an involution monoid.

Proof. Clearly, T D(k, k) is closed under taking reverses and contains I. Given
F = (F, u, v) and F ′ = (F′, u′, v′) with forest orders ≤ and ≤′, define a forest order
≤′′ on F · F ′ by letting x ≤′′ y if x, y ∈ V(F) and x ≤ y or if x, y ∈ V(F′) and x ≤′ y.
Since v and u′ form paths from roots to leaves, this is a well-defined forest order.
Also, in ≤′′, u and v′ are paths from roots to leaves.

It remains to check that Item 4 is satisfied. First observe that ca(uk, vk), ca(u′k, v′k) ≥
ca(uk, v′k). Indeed, any common ancestor of uk and v′k must be an ancestor of vk,
which is identified with u′k. Let z denote the maximal vertex such that z ≤′′ uk, v′k.
Note that z ≤′′ vk, u′k. Every leaf x of F satisfies z ≤ x. Indeed, if z and x were
incomparable with respect to ≤, then ca(x, uk) < ca(uk, v′k) which contradicts the
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Figure 4.4: Bilabelled graphs in T DB(k, k) as defined in Lemma 4.3.21.

previous observation since ca(x, uk) ≥ ca(uk, vk). The same argument applies to
leaves of F ′. It follows that ca(x, y) ≥ ca(uk, v′k) for every pair of leaves x, y in
F · F ′.

The following Lemma 4.3.20 establishes another assumption of Theorem 4.3.17:

Lemma 4.3.20. For k ≥ 1, T D(k, k)1 is gluing-closed.

Proof. Given F = (F, u) and F ′ = (F′, u′) with forest order ≤ and ≤′, define a forest
order ≤′′ on F � F ′ by letting x ≤′′ y if x, y ∈ V(F) and x ≤ y or x, y ∈ V(F′) and
x ≤′ y. Since u and u′ form paths from roots to leaves, this is a well-defined forest
order. The other conditions in Definition 4.3.18 are easily verified.

It remains to define generators for T D(k, k). The graphs featured in Lemma 4.3.21

are depicted by Figures 3.3b and 4.4. See Figure 4.5 for an example.

Lemma 4.3.21. Let k ≥ 1. Define T DB(k, k) as the set of the following (k, k)-bilabelled
graphs:

• the identity graph I = (I, (k), (k)) with V(I) = [k] and E(I) = ∅,
• for i, j ∈ [k], the adjacency graphs Aij = (Aij, (k), (k)) with V(Aij) = [k] and

E(Aij) = {ij},
• for 0 ≤ ` < k, the join graphs J` = (J`, (k), (1, . . . , `, (` + 1)′, . . . , k′)) with

V(J`) = {1, . . . , k, (`+ 1)′, . . . , k′} and E(J`) = ∅.
Then T DB(k, k) generates T D(k, k).

Proof. Clearly, T DB(k, k) ⊆ T D(k, k) is closed under taking reverses and contains I.
For the second assertions, let F = (F, u, v) ∈ T D(k, k). Let ≤ denote a forest order
for F as in Definition 4.3.18. The proof is by induction on the number of leaves in ≤.

If there is only one leaf, then F is the series composition of the Aij such that
i, j ∈ [k] and uiuj ∈ E(F).

Now suppose that there are at least two leaves in ≤. Write X for the set of all
leaves x of ≤ other than uk such that ca(uk, x) is maximal, i.e. such that ca(uk, x) ≥
ca(uk, y) for all leaves y 6= uk. Let x ∈ X be such that ca(x, vk) is minimal, i.e.
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Figure 4.5: Example of a decomposition of bilabelled graph from T D(3, 3) into
generators from T DB(3, 3). The grey dotted arrows → indicate the
forest order ≤.

ca(x, vk) ≤ ca(y, vk) for all y ∈ X. Write D for the set of vertices z ∈ V(F) such that
z ≤ uk and z and x are incomparable. Note that D forms a chain in ≤.

Let F′ be the graph obtained from F by deleting all vertices in D. The forest order
≤ restricts to a forest order ≤′ of F′. Let F′′ be the subgraph of F induced by the
vertices z ≤ uk. Let w ∈ V(F′)k be the tuple satisfying w1 < w2 < · · · < wk = x.
Define F ′ := (F′, w, v) and F ′′ := (F′′, u, u). Clearly, F ′′ ∈ T D(k, k).

Towards showing that F ′ ∈ T D(k, k), only Item 4 of Definition 4.3.18 is not
straightforward. Distinguish cases.

• If ca(uk, x) > ca(uk, vk), then there is a vertex y such that y is a common
ancestor of uk and x but y is not an ancestor of vk. This implies that every
common ancestor of vk and x is comparable with y and hence ca(x, vk) =

ca(uk, vk). Hence, ca(a, b) ≥ ca(uk, vk) = ca(x, vk) for every pair of leaves a, b
in F′.

• If ca(uk, x) = ca(uk, vk), then all leaves a of F′ are in fact in X and the claim
follows readily.

The bilabelled graphs F ′, F ′′ ∈ T D(k, k) have less leaves than F. The claim follows
inductively, observing that F = F ′′ · J` · F ′ for 0 ≤ ` < k minimal such that
w`+1 6∈ {u1, . . . , uk}.

The above observations yield the following Theorem 4.3.22.

Theorem 4.3.22. Let k ≥ 1. Let G and H be simple graphs on at most n vertices. Then the
following are equivalent:

1. G and H are homomorphism indistinguishable over the class of graphs of treedepth at
most k,

2. G and H are homomorphism indistinguishable over the class of graphs of treedepth at
most k on at most 4knk vertices,

3. there exists a pseudo-stochastic matrix X ∈ QV(G)k×V(H)k
such that BGX = XBH

for all B ∈ T DB(k, k),
4. there exists a doubly stochastic matrix X ∈ QV(G)k×V(H)k

such that BGX = XBH

for all B ∈ T DB(k, k).

81



4 Matrix Equations from Homomorphism Indistinguishability

Proof. In virtue of Lemmas 4.3.19 to 4.3.21, we apply Theorem 4.3.17 to the gluing-
closed class of labelled graphs T D(k, k)1 and the generating set T DB(k, k). Write
N := 4knk. Consider the following additional assertions:

5. G and H are homomorphism indistinguishable over the class of graphs which
admit a forest order satisfying Items 1 and 2 of Definition 4.3.18,

6. G and H are homomorphism indistinguishable over the class of graphs on
at most N vertices which admit a forest order satisfying Items 1 and 2 of
Definition 4.3.18.

Observe that, for every graph F admitting a forest order satisfying Items 1 and 2

of Definition 4.3.18, one can pick u, v ∈ V(F)k such that Items 3 and 4 of Defini-
tion 4.3.18 are satisfied as well. Hence, by Theorem 4.3.17, Items 3 to 6 are equivalent.
By containment of the respective graph classes, Item 1 implies Item 2, which implies
Item 6.

By adding isolated vertices, any graph of treedepth at most k can be turned into
a graph with forest order satisfying Items 1 and 2 of Definition 4.3.18. Thus, by
Lemma 4.3.7, Items 1 and 5 are equivalent. This closes a cycle of implications.

4.3.5 Bounded Degree Trees: Inner-Product Compatibility

In this subsection, we turn to a class of labelled graphs which is endowed with less
algebraic structure than the graph classes considered before. The class of suitably
labelled trees of bounded degree trees is inner-product compatible. Inner-product
compatibility is the most general property considered here, cf. Figure 4.2.

Definition 4.3.23. Let k ≥ 1. A set R ⊆ G(k) is inner-product compatible if, for all
R, R′ ∈ R, there exists a labelled graph R′′ ∈ R such that 〈R, R′〉 = soe(R′′).

Since 〈R, R′〉 = soe(R � R′) for all R, R′ ∈ G(k), all gluing-closed classes of
labelled graphs are also inner-product compatible. Similarly, if R = S1 for some
involution monoid S ⊆ G(k, k), then R is inner-product compatible. This holds
since 〈S11, S21〉 = 〈1, S∗1S21〉 = soe(S∗1S21) for S1, S2 ∈ S .

In the following Theorem 4.3.24, we consider the spaces QRG ≤ QV(G)k
and

QRH ≤ QV(H)k
spanned by the RG and RH respectively for R ∈ R ⊆ G(k).

Theorem 4.3.24. Let k ≥ 1. Let R ⊆ G(k) be inner-product compatible containing 1.
Then for simple graphs G and H, the following are equivalent:

1. G and H are homomorphism indistinguishable over soe(R),
2. there exists an orthogonal pseudo-stochastic map U : QRH → QRG such that

URH = RG for all R ∈ R,
3. there exists a pseudo-stochastic matrix X ∈ QV(G)k×V(H)k

such that XRH = RG for
all R ∈ R.

Proof. Clearly, Item 3 implies Item 1. Assuming Item 1, we show that Item 2 holds.
By inner-product compatibility of R, for any R, R′ ∈ R there exists R′′ ∈ R such
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that 〈RG, R′G〉 = soe(R′′G) = soe(R′′H) = 〈RH, R′H〉. By Lemma 2.4.3, there exists an
orthogonal map U : QRH → QRG such that URH = RG for all R ∈ R. In particular,
U1H = 1G and U∗1G = 1H. Hence, U is pseudo-stochastic and Item 2 holds.

For the remaining implication from Item 2 to Item 3, define X : QV(G)k → QV(H)k

as the map coinciding with U on QRH and annihilating (QRH)
⊥. Then XRH =

URH = RG for all R ∈ R and in particular X1H = 1G. Furthermore, for all
v ∈ QRH, 〈v, X∗1G〉 = 〈Uv, 1G〉 = 〈v, U∗1G〉 = 〈v, 1H〉. For all v ∈ (QRH)

⊥,
〈v, X∗1G〉 = 0 = 〈v, 1H〉. Hence, X∗1G = 1H. Thus, Item 3 holds.

As noted above, all graph classes considered in previous sections enjoy properties
stronger than inner-product compatibility. The class of bounded degree trees,
however, does not possess any of the aforementioned properties.

Example 4.3.25. A d-ary tree is a tree whose vertices have degree at most d + 1. For
d ≥ 1, the family of 1-labelled d-ary trees T d with label at a vertex of degree at most
one is inner-product compatible.

The set T d is closed under guarded Schur products, i.e. under the d-ary operation

~d : G(1)× · · · × G(1)→ G(1)
(R1, . . . , Rd) 7→ A · (R1 � · · · � Rd)

The operation ~d induces a d-ary multilinear map on QV(G) for every graph G, i.e.
~d

G(u1, . . . , ud) := AG(u1 � · · · � ud) for u1, . . . , ud ∈ QV(G).

Theorem 4.3.26. Let d ≥ 1. For graphs G and H, the following are equivalent:
1. G and H are homomorphism indistinguishable over the class of d-ary trees,
2. there exists a pseudo-stochastic matrix X ∈ QV(G)×V(H) such that XT H = TG for

all T ∈ T d,
3. there exists a pseudo-stochastic matrix X ∈ QV(G)×V(H) such that X preserves ~d

on QT d
H , i.e. X(~d

H(u1, . . . , ud)) = ~d
G(Xu1, . . . , Xud) for all u1, . . . , ud ∈ QT d

H .

Proof. That Items 1 and 2 are equivalent follows directly from Theorem 4.3.24.
Assuming Item 2, let X ∈ QV(G)×V(H) be pseudo-stochastic such that XT H = TG

for all T ∈ T d. Then for all T1, . . . , Td ∈ T d,

X(~d
H(T

1
H, . . . , Td

H)) = X(~d(T1, . . . , Td))H

= (~d(T1, . . . , Td))G

= ~d
G(T

1
G, . . . , Td

G)

= ~d
G(XT1

H, . . . , XTd
H).

Finally, Item 1 follows inductively from Item 3 observing that every 1 6= T ∈ T d can
be written as T = ~d(S1, . . . , Sd) for some S1, . . . , Sd ∈ T d of lower depth.
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4.4 Comparison to Known Systems of Equations

In this section, we relate the matrix equations from Section 4.3 to the Sherali–Adams
linear programming hierarchy for graph isomorphism as defined in Section 2.6.1.
The goal is two-fold: Firstly, we confirm a conjecture of Dell, Grohe, & Rattan
[61] by showing that feasibility of SAk(G, H) over the rationals is equivalent to
the homomorphism indistinguishability of G and H over the class of graphs of
pathwidth at most k− 1. Secondly, we establish that an ordered variant of SAk(G, H)

corresponds to homomorphism indistinguishability over the class of graphs of
treedepth at most k.

For both instances, we establish an equality elimination result similar to [57,
Theorem 32]. They showed that every Ck-sentence is equivalent to one without
equality. We show that one of the systems SAk(G, H) and SAk

↔(G, H) is feasible
over the (non-negative) rationals if, and only if, the other is. The systems SAk(G, H)

and SAk
↔(G, H) differ in that SAk

↔(G, H) does not impose the equality constraints
of SAk(G, H). Hence, the equality constraints from the classical Sherali–Adams
system can be relaxed without curtailing its distinguishing power.

4.4.1 Sherali–Adams without Non-Negativity Constraints

We resolve the aforementioned conjecture by Dell, Grohe, & Rattan [61] by showing
that the system of equations SAk(G, H) is has a rational solution if, and only if,
the system of equations PWk(G, H) stated in Theorem 4.3.8 is feasible. The proof
repeatedly makes use of the observation that the equations in SAk(G, H) can be
viewed as equations in PWk(G, H) where certain (k, k)-bilabelled graphs model the
continuity and compatibility equations of SAk(G, H). Building on Theorem 4.3.8,
we obtain the following Theorem 4.0.1. The systems SAk(G, H) and SAk

↔(G, H) are
defined in Definition 2.6.7. The system PWk(G, H) is defined in Theorem 4.3.8.

Theorem 4.0.1. Let k ≥ 1. For simple graphs G and H, the following are equivalent:
1. G and H are homomorphism indistinguishable over the class of graphs of pathwidth

at most k− 1,
2. PWk(G, H) has a rational solution,
3. SAk

↔(G, H) has a rational solution,
4. SAk(G, H) has a rational solution.

Proof. By Theorem 4.3.8, Items 1 and 2 are equivalent. Clearly, Item 4 implies Item 3.
We first show that Item 2 implies Item 3. Since X already denotes the solution to

the system PWk(G, H) in Theorem 4.3.8, the variables of SAk(G, H) will be denoted
by Yπ instead of Xπ. Let Sk denote the symmetric group acting on k letters. For a
vector v ∈ V(G)k and σ ∈ Sk, write σ(v) for the vector vσ(1) . . . vσ(k).

Claim 4.4.0a. Let k ≥ 2. Let X denote a solution to PWk(G, H). Then

X(σ(v), σ(w)) = X(v, w)
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for all v ∈ V(G)k, w ∈ V(H)k, and σ ∈ Sk.

Proof of Claim. Recall the swap graph Sij from Lemma 4.3.6. Let τ denote the
transposition (ij) ∈ Sk. The equation Sij

GX = XSij
H of PWk(G, H) is equivalent to

X(τ(v), w) = X(v, τ(w)) for all v ∈ V(G)k and w ∈ V(H)k. Hence, writing σ ∈ Sk
as product of transpositions σ = τ1 · · · τr, it holds that

X(σ(v), w) = X(τ1 · · · τr(v), w) = X(τ2 · · · τr(v), τ1(w))

= · · · = X(v, τr · · · τ1(w)) = X(v, σ−1(w)),

as desired. C

The following Claim 4.4.0b shows that Equations (2.15) and (2.16) hold.

Claim 4.4.0b. Let ` ≥ 1. Let X ∈ QV(G)`+1×V(G)`+1
be a solution to PW`+1(G, H).

Then

∑
v′∈V(G)

X(vv, ww′) = ∑
w′∈V(H)

X(vv′, ww) =: X̆(v, w) (4.7)

for all v ∈ V(G)`, w ∈ V(H)`, v ∈ V(G), and w ∈ V(H). Furthermore, the
matrix X̆ ∈ QV(G)`×V(G)` defined in Equation (4.7) is a solution to PW`(G, H).

Proof of Claim. The first equality in Equation (4.7) is equivalent to J`+1
G X = XJ`+1

H
where J`+1 denotes the forgetting graph from Lemma 4.3.6 and Figure 4.3b. Clearly,
X̆ is pseudo-stochastic. It remains to argue that X̆ is a solution to PW`(G, H).

Let J denote the (1, 1)-bilabelled edgeless 2-vertex graph whose labels reside on
distinct vertices, cf. Figure 3.7a. For every B ∈ B(`, `), the (`+ 1, `+ 1)-bilabelled
graph B⊗ J can be written as series composition of graphs in B(`+ 1, `+ 1). Hence,
for arbitrary w ∈ V(H) and v ∈ V(G),

(X̆BH)(v, w) = (X(BH ⊗ JH))(vv, ww) = ((BG ⊗ JG)X)(vv, ww) = (BGX̆)(v, w).

This concludes the proof. C

It remains to consider Equation (2.17). To that end, Claim 4.4.0c is shown. Note
that the claim’s assertion is well-defined by Claim 4.4.0a.

Claim 4.4.0c. Let ` ≥ 1. Let X be a solution to PW`(G, H). Let v ∈ V(G)` and
w ∈ V(H)`. If π = {v1w1, . . . , v`w`} is not a local strong homomorphism, then
X(v, w) = 0.

Proof of Claim. If π is not a local strong homomorphism, then there exists i 6=
j ∈ [`] such that without loss of generality vivj ∈ E(G) but wiwj 6∈ E(H). By

Observation 3.2.11, this implies that Aij
G(v, v) = 1 while Aij

H(w, w) = 0. Moreover,
X(v, w)Aij

H(w, w) = (XAij
H)(v, w) = (Aij

GX)(v, w) = Aij
G(v, v)X(v, w) since the in-

and out-labels of Aij coincide. Hence, X(v, w) = 0. C
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This concludes the preparations for proving that Item 2 implies Item 3. Let
X denote a solution of PWk(G, H). Construct via Claim 4.4.0b solutions X` of
PW`(G, H) for 1 ≤ ` ≤ k satisfying Equation (4.7). Define Y∅ := 1 and, for every
non-empty π = {v1w1, . . . , v`w`} ∈ (V(G)×V(H)

≤k ), let Yπ := X|π|(v1 . . . v`, w1 . . . w`).
By Claim 4.4.0a, the entries of X do not depend on the ordering of the indices.
Thus, Y is well-defined. Then Equations (2.15) and (2.16) hold by Equation (4.7).
Equation (2.18) holds by Claim 4.4.0c, and Equation (2.17) by definition. Thus,
Item 3 holds.

That Item 4 implies Item 1 was shown in [61, Theorem 4]. For the sake of
completeness, we prove that Item 3 implies Item 2. To that end, let Y denote a
solution of SAk(G, H). Define a candidate solution X for PWk(G, H) by letting
X(v, w) := Y{v1w1,...,vkwk} for v ∈ V(G)k and w ∈ V(H)k. By repeatedly applying
Equations (2.15) and (2.16), it follows that X is pseudo-stochastic. For commutation
with the graphs from Lemma 4.3.6, three cases have to be considered: Let v ∈ V(G)k

and w ∈ V(H)k.
1. Let Aij be an adjacency graph. If (v, w) is a local strong homomorphism, then

Aij
G(v, v) = Aij

H(w, w) and thus X and Aij commute. If (v, w) is not a local
strong homomorphism, then X(v, w) = 0 and the tensors commute as well.

2. Let J` be a forgetting graph. To ease notation, suppose ` = k. Then by
Equations (2.15) and (2.16),

(XJk
H)(v, w) = ∑

w∈V(H)

X(v, w1 . . . wk−1w) = ∑
w∈V(H)

Y{v1w1,...,vk−1wk−1,vkw}

(2.15)
= Y{v1w1,...,vk−1wk−1}

(2.16)
= ∑

v∈V(G)

Y{v1w1,...,vk−1wk−1,vwk}

= ∑
v∈V(G)

X(v1 . . . vk−1v, w) = (Jk
GX)(v, w).

3. For the swap graphs, the statement follows as in Claim 4.4.0a since the value
of X does not depend on the ordering of the indices.

This shows that Item 3 implies Item 2.
We establish the remaining implication by showing that Item 1 implies Item 4.

To that end, we consider additional (k, k)-bilabelled graphs. For i, j ∈ [k], i 6= j, the
identification graph Iij is obtained from Aij, cf. Lemma 4.3.6, by contracting the edge
between vertices i and j, cf. Figure 4.6a. Write B′(k, k) := B(k, k)∪ {Iij | i, j ∈ [k], i 6=
j}. Write S for the involution monoid generated by B′(k, k). By structural induction
on S ∈ S , one may observe that, for every S = (S, u, v) ∈ S , there exists a path
decomposition (P, β) of S of width at most k− 1 with vertices u, v ∈ V(P) such that

1. β(u) ⊇ {u1, . . . , uk} and β(v) ⊇ {v1, . . . , vk}, and
2. if u 6= v, then degP(u) = degP(v) = 1; if u = v, then degP(u) = degP(v) = 0.

In particular, all graphs in soe(S) are of pathwidth at most k− 1. By Theorem 4.3.2,
if G and H are homomorphism indistinguishable over all graphs of pathwidth
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(b) I` from Theorem 4.0.2.

Figure 4.6: Bilabelled identification graphs from Theorems 4.0.1 and 4.0.2.

at most k − 1, then there exists a pseudo-stochastic X ∈ QV(G)k×V(H)k
such that

BGX = XBH for all B ∈ B′(k, k). Supplying this matrix X to the argument that
yielded that Item 2 implies Item 3 and adapting Claim 4.4.0c, shows that X can be
transformed into a solution to SAk(G, H).

As a corollary, we show that PWk(G, H) has a non-negative rational solution
if, and only if, SAk(G, H) has a non-negative rational solution. Consequently,
the system of linear equations PWk(G, H) has a non-negative rational solution
if, and only if, G and H are homomorphism indistinguishable over graphs of
treewidth at most k. Hence, the systems of equations PWk(G, H), for k ∈N, form
an alternative well-motivated hierarchy of linear programming relaxations of the
graph isomorphism problem.

Corollary 4.4.1. Let k ≥ 1. Let G and H be two simple graphs. Then the following are
equivalent:

1. G and H are homomorphism indistinguishable over the class of graphs of treewidth at
most k− 1,

2. PWk(G, H) has a non-negative rational solution,
3. SAk

↔(G, H) has a non-negative rational solution,
4. SAk(G, H) has a non-negative rational solution.

Proof. The equivalence of Items 1 and 2 follows from Theorem 4.3.14. Theorem 2.6.8
in conjunction with Theorems 3.4.3 and 3.4.4 yields that Items 1 and 4 are equivalent.
Alternatively, this follows by adapting the proof of Theorem 4.0.1 observing that the
transformations devised in Claims 4.4.0a and 4.4.0b preserve non-negativity. The
remaining implications follow as in the proof of Theorem 4.0.1.
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4.4.2 An Ordered Variant of Sherali–Adams

In this section, we reinterpret the systems of equations in Theorem 4.3.22 charac-
terising homomorphism indistinguishability over graphs of bounded treedepth as
an ordered variant of SAk(G, H). In contrast to SAk(G, H), it is equivalent for this
system to have an arbitrary rational solution and a non-negative rational solution.

In line with Section 2.6.1, a pair (v, w) ∈ V(G)` ×V(H)` for ` ≥ 1 is said to be
a local strong homomorphism if vivj ∈ E(G) ⇔ wiwj ∈ E(H) for all i, j ∈ [`]. A pair
(v, w) ∈ V(G)` ×V(H)` is said to be a local pseudo-isomorphism if it is a local strong
homomorphism and vi = vi+1 ⇔ wi = wi+1 for all i ∈ [`− 1].

Definition 4.4.2. Let k ≥ 1. For simple graphs G and H, consider the sys-
tem TDk(G, H) with variables X(v, w) for every pair of tuples v ∈ V(G)` and
w ∈ V(H)` for 0 ≤ ` ≤ k.

∑
v′∈V(G)

X(vv′, ww) = X(v, w) for all w ∈ V(H) and v ∈ V(G)`,
w ∈ V(H)` where 0 ≤ ` < k,

(4.8)

∑
w′∈V(H)

X(vv, ww′) = X(v, w) for all v ∈ V(G) and v ∈ V(G)`,
w ∈ V(H)` where 0 ≤ ` < k,

(4.9)

X((), ()) = 1, (4.10)

X(v, w) = 0 whenever (v, w) ∈ V(G)` ×V(H)`

for 1 ≤ ` ≤ k is not a local pseudo-
isomorphism.

(4.11)

Furthermore, consider the system TDk
↔(G, H) with the same variables as TDk(G, H)

and Equations (4.8) to (4.10) and

X(v, w) = 0 whenever (v, w) ∈ V(G)` ×V(H)`

for 1 ≤ ` ≤ k is not a local strong
homomorphism.

(4.12)

The main result of this section is the following:

Theorem 4.0.2. Let k ≥ 1. For simple graphs G and H, the following are equivalent:
1. G and H are homomorphism indistinguishable over the graphs of treedepth at most k,
2. TDk(G, H) has a non-negative rational solution,
3. TDk(G, H) has a rational solution,
4. TDk

↔(G, H) has a non-negative rational solution,
5. TDk

↔(G, H) has a rational solution.

Proof. We first establish that Items 1, 4, and 5 are equivalent. To that end, given
Theorem 4.3.22, it suffices to show that TDk

↔(G, H) has a (non-negative) rational
solution if, and only if, there is a (doubly stochastic) pseudo-stochastic matrix X
such that BGX = XBH for all B ∈ T DB(k, k).
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We first consider the implication from Item 1 to Item 4. Given a doubly stochastic
X ∈ QV(G)k×V(H)k

such that BGX = XBH for all B ∈ T DB(k, k), observe that if
(v, w) ∈ V(G)k ×V(H)k is not a local strong homomorphism, then X(v, w) = 0. In-
deed, in this case there exist 1 ≤ i 6= j ≤ k such that wiwj ∈ E(F) 6⇔ vivj ∈ E(F). In

particular, precisely one of Aij
G(v, v) and Aij

H(w, w) is zero. Then Aij
G(v, v)X(v, w) =

X(v, w)Aij
H(w, w) implies that X(v, w) = 0. Hence, Equation (4.11) holds for ` = k.

With this observation at hand, define a solution to TDk
↔(G, H) by invoking the

following claim whose proof is analogous to the proof of Claim 4.4.0b.

Claim 4.4.2a. Let ` ≥ 1. If X ∈ QV(G)`+1×V(H)`+1
is doubly stochastic and such that

BGX = XBH for all B ∈ T DB(`+ 1, `+ 1), then

∑
v′∈V(G)

X(vv, ww′) = ∑
w′∈V(H)

X(vv′, ww) =: X̆(v, w)

for all v ∈ V(G), w ∈ V(H), and v ∈ V(G)`, w ∈ V(H)`. Furthermore, the
matrix X̆ ∈ QV(G)`×V(H)` is doubly stochastic and such that BGX̆ = X̆BH for all
B ∈ T DB(`, `).

A solution to TDk
↔(G, H) can now be defined inductively invoking Claim 4.4.2a.

Equations (4.8) and (4.9) are immediate from Claim 4.4.2a. Equation (4.10) follows
since double stochasticity is preserved throughout the induction. Equation (4.11)
follows as observed initially.

For the implication from Item 5 to Item 1, define a pseudo-stochastic matrix
X ∈ QV(G)k×V(H)k

by extracting the values on V(G)k × V(H)k from a rational
solution Y to TDk

↔(G, H). By Equations (4.8) to (4.10), X is pseudo-stochastic. It
remains to consider commutation with the graphs from Lemma 4.3.21. To that end,
let (v, w) ∈ V(G)k ×V(H)k.

1. If (v, w) is a local strong homomorphism, then Aij
G(v, v) = Aij

H(w, w) for all
1 ≤ i 6= j ≤ k. Hence, Aij

G(v, v)X(v, w) = X(v, w)Aij
H(w, w). If (v, w) is not a

local strong homomorphism, then the same assertions follows readily from
Equation (4.11).

2. For 0 ≤ ` < k, by repeatedly applying Equations (4.8) and (4.9),

(XJ`H)(v, w) = ∑
w`+1,...,wk∈V(H)

X(v, w1 . . . w`w`+1 . . . wk)

= Y(v1 . . . v`, w1 . . . w`)

= (J`GX)(v, w).

Since the system TDk(G, H) is more restrictive than the system TDk
↔(G, H), Item 2

implies Items 3 and 4, which respectively imply Item 5. Thus it remains to argue that
Item 1 implies Item 2. To that end, consider the following additional (k, k)-bilabelled
graphs. For ` ∈ [k− 1], the identification graph I` is obtained from A`,`+1 by contra-
dicting the edge between the vertices labelled ` and `+ 1, cf. Figure 4.6b.
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4 Matrix Equations from Homomorphism Indistinguishability

Write T DB′(k, k) := T DB(k, k) ∪ {I` | ` ∈ [k − 1]} and S for the involution
monoid generated by T DB′(k, k). By structural induction on the elements of S , it
is easy to see that every F = (F, u, v) ∈ S is such that there exists a forest cover ≤
of F of depth at most k such that u1 ≤ u2 ≤ · · · ≤ uk and v1 ≤ v2 ≤ · · · ≤ vk.
In particular, every graph in soe(S) has treedepth at most k. Furthermore, S1 is
gluing-closed. By Theorem 4.3.17, assuming Item 1, there exists a doubly stochastic
X ∈ QV(G)k×V(H)k

such that BGX = XBH for all B ∈ T DB′(k, k). As above, it
follows that a solution of TDk

↔(G, H) can be constructed from X. This solution
satisfies additionally Equation (4.11).

4.5 Matrix Equations from Augmented Homomorphism
Tensors

In this section, we construct a system of equations whose feasibility characterises
homomorphism indistinguishability over the class T k

q of graphs which admit a
k-pebble forest cover of depth ≤ d, cf. Definition 2.1.3. By Theorem 3.4.6, two graphs
are homomorphism indistinguishable over T k

q if, and only if, they are Ck
q-equivalent.

The main difficulty arising when applying the strategy utilised in Sections 4.2
and 4.3 to T k

q is that there is no obvious way to define labelling and operations
such that the resulting class of labelled graphs is closed under these. We overcome
this obstacle by promoting the labels from mere distinguished vertices to objects
encoding the role the labelled vertices play in the associated pebble forest cover.
Subsequently, the gluing operation can be restricted to pairs of labelled graphs whose
labels play the same role. While this resolves the combinatorial problems regarding
labelling, operations, and finite generation, alterations have to be made also on the
algebraic side. For this purpose, we introduce augmented homomorphism tensors
of labelled graphs which not only encode the homomorphism counts but also the
role of the labelled vertex in the decomposition.

Although this approach might appear to be tailored to T k
q , it is in fact inspired

by categorical principles laid out in [2, 4, 57]. Their framework of comonads on
the category of relational structures has given rise to a categorical language for
capturing natural graph classes and decompositions leading moreover to results in
homomorphism indistinguishability [57, 129, 3]. We introduce bilabelled graphs aug-
mented by additional information accompanied by corresponding representations
and operations. In [146, Appendix C], we argue that this approach can be viewed as
an instantiation of a comonadic strategy for homomorphism indistinguishability in
the case of the pebbling comonad [2, 57].

The material in this section is based on joint work with Gaurav Rattan and has first
been published in [145]. The main result of this paper [145, Theorem 1.3] introduces
a linear system of equations whose feasibility characterises indistinguishability of
two graphs under q iterations of the k-dimensional Weisfeiler–Leman algorithm, for
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4.5 Matrix Equations from Augmented Homomorphism Tensors

k ≥ 1, q ≥ 0. In this section, we prove a similar result characterising Ck
q-equivalence

in terms of the feasibility of a linear system of equations. Although being much
alike, Ck

q-equivalence and indistinguishability after q iterations of wlk are not quite
the same.6 For the purpose of this thesis, we choose to cover only Ck

q-equivalence.
Thereby, Theorem 3.4.6 can be used as a black box without deviating from the main
subject of this thesis.

First, we deviate from Section 4.3 by augmenting the labels with information
about the role they play in a fixed pebble forest cover. Recall the definition of T k

q

from Definition 2.1.3. As observed in Section 2.1.4, every graph in T k
q has treedepth

at most q. Thus, when introducing bilabelled graphs whose underlying unlabelled
graphs are those in T k

q in the following Definition 4.5.1, we build on the definition
of T D(q, q) from Definition 4.3.18.

Definition 4.5.1. Let k, q ≥ 1. Let T̂ k(q, q) denote the set of all tuples F̂ =

(F, pin, pout) such that F = (F, u, v) ∈ T D(q, q) is a (q, q)-bilabelled graph and there
exists a k-pebble forest cover ≤ for F with pebbling function p : V(F) → [k] such
that pin, pout : [q]→ [k] are functions such that pin(i) = p(ui) and pout(i) = p(vi) for
all i ∈ [q]. The set T̂ k(q, q) furthermore contains the symbol ⊥.

Recording not only the graph and its in- and out-labels but also the value of the
pebbling function at the labels allows us to introduce well-defined operations in the
next section. The symbol ⊥ will be used to define the result of an operation which
is not permitted. We first augment the homomorphism tensors from Definition 3.2.8
by information about the pebbling functions.

Definition 4.5.2. Let k, q ≥ 1 and F̂ = (F, pin, pout) ∈ T̂ k(q, q). For a graph G,
define the augmented homomorphism tensor F̂G ∈ NV(G)k×V(G)` of F with respect
to G by letting F̂G := FG ⊗ epin eT

pout
∈ NV(G)q×V(G)q ⊗N[k][q]×[k][q] . The augmented

homomorphism tensor of ⊥ with respect to any graph is the zero tensor.

Here, ep ∈ N[k][q] for p : [q] → [k] denotes the vector which is 1 at the entry
indexed by p and 0 at all other entries. If G has n vertices, then F̂G has dimension
(nk)2q. In the application scenario envisaged in [145], k and q are considered to be
constants. Under these assumptions, the augmented homomorphism tensors have
polynomial dimension. Given Definitions 4.5.1 and 4.5.2, we can formally state the
theorem which we desire to prove in this section. It provides a linear system of
equations whose feasibility characterises Ck

q-equivalence.

Theorem 4.5.3. Let k, q ≥ 1. For simple graphs G and H, the following are equivalent:
1. G and H are Ck

q-equivalent,
2. G and H are homomorphism indistinguishable over T k

q ,

6After one iteration of wlk, any two non-isomorphic graphs on at most k vertices are distinguished.
In Ck

1, one can express only unary properties and e.g. 2K1 and K2 are not distinguished.
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4 Matrix Equations from Homomorphism Indistinguishability

3. there exists a pseudo-stochastic X ∈ QV(G)q×V(H)q ⊗Q[k][q]×[k][q] such that B̂GX =

XB̂H for all B̂ ∈ B̂k(q, q),
4. there exists a doubly stochastic X ∈ QV(G)q×V(H)q ⊗Q[k][q]×[k][q] such that B̂GX =

XB̂H for all B̂ ∈ B̂k(q, q).

The second step towards Theorem 4.5.3 is to define combinatorial operations on
T̂ k(q, q) and accompanying algebraic operations respecting the augmented homo-
morphism representation. Due to the correspondence between these operations,
which is established in Lemma 4.5.6, we abusively use the same notation for both.
The following combinatorial operations are adaptions of operations on bilabelled
graphs from Definition 3.2.6.

Definition 4.5.4. Let k, q ≥ 1. Let F̂ = (F, pin, pout), F̂
′
= (F ′, p′in, p′out) ∈ T̂ k(q, q).

1. The unlabelling of F̂ 6= ⊥, denoted by soe(F̂), is the underlying unlabelled
graph of F. The unlabelling of ⊥ is undefined.

2. The reverse of F̂ := (F, pin, pout) is F̂
∗
= (F∗, pout, pin). The reverse of ⊥ is ⊥.

3. The series composition of F̂ and F̂
′

is defined to be ⊥ if pout 6= p′in and otherwise
to be (F · F ′, pin, p′out). The series composition of ⊥ with any element of
T̂ k(q, q) on either side is ⊥.

Unlabelling establishes a connection to unlabelled graphs. Reversal is needed
for algebraic purposes, cf. Theorem 4.1.4, while series composition is the operation
under which finite generation will be proven in Lemma 4.5.8. Recall the definition
of T k

q from Definition 2.1.3.

Lemma 4.5.5. Let k, q ≥ 1. T̂ k(q, q) is closed under reversal and series composition. The
graphs obtained from elements of T̂ k(q, q) \ {⊥} by unlabelling are in T k

q .

Proof. The closure of T̂ k(q, q) under reversal and the assertion that graphs obtained
from elements of T̂ k(q, q) by unlabelling are in T k

q follow immediately from Defini-
tion 4.5.1.

It remains to show that T̂ k(q, q) is closed under series composition. To that end,
let F̂ = (F, pin, pout) and F̂

′
= (F ′, p′in, p′out) be elements of T̂ k(q, q), without loss of

generality different from ⊥. If pout 6= p′in, then the result of the series composition
is ⊥ ∈ T̂ k(q, q).

Otherwise, it follows from Lemma 4.3.19 that F · F ′ ∈ T D(k, k). In the proof of
Lemma 4.3.19 a forest cover of F · F ′ is constructed by taking the disjoint union of
the forest covers of F and F ′ and identifying the out-labelled vertices of F with the
in-labelled vertices of F ′. Since pout = p′in, a suitable pebbling function for this forest
cover can be obtained in the same way from the pebbling functions of F and F ′.

The following Lemma 4.5.6 extends Lemma 3.2.14 to augmented homomorphism
tensors.
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4.5 Matrix Equations from Augmented Homomorphism Tensors

Lemma 4.5.6. Let F̂ = (F, pin, pout), F̂
′
= (F ′, p′in, p′out) ∈ T̂ k(q, q). Let G be a graph.

1. Unlabelling corresponds to sum-of-entries, i.e. hom(soe(F̂), G) = soe(F̂G) when
F̂ 6= ⊥.

2. Reversal corresponds to transposition, i.e. (F̂
∗
)G = (F̂G)

∗.
3. Series composition corresponds to matrix product, i.e. (F̂ · F̂ ′)G = F̂G · F̂

′
G.

Proof. The correspondence between reversal and transposition is purely syntactical.
For the correspondence of unlabelling and sum-of-entries, recall Lemma 3.2.14 and
observe that

hom(soe(F̂), G) = hom(soe(F), G)

= ∑
v,v′∈V(G)q

FG(v, v′)

= ∑
v,v′∈V(G)q,
p,p′ : [q]→[k]

FG(v, v′)eT
p epin eT

pout
ep′

= soe(F̂G).

Finally, consider series composition and matrix product. If one of the factors is ⊥,
whose augmented homomorphism tensor is the zero tensor, the statement is readily
verified. Otherwise, let u, u′ ∈ V(G)q and p, p′ : [q]→ [k] be arbitrary.

(F̂G · F̂
′
G)(u, p; u, p′) = ∑

v∈V(G)q,
r : [q]→[k]

F̂G(u, p; v, r)F̂
′
G(v, r; u′, p′)

= ∑
v∈V(G)q,
r : [q]→[k]

FG(u, v)F ′G(v, u′)δp=pin δpout=r=p′in
δp′out=p′

= ∑
v∈V(G)q

FG(u, v)F ′G(v, u′)δp=pin δpout=p′in
δp′out=p′

=

{
(F · F ′)G(u, u′)δp=pin δp′out=p′ , if pout = p′in,

0, otherwise,

= (F̂ · F̂ ′)G(u, p; u, p′).

The last equality holds by Lemma 3.2.14 and Definition 4.5.4.

To prove that T̂ k(q, q) is finitely generated under series composition, we define
the set B̂k(q, q) extending T DB(q, q) from Lemma 4.3.21.

Definition 4.5.7. Let k, q ≥ 1. The set B̂k(q, q) is the subset of T̂ k(q, q) containing
the following elements:

• the identity graph (I, p, p), where I ∈ T DB(q, q) for every p : [q]→ [k].
• the adjacency graph (Aij, p, p) for 1 ≤ i, j ≤ q, where Aij ∈ T DB(q, q) for every

p : [q]→ [k] such that p(i) 6= p(`) for all i < ` ≤ j.
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4 Matrix Equations from Homomorphism Indistinguishability

• the join graph (J`, pin, pout) for 0 ≤ ` < q, where J` ∈ T DB(q, q) for every
pin, pout : [q]→ [k] such that pin|[`] = pout|[`].

Observe that I, Aij, and Jij admit forest covers compatible with all stipulated
pebbling functions.

Lemma 4.5.8. Let k, q ≥ 1. For every F̂ ∈ T̂ k(q, q), there exist B̂
1
, . . . , B̂

r ∈ B̂k(q, q) for
some r ∈N such that F̂ is the series composition of B̂

1
, . . . , B̂

r
, i.e. F̂ = B̂

1 · · · · · B̂r
.

Proof. Let F̂ = (F, pin, pout). By Lemma 4.3.21, there exist B1, . . . , Br ∈ T DB(q, q)
such that F = B1 · · · · · Br. Each of the soe(Bi) can be regarded as subgraph of soe F.
Thus, the Bi inherit pebbling functions from the pebbling function of F̂.

As a final step, we apply Theorems 4.1.4 and 4.1.10 to the augmented homo-
morphism tensors of the elements of T̂ k(q, q).

Proof of Theorem 4.5.3. The equivalence of Items 1 and 2 follows from Theorem 3.4.6.
The implication from Item 2 to Items 3 and 4 follows from Theorems 4.1.4 and 4.1.10,
respectively, combined with Lemmas 4.5.5, 4.5.6, and 4.5.8. See also the proof of
Theorem 4.3.17.

Clearly, Item 4 implies Item 3. For the remaining implication from Item 3 to
Item 2 observe as in the proof of Theorem 4.3.22 that the graphs in soe(T̂ k(q, q))
are precisely those which admit a k-pebble forest covers all whose maximal totally
ordered subsets have size exactly q. By invoking Lemma 4.3.7, it follows that homo-
morphism indistinguishability over this graph class is equivalent to homomorphism
indistinguishability over T k

q .
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from Matrix Equations

In Chapter 4, we demonstrated how to characterise a given homomorphism in-
distinguishability relation as feasibility of some matrix equation. For example,
starting from the class of graphs of bounded treedepth, we constructed a system
of linear equations in Definition 4.4.2, which is feasible for two graphs if, and only
if, they are homomorphism indistinguishable over this graph class. In this chapter,
we take the opposite approach: We start with a well-known system of equations,
namely the level-t Lasserre relaxation Lt(G, H) of the graph isomorphism quadratic
program QP(G, H), cf. Definition 2.6.9, and construct a graph class Lt such that
G and H are homomorphism indistinguishable over Lt if, and only if, Lt(G, H) is
feasible. Remarkably, our characterisation of feasibility of Lt(G, H) as homomorph-
ism indistinguishable relations allows to precisely measure the Lasserre hierarchy’s
distinguishing power compared to the Sherali–Adams hierarchy.

In [43, 138, 23], it was shown that only the level-Ω(n) Lasserre system of equa-
tions can distinguish all non-isomorphic n-vertex graphs. In general and not only
for graph isomorphism, feasibility of the level-t Lasserre relaxation of an integer
program implies feasibility of its level-t Sherali–Adams relaxation [107]. For graph
isomorphism, it was shown by Atserias & Fijalkow [13] that the converse holds
up to multiplicative offset in the number of levels. Thus, perhaps surprisingly,
the Lasserre hierarchy is not more powerful than the Sherali–Adams hierarchies
when applied to graph isomorphism. More precisely, by [13, Corollary 6.7], there
exists a constant c such that if the level-ct Sherali–Adams relaxations SAct(G, H)

is feasible over the non-negative reals for two graphs G and H, then the level-t
Lasserre relaxation Lt(G, H) is feasible over the reals. However, this constant c is
not explicit in [13] and depends on the implementation details of an algorithm
developed in that paper. This chapter’s main result asserts that c can be taken to be
three and that this constant is best possible.7

7The constant c in [13, Theorem 6.3] depends on the implementation details of the algorithm that
yields [13, Corollary 5.1], which in turn depends on the precise version of the Lasserre system
of equations used there. As discussed in [152, Appendix A], our Lasserre system of equations is
defined slightly differently. In Theorem 5.0.1, we abstract from these details by proving a statement
that involves only the feasibility of Lt(G, H) and SAt(G, H). Since our Lasserre formulation and
the one in [13] distinguish the same pairs of graphs [152, Lemma A.1], Theorem 5.0.1 yields that c
in [13, Theorem 6.3] can be taken to be three (and that this is best possible). Theorem 5.0.1 does
not imply bounds on the complexity of the algorithm yielding [13, Corollary 5.1].
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Theorem 5.0.1. For simple graphs G and H and every t ≥ 1, consider the following
assertions:

1. SA3t(G, H) has a non-negative rational solution,
2. Lt(G, H) has a real solution,
3. SAt(G, H) has a non-negative rational solution.

The implications 1⇒ 2⇒ 3 hold.
Furthermore, for every t ≥ 1, there exist simple graphs G and H such that SA3t−1(G, H)

has a non-negative rational solution but Lt(G, H) has no real solution.

We prove Theorem 5.0.1 by constructing graph classes Lt for t ≥ 1 such that
Lt(G, H) has a real solution if, and only if, G and H are homomorphism indistin-
guishable over Lt. To that end, we build on the correspondence between bilabelled
graphs and their homomorphism tensors from Section 3.2, which was also used
in Chapter 4. As a further proof ingredient, we generalise linear-algebraic tech-
niques developed by Mančinska, Roberson, Šámal, Severini, & Varvitsiotis [125] and
Mančinska, Roberson, & Varvitsiotis [126].

By Corollary 4.4.1, the system SAt(G, H) has a non-negative real solution if,
and only if, G and H are homomorphism indistinguishable over all graphs of
treewidth at most t− 1. We obtain Theorem 5.0.1 by analysing the treewidth of the
graphs in Lt. More precisely, we show that all graphs in Lt have treewidth at most
3t− 1. This yields the upper bound in Theorem 5.0.1 via Theorems 3.4.3 and 2.6.8.
The lower bound is deferred to Corollary 6.4.2, as it requires the homomorphism
distinguishing closure, which is introduced in Definition 6.0.1.

Our techniques extend to a stronger version of the Lasserre hierarchy which
imposes non-negativity constraints on all variables. For every t ≥ 1, we construct a
graph class L+

t such that Lt(G, H) has a non-negative real solution if, and only if, G
and H are homomorphism indistinguishable over L+

t . By Theorem 4.0.1, the system
SAt(G, H) has a rational solution if, and only if, G and H are homomorphism
indistinguishable over the class of graphs of pathwidth at most t− 1. Given these
result, we conduct a detailed study of the relationship between the class of graphs
of bounded treewidth, pathwidth, and the classes Lt and L+

t . The results, depicted
by Figure 5.1, yield independent proofs of the known relations between feasibility
of the Lasserre relaxation with and without non-negativity constraints and the
Sherali–Adams relaxation with and without non-negativity constraints [23, 13]
using homomorphism indistinguishability.

Chapter Outline. In Section 5.1, we derive several linear-algebraic reformulations
of the system Lt(G, H) generalising [125, 126]. Ultimately, we obtain an equivalent
system of equations involving homomorphism tensors of graphs from Lt and L+

t .
In Section 5.2, we study the graph-theoretic properties of the graph classes Lt

and L+
t . The results in this chapter are joint work with David E. Roberson and were

previously published in [151, 152].
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OP PW2t−1 T Wmax{2t−1,2}

T W t−1 Lt L+
t T W3t−1

Figure 5.1: Relationships between Lt, L+
t , the classes of graphs of bounded

treewidth, bounded pathwidth, and the class OP of outerplanar graphs
for t ≥ 1. An arrow A → B indicates that A ⊆ B and thus that G ≡B H
implies G ≡A H for all simple graphs G and H. For formal statements,
see Sections 5.2.1, 5.2.2, and 5.2.4.

5.1 From Lasserre to Homomorphism Tensors

In this section, the tools are developed which will be used to translate a solution to
the level-t Lasserre relaxation into a statement on homomorphism indistinguishabil-
ity. For this purpose, three equivalent characterisations of the feasibility of Lt(G, H)

over the reals and the non-negative reals are introduced. Theorems 5.1.1 and 5.1.2
summarise our results. The notions in Items 2–4 and the graph classes Lt and L+

t
are defined in Sections 5.1.1, 5.1.2, 5.1.4, and 5.2, respectively. Most of the proofs
are of a linear-algebraic nature. Graph-theoretic repercussions are discussed in
Section 5.2.

Theorem 5.1.1. Let t ≥ 1. For simple graphs G and H, the following are equivalent:
1. Lt(G, H) has a real solution,
2. G and H are level-t PSD-isomorphic, cf. Definition 5.1.3,
3. there is a level-t PSD-isomorphism map from G to H, cf. Theorem 5.1.6,
4. G and H are partially t-equivalent, cf. Definition 5.1.10,
5. G and H are homomorphism indistinguishable over Lt, cf. Definition 5.2.1.

Theorem 5.1.2. Let t ≥ 1. For simple graphs G and H, the following are equivalent:
1. Lt(G, H) has a non-negative real solution,
2. G and H are level-t DNN-isomorphic, cf. Definition 5.1.3,
3. there is a level-t DNN-isomorphism map from G to H, cf. Theorem 5.1.6,
4. G and H are t-equivalent, cf. Definition 5.1.12,
5. G and H are homomorphism indistinguishable over L+

t , cf. Definition 5.2.1.

Variants of the notions in Items 2–4 have already been defined for the case t = 1
in [126]. Our contribution amounts to extending these definitions to the entire
Lasserre hierarchy. A recurring theme in this context is accounting for additional
symmetries. The variables yI of Lt(G, H), cf. Definition 2.6.9, are indexed by sets of
vertex pairs rather than by tuples of such. Hence, when passing from such variables
to tuple-indexed matrices, one must impose the additional symmetries arising this
way. This is formalised at various points using an action of the symmetric group
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on the axes of the matrices. In the case t = 1, such a set-up is not necessary since
indices I are of size at most two and all occurring matrices can be taken to be
invariant under transposition.

In the subsequent sections, Theorems 5.1.1 and 5.1.2 will be proven in parallel.
The equivalence of Items 1 and 2, 2 and 3, and 3 and 4 are established in Section 5.1.3,
Section 5.1.2, and Section 5.1.4, respectively. The statements on homomorphism
indistinguishability are proven in Section 5.2.

5.1.1 Isomorphism Relaxations via Matrix Families

In this section, as a first step towards proving Theorems 5.1.1 and 5.1.2, the notion
of level-t K-isomorphic graphs for arbitrary families of matrices K is introduced. In
[126], level-1 K-isomorphic graphs were studied for various families of matrices K.
In this work, the main interest lies on the family PSD of positive semidefinite
matrices and the family DNN of entry-wise non-negative positive semidefinite
matrices. Level-t isomorphism for these families is proven to correspond to feasibility
of Lt(G, H) over the reals and the non-negative reals, respectively, cf. Theorems 5.1.8
and 5.1.9.

Definition 5.1.3. Let K be a family of matrices and t ≥ 1. Two simple graphs G
and H are level-t K-isomorphic if there exists a matrix M ∈ K with rows and columns
indexed by (V(G)×V(H))t such that, for every v1w1 . . . vtwt, vt+1wt+1 . . . v2tw2t ∈
(V(G)×V(H))t, the following equations hold:

For every i ∈ [2t],

∑
vi∈V(G)

Mv1w1 ...vtwt,vt+1wt+1 ...v2tw2t = ∑
wi∈V(H)

Mv1w1...vtwt,vt+1wt+1...v2tw2t , (5.1)

∑
v1,...,v2t∈V(G)

Mv1w1 ...vtwt,vt+1wt+1 ...v2tw2t = 1 = ∑
w1,...,w2t∈V(H)

Mv1w1 ...vtwt,vt+1wt+1...v2tw2t .

(5.2)

If atpG(v1, . . . , v2t) 6= atpH(w1, . . . , w2t), then

Mv1w1 ...vtwt,vt+1wt+1 ...v2tw2t = 0. (5.3)

For all σ ∈ S2t,

Mv1w1 ...vtwt,vt+1wt+1 ...v2tw2t = Mvσ(1)wσ(1) ...vσ(t)wσ(t),vσ(t+1)wσ(t+1) ...vσ(2t)wσ(2t) . (5.4)

In Equation (5.3), atp denotes the atomic type, cf. Section 2.3. Note that, for t = 1,
Equation (5.4) asserts that M is symmetric, i.e. that M = MT. Thus, Definition 5.1.3
generalises [126, Equations (3)–(6)].

The graph classes Lt and L+
t that will be constructed in Definition 5.2.1 are

closed under taking minors, cf. Theorem 5.2.12. That is is not a mere coincidence is
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demonstrated by the following Remark 5.1.4. By Theorem 7.0.1, every homomorph-
ism indistinguishability relation which is preserved under complements is over a
minor-closed graph class.

Remark 5.1.4. Let t ≥ 1. For simple graphs G and H and v1, . . . , v2t ∈ V(G),
w1, . . . , w2t ∈ V(H), it holds that

atpG(v1, . . . , v2t) = atpH(w1, . . . , w2t) ⇐⇒ atpG(v1, . . . , v2t) = atpH(w1, . . . , w2t).

Thus, for all families of matrices K and t ≥ 1, G and H are level-t K-isomorphic if,
and only if, G and H are level-t K-isomorphic.

5.1.2 Choi Matrices and Isomorphism Maps

In this section, an alternative characterisation for level-t K-isomorphism is given.
Intuitively, the indices of the matrix M ∈ C(V(G)×V(H))t×(V(G)×V(H))t

from Defin-
ition 5.1.3 are regrouped yielding a linear map Φ : CV(G)t×V(G)t → CV(H)t×V(H)t

.
In linear-algebraic terms, M is the Choi matrix of Φ. The map Φ will later be
interpreted as a function sending homomorphism tensors of (t, t)-bilabelled graphs
FG ∈ CV(G)t×V(G)t

with respect to G to their counterparts FH for H.
The most basic bilabelled graphs, so-called atomic graphs, make their first ap-

pearance in Theorem 5.1.6. Recall from Definition 3.2.10 that a bilabelled graph
F ∈ G(t, t) is atomic if all its vertices are labelled. These graphs are used to refor-
mulate Equations (2.24) and (5.3). The atomic graphs are also the graphs which
the sets Lt and L+

t are generated by, cf. Definition 5.2.1. Examples are depicted by
Figures 5.2 and 5.4.

Observation 5.1.5. Let t ≥ 1. The set of atomic graphs A(t, t) is generated under parallel
composition by the graphs

• J := (J, (1, . . . , t), (t + 1, . . . , 2t)) with V(J) = [2t], E(J) = ∅,
• Aij := (Aij, (1, . . . , t), (t + 1, . . . , 2t)) with V(Aij) = [2t], E(Aij) = {ij} for

1 ≤ i < j ≤ 2t,
• Iij for 1 ≤ i < j ≤ 2t which is obtained from Aij by contracting and removing the

edge ij.

The following Theorem 5.1.6 relates the properties of Φ and M. In Equation (5.7),
J denotes the all-ones matrix of appropriate dimension. See Section 2.4.3 for
definitions of the linear-algebraic notions used in Theorem 5.1.6.

Theorem 5.1.6. Let t ≥ 1. Let G and H be simple graphs and K ∈ {DNN,PSD} be
a family of matrices. Let Φ : CV(G)t×V(G)t → CV(H)t×V(H)t

be a linear map. Then the
following are equivalent.

1. the Choi matrix CΦ of Φ satisfies Equations (5.1) to (5.4) and CΦ ∈ K,
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...
...

1 1

2 2

t − 1 t − 1

t t

(a) J.

...
...

1 1

2 2

t − 1 t − 1

t t

(b) A2,2t.

...
...

1 1

2 2

t − 1 t − 1

t t

(c) I2,2t.

Figure 5.2: Examples of the atomic graphs from Observation 5.1.5.

2. Φ is a level-t K-isomorphism map from G to H, i.e. it satisfies that

Φ is completely K-preserving, (5.5)

Φ(AG � X) = AH �Φ(X) for all A ∈ A(t, t) and X ∈ CV(G)t×V(G)t
, (5.6)

Φ(J) = J = Φ∗(J), (5.7)

Φ(Xσ) = Φ(X)σ for all σ ∈ S2t and all X ∈ CV(G)t×V(G)t
, and (5.8)

3. Φ∗ is a level-t K-isomorphism map from H to G.

We remark that Theorem 5.1.6, and in particular its Equations (5.6) and (5.7),
have brought us closer to interpreting the Lasserre system of equation from the
perspective of homomorphism indistinguishability. As argued in Remark 5.1.7, the
map Φ, which will be understood as mapping homomorphism tensors FG to FH , is
sum-preserving. Since the sum of the entries of these tensors equals the number of
homomorphisms from their underlying unlabelled graphs to G and H, respectively,
this is relevant for establishing a connection between K-isomorphism maps and
homomorphism indistinguishability.

Remark 5.1.7. If a linear map Φ : Cn×n → Cm×m is such that J = Φ∗(J), then it is sum-
preserving, i.e. soe(X) = soe(Φ(X)) for all X ∈ Cn×n. Indeed, soe(X) = 〈X, J〉 =
〈X, Φ∗(J)〉 = 〈Φ(X), J〉 = soe(Φ(X)) where 〈A, B〉 := tr(A∗B). In particular, if there
is Φ satisfying Equations (5.6) and (5.7) for graphs G and H, then |V(G)| = |V(H)|.

Equipped with Remark 5.1.7, we conduct the proof of Theorem 5.1.6.

Proof of Theorem 5.1.6. The equivalence of Items 2 and 3 follows from Lemmas 2.4.9
and 2.4.12 and [126, Lemma 4.2i]. That Φ(Xσ) = Φ(X)σ for all X ∈ CV(G)t×V(G)t

and σ ∈ S2t if, and only if, Φ∗(Yσ) = Φ∗(Y)σ for all Y ∈ CV(H)t×V(H)t
and σ ∈

S2t, follows by observing that (Λσ)∗ = Λσ−1 for the map Λσ : CV(G)t×V(G)t →
CV(G)t×V(G)t

defined via X 7→ Xσ.
For the equivalence of Items 1 and 2, first note that, by Lemma 2.4.9, CΦ ∈ K if,

and only if, Property (5.5) holds. Moreover, for v1, . . . , v2t ∈ V(G) and w1, . . . , w2t ∈
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...

...

1 1

j − 1 j − 1

j j

j + 1 j + 1

t t

Figure 5.3: The atomic graph K j as defined in Equation (5.9).

V(H), the assertions

∀A ∈ A(t, t), AG(v1 . . . vt, vt+1 . . . v2t) = AH(w1 . . . wt, wt+1 . . . w2t)

and atpG(v1, . . . , v2t) = atpH(w1, . . . , w2t) are equivalent. By Lemma 2.4.12, Equa-
tions (5.3) and (5.6) are equivalent. Furthermore, Equations (5.4) and (5.8) and
Equations (5.2) and (5.7) are respectively equivalent.

Finally, we argue that Items 2 and 3 imply Equation (5.1). To that end, consider
the atomic graph K j ∈ A(t, t) for j ∈ [t] as defined in Equation (5.9) and depicted
by Figure 5.3.

K j := I1,t+1 � · · · � I j−1,t+j−1 � I j+1,t+j+1 � · · · � It,2t. (5.9)

In order to apply Lemma 2.4.10, we first argue that Φ is trace-preserving. By
Equation (5.7) and Remark 5.1.7, Φ is sum-preserving. Hence, for every X ∈
CV(G)t×V(G)t

, with I ∈ A(t, t) as in Figure 3.3b,

tr(Φ(X)) = soe(IH �Φ(X))
(5.6)
= soe(Φ(IG � X)) = soe(IG � X) = tr(X).

Thus, Lemma 2.4.10 and Equation (5.6) yield that, for all j ∈ [t] and all X ∈
CV(G)t×V(G)t

,

Φ(K j
GX) = Φ(K j

G)Φ(X) and Φ(XK j
G) = Φ(X)Φ(K j

G). (5.10)

Next, standard basis elements are substituted for X in Equation (5.10). For vertices
v1, . . . , v2t ∈ V(G), write Ev1 ...v2t ∈ CV(G)t×V(G)t

for the corresponding standard
basis vector. To ease notation, Equation (5.1) is verified for i = 1. For all vertices
v1, . . . , v2t ∈ V(G) and w1, . . . , w2t ∈ V(H),

∑
v∈V(G)

Mvw1v2w2 ...vtwt,vt+1wt+1 ...v2tw2t = ∑
v∈V(G)

Φw1 ...w2t,vv2 ...v2t

= ∑
v∈V(G)

Φ(Evv2...v2t)w1...w2t

= Φ(K1
GEv1 ...v2t)w1 ...w2t
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5 Homomorphism Indistinguishability from Matrix Equations

(5.10)
= (Φ(K1

G)Φ(Ev1 ...v2t))w1 ...w2t

(5.6)
= (K1

HΦ(Ev1...v2t))w1 ...w2t

= ∑
w∈V(H)

Φww2...w2t,v1 ...v2t

= ∑
w∈V(G)

Mv1wv2w2 ...vtwt,vt+1wt+1 ...v2tw2t ,

as desired.

5.1.3 From K-Isomorphism Maps to the Lasserre Hierarchy

By the following Theorems 5.1.8 and 5.1.9, the notions introduced in Definition 5.1.3
and Theorem 5.1.6 are equivalent to the object of our main interest, namely the
feasibility of the level-t Lasserre relaxation Lt(G, H) with and without non-negativity
constraints. Our results extend those of [126, Lemma 10.1] to the entire Lasserre
hierarchy.

Theorem 5.1.8. Let t ≥ 1. Two simple graphs G and H are level-t PSD-isomorphic if, and
only if, Lt(G, H) has a real solution.

Proof. Suppose that (yI)I∈(V(G)×V(H)
≤2t ) is a real solution to Lt(G, H), i.e. it satisfies

Equations (2.20) to (2.24). We argue that the matrix defined via

Mv1w1 ...vtwt,vt+1wt+1 ...v2tw2t := y{v1w1,...,v2tw2t}

satisfies Equations (5.1) to (5.4). Equation (5.3) follows directly from Equation (2.24).
Equation (5.4) is immediate from the definition.

By Equation (2.20) and Section 2.4.3, there exist vectors xI for every I ∈ (V(G)×V(H)
≤t )

such that yI∪J = 〈xI , xJ〉 for I, J ∈ (V(G)×V(H)
≤t ). Then

Mv1w1...vtwt,vt+1wt+1 = y{v1w1,...,v2tw2t} =
〈

x{v1w1,...,vtwt}, x{vt+1wt+1,...,v2tw2t}
〉

.

Thus, M is positive semidefinite. It remains to verify Equations (5.1) and (5.2).

Claim 5.1.8a. Every I ∈ (V(G)×V(H)
≤t−1 ) satisfies ∑v∈V(G) xI∪{vw} = xI = ∑w∈V(H) xI∪{vw}.

Proof of Claim. Recall that yI∪J = 〈xI , xJ〉 for I, J ∈ (V(G)×V(H)
≤t ). By Equations (2.21)

and (2.24),〈
∑

v∈V(G)

xI∪{vw}, ∑
v∈V(G)

xI∪{vw}

〉
= ∑

v,v′∈V(G)

〈
xI∪{vw}, xI∪{v′w}

〉
= ∑

v,v′∈V(G)

yI∪{vw}∪{v′w}
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(2.24)
= ∑

v∈V(G)

yI∪{vw}
(2.21)
= yI .

Observe that Equation (2.21) is indeed applicable since t− 1 ≤ 2t− 2 for all t ≥ 1.
Moreover, 〈

xI , ∑
v∈V(G)

xI∪{vw}

〉
= ∑

v∈V(G)

yI∪{vw}
(2.21)
= yI .

Hence, combining the above equations,
∥∥∥xI −∑v∈V(G) xI∪{vw}

∥∥∥2
= yI − 2yI + yI = 0.

The second part of the claim, i.e. xI = ∑w∈V(H) xI∪{vw}, is proven analogously. C

Claim 5.1.8a implies Equation (5.2). Indeed,

∑
v1...v2t∈V(G)

Mv1w1...vtwt,vt+1wt+1 ...v2tw2t = ∑
v1...v2t∈V(G)

y{v1w1,...,vtwt}∪{vt+1wt+1 ...v2tw2t}

= ∑
v1...v2t∈V(G)

〈
x{v1w1,...,vtwt}, x{vt+1wt+1 ...v2tw2t}

〉
= 〈x∅, x∅〉
= y∅

(2.24)
= 1.

Moreover, for Equation (5.1), letting i = 1 to ease notation, by Claim 5.1.8a,

∑
v1∈V(G)

Mv1w1...vtwt,vt+1wt+1 ...v2tw2t = ∑
v1∈V(G)

y{v1w1}∪{v2w2 ...vtwt}∪{vt+1wt+1 ...v2tw2t}

= ∑
v1∈V(G)

〈
x{v1w1}∪{v2w2 ...vtwt}, x{vt+1wt+1 ...v2tw2t}

〉
= ∑

w1∈V(G)

〈
x{v1w1}∪{v2w2...vtwt}, x{vt+1wt+1...v2tw2t}

〉
= ∑

w1∈V(G)

Mv1w1 ...vtwt,vt+1wt+1 ...v2tw2t .

This concludes the proof that M satisfies Equations (5.1) to (5.4).
Conversely, let x~I for ~I ∈ (V(G)×V(H))t denote the Gram vectors of a matrix

M satisfying Equations (5.1) to (5.4). For I ∈ (V(G)×V(H)
t ), define xI := x~I for any

ordering ~I of I. By Equation (5.4), xI is well-defined. Let furthermore

xvi+1 ...vt
I := ∑

wi+1,...,wt∈V(H)

x~Ivi+1wi+1...vtwt

for I ∈ (V(G)×V(H)
i ) and vi+1 . . . vt ∈ V(G)t−i for 0 ≤ i < t. Define xwi+1...wt

I analog-
ously.
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5 Homomorphism Indistinguishability from Matrix Equations

Claim 5.1.8b. Let 0 ≤ i < t. For all vi+1 . . . vt, v′i+1 . . . v′t ∈ V(G)t−i, it holds that

xvi+1 ...vt
I = x

v′i+1...v′t
I .

Proof of Claim. By definition, the term
∥∥∥xvi+1 ...vt

I − x
v′i+1 ...v′t
I

∥∥∥2
is equal to the sum over

the vertices wi+1, . . . , wt ∈ V(H) and w′i+1, . . . , w′t ∈ V(H) of

M~Ivi+1wi+1...vtwt,~Ivi+1w′i+1...vtw′t
− 2M~Ivi+1wi+1...vtwt,~Iv′i+1w′i+1...v′tw

′
t

+ M~Iv′i+1wi+1 ...v′twt,~Iv′i+1w′i+1 ...v′tw
′
t
.

By Equation (5.1), this expression is zero. C

By Claim 5.1.8b, the reference to vi+1 . . . vt in xvi+1...vt
I can be dropped, yielding

vectors xG
I and xH

I for every I ∈ (V(G)×V(H)
≤t ). It follows that

|V(G)|t−ixG
I = ∑

vi+1 ...vt∈V(G)t−i

xvi+1...vt
I = ∑

vi+1 ...vt∈V(G)t−i

wi+1...wt∈V(H)t−i

x~Ivi+1wi+1...vtwt

= ∑
wi+1...wt∈V(H)t−i

xwi+1...wt
I = |V(H)|t−ixH

I .

This implies that xG
I = xH

I since G and H have the same number of vertices, cf.
Remark 5.1.7. Let xI := xG

I = xH
I . The following Claim 5.1.8c is immediate from

Equation (5.4):

Claim 5.1.8c. If I ∪ J = I′ ∪ J′ for I, I′, J, J′ ∈ (V(G)×V(H)
≤t ), then 〈xI , xJ〉 =

〈
xI′ , xJ′

〉
.

Hence, the variable yI , for I ∈ (V(G)×V(H)
≤2t ), can be set to 〈xI′ , xI′′〉 for any I′, I′′ ∈

(V(G)×V(H)
≤t ) such that I = I′ ∪ I′′. Then Equations (2.20) to (2.22) hold by construction.

In fact, it follows that Equations (5.11) and (5.12) below, which imply Equations (2.21)
and (2.22), hold:

∑
v∈V(G)

yI∪{vw} = yI for all I ∈ (V(G)×V(H)
≤2t−1 ) and w ∈ V(H), (5.11)

∑
w∈V(H)

yI∪{vw} = yI for all I ∈ (V(G)×V(H)
≤2t−1 ) and v ∈ V(G). (5.12)

Equation (2.24) follows from Equation (5.3).

The following Theorem 5.1.9 is proven analogously, observing that the construc-
tion in the proof of Theorem 5.1.8 preserves non-negativity in both directions.

Theorem 5.1.9. Let t ≥ 1. Two simple graphs G and H are level-t DNN-isomorphic if,
and only if, Lt(G, H) has a non-negative real solution.
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5.1.4 Isomorphisms between Matrix Algebras

To the two reformulations of feasibility of Lt(G, H) over the reals and the non-
negative reals from the previous sections, a third characterisation is added in this
section. It is shown that two graphs are level-t PSD-isomorphic (DNN-isomorphic)
if, and only if, certain matrix algebras associated to them are isomorphic. These
algebras will be identified as the algebras of homomorphism tensors for graphs from
the families Lt and L+

t . The so-called (partially) coherent algebras considered in this
section are natural generalisations of the coherent algebras which are well-studied
in the context of the 2-dimensional Weisfeiler–Leman algorithm [40].

Partially Coherent Algebras and PSD-Isomorphism Maps

Let n, t ≥ 1 and S ⊆ Cnt×nt
. A matrix algebra A ⊆ Cnt×nt

is S-partially coherent if
it is unital, i.e. I ∈ A, self-adjoint, i.e. A∗ ∈ A for all A ∈ A, contains the all-ones
matrix J, and is closed under Schur products with any matrix in S, i.e. if A ∈ A and
B ∈ S, then A� B ∈ S .

A matrix algebra A ⊆ Cnt×nt
is self-symmetrical if, for every A ∈ A and σ ∈ S2t,

also Aσ ∈ A. Note that, for t = 1, an algebra A is self-symmetrical if, and only if,
for all A ∈ A, also AT ∈ A where AT is the transpose of A.

Definition 5.1.10. Let t ≥ 1. The t-partially coherent algebra Ât
G of a simple graph G

is the minimal8 self-symmetrical S-partially coherent algebra where S is the set of
homomorphism tensors of (t, t)-bilabelled atomic graphs for G.

Two simple graphs G and H are partially t-equivalent if there is a partial t-equivalence,
i.e. a vector space isomorphism ϕ : Ât

G → Ât
H such that

1. ϕ(M∗) = ϕ(M)∗ for all M ∈ Ât
G,

2. ϕ(MN) = ϕ(M)ϕ(N) for all M, N ∈ Ât
G,

3. ϕ(I) = I, ϕ(AG) = AH for all A ∈ A(t, t), and ϕ(J) = J,
4. ϕ(AG �M) = AH � ϕ(M) for all A ∈ A(t, t) and any M ∈ Ât

G.
5. ϕ(Mσ) = ϕ(M)σ for all M ∈ Ât

G and all permutations σ ∈ S2t.

The following Theorem 5.1.11 extends [126, Theorem 6.2].

Theorem 5.1.11. Let t ≥ 1. Two simple graphs G and H are partially t-equivalent if, and
only if, there is a level-t PSD-isomorphism map from G to H.

Proof. Let Φ : CV(G)t×V(G)t → CV(H)t×V(H)t
be a level-t PSD-isomorphism map from

G to H, i.e. it satisfies Equations (5.5) to (5.8). By Remark 5.1.7 and Equations (5.6)
and (5.7), Φ(AG) = AH for all atomic A ∈ A(t, t) and |V(G)| = |V(H)| =: n.
Similarly, Φ∗(AH) = AG for all atomic A by Theorem 5.1.6. By Equations (5.5)

8The intersection of two self-symmetrical S-partially coherent algebras is itself a self-symmetrical
S-partially coherent algebra. Hence, Ât

G is well-defined.
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1 1

(a) J.

1 1

(b) A1,2.

1 1

(c) I1,2.

Figure 5.4: The three atomic simple graphs in A(1, 1).

and (5.6), Φ is completely positive and unital. By Theorem 5.1.6, Φ∗(I) = I and
thus Φ is trace-preserving [126, Lemma 4.2]. Furthermore,

Φ(AG) = AH, Φ∗(AH) = AG, Φ(J) = J = Φ∗(J).

for all atomic A ∈ A(t, t). Thus, Lemma 2.4.10 implies that Φ(AGW) = AHΦ(W)

and Φ(WAG) = Φ(W)AH for all atomic A ∈ A(t, t) and all W ∈ CV(G)t×V(G)t
.

Hence, the restriction of Φ to Ât
G is a partial t-equivalence from G and H.

Conversely, suppose that ϕ : Ât
G → Ât

H is as in Definition 5.1.10. By [126,
Lemma 5.3], ϕ is trace-preserving. By Lemma 2.4.11, there exists a unitary mat-
rix U ∈ Cnt×nt

such that ϕ(X) = UXU∗ for all X ∈ Ât
G. Let ϕ̂ : CV(G)t×V(G)t →

CV(H)t×V(H)t
be the map given by ϕ̂(X) = UXU∗. Let Π : CV(G)t×V(G)t → Ât

G be the
orthogonal projection onto Ât

G. Define a map Φ : CV(G)t×V(G)t → CV(H)t×V(H)t
by

Φ := ϕ̂ ◦Π. By [126, Lemma 5.3], ϕ̂ is completely positive and trace-preserving. By
[126, Lemma 5.4], so is Π and hence their composition Φ. Hence, Equation (5.5)
holds.

Furthermore, Π(J) = J and hence Φ(J) = J = Φ∗(J). So Φ satisfies Equation (5.7).
For Equation (5.8), consider the linear map Λσ : X 7→ Xσ for σ ∈ S2t. Since ÂG

is closed under the action of S2t, it holds that Λσ ◦Π = Π ◦Λσ ◦Π. Furthermore,
(Λσ)∗ = Λσ−1 and Π is Hermitian, i.e. Π∗ = Π. Hence,

Π ◦Λσ = Π∗ ◦Λσ = (Λσ−1 ◦Π)∗ = (Π ◦Λσ−1 ◦Π)∗ = Π ◦Λσ ◦Π = Λσ ◦Π.

So Π and Λσ commute. Hence,

Φ(Xσ) = (ϕ̂ ◦Π ◦Λσ)(X) = (ϕ̂ ◦Λσ ◦Π)(X) = ((ϕ̂ ◦Π)(X))σ = Φ(X)σ.

Equation (5.6) follows similarly, cf. the proof of [126, Theorem 6.2].

Coherent Algebras and DNN-Isomorphism Maps

Let n, t ≥ 1. A matrix algebra A ⊆ Cnt×nt
is coherent if it is unital, self-adjoint,

contains the all-ones matrix and is closed under Schur products.
For t = 1, the 1-adjacency algebra as defined below is equal to the well-studied

adjacency algebra of a graph G, cf. [40]. The latter is the smallest coherent algebra
containing the adjacency matrix of the graph. The former is generated by the ho-
momorphism tensors of (1, 1)-bilabelled atomic graphs. These graphs are depicted
by Figure 5.4. Their homomorphism tensors are the all-ones matrix, the adjacency
matrix of the graph, and the identity matrix.
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t

Definition 5.1.12. Let t ≥ 1. The t-adjacency algebra At
G of a simple graph G is the

minimal self-symmetrical coherent algebra containing the homomorphism tensors
of (t, t)-bilabelled atomic graphs for G.

Two simple graphs G and H are t-equivalent if there is a t-equivalence, i.e. a vector
space isomorphism ϕ : At

G → At
H such that

1. ϕ(M∗) = ϕ(M)∗ for all M ∈ At
G,

2. ϕ(MN) = ϕ(M)ϕ(N) for all M, N ∈ At
G,

3. ϕ(I) = I, ϕ(AG) = AH for all A ∈ A(t, t), and ϕ(J) = J,
4. ϕ(M� N) = ϕ(M)� ϕ(N) for all M, N ∈ At

G.
5. ϕ(Mσ) = ϕ(M)σ for all M ∈ At

G and all permutations σ ∈ S2t.

The following Theorem 5.1.13 extends [126, Theorem 7.3].

Theorem 5.1.13. Let t ≥ 1. Two simple graphs G and H are t-equivalent if, and only if,
there is a level-t DNN-isomorphism map from G to H.

Proof. Let Φ : CV(G)t×V(G)t → CV(H)t×V(H)t
be a level-t DNN-isomorphism map.

Let ϕ be the restriction of Φ to At
G. Given the arguments in the proof of The-

orem 5.1.11, it suffices to show that ϕ(M� N) = ϕ(M)� ϕ(N) for all M, N ∈ At
G

and that ϕ∗(M� N) = ϕ∗(M)� ϕ∗(N) for all M, N ∈ At
H. This follows from [126,

Lemma 7.2].
Conversely, suppose that ϕ : At

G → At
H is as in Definition 5.1.12. It follows as in

[126, Lemma 5.3] that ϕ is trace-preserving. By Lemma 2.4.11, there exists a unitary
matrix U ∈ Cnt×nt

such that ϕ(X) = UXU∗ for all X ∈ At
G. Let ϕ̂ : CV(G)t×V(G)t →

CV(H)t×V(H)t
be the map given by ϕ̂(X) = UXU∗. Let Π : CV(G)t×V(G)t → At

G be the
orthogonal projection onto At

G. Define a map Φ : CV(G)t×V(G)t → CV(H)t×V(H)t
by

Φ := ϕ̂ ◦Π. Given Theorem 5.1.11, it suffices to argue that the Choi matrix of Φ is
entry-wise non-negative. This can be done as in the proof of [126, Theorem 7.3].

5.2 Homomorphism Indistinguishability over Lt and L+
t

Using techniques from Chapter 4, we finally establish a characterisation of when
Lt(G, H) is feasible in terms of homomorphism indistinguishability of G and H.
In order to do so, we introduce the graph classes Lt and L+

t . In Sections 5.2.1
and 5.2.2, we compare Lt and L+

t to the classes of graphs of bounded treewidth and
pathwidth obtaining the results depicted by Figure 5.1. In Section 5.2.4, L1 and L+

1
are identified as the classes of outerplanar graphs and graphs of treewidth at most
two, respectively.

Definition 5.2.1. Let t ≥ 1. Write L+(t, t) for the class of (t, t)-bilabelled graphs
generated by the set of atomic graphs A(t, t) under parallel composition, series
composition, and the action of S2t on the labels. Write L+

t := soe(L+(t, t)).
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Figure 5.5: The bilabelled graphs in Observation 5.2.2 for t = 2.

Write L(t, t) ⊆ L+(t, t) for the class of (t, t)-bilabelled graphs generated by the
set of atomic graphs A(t, t) under parallel composition with graphs from A(t, t),
series composition, and the action of S2t on the labels. Write Lt := soe(L(t, t)).

Clearly, L(t, t) ⊆ L+(t, t) and thus Lt ⊆ L+
t . The only difference between

L(t, t) and L+(t, t) is that L(t, t) is closed under parallel composition with atomic
graphs only. This reflects an observation in Corollary 4.2.4 relating the closure
under arbitrary gluing products to non-negative solutions to systems of equations
characterising homomorphism indistinguishability. Intuitively, one may use ar-
bitrary Schur products, the algebraic counterparts of gluing, for a Vandermonde
interpolation argument to obtain non-negative solutions, cf. Section 4.3.2.

The following Observation 5.2.2 illustrates how the operations in Definition 5.2.1
can be used to generate more complicated graphs from the atomic graphs, cf.
Figure 5.5.

Observation 5.2.2. Let t ≥ 1. The class Lt contains the 3t-vertex complete graph K3t.

Proof. Consider the atomic graph E :=
⊙

1≤i<j≤2t Aij ∈ A(t, t). The graph underly-
ing E� (E · E) is isomorphic to K3t.

The only missing implications of Theorems 5.1.1 and 5.1.2 follow from the next
two theorems:

Theorem 5.2.3. Let t ≥ 1. Two simple graphs G and H are homomorphism indistinguish-
able over Lt if, and only if, they are partially t-equivalent.

Theorem 5.2.4. Let t ≥ 1. Two simple graphs G and H are homomorphism indistinguish-
able over L+

t if, and only if, they are t-equivalent.

For the proofs of Theorems 5.2.3 and 5.2.4, we generalise the notion of inner-
product compatibility from Definition 4.3.23. Recall that a class of labelled graphs
R is inner-product compatible if for every two labelled graphs R, S ∈ R one can
write the inner-product of their homomorphism vectors RG and SG as the sum-
of-entries of some TG where T ∈ R is labelled graph from the class. Due to the
correspondence between combinatorial operations on labelled graphs and algebraic
operations on their homomorphism vectors, cf. Section 3.2, this is equivalent to
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the graph-theoretic assumption that soe(R� S) = soe(T), i.e. the unlabelled graph
obtained by unlabelling the gluing product of R and S can be labelled such that the
resulting labelled graph is in the class. We extend this notion to bilabelled graphs.
This definition is inspired by the inner-product on Cn×n given by 〈A, B〉 := tr(A∗B).

Definition 5.2.5. Let t ≥ 1. A class of (t, t)-bilabelled graphs S is said to be inner-
product compatible if, for all R, S ∈ S , there is a bilabelled graph T ∈ S such that
tr(R∗ · S) = soe(T).

Lemma 5.2.6. Let t ≥ 1. The classes L(t, t) and L+(t, t) are inner-product compatible.

Proof. Since L(t, t) is closed under matrix products and taking transposes, it suffices
to show that, for every S ∈ L(t, t), the graph tr(S) is the underlying unlabelled graph
of some element of L(t, t), i.e. tr(L(t, t)) ⊆ soe(L(t, t)). Indeed, by Definition 3.2.7,
for every (t, t)-bilabelled graphs F it holds that tr(F) = soe(I1,t+1 � · · · � It,2t � F)
where the Iij are as in Observation 5.1.5. Since L(t, t) is closed under parallel
composition with atomic graphs, the claim follows. For L+(t, t), an analogous
argument yields the claim.

The following Theorem 5.2.7 is a straightforward generalisation of Theorem 4.3.24.
Write CSG ⊆ CV(G)t×V(G)t

for the C-vector space spanned by homomorphism tensors
SG for S ∈ S .

Theorem 5.2.7. Let t ≥ 1 and S be an inner-product compatible class of (t, t)-bilabelled
graphs containing J. For simple graphs G and H, the following are equivalent:

1. G and H are homomorphism indistinguishable over soe(S),
2. there exists a unitary pseudo-stochastic ϕ : CSG → CSH such that ϕ(SG) = SH for

all S ∈ S .

This completes the preparations for the proof of Theorems 5.2.3 and 5.2.4.

Proof of Theorems 5.2.3 and 5.2.4. First suppose that G and H are homomorphism
indistinguishable over Lt. By comparing the operations from Definitions 5.1.10

and 5.2.1, it follows that CSG = Ât
G for S = L(t, t). By Lemma 5.2.6 and The-

orem 5.2.7, G and H are homomorphism indistinguishable over Lt if, and only if,
there is a unitary pseudo-stochastic ϕ : Ât

G → Ât
H satisfying ϕ(SG) = SH for all

S ∈ L(t, t).
For all atomic A ∈ A(t, t), it holds that ϕ(AG) = AH. Furthermore, since
L(t, t) is closed under the action of S2t, ϕ(Sσ

G) = ϕ((Sσ)G) = (Sσ)H = Sσ
H for all

permutations σ ∈ S2t. Finally, for all S, T ∈ L(t, t) it holds that ϕ(SG · TG) = ϕ((S ·
T)G) = SH · T H and ϕ(SG � TG) = ϕ((S� T)G) = SH � T H. The homomorphism
matrices SG for S ∈ L(t, t) span CSG = Ât

G. Hence, ϕ is a partial t-equivalence.
Conversely, every partial t-equivalence ϕ : Ât

G → Ât
H is such that ϕ(SG) = SH for

all S ∈ L(t, t) by definition of L(t, t). With slight modifications, [126, Lemma 5.3]
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yields that ϕ is trace-preserving, which implies with ϕ(J) = J that ϕ is sum-
preserving. Hence, soe(SG) = soe(ϕ(SG)) = soe(SH) for every S ∈ L(t, t). Thus, G
and H are homomorphism indistinguishable over Lt. The proof of Theorem 5.2.4 is
analogous.

5.2.1 The Classes Lt and L+t and Graphs of Bounded Treewidth

In this section, the classes Lt and L+
t are compared to the classes of graphs of

bounded treewidth. Figure 5.1 depicts the relationships between these classes. The
first result, Lemma 5.2.8, gives an upper bound on the treewidth of graphs in L+

t .
Recall that graph classes are assumed to be closed under isomorphism.

Lemma 5.2.8. For t ≥ 1, L+
t ⊆ T W3t−1.

Proof. By structural induction, it is shown that every F = (F, u, v) ∈ L+(t, t) admits
a tree decomposition β : V(T)→ 2V(F) of width at most 3t− 1 such that the labelled
vertices u and v lie together in one bag, i.e. there exists x ∈ V(T) such that
{u1, . . . , ut, v1, . . . , vt} ⊆ β(x).

In the base case, i.e. if F ∈ A(t, t), then F has at most 2t vertices, which can all be
placed in the single bag of a tree decomposition over the singleton tree.

For the inductive step, let F = (F, u, v) and F ′ = (F′, u′, v′) from L+(t, t) be given.
Suppose there are tree decompositions β : V(T)→ 2V(F) and β′ : V(T′)→ 2V(F′) as
in the inductive hypothesis. Let x ∈ V(T) and x′ ∈ V(T′) be such that the labelled
vertices of F and F ′ lie in β(x) and β′(x′) respectively. Let S be the tree obtained by
taking the disjoint union of T, T′, and a fresh vertex y, and connecting x and x′ to y.

For the graph F · F ′, an S-decomposition is given by the function

γ : z 7→


β(z), if z ∈ V(T),

β′(z), if z ∈ V(T′),

{u1, . . . , ut, v′1, . . . , v′t, v1, . . . , vt}, if z = y.

where one may note that vi = u′i for every i ∈ [t] in F · F ′. It is easy to check that
Definition 2.1.1 is satisfied. The decomposition is of width 3t− 1.

For the graph F � F ′, an S-decomposition is given by the function

γ : z 7→


β(z), if z ∈ V(T),

β′(z), if z ∈ V(T′),

{u1, . . . , ut, v1, . . . , vt}, if z = y.

where one may note that ui = u′i and vi = v′i for every i ∈ [t] in F � F ′. Again, it
is easy to check that Definition 2.1.1 is satisfied. The decomposition is of width at
most 3t− 1.

Lemma 5.2.8 in conjunction with Theorem 5.1.1 and Corollary 4.4.1 imply the first
assertion of Theorem 5.0.1.
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5.2.2 Further Relations between T W t, PW t, Lt, and L+t
This subsection is dedicated to some further relations between the classes of graphs
of bounded treewidth or pathwidth, Lt, and L+

t . These facts give independent
proofs for the correspondence between the feasibility of the level-t Sherali–Adams
relaxation (without non-negativity constraints), which corresponds to homomorph-
ism indistinguishability over graphs of treewidth (pathwidth) at most t − 1, as
established in Theorem 4.0.1 and Corollary 4.4.1, and the feasibility of the level-t
Lasserre relaxation with and without non-negativity constraints.

First of all, one may drop Equation (2.20) from Lt(G, H) with non-negativity con-
straints to obtain SA2t(G, H) in its original form, i.e. with non-negativity constraints.
This is paralleled by Lemma 5.2.9.

Lemma 5.2.9. For t ≥ 1, T W2t−1 ⊆ L+
t .

Proof. Let F ∈ T W2t−1. If |V(F)| ≤ 2t, then there exists an atomic graph F ∈ A(t, t)
whose underlying unlabelled graph is isomorphic to F. Otherwise, by Lemma 2.1.2,
there exists a tree decomposition β : V(T) → 2V(F) of F such that |β(v)| = 2t
for all v ∈ V(T) and |β(s) ∩ β(t)| = 2t − 1 for all st ∈ E(T). It is shown by
induction on |V(T)| that, for every r ∈ V(T), there exist u ∈ V(F)t, v ∈ V(F)t with
β(r) = {u1, . . . , ut, v1, . . . , vt} such that F = (F, u, v) ∈ L+(t, t). Observe that this
implies that the labels of F lie on distinct vertices of F.

In the base case, when |V(T)| = 1, the tuples u and v can be chosen arbitrarily
subject to the desired condition. In this case, F is an atomic graph.

Let |V(T)| ≥ 2 and r ∈ V(T) be arbitrary. Write s1, . . . , s` for the neighbours of r
in T. First a bilabelled graph F i ∈ L+(t, t) is constructed for each i ∈ [`]. Let Ti be
the connected component of T − r containing si. Let Fi be the induced subgraph of
F on

⋃
t∈V(Ti) β(t). The restriction of β to V(Ti) is a tree decomposition of Fi with

the properties stated in the inductive hypothesis. Hence, there exist ui ∈ V(Fi)
t,

vi ∈ V(Fi)
t with β(si) = {ui

1, . . . , ui
t, vi

1, . . . , vi
t} such that F i := (Fi, ui, vi) ∈ L+(t, t).

Let x1, . . . , x2t denote the vertices in β(r). By permuting labels, it can be guaran-
teed that, for every i ∈ [`], the tuples ui

1 . . . ui
tv

i
1 . . . vi

t and x1 . . . x2t differ at precisely
one index ji ∈ [2t]. Recall the bilabelled graphs defined in Observation 5.1.5 and
K j from Equation (5.9) and Figure 5.3. Let F ′i := K ji · F i if ji ≤ t and F ′i := F i · K ji−t

otherwise. Intuitively, the bilabelled graph F ′i is obtained from F i by adding a fresh
vertex and moving the ji-th label to this vertex. Since F i ∈ L+(t, t) and K ji ∈ A(t, t),
it holds that F ′i ∈ L+(t, t). Finally, let F = F ′1 � · · · � F ′` �

⊙
xixj∈E(F) Aij.

Furthermore, it is easy to see that dropping the semidefiniteness constraint
Equation (2.20) of Lt(G, H) turns this system essentially into SA2t(G, H) without
non-negativity constraints as defined in Definition 2.6.7. This is paralleled by
Lemma 5.2.10.

Lemma 5.2.10. For t ≥ 1, PW2t−1 ⊆ Lt.
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Proof. Let F ∈ PW2t−1. If |V(F)| ≤ 2t, then there exists an atomic graph F ∈ A(t, t)
whose underlying unlabelled graph is isomorphic to F. Otherwise, by Lemma 2.1.2,
there exists a path decomposition β : V(P) → 2V(F) such that |β(v)| = 2t for all
v ∈ V(P) and |β(s) ∩ β(t)| = 2t− 1 for all st ∈ E(P).

It is shown by induction on |V(P)| that, for every vertex r ∈ V(P) of degree at
most one, there exist u ∈ V(F)t, v ∈ V(F)t with β(r) = {u1, . . . , ut, v1, . . . , vt} such
that F = (F, u, v) ∈ Lt.

The inductive argument is very similar to the one in the proof of Lemma 5.2.9.
Indeed, since the vertex r has at most one neighbour, it holds that ` ≤ 1 in the proof
of Lemma 5.2.9. Thus the construction described there does not require arbitrary
parallel compositions.

Since the diagonal entries of a positive semidefinite matrix are necessarily non-
negative, Equation (2.20) implies that any solution (yI) to the level-t Lasserre system
of equations is such that yI ≥ 0 for all I ∈ (V(G)×V(H)

≤t ). Hence, such a solution is a
solution to SAt(G, H) as well. This is paralleled by Lemma 5.2.11.

Lemma 5.2.11. For t ≥ 1, T W t−1 ⊆ Lt.

Proof. Let F ∈ T W t−1. If |V(F)| ≤ t, then there exists an atomic graph F ∈ A(t, t)
whose underlying unlabelled graph is isomorphic to F. Otherwise, by Lemma 2.1.2,
there exists a tree decomposition β : V(T) → 2V(F) of F such that |β(v)| = t for
all v ∈ V(T) and |β(s) ∩ β(t)| = t− 1 for all st ∈ E(T). It is shown by induction
on |V(T)| that, for every r ∈ V(T), there exist u = u1 . . . ut ∈ V(F)t with β(r) =

{u1, . . . , ut} such that F = (F, u, u) ∈ L(t, t).
In the base case, when |V(T)| = 1, the tuple u can be chosen arbitrarily and F is

an atomic graph.
Let |V(T)| ≥ 2 and r ∈ V(T) be arbitrary. Write s1, . . . , s` for the neighbours

of r in T. First a graph F i ∈ L(t, t) is constructed for each i ∈ [`]. Let Ti be the
connected component of T − r containing si. Let Fi be the induced subgraph of
F on

⋃
t∈V(Ti) β(t). The restriction of β to V(Ti) is a tree decomposition of Fi with

the properties listed in the inductive hypothesis. Hence, there exist ui = ui
1 . . . ui

t ∈
V(Fi)

t with β(si) = {ui
1, . . . , ui

t} such that F i := (Fi, ui, ui) ∈ L(t, t).
Let x1, . . . , xt denote the vertices in β(r). By permuting labels, it can be guaranteed

that, for every i ∈ [`], the tuples ui
1 . . . ui

t and x1 . . . xt differ at precisely one index
ji ∈ [t]. Recall the bilabelled graphs defined in Observation 5.1.5 and K j from
Equation (5.9) and Figure 5.3. Let F ′i := I ji ,t+ji � (K ji · F · K ji). By construction,
F ′i ∈ L(t, t). The labelled vertices of F i differ from those of F i in xji . Finally, let

F := (I1,t+1 � · · · � It,2t)� (F ′1 · · · · · F ′`)�
⊙

xixj∈E(F)

Aij.

This graph is as desired.
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5.2.3 Bilabelled Minors

In this section, we introduce minors of bilabelled graphs. As a corollary, we show in
Theorem 5.2.12 that the classes of unlabelled graphs Lt and L+

t are minor-closed.
Hence, by the Robertson–Seymour Theorem [155] and [154], membership in Lt and
L+

t can be tested in polynomial time for every fixed t ≥ 1. Furthermore, bilabelled
minors will be used in Section 5.2.4 to describe L1.

Theorem 5.2.12. For t ≥ 1, the classes Lt and L+
t are closed undertaking minors and

disjoint unions.

In order to prove Theorem 5.2.12, we introduce bilabelled analogues of graph
minors.

Definition 5.2.13. Let k, ` ∈ N. Let M, F ∈ G(k, `). Then M is a bilabelled minor
of F, in symbols M ≤ F, if it can be obtained from F by applying a sequence of the
following bilabelled minor operations:

1. edge contraction,
2. edge deletion,
3. deletion of unlabelled vertices,

A family of bilabelled graphs is minor-closed if it is closed under taking bilabelled
minors.

Note that, for (0, 0)-bilabelled graphs, i.e. unlabelled graphs, Definition 5.2.13 and
the standard definition of graph minors coincide.

Example 5.2.14. Let t ≥ 1. The class of atomic graphs A(t, t) as defined in Defini-
tion 3.2.10 is minor-closed.

We proceed to prove various lemmas characterising how bilabelled minors behave
under the operations applied to bilabelled graphs, namely labelling and unlabelling
and series and parallel composition.

Lemma 5.2.15 (Minor Unlabelling Lemma). Let k, ` ∈N. Let M ≤ F ∈ G(k, `). Then
soe(M) ≤ soe(F).

Proof. It is argued by induction on the number of bilabelled minor operations
necessary to transform F into M. If M = F, then soe(M) = soe(F), and the claim
follows. Suppose that M ≤ M ′ ≤ F where M ′ can be transformed into M by
applying a single minor operation and M ′ is minimal among all such graphs with
respect to the number of minor operations necessary to derive it from F. By the
inductive hypothesis, soe(M ′) ≤ soe(F). Since bilabelled minor operations are
more restrictive than minor operations, any operation of Definition 5.2.13 carried
out on M ′ can be applied to soe(M ′). It follows that soe(M) ≤ soe(F).
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Lemma 5.2.16 (Minor Labelling Lemma). Let k, ` ∈N. Let F ∈ G(k, `) and M ∈ G. If
M ≤ soe(F), then there exists a bilabelled minor M ≤ F such that soe(M) is the disjoint
union of M and potential isolated vertices which are labelled in M.

Proof. It is argued by induction on the number of minor operations needed to
transform soe(F) into M. If M = soe(F), let M := F. Now suppose there are
M ≤ M′ ≤ soe(F) such that M′ can be transformed into M by applying a single
minor operation. Then there exists M ′ ≤ F such that soe(M ′) is the disjoint union
of M′ and potential isolated vertices. Distinguish cases:

• M is obtained from M′ by deleting or contracting an edge e. Then e has a
counterpart in M ′ since soe(M ′) contains M′. Contracting or deleting the edge
there yields the desired M.

• M is obtained from M′ by deleting a vertex v. If v is unlabelled in M ′, then it
can be deleted from M ′ yielding M. If v is labelled in M ′, remove all edges
incident to v and let M be the resulting graph. In this case, soe(M) is the
disjoint union of M and an isolated vertex.

Intuitively, the following Lemmas 5.2.17 and 5.2.18 assert that minor operations
commute with bilabelled graph multiplication.

Lemma 5.2.17 (Minor Parallel Composition Lemma). Let k, ` ∈ N and P1, P2 ∈
G(k, `).

1. If M1 is a minor of P1 and M2 is a minor of P2, then M1�M2 is a minor of P1�P2.
2. If K is a minor of P1 � P2, then there exist M1, M2 ∈ G(k, `) such that K =

M1 �M2, M1 is a minor of P1, and M2 is a minor of P2.

Proof. For the first claim, it is argued by induction on the sum of the number of
minor operations applied to transform P1 into M1 and P2 into M2. For the base
case, M1 = P1 and M2 = P2, and the claim follows trivially.

Now suppose that M1 is obtained from M ′1, a minor of P1, by applying a single
minor operation. Suppose inductively that M ′1 �M2 is a minor of P1 � P2. Distin-
guish cases:

• M1 is obtained from M ′1 by contracting an edge e. In M ′1 �M2, this edge is
either a loop or a proper edge. In the former case, it can be deleted, in the
latter case, it can be contracted, yielding in both cases M1 �M2.

• M1 is obtained from M ′1 by deleting an edge e. In M ′1�M2, this edge is either
a loop or a proper edge. In both cases, it can be deleted yielding M1 �M2.

• M1 is obtained from M ′1 by deleting an unlabelled vertex v. Then v is unla-
belled in M ′1 �M2 and can be deleted. The resulting graph is M1 �M2.

For the second claim, it is argued by induction on the number of minor operations
necessary to transform P1�P2 into K. For the base case, if K = P1�P2, let M := K,
M1 := P1, and M2 := P2.

Now suppose that K is a minor of P1 � P2. Then there exists a bilabelled minor
K′ of P1 � P2 such that K is obtained from K′ by applying a single minor operation.
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By the induction hypothesis, there exist M ′1 and M ′2 such that the assertions of this
lemma are satisfied. Distinguish cases:

• K is obtained from K′ by deleting or contracting an edge e.
The edge e may lie in both M ′1 and M ′2 or in only one of the two graphs. In
either case, construct M1 and M2 by respectively deleting or contracting the
edge in M ′1 and M ′2 or leaving the graph unchanged if it does not contain the
edge.

• K is obtained from K′ by deleting an unlabelled vertex v.
Since no vertex is unlabelled under parallel composition, the vertex v is also
unlabelled in the graph M ′1 or M ′2 which it contains. It follows that v can
be deleted from M ′i leaving the other graph untouched. This yields M1

and M2.

Lemma 5.2.18 (Minor Series Composition Lemma). Let k, `, j ∈N. Let P1 ∈ G(k, `)
and P2 ∈ G(`, j).

1. If M1 is a minor of P1 and M2 is a minor of P2, then M1 ·M2 is a minor of P1 · P2.
2. If K is a minor of P1 · P2, then there exists a M ∈ G(k, j), M1 ∈ G(k, `), and

M2 ∈ G(`, j) such that
a) M is the disjoint union of K and potential isolated unlabelled vertices, which are

labelled in M1 and M2,
b) M = M1 ·M2, and
c) M1 is a minor of P1 and M2 is a minor of P2.

Proof. The proof of the first claim is analogous to the proof of the first claim of
Lemma 5.2.17.

For the second claim, it is argued by induction on the number of minor operations
necessary to transform P1 · P2 into K. For the base case, if K = P1 · P2, let M := K,
M1 := P1, and M2 := P2.

Now suppose that K is a minor of P1 · P2. Then there exists a (k, j)-bilabelled
graph K′ such that K′ is a minor of P1 · P2 and K is obtained from K′ by applying a
single minor operation. By the induction hypothesis, there exist M ′, M ′1, and M ′2
such that Items 2a to 2c are satisfied. Distinguish cases:

• K is obtained from K′ by deleting or contracting an edge e.
Define M by deleting/contracting the same edge in M ′. The edge e may lie
in both M ′1 and M ′2 or only in one of the two graphs. In the first case, both
endpoints of e are labelled in both graphs. In either case, construct M1 and
M2 by respectively deleting or contracting the edge in M ′1 and M ′2 or leaving
the graph unchanged if it does not contain the edge.

• K is obtained from K′ by deleting an unlabelled vertex v.
If v is among the unlabelled vertices of M ′i for i ∈ {1, 2}, then define M by
deleting v from M ′. It follows that v can be deleted from M ′i leaving the other
graph untouched. This yields M1 and M2.
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If otherwise v is among the vertices at which M ′1 and M ′2 are glued together,
then define M as the graph obtained from M ′ by deleting all edges incident
with v but retaining the vertex v. By the inductive hypothesis, M ′ is the disjoint
union of K′ and isolated unlabelled vertices and via the aforementioned
construction the same holds for M and K. Note that v is neither in-labelled
in M ′1 nor out-labelled in M ′2 as it would otherwise be labelled in M. Delete
all edges incident to v in both M ′1 and M ′2. The resulting M1 and M2 satisfy
M = M1 ·M2, as desired.

With these general facts at hand, we proceed to show the following about the
graph classes L(t, t) and L+(t, t).

Theorem 5.2.19. For t ≥ 1, the classes L(t, t) and L+(t, t) are closed under taking
bilabelled minors.

Proof. By induction on the structure of elements F ∈ L(t, t), it is proven that if
K ≤ F, then also K ∈ L(t, t). For L+(t, t), the proof is very similar, requiring fewer
case distinctions. It is therefore omitted. If F is atomic, then all its minors are atomic
by Example 5.2.14. This constitutes the base case of the induction.

If F = F1 � F2 for F1 ∈ A(t, t), F2 ∈ L(t, t) of lesser complexity, and K ≤ F, then,
by Lemma 5.2.17, there exist K1 ≤ F1 and K2 ≤ F2 such that K = K1 � K2. By
Example 5.2.14, K1 is atomic and, by the inductive hypothesis, K2 ∈ L(t, t). Hence,
K ∈ L(t, t).

If F = F1 · F2 for two F1, F2 ∈ L(t, t) of lesser complexity and K ≤ F, then, by
Lemma 5.2.18, there exist M, M1, M2 such that M1 ≤ F1, M2 ≤ F2, and M =

M1 ·M2 is the disjoint union of K and potential isolated unlabelled vertices which
are labelled both in M1 and M2. By the inductive hypothesis, M1, M2 ∈ L(t, t). It
remains to remove the isolated vertices. Suppose that the i-th out-label of M1 and the
i-th in-label of M2 are carried by isolated vertices. Then graph (I1,t+1+i �M1) ·M2

does not contain this isolated vertex, since taking the parallel composition with
I1,t+1+i as defined in Observation 5.1.5 amounts to gluing it to the first in-labelled
vertex of M1. Observe that I1,t+1+i �M1 ∈ L(t, t). Proceeding in this fashion, one
can construct K1, K2 ∈ L(t, t) such that K = K1 · K2 ∈ L(t, t), as desired.

If F = Fσ
1 for σ ∈ S2t and F1 ∈ L(t, t) of lesser complexity and K ≤ F, then

Kσ−1 ≤ F1 and Kσ−1 ∈ L(t, t) by the inductive hypothesis. Hence, K ∈ L(t, t), as
desired.

This concludes the preparations for the proof of Theorem 5.2.12.

Proof of Theorem 5.2.12. For (t, t)-bilabelled graphs F and F ′ and J ∈ A(t, t) as
defined in Observation 5.1.5, the graph underlying F · J · F ′ is isomorphic to the
disjoint union of the graphs underlying F and F ′. Hence, the graph classes Lt and
L+

t are closed under disjoint unions.
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It remains to extend Theorem 5.2.19 to the classes of unlabelled graphs Lt and
L+

t . By Lemma 5.2.16, if an unlabelled graph M is a minor of soe(F) for some
F ∈ L(t, t), then there exists M ≤ F such that soe(M) is the disjoint union of M and
potential isolated vertices which are labelled in M. By Theorem 5.2.19, M ∈ L(t, t).
As in the proof of Theorem 5.2.19, the potential isolated vertices can be identified
with other vertices labelled in M by taking the parallel composition of this graph
with atomic graphs. Hence, it may be assumed that M = soe(M). This yields the
claim.

5.2.4 The Classes L1 and L+1

The classes L1 and L+
1 can be identified as the class of outerplanar graphs and as the

class of graphs of treewidth at most two, respectively. The following Theorem 5.2.20

parallels [126, Result 2, Lemma 10.1] asserting that two graphs G and H are indis-
tinguishable under the 2-WL algorithm if, and only if, L1(G, H) has a non-negative
real solution.

Theorem 5.2.20. The classes L+
1 and T W2 coincide.

Proof. Given Lemmas 5.2.8 and 5.2.9, it suffices to show that if a graph F is such
that tw(F) = 2, then there is a graph F ∈ L+

1 whose underlying unlabelled graph is
isomorphic to F. In order to reduce the technical overhead, we suppose that F is a
simple graph. The case when F contains loops can be dealt with similarly.

By Lemma 2.1.2, there exists a tree decomposition β : V(T) → 2V(F) of F such
that |β(v)| = 3 for all v ∈ V(T) and |β(s) ∩ β(t)| = 2 for all st ∈ E(T). It is shown
by induction on |V(T)| that, for every r ∈ V(T) and x 6= y ∈ β(r), the graph
F = (F, x, y) is in L+(1, 1).

If |V(T)| = 1, write {x, y, z} for the unique bag. Since F has treewidth 2, it
is isomorphic to the 3-vertex complete graph which is the underlying unlabelled
graph of A12 � (A12 · A12), cf. Observation 5.2.2, which is contained in L+(1, 1) by
construction.

Assuming |V(T)| ≥ 2, let r ∈ V(T) be arbitrary. Write β(r) = {x1, x2, x3}.
Partition the neighbours of r in T in three sets X1, X2, X3 such that s ∈ Xi if, and
only if, xi ∈ β(r) \ β(s) for i ∈ [3].

For every neighbour s of r, let Ts be the connected component of T− r containing
s. Let Fs be the induced subgraph of F on

⋃
t∈V(Ts) β(t). The restriction of β to V(Ts)

is a tree decomposition of Fs with the properties listed in the inductive hypothesis.
Hence, for every s, there exists Fs ∈ L+(1, 1) as stipulated. By permuting labels,
it may be supposed that, for every s ∈ X1, the labels of Fs lie on x2x3, for Fs with
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1 1

Figure 5.6: A (1, 1)-bilabelled outerplanar graph and its expansion.

s ∈ X2 on x1x3, and for Fs with s ∈ X3 on x1x2. For i ∈ [3], let

F i :=


⊙

s∈Xi
Fs, if Xi 6= ∅,

A12, if Xi = ∅ and the two vertices in β(r) \ {xi} are adjacent,

J, otherwise.

Finally, let F := F2 � (F3 · F1). This graph is as desired if x1, x3 are required to be
labelled. For other choices of labels, F1, F2, F3 can be permuted and if necessary
transposed yielding any desired labelling.

A graph F is outerplanar if it does not have K4 or K2,3 as a minor. Equivalent, it
is outerplanar if it has a planar drawing such that all its vertices lie on the same
face [171], i.e. the outer face of the outerplanar drawing. Write OP for the class of all
outerplanar graphs. The main result of this section is the following.

Theorem 5.2.21. The classes L1 and OP coincide.

Theorem 5.2.21 yields the following Corollary 5.2.22 via Theorem 5.1.1:

Corollary 5.2.22. Two simple graphs G and H are homomorphism indistinguishable over
all outerplanar graphs if, and only if, L1(G, H) has a real solution.

Towards proving Theorem 5.2.21, we define a class of (1, 1)-bilabelled graphs
whose underlying unlabelled graphs are outerplanar.

Definition 5.2.23. The expansion of a (1, 1)-bilabelled graphs F = (F, u, v) is the
graph F′ obtained from F by adding a path of length two between u and v, i.e.
V(F′) := V(F) t {x} and E(F′) := E(F) t {ux, xv}. Write OP(1, 1) ⊆ G(1, 1) for
the class of (1, 1)-bilabelled graphs F whose expansion is outerplanar.

In terms of the outerplanar drawing of F, Definition 5.2.23 means that the two
labelled vertices u and v of F = (F, u, v) must occur consecutively on the outer face
of the drawing. See Figure 5.6 for an example.

Note that the above definition implies that, for all F = (F, u, v) ∈ OP(1, 1), the
underlying unlabelled graph F is outerplanar as it is a minor of the expansion
of F, i.e. soe(OP(1, 1)) ⊆ OP . If the two labels of F coincide, then its expansion is
obtained by adding a dangling edge and outerplanar if, and only if, the underlying
unlabelled graph of F is outerplanar. Hence, OP = soe(OP(1, 1)).
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1 1

(a) The graph P = A · A.

1 1

(b) The graph C.

Figure 5.7: Bilabelled graphs from the proof of Lemma 5.2.24.

Write A and I for the (1, 1)-bilabelled graphs corresponding to the adjacency
matrix and the identity matrix respectively. In the notation of Observation 5.1.5,
A = A12 and I = I12. These graphs are depicted by Figure 5.4.

Lemma 5.2.24. The class OP(1, 1) possesses the following closure properties:
1. If F ∈ OP(1, 1), then F∗ ∈ OP(1, 1).
2. If F ∈ OP(1, 1), then A� F ∈ OP(1, 1) and I � F ∈ OP(1, 1).
3. If F1, F2 ∈ OP(1, 1), then F1 · F2 ∈ OP(1, 1).

Proof. The first claim is purely syntactical. The underlying unlabelled graphs of F
and F∗ are isomorphic and so are their expansions. Thus, F∗ ∈ OP if F ∈ OP .

For the second claim, first consider the case when the labels of F coincide. Then
I � F = F and A� F differs from F only in the loop at the labelled vertex. Hence,
A� F is in OP(1, 1). Now consider the case when the labelled vertices of F are
distinct. Write F for the unlabelled graph underlying F and F′ for the expansion
of F. It can be easily seen that the graphs underlying A� F and I � F are minors
of F′ and thus outerplanar. The expansion of I � F is a minor of the expansion of
A� F. Thus, it suffices to argue that the expansion of A� F is outerplanar.

Write K for the unlabelled graph underlying A� F and K′ for the expansion of
A� F. Since K and F′ are outerplanar, any K4-minor of K′ can be obtained from K′

without contracting the triangle induced by the labelled vertices of A� F and the
vertex added by expansion. This cannot be since the latter vertex is of degree two.
By the same argument, since K2,3 is triangle-free, the graph K′ does not contain any
K2,3-minor either.

For the third claim, let F denote the graph underlying F1 · F2. Let y denote the
vertex at which F1 and F2 are glued together and write x, z for the vertices labelled
in F1 · F2. The graph F− y is disconnected. Hence, if K4 or K2,3 is a minor of F, then
F1 or F2 are not outerplanar. Hence, F is outerplanar.

Write F′ for the expansion of F := F1 · F2. In symbols, F′ = soe(P� F) where
P is the bilabelled graph in Figure 5.7a. For K ∈ {K4, K2,3}, observe the following:
If F′ contains K as a minor, then, by Lemma 5.2.16, there exists a bilabelled minor
K ≤ P� F such that soe(K) is the disjoint union of K and potential isolated vertices
which are labelled in K. By Lemma 5.2.17, K can be written as K = K1 � K2 such
that K1 ≤ P and K2 ≤ F. The graph P has six bilabelled minors. Distinguish cases:

1. If K1 = P, then K = K2,3. The labels of K2 must lie on distinct vertices because
K does not contain any vertices of degree one. Furthermore, the labelled
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vertices in K must be connected via a path of length two with an intermediate
vertex of degree two. Hence, K2 = C where C is the graph in Figure 5.7b.

2. If K1 = A, then the labels of K2 must lie on distinct vertices because K does
not contain any loops. Furthermore, the labelled vertices in K must be adjacent.
Hence, K2 is a graph obtained from K4 or K2,3 by labelling two adjacent vertices
and potentially removing the edge between them. In any case, C ≤ K2.

3. If K1 = I, then K2 is obtained from K4 or K2,3 by either picking one vertex and
placing both labels on it or by adding a fresh vertex, placing a label on it, and
connecting it to a subset of the neighbours of a chosen original vertex, which
receives the other label.

4. If K1 = J, then K2 = K. In particular, K2 is obtained from K4 or K2,3 by the
procedure described in Item 3.

5. K1 cannot be any of the two remaining bilabelled minors of P since these
contain an unlabelled vertex of degree at most one which is not the case for K.

For Items 1 and 2, when C ≤ F = F1 · F2, by Lemma 5.2.18, C ≤ F1 or C ≤ F2

because the graph C cannot be written as the series composition of two graphs
different from I. The bilabelled minor C of F1 or F2 gives rise to a K2,3-minor in
their expansion, contradicting that F1, F2 ∈ OP(1, 1).

For Items 3 and 4, let K2 be the graph described there. This graph can only be
written as the series composition of two graphs different from I if the two labels
do not coincide. In this case, one of the labelled vertices is adjacent to a subset
of neighbours of the other labelled vertex. The graph K2 may be written as series
composition of A or J with another graph K′2. The graph soe(K′2) contains K4 or
K2,3 as a minor. By Lemma 5.2.15, one of the factors F1 or F2 is not outerplanar, a
contradiction.

We proceed to prove the following auxiliary lemma:

Lemma 5.2.25. Let F be an outerplanar simple graph with vertex u ∈ V(F). If degF(u) ≥
1, then there exists a neighbour v ∈ NF(u) such that the graph obtained from F by
subdividing the edge uv is outerplanar.

Proof. Take an outerplanar embedding of F which has some face incident to all the
vertices, consider some edge incident to u that is incident to this face, and subdivide
that edge. Since the vertex created by subdivision is incident to the outer face, the
embedding remains outerplanar when the edge is subdivided. Alternatively, one
may consider the following argument:

If u is of degree one or two, then any of its neighbours is as desired. If u has
degree at least three, observe that F[NF(u)] cannot contain K3 as a minor. Indeed,
any such minor would give rise to a K4-minor in F. Hence, F[NF(u)] is a forest
and contains a vertex v of degree at most one in F[NF(u)]. Write F′ for the graph
obtained from F by subdividing the edge uv. Write w for the vertex added this way.
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Figure 5.8: Decomposition of a bilabelled outerplanar graph into atomic graphs.

If F′ is not outerplanar, then it contains a minor K4 or K2,3 which can be obtained
from F′ without undoing the subdivision. This minor cannot be K4 because w is of
degree two. Hence, F′ contains a K2,3-minor which can be obtained from F such
that the path uwv is not contracted. This implies that v is adjacent to at least two
neighbours of u which cannot be since it was chosen to be of degree one in F[NF(u)],
a contraction. Hence, the graph F′ is outerplanar.

Lemma 5.2.25 facilitates decomposing bilabelled outerplanar graphs into simpler
ones. See Figure 5.8 for an example.

Lemma 5.2.26. Let F = (F, u, v) ∈ OP(1, 1) have n ≥ 3 vertices.
1. If u = v and uv ∈ E(F), then F = A� K where K = (K, x, x) ∈ OP(1, 1) has at

most n vertices and x 6∈ E(F),
2. If u = v and uv 6∈ E(F), then F = I � (K · J) or F = I � ((A� K) · J) where

K = (K, x, y) ∈ OP(1, 1) has at most n vertices and x 6= y.
3. If u 6= v and uv ∈ E(F), then F = A� K where K = (K, x, y) ∈ OP(1, 1) has at

most n vertices and satisfies x 6= y and xy 6∈ E(K),
4. If u 6= v and uv 6∈ E(F), then F = K · L where K, L ∈ OP(1, 1) have at least 2 and

at most n− 1 vertices.

Proof. For Item 1, K is obtained from F by removing the loop at u = v.
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For Item 2, distinguishing two cases.
• If u = v is isolated in F, then let x ∈ V(F) \ {u} be arbitrary. Define K := F.

Then K := (K, u, x) is such that F = I � (K · J). By definition, K is outerplanar.
Since u is isolated, the expansion of K differs from K dangling path at u.
Hence, K is outerplanar as well.

• If u = v is not isolated, pick a neighbour x in virtue of Lemma 5.2.25, and let K
be the graph obtained from F by deleting the edge ux, i.e. V(K) := V(F) and
E(K) := E(F) \ {ux}. Let K := (K, u, x). As a subgraph of F, K is outerplanar.
The expansion of K is the graph obtained from F by subdividing the edge
ux and outerplanar by Lemma 5.2.25. Hence, K ∈ OP(1, 1). Furthermore,
F = I � ((A� K) · J).

For Item 3, define K by removing the edge uv from F, i.e. V(K) := V(F) and
E(K) := E(F) \ {uv}. The graph K := (K, u, v) satisfies F = A� K and all other
stipulated properties. The expansion of K is a minor of the expansion of F.

For Item 4, first suppose that u and v lie in the same connected component of F.
Observe that there are no two internally vertex-disjoint paths from u to v since a pair
of two such paths would give rise to a K2,3-minor in the expansion of F. By Menger’s
Theorem, there exists a vertex x 6= u, v meeting all paths from u to v. Thus, removing
x from F causes u and v to lie in separate connected components. Let A denote the
connected component of F− x containing u, B the connected component of F− x
containing v, and C the union of all connected components of F − x containing
neither u nor v. By definition, V(F) = A t B t C t {x}. Define K := F[A ∪ {x}]
as the subgraph of F induced by A ∪ {x} and similarly L := F[B ∪ C ∪ {x}]. Let
K := (K, u, x) and L := (L, x, v). Then F = K · L, as desired. As they are induced
subgraphs of F, the graphs K and L are outerplanar. The expansions of K and L are
minors of the expansion of F and thus outerplanar. Observe that |V(K)|+ |V(L)| =
n + 1 and |V(K)|, |V(L)| ≥ 2, as desired.

Now suppose that u and v lie in separate connected components of F. Let A
denote the connected component of F containing u, B the connected component
of F containing v, and C the union of all connected components of F containing
neither u nor v. Observe that |A|+ |B|+ |C| = n ≥ 3. Distinguish cases:

• If |A| + |C| ≥ 2, let K := F[A ∪ C] and L′ := F[B]. Define K := (K, u, u),
L′ := (L′, v, v), and L := J · L′.

• Otherwise, it holds that |B| ≥ 2 and C = ∅. Let K′ := F[A ∪ B] and L := F[B].
Define K′ := (K′, u, u), L := (L, v, v), and K := K′ · J.

In both cases, F = K · L and K, L ∈ OP(1, 1). Furthermore, writing K and L for the
graphs underlying K and L respectively, it holds that |V(K)|+ |V(L)| = n + 1 and
|V(K)|, |V(L)| ≥ 2 since multiplication with J amounts to adding a fresh isolated
vertex.

The following Theorem 5.2.27 implies Theorem 5.2.21.

Theorem 5.2.27. The classes L(1, 1) and OP(1, 1) coincide.
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Proof. For the inclusion L(1, 1) ⊆ OP(1, 1), observe that the atomic graphs in
A(1, 1) are A, J, I ∈ OP(1, 1), cf. Figure 5.4. By Lemma 5.2.24, OP(1, 1) is closed
under series composition, parallel composition with atomic graphs, and permutation
of labels. It follows inductively that L(1, 1) ⊆ OP(1, 1).

For the inclusion L(1, 1) ⊇ OP(1, 1), it is argued that F ∈ L(1, 1) if F ∈ OP(1, 1)
by induction on the number of vertices in F. If F has at most two vertices, this is
clear. Suppose F = (F, u, v) has n ≥ 3 vertices. By Items 1 to 3 of Lemma 5.2.26

and the closure properties of L(1, 1) from Definition 5.2.1, it may be supposed that
u 6= v and uv 6∈ E(F). In this case, again by Lemma 5.2.26, F = K · L for graphs K
and L, to which the inductive hypothesis applies. It follows that F ∈ L(1, 1).
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Closure

The quest for a polynomial-time algorithm for graph isomorphism [88] has led to an
interest in various polynomial-time graph isomorphism relaxation. For example, the
k-dimensional Weisfeiler–Leman algorithm wlk runs in polynomial time and used
to be a reasonable candidate for a polynomial-time graph isomorphism procedure.
Only when the seminal Cai–Fürer–Immerman (CFI) graphs [37] were constructed, it
emerged that wlk does not decide isomorphism for all graphs. In general, separating
a given graph isomorphism relaxation from isomorphism is a notoriously hard task
and usually requires the subtle construction of separating examples.

This chapter presents a discussion of the perspective that homomorphism indis-
tinguishability offers on the distinguishing power of graph isomorphism relaxations.
Via the various characterisations of homomorphism indistinguishability relations
in Chapters 3 to 5, the problem of separating homomorphism indistinguishability
relations from isomorphism subsumes this task for graph isomorphisms relaxations
from finite model theory [68], optimisation (Corollaries 6.4.2 and 6.3.17), or machine
learning [180].

In order to separate a homomorphism indistinguishability relation ≡F of a graph
class classes F from isomorphism, one must construct two simple graphs G and H
such that G 6∼= H and G ≡F H. By Lovász’s Theorem 3.1.1, isomorphism is a
homomorphism indistinguishability relation. Thus, the task of separating ≡F
from isomorphism is subsumed by the following more general problem: Given the
homomorphism indistinguishability relations ≡F1 and ≡F2 of two graph classes
F1 and F2, when is ≡F1 a refinement of ≡F2 , i.e. when does G ≡F1 H imply that
G ≡F2 H for all simple graphs G and H?

As argued above, this question has a counterpart in logic. For example, while
it is clear that the set of formulas Ck in k-variable first-order logic with counting
quantifiers forms a proper subset of Ck+1, it requires the CFI construction to ar-
gue that Ck+1-equivalence is a strictly finer graph isomorphism relaxation than
Ck-equivalence. Here, Ck ( Ck+1 is a syntactic assertion whereas the relationship of
Ck+1-equivalence and Ck-equivalence is semantic.

Analogous to syntax and semantics in logic, the reader is invited to think about
the properties of the graph classes F1 and F2 as syntactic while the properties of
the homomorphism indistinguishability relations ≡F1 and ≡F1 are referred to as
semantic. Of course, if the syntactic statement F1 ⊇ F2 holds, then ≡F1 refines ≡F2 ,
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which is a semantic assertion. As it turns out, the semantic statement that ≡F1

refines ≡F2 does not always imply that F1 ⊇ F2 holds syntactically.
The central notion for studying this phenomenon is the homomorphism distin-

guishing closure. It was introduced by Roberson [150] in the first paper which
systematically studied the semantics of homomorphism indistinguishability.

Definition 6.0.1 ([150, p. 3]). Let F be a graph class. The homomorphism distinguishing
closure of F is

cl(F ) := {K | ∀G, H. G ≡F H =⇒ hom(K, G) = hom(K, H)}.

Here, K, G, and H denote simple graphs. The class F is homomorphism distinguishing
closed if cl(F ) = F .

Intuitively, cl(F ) is the largest graph class whose homomorphism indistinguishab-
ility relation coincides with the one of F . In other words, a graph class F is homo-
morphism distinguishing closed if, for every F 6∈ F , there exist graphs G and H
such that G ≡F H and hom(F, G) 6= hom(F, H). Clearly, the class G of all graphs
is homomorphism distinguishing closed. Further basic examples will be given in
Theorems 6.1.1 and 6.1.2.

Establishing that a graph class is homomorphism distinguishing closed is a hard
task and the list of known examples is limited. The subsequent sections present an
almost exhaustive list of the known homomorphism distinguishing closed graph
classes and the available proof techniques, which can be categorised as follows:

Oddomorphisms. In this thesis’ language, Cai, Fürer, & Immerman [37] constructed
their CFI graphs in order to show that the homomorphism distinguishing
closure of the class of graphs of treewidth at most k does not contain all graphs.
Strengthening this result, Roberson [150] observed that the CFI construction
can be employed to show that many graph classes (not only the class of
graphs of bounded treewidth) are homomorphism distinguishing closed.
Roberson proposed a purely combinatorial criterion that, when satisfied by
a graph class, implies that the graph class is homomorphism distinguishing
closed: The graph class must be closed under weak oddomorphisms. Here, weak
oddomorphisms are homomorphisms satisfying certain parity conditions.

The following graph classes were shown to be closed under weak oddomorph-
isms and thus to be homomorphism distinguishing closed: the class of graphs
of bounded degree (Corollary 6.3.10), forests (Corollary 6.3.12), disjoint unions
of paths (Corollary 6.3.13), and, for h ≥ 3, the class of K2,h-minor-free graphs
of treewidth at most two (Corollary 6.3.16). Moreover, with slight adapta-
tions of this approach, the class of disjoint unions of cycles is shown to be
homomorphism distinguishing closed (Theorem 7.1.4).
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Games. For graph classes whose homomorphism indistinguishability relations have
connections to logic, the above approach can be combined with techniques
from model theory and structural graph theory. The key technical challenge
is to show that, for given a graph G which does not belong to such a graph
class, its CFI graphs G0 and G1 are homomorphism indistinguishable over the
class. Combinatorial games can be used to rephrase this statement: Graph
searching games characterise membership in a graph class while model com-
parison games characterise logical equivalence and thus the homomorphism
indistinguishability relation.

This approach was applied successfully for the classes of graphs of bounded
treewidth (Theorem 6.4.1), bounded treedepth (Theorem 6.4.4), bounded
pathwidth (Theorem 6.4.6), and the class of graphs with k-pebble forest covers
of bounded depth (Theorem 6.4.5).

Finiteness. For graph classes which are essentially finite (Definition 6.5.1), the homo-
morphism distinguishing closure can be computed explicitly (Theorem 6.5.2).

Theorem 6.5.2 applies e.g. to the set of all minors of a fixed graph and serves
as source for examples and counter-examples.

A central result which is not covered here asserts that the class of planar graphs is
homomorphism distinguishing closed [150, Lemma 8.2, Theorem 8.3]. It relies on the
characterisation of quantum isomorphism as homomorphism indistinguishability
over planar graphs due to Mančinska & Roberson [124]. Furthermore, it makes use
of the fact that the CFI graphs of a graph G are quantum isomorphic if, and only if,
G is non-planar, cf. [15, 8].

It would be advantageous to be able to determine the homomorphism distin-
guishing closure of a given graph class with as few assumptions as possible. The
techniques listed above are insufficient for this task. Roberson [150] suggested to
consider minor-closed graph classes, which are rich in structure and general enough
to be relevant in applications, e.g. in Chapter 5. They proposed the following
Conjecture 6.0.2.

Conjecture 6.0.2 ([150, Conjecture 1]). Every minor-closed and union-closed graph class
is homomorphism distinguishing closed.

While it is not hard to see that every homomorphism distinguishing closed graph
class is closed under disjoint unions, cf. Lemma 6.2.2, the relevance of minor-closed
graph classes in the context of homomorphism indistinguishability is less clear, cf.
Chapter 7.

Conjecture 6.0.2 is wide open. The same holds true for its weaker version
given below. The following sections present evidence for both conjectures. In
Theorem 6.5.2, Conjecture 6.0.2 is confirmed for all essentially finite graph classes.

127



6 The Homomorphism Distinguishing Closure

Conjecture 6.0.3 ([150, Conjecture 5]). For a proper minor-closed graph class F , the
homomorphism indistinguishability relation ≡F is not isomorphism.

In terms of the homomorphism distinguishing closure, Conjecture 6.0.3 can be
rephrased as asserting that, for a proper minor-closed graph class F , cl(F ) does
not contain all graphs.

Chapter Outline. In Section 6.1, intuition for the homomorphism distinguishing
closure is built by considering first examples. Section 6.2 features some general
properties of the homomorphism distinguishing closure. In Sections 6.3 to 6.5, the
three main techniques available for proving that a graph class is homomorphism
distinguishing closed are presented: oddomorphisms, games, and finiteness. The
chapter is concluded in Section 6.6 with an overview of further research directions.

The material in Section 6.3.1 is joint work with Moritz Lichter and Benedikt Pago
and was published in [111, 110]. The material in Section 6.3.4 is joint unpublished
work with Daniel Neuen. Corollary 6.4.2 and Question 6.4.3 are joint work with
David E. Roberson and were published in [151, 152]. The material in Section 6.5 was
published in [162, 165].

6.1 First Examples and Non-Examples

This section features an example of a homomorphism distinguishing closed graph
class and an example of a proper graph class whose homomorphism distinguishing
closure is the class of all graphs. The first one is the class of bipartite graphs, for
which this property is established in Theorem 6.1.1. This observation can be traced
back to [150, 63]. The second one is the class of 2-degenerate graphs. We repeat an
argument from [63] which is based on ideas from [119].

In plain terms, Theorem 6.1.1 asserts that, for every simple non-bipartite graph F,
there exist simple graphs G and H such that G and H are homomorphism indistin-
guishable over all bipartite graphs but hom(F, G) 6= hom(F, H).

Theorem 6.1.1 ([150, Lemma 5.8]). The class GK2 of all bipartite graphs is homomorphism
distinguishing closed.

Proof. Let F be a non-bipartite simple graph. Define G := F× K2 and H := F + F.
We claim that G ≡GK2

H and hom(F, G) 6= hom(F, H). For the latter claim, observe
that hom(F, G) = 0 since G is bipartite. Clearly, hom(F, H) 6= 0 since every graph
admits a homomorphism into itself.

For the former claim, first note that, by Equation (2.1), it suffices to show that
hom(L, G) = hom(L, H) for all connected bipartite graphs L. For such a graph L,
hom(L, G) = 2 hom(L, F) by Equation (2.2) and since every connected bipartite
graph admits exactly two homomorphisms to K2. Secondly, by Equation (2.3),
hom(L, H) = hom(L, F) + hom(L, F) = 2 hom(L, F). Thus, G ≡GK2

H.
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We now turn to Theorem 6.1.2 which is due to Dvořák [63]. Let k ∈N. A graph
F is k-degenerate if every subgraph of F contains a vertex of degree at most k. In
plain terms, Theorem 6.1.2 asserts that two simple graphs G and H are isomorphic
whenever they are homomorphism indistinguishable over all 2-degenerate graphs.

Theorem 6.1.2 ([63, Theorem 12]). The homomorphism distinguishing closure of the class
of 2-degenerate graphs is the class of all graphs.

The proof of Theorem 6.1.2 is based on the following Lemma 6.1.3, which is due
to [119].

Lemma 6.1.3 ([119, Proof of Theorem 1.4], cf. [116, Proposition 6.21]). For simple
graphs G and H, there exist coefficients α2, . . . , α` ∈ R such that AG = ∑`

i=2 αi Ai
G and

AH = ∑`
i=2 αi Ai

H.

Proof. Let λ1, . . . , λ` be the non-zero eigenvalues of the adjacency matrix AG+H of the
disjoint union of G and H. Consider the polynomial p(x) = x ∏`

i=1(1− x/λi) ∈ R[x].
By construction, p(AG+H) is the zero matrix. The polynomial p does not have a
constant term and its linear monomial has non-zero coefficient. Thus, there exist
coefficients α2, . . . , α`+1 ∈ R such that AG+H = ∑`+1

i=2 αi Ai
G+H The adjacency matrix

AG+H is of block shape AG+H =
(

AG 0
0 AH

)
. Hence, the desired identities hold.

Lemma 6.1.3 implies the following Lemma 6.1.4.

Lemma 6.1.4 ([63, Lemma 11]). Let F, G, and H be simple graphs. Let e ∈ E(F). If
hom(F, G) 6= hom(F, H), then there exists a graph F′ obtained from F by subdividing the
edge e at least once such that hom(F′, G) 6= hom(F′, H).

Proof. Write u, v ∈ V(F) for the vertices incident to the edge e. Furthermore,
let F′ be the graph obtained from F by deleting e. Let F ′ := (F′, u, v) ∈ G(1, 1).
Recall the definition of A ∈ G(1, 1) from Example 3.2.3. Then F ∼= soe(A � F ′).
Let α2, . . . , α` ∈ R denote the coefficients from Lemma 6.1.3. Then hom(F, G) =

soe(AG � F ′G) = ∑`
i=2 αi soe(Ai

G � F ′G) and the same equality holds for H. Hence, if
hom(F, G) 6= hom(F, H), then there exists an integer 2 ≤ i ≤ ` such that soe(Ai

G �
F ′G) 6= soe(Ai

H � F ′H). The graph soe(Ai � F ′) is obtained from F by subdividing
the edge e for i− 1 times.

This concludes the preparations for the proof of Theorem 6.1.2.

Proof of Theorem 6.1.2. Let F be an arbitrary simple graph. We show that if two
simple graphs G and H are homomorphism indistinguishable over all 2-degenerate
graphs, then hom(F, G) = hom(F, H). Contrapositively, suppose that hom(F, G) 6=
hom(F, H). By repeatedly subdividing edges and invoking Lemma 6.1.4, one may
construct a 2-degenerate graph F′ from F such that hom(F′, G) 6= hom(F′, H).
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6 The Homomorphism Distinguishing Closure

6.2 Properties of the Homomorphism Distinguishing Closure

In this section, the homomorphism distinguishing closure is demonstrated to be
a robust notion by proving a selection of basic properties. These will be useful in
subsequent arguments.

First note that cl is a closure operator in the sense that cl(F ) ⊆ cl(F ′) if F ⊆ F ′
and cl(cl(F )) = cl(F ) for all graph classes F and F ′. Moreover, it holds that
that cl(∅) = {K0} where K0 denotes the empty graph, i.e. V(K0) = ∅ = E(K0).
Furthermore, the intersection of homomorphism distinguishing closed graph classes
is homomorphism distinguishing closed:

Lemma 6.2.1 ([150, Lemma 6.1]). Let I be an arbitrary set and let Fi for every i ∈ I be a
homomorphism distinguishing closed graph class. Then F :=

⋂
i∈I Fi is homomorphism

distinguishing closed.

Proof. For the sake of completeness, the following proof from [150, Lemma 6.1] is
included. Let F 6∈ F be a simple graph. Then F 6∈ Fi for some i ∈ I. Since Fi is
homomorphism distinguishing closed, there exist simple graphs G and H such that
G ≡Fi H and hom(F, G) 6= hom(F, H). Since F ⊆ Fi, it holds that G ≡F H and
hom(F, G) 6= hom(F, H), as desired.

The analogue of Lemma 6.2.1 for unions does not holds. This is demonstrated by
Example 6.5.11 and hinted at by the following Lemma 6.2.2. It implies for example
that no finite graph class is homomorphism distinguishing closed.

Lemma 6.2.2. Every homomorphism distinguishing closed graph class F is closed under
disjoint unions, i.e. if F1, F2 ∈ F , then F1 + F2 ∈ F .

Proof. We show that if F1, F2 ∈ F , then F1 + F2 ∈ cl(F ). To that end, let G
and H be simple graphs such that G ≡F H. By Equation (2.1), hom(F1 + F2, G) =

hom(F1, G) hom(F2, G) = hom(F1, H) hom(F2, H) = hom(F1 + F2, H). Hence, F1 +

F2 ∈ cl(F ).

From Lemma 6.2.1, the following useful Lemma 6.2.3 can be derived. Neither of
the inclusions in Lemma 6.2.3 can be reversed in general, cf. Example 6.5.11.

Lemma 6.2.3. Let I be an arbitrary index set and Fi for every i ∈ I be a graph class. Then

cl

(⋂
i∈I

Fi

)
⊆
⋂
i∈I

cl(Fi) and
⋃
i∈I

cl(Fi) ⊆ cl

(⋃
i∈I

Fi

)
.

Proof. By Lemma 6.2.1,
⋂

i∈I cl(Fi) is homomorphism distinguishing closed and it
suffices to observe that

⋂
i∈I Fi ⊆

⋂
i∈I cl(Fi). For the second claim, Fj ⊆

⋃
i∈I Fi

and hence cl(Fj) ⊆ cl(
⋃

i∈I Fi) for every j ∈ I.
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6.3 CFI Graphs and Oddomorphisms

6.3 CFI Graphs and Oddomorphisms

The most versatile tool for proving that a graph class is homomorphism distinguish-
ing closed is the CFI construction. Originally [37], CFI graphs were introduced to
separate Ck-equivalence from isomorphism. This was done by constructing, given a
graph G, two graphs G0 and G1, the even and odd CFI graphs of G. Intuitively, if G
is a complicated graph, e.g. if tw(G) > k, then G0 and G1 are indistinguishable, e.g.
Ck+1-equivalent (Theorems 6.4.1 and 3.4.4). Roberson [150] demonstrated that the
similarity of G0 and G1 can be understood via homomorphism indistinguishability.
In this section, these observations are extended to more general CFI graphs.

6.3.1 Homomorphisms into CFI Graphs over Finite Abelian Groups

Roberson [150] studied homomorphisms to CFI graphs constructed over the group Z2

of order two. Their variant of CFI graphs was introduced in [71]. In [135], the clas-
sical CFI construction over Z2 was generalised to arbitrary finite abelian groups.
Combing the construction from [135] with the observations from [150], we con-
sider homomorphisms into CFI graphs over arbitrary finite abelian groups. For an
application of such CFI graphs, see [108, 111]. Apart from this section, this thesis
is concerned with CFI graphs over Z2. We state the results in this section more
generally for future reference.

Throughout this section we fix a finite abelian group Γ and write it additively.
For a simple graph G and a vertex v ∈ V(G), write E(v) := {e ∈ E(G) | v ∈ e} for
the set of edges incident to v. We consider vectors U ∈ ΓX for finite sets X. For an
element x ∈ X, we write U(x) ∈ Γ for the x-th entry of U. When convenient, we
write γx ∈ ΓX for the vector which is γ at the x-th entry and zero everywhere else
for x ∈ X and γ ∈ Γ. Write ∑ U for ∑x∈X U(x) and 0 ∈ ΓX for the function which is
zero everywhere.

Definition 6.3.1. A base graph is a connected simple graph. Let G be a base graph
and U ∈ ΓV(G). The graph GU has vertices (u, S) for every u ∈ V(G) and S ∈ ΓE(u)

such that ∑ S = U(u). Two vertices (u, S) and (v, T) are adjacent if uv ∈ E(G) and
S(uv) + T(uv) = 0.

Consider the example in Figure 6.1. For further examples, see Figures 3.1 and 3.8,
which depict the CFI graphs over Z2 of the star K1,3 and the path P4, respectively.

The proof of the following Lemma 6.3.2 uses well-known arguments for CFI

graphs [71, 135, 109].

Lemma 6.3.2. Let G be a base graph and U, U′ ∈ ΓV(G). If ∑ U = ∑ U′, then GU ∼= GU′ .

Proof. Let uv ∈ E(G). Let γ ∈ Γ. First consider U′ := U + γu− γv where γu and
γv denote the vectors in ΓV(G) with γ at the u-th and v-th component, respectively,
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6 The Homomorphism Distinguishing Closure

(a, (0, 0))

(a, (1, 1))

(b, (0, 0))

(b, (1, 1))

(c, (0, 0))

(c, (1, 1))

(a) G0 ∼= 2K3.

(a, (0, 1))

(a, (1, 0))

(b, (0, 0))

(b, (1, 1))

(c, (0, 0))

(c, (1, 1))

(b) Ga ∼= C6.

Figure 6.1: The CFI graphs of K3 with V(K3) = {a, b, c} over the abelian group Z2.
The entries of the vectors correspond to the neighbours of each vertex in
alphabetical order.

and zero otherwise. Define the map ϕ : V(GU)→ V(GU′) by

ϕ((w, S)) :=


(u, S + γuv), if w = u,

(v, S− γuv), if w = v,

(w, S), otherwise,

where γuv denotes the vector in ΓE(u) in the first case or in ΓE(v) in the second case
with γ at the uv-th component and zero otherwise. Observe that

∑
e∈E(v)

(S− γuv)(e) = U(v)− γ = U′(v)

and analogously for u. Hence, ϕ is indeed a well-defined map to VU′ . Clearly,
ϕ is a bijection. Let (x, S), (y, T) ∈ V(GU) be arbitrary vertices of GU and define
(x, S′) := ϕ(x, S) and (y, T′) := ϕ(y, T). Then S′(xy) + T′(xy) = S(xy) + T(xy).
Hence, (x, S) and (y, T) are adjacent in GU if, and only if, they are adjacent in GU′ .

Since G is connected, the maps constructed above can be composed to yield
GU ∼= GU+γu−γv for every pair of vertices u, v ∈ V(G) and every γ ∈ Γ. This yields
GU ∼= GU′ as desired.

We proceed by counting homomorphisms into CFI graphs. For a base graph G
and U ∈ ΓV(G), consider the projection map ρ : GU → G sending (v, S) to v. Clearly, ρ

is a homomorphism. For a graph F and a homomorphism ψ : F → G, define

Homψ(F, GU) := {ϕ ∈ Hom(F, GU) | ρ ◦ ϕ = ψ} .

The sets Homψ(F, GU) for all ψ : F → G partition the set Hom(F, GU) of homo-
morphisms F → GU . Write homψ(F, GU) for the cardinality of Homψ(F, GU).
Lemma 6.3.3 generalises [150, Lemma 3.4].

132



6.3 CFI Graphs and Oddomorphisms

Lemma 6.3.3. Let F be a simple graph and G be a base graph. Let U ∈ ΓV(G) and fix
ψ ∈ Hom(F, G). Consider the system of equations HOM(F, G, U, ψ) with variables xa

e for
all a ∈ V(F) and e ∈ E(ψ(a)) and equations

∑
e∈E(ψ(a))

xa
e = U(ψ(a)) for all a ∈ V(F), (6.1)

xa
e + xb

e = 0 for all ab ∈ E(F) and e = ψ(ab) ∈ E(G). (6.2)

Then the number of solutions to HOM(F, G, U, ψ) over Γ is equal to homψ(F, GU).

Proof. We construct a bijection between the solution set of HOM(F, G, U, ψ) and
Homψ(F, GU). Let ξ = (ξa

e )a∈V(F),e∈E(ψ(a)) be a solution to HOM(F, G, U, ψ) over Γ.
Define a homomorphism ϕξ ∈ Homψ(F, GU) via ϕξ(a) :=

(
ψ(a), (ξa

e )e∈E(ψ(a))
)
.

Equation (6.1) guarantees that ϕξ is indeed a map from the vertices of F to the ones
of GU . If a and b are adjacent in F, then so are ψ(a) and ψ(b) in G. Furthermore,
ξa

ψ(ab) + ξb
ψ(ab) = 0 by Equation (6.2). Hence, ϕξ(a) and ϕξ(b) are adjacent in GU .

It is easy to see that this construction is injective, i.e. if ϕξ = ϕζ for solutions ξ

and ζ of HOM(F, G, U, ψ) over Γ, then ξ = ζ. For surjectivity, let ϕ ∈ Homψ(F, GU).
For a ∈ V(F) and e ∈ E(ψ(a)), define ξa

e as the second component of ϕ(a), i.e.
ξa

e := Sa(e) where ϕ(a) = (ψ(a), Sa). Clearly, ξ := (ξa
e ) is such that ϕξ = ϕ. The fact

that ξ satisfies Equations (6.1) and (6.2) is easily verified.

Lemma 6.3.3 is used in the following Theorem 6.3.4 to compare homomorphisms
counts into G0 and GU . Theorem 6.3.4 generalises [150, Theorem 3.6].

Theorem 6.3.4. For a base graph G, a vector U ∈ ΓV(G), and ψ ∈ Hom(F, G) for some
simple graph F, the following hold:

1. homψ(F, G0) > 0.
2. If HOM(F, G, U, ψ) has a solution, then homψ(F, G0) = homψ(F, GU).
3. If HOM(F, G, U, ψ) has no solution, then homψ(F, GU) = 0.

Proof. For U = 0, the system in Lemma 6.3.3 is homogeneous. Hence, it always has
a solution, namely the assignment of zero to all variables. This yields the first claim.

For the second claim, let ξ = (ξa
e )a∈V(F),e∈E(ψ(a)) denote a solution to the system

HOM(F, G, U, ψ). Then the map x 7→ x + ξ is a bijection between the sets of
solutions of HOM(F, G, 0, ψ) and HOM(F, G, U, ψ).

The third claim is implied by Lemma 6.3.3.

Theorem 6.3.4 implies Corollary 6.3.5, which gives a criterion for a CFI graph GU

to satisfy that ∑ U = 0 in terms of homomorphism counts from G. The condition
in Item 3 is relevant for subsequent arguments. Corollary 6.3.5 generalises [150,
Corollary 3.7].

Corollary 6.3.5. Let G be a base graph and U ∈ ΓV(G). Then the following are equivalent:
1. ∑ U = 0,
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6 The Homomorphism Distinguishing Closure

2. GU ∼= G0,
3. hom(G, GU) = hom(G, G0), and
4. homid(G, GU) = homid(G, G0), where id is the identity map on G.

Proof. By Lemma 6.3.2, Item 1 implies Item 2. It is immediate that Item 2 implies
Item 3. The fact that Item 3 implies Item 4 follows from Theorem 6.3.4.

It thus remains to prove that Item 4 implies Item 1. By Theorem 6.3.4, let ξ be a
solution to HOM(G, G, U, id). Then,

∑
a∈V(G)

U(a)
(6.1)
= ∑

a∈V(G)
∑

e∈E(a)
ξa

e = ∑
e=ab∈E(G)

ξa
e + ξb

e
(6.2)
= 0.

Hence, Item 1 holds.

In the subsequent sections, we will be interested in CFI graphs over the abelian
group Z2 on two elements. By Lemma 6.3.2 and Corollary 6.3.5, there are, up
to isomorphism, precisely two CFI graphs over a base graph G, namely G0 and
G1
∼= GU for some U ∈ Z

V(G)
2 with ∑ U = 1.

Definition 6.3.6. Let G be a base graph. The graphs G0 and G1 are the even and odd
CFI graphs of G as defined in Definition 6.3.1 over the group Z2.

6.3.2 Oddomorphisms

Roberson [150] gave a combinatorial criterion for the CFI graphs G0 and G1 of a
base graph G to have a different number of homomorphisms from a graph F. This
criterion is the existence of a so-called weak oddomorphism from F to G.

We restrict our attention to CFI graphs over Z2. Note that while Corollary 6.3.5
holds for any finite abelian group, the following Definition 6.3.7 and Theorem 6.3.8
require the CFI graphs to be constructed over the additive group of a finite field. This
is because their proofs are based on the Fredholm alternative [160, Corollary 3.1b],
which gives a criterion for the infeasibility of a linear system of equations over a
field.

Definition 6.3.7 ([150, Definition 3.9]). Let F and G be simple graphs and ψ : F → G
a homomorphism. A vertex a ∈ V(F) is odd/even with respect to ψ if |NF(a)∩ ψ−1(v)|
is odd/even for every v ∈ NG(ψ(a)). The homomorphism ψ is an oddomorphism if

1. every vertex of F is even or odd with respect to ψ,
2. for every v ∈ V(G), ψ−1(v) contains an odd number of odd vertices.

The homomorphism ψ : F → G is a weak oddomorphism if there is a subgraph F′ of F
such that ψ|F′ is an oddomorphism from F′ to G.

If a vertex a ∈ V(F) is odd or even with respect to ψ, it is referred to as ψ-odd or
ψ-even, respectively. The sets ψ−1(v) ⊆ V(F) for v ∈ V(G) are called the fibres of ψ.
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6.3 CFI Graphs and Oddomorphisms

Note that every weak oddomorphism ψ : F → G is surjective on vertices and
edges. That is, for every v ∈ V(G), there exists a ∈ V(F) such that ψ(a) = v and,
for every uv ∈ E(G), there exists ab ∈ E(F) such that ψ(ab) = uv. In particular,
|V(F)| ≥ |V(G)| and |E(F)| ≥ |E(G)|. An example for an oddomorphism is the
identity map id : G → G.

The notion of oddomorphisms is featured in the following characterisation of
homomorphism indistinguishability of CFI graphs.

Theorem 6.3.8 ([150, Theorem 3.13]). Let G be a base graph. Let G0 and G1 denote the
even and odd CFI graphs of G over Z2. Let F be a simple graph. Then

hom(F, G0) ≥ hom(F, G1)

with strict inequality if, and only if, there exists a weak oddomorphism from F to G.

In virtue of Theorem 6.3.8, oddomorphisms can be used to show that a graph
class is homomorphism distinguishing closed via Theorem 6.3.9.

Theorem 6.3.9 ([150, Theorem 6.2]). Let F be a graph class such that
1. F is closed under weak oddomorphisms, i.e. if F ∈ F and there exists a weak

oddomorphism F → G, then G ∈ F ,
2. F is closed under disjoint unions and taking summands, i.e. F1 + F2 ∈ F if, and only

if, F1, F2 ∈ F for all graphs F1, F2.
Then F is homomorphism distinguishing closed.

The conditions of Theorem 6.3.9 can be simplified for graph classes which are
closed under taking subgraphs: If a graph class F is closed under oddomorphisms,
taking subgraphs, and disjoint unions, then F is homomorphism distinguishing
closed.

How restrictive are the assumptions of Theorem 6.3.9? By Lemma 6.2.2, the
assumption that F is closed under disjoint unions does not constitute a loss of
generality. In contrast, not every homomorphism distinguishing closed graph class
is closed under weak oddomorphism. Here, an example is the class of disjoint
unions of cycles, cf. Theorem 7.1.4. The last assumption that F is closed under
taking summands also restricts the scope of Theorem 6.3.9 as demonstrated by
Example 6.5.11.

Nevertheless, Theorem 6.3.9 applies to most graph classes which are known to be
homomorphism distinguishing closed. The graph classes to which it does not apply
are rather particular, cf. Theorems 6.5.2 and 7.1.4. Note that in Corollary 7.1.5, using
results from Chapter 7, the first assumption in Theorem 6.3.9 will be relaxed.

6.3.3 Graphs of Bounded Degree, Paths, and Trees

In this section, we summarise some elementary examples for the use of The-
orem 6.3.9. We start with the titular result of [150] on the classes of graphs of
bounded degree.
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6 The Homomorphism Distinguishing Closure

Corollary 6.3.10 ([150, Lemma 4.1 and Theorem 4.7]). Let d ≥ 0. The class of graphs of
degree at most d is closed under weak oddomorphisms. In particular, it is homomorphism
distinguishing closed.

Proof. Clearly, the class in question is closed under disjoint unions and restriction to
connected components. It remains to argue that it is closed under weak oddomorph-
isms. Let F be a graph of maximal degree d and F → G a weak oddomorphism. By
Definition 6.3.7, there exists a subgraph F′ of F such that there exists an oddomorph-
ism ψ : F′ → G. Suppose that v ∈ V(G) has degree greater than d. The fibre ψ−1(v)
contains an odd vertex a ∈ V(F′). Since a is odd, it has at least one neighbour in
every ψ−1(w) for w ∈ NG(v). Hence, degF′(a) > d, a contradiction. The second
claim follows from Theorem 6.3.9.

Corollary 6.3.10 implies that the class of graphs that are disjoint unions of cycles
and paths, i.e. the class of graphs of degree at most two, is homomorphism dis-
tinguishing closed. The homomorphism indistinguishability relation of this class
was characterised in Corollary 3.3.3 as cospectrality of the adjacency matrices of
both the graphs and their complements. In contrast, the class of disjoint unions of
cycles, whose homomorphism indistinguishability relation is cospectrality of the
adjacency matrices, cf. Theorem 3.3.2, is not closed under weak oddomorphisms.
For example, the homomorphism C4 → P3 sending 1 7→ 1, 2 7→ 2, 3 7→ 3, 4 7→ 2 is a
weak oddomorphism inducing an oddomorphism to P3 from the induced subgraph
of C4 with vertex set {1, 2, 3}. Nevertheless, it will be shown in Theorem 7.1.4 that
the class of disjoint unions of cycles is homomorphism distinguishing closed.

Corollary 6.3.10 answers a question in [61] negatively: Do homomorphism counts
from graphs of bounded degree characterise a graph up to isomorphism? This
question was also addressed in [86, Theorem 3], which asserts that homomorphism
counts from trees of bounded degree do not characterise a graph up to indistin-
guishability under Colour Refinement, cf. Theorem 3.4.3. Being superseded by
Corollary 6.3.10, this result is omitted here.

In light of Conjecture 6.0.2, minor-closed graph classes are of special interest.
By the Robertson–Seymour Theorem [155], every minor-closed graph class can
be described by a finite list of forbidden minors. These forbidden minors serve
as certificates for a graph not being in the class. Thus, in light of Theorem 6.3.9,
when showing that a graph class is closed under weak oddomorphisms, it has to be
argued that if F → G is a weak oddomorphism and G′ a minor of G, then F already
has G′ has a minor. The following Lemma 6.3.11 simplifies such arguments.

Lemma 6.3.11 ([150, Lemma 5.6]). Let F and G be simple graphs admitting a weak
oddomorphism F → G. For every minor G′ of G, there exists a minor F′ of F such that F′

admits an oddomorphism to G′.

As an example for the use of Lemma 6.3.11, consider the following Corollary 6.3.12.
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Homomorphism indistinguishability over the class of forests is characterised by
Theorems 3.4.3 and 3.4.4 and Corollary 4.2.4.

Corollary 6.3.12 ([150, Corollaries 5.16 and 6.8]). The class of forests is closed under
weak oddomorphisms. In particular, it is homomorphism distinguishing closed.

Proof. In order to apply Theorem 6.3.9, we argue that the class in question is closed
under weak oddomorphisms. Towards a contradiction, let F be a forest and G be
graph which is not a forest. By assumption, G contains K3 as a minor. If there is a
weak oddomorphism F → G, then, by Lemma 6.3.11, there exists a minor F′ of F
and an oddomorphism ϕ : F′ → K3. All vertices in K3 have even degree. Hence, all
vertices in F′ have even degree.

Indeed, if a ∈ V(F′) is ϕ-odd, then it has an odd number of neighbours in every
fibre ϕ−1(v) for every v ∈ NK3(ϕ(a)). There are exactly two such fibres. Hence,
a has even degree. If a is ϕ-even, then it has an even number of neighbours in
every fibre. Thus, a has even degree. Hence, F′ is not a forest, since every forest
contains a vertex of degree one. In particular, F has a minor which is not a forest, a
contradiction.

Corollaries 6.3.10 and 6.3.12 imply that the class of disjoint unions of paths is
homomorphism distinguishing closed. Their homomorphism indistinguishability
relation is characterised by Corollary 4.2.3.

Corollary 6.3.13. The class of disjoint unions of paths is closed under weak oddomorphisms.
In particular, it is homomorphism distinguishing closed.

Proof. Let F be a disjoint union of paths and F → G a weak oddomorphism. By
Corollary 6.3.12, G is a forest. By Corollary 6.3.10, all vertices of G have degree
at most two. Thus, G is a disjoint union of paths. For the second claim, apply
Theorem 6.3.9 or Lemma 6.2.3.

We give a last corollary of Lemma 6.3.11. It will be applied in Section 6.3.4
and strengthened by Theorem 6.4.1. Homomorphism indistinguishability over
the class of graphs of treewidth at most two is characterised by Theorem 3.4.3 as
indistinguishability under the 2-dimensional Weisfeiler–Leman algorithm. In fact,
this result is used in the proof of Corollary 6.3.14.

Corollary 6.3.14 ([150, Corollary 6.9]). The class of graphs of treewidth at most two is
closed under weak oddomorphisms. In particular, it is homomorphism distinguishing closed.

Proof. By [26, Theorem 17], a graph is of treewidth at most two if, and only if, it
does not contain K4 as a minor. By Lemma 6.3.11, it suffices to show that if a graph
F admits an oddomorphism to K4, then F has treewidth greater than two. Let G0

and G1 denote the even and odd CFI graphs of K4. Both of these graphs are strongly
regular with parameters (16, 6, 2, 2). They are known as the 4× 4 rook graph and the
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6 The Homomorphism Distinguishing Closure

Shrikhande graph, respectively, cf. [81, Figure 2]. As strongly regular graphs with
equal parameters, they are not distinguished by the 2-dimensional Weisfeiler–Leman
algorithm. Thus, by Theorem 3.4.3, they are homomorphism indistinguishable over
all graphs of treewidth at most two. By Theorem 6.3.8, F has treewidth greater
than two, as desired. For the second claim, apply Theorem 6.3.9.

6.3.4 K2,h-Minor-Free Graphs of Treewidth at Most Two

In this section, we show, for every h ≥ 3, that the class of graphs of treewidth at most
two that do not have the complete bipartite graph K2,h as a minor is homomorphism
distinguishing closed. The best known example of such a graph class is the class of
outerplanar graphs, which, by definition or [171], is characterised by the forbidden
minors K4 and K2,3. The proof is based on Theorem 6.3.9 and showcases some
intricate combinatorial arguments which are needed to establish that a graph class
is closed under oddomorphisms.

Theorem 6.3.15. Let h ≥ 3. If F is a simple graph of treewidth at most two admitting an
oddomorphism ϕ : F → K2,h, then K2,h is a minor of F.

Theorem 6.3.15 and Corollary 6.3.14 yield the following corollary.

Corollary 6.3.16. Let h ≥ 3. The class of graphs of treewidth at most two without K2,h as a
minor is closed under weak oddomorphisms. In particular, the class of outerplanar graphs is
homomorphism distinguishing closed.

Proof of Corollary 6.3.16 assuming Theorem 6.3.15. In order to apply Theorem 6.3.9,
we need to argue that the graph class in question is closed under weak oddomorph-
isms. Let F be a K2,h-minor-free graph of treewidth at most two. Let G be an
arbitrary graph admitting a weak oddomorphism F → G. By Corollary 6.3.14, the
graph G has treewidth at most two. Thus, we may suppose that G contains K2,h
as a minor. By Lemma 6.3.11, there exists a minor F′ of F such that F′ admits an
oddomorphism to K2,h. This contradicts Theorem 6.3.15. Hence, G is K2,h-minor-free.

A graph is outerplanar if, and only if, it does not contain K4 and K2,3 as a minor.
A graph is of treewidth at most two if, and only if, it does not contain K4 as a minor
[26, Theorem 17]. Thus a graph is outerplanar if, and only if, it is of treewidth at
most two and does not contain K2,3 as a minor. Hence, the second claim follows
from the first.

Corollary 6.3.16 in conjunction with Theorems 5.1.1, 5.1.2, 5.2.20, and 5.2.21

yields the following statement on the feasibility of the level-1 Lasserre semidefinite
program. Here, by Theorem 6.3.8, G and H can be taken to be the even and odd CFI

graphs of K4, cf. Corollary 6.3.14.

Corollary 6.3.17. There exist simple graphs G and H for which L1(G, H) has a real solution
but no non-negative real solution.
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Vertices of Low Degree Which Do Not Cut

Towards the proof of Theorem 6.3.15, several lemmas are devised which provide
vertices of low degree in graphs of bounded treewidth that are not cut vertices. For
a tree decomposition (T, β) of some graph F, define ‖(T, β)‖ := ∑t∈V(T) |β(t)|2. We
will consider tree decompositions which are minimal with respect to this quantity.

Lemma 6.3.18. Let F = F1 + F2 be a simple graph with tree decomposition (T, β). Define
βi(t) := β(t) ∩V(Fi) for i ∈ [2]. Then (T, βi) is a tree decomposition of Fi for i ∈ [2] and
‖(T, β1)‖+ ‖(T, β2)‖ ≤ ‖(T, β)‖. Furthermore, if there exists r ∈ V(T) such that both
β(r) ∩V(F1) and β(r) ∩V(F2) are non-empty, then this inequality is strict.

Proof. It is easily verified that (T, βi) is a tree decomposition of Fi. For the second
claim,

‖(T, β1)‖+ ‖(T, β2)‖ = ∑
t∈V(T)

|β1(t)|2 + ∑
t∈V(T)

|β1(t)|2

= ∑
t∈V(T)

(
|β(t) ∩V(F1)|2 + |β(t) ∩V(F2)|2

)
≤ ∑

t∈V(T)
|β(t)|2.

If β(r) ∩V(F1) and β(r) ∩V(F2) are non-empty, then the inequality is strict.

A cut vertex v ∈ V(F) is a vertex such that F− v has more connected components
than F. The following Fact 6.3.19 is well-known.

Fact 6.3.19. Every simple graph F contains a vertex v ∈ V(F) which is not a cut vertex.

Proof. Suppose without loss of generality that F is connected. Let v, w ∈ V(F) be
vertices such that their distance distF(v, w) is maximal. As usual, the distance of
two vertices is the length of the shortest walk between them. Let a ∈ V(F) \ {v, w}
be arbitrary. Then there exists a path in F from a to w avoiding v. Hence, F− v is
connected.

The following Lemma 6.3.20 yields vertices of low degree which do not cut.

Lemma 6.3.20. Let k ≥ 0. Let F be a simple graph of treewidth at most k. Then there exists
a vertex v ∈ V(F) of degree at most k which is not a cut vertex.

Proof. Let (T, β) be a tree decomposition of F of width at most k such that ‖(T, β)‖
is minimal. If T has only one vertex, then F has at most k + 1 vertices and Fact 6.3.19

yields the desired vertex. Otherwise, let ` ∈ V(T) be a leaf of T and let r ∈ V(T)
denote the adjacent vertex.

By minimality, β(`) 6⊆ β(r) and hence there exists a vertex v ∈ β(`) \ β(r). This
vertex has degF(v) ≤ k. Suppose that v is a cut vertex of F and write F− v = F1 + F2.
Distinguish two cases:
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If V(F1) ∩ β(r) = ∅, then F1 is a subgraph of F[β(`)]. Without loss of generality,
we may suppose that F1 is connected. If |NF(v) ∩ V(F1)| ≥ 2, there exists, by
Fact 6.3.19, a vertex w ∈ V(F1) which is not a cut vertex of F1. This vertex is not
a cut vertex of F since there are two neighbours of v in F1. If |NF(v) ∩V(F1)| = 1,
then apply the same argument to the vertex w ∈ NF(v) ∩ V(F1) and F′1 := F1 − w
instead of F1.

If V(F1)∩ β(r) 6= ∅ and V(F2)∩ β(r) 6= ∅, consider the tree decomposition (T′, β′)

for the subgraph F− (β(`) \ β(r)) of F− v obtained by deleting the leaf ` from (T, β).
Write (T′, β′1) and (T′, β′2) for the tree decomposition for F1 − (β(`) \ β(r)) ∩V(F1)

and F2 − (β(`) \ β(r)) ∩ V(F2) defined for (T′, β′) as in Lemma 6.3.18. Since β′(r)
contains elements from both F1 and F2, it holds that ‖(T′, β′1)‖ + ‖(T′, β′2)‖ <

‖(T′, β′)‖. Let S denote the tree obtained by taking two copies T1 and T2 of T′ and
connecting both copies of r to a new vertex s. Define a new tree decomposition
(S, γ) for F by letting

γ(x) :=


β(`), if x = s,

β′1(x), if x ∈ V(T1),

β′2(x), if x ∈ V(T2).

By Lemma 6.3.18,

‖(S, γ)‖ = |β(`)|2 + ‖(T, β′1)‖+ ‖(T, β′2)‖ < |β(`)|2 + ‖(T′, β′)‖ = ‖(T, β)‖.

This contradicts the minimality of (T, β).

Reducing Oddomorphisms

In the proof of Theorem 6.3.15, the aim is to find a K2,h-minor in F given an
oddomorphism from F to K2,h. To that end, several lemmas are proven which fall
short to yield such a minor in F but succeed to guarantee other useful features of F.

Lemma 6.3.21. Let F and G be simple graphs admitting an oddomorphism ϕ : F → G. If
v ∈ V(F) is an isolated vertex, then ϕ|F−v : F− v→ G is an oddomorphism.

Proof. Clearly, ψ := ϕ|F−v is a homomorphism. Furthermore, for every a ∈ V(F− v),
NF(a) ∩ ϕ−1(v) = NF−v(a) ∩ ψ−1(v) for every v ∈ NG(ϕ(a)). Hence, all vertices in
F − v are even or odd with respect to ψ. The vertex v is even with respect to ϕ.
Hence, ψ is an oddomorphism.

Lemma 6.3.22. Let F and G be simple graphs admitting an oddomorphism ϕ : F → G.
If there exist vertices v 6= w ∈ V(F) such that ϕ(v) = ϕ(w) and NF(v) = NF(w), then
ϕ|F−{v,w} is an oddomorphism from F− {v, w} to G.
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6.3 CFI Graphs and Oddomorphisms

Proof. Clearly, ψ := ϕ|F−{v,w} is a homomorphism. Furthermore, for every vertex
a ∈ V(F) \ {v, w} and x ∈ NG(ψ(a)),

NF−{v,w}(a) ∩ ψ−1(x) = (NF(a) ∩ ϕ−1(x)) \ {v, w}.

The parities of both sets are the same since v ∈ NF(a) if, and only if, w ∈ NF(a).
Hence, if a vertex in V(F) \ {v, w} is ϕ-odd (ϕ-even), then it is ψ-odd (ψ-even).
Furthermore, v and w have the same parity with respect to ϕ. Hence, ψ−1(ϕ(v))
contains an odd number of odd vertices. All other fibres are unaffected.

In the following Lemma 6.3.23, we write X4Y for the symmetric difference of
sets X and Y, i.e. X4Y := (X \Y) ∪ (Y \ X).

Lemma 6.3.23. Let F and G be simple graphs admitting an oddomorphism ϕ : F → G. Let
v, w ∈ V(F) be such that ϕ(v) = ϕ(w). Let C be a connected component of F− {v, w}.
Suppose that the following hold:

1. F[C ∪ {v, w}] is connected,
2. C ∩ ϕ−1(x) contains an even number of ϕ-odd vertices for every x ∈ V(G), and
3. (NF(v)4 NF(w)) ∩ C ∩ ϕ−1(x) is of even size for every x ∈ NG(ϕ(v)).

Then there exists a strict minor F′ of F admitting an oddomorphism ϕ′ : F′ → G. Moreover,
if NF(v) ∩ NF(w) ⊆ C, then F′ can be obtained from F by edge contractions.

Proof. To obtain F′ from F, perform the following operations: For all vertices
x ∈ (NF(v) ∩ NF(w)) \ C, delete the edges vx and wx. Contract C ∪ {v, w} into a
single vertex v∗. Then F′ is a strict minor of F. Define ϕ′ as follows:

ϕ′ : x 7→
{

ϕ(v), if x = v∗,

ϕ(x), if x ∈ V(F′) \ {v∗}.

Clearly, ϕ′ is a homomorphism. To see that every vertex in F′ is either ϕ′-odd or
ϕ′-even, observe first that, for all x ∈ NG(ϕ′(v∗)), by Item 3,

|NF′(v∗) ∩ ϕ′−1(x)|
= |((NF(v)4 NF(w)) \ C) ∩ ϕ−1(x)|
= |(NF(v)4 NF(w)) ∩ ϕ−1(x)| − |(NF(v)4 NF(w)) ∩ C ∩ ϕ−1(x)|
≡ |(NF(v)4 NF(w)) ∩ ϕ−1(x)|
≡ |NF(v) ∩ ϕ−1(x)|+ |NF(w) ∩ ϕ−1(x)| mod 2.

Hence, if both v and w are ϕ-odd or ϕ-even, then v∗ is ϕ′-even. Otherwise, v∗ is
ϕ′-odd. For all other vertices a ∈ V(F′) \ {v∗} and x ∈ NG(ϕ′(a)) = NG(ϕ(a)),

NF′(a) ∩ ϕ′−1(x) = ϕ−1(x) ∩


NF(a), if a 6∈ NF(v) ∪ NF(w),

(NF(a) \ {v}) ∪ {v∗}, if a ∈ NF(v) \ NF(w),

(NF(a) \ {w}) ∪ {v∗}, if a ∈ NF(w) \ NF(v),

NF(a) \ {v, w}, otherwise.
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In all cases, |NF′(a) ∩ ϕ′−1(x)| ≡ |NF(a) ∩ ϕ−1(x)| mod 2. Hence, if a vertex in
V(F′) is ϕ-odd (ϕ-even), then it is ϕ′-odd (ϕ′-even). By Item 2, every ϕ′-fibre
contains an odd number of odd vertices.

Lemma 6.3.23 will be applied in the following form:

Corollary 6.3.24. Let F and G be simple graphs admitting an oddomorphism ϕ : F → G.
For every ϕ-even vertex x ∈ V(F) of degree two, there exists a strict minor F′ of F such
that there exists an oddomorphism ϕ′ : F′ → G.

Proof. It is shown that the assumptions of Lemma 6.3.23 are met. Let v, w ∈ V(F)
denote the two neighbours of x. Since x is ϕ-even, ϕ(v) = ϕ(w). Let C = {x}.
Clearly, this is a connected component of F− {v, w} and F[{v, w, x}] is connected.
Furthermore, C does not contain any ϕ-odd vertices. For Item 3, observe that
(NF(v)4 NF(w)) ∩ C = ∅. Hence, Lemma 6.3.23 applies.

Oddomorphisms to Complete Bipartite Graphs

Equipped with the preceding lemmas, we conduct the proof of Theorem 6.3.15.

Proof of Theorem 6.3.15. Towards a contradiction, let F be a minimal K2,h-minor-free
simple graph of treewidth at most two admitting an oddomorphism ϕ : F → K2,h.
Let V(K2,h) = {x1, . . . , xh, y1, y2} and write Xi := ϕ−1(xi) for i ∈ [h] and Yj :=
ϕ−1(yj) for j ∈ {1, 2} for the corresponding fibres along ϕ. Let X :=

⋃
i∈[h] Xi and

Y := Y1 ∪Y2.

Claim 6.3.24a. Every vertex in F has degree at least two.

Proof of Claim. By Lemma 6.3.21, all vertices in F have degree at least one. Any
vertex v of degree one in F must be ϕ-odd. Since ϕ(v) is of degree at least two in
K2,h, the vertex v must have at least two neighbours. C

Write V2 ⊆ V(F) for the set of all vertices of degree two. By Corollary 6.3.24, it
can be supposed that all vertices in V2 are odd with respect to ϕ. This implies that
V2 ⊆ X because every odd vertex in Y is of degree at least h ≥ 3. In particular, no
two vertices in V2 are adjacent. Consider the graph F′ with V(F′) := V(F) \V2 and

E(F′) := {uv | u, v ∈ V(F′), uv ∈ E(F) ∨ (∃x ∈ V2. ux, xv ∈ E(F))}. (6.3)

Note that F′ is a minor of F, i.e. it is obtained from F by contracting, for each w ∈ V2,
one of the edges incident to w. Hence, F′ does not contain any isolated vertices.

For every vertex w ∈ V(F′), consider the map pw : NF(w) → NF′(w) sending
x ∈ NF(w)∩V2 to the unique vertex y 6= w such that yx ∈ E(F) and x ∈ NF(w) \V2

to x. By definition of F′, pw is surjective. Observe that pw|NF(w)\V2
is injective. By

Lemma 6.3.20, F′ contains a vertex v∗ with degF′(v
∗) ∈ {1, 2} which is not a cut

vertex in F′. In preparation for a case distinction, consider the following claims.
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Claim 6.3.24b. v∗ ∈ Y.

Proof of Claim. Since pv∗ is surjective, it holds that degF′(v
∗) ≤ degF(v

∗). By
Claim 6.3.24a and since v∗ 6∈ V2, it holds that degF(v

∗) ≥ 3. Hence, there ex-
ist x 6= y ∈ NF(v∗) such that pv∗(x) = pv∗(y). Since pw|NF(w)\V2

is injective, without
loss of generality, x ∈ V2 ⊆ X. This implies that v∗ ∈ Y. C

Claim 6.3.24c. If v ∈ V(F′) is a cut vertex of F, then it is a cut vertex of F′. In
particular, v∗ is not a cut vertex of F.

Proof of Claim. By contraposition, suppose that, for all a, b ∈ V(F′) \ {v} which are
connected in F′, there exists a path connecting them in F′ − v. Let a, b ∈ V(F) \ {v}
be arbitrary vertices in the same connected component of F. Set a′ to a if a ∈ V(F′)
and to any x ∈ NF(a) such that x 6= v if a ∈ V2. Define b′ analogously. Observe
that a′ and b′ lie in the same connected component of F. Hence, there exist a
path connecting them. This path can be turned into a path in F′ by shortcutting
every vertex in V2 appearing on it. Hence, there exists a path connecting them in
F′− v. This path can be transformed into a path in F− v by replacing shortcut edges
wy ∈ E(F′− v) with walks via any associated vertex in x ∈ V2, i.e. wx, xy ∈ E(F− v),
cf. Equation (6.3). C

Claim 6.3.24d. Let I ⊆ [h] be a set of even size. Let H := F[Y1 ∪Y2 ∪
⋃

i∈I Xi]. Then
degH(v) is even for every v ∈ V(H).

Proof of Claim. For every vertex v ∈ V(H), the number of neighbours of ϕ(v) among
y1, y2 and xi for i ∈ I is even. C

Without loss of generality, assume that v∗ ∈ Y1. Recall that degF′(v
∗) ≤ 2. Hence,

the image of pv∗ is of size at most two. Observe that pv∗(NF(v∗) ∩ V2) ⊆ Y and
pv∗(NF(v∗) \ V2) ⊆ X. By Claim 6.3.24a and since v∗ 6∈ V2, the degree of v∗ in F
is at least 3. Hence, there must be at least one vertex from X in the image of pv∗ .
Distinguish cases based on the parity of v∗ with respect to ϕ:

1. v∗ is ϕ-even.
Distinguish cases:

a) The image of pv∗ has size one.
Then there exists a fibre Xi containing two neighbours u1, u2 of v∗. Since
pv∗(u1) = pv∗(u2), it holds that u1, u2 ∈ V2 and that they share their
second neighbour, i.e. NF(u1) = NF(u2). Hence, Lemma 6.3.22 applies
and F is not minimal.

b) The image of pv∗ contains one vertex in X and one vertex in Y.
By injectivity of pv∗ on NF(v∗) \V2, all but one neighbour of v∗ are in V2.
Since every fibre in X contains an even number of neighbours of v∗, there
must be a fibre containing two neighbours u1, u2 of v∗ from V2. As in the
previous case, NF(u1) = NF(u2) and F is not minimal by Lemma 6.3.22.

143



6 The Homomorphism Distinguishing Closure

c) The image of pv∗ contains two vertices v1, v2 in Y.
In this case, NF(v∗) ⊆ V2. Hence, all neighbours of v∗ are ϕ-odd and in
particular v1, v2 ∈ Y2 lie in the same fibre. The set C := NF(v∗) ∪ {v∗}
is a connected component of F − {v1, v2}. Clearly, F[C ∪ {v1, v2}] is
connected. The ϕ-odd vertices in C are precisely those in NF(v∗) and
every ϕ-fibre contains an even number of them since v∗ is ϕ-even.
If one of the ϕ-fibres contains a pair of vertices with the same image un-
der pv∗ , then Lemma 6.3.22 applies as above. Hence, it may be supposed
that every fibre contains either no neighbour of v∗ or exactly one vertex
adjacent to v1 and one vertex adjacent to v2. This implies that Item 3 of
Lemma 6.3.23 is met. F is not minimal.

2. v∗ is ϕ-odd.
The vertex v∗ has at least one neighbour ui ∈ Xi in every fibre i ∈ [h]. In
particular, it is of degree at least h. Distinguish further cases:

a) The image of pv∗ has size one.
In this case, the vertices v∗, u1, . . . , uh together with the vertex in the
image of pv∗ induce a subgraph K2,h of F.

b) The image of pv∗ contains one vertex in X and one vertex v in Y.
By injectivity of pv∗ on NF(v∗) \ V2, v∗ has at least h − 1 neighbours
u2, . . . , uh in V2.

i. If h is even, then F is Eulerian by Claim 6.3.24d. The same remains
true if u2, . . . , uh (an odd number of vertices) are deleted and an edge
between v and v∗ is inserted. Hence, there exists a path in F from v
to v∗ avoiding the vertices u2, . . . , uh. This path can be contracted to
a path of length two to yield a K2,h-minor of F.

ii. If h is odd, consider the subgraph H := F[Y1 ∪Y2 ∪ X1 ∪ · · · ∪ Xh−1].
By Claim 6.3.24d, H is Eulerian. Deleting u2, . . . , uh−1 (an odd num-
ber of vertices) vertices from H and adding an edge between v and v∗

yields another Eulerian graph. Thus, there exists a path in H from v
to v∗ avoiding u2, . . . , uh−1. As above, this yields a minor K2,h−1 in H
and, together with the neighbour uh ∈ Xh of v∗, a minor K2,h in F.

c) The image of pv∗ contains two vertices v1, v2 in Y.
By Claim 6.3.24c, v∗ is not a cut vertex of F. Hence, there exists a path in
F from v1 to v2 avoiding v∗. This path can be contracted to yield a minor
K2,h of F.

6.4 Games

In this section, we demonstrate how games from structural graph theory and
finite model theory can be orchestrated to show that certain graph classes are
homomorphism distinguishing closed. As examples serve the classes of graphs
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of bounded treewidth, bounded treedepth, and T q
k . A previously unpublished

result presented here asserts that the class of graphs of bounded pathwidth is
homomorphism distinguishing closed. As a corollary, we complete Theorem 5.0.1.

6.4.1 Bounded Treewidth

In [37], the original CFI graphs were used to separate Ck-equivalence from isomorph-
ism. Once the CFI graphs G0 and G1 over some graph G are constructed, it is not
hard to prove that they are non-isomorphic, cf. Corollary 6.3.5. The harder assertion
to establish is that they are Ck+1-equivalent assuming that G is a graph of treewidth
greater than k. To that end, two ingredients are crucial:

The first ingredient is a model comparison game which characterises Ck-equi-
valence [37]. Such games are played by two players called Spoiler and Duplicator
on the graphs G0 and G1. Spoiler aims to exhibit dissimilarities between G0 and G1

while Duplicator tries to hide them. The dissimilarities between G0 and G1 lie at
the twisted vertex u ∈ V(G) such that Gu ∼= G1. The second ingredient is a node
searching game which characterises treewidth [168]. In such a game, a robber tries
to evade a number of cops which are positioned on the vertices of a graph. The
robber moves along the edges of the graph without traversing the vertices occupied
by the cops. Robber wins the game against k + 1 cops if, and only if, the graph
which the game is played on has treewidth greater than k. Intuitively, the position
of the robber corresponds to the twisted vertex while the positions of the cops
correspond to the pebbles placed by Spoiler. If the robber succeeds to escape from
the cops, Duplicator can hide the twist from Spoiler.

The above argument has been used often, cf. e.g. [11, 12]. Combined with the
insights from Section 6.3.2, it allows to show that a graph class such as the class
of graphs of bounded treewidth is closed under weak oddomorphisms and thus
homomorphism distinguishing closed.

Theorem 6.4.1 ([134, Corollary 13 and Theorem 2]). For k ≥ 0, the class of graphs of
treewidth at most k is closed under weak oddomorphisms. In particular, it is homomorphism
distinguishing closed.

Formally, the key step when proving Theorem 6.4.1 is to show that when G is
a connected simple graph of treewidth greater than k, then its CFI graphs G0 and
G1 are homomorphism indistinguishable over all graphs of treewidth at most k.
We omit the proof of Theorem 6.4.1 but include a similar argument for the class of
graphs of bounded pathwidth in full detail, cf. Theorem 6.4.6.

Due to the many characterisations of homomorphism indistinguishability over
graphs of bounded treewidth, cf. Theorems 3.4.3 and 3.4.4 and Corollary 4.4.1,
Theorem 6.4.1 is arguably one of the most relevant results on the homomorphism
distinguishing closure. In particular, it has the following corollary, which establishes
the final claim in Theorem 5.0.1.
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Corollary 6.4.2. For every t ≥ 1, there exist simple graphs G and H such that the system
SA3t−1(G, H) has a non-negative rational solution but the system Lt(G, H) has no real
solution.

Proof. Since tw(K3t) = 3t− 1, there exist, by Theorem 6.4.1, two simple graphs G
and H such that G ≡T W3t−2 H and hom(K3t, G) 6= hom(K3t, H). By Corollary 4.4.1,
SA3t−1(G, H) has a non-negative rational solution. By Observation 5.2.2 and The-
orem 5.1.1, Lt(G, H) has no real solution. Note that, by Theorems 6.4.1 and 6.3.9, G
and H can be taken to be the odd and even CFI graph over K3t.

Before we turn to other graph classes to which the proof strategy yielding The-
orem 6.4.1 applies, we state the following Question 6.4.3, which concerns the lower
bound missing in Theorem 5.0.1. Since T W t−1 ⊆ Lt by Lemma 5.2.11, feasibility
of Lt(G, H) implies the existence of a non-negative rational solution for SAt(G, H).
Missing in Theorem 5.0.1 is a tight lower bound on the number of Lasserre levels
necessary to ensure feasibility of a given Sherali–Adams level:

Question 6.4.3. Do there exist, for every t ≥ 3, simple graphs G and H such that
Lt−1(G, H) has a real solution but SAt(G, H) has no non-negative rational solution?

Note that it is not even clear whether T W t−1 6⊆ Lt−1 for t ≥ 3. Moreover,
it is open whether Lt is homomorphism distinguishing closed, as predicted by
Conjecture 6.0.2, cf. Theorem 5.2.12.

6.4.2 Bounded Treedepth and Graphs with Pebble Forest Covers of
Bounded Depth

The proof strategy that yields Theorem 6.4.1 can be adapted to show that other
graph classes are homomorphism distinguishing closed. The graph class in question
must be such that its homomorphism indistinguishability relation is characterised
by a pebble game and such that membership in the class if characterised by a node
searching game. Examples for such classes are the class of graphs of bounded
treedepth and T k

q , cf. Definition 2.1.3. See Theorems 3.4.5 and 3.4.6 for character-
isations of their homomorphism indistinguishability relations in terms of counting
logic equivalences.

Theorem 6.4.4 ([68, Theorem 3]). For k ≥ 1, the class of graphs of treedepth at most k is
closed under weak oddomorphisms. In particular, it is homomorphism distinguishing closed.

Theorem 6.4.5 ([5, Theorem 29]). For k, q ≥ 1, the class T q
k is closed under weak

oddomorphisms. In particular, it is homomorphism distinguishing closed.
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6.4.3 Bounded Pathwidth

In order to present the proof strategy which yields Theorems 6.4.1, 6.4.4, and 6.4.5,
we prove that the classes of graphs of bounded pathwidth are homomorphism
distinguishing closed. As above, the proof has two key ingredients: a model
comparison game characterising homomorphism indistinguishability over graphs
of bounded pathwidth [129] and a node searching game characterising bounded
pathwidth [25].

Theorem 6.4.6. For k ≥ 0, the class of graphs of pathwidth at most k is closed under weak
oddomorphisms. In particular, it is homomorphism distinguishing closed.

We first recall the following model comparison game introduced by Montacute
& Shah [129]. To that end, let X be a finite set and k, ` ≥ 1. Let s ∈ ([k]× X)` be a
sequence of pairs s = [(p1, x1), . . . , (p`, x`)]. We say that s contains p ∈ [k] if there
is i ∈ [`] such that pi = p. For p ∈ [k], define lastp(s) as the element xi such that
i ∈ [`] is maximal with pi = p. If s does not contain p, then lastp(s) is undefined.
For i ∈ [`], write s[1, i] := [(p1, x1), . . . , (pi, xi)].

Definition 6.4.7 ([129, Definition 5.7]). Let k ≥ 1 and G and H be simple graphs.
The all-in-one bijective k-pebble game on G and H is played by Spoiler and Duplicator
and consists of a single round:

1. Spoiler chooses an n ≥ 1 and a sequence of pebbles p = [p1, . . . , pn] ∈ [k]n.
2. Duplicator chooses a bijection hp : V(G)n → V(H)n.
3. Spoiler chooses a sequence of pebble placements s = [(p1, v1), . . . , (pn, vn)] ∈

([k]×V(G))n.
Let t = [(p1, w1), . . . , (pn, wn)] where (w1, . . . , wn) = hp(v1, . . . , vn). Duplicator
wins if, for every i ∈ [n], the map vq 7→ wq for q ∈ [k] where vq := lastq(s[1, i]) and
wq := lastq(t[1, i]) is a local isomorphism.

By the following Theorem 6.4.8, Duplicator wins the above game on the graphs G
and H if, and only if, they are homomorphism indistinguishable over the class of
graphs of bounded pathwidth.

Theorem 6.4.8. Let k ≥ 1. For simple graphs G and H, the following are equivalent:
1. G and H are homomorphism indistinguishable over the class of graphs of pathwidth

at most k− 1,
2. Duplicator always wins the all-in-one bijective k-pebble game on G and H.

Proof. The theorem follows from [129, Theorem 5.9, Corollary 5.13]. We sketch a
self-contained proof relying on arguments from Chapter 4.

For p ∈ [k]n, writeW p ⊆ G(n) for the class of n-labelled graphs F = (F, u) such
that

1. F has at most n vertices, all of which appear in u ∈ V(F)n,
2. the relation u1 ≤ u2 ≤ · · · ≤ un is a total order on V(F), and
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3. the map V(F) → [k] given by ui 7→ pi together with the order ≤ form a
k-pebble forest cover of F, cf. Definition 2.1.3.

We collect the following claims:

Claim 6.4.8a. For every n ≥ 1 and p ∈ [k]n, every graph in soe(W p) has pathwidth
at most k− 1.

Proof of Claim. The claim essentially follows from the proof of [68, Theorem 14].
More explicitly, let Pn denote the path graph on vertex set [n] and define a path
decomposition of soe(F) for F = (F, u) ∈ W p by letting for ` ∈ [n]

β(`) := {lastp(u[1, `]) | p ∈ [k]}.

By definition ofW p, (Pn, β) is a path decomposition of soe(F). C

Claim 6.4.8b. For every simple graph F of pathwidth at most k− 1, there exist n ≥ 1,
p ∈ [k]n, and u ∈ V(F)n such that (F, u) ∈ W p.

Proof of Claim. Let (P, β) be a path decomposition of F. Let ≤′ be a total order on
V(P) such that adjacent vertices in P are successors in ≤′. Then ≤′ induces a total
order ≤ on V(F) where u ≤ v if, and only if, the ≤′-least x, y ∈ V(P) such that
u ∈ β(x) and v ∈ β(y) are such that x ≤′ y. A pebbling function p : V(F)→ [k] can
be defined vertex by vertex in the order ≤ such that p is injective on every bag β(x),
x ∈ V(P). From p and ≤, the tuples p and u can be constructed, as desired. C

Recall Definition 4.3.15 and observe that W p is gluing-closed and contains 1 ∈
G(k), cf. Figure 3.3a. Thus, Theorem 4.3.16 applies.

First assume that G and H are homomorphism indistinguishable over the class
of graphs of pathwidth at most k− 1. Let p ∈ [k]n be arbitrary. By Claim 6.4.8a,
G and H are homomorphism indistinguishable over soe(W p). By Theorem 4.3.16,
there exists a bijection π : V(G)n → V(H)n such that FG(v) = FH(π(v)) for all
v ∈ V(G)n and F ∈ W p. We show that this bijection lets Duplicator win the game.

Let i ∈ [n] and consider the map vq 7→ wq for q ∈ [k] where vq := lastq(s[1, i]) and
wq := lastq(t[1, i]). For q ∈ [k], write jq ∈ [n] for the index of vq in s. Consider the
n-labelled graph F ∈ W p obtained from 1 with vertex set [n] by (1) merging the
vertices jq and jq′ for every q 6= q′ ∈ [k] such that vq = vq′ , (2) drawing an edge
between jq and jq′ for every for every q 6= q′ ∈ [k] such that vq are adjacent vq′ . Since
all vertices of F are labelled, its homomorphism vector FG has entries from {0, 1}, cf.
Observation 3.2.11. It encodes the isomorphism type of the subgraph of G induced
by {v1, . . . , vk}. Hence, FG(v) = FH(π(v)) for v ∈ V(G)n implies that vq 7→ wq is a
local isomorphism.

Conversely, let p ∈ [k]n and π : V(G)n → V(H)n be the bijection which allows
Duplicator to win. By Claim 6.4.8b and Theorem 4.3.16, it suffices to show that
FG(v) = FH(π(v)) for every F ∈ W p and v ∈ V(G)n. This holds for the elements
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of W p which were considered in the other proof direction. Observing that W p is
generated by these under gluing products, we conclude the proof.

Equipped with Theorem 6.4.8, we recall the following definition from [25, p. 282].
Let G be a simple graph. A search of G is a sequence (X1, . . . , Xm) of subsets
Xi ⊆ V(G) such that X1 = ∅ and Xi+1 ⊆ Xi or Xi ⊆ Xi+1 for all i ∈ [m− 1]. Define
B1 := V(G) and inductively Bi for 2 ≤ i ≤ m as the set of all vertices v ∈ V(G) for
which there exists a path P between v and some vertex of Bi−1 with V(P) ∩ Xi = ∅.
The search is successful if Bm = ∅.

Theorem 6.4.9 ([25, (5.1)]). For a simple graph G and an integer k ≥ 1, the following are
equivalent:

1. G has pathwidth at most k− 1,
2. there exists a successful search (X1, . . . , Xm) of G with |Xi| ≤ k for all i ∈ [m].

The following Lemma 6.4.10 allows to convert an unsuccessful search into a
sequence of bijections from which Duplicator’s winning strategy for the game in
Definition 6.4.7 is constructed.

Lemma 6.4.10 ([134, Lemma 11]). Let G be a connected graph. Let u, v ∈ V(G). Let P
be a path in G from u to v. Then there exists an isomorphism ϕ : G{u} → G{v} such that

1. ρ(ϕ(w, S)) = w for all (w, S) ∈ V(G{u}) and
2. ϕ(w, S) = (w, S) for all (w, S) ∈ V(G{u}) with w ∈ V(G) \ P.

The key step towards Theorem 6.4.6 is the following Lemma 6.4.11.

Lemma 6.4.11. Let k ≥ 1. If G is a connected simple graph of pathwidth at least k, then
G0 and G1 are homomorphism indistinguishable over the class of graphs of pathwidth at
most k− 1.

Proof. Let u0 ∈ V(G) be a vertex. The proof is by construction of a winning strategy
for Duplicator in the all-in-one bijective k-pebble game from Definition 6.4.7 played
on G0 and Gu0

∼= G1 using unsuccessful searches from Theorem 6.4.9.
For r = [(p1, v1), . . . , (pn, vn)] ∈ ([k] × V(G))n, define the set of active vertices

A(r) := {lastp(r) | p ∈ [k]}. Define a search X(r) = (X1, . . . , X2n) on G by letting
X1 := ∅ and, for i ≥ 1,

X2i := A(r[1, i]), X2i+1 := X2i \ {lastpi+1(r[1, i])}.

Clearly, |Xi| ≤ k for all i ∈ [2n]. Moreover, X2i−1 ⊆ X2i for all i ∈ [n] and X2i ⊇ X2i+1

for all i ∈ [n− 1]. Thus, X(r) is a search as in Theorem 6.4.9. Write B(r) for the
set B2n defined for X(r) = (X1, . . . , X2n). By Theorem 6.4.9, B(r) 6= ∅.

Fix p = [p1, . . . , pn] ∈ [k]n. We inductively construct the bijection hp : V(G0)n →
V(Gu0)

n which lets Duplicator win the game. That is, by induction on i ∈ [n], we
construct bijections hi : V(G0)i → V(Gu0)

i satisfying Duplicator’s winning condition
in Definition 6.4.7. The final bijection hp will be defined to be hn.
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For a tuple s = [(p1, (v1, S1)), . . . , (pi, (vi, Si))] ∈ ([k]× V(G0))i, define ρ(s) :=
[(p1, v1), . . . , (pi, vi)] ∈ ([k]×V(G))i.

As base case, we define a bijection h1 : V(G0) → V(Gu0). By construction, there
exists a vertex us

1 ∈ B(ρ(s[1, 1])) and a path P from us
1 to u0 that does not traverse v1.

Let ϕs
1 : Gus

1
→ Gu0 denote the isomorphism constructed from P via Lemma 6.4.10.

The image of (v1, S1) under h is defined as ϕs
1(v1, S1). Since u1 6= v1, we can regard

(v1, S1) ∈ V(G0) as a vertex of V(Gu1) and the image of (v1, S1) under ϕs
1 is well-

defined. By using for every vertex of G0 in ρ−1(v1) the same map ϕs
1, it follows that

h is a bijection.

For subsequent steps, suppose that we have constructed a bijection hi : V(G0)i →
V(Gu0)

i for some 1 ≤ i < n which induces a local isomorphism on A(ρ(s[1, i])).
In order to define the image of [(v1, S1), . . . , (vi+1, Si+1)] under hi+1 : V(G0)i+1 →
V(Gu0)

i+1, let us
i ∈ B(ρ(s[1, i])) and ϕs

i : Gui → Gu0 denote the previously construc-
ted auxiliary objects.

By construction, there exists some vertex us
i+1 ∈ B(ρ(s[1, i + 1])) and a path

P from us
i+1 to us

i which does not traverse the vertices in A(ρ(s[1, i + 1])). Let
ψ : Gus

i+1
→ Gus

i
denote the isomorphism constructed from P in Lemma 6.4.10

and let ϕs
i+1 := ϕs

i ◦ ψ : Gus
i+1
→ Gu0 . As above, vi+1 6= us

i+1 and (vi+1, Si+1) ∈
V(G0) may be regarded as a vertex of Gus

i+1
. Thus, we may define the image

of [(v1, S1), . . . , (vi+1, Si+1)] as the tuple obtained from hi([(v1, S1), . . . , (vi, Si)]) by
appending ϕs

i+1(vi+1, Si+1). It follows as in the base case that hi+1 is a bijection.

It remains to verify that hi+1 is a local isomorphism on A(ρ(s[1, i + 1])). Let
(vj, Sj) ∈ A(ρ(s[1, i + 1])). Write (vj, Tj) and (wi+1, Ti+1) for the images of (vj, Sj)

and (vi+1, Si+1) under hi+1, respectively. Then vj and vi+1 do not appear on any
of the paths used to construct the isomorphisms ϕs

j , . . . , ϕs
i+1. Hence, (vj, Tj) =

ϕs
j (vj, Sj) = ϕs

i+1(vj, Sj), by Lemma 6.4.10, and (vi+1, Ti+1) = ϕs
i+1(vi+1, Si+1), by

definition. Since ϕs
i+1 is an isomorphism, it holds that (vi+1, Si+1) and (vj, Sj) are

adjacent, non-adjacent, or equal if, and only if, (vi+1, Ti+1) and (vj, Tj) are so.

This concludes the preparations for the proof of Theorem 6.4.6, which is similar
to the proof of [134, Theorem 2].

Proof of Theorem 6.4.6. Given Theorem 6.3.9, it remains to argue that the class of
graphs of pathwidth at most k is closed under weak oddomorphisms. Let F be
a graph of pathwidth at most k and F → G a weak oddomorphism. Suppose
that G has a connected component G′ which has pathwidth greater than k. By
Lemma 6.3.11, there exists a minor F′ of F such that F′ admits an oddomorphism
to G′. By Theorem 6.3.8, hom(F′, G′0) 6= hom(F′, G′1). However, this contradicts
Lemma 6.4.11. Hence, G is of pathwidth at most k.
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6.5 Classification of Homomorphism Distinguishing Closed
Essentially Profinite Graph Classes

The central result of this section is a classification of the homomorphism distinguish-
ing closed graph classes which are in a sense finite. This classification confirms
Conjecture 6.0.2 for all such graph classes. The distinguishing power of homo-
morphism counts from finitely many graphs is of particular importance in practice.
Applications include the design of graph kernels [102], motif counting [7, 127], or
machine learning on graphs [19, 136, 80]. A theoretic interest stems for example
from database theory where homomorphism counts correspond to results of queries
under bag-semantics [39, 103], see also [41, 38].

Since every homomorphism distinguishing closed graph class is closed under
disjoint unions, cf. Lemma 6.2.2, infinite graph classes arise naturally when studying
the semantic properties of the homomorphism indistinguishability relations of
finite graph classes. Nevertheless, the infinite graph classes arising in this way are
essentially finite, i.e. they exhibit only finitely many distinct connected components.
One may generalise this definition slightly by observing that all graphs F admitting
a homomorphism into some fixed graph G have chromatic number bounded by
the chromatic number of G. Thus, in order to make a graph class F behave much
like an essentially finite class, it suffices to impose a finiteness condition, for every
simple graph K, on the subfamily of all K-colourable graphs in F .

Formally, for a graph F, write Γ(F) for the set of connected components of F. For
a graph class F , define the graph class Γ(F ) as the union of the Γ(F) for every
F ∈ F . Recall that FK := {F ∈ F | hom(F, K) > 0}, for a graph class F and a graph
K, denotes the class of K-colourable graphs in F .

Definition 6.5.1. A graph class F is essentially finite if Γ(F ) is finite. It is essentially
profinite if FK is essentially finite for every simple graph K.

Clearly, every finite graph class is essentially finite and hence essentially profinite.
Another example for essentially profinite classes is the class K of all complete graphs.
It represents a special case of the following construction from [150, Theorem 6.16],
i.e. K = KN: For every S ⊆N, the family

KS := {Kn1 + · · ·+ Knr | r ∈N, {n1, . . . , nr} ⊆ S} (6.4)

is essentially profinite. In particular, there are uncountably many such families of
graphs. Note that one may replace the sequence of complete graphs (Kn)n∈N in
Equation (6.4) by any other sequence of connected graphs (Fn)n∈N such that the
sequence of chromatic numbers (χ(Fn))n∈N takes every value only finitely often.

Every graph F of an essentially finite family F can be represented uniquely as the
vector ~F ∈ RΓ(F ) whose C-th entry for C ∈ Γ(F ) is the number of occurrences of C a
connected component of F. The classification of the homomorphism distinguishing
closed essentially profinite graph classes can now be stated as follows.
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Theorem 6.5.2. For an essentially profinite graph class F , the following are equivalent:
1. F is homomorphism distinguishing closed,
2. for every simple graph K, if ~K ∈ span{~F ∈ RΓ(FK∪{K}) | F ∈ FK}, then K ∈ F ,
3. FK is homomorphism distinguishing closed for every simple graph K.

The remainder of this section is dedicated to the proof of Theorem 6.5.2. Note that
Theorem 6.5.2 directly implies Conjecture 6.0.2 for essentially profinite graph classes.
In particular, Corollary 6.5.3 implies that all essentially profinite union-closed minor-
closed graph classes are homomorphism distinguishing closed. For example, for
every graph G, the union-closure of the class of minors of G is homomorphism
distinguishing closed, cf. [150, Question 4].

Corollary 6.5.3. Let F be an essentially profinite graph class. If F is closed under disjoint
unions and taking summands, i.e. F1, F2 ∈ F if, and only if, F1 + F2 ∈ F , then F is
homomorphism distinguishing closed.

Proof. If F is union-closed and closed under summands, then Γ(F ) ⊆ F and every
graph K such that Γ(K) ⊆ Γ(F ) is itself in F . Thus, Theorem 6.5.2 yields the
claim.

Corollary 6.5.3 also applies to the graph class from Equation (6.4). It illustrates
that the world of homomorphism distinguishing closed graph classes is rather com-
plicated. In particular, there exist infinite chains and antichains of homomorphism
distinguishing closed graph classes.

Corollary 6.5.4 ([150, Theorem 6.16]). For every S ⊆ N, the graph class KS is homo-
morphism distinguishing closed. In particular, there are uncountably many homomorphism
distinguishing closed graph classes.

Towards proving Theorem 6.5.2, we first make the following general observation:
Considering essentially profinite graph classes is very natural in light of the follow-
ing Lemma 6.5.5. For every graph K, the subset FK of F is the object prescribing
whether K ∈ cl(F ).

Lemma 6.5.5. Let F be a graph class and K be a simple graph. Then K ∈ cl(F ) if, and
only if, K ∈ cl(FK).

Proof. The backward implication is immediate since FK ⊆ F and thus cl(FK) ⊆
cl(F ). Conversely, suppose that K ∈ cl(F ). Let G and H be simple graphs such
that G ≡FK H. Then, by Equation (2.2), G× K ≡F H × K since hom(F, K) = 0 for
all F ∈ F \ FK. By assumption, hom(K, G × K) = hom(K, H × K), and therefore
hom(K, G) = hom(K, H) since hom(K, K) > 0. Thus, K ∈ cl(FK).

The proof of Theorem 6.5.2 is based on a generalisation of a result by Kwiecień,
Marcinkowski, & Ostropolski-Nalewaja [103]. They proved the following The-
orem 6.5.6 for finite graph classes. The extension to essentially finite graph classes
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does not require much additional work but might make core ideas appear more
transparently.

Theorem 6.5.6 ([103, Lemma 31]). Let K be a simple graph. Let F be an essentially finite
family of K-colourable graphs. Then

K ∈ cl(F ) ⇐⇒ ~K ∈ span{~F ∈ RΓ(F∪{K}) | F ∈ F}.

Proof. Write C := Γ(F ∪ {K}). For the backward direction, suppose that ~K ∈
span{~F ∈ RC | F ∈ F}. Observe that this implies that Γ(F ) = C, i.e. all connected
components of K appear as connected components of some F ∈ F . Write ~K =

∑r
i=1 αi~Fi for some α1, . . . , αr ∈ R and F1, . . . , Fr ∈ F . Also write K = äC∈C βCC for

some βC ∈N. Observe that βC = ~KC = ∑r
i=1 αi(~Fi)C for all C ∈ C.

Let G and H be simple graphs such that G ≡F H. If hom(F, G) = 0 = hom(F, H)

for some F ∈ F , then hom(K, G) = 0 = hom(K, H) by the assumption that
hom(F, K) > 0 for all F ∈ F . Hence, it may be supposed that hom(F, G) =

hom(F, H) > 0 for all F ∈ F . This is crucial for ruling out division by zero in the
following argument. Observe that, by Equation (2.1),

hom(F,−) = ∏
C∈C s.t. ~FC≥1

hom(C,−)~FC (6.5)

for all F ∈ F ∪ {K}. It follows that hom(C, G) > 0 and hom(C, H) > 0 for all
C ∈ Γ(F ) = C. Thus, in every step of the following calculation, the bases of all
exponentials are positive integers.

hom(K, G)
(6.5)
= ∏

C∈C
hom(C, G)βC = ∏

C∈C
hom(C, G)∑r

i=1 αi(~Fi)C

=
r

∏
i=1

∏
C∈C

hom(C, G)αi(~Fi)C
(6.5)
=

r

∏
i=1

hom(Fi, G)αi

=
r

∏
i=1

hom(Fi, H)αi = hom(K, H).

Conversely, pick via Lemma 3.1.2 a finite family of graphs G such that the matrix
M := (hom)|C×G is invertible. Consider the map

Ψ : RG → RC

a 7→ ∑
G∈G

hom(C, G)aG = Ma.

We think of NG ⊆ RG as the space of instructions for constructing graphs as disjoint
unions of elements in G. The vector a ∈ NG corresponds to the graph äG∈G aGG.
The map Ψ associates with such a graph its C-homomorphism vector. In this way,
RC may be thought of as the space of C-homomorphism vectors. As a vector space
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isomorphism, Ψ is a homeomorphism, i.e. a continuous bijective map whose inverse
is continuous.

Contrapositively, suppose that ~K 6∈ span{~F ∈ RC | F ∈ F}. Pick an integer
vector z ∈ ZC such that 〈z,~F〉 = 0 for all F ∈ F and 〈z, ~K〉 6= 0. This can be
done by Gram–Schmidt orthogonalisation applied to the rational vectors spanning
span{~F ∈ RC | F ∈ F} and to the rational vector ~K. The resulting vector z′ with
rational entries is orthogonal to all vectors ~F for F ∈ F and has non-zero inner-
product with the vector ~K. The integer vector z is then obtained from z′ by clearing
denominators.

Pick p ∈ Ψ(QG>0) ⊆ QC>0. In what follows, the vector p is perturbed in a direction
depending on z. Technical complications arise when proving that the perturbed
vector can again be interpreted as an instruction for constructing a graph, i.e. has a
positive rational preimage under Ψ. To that end, consider the continuous function
ϕ : R>0 → RC>0 which maps t 7→ (tzC pC | C ∈ C).
Claim 6.5.6a. There exists a rational t > 1 such that ϕ(t) ∈ Ψ(QG>0).

Proof of Claim. As the image of an open set under a homeomorphism, the set Ψ(RG>0)

is open in RC . Hence, there exists ε > 0 such that Bε(p) ⊆ Ψ(RG>0). Here, Bε(p) ⊆
RG denotes the radius-ε open ball around p. Since ϕ−1(Bε(p)) is open, ϕ(1) = p, and
Q>0 is dense in R>0, there exists a rational t > 1 such that ϕ(t) ∈ Bε(p) ⊆ Ψ(RG>0).
Because t and p are rational and z is integral, ϕ(t) ∈ QC . The matrix M from
definition of Ψ has integer entries and hence its preimages of rational vectors are
rational. This implies that ϕ(t) ∈ Ψ(QG>0). C

Write p′ := ϕ(t) for t > 1, the rational whose existence is asserted by Claim 6.5.6a.
Let s, s′ ∈ QG>0 denote the preimages of p and p′ under Ψ, respectively. There exists
a natural number λ ≥ 1 such that λs and λs′ lie in NG . Write H and H′ for the
structures obtained by interpreting λs and λs′ as instructions for disjoint unions
over elements in G, i.e. H = äG∈G(λs)GG and H′ = äG∈G(λs′)GG. Then

hom(F, H)
(6.5)
= ∏

C∈C
hom(C, H)

~FC = ∏
C∈C

Ψ(λs)
~FC
C = ∏

C∈C
(λΨ(s)C)

~FC = ∏
C∈C

(λpC)
~FC

and, similarly,

hom(F, H′)
(6.5)
= ∏

C∈C
Ψ(λs′)

~FC
C = ∏

C∈C

(
λΨ(s′)C

)~FC = ∏
C∈C

(
λp′C

)~FC = t〈z,~F〉 ∏
C∈C

(λpC)
~FC

for all simple graphs F which are disjoint unions of graphs in C. In particular,
hom(F, H) = hom(F, H′) for all F ∈ F but hom(K, H) 6= hom(K, H′). Thus K 6∈
cl(F ).

Towards the proof of Theorem 6.5.2, we collect the following lemmas:
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6.5 Classification of Homomorphism Distinguishing Closed Essentially Profinite Classes

Lemma 6.5.7. For every graph class F , it holds that cl(F )K ⊆ cl(FK) for every simple
graph K.

Proof. Consider the following chain of inclusions:

cl(F )K =
⋃

L∈cl(F )K

{L} ⊆
⋃

L∈cl(F )K

cl(FL) ⊆ cl

 ⋃
L∈cl(F )K

FL

 ⊆ cl(FK).

The first inclusion follows from Lemma 6.5.5. Indeed, if L ∈ cl(F ), then L ∈ cl(FL).
The second inclusion is implied by Lemma 6.2.3. The third inclusion holds since, if
F ∈ FL for L ∈ cl(F )K, then hom(F, K) > 0.

For essentially profinite graph classes, Theorem 6.5.6 implies that the converse of
Lemma 6.5.7 holds.

Lemma 6.5.8. For every essentially profinite graph class F , it holds that cl(FK) = cl(F )K

for every simple graph K.

Proof. That cl(F )K ⊆ cl(FK) is the assertion of Lemma 6.5.7. Conversely, cl(FK) ⊆
cl(F ) since FK ⊆ F . It remains to argue that every F ∈ cl(FK) is K-colourable. If
F ∈ cl(FK), then, by Theorem 6.5.6, Γ(F) ⊆ Γ(FK). In other words, all connected
components of F are K-colourable. This implies that F is K-colourable. Hence,
cl(FK) ⊆ cl(F )K.

The concludes the preparations for the proof of Theorem 6.5.2.

Proof of Theorem 6.5.2. Suppose that F is homomorphism distinguishing closed. Let
K be a simple graph such that Γ(K) ⊆ Γ(FK). If ~K ∈ span{~F ∈ RΓ(FK) | F ∈
FK}, then Theorem 6.5.6 applies. Hence, K ∈ cl(F ) and thus K ∈ F since F is
homomorphism distinguishing closed.

Assuming Item 2, let K 6∈ F be a simple graph. Then, ~K 6∈ span{~F ∈ RΓ(FK∪{K}) |
F ∈ FK}. By Theorem 6.5.6, K 6∈ cl(FK). By Lemma 6.5.5, K 6∈ cl(F ). Hence, F is
homomorphism distinguishing closed.

The equivalence of Items 1 and 3 follows from Lemma 6.5.8. Indeed, if F is
homomorphism distinguishing closed, then cl(FK) = cl(F )K = FK for every simple
graph K. Conversely,

cl(F ) =
⋃
K

cl(F )K =
⋃
K

cl(FK) =
⋃
K

FK = F .

Here, K ranges over all simple graphs.

Finally, we deduce the following Corollaries 6.5.9 and 6.5.10 from Theorem 6.5.6:

Corollary 6.5.9. If a graph class F is essentially finite, then cl(F ) is essentially finite.
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6 The Homomorphism Distinguishing Closure

Proof. Let K ∈ cl(F ). By Lemma 6.5.5, K ∈ cl(FK). By Theorem 6.5.6, ~K ∈
span{~F ∈ RΓ(FK∪{K}) | F ∈ FK}. In particular, Γ(K) ⊆ Γ(FK). Hence, Γ(cl(F )) =⋃

K∈cl(F ) Γ(K) ⊆ ⋃K∈cl(F ) Γ(FK) ⊆ Γ(F ). Thus, cl(F ) is essentially finite.

Since the class of all graphs is not essentially profinite, the following Corol-
lary 6.5.10 implies that no homomorphism indistinguishability relation of an essen-
tially profinite graph class is as fine as isomorphism.

Corollary 6.5.10. If a graph class F is essentially profinite, then cl(F ) is essentially
profinite.

Proof. It has to be argued that, for every simple graph K, the class cl(F )K is es-
sentially finite. By Lemma 6.5.7, cl(F )K ⊆ cl(FK) and the right hand-side is an
essentially finite graph class by Corollary 6.5.9.

In order to illustrate the internal functioning of condition Item 2 in Theorem 6.5.2,
we consider the following examples. The first example shows that not all homo-
morphism distinguishing closed graph classes are closed under taking summands,
cf. Figure 7.1. The second example answers a question from [150, p. 29] negat-
ively: Is the disjoint union closure of the union of homomorphism distinguishing
closed families homomorphism distinguishing closed? Finally, the second and third
example illustrate that the inclusions in Lemma 6.2.3 can be proper.

Example 6.5.11. Let F1 and F2 be connected non-isomorphic homomorphically
equivalent simple graphs.

1. The graph class F1 := {n(F1 + F2) | n ∈N} is homomorphism distinguishing
closed and not closed under taking summands.

2. For the homomorphism distinguishing closed graph class F2 := {nF1 | n ∈
N}, the disjoint union closure of F1 ∪F2 is not homomorphism distinguishing
closed.

3. Let F3 := {n1F1 + n2F2 | n1, n2 ∈ N, n1 ≥ n2} and F4 := {n1F1 + n2F2 |
n1, n2 ∈N, n2 ≥ n1}. Then cl(F3 ∩ F4) ( cl(F3) ∩ cl(F4).

Proof. For the first example, observe that clearly Γ(F1) = {F1, F2}. To verify the
assumptions of Theorem 6.5.2, let K := n1F1 + n2F2 for n1, n2 ≥ 0. It holds that
span{~F ∈ RΓ(F ) | F ∈ F} =

{
λ
(

1
1

)
| λ ∈ R

}
and thus ~K is in this space only if

n1 = n2. In this case, however, K ∈ F and thus F is homomorphism distinguishing
closed. It remains to observe that, for example, F1 6∈ F .

In the second example, by Theorem 6.5.2, F2 is homomorphism distinguishing
closed. The disjoint union closure of F1 ∪F2 is F := {n1F1 + n2F2 | n1, n2 ∈N, n1 ≥
n2}. Since hom(F1, F2) > 0, it holds that FF2 = F and hence ~F2 ∈ span{~F ∈ RΓ(F ) |
~F ∈ FF2} = RΓ(F ). However, F2 6∈ F . By Theorem 6.5.2, F is not homomorphism
distinguishing closed.
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6.6 Further Directions

In the third example, cl(F3) = cl(F4) = {n1F1 + n2F2 | n1, n2 ∈ N}, by The-
orem 6.5.2. However, F3 ∩ F4 = {n(F1 + F2) | n ∈ N}, which is homomorphism
distinguishing closed by the first example.

In light of Conjecture 6.0.3, minor-closed graph classes are of special interest. The
following Lemma 6.5.12 shows that considering essentially profinite rather than
essentially finite graph classes, in a sense, does not add any value for minor-closed
graph classes.

Lemma 6.5.12. Every essentially profinite minor-closed graph class F is essentially finite.

Proof. Since the class of all graphs is not essentially profinite, there exists a number
t ∈ N such that all F ∈ F do not contain the complete graph Kt as a minor. By a
weak form of Hadwiger’s conjecture [167] proven by Wagner [173], this implies that
all F ∈ F are 2t−1-colourable. In particular, F = FK2t−1 is essentially finite.

As final observation, we remark that Theorems 6.5.2 and 6.3.9 are orthogonal in
the sense that there exist graph classes to which only one of the theorems applies.
Clearly, there are graph classes which are closed under weak oddomorphism but
which are not essentially profinite. One such example is the class of graphs of
bounded degree from Corollary 6.3.10. Conversely, the graph class {nP4 | n ∈N} is
essentially finite and homomorphism distinguishing closed by Corollary 6.5.3 but
not closed under weak oddomorphisms. Indeed, the homomorphism P4 → K2 is an
oddomorphism but K2 is not in the class.

6.6 Further Directions

The central open problem regarding the homomorphism distinguishing closure
is Conjecture 6.0.2. Besides this conjecture, we propose to consider the relative
homomorphism distinguishing closure, as defined below.

Definition 6.6.1. Let F and H denote classes of simple graphs. Define the homo-
morphism distinguishing closure of F relative to H as

clH(F ) := {K | ∀G, H ∈ H. G ≡F H =⇒ hom(K, G) = hom(K, H)}.

Here, K ranges over all simple graphs.

Few of the techniques developed in this chapter for studying the homomorph-
ism distinguishing closure seem to be applicable to the relative homomorphism
distinguishing closure. For example, CFI graphs, which underpin Theorem 6.3.9, are
typically rather complicated graphs, even when constructed for rather simple base
graphs. Thus, studying the relative homomorphism distinguishing closure requires
developing new techniques which might aid addressing Conjecture 6.0.2.
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6 The Homomorphism Distinguishing Closure

To illustrate the intricacies of Definition 6.6.1, first observe that typically clH(H)

is the class of all graphs G. By [14, Theorem 3], which is based on Lemma 3.1.2,
this holds for every graph class H such that K ∈ H for every graph K admitting
a surjective homomorphisms H1 → K and an injective homomorphisms K → H2

for some H1, H2 ∈ H. All graph classes closed under taking subgraphs have this
property.

The relative homomorphism distinguishing closure is related to the Weisfeiler–
Leman dimension of a graph class [78, Definition 18.4.2]: The Weisfeiler–Leman
dimension of a graph class H is the least k ∈ N such that, for all H ∈ H and an
arbitrary graph G, it holds that if G and H are not distinguished by the k-dimensional
Weisfeiler–Leman algorithm, then G ∼= H. By Theorem 3.4.3, if H has Weisfeiler–
Leman dimension at most k, then clH(T W k) is the class of all graphs. Grohe
[78, Corollary 18.4.1] showed that every graph class excluding some minor has
bounded Weisfeiler–Leman dimension. See [100] for further background on the
Weisfeiler–Leman dimension. We conclude with the following concrete questions,
cf. [161].

Question 6.6.2. What is the homomorphism distinguishing closure of the class of cycles
relative to the class of trees?

Question 6.6.3. Can Colour Refinement on graphs of bounded degree be characterised as
homomorphism indistinguishability over trees of bounded degree? In other words, what is
the homomorphism distinguishing closure of the class of trees of degree at most d relative to
the class of graphs of degree at most d′?
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7 Syntax and Semantics of
Homomorphism Indistinguishability

In Chapters 3 to 5, several graph isomorphism relaxations from diverse fields such
as logic or optimisation were characterised as homomorphism indistinguishability
relations. Notably, most of these characterisations involve minor-closed graph
classes. In this chapter, we show that this is not a mere coincide. More precisely, we
show the following theorem:

Theorem 7.0.1. For a graph class F and the assertions
1. F is closed under edge contraction and deletion,
2. ≡F is preserved under taking complements, i.e., for all simple graphs G and H,

it holds that G ≡F H if, and only if, G ≡F H,
3. cl(F ) is minor-closed,

the implications 1⇒ 2⇔ 3 hold.

In particular, Theorem 7.0.1 implies that if a graph isomorphism relaxation ≈ is a
homomorphism indistinguishability relation and preserved under taking comple-
ments, then it is a homomorphism indistinguishability relation over a minor-closed
graph class. This necessary condition can be used to rule out that a graph isomorph-
ism relaxation which is preserved under taking complements has a homomorphism
indistinguishability characterisations, cf. Corollary 7.1.17 and Theorem 7.2.6.

Graph isomorphism relaxations from logic are typically preserved under taking
complements. Thereby, Theorem 7.0.1 implies that such logical equivalences are
typically homomorphism indistinguishability relations over minor-closed graph
classes if there are homomorphism indistinguishability relations at all. In Section 7.2,
we formalise this statement and give examples.

Moreover, Theorem 7.0.1 gives evidence for Conjecture 6.0.2, indicating that minor-
closed graph classes play a distinct role in homomorphism indistinguishability.9

Indeed, while Conjecture 6.0.2 asserts that cl(F ) = F for every minor-closed
union-closed graph class F , Theorem 7.0.1 implies unconditionally that cl(F ) is a
minor-closed union-closed graph class.

9A priori it is not clear whether minors have anything to do with homomorphism indistinguishability.
Roberson [150, p. 4] remarks that ‘our main goal is to understand what types of families are
homomorphism distinguishing closed, or to identify some nice family of families of graphs that
all give rise to distinct (and preferably nice) homomorphism indistinguishability relations. So
“minor-closed” may need to be replaced with some other property in order for the conjecture
[Conjecture 6.0.2] to hold.’
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7 Syntax and Semantics of Homomorphism Indistinguishability

Closure property of F Preservation property of ≡F Theorem

taking minors complements Theorem 7.0.1
taking summands disjoint unions Theorem 7.1.3
taking subgraphs full complements Theorem 7.1.10

taking induced subgraphs left lexicographic products Theorem 7.1.11

contracting edges right lexicographic products Theorem 7.1.12

Table 7.1: Equivalent properties of a homomorphism distinguishing closed graph
class F and of its homomorphism indistinguishability relation ≡F .

We think of Theorem 7.0.1 as a step towards understanding the nature of ho-
momorphism indistinguishability relations. Ultimately, we would like to establish
sufficient and necessary criteria for a graph isomorphism relaxation to be a ho-
momorphism indistinguishability relation. Theorem 7.0.1 gives such a necessary
criterion for homomorphism indistinguishability over minor-closed graph classes.
Throughout Section 7.1, we show further results paralleling Theorem 7.0.1 but
involving other pairs of closure properties of F and preservation properties of ≡F .
These results are summarised in Table 7.1.

In Section 7.3, we consider cancellation properties of homomorphism indistin-
guishability relations. A graph isomorphism relaxation ≈ admits K-cancellation for
some simple graph K if G × K ≈ H × K implies G ≈ H for all simple graphs G
and H. For graph classes F closed under subdivision, we show that ≡F admits
K-cancellation if, and only if, K is non-bipartite, cf. Lemma 7.3.4 and Theorem 7.3.5.
This gives a full picture of the cancellation admitted by the quantum isomorphism
relation or counting logic equivalences, cf. [124] and Theorem 3.4.4.

Chapter Outline. In Section 7.1, we prove Theorem 7.0.1 and the other results
listed in Table 7.1. In Section 7.2, we discuss repercussions for homomorphism in-
distinguishability characterisations of logical equivalences. Section 7.3 is concerned
with cancellation properties of homomorphism indistinguishability relations. We
conclude in Section 6.6 by proposing further directions. The material in this section
has been previously published in [162, 165].

7.1 Closure Properties Correspond to Preservation Properties

This section is concerned with the interplay of closure properties of a graph class F
and preservation properties of its homomorphism indistinguishability relation ≡F .
The central results of this section are those listed in Table 7.1. The relevance of the
results in Table 7.1 is twofold: On the one hand, they yield that if a graph class F
has a certain closure property, then so does cl(F ). In the case of minor-closed
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7.1 Closure Properties Correspond to Preservation Properties

graph families, this provides evidence for Conjecture 6.0.2. On the other hand,
they establish that every graph isomorphism relaxation which is preserved under
certain operations coincides with the homomorphism indistinguishability relation
over a graph class with a certain closure property, if it is a homomorphism indis-
tinguishability relation at all. Further consequences are discussed in Sections 7.1.6
and 7.2.

The closure properties of graph classes in Table 7.1 should be self-explanatory. To
build an intuition of what preservation properties are, we consider the following two
preservation properties which are shared by all homomorphism indistinguishability
relations:

Lemma 7.1.1. For every graph class F , the following hold:
1. ≡F is preserved under categorical products, i.e., for all simple graphs G, H, and

K, if G ≡F H, then G× K ≡F H × K.
2. ≡F is preserved under blow-ups, i.e., for all simple graphs G and H and n ≥ 1, if

G ≡F H, then G · Kn ≡ H · Kn.

Proof. For the first claim, by Equation (2.2), for every F ∈ F ,

hom(F, G× K) = hom(F, G) hom(F, K)

= hom(F, H) hom(F, K) = hom(F, H × K).

For the second claim, observe that

hom(F, G · Kn) = n|V(F)| hom(F, G). (7.1)

With this identity, the second claim follows analogously to the first claim.

Essential to all proofs in this section is the following Lemma 7.1.2:

Lemma 7.1.2. Let F and L be classes of simple graphs. Suppose L is finite and that its
elements are pairwise non-isomorphic. Let α : L → R \ {0}. If, for all simple graphs G
and H,

G ≡F H =⇒ ∑
L∈L

αL hom(L, G) = ∑
L∈L

αL hom(L, H),

then L ⊆ cl(F ).

Proof. The following argument is due to [49, Lemma 3.6]. Let n be an upper bound
on the number of vertices of graphs in L and let L′ denote a collection of non-
isomorphic simple graphs on at most n vertices containing as in Lemma 3.1.2. By
Lemma 3.1.2, the matrix M := (hom(K, L))K,L∈L′ is invertible. Extend α to a function
α′ : L′ → R by setting α′(L) := α(L) for all L ∈ L and α′(L′) := 0 for all L′ ∈ L′ \ L.
By Lemma 7.1.1, if G ≡F H, then G× K ≡F H × K for all simple graphs K. Hence,
by Equation (2.2),

∑
L∈L′

hom(L, K)α′L hom(L, G) = ∑
L∈L′

hom(L, K)α′L hom(L, H).
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7 Syntax and Semantics of Homomorphism Indistinguishability

minors
edge deletions subgraphs induced subgraphs

summands
edge contractions

Figure 7.1: Relationships between closure properties of homomorphism distinguish-
ing closed graph classes. The non-obvious implications are dashed and
proven in Lemmas 7.1.9 and 7.1.15. No other implications hold in gen-
eral, cf. Example 7.1.16.

Both sides can be read as the product of the matrix MT with a vector of the
form (α′L hom(L,−))L∈L′ . By multiplying from the left with the inverse of MT, it
follows that α′L hom(L, G) = α′L hom(L, H) for all L ∈ L′, which in turn implies that
hom(L, G) = hom(L, H) for all L ∈ L. Thus, L ⊆ cl(F ).

In the setting of Lemma 7.1.2, we say that the relation ≡F determines the linear
combination ∑L∈L αL hom(L,−). Note that it is essential for the argument to carry
through that the elements of L are pairwise non-isomorphic and that αL 6= 0 for all L.
Efforts will be undertaken to establish this property for certain linear combinations
in the subsequent sections.

7.1.1 Taking Summands and Preservation under Disjoint Unions

In this section, the strategy yielding the results in Table 7.1 is presented for the
rather simple case of Theorem 7.1.3. This theorem relates the property of a graph
class F to be closed under taking summands to the property of ≡F to be preserved
under disjoint unions. This closure property is often assumed in the context of
homomorphism indistinguishability, cf. Theorem 6.3.9 and [3], and fairly mild. It is
the most general property among those studied here, cf. Figure 7.1. Theorem 7.1.3
answers a question from [150, p. 7] affirmatively: Is it true that if ≡F is preserved
under disjoint unions, then cl(F ) is closed under taking summands?

Theorem 7.1.3. For a graph class F and the assertions
1. F is closed under taking summands, i.e., if F1 + F2 ∈ F , then F1, F2 ∈ F ,
2. ≡F is preserved under disjoint unions, i.e., for all simple graphs G, G′, H, and

H′, if G ≡F G′ and H ≡F H′, then G + H ≡F G′ + H′,
3. cl(F ) is closed under taking summands,

the implications 1⇒ 2⇔ 3 hold.

Proof. The central idea is to write, given simple graphs F, G, and H, the quantity
hom(F, G + H) as expression in hom(F′, G) and hom(F′, H) where F′ ranges over
summands of F. To this end, write F = C1 + · · · + Cr as disjoint union of its
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connected components. Then,

hom(F, G + H)
(2.1)
=

r

∏
i=1

hom(Ci, G + H)

(2.3)
=

r

∏
i=1

(hom(Ci, G) + hom(Ci, H))

(2.1)
= ∑

I⊆[r]
hom(ä

i∈I
Ci, G) hom( ä

i∈[r]\I
Ci, H). (7.2)

In particular, if F is closed under taking summands, then äi∈I Ci ∈ F for all I ⊆ [r].
Thus, 1 implies 2.

Assume 2 and let F ∈ cl(F ). Write as above F = C1 + · · ·+ Cr as disjoint union of
its connected components. By the assumption that ≡F is preserved under disjoint
unions, for all simple graphs G and G′, if G ≡F G′, then G + F ≡F G′ + F and
hence hom(F, G + F) = hom(F, G′ + F). By Equation (7.2) with H = F, the relation
≡F determines the linear combination ∑I⊆[r] hom(äi∈I Ci,−) hom(äi∈[r]\I Ci, F).
Note that it might be the case that äi∈I Ci

∼= äj∈J Cj for some I 6= J. Grouping
such summands together and adding their coefficients yields a linear combination
satisfying the assumptions of Lemma 7.1.2 since hom(Ci, F) > 0 for all i ∈ [r].
Hence, äi∈I Ci ∈ cl(F ) for all I ⊆ [r] and 3 follows.

The implication 3⇒ 2 follows from 1⇒ 2 for cl(F ) since ≡F and ≡cl(F ) coincide
on simple graphs.

The proofs of the other results in Table 7.1 are conceptually similar to the just
completed proof. The general idea can be briefly described as follows:

1. Derive a linear expression similar to Equation (7.2) for the number of homo-
morphisms from F into the graph constructed using the assumed preservation
property of ≡F , e.g. the graph G + H in the case of Theorem 7.1.3. These
linear combinations typically involve sums over subsets U of vertices or edges
of F, each contributing a summand of the form αU hom(FU ,−) where αU is
some coefficient and FU is a graph constructed from F using U. Hence, if the
graph class F is closed under the construction transforming F to FU , then ≡F
has the desired preservation property.

2. In general, it can be that FU and FU′ are isomorphic despite that U 6= U′, e.g.,
in Equation (7.2), if F contains two isomorphic connected components. In
order to apply Lemma 7.1.2, one must group the summands αU hom(FU ,−)
by the isomorphism type F′ of the FU . The coefficient of hom(F′,−) in the new
linear combination ranging over pairwise non-isomorphic graphs is the sum
of αU over all U such that FU ∼= F′. Once it is established that this coefficient
is non-zero, it follows that if ≡F has the preservation property, then cl(F ) has
the desired closure property.
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(a) G. (b) H.

Figure 7.2: The cospectral graphs from the proof of Theorem 7.1.4.

7.1.2 Cycles are Homomorphism Distinguishing Closed

In this section, we divert from this section’s overall goal of establishing the results
in Table 7.1 by proving, as an application of Theorem 7.1.3, that the class of dis-
joint unions of cycles is homomorphism distinguishing closed. Homomorphism
indistinguishability of two graphs over disjoint unions of cycles is characterised by
Theorem 3.3.2 as cospectrality of their adjacency matrices.

Theorem 7.1.4. The class of disjoint unions of cycles is homomorphism distinguishing
closed.

In order to show that a graph class F is homomorphism distinguishing closed, one
must construct, by Definition 6.0.1, for every simple graph F 6∈ F , two simple graphs
G and H such that G ≡F H and hom(F, G) 6= hom(F, H). The following corollary
of Theorem 7.1.3 asserts that this must be done only for connected graphs F 6∈ F if
F is closed under disjoint unions and taking summands. Thereby, Corollary 7.1.5
strengthens Theorem 6.3.9.

Corollary 7.1.5. Let F be a graph class such that
1. for every connected simple graph F 6∈ F , there exist simple graphs G and H such that

G ≡F H and hom(F, G) 6= hom(F, H) and
2. F is closed under disjoint unions and taking summands, i.e. F1 + F2 ∈ F if, and only

if, F1, F2 ∈ F for all graphs F1, F2.
Then F is homomorphism distinguishing closed.

Proof. Let F 6∈ F . Since F is closed under disjoint unions, there exists a connected
component F′ of F such that F′ 6∈ F . By assumption, F′ 6∈ cl(F ). By Theorem 7.1.3,
if F is closed taking summands, then cl(F ) is closed under taking summands.
Hence, F 6∈ cl(F ).

By Corollary 6.3.10, the class of graphs of degree at most two is homomorphism
distinguishing closed. By Theorem 3.3.2 and Corollary 7.1.5, in order to prove
Theorem 7.1.4, it suffices to exhibit two cospectral graphs which admit different
numbers of homomorphisms from every path graph. These graphs are depicted by
Figure 7.2.
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Proof of Theorem 7.1.4. By Theorem 3.3.2 and Corollary 7.1.5, for every connected
simple graph F which is not a cycle, we must construct two simple graphs G and H
whose adjacency matrices are cospectral but hom(F, G) 6= hom(F, H). If F contains
a vertex of degree at least three, then Corollary 6.3.10 and Theorem 6.3.8 yield such
graphs. Hence, it remains to consider the case when F is a path. Consider the
graphs G and H depicted by Figure 7.2. By [50, (2b)], G = W2 and H = C4 + P2

are cospectral. Hence, they are homomorphism indistinguishable over all cycles by
Theorem 3.3.2. We argue that G and H admit a different number of homomorphisms
from every path on at least three vertices.

An inductive argument yields for i ≥ 0 that

A2i+1
H =



0 22i 0 22i 0 0
22i 0 22i 0 0 0
0 22i 0 22i 0 0

22i 0 22i 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0


, A2i+2

H =



22i+1 0 22i+1 0 0 0
0 22i+1 0 22i+1 0 0

22i+1 0 22i+1 0 0 0
0 22i+1 0 22i+1 0 0
0 0 0 0 0 1
0 0 0 0 1 0


.

Hence, the number of homomorphism from the path on i + 1 vertices to H is
soe(Ai

H) = 2i+2 + 2. The first values of this sequence for i ≥ 2 are 18, 34, 66, and
130.

For the graph G, one may compute that the first values of the sequence soe(Ai
G)

for i ≥ 2 as 22, 42, 86, and 170. Furthermore, when regarded as matrices modulo 16,

A5
G ≡



0 0 11 0 5 5
0 0 11 0 5 5
11 11 0 5 0 0
0 0 5 0 11 11
5 5 0 11 0 0
5 5 0 11 0 0


, A6

G ≡



11 11 0 5 0 0
11 11 0 5 0 0
0 0 11 0 5 5
5 5 0 11 0 0
0 0 5 0 11 11
0 0 5 0 11 11


.

It follows that A5+2i
G ≡ A5

G mod 16 and A6+2i
G ≡ A6

G mod 16 for all i ≥ 0. Finally,
soe(A5

G) ≡ 10 mod 16 and soe(A6
G) ≡ 6 mod 16. Thus, soe(Ai

G)− 2 is not divis-
ible by 16 for any i ≥ 5. In particular, soe(Ai

G) 6= soe(Ai
H) for all i ≥ 2. Thus, the

graphs G and H admit different numbers of homomorphisms from every path on at
least three vertices.

7.1.3 Taking Minors and Preservation under Complements

The strategy outlined in Section 7.1.1 is now applied to prove Theorem 7.0.1. This
answers a question of Roberson [150, Question 8] affirmatively: Is it true that if F
is such that ≡F is preserved under taking complements, then there exist a minor-
closed graph class F ′ such that ≡F and ≡F ′ coincide? In fact, it is shown that F ′
can be taken to be cl(F ).
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Theorem 7.0.1. For a graph class F and the assertions
1. F is closed under edge contraction and deletion,
2. ≡F is preserved under taking complements, i.e., for all simple graphs G and H,

it holds that G ≡F H if, and only if, G ≡F H,
3. cl(F ) is minor-closed,

the implications 1⇒ 2⇔ 3 hold.

The strategy is to write hom(F, G) as a linear combination of hom(F′, G) for
minors F′ of F. This is accomplished in two steps: First, we consider the full
complement Ĝ of G in which not only every edge of G is replaced by a non-edge
(and vice versa) but also every loop is replaced by a non-loop (and vice versa).
Secondly, we consider, for a simple graph G, the looped graph G◦ obtained from
G by adding a loop to every vertex. The fact that Ĝ◦ ∼= G motivates this two-step
approach.

Lemma 7.1.6 ([116, Equation (5.23)]). For every graph G and every simple graph F,

hom(F, Ĝ) = ∑
F′⊆F s.t. V(F′)=V(F)

(−1)|E(F′)| hom(F′, G).

Proof. Write S for the set of all maps V(F) → V(G). For e ∈ E(F), write Ae ⊆ S
for set of all maps h such that the image of e under h is an edge or a loop in G. It
holds that h 6∈ Ae if, and only if, e is mapped under h either to two non-adjacent
vertices or to a single vertex without a loop. Hence, hom(F, Ĝ) =

∣∣∣⋂e∈E(F) Ae

∣∣∣ where

Ae := S \ Ae. By the Inclusion–Exclusion Principle,∣∣∣∣∣∣ ⋂e∈E(F)

Ae

∣∣∣∣∣∣ = |S|+ ∑
∅ 6=E′⊆E(F)

(−1)|E
′|

∣∣∣∣∣⋂
e∈E′

Ae

∣∣∣∣∣ .

Finally, note that |S| = hom(|V(F)|K1, G) and
∣∣∣⋂e∈E(F′) Ae

∣∣∣ for some F′ ⊆ F is the
number of homomorphisms from the graph F′ to G which is obtained by deleting
all edges from F which are not in F′.

In light of Lemma 7.1.6, it suffices to write hom(F, G◦) as a linear combination
of hom(F′, G) for minors F′ of F. To ease bookkeeping, we consider a particular
type of quotient graphs. For a simple graph F and a set of edges L ⊆ E(F), define
the contraction relation ∼L on V(F) by declaring v ∼L w if v and w lie in the same
connected component of the subgraph of F with vertex set V(F) and edge set L.
Write [v]L for the classes of v ∈ V(F) under the equivalence relation ∼L.

The contraction quotient F� L is the graph whose vertex set is the set of equivalence
classes under ∼L and with an edge between [v]L and [w]L if, and only if, there is
an edge xy ∈ E(F) \ L such that x ∼L v and y ∼L w. In general, F � L may
contain loops, cf. Example 7.1.8. However, if it is a simple graph, then it is equal
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to F/P where P is the partition of V(F) into equivalence classes under ∼L, i.e.
P := {[v]L | v ∈ V(F)}. In this case, F � L is a graph obtained from F by edge
contractions. With this notation, the quantity hom(F, G◦) can be succinctly written
as a linear combination.

Theorem 7.1.7. Let F and G be simple graphs. Then

hom(F, G◦) = ∑
L⊆E(F)

hom(F� L, G).

Proof. We establish a bijection between the set Hom(F, G◦) of homomorphisms
h : F → G◦ and the set X of pairs (L, ϕ) where L ⊆ E(F) and ϕ : F � L → G is a
homomorphism.

Claim 7.1.7a. The map which associates a homomorphism h : F → G◦ with the
pair (L, ϕ) ∈ X consisting of the set L := {uv ∈ E(F) | h(u) = h(v)} and the
homomorphism ϕ : F� L→ G, [x]L 7→ h(x) is well-defined.

Proof of Claim. First observe that if vertices v, w ∈ V(F) are such that v ∼L w, then
h(v) = h(w). Indeed, if without loss of generality v 6= w, then there exists a walk
v, u1, u2, . . . , un, w ∈ L. By construction, |h(vu1)| = |h(u1u2)| = · · · = |h(unw)| = 1
and hence h(v) = h(w). In particular, F� L is a simple graph without any loops.
Indeed, if an edge vw ∈ E(F) is such that v ∼L w, then h(v) = h(w) and hence
vw ∈ L.

The initial observation implies that ϕ is a well-defined map V(F� L) → V(G).
It remains to argue that ϕ is a homomorphism F� L → G. Indeed, if [v]L 6= [w]L
are adjacent in F� L, then there exist x ∼L v and y ∼L w such that xy ∈ E(F) \ L.
Hence, h maps xy to an edge in G◦, rather than to a loop. In particular, ϕ maps [v]L
and [w]L to an edge in G. C

Claim 7.1.7b. The map Hom(F, G◦)→ X described in Claim 7.1.7a is surjective.

Proof of Claim. Let L ⊆ E(F) and ϕ : F � L → G be a homomorphism. Observe
that this implies that F� L is without loops. Let π : V(F) → V(F� L) denote the
projection v 7→ [v]L. We claim that h := ϕ ◦ π is a homomorphism F → G◦. Let
xy ∈ E(F). If x ∼L y, then the image of xy under h is a loop since π(x) = π(y).
If x 6∼L y, then in particular xy 6∈ L and there is an edge between [x]L and [y]L in
F� L. Since ϕ is a homomorphism, h(x) and h(y) are in both cases adjacent in G◦.

It remains to argue that this h is mapped to (L, ϕ) under the construction described
in Claim 7.1.7a. Write L′ := {e ∈ E(F) | |h(e)| = 1}. Towards concluding that L = L′,
let uv ∈ L. Then h(uv) = ϕ(π(uv)) is a singleton since in particular u ∼L v. Hence,
L ⊆ L′. Conversely, let uv ∈ L′. By assumption, h(uv) = ϕ(π(uv)) is a singleton
and thus it remains to distinguish two cases: If π(u) = π(v), then uv ∈ L because
otherwise there would be a loop at [u]L = [v]L in F � L. If π(u) 6= π(v), then
ϕ([u]L) = ϕ([v]L) and also uv ∈ L because otherwise there would be an edge
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between [u]L 6= [v]L in F� L and this cannot happen since ϕ is a homomorphism
into a simple graph.

Finally, write ϕ′ for the homomorphism F � L → G constructed from h as
described in Claim 7.1.7a. Then for every vertex x ∈ V(F) by definition, ϕ′([x]L) =
h(x) = ϕ(π(x)) = ϕ([x]L) and thus ϕ = ϕ′. C

It is easy to see that the map devised in Claim 7.1.7a is injective. The desired
equation follows observing that the map in Claim 7.1.7a provides a bijection between
the sets whose elements are counted on the right and left hand-side respectively.

The following Example 7.1.8 illustrates the above construction and Theorem 7.1.7.

Example 7.1.8. Let K3 denote the complete graph with vertex set {1, 2, 3}. Then
K3 �∅ ∼= K3, K3 � {12} ∼= K2, K3 � {12, 23} ∼= K◦1 , and K3 � {12, 23, 13} ∼= K1. For
every simple graph G, hom(K3, G◦) = hom(K3, G) + 3 hom(K2, G) + hom(K1, G)

since hom(K◦1 , G) = 0.

The final ingredient for the proof of Theorem 7.0.1 is the following Lemma 7.1.9,
which establishes one of the implications in Figure 7.1.

Lemma 7.1.9. A homomorphism distinguishing closed graph class F is closed under
deleting edges if, and only if, it is closed under taking subgraphs.

Proof. If F is closed under taking subgraphs, then it is closed under deleting edges.
Conversely, since F is assumed to be closed under deleting edges, it suffices to
show that it is closed under deleting vertices. Let F ∈ F be a simple graph on
n vertices. Since the graph nK1 can be obtained from F by deleting all its edges,
it holds that nK1 ∈ F . Thus, for all simple graphs G and H such that G ≡F H,
by Equation (2.1), |V(G)|n = hom(nK1, G) = hom(nK1, H) = |V(H)|n. Hence,
hom(K1, G) = hom(K1, H). Now let F′ denote the graph obtained from F by
deleting a vertex v ∈ V(F). By deleting all incident edges, it can be assumed
that v is isolated in F and that F′ + K1

∼= F. Hence, for all G and H as above, by
Equation (2.1),

hom(F′, G) hom(K1, G) = hom(F, G) = hom(F, H) = hom(F′, H) hom(K1, H).

It follows that hom(F′, G) = hom(F′, H) and F′ ∈ F .

Proof of Theorem 7.0.1. Assuming 1, let G and H be simple graphs such that G ≡F H
and let F ∈ F . By Theorem 7.1.7 and Lemma 7.1.6,

hom(F, G) = hom(F, Ĝ◦) = ∑
F′⊆F,

V(F′)=V(F)

(−1)|E(F′)| ∑
L⊆E(F′)

hom(F′ � L, G). (7.3)
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All simple graphs F′ � L appearing in this sum are obtained from F by repeated
edge contractions or deletions. Hence, G ≡F H.

Assuming 2, it is first shown that cl(F ) is closed under deleting and contracting
edges. To that end, let F ∈ cl(F ). Let K be obtained from F by deleting an edge
e ∈ E(F). Since K has the same number of vertices as F and precisely one edge less,
the only summation indices (F′, L) in Equation (7.3) such that F′ � L ∼= K satisfy
|E(F′)| = |E(K)| and L = ∅. Hence, the coefficient of hom(K,−) in the linear
combination obtained from Equation (7.3) by grouping isomorphic summation
indices is a non-zero multiple of (−1)|E(K)|. Hence, K ∈ cl(F ) by Lemma 7.1.2.

Let now K be obtained from F by contracting a single edge e. By deleting edges, it
can be supposed without loss of generality that there are no vertices in F which are
adjacent to both end vertices of e. By the following Claim 7.1.9a, |E(K)| = |E(F)| − 1.

Claim 7.1.9a. For a simple graph F with uv ∈ E(F), write ∆F(uv) := {w ∈ V(F) |
vw, uw ∈ E(F)} for the set of vertices inducing a triangle with the edge uv. Let F be
a simple graph and uv ∈ E(F). Then

|∆F(uv)| = |E(F)| − |E(F� {uv})| − 1.

Proof of Claim. Write K = F � {uv}. By writing x for the vertex of K obtained by
contraction and identifying V(K) \ {x} = V(F) \ {u, v}, for all w ∈ V(K),

degK(w) =


degF(u) + degF(v)− |∆F(uv)| − 2, if w = x,

degF(w)− 1, if w ∈ ∆F(uv),

degF(w), otherwise.

The desired equation now follows readily from the Handshaking Lemma. C

Hence, all summation indices (F′, L) in Equation (7.3) such that F′ � L ∼= K must
satisfy the following:

1. L = {e′} for some edge e′ ∈ E(F).
This is immediate from |V(K)| = |V(F)| − 1 and V(F) = V(F′).

2. F′ = F.
Indeed, if F′ � {e′} ∼= K for some F′ ⊆ F with e′ ∈ E(F′) and V(F′) =

V(F), then, by Claim 7.1.9a, |E(F′)| − 1 = |E(F′ � {e′})|+ |∆F′(e′)| ≥ |E(F′ �
{e′})| = |E(K)| = |E(F)| − 1 and thus E(F′) = E(F).

Each of these summation indices contributes (−1)|E(F′)| = (−1)|E(F)| to the coeffi-
cient of hom(K,−) in the linear combination ranging over non-isomorphic graphs.
Hence, this coefficient is non-zero. By Lemma 7.1.2, K ∈ cl(F ).

Hence, cl(F ) is closed under deleting and contracting edges. By Lemma 7.1.9, it
is closed under taking minors. The implication 3⇒ 2 follows from 1⇒ 2 for cl(F )
since ≡F and ≡cl(F ) coincide on simple graphs.
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7.1.4 Taking Subgraphs and Preservation under Full Complements

Theorem 7.1.10, which relates the property of a graph class F to be closed under tak-
ing subgraphs to the property of ≡F to be preserved under taking full complements,
can now be extracted from the insights in Section 7.1.3. Since our definition of the
homomorphism distinguishing closure involves only simple graphs, Theorem 7.1.10

deviates slightly from the other results in Table 7.1. This is because the relations
≡F and ≡cl(F ) a priori coincide only on simple graphs and not necessarily on all
graphs, a crucial point raised by a reviewer.

Theorem 7.1.10. For a graph class F and the assertions
1. F is closed under deleting edges,
2. ≡F is preserved under taking full complements of arbitrary graphs, i.e., for all

graphs G and H, it holds that G ≡F H if, and only if, Ĝ ≡F Ĥ,
3. ≡F is preserved under taking full complements, i.e., for all simple graphs G

and H, it holds that G ≡F H if, and only if, Ĝ ≡F Ĥ,
4. cl(F ) is closed under deleting edges,
5. cl(F ) is closed under taking subgraphs, i.e. it is closed under deleting edges and

vertices,
6. ≡cl(F ) is preserved under taking full complements of arbitrary graphs,
7. ≡cl(F ) is preserved under taking full complements,

the implications 1⇒ 2⇒ 3⇒ 4⇔ 5⇔ 6⇔ 7 hold.

Proof. Assuming 1, by Lemma 7.1.6, for all not necessarily simple graphs G and H, if
G ≡F H and F is closed under deleting edges it holds that hom(F, Ĝ) = hom(F, Ĥ)

for all F ∈ F as all graphs F′ appearing in Lemma 7.1.6 are obtained from F by
deleting edges. Hence, 2 holds. Clearly, 2 implies 3.

Suppose that 3 holds. Since Lemma 7.1.2 is not directly applicable since the
condition in 3 involves graphs with loops, we first prove the following claim:

Claim 7.1.10a. Let F be a graph class satisfying 3. For all graphs G and H with
loops at every vertex, if G ≡F H, then G ≡cl(F ) H.

Proof of Claim. Let K be an arbitrary graph with a loop at every vertex. Then G× K
and H × K are graph with loops at every vertex. Hence, their full complements
Ĝ× K and Ĥ × K are simple graphs.

Let F ∈ cl(F ). By Equation (2.2), if G ≡F H, then G × K ≡F H × K. By 3,
Ĝ× K ≡F Ĥ × K, which implies that hom(F, Ĝ× K) = hom(F, Ĥ × K) since ≡F
and ≡cl(F ) coincide on simple graphs. By Lemma 7.1.6 and Equation (2.2), this in
turn implies that

∑
F′
(−1)|E(F′)| hom(F′, G) hom(F′, K) = ∑

F′
(−1)|E(F′)| hom(F′, H) hom(F′, K) (7.4)

where both sums range over F′ ⊆ F such that V(F′) = V(F).
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Let n := |V(F)| and write L for a collection of non-isomorphic simple graphs on
at most n vertices as in Lemma 3.1.2. We claim that the matrix (hom(F, G◦)))F,G∈L
is invertible. Indeed, by Theorem 7.1.7,

hom(F, G◦) = ∑
L⊆E(F)

hom(F� L, G) = ∑
F′∈L
|{L ⊆ E(F) | F� L ∼= F′}| hom(F′, G).

By Lemma 3.1.2, the matrix (hom(F, G))F,G∈L is invertible. When ordering the
elements of L first by number of vertices and then by number of edges, the matrix
(|{L ⊆ E(F) | F � L ∼= F′}|)F,F′∈L is upper triangular and all its diagonal entries
are 1 since F� L ∼= F if, and only if, L = ∅. Hence, (hom(F, G◦))F,G∈L is invertible
as the product of two invertible matrices. As in the proof of Lemma 7.1.2, one may
multiply Equation (7.4) with the inverse of this matrix to conclude that hom(F, G) =

hom(F, H). It follows that G ≡cl(F ) H. C

By 3, for all simple graphs G and H, the assumption G ≡F H implies that Ĝ ≡F Ĥ.
Hence, by Claim 7.1.10a, Ĝ ≡cl(F ) Ĥ. Finally, by Lemma 7.1.6, for F ∈ cl(F ),

∑
F′⊆F

V(F′)=V(F)

(−1)|E(F′)| hom(F′, G) = ∑
F′⊆F

V(F′)=V(F)

(−1)|E(F′)| hom(F′, H).

Since G and H are simple, we are in the setting of Lemma 7.1.2. Let K be any
graph obtained from F by deleting edges, i.e. V(K) = V(F) and E(K) ⊆ E(F). Each
summation index F′ in Lemma 7.1.6 such that F′ ∼= K contributes (−1)|E(F′)| =

(−1)|E(K)|. Hence, the coefficient of hom(K,−) in the linear combination obtained
from the one above by grouping isomorphic summation indices is non-zero. By
Lemma 7.1.2, it holds that F′ ∈ cl(F ).

The implication 4⇒ 5 follows from Lemma 7.1.9. The implication 5⇒ 6 follows
from 1 ⇒ 3. The implication 6 ⇒ 7 is immediate. The final implication 7 ⇒ 4

follows from 3⇒ 4 observing that cl(cl(F )) = cl(F ).

7.1.5 Taking Induced Subgraphs, Contracting Edges, and Lexicographic
Products

In this section, it is shown that a homomorphism distinguishing closed graph
class is closed under taking induced subgraphs (contracting edges) if, and only if,
its homomorphism indistinguishability relation is preserved under lexicographic
products with a fixed graph from the left (from the right).

Examples for equivalence relations preserved under lexicographic products re-
lated to chromatic graph parameters are listed in Corollary 7.1.18. Further examples
are of model-theoretic nature. It is for example easy to see that winning strategies of
the Duplicator player in Hella’s bijective pebble game [91] can be composed along
lexicographic products.
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A correspondence between taking induced subgraphs and left lexicographic
products is established by the following Theorem 7.1.11:

Theorem 7.1.11. For a graph class F and the assertions
1. F is closed under taking induced subgraphs,
2. ≡F is preserved under left lexicographic products, i.e., for all simple graphs G,

H, and H′, if H ≡F H′, then G · H ≡F G · H′,
3. cl(F ) is closed under taking induced subgraphs.

the implications 1⇒ 2⇔ 3 hold.

An example for a lexicographic product from the right is the n-blow-up G · Kn of
a graph G. By Lemma 7.1.1, every homomorphism indistinguishability relation is
preserved under blow-ups. Preservation under arbitrary lexicographic products
from the right, however, is a non-trivial property corresponding to the associated
graph class being closed under edge contractions:

Theorem 7.1.12. For a graph class F and the assertions
1. F is closed under edge contractions,
2. ≡F is preserved under right lexicographic products, i.e. for all simple graphs G,

G′, and H, if G ≡F G′, then G · H ≡F G′ · H,
3. cl(F ) is closed under edge contractions.

the implications 1⇒ 2⇔ 3 hold.

Towards Theorems 7.1.11 and 7.1.12, homomorphism counts hom(F, G · H) are
written as linear combinations of homomorphism counts hom(F′, H) where F′

ranges over induced subgraphs of F in the case of Theorem 7.1.11, or as linear com-
binations of homomorphism counts of hom(F′′, G) where F′′ ranges over graphs
obtained from F by contracting edges in the case of Theorem 7.1.12. The follow-
ing succinct formula for counts of homomorphisms into a lexicographic product
generalises Equation (7.1).

Theorem 7.1.13. Let F, G, and H be simple graphs. Then

hom(F, G · H) = ∑
R

hom(F/R, G) hom( ä
R∈R

F[R], H)

where the outer sum ranges over all partitions R ∈ Π(V(F)) such that F[R] is connected
for all parts R ∈ R.

Proof. We construct a bijection between the set of homomorphisms F → G · H and
the set of triples (R, g, h) where R ∈ Π(V(F)) is such that all F[R], R ∈ R, are
connected, and g : F/R → G and h : äR∈R F[R]→ H are homomorphisms. To that
end, write πG : V(G · H) → V(G) and πH : V(G · H) → V(H) for the projection
maps.

Let f : F → G · H be a homomorphism. Define a partition R′ of V(F) with parts
(πG ◦ f )−1(v) for v ∈ V(G) andR ≤ R′ as the coarsest partition whose parts R ∈ R
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all induce connected subgraphs F[R], i.e. for every R′ ∈ R′, the partition R contains
one part for every connected component of F[R′].

The homomorphism g : F/R → G is given by the map sending R ∈ R to
(πG ◦ f )(v) for any v ∈ R. By definition of R, this map is well-defined. It is indeed
a homomorphism since, if R1, R2 ∈ R are adjacent in F/R, there exist x1 ∈ R1 and
x2 ∈ R2 such that x1x2 ∈ E(F). Observe that R1 6= R2 because F/R is simple and
hence x1 and x2 lie in different classes of R′. As (πG ◦ f )(x1) 6= (πG ◦ f )(x2), it
holds that (πG ◦ f )(x1) and (πG ◦ f )(x2) are adjacent vertices in G because f is a
homomorphism. Hence, g(R1) and g(R2) are adjacent in G.

The homomorphism h : äR∈R F[R] → H is given by πH ◦ f . This is indeed a
homomorphism since if x1, x2 ∈ V(F) are adjacent in äR∈R F[R], then they lie in
the same part of R′ and hence h(x1)h(x2) is an edge of H.

For injectivity, suppose that f , f ′ : F → G · H are both mapped to (R, g, h). Then,
πH ◦ f = h = πH ◦ f ′ and furthermore for every v ∈ V(G) with v ∈ R for some
R ∈ R, (πG ◦ f )(v) = g(R) = g′(R) = (πG ◦ f )(v). Hence, f = f ′.

For surjectivity, let (R, g, h) be a triple where R ∈ Π(V(F)) is such that all F[R],
R ∈ R, are connected, and g : F/R → G and h : äR∈R F[R]→ H are homomorph-
isms. Define f : F → G · H by v 7→ ((g ◦ ρ)(v), h(v)) where ρ : F → F/R is the map
sending v ∈ V(F) to R ∈ R such that v ∈ R.

The map f is a homomorphism. Indeed, for uv ∈ E(F), distinguish cases: If
(g ◦ ρ)(u) = (g ◦ ρ)(v), then ρ(u) = ρ(v) since otherwise ρ(u) and ρ(v) are adjacent
in F/R and (g ◦ ρ)(u) 6= (g ◦ ρ)(v) as g is a homomorphism into a simple graph.
In this case, u, v ∈ R for some R ∈ R and thus h(u)h(v) is an edge of H. If
(g ◦ ρ)(u) 6= (g ◦ ρ)(v), then in particular ρ(u) 6= ρ(v), ρ(u)ρ(v) is an edge of F/R,
and hence (g ◦ ρ)(u) and (g ◦ ρ)(v) are adjacent in G. In any case, f (u) f (v) is an
edge of G · H.

Write (R′, g′, h′) for the image of f under the aforementioned construction. It is
claimed that (R′, g′, h′) = (R, g, h).

To argue that R = R′, let x1, . . . , x` be a path in F such that (πG ◦ f )(x1) = · · · =
(πG ◦ f )(x`). Then (g ◦ ρ)(x1) = · · · = (g ◦ ρ)(x`) by construction. It has to be
shown that ρ(x1) = · · · = ρ(x`). If ρ(xi) 6= ρ(xi+1) for some 1 ≤ i < `, then ρ(xi)

and ρ(xi+1) are adjacent in F/R, which cannot be since G is simple and both of
these vertices have the same image under g. This implies that if x, y are in the same
part of R′, then they are in the same part of R. Conversely, let x1, . . . , x` be a path
in F such that all x1, . . . , x` ∈ R for some R ∈ R. Then ρ(x1) = · · · = ρ(x`) and
hence (g ◦ ρ)(x1) = · · · = (g ◦ ρ)(x`). In particular, if x, y are in the same part of R,
then they are in the same part under R′.

To argue that g = g′, note that, for any R ∈ R = R′ with v ∈ R, g′(R) =

(πG ◦ f )(v) = (g ◦ ρ)(v) = g(R). Finally, h′ = πH ◦ f = h.

Theorem 7.1.13 yields Theorems 7.1.11 and 7.1.12 as follows:
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7 Syntax and Semantics of Homomorphism Indistinguishability

Proof of Theorem 7.1.11. That 1 implies 2 is immediate from Theorem 7.1.13.
Let F ∈ cl(F ) and U ⊆ V(F). In order to show that F[U] ∈ cl(F ) assuming 2, let

G = Kn where n := |V(F)|. Observe that hom(F/P , G) > 0 for every P ∈ Π(V(F)).
For the discrete partition D, äR∈D F[R] ∼= nK1. By Lemma 7.1.2, K1 ∈ cl(F ). Write
P for the partition whose parts are formed by the connected components of F[U] and
singleton parts otherwise. Then äP∈P F[P] ∼= F[U] + mK1 where m := |V(F) \U|.
By Lemma 7.1.2, F[U] + mK1 ∈ cl(F ) which implies, as for example argued in
Lemma 7.1.9, that F[U] ∈ cl(F ). Hence, 2 implies 3.

The implication 3⇒ 2 follows from 1⇒ 2 for cl(F ) since ≡F and ≡cl(F ) coincide
on simple graphs.

Proof of Theorem 7.1.12. That 1 implies 2 is immediate from Theorem 7.1.13.
Let F ∈ cl(F ). It is to show that F/P ∈ cl(F ) for every P ∈ Π(V(F)) such

that all F[P] are connected for P ∈ P . To that end, write n := |V(F)| and let
H = Kn. Observe that hom(F[U], H) > 0 for every U ⊆ V(F). Hence, the coefficient
of hom(F/P ,−) in the linear combination from Theorem 7.1.13 is non-zero. By
Lemma 7.1.2, F/P ∈ cl(F ). Hence, 2 implies 3.

The implication 3⇒ 2 follows from 1⇒ 2 for cl(F ) since ≡F and ≡cl(F ) coincide
on simple graphs.

Theorems 7.1.11 and 7.1.12 can be combined to yield the following Corollary 7.1.14:

Corollary 7.1.14. For a graph class F and the assertions
1. F is closed under taking induced subgraphs and edge contractions,
2. ≡F is such that, for all simple graphs G, G′, H, and H′, if G ≡F G′ and H ≡F H′,

then G · H ≡F G′ · H′,
3. cl(F ) is closed under taking induced subgraphs and edge contractions.

the implications 1⇒ 2⇔ 3 hold.

Proof. Assuming 1, if G ≡F G′ and H ≡F H′, then G · H ≡F G′ · H by The-
orem 7.1.12 and G′ ·H ≡F G′ ·H′ by Theorem 7.1.11. By transitivity, G ·H ≡F G′ ·H′
and 2 holds. The implication 2⇒ 3 is immediate from Theorems 7.1.11 and 7.1.12.
The implication 3⇒ 2 follows from 1⇒ 2 for cl(F ) since ≡F and ≡cl(F ) coincide
on simple graphs.

As a final observation, the following Lemma 7.1.15 relates the property of be-
ing closed under edge contractions to the other closure properties in Table 7.1
and Figure 7.1.

Lemma 7.1.15. If a homomorphism distinguishing closed graph class F is closed under
contracting edges, then it is closed under taking summands.

Proof. Let F ∈ F . Since every homomorphism distinguishing closed graph class
is closed under disjoint unions, cf. Lemma 6.2.2, it suffices to show that every
connected component C of F is in F . Let m denote the number of connected
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components of F. By contracting all edges, the graph mK1 can be obtained from F.
Hence, as argued in Lemma 7.1.9, K1 ∈ F . Moreover, the graph C + (m− 1)K1 can
be obtained from F by contracting all edges not in C. This implies as in Lemma 7.1.9
that C ∈ F .

Finally, it is noted that no other implications hold between the closure properties
considered in Figure 7.1.

Example 7.1.16. 1. The graph class {nP3 | n ∈N} is homomorphism distinguish-
ing closed (Corollary 6.5.3) and closed under taking summands but neither
under edges contractions nor under taking induced subgraphs.

2. The class of disjoint unions of cycles is homomorphism distinguishing closed
(Theorem 7.1.4) and closed under edge contractions but not under taking
induced subgraphs.

3. The class of disjoint unions of complete graphs is homomorphism distinguish-
ing closed (Corollary 6.5.3) and closed under taking induced subgraphs but
not under deleting edges.

4. The class of graphs of bounded degree is homomorphism distinguishing
closed (Corollary 6.3.10) and closed under edge deletions but not closed under
edge contractions.

7.1.6 Applications

As applications of Theorems 7.0.1 and 7.1.10 to 7.1.12, we conclude, in the spirit
of [14], that certain equivalence relations on graphs cannot be homomorphism
distinguishing relations.

Corollary 7.1.17. Let F be a graph class containing a non-empty graph such that one of
the following holds:

1. ≡F is preserved under complements, cf. Theorem 7.0.1,
2. ≡F is preserved under full complements, cf. Theorem 7.1.10,
3. ≡F is preserved under left lexicographic products, cf. Theorem 7.1.11, or
4. ≡F is preserved under right lexicographic products, cf. Theorem 7.1.12.

Then G ≡F H implies that |V(G)| = |V(H)| for all simple graphs G and H.

Proof. By Theorems 7.0.1 and 7.1.10 to 7.1.12, F can be chosen to be closed under
taking minors, subgraphs, induced subgraphs, or contracting edges. In any case,
K1 ∈ F and hence |V(G)| = hom(K1, G) = hom(K1, H) = |V(H)|.

As concrete examples, consider the following relations. For a simple graph G,
aut(G) denotes the order of the automorphism group of G, α(G) denotes the size of
the largest independent set of G, ω(G) denotes the size of the largest clique of G,
and χ(G) denotes the chromatic number of G.
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Corollary 7.1.18. There is no graph class F satisfying any of the following assertions for
all simple graphs G and H:

1. G ≡F H if, and only if, aut(G) = aut(H),
2. G ≡F H if, and only if, α(G) = α(H),
3. G ≡F H if, and only if, ω(G) = ω(H),
4. G ≡F H if, and only if, χ(G) = χ(H).

Proof. The relation in Item 1 is preserved under taking complements. By [74,
Theorem 1, Corollary p. 90], the relations in Items 2 and 4 are preserved under
left lexicographic products. For Item 3, the same follows from [74, Theorem 1]
observing that G · H = G · H and ω(G) = α(G). In each case, it is easy to exhibit
a pair of graphs G and H in the same equivalence class with different number of
vertices. By Corollary 7.1.17, none of the equivalence relations is a homomorphism
indistinguishability relation.

7.2 Equivalences over Self-Complementary Logics

In this section, Theorem 7.2.2 is derived from Theorem 7.0.1. The theorem applies
to self-complementary logics, of which examples are given subsequently. Finally,
a result from graph minor theory is used to relate logics on graphs to quantum
isomorphism. The very general definition of logics on graphs from Section 2.2 needs
to be strengthened only slightly in order to yield Theorem 7.2.2:

Definition 7.2.1. A logic on graphs (L, |=) is self-complementary if, for all ϕ ∈ L, there
is a ϕ ∈ L such that, for all simple graphs G, it holds that G |= ϕ if, and only if,
G |= ϕ.

Theorem 7.2.2. Let (L, |=) be a self-complementary logic on graphs for which there exists
a graph class F such that simple graphs are homomorphism indistinguishable over F if,
and only if, they are L-equivalent. Then there exists a minor-closed graph class F ′ whose
homomorphism indistinguishability relation coincides with L-equivalence.

Proof. It is shown that ≡F is preserved under taking complements in the sense of
Theorem 7.0.1. Suppose that G ≡F H for simple graphs G and H. By assumption,
for all ϕ ∈ L, it holds that G |= ϕ if, and only if, H |= ϕ and hence, by self-
complementarity,

G |= ϕ ⇐⇒ G |= ϕ ⇐⇒ H |= ϕ ⇐⇒ H |= ϕ ⇐⇒ H |= ϕ.

Here, the ultimate equivalence holds since H |= ϕ if, and only if, H |= ϕ for all ϕ

and H by the definition of self-complementarity observing that H ∼= H. Thus,
G ≡F H. By Theorem 7.0.1, F ′ := cl(F ) is minor-closed.

In particular, by Corollary 7.1.17, for a self-complementary logic L, all L-equivalent
simple graphs G and H must have the same number of vertices unless L is trivial in
the sense that all simple graphs G and H are L-equivalent.
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7.2.1 Examples for Self-Complementary Logics

A first example of a self-complementarity logic is first-order logic FO over the
signature of graphs {E}. In order to establish this property, a formula ϕ ∈ FO has
to be constructed for every ϕ ∈ FO such that G |= ϕ if, and only if, G |= ϕ for all
graphs G. Only subformulas Exy require non-trivial treatment:

Definition 7.2.3. For every ϕ ∈ FO, define ϕ ∈ FO inductively as follows:
1. if ϕ = Exy, then ϕ := ¬Exy ∧ (x 6= y),
2. if ϕ = ⊥ or ϕ = >, then ϕ := ϕ, if ϕ = (x = y), then ϕ := ϕ, if ϕ = ¬ψ,

then ϕ := ¬ψ, if ϕ = ψ ∧ χ, then ϕ := ψ ∧ χ, if ϕ = ψ ∨ χ, then ϕ := ψ ∨ χ, if
ϕ = ∃xψ, then ϕ := ∃xψ, and if ϕ = ∀xψ, then ϕ := ∀xψ.

Lemma 7.2.4. Let ϕ ∈ FO be a formula with k ≥ 0 free variables. Then, for all simple
graphs G with v ∈ V(G)k, it holds that

G |= ϕ(v) ⇐⇒ G |= ϕ(v).

In particular, FO is self-complementary.

Proof. The proof is by induction on the structure of ϕ. If ϕ is Exy, observe that
v1v2 ∈ E(G) if, and only if, v1v2 6∈ E(G) and v1 6= v2. In all other cases, the claim is
purely syntactical.

Lemma 7.2.4 gives a purely syntactical sufficient criterion for a fragment L ⊆ FO

to be self-complementary. Indeed, if ϕ ∈ L as defined in Definition 7.2.3 for all
ϕ ∈ L, then L is self-complementary. Note that the operation in Definition 7.2.3
increases neither the number of variables nor affects the quantifiers in the formula.
Thus, Lemma 7.2.4 automatically extends to fragments of FO defined by restricting
the number of variables, order or number of quantifiers. For extensions of FO, Defin-
ition 7.2.3 can be easily extended. This yields a rich realm of self-complementary
logics, of which the following Example 7.2.5 lists only a selection.

Example 7.2.5. The following logics on graphs are self-complementary. For every
k, d ≥ 0,

1. the k-variable and quantifier-depth-d fragments FOk and FOd of FO,
2. first-order logic with counting quantifiers C and its k-variable and quantifier-

depth-d fragments Ck and Cd,
3. inflationary fixed-point logic IFP, cf. [78],
4. second-order logic SO and its fragments monadic second-order logic MSO1,

existential second-order logic ESO, cf. Section 2.2.3, [47, 66].

Corollary 7.1.17 readily gives an alternative proof of [14, Propositions 1 and 2],
which assert that neither FOk-equivalence nor FOd-equivalence are characterised
by homomorphism indistinguishability relations. By Theorems 3.4.4 and 3.4.5,
the logic fragments Ck and Cd are, however, characterised by homomorphism
indistinguishability relations.
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7.2.2 Applications: Graph Minor Theory and Distinguishing Power

The final result of this section demonstrates how graph minor theory can yield
insights into the distinguishing power of logics via Theorem 7.2.2. Subject to it
are self-complementary logics which have a homomorphism indistinguishability
characterisation and are stronger than Ck for every k, e.g. they are capable of
distinguishing CFI graphs. It is shown that equivalence with respect to any such
logic is a sufficient condition for quantum isomorphism, cf. [124].

Theorem 7.2.6. Let (L, |=) be a self-complementary logic on graphs for which there exists
a graph class F such that simple graphs are homomorphism indistinguishable over F if,
and only if, they are L-equivalent. Suppose that, for all k ∈N, there exist simple graphs G
and H such that G ≡Ck H and G 6≡L H. Then all L-equivalent simple graphs are quantum
isomorphic.

The proof of Theorem 7.2.6 is based on the following result from graph minor
theory.

Theorem 7.2.7 ([153, (2.1)], cf. [133, Theorem 3.8]). For a minor-closed graph class F ,
the following are equivalent:

1. F has bounded treewidth, i.e. there exists w ∈N such that tw(F) ≤ w for all F ∈ F ,
2. there exists a planar graph H such that H 6∈ F .

Proof of Theorem 7.2.6. By assumption and Theorem 3.4.4, for all k ∈N, there exist
simple graphs G and H such that G ≡T W k H and G 6≡F H. This implies that
F 6⊆ cl(T W k) for every k ∈ N. Hence, cl(F ) 6⊆ T W k for every k ∈ N. By
Theorem 7.0.1, cl(F ) is a minor-closed graph class. Thus, by Theorem 7.2.7, it holds
that P ⊆ cl(F ) where P denotes the class of all planar graphs. It follows that all
L-equivalent graphs are quantum isomorphic by [124].

In [111], Theorem 7.2.6 was applied to show that equivalence in a specific logic
stronger than first-order logic with counting quantifiers is not a homomorphism
indistinguishability relation. This logic is linear-algebraic logic LA, as introduced in
[56]. By [111, Theorem 1], equivalence in the k-variable fragment of LA is not a
homomorphism indistinguishability relation for any k ≥ 6. In [111], the graphs G
and H required by Theorem 7.2.6 were taken to be CFI graphs over a planar base
graph constructed with respect to a cyclic group whose order is a power of two.
By Theorem 6.3.8, these CFI graphs are not quantum isomorphic. That they are
distinguished by k-variable LA was shown in [111] modifying techniques of [109].

7.3 Cancellation Laws

Towards understanding the properties of homomorphism indistinguishability rela-
tions, this section is concerned with cancellation of graph isomorphism relaxations.
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Definition 7.3.1. Let K be a simple graph. A graph isomorphism relaxation ≈ admits
K-cancellation if, for all simple graphs G and H, it holds that G× K ≈ H × K =⇒
G ≈ H.

Lovász [115] proved that the isomorphism relation ∼= admits K-cancellation if,
and only if, K is non-bipartite. The following Lemma 7.3.2 shows that K-cancellation
of a homomorphism indistinguishability relation ≡F depends solely on the homo-
morphism distinguishing closure of the subclass FK ⊆ F of K-colourable graphs
in F . In fact, the proof is based on the observation that the equivalence relation
− × K ≡F − × K coincides with the homomorphism indistinguishability rela-
tion ≡FK .

Lemma 7.3.2. For a graph class F and a simple graph K, the following are equivalent:
1. ≡F admits K-cancellation,
2. F ⊆ cl(FK),
3. cl(F ) = cl(FK).

Proof. First observe that, for simple graphs G and H, the conditions G×K ≡F H×K
and G ≡FK H are equivalent. Indeed, if G × K ≡F H × K and F ∈ FK, then, by
Equation (2.2), hom(F, G) = hom(F, G × K)/ hom(F, K) = hom(F, H) and hence
G ≡FK H. Conversely, if G ≡FK H and F ∈ F , then, by Equation (2.2),

hom(F, G× K) = hom(F, G) hom(F, K) = hom(F, H) hom(F, K) = hom(F, G× K)

since hom(F, G) = hom(F, H) if hom(F, K) 6= 0. Hence, G× K ≡F H × K.
By the initial observation, Item 1 is equivalent to the assertion that G ≡FK H

implies G ≡F H for all graphs G and H. Hence, Items 1 and 2 are equivalent. Since
F ⊆ cl(F ) and cl(FK) ⊆ cl(F ), assertions Items 2 and 3 are equivalent.

Essentially profinite graph classes admitting K-cancellation can be succinctly
characterised.

Lemma 7.3.3. Let F be an essentially profinite graph class and let K be a simple graph.
Then ≡F admits K-cancellation if, and only if, all graphs in F are K-colourable.

Proof. By Lemma 6.5.8, cl(FK) = cl(F )K. By Lemma 7.3.2, if ≡F admits K-cancel-
lation, then F ⊆ cl(FK) = cl(F )K. In particular, all graphs in F are K-colourable.
Conversely, if F = FK, then cl(F ) = cl(FK), and ≡F admits K-cancellation by
Lemma 7.3.2.

In particular, if an essentially profinite graph class admits K-cancellation for some
simple graph K, then it is essentially finite. Beyond essentially profinite graph
classes, it is less clear when ≡F admits K-cancellation. If K is bipartite, then this
depends solely on whether the graphs in F are K-colourable.
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Lemma 7.3.4. For every graph class F and every bipartite simple graph K, cl(FK) =

cl(F )K. In particular, ≡F admits K-cancellation if, and only if, all graphs in F are
K-colourable.

Proof. By Theorem 6.1.1, the class GK2 of all bipartite graphs is homomorphism
distinguishing closed. By Theorem 6.5.2, so is GK1 , the family of all graphs which
are K1-colourable, i.e. the edgeless graphs. Finally, the class GK0 = {K0}, the family
containing only the empty graph K0 is homomorphism distinguishing closed. Hence,
for i ∈ {0, 1, 2}, by Lemma 6.2.3,

cl(FKi) = cl(F ∩ GKi) ⊆ cl(F ) ∩ cl(GKi) = cl(F ) ∩ GKi = cl(F )Ki .

The converse containment follows from Lemma 6.5.7. Hence, cl(FKi) = cl(F )Ki for
i ∈ {0, 1, 2}. It remains to observe that if K is bipartite then FK equals either FK0 ,
FK1 , or FK2 , depending on whether K is edgeless or empty.

Under the additional assumption that F is closed under subdivisions, the fol-
lowing Theorem 7.3.5 completes the characterisation of the graphs K for which ≡F
admits K-cancellation. For example, the quantum isomorphism relation ≡P admits
K-cancellation if, and only if, K is non-bipartite, cf. [124]. Theorem 7.3.5 strengthens
Lovász’s result [115] using an argument due to Dvořák [63].

Theorem 7.3.5. If F is closed under subdivisions, then cl(F ) = cl(FK) and ≡F admits
K-cancellation for every non-bipartite simple graph K.

Proof. The proof is by showing the contrapositive, i.e. for simple graphs G and H,
if G 6≡F H, then G 6≡FK H. Since K is non-bipartite, it contains an odd cycle C2n+1

for some n ≥ 1. Let F ∈ F be such that hom(F, G) 6= hom(F, H). Without loss of
generality, F is not K-colourable. Consider the following claim:

Claim 7.3.5a. Let F be a simple graph and n ∈N. Let F′ be obtained from F by re-
placing every edge by a path on at least 2n + 1 vertices. Then F′ is C2n+1-colourable.

Proof of Claim. Pick an arbitrary vertex x ∈ V(C2n+1). The C2n+1-colouring of F′ is
constructed by mapping all vertices from V(F) ⊆ V(F′) to x. Let e ∈ E(F) be an
edge. If the number m of vertices introduced in F′ by subdividing e is odd, then the
resulting path can be mapped to x and one of its neighbours y ∈ V(C2n+1). This is
because every path on an odd number of vertices can be mapped to K2 such that
both of its degree-1 vertices are mapped to the same vertex. If m is even, then the
path can be mapped to a walk in C2n+1 which starts in x, wraps around C2n+1 once,
and finally alternates between x and one of its neighbours y ∈ V(C2n+1). C

By Lemma 6.1.4, there exists a graph F′ ∈ FC2n+1 ⊆ FK such that hom(F′, G) 6=
hom(F′, H), as desired.
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7.4 Further Directions

The following corollary summarises the results on cancellation properties of
homomorphism indistinguishability relations over graph classes closed under sub-
divisions.

Corollary 7.3.6. Let F be a graph class which is closed under subdivisions. Let K be a
simple graph. Then precisely one of the following holds:

1. F contains a graph which contains a cycle and then ≡F admits K-cancellation if, and
only if, K is not bipartite.

2. F contains only acyclic graphs and at least one graph which contains an edge and
then ≡F admits K-cancellation if, and only if, K contains an edge.

3. F contains only edgeless graphs and at least one non-empty graph and then ≡F
admits K-cancellation if, and only if, K is not empty.

4. F contains only the empty graph and then ≡F admits K-cancellation.

Proof. Since F is closed under subdivisions, ≡F admits K-cancellation for every
non-bipartite simple graph K by Theorem 7.3.5. If F contains only acyclic graphs,
then all graphs in F are bipartite and ≡F admits K-cancellation for every simple
graph K containing an edge by Lemma 7.3.4. If F contains only edgeless graphs,
then ≡F admits K-cancellation for every non-empty bipartite simple graph K by
Lemma 7.3.4. If F contains only the empty graph, then ≡F admits K-cancellation
for every bipartite simple graph K by Lemma 7.3.4.

If F contains at least one non-empty graph, then, by Lemma 7.3.4, ≡F does
not admit K0-cancellation for the empty graph K0. If F contains at least one edge,
then ≡F does not admit K-cancellation whenever K does not contain an edge
by Lemma 7.3.4. If F contains a graph containing a cycle, then F contains a
non-bipartite graph and hence F does not admit K-cancellation whenever K is
bipartite.

7.4 Further Directions

The results summarised in Table 7.1 give necessary conditions for an equivalence
relation ≈ comparing graphs to be a homomorphism indistinguishability relation
over a graph class with certain closure properties. It is tempting to view these results
as instances of a potentially richer connection between graph-theoretic properties
of F and polymorphisms of ≡F , i.e. isomorphism-invariant10 maps p sending tuples
of graphs to graphs such that p(G1, . . . , Gk) ≡F p(H1, . . . , Hk) whenever Gi ≡F Hi

for all i ∈ [k]. Recalling the algebraic approach to constraint satisfaction problems,
cf. [18], one may ask what structural insights into F can be gained by considering
polymorphisms of ≡F .11 The following questions are more concrete:

10That is, if Gi ∼= Hi for all i ∈ [k], then p(G1, . . . , Gk) ∼= p(H1, . . . , Hk).
11Preservation properties of homomorphism indistinguishability relations appear to be related the cat-

egorical preservation properties studied in [95]. Curiously, not all preservation properties studied
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Question 7.4.1. Can closure under topological minors of F be characterised in terms of
some polymorphism of ≡F?

Graph exponentiation is an operation on graphs with loops studied in [166,
Section 4.2] in the context of graph homomorphism counts.

Question 7.4.2. Can preservation under graph exponentiation of ≡F be characterised in
terms of a closure property of F?

Corollary 7.3.6 and the results in Table 7.1 may be viewed as a step towards an
axiomatic characterisation of homomorphism indistinguishability relations, similar
to the characterisation [69, 118] of functions f : G → N on the set of all graphs G
which are of the form f = hom(−, G) for some graph G. Such a characterisation
should give sufficient and necessary criteria for an equivalence relation ≈ to be a
homomorphism indistinguishability relation over some graph class. In this context,
exploring abstract properties of graph isomorphism relaxations and their connection
to homomorphism indistinguishability is imperative. We propose two questions:
The first questions aims to generalise [69, 118].

Question 7.4.3. Let F be a proper graph class. How are the functions f : F → N such
that f = hom(−, G) for some simple graph G characterised?

By [34, Theorem 3], there are finite graph classes F for which deciding whether
a function f : F →N is of the form f = hom(−, G) for some graph G is NP-hard.
Question 7.4.3 might be a stepping stone for the following much vaguer question:

Question 7.4.4. What are sufficient and necessary conditions for a graph isomorphism
relaxation to be a homomorphism indistinguishability relation?

here are functorial. For example, not every homomorphisms G → H induces a homomorphism
G → H.
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8 Modular Homomorphism
Indistinguishability

As an interlude and in preparation for Chapter 9, we consider homomorphism
indistinguishability modulo integers n ≥ 1. For a graph class F , two simple
graphs G and H are said to be homomorphism indistinguishable over F modulo n, in
symbols G ≡n

F H, if hom(F, G) ≡ hom(F, H) mod n for every F ∈ F . Modular
homomorphism indistinguishability has first been considered by Faben & Jerrum
[67] in the context of the modular counting complexity of graph colouring problems.

The main result of this chapter is Theorem 8.3.2, which characterises homomorph-
ism indistinguishability over graphs of bounded treewidth modulo a prime as
equivalence over a version of counting logic with modular counting quantifiers. The
result and its proof parallel Dvořák’s Theorem 3.4.4.

Chapter Outline. We review the results of Faben & Jerrum [67] in Section 8.1.
In Section 8.2, we study connections between modular homomorphism indistin-
guishability and non-modular homomorphism indistinguishability, i.e. the setting
introduced in Chapter 3. In Section 8.3, we prove a modular analogue of Dvořák’s
Theorem 3.4.4. Material in this chapter has been previously published in [111, 110]
as joint work with Moritz Lichter and Benedikt Pago.

8.1 Modular Homomorphism Indistinguishability over All
Graphs

In contrast to Lovász’s Theorem 3.1.1 asserting that two graphs are homomorphism
indistinguishable over all graphs if, and only if, they are isomorphic, homomorphism
counts modulo an integer n do not suffice to determine a graph up to isomorphism.
To that end, consider the following example.

Example 8.1.1. For n ≥ 1, the one-vertex graph K1 and the (n + 1)-vertex edgeless
graph Kn+1 are homomorphism indistinguishable over all graphs modulo n.

Proof. If F is an edgeless graph, then hom(F, K1) = 1 ≡ (n+ 1)|V(F)| = hom(F, Kn+1)

mod n. If otherwise F contains an edge, then hom(F, K1) = 0 = hom(F, Kn+1).

In [67], homomorphism indistinguishability over all graphs modulo a prime p was
characterised using automorphisms of order p. For a graph F, the automorphism
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8 Modular Homomorphism Indistinguishability

group Aut(G) of a simple graph G acts on the set of homomorphisms Hom(F, G)

by composition. Thus, for an automorphism σ ∈ Aut(G) of order p, the set
Hom(F, G) can be partitioned into orbits under the action of the cyclic subgroup
of Aut(G) generated by σ. By the Orbit–Stabiliser Formula, each orbits is either
a singleton or of cardinality divisible by p.12 When counting homomorphisms
modulo p, the latter orbits do not contribute. This argument implies that G and
Gσ := G[{v ∈ V(G) | σ(v) = v}], the subgraph of G induced by the fixed points of σ,
are homomorphism indistinguishable over all graphs modulo p [67, Lemma 3.3].

Hence, order-p automorphism allow to reduce a graph to one of its induced
subgraphs while preserving homomorphism counts. Write G →p G′ for two
simple graphs G and G′ if there is an automorphism σ of G of order p such that
Gσ ∼= G′. Write G →∗p H if there is a sequence of graphs G1, . . . , Gn such that
G →p G1 →p G2 →p · · · →p Gn →p H. By [67, Theorem 3.7], for every simple
graph G and prime p, there is a graph G∗p, unique up to isomorphism, such that G∗p
has no automorphisms of order p and G →∗p G∗p. Furthermore, by [67, Theorem 3.4],
the graphs G and G∗p are homomorphism indistinguishable over all graphs modulo p.
A characterisation of homomorphism indistinguishability over all graphs modulo p
can now be stated:

Theorem 8.1.2 ([67, Lemma 3.10]). Let p be a prime. Two simple graphs G and H are
homomorphism indistinguishable over all graphs modulo p if, and only if, G∗p and H∗p are
isomorphic.

8.2 Connections between Modular and Non-Modular
Homomorphism Indistinguishability

We proceed by investigating the connections between modular homomorphism
indistinguishability and non-modular homomorphism indistinguishability, i.e. as
defined in Definition 3.0.1. The following Lemma 8.2.1 shows that non-trivial
modular homomorphism indistinguishability relations cannot be expressed by non-
modular homomorphism indistinguishability relations. Furthermore, considering
sets of moduli does not yield more relations. We may restrict our attention to
homomorphism indistinguishability relations modulo some not necessarily prime
integer n ≥ 1. In the following lemma, we write G ≡N

F H for a set N of positive
integers if G ≡n

F H for every n ∈ N.

Lemma 8.2.1. Let F and K be graph classes. Let n ≥ 1 and N be a set of positive integers.
1. If N is infinite, then ≡N

F and ≡F coincide.
2. If N is finite and m is the least common multiple of the numbers in N, then ≡N

F and
≡m
F coincide.

12Here, it is crucial that p is prime and not composite.
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8.2 Connections between Modular and Non-Modular Homomorphism Indistinguishability

3. If ≡F and ≡n
K coincide, then all pairs of graphs are homomorphism indistinguishable

over F , i.e. for all simple graphs G and H it holds that G ≡F H.

The proof of Lemma 8.2.1 is based on the Chinese Remainder Theorem:

Fact 8.2.2 (Chinese Remainder Theorem, cf. [131, Theorem 2.10]). Let k ≥ 2 and
a1, . . . , ak ∈ Z. Let m1, . . . , mk ≥ 1 be pairwise coprime. Then there exists x ∈ Z such that
x ≡ ai mod mi for all i ∈ [k]. Furthermore, if x, y ∈ Z are solutions to these congruences,
then x ≡ y mod m1 · · ·mk.

Proof of Lemma 8.2.1. For the first claim, let G and H be simple graphs and F ∈ F .
Since N is infinite, there exists n ∈ N greater than hom(F, G) and hom(F, H). Then
hom(F, G) ≡ hom(F, H) mod n implies that hom(F, G) = hom(F, H).

For the second claim, first observe that G ≡m
F H entails G ≡N

F H since all n ∈ N
divide m. Conversely, for a prime p, write ν(p) for the greatest integer k ≥ 0 such
that there is an n ∈ N that is divisible by pk. Then m = ∏p pν(p), where the product
ranges over all primes. Hence, if hom(F, G) ≡ hom(F, H) mod n for all n ∈ N,
then hom(F, G) ≡ hom(F, H) mod pν(p) for all primes p appearing as divisors of
elements in N, i.e. ν(p) > 0. Hence, by Fact 8.2.2, also hom(F, G) ≡ hom(F, H)

mod m.
Towards the third claim, we first show the following Claim 8.2.2a: Fix an integer

n ≥ 1. Write ` for the maximum integer such that p` divides n for some prime p.
Write ϕ : N→N for Euler’s totient function [131, Section 2.3] and G×k for the k-th
categorical power of the graph G, cf. Section 2.1.1.

Claim 8.2.2a. For every simple graph G, the graphs G×(ϕ(n)+`) and G×` are homo-
morphism indistinguishable over all graphs modulo n.

Proof of Claim. We show that a`(aϕ(n)− 1) ≡ 0 mod n for every a ∈N. By Fact 8.2.2,
writing n = ∏ p`i

i as product of powers of distinct primes, it suffices to show that
this equality holds modulo p`i

i for every i. Distinguish cases: If a and pi are coprime,

by Euler’s Theorem [131, Theorem 2.12], aϕ(p
`i
i ) ≡ 1 mod p`i

i . Since ϕ(n) = ∏ ϕ(p`i
i )

[131, Theorem 2.7], also aϕ(n) ≡ 1 mod p`i
i . If pi divides a, then a` ≡ 0 mod p`i

i
as `i ≤ `. Finally, for every graph F, hom(F, G×(ϕ(n)+`)) = hom(F, G)ϕ(n)+` ≡
hom(F, G)` mod n by Equation (2.2). C

Towards a contradiction, assume that there exists a non-empty graph F ∈ F . Let
m := |V(F)|, and write Km for the complete graph on m vertices. Then hom(F, Km) >

1. Define G := K×(ϕ(n)+`)
m and H := K×`m . By Equation (2.2) and ϕ(n) ≥ 1, it holds

that hom(F, G) = hom(F, Km)ϕ(n)+` 6= hom(F, Km)` = hom(F, H). Hence, G 6≡F H.
However, G ≡n

K H by Claim 8.2.2a contradicting that ≡F and ≡n
K coincide.
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8 Modular Homomorphism Indistinguishability

8.3 Modular Counting Logic

By Theorem 3.4.4, two graphs are homomorphism indistinguishable over the graphs
of treewidth at most k− 1 if, and only if, they are Ck-equivalent. In this section,
the modular analogue of this result is shown: Two graphs are homomorphism
indistinguishable over the graphs of treewidth at most k− 1 modulo a prime p if,
and only if, they are equivalent in k-variable modular counting logic Ck[p].

Definition 8.3.1. Let p be a prime. Modular counting logic C[p] denotes the set of
formulas inductively defined as follows:

• for variables x and y, the formulas x = y and Exy are in C[p],
• if ϕ, ψ ∈ C[p], then ¬ϕ, ϕ ∧ ψ, ϕ ∨ ψ ∈ C[p], and
• if ϕ(x, y) ∈ C[p], y is a variable, and c ∈ Fp, then ψ(x) := ∃cyϕ(x, y) is in C[p].

The semantics of modular counting quantifiers is as expected, e.g. a graph G satisfies
a sentence ∃cxϕ(x) if the number of distinct v ∈ V(G) such that G |= ϕ(v) is equal
to c mod p. Let Ck[p] denote the k-variable fragment of C[p].

This section’s main result is the following Theorem 8.3.2.

Theorem 8.3.2. Let p be a prime and k ≥ 1. Two simple graphs G and H are homomorphism
indistinguishable over all graphs of treewidth at most k − 1 modulo p if, and only if, G
and H are Ck[p]-equivalent.

The strategy for proving Theorem 8.3.2 is to construct, for every graph F of
treewidth ≤ k− 1 and every m ∈ Fp, a modular counting logic formula with ≤ k
variables such that a graph satisfies the formula if, and only if, it admits m mod p
many homomorphisms from F. Conversely, counting logic formulas are translated
into Fp-linear combinations of graphs of bounded treewidth such that the linear
combination of their homomorphism counts in a graph is 1 mod p if, and only
if, the formula is satisfied. In this direction, it is crucial that Fp is a field for an
interpolation argument to carry through.

Note that C[p] is not a syntactical extension of first-order logic as it does not
contain the usual quantifiers ∃ and ∀. By Theorem 8.3.2 and Example 8.1.1, the
graphs K1 and Kp+1 are C[p]-equivalent. As non-isomorphic graphs, they are
distinguished by FO. Hence, C[p] does not semantically extend FO.

Theorem 8.3.2 is implied by the following Theorem 8.3.3. The two directions
of the proof are the content of Lemmas 8.3.4 and 8.3.6. Let k ≥ 1 and 0 ≤ ` ≤ k.
Deviating from Definition 4.3.12, write T W k(`) for the set of `-labelled graphs
F = (F, u) ∈ G(`) admitting a tree decomposition (T, β) of F of width ≤ k− 1 with
a vertex r ∈ V(T) such that β(r) = {u1, . . . , u`}.

Theorem 8.3.3. Let p be a prime. Let k ≥ 1 and 0 ≤ ` ≤ k. Let G and H be simple graphs
with v ∈ V(G)` and w ∈ V(H)`. Then the following are equivalent:

1. FG(v) ≡ FH(w) mod p for every F ∈ T W k(`),
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8.3 Modular Counting Logic

2. for all formulas ϕ(x1, . . . , x`) ∈ Ck[p] with ` free variables, it holds that G |= ϕ(v)
if, and only if, H |= ϕ(w).

The backward implication in Theorem 8.3.3 is proven via the following lemma.

Lemma 8.3.4. Let p be a prime, k ≥ 1, and 0 ≤ ` ≤ k. For every m ∈ Fp and
F ∈ T W k(`), there exists a formula ϕm(x1, . . . , x`) ∈ Ck[p] such that, for every simple
graph G and v ∈ V(G)`, it holds that G |= ϕm(v) if, and only if, FG(v) ≡ m mod p.

Proof. Write F = (F, u) and let (T, β) denote a tree decomposition of F of width ≤
k− 1 with a vertex r ∈ V(T) such that β(r) = {u1, . . . , u`}. The proof is by induction
on the size of the decomposition tree T.

If |V(T)| = 1, then all vertices of F are labelled and FG(v) ∈ {0, 1} for every
simple graph G and v ∈ V(G)` by Observation 3.2.11. If m is neither 0 nor 1, set ϕm

to false. If m = 1, set

ϕ1(x1, . . . , x`) :=
∧

i,j∈[`]
ui=uj

(xi = xj) ∧
∧

i,j∈[`]
uiuj∈E(F)

E(xi, xj).

Then G |= ϕ1(v) ⇐⇒ FG(v) = 1 ⇐⇒ FG(v) ≡ 1 mod p, where the second
equivalence holds since FG(v) ∈ {0, 1}. Finally, set ϕ0 := ¬ϕ1.

If |V(T)| ≥ 2, distinguish cases by the number of neighbours of the vertex
r ∈ V(T). If r has unique neighbour s ∈ V(T), then, by suitably modifying the tree
decomposition as in Lemma 2.1.2, we may suppose that |β(s) \ β(t)| = 1. Write
F′ for the subgraph of F induced by

⋃
t∈V(T)\{r} β(t). Let u′ ∈ V(F)`

′
be such that

β(s) = {u′1, . . . , u′`′} for `′ := |β(s)|. To ease notation, suppose that u′`′ 6∈ β(t).
Furthermore, let R := F[β(r)] and R := (R, u). As graph on at most ` vertices, R
has a tree decomposition of width ≤ k − 1 with a single bag. By the induction
hypothesis, there exist a Ck[p]-formula ϕ′m with `′ free variables for F ′ := (F′, u′)
and m ∈ Fp. Similarly, there exist a Ck[p]-formula χm with ` free variables for R
and m ∈ Fp. Let i1, . . . , i`′−1 ∈ [`] be indices such that uij = u′j for all j ∈ [`′ − 1].
Then, by Lemmas 3.2.13 and 3.2.14,

FG(v) = RG(v) ∑
v′∈V(G)

F ′G(vi1 . . . vi`′−1
v′).

For m ∈ Fp, define ϕm(x1, . . . , x`) as∨
m′,m′′∈Fp,
m′m′′=m.

(
χm′(x1, . . . , x`) ∧

∨
c1,...,cp∈Fp,
∑

p
j=1 jcj=m′′

∧
1≤j≤p

∃cj x`ϕ′j(xi1 , . . . , xi`′−1
, y)
)

.

This formula is as desired. Indeed, if G |= ϕm(v), then there exist m′, c1, . . . , cp ∈ Fp

such that RG(v) ≡ m′ mod p,∣∣∣{v′ ∈ V(G) | F ′G(vi1 , . . . , vi`′−1
, v′) ≡ j mod p

}∣∣∣ ≡ cj mod p
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8 Modular Homomorphism Indistinguishability

for all j ∈ [p], and m′ ∑p
j=1 jcj = m. Hence, FG(v) ≡ m′ ∑p

i=1 jcj = m. The converse
is readily verified.

It remains to consider the case when r has multiple neighbours. In this case,
F = F1 � · · · � Fr for some graphs F1, . . . , Fr falling into the case considered above.
Let ϕ1

m, . . . , ϕr
m denote the corresponding inductively constructed formulas. Set

ϕm(x1, . . . , x`) :=
∨

m1,...,mr∈Fp,
m1···mr=m.

(
ϕ1

m1
(x1, . . . , x`) ∧ · · · ∧ ϕr

mr
(x1, . . . , x`)

)
.

Since FG(v) = ∏r
i=1 F i

G(v) by Lemma 3.2.13, this formula is as desired.

Conversely, we construct for every Ck[p]-formula a linear combination of labelled
graph of bounded treewidth whose homomorphism counts have the same semantics
as the formula. The following auxiliary Lemma 8.3.5 is used in the proof of
Lemma 8.3.6. Recall the definition from Section 3.2.3 of the set FpT W k(`) of formal
Fp-linear combinations of labelled graphs from T W k(`).

Lemma 8.3.5. Let p be a prime, k ≥ 1, and 0 ≤ ` ≤ k. Let q ∈ FpT W k(`) and X1 ⊆ Fp.
Then there exists q′ ∈ FpT W k(`) such that, for all simple graphs G with v ∈ V(G)`,

• if qG(v) 6∈ X1, then q′G(v) = 0,
• if qG(v) ∈ X1, then q′G(v) = 1.

Proof. Consider the Lagrange polynomial p(X) = ∑x∈X1 ∏y∈Fp\{x}
X−y
x−y ∈ Fp[X].

Observe that p(z) = 1 if z ∈ X1 and p(z) = 0 if z 6∈ X1. Define q′ := p(q) by
interpreting multiplication in Fp[X] as gluing product in T W k(`). For ` = 0, the
gluing product degenerates to the disjoint union. By Lemma 3.2.13, it holds that
q′G(v) = p(q)G(v) = p(qG(v)), as desired.

The remaining ingredient for the proof of Theorem 8.3.3 is Lemma 8.3.6.

Lemma 8.3.6. Let p be a prime, k ≥ 1, and 0 ≤ ` ≤ k. For every ϕ(x1, . . . , x`) ∈ Ck[p],
there exists a q ∈ FpT W k(`) such that q models ϕ, i.e. for all simple graphs G with
v ∈ V(G)`,

• if G 6|= ϕ(v), then qG(v) = 0,
• if G |= ϕ(v), then qG(v) = 1.

Proof. By induction on the structure of ϕ.
• If ϕ = (x1 = x2), then the graph I = (I, (1, 1)) ∈ T W k(2) with V(I) = {1}

and E(I) = ∅ models ϕ.
• If ϕ = E(x1, x2), then the graph A = (A, (1, 2)) ∈ T W k(2) with V(A) = {1, 2}

and E(A) = {1, 2} models ϕ.
• If ϕ = ϕ1 ∧ ϕ2, let t1, t2 ∈ FpT W k denote the elements modelling ϕ1 and ϕ2

respectively. Their gluing product t1 � t2 models ϕ.
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• If ϕ = ¬ϕ1 and t1 is as above, then J− t1 models ϕ. Here, J = (J, (1, . . . , `)) ∈
T W k(`) with V(J) = [`] and E(J) = ∅ where ` denotes the number of free
variables in ϕ. If ` = 0, then J is the empty graph.

• If ϕ = ϕ1 ∨ ϕ2, then apply the two cases above to ¬(¬ϕ1 ∧ ¬ϕ2).
• If ϕ(x1, . . . , x`−1) = (∃mx`)ψ(x1, . . . , x`), then let t = ∑ αiF i ∈ T W k(`) denote

the element modelling ψ. For every F i = (Fi, vi), define Ki = (Fi, vi
1 . . . vi

`−1).
Observe that, for every simple graph G with v ∈ V(G)`−1,

Ki
G(v) = ∑

v′∈V(G)

F i
G(v1 . . . v`−1v′).

Let q := ∑ αiKi ∈ FpT W k(`). By induction,

qG(v) ≡ ∑
v′∈V(G)

tG(v1 . . . v`−1v′)

≡ |{v′ ∈ V(G) | G |= ψ(v1, . . . , v`−1, v′)}| mod p.

The desired graph can now be constructed via Lemma 8.3.5.

8.4 Further Directions

Much less is known about modular homomorphism indistinguishability than about
non-modular homomorphism indistinguishability. We conclude this chapter with a
collection of questions.

The first question asks to generalise Theorem 8.1.2. A resolution might help to
classify the complexity of counting graph colourings modulo prime powers. For
prime moduli, the complexity of these problems was recently completely described
in [35] building on Theorem 8.1.2.

Question 8.4.1. What does it mean for two graphs to be homomorphism indistinguishable
over all graphs modulo a prime power?

The second question concerns a generalisation of Theorems 4.0.1 and 2.6.8 on
the Sherali–Adams hierarchy SAk(G, H) for graph isomorphism, cf. Definition 2.6.7.
Since a graph isomorphism amounts to a {0, 1}-solution to QP(G, H) and thus also
to SAk(G, H), the feasibility of SAk(G, H) over Fp or Z is a graph isomorphism
relaxation. Since linear equations over Fp and Z can be solved in polynomial time
[98], they are polynomial-time graph isomorphism relaxation.

By [23, 24], there is no k ≥ 1 such that all pairs of non-isomorphic graphs can be
distinguished by checking the feasibility of SAk(G, H) over Z. No characterisations
of this graph isomorphism relaxation are known. Considering SAk(G, H) over Fp

might be a pathway to understanding SAk(G, H) over Z. Indeed, being a linear
system of equations, SAk(G, H) is feasible over Z if, and only if, it is feasible modulo
every prime power, cf. [160, p. 51] and Fact 8.2.2.
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8 Modular Homomorphism Indistinguishability

Question 8.4.2. Can the feasibility of SAk(G, H) over Fp be characterised in terms of
modular homomorphism indistinguishability? Can the feasibility of SAk(G, H) over Z be
characterised in terms of homomorphism indistinguishability?

Modular and non-modular homomorphism indistinguishability both count homo-
morphisms, only over different semirings, cf. [45]. In the first case, homomorphisms
are counted in Z/nZ for some n ≥ 2, whereas in the second case, the natural
numbers N are used for counting. A semiring with intimate connections to logic is
the Boolean semiring. ‘Counting’ homomorphisms from F to G over the Boolean
semiring amounts to deciding whether there exists a homomorphism F → G. Thus,
two graphs G and H are Boolean homomorphism indistinguishable over all graph if,
and only if, they are homomorphically equivalent, i.e. there exist homomorphisms
G → H and H → G. Boolean homomorphism indistinguishability was studied in
[14, 38]. We propose the following questions entailing Question 7.4.4.

Question 8.4.3. Which graph isomorphism relaxations are Boolean homomorphism indis-
tinguishability relations? Given a semiring S, which graph isomorphism relaxations are
homomorphism indistinguishability relations with respect to S?
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9 Complexity of Homomorphism
Indistinguishability

From a computational perspective, the central question on homomorphism indistin-
guishability concerns the complexity and computability of the following decision
problem for a fixed graph class F [150, Question 9]:

HomInd(F )
Input Simple graphs G and H.
Question Are G and H homomorphism indistinguishable over F?

The graphs G and H may be arbitrary graphs and do not necessarily have to be
in F . Typically, the graph class F is infinite. Thus, the trivial approach to Hom-
Ind(F ) of checking whether G and H have the same number of homomorphisms
from every F ∈ F does not even render HomInd(F ) decidable.

In Section 3.2.1, building on results of Böker, Chen, Grohe, & Rattan [33], esoteric
graph classes F are constructed for which HomInd(F ) is arbitrarily hard. For
natural, e.g. minor-closed, graph classes F , the understanding of the problems
HomInd(F ) is limited to the short list of examples given as Table 9.1.

The results in Table 9.1 illustrate that the complexity of HomInd(F ) is not mono-
tone. That is, it does not hold that if F1 ⊆ F2, then HomInd(F1) is at most as hard as
HomInd(F2). For example, despite that T W2 ⊆ P ⊆ G, deciding homomorphism
indistinguishability over T W2, the class P of all planar graphs, and the class G of
all graphs is polynomial-time, undecidable, and quasi-polynomial-time, respect-
ively. Furthermore, although HomInd(T W k) is in polynomial time for every k by
Theorem 3.4.3, there are infinitely many minor-closed graph classes F of bounded
treewidth, e.g. the classes of k-outerplanar graphs, for which HomInd(F ) could
yet be undecidable. The main result of this chapter shows that this is not the case:
HomInd(F ) is in randomised polynomial time for every minor-closed graph class F
of bounded treewidth.

Theorem 9.0.1. Let k ≥ 1. If F is a k-recognisable class of graphs of treewidth at most k− 1,
then HomInd(F ) is in coRP.

Spelled out, Theorem 9.0.1 asserts that there exists a randomised algorithm for
HomInd(F ) which always runs in polynomial time, accepts all YES-instances and
incorrectly accepts NO-instances with probability less than one half.13 Recognisability
13See [9, Section 7.3] for a formal definition of the complexity class coRP.
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Graph Class Complexity Reference

All graphs
in quasi-polynomial time

[17]
Bipartite graphs Theorem 9.4.6

Cycles in polynomial time Theorem 3.3.2
Treewidth ≤ k PTIME-complete Theorem 3.4.3, [77]
Pathwidth ≤ k in polynomial time Theorem 4.0.1
Treedepth ≤ k in polynomial time Theorem 4.0.2
Recognisable graph class
of bounded treewidth

in coRP Theorem 9.0.1

Recognisable graph class
of bounded pathwidth

in polynomial time Theorem 9.0.2

Complete graphs C=P-complete Theorem 9.5.5
Planar graphs undecidable [124, 15]

Table 9.1: Complexity of HomInd(F ) for natural graph classes F .

is a fairly general property that arises in the context of Courcelle’s Theorem [46],
cf. Definition 9.1.5. Courcelle showed that every graph class definable in counting
monadic second-order logic CMSO2 is recognisable. This subsumes graph classes
defined by finitely many forbidden (induced) subgraphs and minors, and by the
Robertson–Seymour Theorem [155], all minor-closed graph classes. As a concrete
application, we show in Theorems 9.3.1 and 9.3.2 that the exact feasibility of the
Lasserre semidefinite programming hierarchy for graph isomorphism can be decided
in (randomised) polynomial time.

The proof of Theorem 9.0.1 combines Courcelle’s graph algebras [48] with the
homomorphism tensors from Section 3.2. Graph algebras comprise labelled graphs
and operations on them such as series and parallel composition. Homomorphism
tensors keep track of homomorphism counts of labelled graphs. We show that
recognisability and bounded treewidth guarantee that homomorphism tensors
yield finite-dimensional representations of suitable graph algebras which certify
homomorphism indistinguishability and are efficiently computable. The algorithm
in Theorem 9.0.1 is randomised as it employs arithmetic modulo random primes
to deal with integers which would otherwise grow to exponential size. For graph
classes of bounded pathwidth, this issue can be avoided:

Theorem 9.0.2. Let k ≥ 1. If F is a k-recognisable class of graphs of pathwidth at
most k− 1, then HomInd(F ) is in polynomial time.

In Section 9.4, Theorems 9.0.1 and 9.0.2 are counterpointed by various hard-
ness results. In particular, we show in Theorem 9.4.1 that deciding whether two
graphs are not distinguished by the k-dimensional Weisfeiler–Leman algorithm is
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9.1 Decidability

coNP-hard when k is part of the input. Finally, we conjecture a trichotomy for the
complexity of HomInd(F ) for minor-closed F in Conjecture 9.6.1.

Chapter Outline. The first four sections are devoted proving Theorems 9.0.1
and 9.0.2. In Section 9.1, the problem HomInd(F ) is shown to be decidable for
every recognisable graph class F of bounded treewidth and the notion of witness
functions is introduced. In Section 9.2, this result is strengthened to yield Theor-
ems 9.0.1 and 9.0.2. In Section 9.3, the exact feasibility of the Lasserre semidefinite
programming relaxation for graph isomorphism is shown to be decidable in (ran-
domised) polynomial time. In Section 9.4, various lower bounds on the complex of
homomorphism indistinguishability are derived. Section 9.5 features a discussion
of the complexity of deciding homomorphism indistinguishability over essentially
profinite graph classes. We conclude in Section 9.6 by conjecturing a trichotomy
for the complexity of homomorphism indistinguishability over minor-closed graph
classes.

Except for Sections 9.3.2 and 9.5, the material in this section was previously
published in [164, 163]. Section 9.3.2 is joint work with David E. Roberson and was
published in [151, 152]. Section 9.5 was published in [162, 164, 163, 165].

9.1 Decidability

For an infinite graph class F , the problem HomInd(F ) is a priori not even decidable.
This is because, for graphs G and H such that G 6≡F H, there is, in general, no
bound on the size of the smallest graph F such that hom(F, G) 6= hom(F, H). Such
a graph F witnesses that G 6≡F H. The size of witnesses is the subject of Section 9.1.1.
In Section 9.1.2, we show that HomInd(F ) is decidable for every recognisable graph
class of bounded treewidth by bounding the size of these witnesses.

9.1.1 Witness Functions

In this section, we introduce witness functions as a combinatorial tool for studying
the complexity of homomorphism indistinguishability. Recall that F≤` := {F ∈ F |
|V(F)| ≤ `} for a graph class F and ` ∈N.

Definition 9.1.1. Let F be a graph class. A witness function for F is a function
f : N → N such that G ≡F H if, and only if, G ≡F≤ f (n)

H for all simple graphs G
and H on at most n vertices.

The existence of a computable witness function f for a decidable graph class F
implies the decidability of HomInd(F ). Indeed, given input graphs G and H on at
most n vertices, one can enumerate all graphs F ∈ F on up to f (n) vertices and
check whether hom(F, G) = hom(F, H).
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Graph Class Witness Function f (n) Reference

All graphs n Theorem 3.1.1
Bipartite graphs 2n Corollary 3.1.3
Cycles n Theorem 3.3.2
Paths 2n Corollary 4.2.3
Stars n Theorem 3.3.1
Complete graphs n Lemma 9.1.3
Treedepth ≤ k 4knk Theorem 4.3.22

Pathwidth ≤ k− 1 2nk + k− 1 Corollary 9.1.19

k-recognisable graph class
of pathwidth ≤ k− 1

2Cnk + k− 1 for k-recognisability
index C

Theorem 9.1.7

Trees (2n)n+1 Corollary 4.2.4
Treewidth ≤ k− 1 max{k2nk

, 2nk} Corollary 9.1.18

k-recognisable graph class
of treewidth ≤ k− 1

max{k2Cnk
, 2Cnk}

for k-recognisability index C
Theorem 9.1.6

Planar graphs not computable [124, p. 663]

Table 9.2: Known witness functions grouped by order of magnitude.

For example, the identity function n 7→ n is a witness function for the class of
complete graphs K. This is because, if G and H are simple graphs on at most n
vertices, then hom(Km, G) = 0 = hom(Km, H) for all m > n. Hence, if G 6≡K H,
then there exists an m ≤ n such that hom(Km, G) 6= hom(Km, H).

Throughout Chapters 3 and 5, we derived witness functions for many graph
classes. These are listed in Table 9.2.

In the reminder of this section, we collect some general properties of witness
functions. Witness functions always exists. This is because there are only finitely
many equivalence classes under ≡F on simple graphs on at most n vertices.

Lemma 9.1.2. For every graph class F , there exists a witness function f : N→N.

Proof. Let n ∈ N. For every pair of simple graphs G and H on at most n vertices
such that G 6≡F H, there exists a graph F such that hom(F, G) 6= hom(F, H). There
are finitely many such pairs. Define f (n) as the maximum number of vertices of all
such graphs F. Then f is a witness function for F .

Note that Lemma 9.1.2 is non-constructive and gives no indication on the growth
of the witness function. Under certain assumptions, we can do better. The following
lemma generalises the example above involving the class of complete graphs K.
Graph classes to which the lemma applies are necessarily essentially profinite,
cf. Lemma 6.5.12 A function f : N → N is non-decreasing if n ≤ m implies that
f (n) ≤ f (m) for all n, m ∈N. Recall that χ(F) denotes the chromatic number of F.
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9.1 Decidability

Lemma 9.1.3. Let F be a graph class. Every non-decreasing function f : N → N such
that |V(F)| ≤ f (χ(F)) for all F ∈ F is a witness function for F .

Proof. Let G and H be simple graphs on at most n vertices. If F ∈ F has chromatic
number greater than n, then it does not admit a homomorphism into G or H.
Hence, if G 6≡F H, then there exists F ∈ F with χ(F) ≤ n such that hom(F, G) 6=
hom(F, H). By assumption, |V(F)| ≤ f (χ(F)) ≤ f (n). Hence, f is a witness
function for F .

Giving lower bounds on witness functions for a graph class F sheds light on the
complexity of the problem HomInd(F ) bypassing the intricacies of computation.
Finding the slowest growing witness function for a graph class F is a purely
combinatorial problem, which may be more approachable than proving hardness of
the problem HomInd(F ). We conclude with the following lower bounds, which are
proven using CFI graphs.

Theorem 9.1.4. Let f : N→N be a witness function for a graph class F .
1. If F contains arbitrarily large connected graphs of maximum degree at most ∆ ∈N,

then there exist infinitely many numbers n ∈N such that f (n) ≥ 21−∆n.
2. If F contains arbitrarily large connected graphs, then, for every ε > 0, there exist

infinitely many numbers n ∈N such that f (n) ≥ (log n)1−ε.

Proof. For the first claim, let G ∈ F be a N-vertex connected graph of maximum
degree at most ∆. Consider the CFI graphs G0 and G1 over G as defined in Defini-
tion 6.3.6. By Corollary 6.3.5, hom(G, G0) 6= hom(G, G0) and hence G0 6≡F G1. By
Theorem 6.3.8, for every simple graph F, it holds that hom(F, G0) 6= hom(F, G1)

if, and only if, there is a weak oddomorphism from F to G. Weak oddomorph-
isms are necessarily surjective on vertices. Hence, G0 and G1 are homomorph-
ism indistinguishable over all graphs on at most N − 1 vertices. In particular,
G0 ≡F≤N−1 G1. It follows that f (n) ≥ N for n := |V(G0)| = |V(G1)|. It holds that
n = ∑v∈V(G) 2deg(v)−1 ≤ N2∆−1. Hence, f (n) ≥ N ≥ 21−∆n.

For the second claim, fix ε > 0. Let G ∈ F be a connected graphs on N
vertices for some N ∈ N large enough such that N log N ≤ N1+ε. Let as above
n := |V(G0)| = |V(G1)|. Then n = ∑v∈V(G) 2deg(v)−1 ≤ 2N log N ≤ 2N1+ε

. It follows
that f (n) ≥ N ≥ (log n)1−ε.

The first assertion of Theorem 9.1.4 yields a linear lower bound for most of the
graph classes featured in Table 9.2. Hence, most of the linear witness functions
listed there are asymptotically optimal, cf. Corollary 9.5.4.

9.1.2 Witness Functions for Recognisable Graph Classes of Bounded
Treewidth

In this section, we show that every recognisable graph class of bounded treewidth
admits an exponential witness function. For recognisable graph classes of bounded
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9 Complexity of Homomorphism Indistinguishability

pathwidth, we derive polynomial witness functions. Recognisability is a property
of a class of unlabelled graphs which is shared by most named graph classes. We
consider the following definitions:

Let k, ` ∈ N. A (k, `)-bilabelled graph F = (F, u, v) is distinctly (k, `)-bilabelled
if ui 6= uj for all 1 ≤ i < j ≤ k and vi 6= vj for all 1 ≤ i < j ≤ `. Note that it
might be that ui = vj for some i ∈ [k] and j ∈ [`]. Write D(k, `) ⊆ G(k, `) for
the class of distinctly (k, `)-bilabelled graphs and D(k) ⊆ G(k) for the class of
distinctly k-labelled graphs, i.e. D(k) = D(k, 0). Note that the operations from
Definitions 3.2.5 and 3.2.6 restrict to operations on distinctly bilabelled graphs.

Definition 9.1.5 ([29]). Let k ≥ 1. For class of unlabelled graphs F , define the
equivalence relation ∼k

F on the class of distinctly k-labelled graphs D(k) by letting
F1 ∼k

F F2 if, and only if, for all K ∈ D(k), it holds that

soe(K � F1) ∈ F ⇐⇒ soe(K � F2) ∈ F .

The class F is k-recognisable if ∼k
F has finitely many equivalence classes. The number

of classes of ∼k
F is the k-recognisability index of F .

The main results of this section can now be stated as Theorems 9.1.6 and 9.1.7:

Theorem 9.1.6. Let k ≥ 1. Let F be a graph class of treewidth ≤ k − 1 with k-recog-
nisability index C. For all simple graphs G and H on at most n vertices, with fk,C(n) :=
max{k2Cnk

, 2Cnk},
G ≡F H ⇐⇒ G ≡F≤ fk,C(n)

H.

Theorem 9.1.7. Let k ≥ 1. Let F be a graph class of pathwidth ≤ k− 1 with k-recog-
nisability index C. For all simple graphs G and H on at most n vertices, with fk,C(n) :=
2Cnk + k− 1,

G ≡F H ⇐⇒ G ≡F≤ fk,C(n)
H.

Before we prove Theorems 9.1.6 and 9.1.7, we build some intuition for the notion
of recognisability and discuss its connections to counting monadic second-order
logic CMSO2, cf. Section 2.2.3. To parse Definition 9.1.5, first recall that K � F1 is
the k-labelled graph obtained by gluing K and F1 together at their labelled vertices.
The soe-operator drops the labels, yielding unlabelled graphs. Intuitively, F1 ∼k

F F2

if, and only if, both or neither of their underlying unlabelled graphs are in F and
the positions of the labels in F1 and F2 is equivalent with respect to membership
in F . This intuition is made more concrete in the following example:

Example 9.1.8. The classW of all paths is 1-recognisable. Its 1-recognisability index
is 4. The equivalence classes are described by the representatives in Figure 9.1.
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1

(a) 1.

1

(b) P.

1

(c) Q.

1

(d) C.

Figure 9.1: Representatives for ∼1
W from Example 9.1.8.

Proof. To show that the labelled graphs in Figure 9.1 cover all equivalence classes,
let F = (F, u) ∈ D(1) be arbitrary. If F is not a path, then F ∼1

W C. Indeed, for
every K ∈ D(1), the graph F is a subgraph of soe(K � F). Hence, regardless of K,
both soe(K � F) and soe(K � C) are not paths. If F is a path, then F and 1, P, or Q
are equivalent depending on whether the degree of u is 0, 1, or 2.

To show that the representatives in Figure 9.1 are in distinct classes, observe for
example that soe(P � P) ∈ W while soe(P �Q) 6∈ W , thus P 6∼1

W Q. Similarly,
soe(1�Q) ∈ W whereas soe(P�Q) 6∈ W , thus 1 6∼1

W P.

A more involved example is the following. Analogously, one may argue that
every class defined by forbidden minors is recognisable.

Example 9.1.9. Let F be the family of H-subgraph-free graphs for some graph H.
Then F is k-recognisable for every k ≥ 1.

Proof. Suppose that H has m vertices. For a distinctly k-labelled graph F = (F, u),
consider the set H(F) of (isomorphism types of) distinctly k-labelled graphs F ′ =
(F′, u) where F′ is a subgraph of F such that V(F′) ⊇ {u1, . . . , uk} and F′ has at most
k +m vertices. Clearly, there are only finitely many possible sets H(F). Furthermore,
if H(F1) = H(F2), then F1 ∼k

F F2. Indeed, if K ∈ D(k) is such that soe(K � F1)

contains H as a subgraph, then so does soe(K � F2) since F1 and F2 contain the
same subgraphs on k + m vertices containing their labelled vertices.

Courcelle [46] proved that every CMSO2-definable graph class is recognisable, i.e.
it is k-recognisable for every k ∈N. Conversely, Bojańczyk & Pilipczuk [29] proved
that if a recognisable class F has bounded treewidth, then it is CMSO2-definable.
Furthermore, they conjecture that k-recognisability is a sufficient condition for a
graph class of treewidth at most k− 1 to be CMSO2-definable.

We choose to work with distinctly k-labelled graphs in Definition 9.1.5 in order
to be aligned with [46, 29]. The subsequent arguments also work when D(k) is
replaced with G(k) or T W(k), cf. [62, Definition 12.7.4].

Labelled Graphs with Tree Decompositions of Bounded Width and Branching

Building on Lemma 2.1.2, we show in the following Lemma 9.1.10 that every tree
decomposition can be rearranged such that each vertex in the decomposition tree
has bounded degree. This will be needed in Lemma 9.1.12, where it is proven that
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a, b

a, c a, d a, e b, f

. . . . . . . . . . . .

 

a, b

a, c b, f

a, d a, e. . .

. . .

. . .

. . .

Figure 9.2: Example for one step of the construction in the proof of Lemma 9.1.10

for k = 2. The labels of the vertices indicate the contents of the bags of
the tree decomposition.

the depth of the decomposition tree gives a bound on the number of vertices in the
decomposed graph.

Lemma 9.1.10. Let k ≥ 1 and F be a graph such that tw(F) ≤ k− 1 and |V(F)| ≥ k.
Then F admits tree decomposition (T, β) such that

1. |β(t)| = k for all t ∈ V(T),
2. |β(s) ∩ β(t)| = k− 1 for all st ∈ E(T),
3. there exists a vertex r ∈ V(T) such that the out-degree of every vertex in the rooted

tree (T, r) is at most k.

Proof. By Lemma 2.1.2, there exists a tree decomposition (T, β) of F satisfying the
first two assertions. Pick a root r ∈ V(T) arbitrarily. To ensure that the last property
holds, the tree decomposition is modified recursively as follows. See Figure 9.2 for
an example.

By merging vertices, it can be ensured that no two children of r carry the same
bag, i.e. that there exist no two children s1 6= s2 of r such that β(s1) = β(s2).

For every v ∈ β(r), let C(v) denote the set of all children t of r such that
β(r) \ β(t) = {v}, i.e. C(v) is the set of all children of r whose bags do not contain
the vertex v. The collection C(v) for v ∈ β(r) is a partition of the children of r in at
most k parts.

Note that, for two distinct children t1 6= t2 in the same part C(v), it holds that
|β(t1) ∩ β(t2)| = k− 1. Rewire the children of r as follows: For every v ∈ β(r) with
C(v) 6= ∅, pick t ∈ C(v), make t a child of r and all other elements of C(v) children
of t. The vertex r now has at most k children and the new tree decomposition still
satisfies the first two assertions. Proceed by processing the children of r.

Inspired by Lemma 9.1.10, we refine Definition 4.3.12 of T W(k) as follows:
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9.1 Decidability

Observe that T W(k) ⊆ D(k) and recall that the depth of a rooted tree (T, r) is the
maximal number of vertices on any path from r to a leaf.

Definition 9.1.11. Let k, d ≥ 1. Define T Wd(k) ⊆ T W(k) as the class of distinctly
k-labelled graphs F = (F, u) such that there exists a tree decomposition (T, β) of F
and a vertex r ∈ V(T) such that

1. β(r) = {u1, . . . , uk} and
2. |β(s)| = k for all s ∈ V(T) and |β(s) ∩ β(t)| = k− 1 for all st ∈ E(T),
3. (T, r) is of depth at most d,
4. every vertex in (T, r) has out-degree at most k.

By Lemma 9.1.10,
⋃

d≥1 T Wd(k) = T W(k). Every graph in T Wd(k) has at least
k vertices. Conversely, Definition 9.1.11 permits the following upper bound on the
size of the graphs in T Wd(k) in terms of d and k.

Lemma 9.1.12. Let k, d ≥ 1. Every F ∈ T Wd(k) has at most max{kd, d} vertices.

Proof. Let (T, β) and r ∈ V(T) be as in Definition 9.1.11. If k = 1, then every vertex
in (T, r) has out-degree 1 and F at most d vertices.

Suppose that k ≥ 2. The proof is by induction on the depth d of the rooted tree
(T, r). If d = 1, then T contains only a single vertex and F has at most k vertices.

For the inductive step, let F be of depth d ≥ 2. If r has only a single neighbour
s, then S := T − r is such that (S, s) is of depth d− 1. By the inductive hypothesis,∣∣∣⋃s∈V(S) β(s)

∣∣∣ ≤ kd−1. Furthermore,
∣∣∣⋃t∈V(T) β(t) \⋃s∈V(S) β(s)

∣∣∣ = 1. Hence, F has

at most kd−1 + 1 ≤ kd many vertices.
If r has multiple neighbours, observe that, due to Lemma 9.1.10, every vertex in

β(r) is also in β(s) for some neighbour s of r. Hence, the number of vertices in F
is bounded by the number of vertices covered by the subtrees of T − r rooted in s.
Thus, F has at most kd−1 · k ≤ kd many vertices.

The set-up introduced above can be adapted for graphs of bounded pathwidth.
The following Definition 9.1.13 refines Definition 4.3.3.

Definition 9.1.13. For k, d ≥ 1, write PWd(k) ⊆ D(k) for the class of all distinctly
k-labelled graphs F = (F, u) such that there exists a path decomposition (P, β) of F
where

1. there exists a vertex r ∈ V(P) of degree at most 1 such that β(r) = {u1, . . . , uk},
2. |β(t)| = k for all t ∈ V(P) and |β(s) ∩ β(t)| = k− 1 for all st ∈ E(P),
3. |V(P)| ≤ d.

Let PW(k) :=
⋃

d≥1 PWd(k).

Note that PW(k) = PW(k, k)1 with PW(k, k) as defined in Definition 4.3.3.
Analogously to Lemma 9.1.12, we obtain the following bound on the size of the
graphs in PWd(k):
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9 Complexity of Homomorphism Indistinguishability

Lemma 9.1.14. Let k, d ≥ 1. Every F ∈ PWd(k) has at most k + d− 1 vertices.

Proof. If d = 1, then the path decomposition (P, β) of F as in Definition 9.1.13 has
at most one bag and F has at most k vertices. For larger d, observe that, when
traversing the decomposition from one end of P to the other, every bag introduces
exactly one new vertex. Thus, there are at most k + d− 1 vertices in F.

Nested Spaces of Homomorphism Vectors

In this section, we prove Theorems 9.1.6 and 9.1.7. We execute the proof of The-
orem 9.1.6 in full detail. Theorem 9.1.7 follows along similar lines.

Fix throughout a graph class F as in Theorem 9.1.6. In reminiscence of Courcelle’s
Theorem, we let Q denote the set of equivalence classes of ∼k

F , as defined in
Definition 9.1.5, and call them states. A state q ∈ Q is accepting if, for an (and
equivalently, every) F in q, it holds that soe(F) ∈ F . Write A ⊆ Q for the set of all
accepting states.

To every state q ∈ Q, we associate a finite-dimensional vector space spanned by
the homomorphism tensors of the k-labelled graphs F that belong to state q. We
show that these vector spaces certify homomorphism indistinguishability. Using
a dimensionality argument, we show that these vector spaces are spanned by
homomorphism tensors of graphs whose size is bounded by the function fk,C from
Theorem 9.1.6. To that end, we decompose the labelled graphs F ∈ T W(k) using
the operations considered in Lemma 4.3.6.

Formally, we associate to a state q ∈ Q and an integer d ≥ 1 the vector space14

Sd(q) := span{FG ⊕ FH | F ∈ T Wd(k) in state q} ⊆ RV(G)k∪V(H)k
. (9.1)

Here, F is a k-labelled graph of bounded treewidth in the state q. The vector
FG ⊕ FH :=

(
FG
FH

)
∈ RV(G)k∪V(H)k

is obtained by stacking the homomorphism
vectors of F with respect to G and H.

Since T Wd(k) ⊆ T Wd+1(q), the space Sd(q) is a subspace of Sd+1(q) for every
d ≥ 1. Ultimately, we are interested in S(q) :=

⋃
d≥1 Sd(q), i.e. the vector space

spanned by the homomorphism vectors of all labelled graphs of treewidth ≤ k− 1
in state q.

By the following Lemma 9.1.15, the vectors in S(q) for q ∈ A can be used to
infer whether G and H are homomorphism indistinguishable over F . Recall that
F≥k := {F ∈ F | |V(F)| ≥ k} for a graph class F and an integer k ∈N.

Lemma 9.1.15. Two simple graphs G and H are homomorphism indistinguishable over F≥k
if, and only if, 1T

Gv = 1T
Hv for every q ∈ A and every v ∈ S(q).

14Without loss of generality, we may suppose that V(G) and V(H) are disjoint.
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Proof. For the forward direction, note that S(q) is spanned by the FG ⊕ FH where
F ∈ T W(k) is in q. Let F in q ∈ A be arbitrary. Then soe(F) =: F ∈ F≥k and it
holds that 1T

G(FG ⊕ FH) = soe(FG) = hom(F, G) = hom(F, H) = 1T
H(FG ⊕ FH).

Conversely, let F ∈ F≥k be arbitrary. Since tw(F) ≤ k− 1, by Lemma 9.1.10, there
exists u ∈ V(F)k such that F := (F, u) ∈ T W(k). Furthermore, F belongs to some
accepting q ∈ Q. Thus, FG ⊕ FH ∈ S(q), and hence hom(F, G) = 1T

G(FG ⊕ FH) =

1T
H(FG ⊕ FH) = hom(F, H).

By Lemma 9.1.12, the space Sd(q) for d ≥ 1 is spanned by homomorphism tensors
of graphs of size max{kd, d}. Thus, Theorem 9.1.6 follows once we establish that
Sd′(q) = S(q) for all q ∈ Q and d′ := 2Cnk. This d′ arises as an upper bound on the
dimension of the space

⊕
q∈Q S(q). The spaces

⊕
q∈Q Sd(q) for d ≥ 1 form a chain

of nested subspaces in
⊕

q∈Q S(q). The following Lemma 9.1.16 shows that, once
this chain becomes stationary, then the maximal subspace is reached.

Lemma 9.1.16. If Sd(q) = Sd+1(q) for d ≥ 1 and all q ∈ Q, then Sd(q) = S(q) for all
q ∈ Q. In particular, S2Cnk(q) = S(q) for all q ∈ Q.

The proof of Lemma 9.1.16 relies on the properties of the relation ∼k
F . In particular,

it uses the fact that series composition and gluing, the operations under which
T W(k) is generated by Lemmas 4.3.6 and 4.3.13, preserve the relation ∼k

F . This is
established in the following Lemma 9.1.17:

Lemma 9.1.17. For F, F ′, F1, F2, F ′1, F ′2 ∈ D(k), L ∈ D(k, k),
1. if F1 ∼k

F F ′1 and F2 ∼k
F F ′2, then F1 � F2 ∼k

F F ′1 � F ′2,
2. if F ∼k

F F ′, then L · F ∼k
F L · F ′.

Proof. Let K = (K, u) ∈ D(k) be arbitrary. Then soe((K � F1) � F2) ∈ F ⇔
soe((K � F1)� F ′2) ∈ F ⇔ soe(K � F ′1 � F ′2) ∈ F .

For the second claim, observe that soe(K� (L · F)) = soe((L∗ ·K)� F). Thus the
second claim follows from the first.

The algebraic operations on homomorphism tensors corresponding to series
composition and gluing are the matrix-vector product and Schur product. Crucially,
these operations are linear and bilinear, respectively. This allows Lemma 9.1.16 to
be proven by structural induction along Lemmas 4.3.6 and 4.3.13.

Proof of Lemma 9.1.16. We argue that Sd(q) ⊇ Sd+i(q) for all i ≥ 1 by induction on i.
The base case holds by assumption. The space Sd+i+1(q) is spanned by the vectors
FG⊕ FH where F ∈ T Wd+i+1(k) is in q. Recall the bilabelled graphs J` and Aij from
Lemma 4.3.6 and Figure 4.3. For such F ∈ T Wd+i+1(k) in state q, by Lemmas 4.3.6
and 4.3.13, there exist A ⊆ ([k]2 ), L ⊆ [k], and F` ∈ T Wd+i(k) for ` ∈ L such that

F = ∏
ij∈A

Aij ·
⊙
`∈L

J`F`.
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Let q` denote the state of F`. By assumption, there exist K`m ∈ T Wd(k) in state q`
and αm ∈ R such that F`

G ⊕ F`
H = ∑m αmK`m

G ⊕ K`m
H . By Lemma 9.1.17, observing

that B(k, k) ⊆ D(k, k) by definition in Lemma 4.3.6,

F ∼k
F ∏

ij∈A
Aij ·

⊙
`∈L

J`K`m

for all m. Thus, FG ⊕ FH can be written as a linear combination of vectors in
Sd+i(q) ⊆ Sd(q), by induction. For the final claim, consider the chain of nested
subspaces ⊕

q∈Q

S1(q) ⊆
⊕
q∈Q

S2(q) ⊆ · · · ⊆
⊕
q∈Q

S(q).

By what was just shown, for every d ≥ 1, either
⊕

q∈Q Sd(q) is a proper subspace of⊕
q∈Q Sd+1(q) or

⊕
q∈Q Sd(q) =

⊕
q∈Q S(q). Since the dimension of

⊕
q∈Q S(q) is at

most 2Cnk, the chain becomes stationary after at most 2Cnk steps.

This concludes the preparations for the proof of Theorem 9.1.6.

Proof of Theorem 9.1.6. It suffices to prove the backward implication. Since k ≤ k2Cnk
,

it suffices to show that G ≡F≥k H by verifying the condition in Lemma 9.1.15.
By Lemma 9.1.16, Sd(q) = S(q) for d := 2Cnk and all q ∈ Q. Hence, S(q) is
spanned by the FG ⊕ FH where F ∈ T Wd(k) is in state q. By Lemma 9.1.12, these
graphs have at most max{kd, d} = max{k2Cnk

, 2Cnk} vertices. Thus, 1T
G(FG ⊕ FH) =

hom(soe(F), G) = hom(soe(F), H) = 1T
H(FG ⊕ FH), as desired.

Finally, we adapt the techniques developed so far to prove the following ana-
logue of Theorem 9.1.6 for graph classes of bounded pathwidth. In contrast to
Theorem 9.1.6, the function in Theorem 9.1.7 bounding the size of the graphs which
need to be considered is polynomial.

Proof of Theorem 9.1.7. The proof of Theorem 9.1.6 needs to be adapted as follows.
Define Sd(q) and S(q) as in Equation (9.1) with PWd(k) instead of T Wd(k), i.e.

Sd(q) := span{FG ⊕ FH | F ∈ PWd(k) in state q} ⊆ RV(G)k∪V(H)k
.

and S(q) :=
⋃

d≥1 Sd(q).
By Lemma 4.3.6, observing that, for every F ∈ PWd+1(k), there exists A ⊆ ([k]2 ),

` ∈ [k], and F ′ ∈ PWd(k) such that F = AJ`F ′ where A := ∏ij∈A Aij, Lemma 9.1.16

follows analogously. Thus, Sd(q) = S(q) for all q ∈ Q when d := 2Cnk. By
Lemma 9.1.14, this space is spanned by homomorphism tensors of graphs of size at
most 2Cnk + k− 1. The statement follows as in Theorem 9.1.6.

For the classes T W k and PW k, i.e. the classes of all graphs of treewidth or
pathwidth ≤ k, the proofs of Theorems 9.1.6 and 9.1.7 yield witness functions which
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slightly improve those derived in Theorems 4.3.8 and 4.3.14. For these classes, we
do not need to consider the states from Definition 9.1.5. Thus, all constructions
take place in a vector space of maximal dimension 2nk. This allows to shave off the
factor C from Theorems 9.1.6 and 9.1.7.

Corollary 9.1.18. Let k ≥ 1. For simple graphs G and H on at most n vertices, with
fk(n) := max{k2nk

, 2nk},

G ≡T W k−1 H ⇐⇒ G ≡(T W k−1)≤ fk(n)
H.

Proof. Departing from Equation (9.1), define

Sd := span{FG ⊕ FH | F ∈ T Wd(k)} ⊆ RV(G)k∪V(H)k
.

and S :=
⋃

d≥1 Sd. Then dim(S) ≤ 2nk. Lemma 9.1.16 implies that Sd = S for some
d ≤ 2nk. The assertion follows invoking Lemmas 9.1.12 and 9.1.15 as in the proof of
Theorem 9.1.6.

Corollary 9.1.19. Let k ≥ 1. For simple graphs G and H on at most n vertices, with
fk(n) := 2nk + k− 1,

G ≡PW k−1 H ⇐⇒ G ≡(PW k−1)≤ fk(n)
H.

Proof. Departing from Equation (9.1), define

Sd := span{FG ⊕ FH | F ∈ PWd(k)} ⊆ RV(G)k∪V(H)k
.

and S :=
⋃

d≥1 Sd. Then dim(S) ≤ 2nk. Lemma 9.1.16 implies that Sd = S for some
d ≤ 2nk. The assertion follows invoking Lemmas 9.1.14 and 9.1.15 as in the proof of
Theorem 9.1.6.

9.2 Algorithmic Meta Theorems for Homomorphism
Indistinguishability

In this section, the central results of this chapter, Theorems 9.0.1 and 9.0.2 are
proven. First, in Section 9.2.1, a deterministic polynomial-time algorithm for modular
homomorphism indistinguishability over every recognisable graph class of bounded
treewidth is given. In Section 9.2.2, Theorems 9.0.1 and 9.0.2 are reduced to this
result. In Section 9.2.3, arguments due to Courcelle are employed to derive fixed-
parameter algorithms for deciding homomorphism indistinguishability over a graph
classes specified by a CMSO2-formula as part of the input.
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9.2.1 Modular Homomorphism Indistinguishability in Polynomial Time

The insight that yielded Theorems 9.1.6 and 9.1.7 is that the chain of vector spaces
S1(q) ⊆ · · · ⊆ Sd(q) ⊆ Sd+1(q) ⊆ . . . as defined in Equation (9.1) reaches the fixed
point S(q) after polynomially many steps. In this section, we strengthen this result
by showing that bases B(q) for the spaces S(q) can be efficiently computed. A
technical difficulty arising here is that the numbers produced in the process can
be of doubly exponential magnitude. In order to overcome this problem, we first
consider homomorphism indistinguishability modulo primes. See Chapter 8, for
background on modular homomorphism indistinguishability.

ModHomInd(F )
Input Simple graphs G and H, a prime p in binary.
Question Are G and H homomorphism indistinguishable over F modulo p?

Theorem 9.2.1. Let k ≥ 1. If F is a k-recognisable graph class of treewidth ≤ k− 1, then
ModHomInd(F ) is in polynomial time.

The algorithm yielding Theorem 9.2.1 is formally stated as Algorithm 9.1. The
idea is to iteratively compute bases B(q) for the spaces

S(q) := 〈{FG ⊕ FH | F ∈ T W(k) in state q}〉 ⊆ F
V(G)k∪V(H)k

p .

Initially, all B(q) are empty. Only B(q0) where q0 is the state of 1 ∈ T W(k) from
Figure 3.3a contains the homomorphism vector 1G ⊕ 1H. Subsequently, the opera-
tions from Lemmas 4.3.6 and 4.3.13 are applied to compute new homomorphism
vectors. For every new vector belonging to state q, it is checked whether it is a
linear combination of the already computed basis vectors in B(q). If not, it is added
to B(q). Analogous to Lemma 9.1.16, this process reaches a fixed point after a
polynomial number of iterations. At this point, the computed B(q) are bases for the
S(q). Finally, Lemma 9.1.15 can be invoked to conclude whether the input graphs
are homomorphism indistinguishable over F modulo p.

Algorithm 9.1 is supplied with a hard-coded description of the graph class F .
To that end, consider the following objects. Recall Q, the set of equivalence classes
(states) of ∼k

F , and A ⊆ Q, the set of accepting states from Section 9.1. Lemma 9.1.17

asserts that the operations generating T W(k) can be regarded as operations on the
equivalence classes of ∼k

F . The algorithm is provided with a table encoding how
each of the operations acts on the states.

Write π : T W(k) → Q for the map that associates an F ∈ T W(k) to its state
q ∈ Q. Write q0 for the state of 1 ∈ T W(k). Recall the definition of B(k, k) from
Lemma 4.3.6. Write g : Q×Q→ Q and bB : Q→ Q for every B ∈ B(k, k) such that

g(π(F), π(F ′)) = π(F � F ′), (9.2)

bB(π(F)) = π(B · F). (9.3)
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for every F, F ′ ∈ T W(k) and B ∈ B(k, k). Note that Q, A, g, q0 and the bB,
B ∈ B(k, k), are finite objects, which can be hard-coded. The map π does not need
to be computable and is only needed for analysing the algorithm. Having defined
all necessary notions, we can now describe Algorithm 9.1.

Algorithm 9.1: ModHomInd(F ) for k-recognisable graph classes F of
treewidth ≤ k− 1.
Input: Simple graphs G and H, a prime p in binary.
Data: k, Q, A, q0, g, bB for B ∈ B(k, k).
Output: Whether G ≡p

F H.
1 with brute force check whether G and H are homomorphism

indistinguishable over the finite graph class F≤k modulo p and reject if not;
2 for every B ∈ B(k, k), compute the homomorphism matrices

BG ∈ F
V(G)k×V(G)k

p and BH ∈ F
V(H)k×V(H)k

p ;

3 initialise B(q0)← {1G ⊕ 1H} ⊆ F
V(G)k∪V(H)k

p ;

4 initialise B(q)← ∅ ⊆ F
V(G)k∪V(H)k

p for all q 6= q0;
5 repeat
6 foreach B ∈ B(k, k), q ∈ Q, v ∈ B(q) do
7 w← (BG ⊕ BH)v :=

(
BG 0
0 BH

)
v;

8 if w 6∈ span(B(bB(q))) then
9 add w to B(bB(q));

10 foreach q1, q2 ∈ Q, v1 ∈ B(q1), v2 ∈ B(q2) do
11 w← v1 � v2;
12 if w 6∈ span(B(g(q1, q2))) then
13 add w to B(g(q1, q2));
14 until none of the B(q), q ∈ Q, are updated;
15 if 1T

Gv = 1T
Hv for all q ∈ A and v ∈ B(q) then

16 accept;
17 else
18 reject;

Lemma 9.2.2. Write n := max{|V(G)|, |V(H)|} and C := |Q|. There exists a computable
function f such that Algorithm 9.1 runs in time f (k, C)nO(k)(log p)O(1).

Proof. Consider the following individual runtimes:
Counting homomorphisms of a graph on k vertices into a graph on n vertices, can

be done in time O(nk). Hence Line 1 requires time f (k)nk for some computable f .
Computing the homomorphism tensors in Line 2 requires time O(k2n2k).
Throughout the execution of Algorithm 9.1, the vectors in each B(q), q ∈ Q, are

linearly independent. Thus, |B(q)| ≤ dim(S(q)) ≤ 2nk and ∑q∈Q |B(q)| ≤ 2Cnk.
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Hence, the body of the loop in Line 5 is entered at most 2Cnk many times.
The loop in Line 6 iterates over at most O(k2) · C · 2nk many objects. Computing

the vector w takes polynomial time in 2nk · log p. The same holds for checking the
condition in Lines 8 and 12, e.g. via Gaussian elimination. The loop in Line 10

iterates over at most C2 · (2nk)2 many objects.
Finally, checking the condition in Line 15 takes C · 2nk · (log p)O(1) many steps.

The following Lemma 9.2.3 implies that Algorithm 9.1 is correct.

Lemma 9.2.3. When Algorithm 9.1 terminates, B(q) spans S(q) for all q ∈ Q.

Proof. First observe that the invariant B(q) ⊆ S(q) for all q ∈ Q is preserved
throughout Algorithm 9.1. Indeed, for example in Line 6, since v ∈ B(q) ⊆ S(q),
it can be written as a linear combination of FG ⊕ FH for F ∈ T W(k) of state q.
Because B · F is in state bB(q) by Equation (9.3), (BG ⊕ BH)v is in the span of the
vectors BGFG ⊕ BH FH ∈ S(bB(q)) for F ∈ T W(k) of state q.

Now consider the converse inclusion. The proof is by induction on the structure
in Lemmas 4.3.6 and 4.3.13. After Line 3, 1G ⊕ 1H is in the span of B(q0).

For the inductive step, suppose that F ∈ T W(k) of state q ∈ Q is such that
FG⊕ FH = ∑v∈B(q) αvv for some coefficients αv ∈ Fp. Let B ∈ B(k, k) and F ′ := B · F.
Then (BG ⊕ BH)v is in the span of B(bB(q)) for all v ∈ B(q) by the termination
condition. Hence, F ′G ⊕ F ′H = ∑v∈B(q) αv(BG ⊕ BH)v is in the span of B(bB(q)).

Let F1, F2 ∈ T W(k) of states q1, q2 ∈ Q be such that F1
G ⊕ F1

H = ∑v∈B(q1) αvv and
F2

G ⊕ F2
H = ∑w∈B(q2) βww for some coefficients αv, βw ∈ Fp. Since the algorithm ter-

minated, all v�w for v ∈ B(q1) and w ∈ B(q2) are in the span of B(g(q1, q2)). Then
(F1 � F2)G ⊕ (F1 � F2)H = (F1

G ⊕ F1
H)� (F2

G ⊕ F2
H) = ∑v∈B(q1),w∈B(q2) αvβw(v� w)

is in the span of B(g(q1, q2)).

This concludes the preparations for the proof of Theorem 9.2.1:

Proof of Theorem 9.2.1. Lemma 9.2.3 implies that the conditions in Lemma 9.1.15 and
Line 15 are equivalent. Thus, G and H are homomorphism indistinguishable over
F≥k modulo p if, and only if, the condition in Line 15 holds. The runtime bound is
given in Lemma 9.2.2.

9.2.2 Homomorphism Indistinguishability in Randomised Polynomial
Time

In this section, we give a randomised polynomial-time reduction from HomInd(F )
to ModHomInd(F ) for recognisable graph classes F of bounded treewidth. If F
is of bounded pathwidth, then this reduction can be achieved deterministically.
Thereby, we prove Theorems 9.0.1 and 9.0.2.

Theorems 9.1.6 and 9.1.7 give bounds N on the size of the largest graph in F
which needs to be considered in order to conclude whether two graphs on at most
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n vertices are homomorphism indistinguishable over F . A graph on at most N
vertices may have at most nN homomorphisms to a graph on n vertices. Thus, for
graphs on at most n vertices, homomorphism indistinguishability over F is the same
as homomorphism indistinguishability over F modulo any number greater than nN .
Equipped with the following Lemma 9.2.4, which is derived from the Chinese
Remainder Theorem and the Prime Number Theorem, we show Theorems 9.0.1
and 9.0.2.

Lemma 9.2.4. Let F be a graph class with witness function f : N→N. Let G and H be
simple graphs on at most n vertices. Suppose that f (n) log n ≥ e2000. If G 6≡F H, then the
probability that a random prime f (n) log n < p ≤ ( f (n) log n)2 is such that G ≡p

F H is
at most 2

f (n) log n .

Before proving Lemma 9.2.4, we state the following consequences of (an explicit
version of) the Prime Number Theorem [156]. Here, e denotes Euler’s number.

Fact 9.2.5. For n ≥ e2000, the following hold:
1. the number of primes n < p ≤ n2 is at least n2

2 log n ,

2. the product of all primes n < p ≤ n2 is at least is 2n2/2, and
3. the probability that a random number n < m ≤ n2 is prime is at least 1

2 log n .

Proof. Let ln denote the natural logarithm. Let π(n) denote the number of primes
≤ n. By [156, Theorem 30A], for n ≥ e2000,

n
ln(n)

< π(n) <
n

ln(n)− 2
.

Thus the desired quantity π(n2)− π(n) is at least

n2

2 ln(n)
− n

ln(n)− 2
≥ n2

2 ln(n)
− 2n

ln(n)
=

n2 − 4n
2 ln(n)

≥ n2 ln 2
2 ln(n)

=
n2

2 log(n)
.

For the second claim, the product of the primes is > n
n2

2 log n = 2
n2

2 log n log n
= 2n2/2. For

the third claim, n2

2 log n ·
1

n2−n ≥
1

2 log n .

Lemma 9.2.4 follows from Fact 9.2.5 and the Chinese Remainder Theorem
(Fact 8.2.2).

Proof of Lemma 9.2.4. Let N := f (n). By Definition 9.1.1, if G 6≡F H, there exist
F ∈ F≤N such that hom(F, G) 6= hom(F, H). Both numbers are non-negative and at
most nN . Thus, hom(F, G) 6≡ hom(F, H) mod nN .

By Fact 8.2.2, in every set X of at least N log n
log(N log n) many primes N log n < p′ ≤

(N log n)2, there exists a prime p ∈ X such that hom(F, G) 6≡ hom(F, H) mod p.

This is because ∏p′∈X p′ > (N log n)
N log n

log(N log n) = nN .
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By Fact 9.2.5, the probability that a random prime N log n < p ≤ (N log n)2 is
such that hom(F, G) ≡ hom(F, H) mod p is

≤ N log n
log(N log n)

· 2 log(N log n)
(N log n)2 =

2
N log n

.

Since G ≡p
F H implies that hom(F, G) ≡ hom(F, H) mod p, the desired probability

is bounded by the same value.

By Lemma 9.2.4, HomInd(F ) reduces to ModHomInd(F ). The complexity of
the reduction depends on the growth of the witness function of F . If the witness
function is polynomial, then all relevant primes can be enumerated deterministically.
If the witness function is exponential, then one may sample primes of polynomial
size and invoke ModHomInd(F ). Lemma 9.2.4 implies that a random prime p of
appropriate size certifies that G 6≡F H with high probability.

Lemma 9.2.6. Let F be a graph class. Let q ∈N[x] be a polynomial.
1. If n 7→ q(n) is a witness function for F , then there is a deterministic polynomial-time

algorithm for HomInd(F ) requiring a ModHomInd(F )-oracle.
2. If n 7→ 2q(n) is a witness function for F , then there is a randomised algorithm for Hom-

Ind(F ) requiring a ModHomInd(F )-oracle whose runtime is always polynomial. It
accepts all YES-instances and accepts NO-instances with probability less than one half.

Proof. First suppose that f : n 7→ q(n) is a witness function for F . Let G and H be
simple graphs on at most n vertices. We may assume without loss of generality that
f (n) log n ≥ e2000. By Lemma 9.2.4, G ≡F H if, and only if, G ≡p

F H for all primes
f (n) log n < p ≤ ( f (n) log n)2. Thus, G ≡F H can be checked by enumerating
all numbers between f (n) log n and ( f (n) log n)2 and executing Algorithm 9.1 for
every prime. This procedure requires a deterministic polynomial-time primality test
as given in [6].

For the second claim, suppose that f : n 7→ 2p(n) is a witness function for F .
Consider Algorithm 9.2. Let G and H be simple graphs on at most n vertices. We
may suppose that f (n) log n ≥ e2000. Since log f (n) = q(n) is polynomial in the
input size, Algorithm 9.2 runs in polynomial time, requiring a polynomial-time
primality test [6].

For correctness, first observe that if G ≡F H, then Algorithm 9.1 always accepts.
If G 6≡F H, then Algorithm 9.1 might accept incorrectly. In each iteration, the
probability of not rejecting immediately is at most the probability of not sampling a
prime plus the probability of the prime p being such that G ≡p

F H. By Fact 9.2.5
and Lemma 9.2.4, it is at most

1− 1
2 log( f (n) log n)

+
2

f (n) log n
≤ 1− 1

4 log( f (n) log n)
.

By [1, Equation 4.2.30], the total probability of incorrectly accepting if G 6≡F H is at
most e−1 < 1/2.
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Algorithm 9.2: A randomised reduction from HomInd(F ) to ModHomInd(F )
for a graph class F with exponential witness function f : N→N.
Input: Simple graphs G and H.
Output: Whether G ≡F H.
n← max{|V(G)|, |V(H)|};
for d4 log( f (n) log n)e times do

sample a random integer f (n) log n < p ≤ ( f (n) log n)2;
if p is a prime and G 6≡p

F H then
reject;

accept;

Lemma 9.2.6 implies the two main theorems of this chapter.

Theorem 9.0.1. Let k ≥ 1. If F is a k-recognisable class of graphs of treewidth at most k− 1,
then HomInd(F ) is in coRP.

Proof. Let C denote the k-recognisability index of F . By Theorem 9.1.6, f : n 7→
max{k2Cnk

, 2Cnk} is a witness function for F . By Theorem 9.2.1, ModHomInd(F )
is in polynomial time. Hence, Lemma 9.2.6 yields a randomised polynomial-time
algorithm for HomInd(F ) with the desired error probabilities.

Theorem 9.0.2. Let k ≥ 1. If F is a k-recognisable class of graphs of pathwidth at
most k− 1, then HomInd(F ) is in polynomial time.

Proof. Let C denote the k-recognisability index of F . By Theorem 9.1.7, f : n 7→
2Cnk + k − 1 is a witness function for F . By Theorem 9.2.1, ModHomInd(F ) is
in polynomial time. Hence, Lemma 9.2.6 yields a deterministic polynomial-time
algorithm for HomInd(F ).

9.2.3 Homomorphism Indistinguishability as Parametrised Problem

The connection to Courcelle’s Theorem motivates considering the parametrised
problem HomInd. Here, the CMSO2-sentence ϕ allows the graph class to be specified
as part of the input. Using results by Courcelle [46], we generalise Theorem 9.0.1 in
Theorem 9.2.7.

HomInd

Input Simple graphs G and H, a CMSO2-sentence ϕ, an integer k ≥ 1.
Parameter |ϕ|+ k.
Question Are G and H homomorphism indistinguishable over the graph class

Fϕ,k of graphs of treewidth at most k− 1 satisfying ϕ?
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Theorem 9.2.7. There exists a computable function f : N→N and a randomised algorithm
for HomInd of runtime f (|ϕ|+ k)nO(k) for n := max{|V(G)|, |V(H)|} which accepts all
YES-instances and accepts NO-instances with probability less than one half.

In light of Theorem 9.0.1, the challenge is to efficiently compute the data describing
the graph class Fϕ,k for Algorithm 9.1 from the CMSO2-sentence ϕ and the integer k.
That this can be done was proven by Courcelle [46]. More precisely, Courcelle proved
that, given a CMSO2-sentence ϕ and integer k, one can compute a finite automaton
processing expressions which encode (tree decompositions of) graphs of bounded
treewidth. It is this automaton from which the data required by Algorithm 9.1 can
be derived.

For graph classes of bounded pathwidth, the analogous problem can be de-
cided deterministically in the same time. Theorem 9.2.8 places PWHomInd in the
parametrised complexity class XP.

PWHomInd

Input Simple graphs G and H, a CMSO2-sentence ϕ, an integer k ≥ 1.
Parameter |ϕ|+ k.
Question Are G and H homomorphism indistinguishable over the graph class

Fϕ,k of graphs of pathwidth at most k− 1 satisfying ϕ?

Theorem 9.2.8. There exists a computable function f : N → N and a deterministic
algorithm for PWHomInd of runtime f (|ϕ|+ k)nO(k) for n := max{|V(G)|, |V(H)|}.

In order to state the argument yielding Theorems 9.2.7 and 9.2.8 precisely with
minimal technical overhead, we introduce the following syntactical counterpart
of T W(k). Write TW(k) for the set of terms defined inductively as the following
formal expressions:

1. 1 ∈ T W(k) is a term,
2. if t1, t2 ∈ TW(k), then t1 � t2 ∈ TW(k),
3. if t ∈ TW(k), then B · t ∈ TW(k) for every B ∈ B(k, k).

The key difference between T W(k) and TW(k) is that, for elements of the former, the
tree decomposition satisfying Definition 9.1.11 is implicit. For applying Courcelle’s
techniques, we require this decomposition to be explicit, as in TW(k).

There is a mapping val : TW(k) → T W(k) interpreting the formal expressions
above as concrete k-labelled graphs. By Lemmas 4.3.6 and 4.3.13, this mapping is
surjective. We require the following Theorem 9.2.9.

Theorem 9.2.9 (Courcelle [46]). Given a CMSO2-sentence ϕ and an integer k ≥ 1, one can
compute a finite set Q, a subset A ⊆ Q, an element q0 ∈ Q, and functions g : Q×Q→ Q
and bB : Q → Q for every B ∈ B(k, k) such that there exists a map π : TW(k) → Q
satisfying

1. π(1) = q0,
2. for t ∈ TW(k), soe(val(t)) |= ϕ if, and only if, π(t) ∈ A,
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3. for all t1, t2 ∈ TW(k), π(t1 � t2) = g(π(t1), π(t2)),
4. for all t ∈ TW(k) and B ∈ B(k, k), π(B · t) = bB(π(t)).

Proof. We sketch how the theorem follows from results in [48]. By the proof of [48,
Theorem 6.3], one can compute, given ϕ and k, a finite deterministic automaton
recognising whether a so-called FHR

[k] -term evaluates to a graph satisfying ϕ.

FHR
[k] plays the role of TW(k). It is a many-sorted signature [48, Definition 2.123]

whose sorts correspond to the sources (labels, in our terminology) of sourced
(distinctly labelled) graphs of bounded treewidth. The operations of FHR

[k] are gluing,
dropping of labels, and renaming of labels [48, Definition 2.32]. Note that the series
composition, gluing, and unlabelling from Section 3.2.1 can be derived from these.
Moreover, our graph 1 ∈ T W(k) in Figure 3.3a can be derived from the constants
in FHR

[k] .

A finite deterministic automaton processing FHR
[k] -terms [48, Definition 3.46] com-

prises a finite set of states Q, a set of accepting states A ⊆ Q, and a transition
function δ mapping tuples (q1, . . . , q`, f ) to q where q1, . . . , q`, q ∈ Q and f ∈ FHR

[k]
is an `-ary operation, ` ≥ 0. Furthermore, there is map σ that associates to every
q ∈ Q a sort, that is a subset of [k] of labels.

The automaton processes FHR
[k] -terms, which in our language are elements of

TW(k). In order to derive the desired objects from this automaton, we retain those
states for which σ evaluates to [k]. The maps g and bB can be computed from δ. We
mark a state q as accepting if the transition function δ maps q and soe (an operation
derived from those in FHR

[k] ) to an accepting state. The state q0 is the state produced
by δ on the 0-ary derived function 1. The map π (which we do not require to be
computable) is defined by the semantics of the automaton.

Equipped with Theorem 9.2.9, we prove Theorems 9.2.7 and 9.2.8.

Proof of Theorem 9.2.7. Let F := Fϕ,k. Invoking Theorem 9.2.9, compute Q, A, q0,
g, and bB for B ∈ B(k, k) in time only depending on |ϕ| and k. Now invoke
Algorithm 9.2, which calls Algorithm 9.1.

Since the data obtained from Theorem 9.2.9 describes an equivalence relation
t1 ∼ t2 if, and only if, π(t1) = π(t2) on TW(k) rather than on T W(k) as in
Sections 9.1 and 9.2.1, the definitions in these sections need to be slightly adapted.

By Theorem 9.2.9, the following assertions analogous to Lemma 9.1.17 hold:
If π(t1) = π(t2) and π(t′1) = π(t′2) for t1, t2, t′1, t′2 ∈ TW(k), then π(t1 � t′1) =

g(π(t1), π(t′1)) = g(π(t2), π(t′2)) = π(t2 � t′2). Furthermore, for all B ∈ B(k, k),
π(B · t1) = bB(π(t1)) = bB(π(t2)) = π(B · t2).

Define S(q) for q ∈ Q as the Fp-vector space spanned by the FG ⊕ FH where
F = val(t) for some t ∈ TW(k) in state q.

Then the following analogue of Lemma 9.1.15 holds: Two simple graphs G
and H are homomorphism indistinguishable over F≥k modulo p if, and only if,
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1T
Gv = 1T

Hv for every v ∈ S(q) and q ∈ A. Indeed, if F ∈ F≥k, then there exists
by Theorem 9.2.9 a term t ∈ TW(k) such that soe(F) ∼= F for F := val(t). Then
hom(F, G) ≡ 1T

G(FG ⊕ FH) mod p. The claim follows as in Lemma 9.1.15.
The proof of Lemma 9.2.3 goes through analogously, replacing structural induction

on T W(k) via Lemmas 4.3.6 and 4.3.13 by structural induction on the definition of
TW(k). The same holds for Lemma 9.1.15. Finally, Lemma 9.2.2 gives the desired
runtime.

Proof of Theorem 9.2.8. The desired algorithm can be obtained as described in The-
orem 9.2.7 disregarding the gluing operation. By Theorem 9.1.7, the relevant
numbers are not too large and all necessary moduli can be computed explicitly as
in Theorem 9.0.2.

9.3 Deciding Exact Feasibility of Lasserre Relaxations in
Polynomial Time

In this section, we show that the feasibility of the Lasserre semidefinite program
Lt(G, H) from Definition 2.6.9 can be decided in randomised polynomial time. If
non-negativity constraints are imposed, then feasibility can be decided in determin-
istic polynomial time.

The Lasserre semidefinite program can be solved approximately in polynomial
time using e.g. the ellipsoid method. How to decide exact feasibility efficiently is
generally unknown [13, 89].

By Theorems 5.1.1 and 5.1.2, the system Lt(G, H) has a (non-negative) real solution
if, and only if, G and H are homomorphism indistinguishability over the graph
class Lt (the graph class L+

t ) as defined in Definition 5.2.1. Since Lt and L+
t are

minor-closed and of treewidth at most 3t− 1, cf. Theorem 5.2.12 and Lemma 5.2.8,
Theorem 9.0.1 immediately yields a randomised polynomial-time algorithm for
each level of these hierarchies. However, it is not clear how to compute the data
describing Lt and L+

t given t. The following Theorems 9.3.1 and 9.3.2 overcome this
problem by making the dependence on the parameter t effective.

Lasserre

Input Simple graphs G and H, an integer t ≥ 1.
Parameter t.
Question Does Lt(G, H) have a real solution?

Theorem 9.3.1. There exists a randomised algorithm for Lasserre of runtime tO(1)nO(t)

for n := max{|V(G)|, |V(H)|} which accepts all YES-instances and accepts NO-instances
with probability less than one half.
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NonNegLasserre

Input Simple graphs G and H, an integer t ≥ 1.
Parameter t.
Question Does Lt(G, H) have a non-negative real solution?

Theorem 9.3.2. There exists a deterministic algorithm for NonNegLasserre of runtime
tO(1)nO(t) for n := max{|V(G)|, |V(H)|}.

Whereas the proof of Theorem 9.3.1 is based the techniques developed for The-
orem 9.2.7, the proof of Theorem 9.3.2 deviates from these arguments. Thereby,
Theorem 9.3.2 suggests a possibility to avoid randomness which does not rely on
polynomial witness functions as in Theorem 9.0.2.

9.3.1 Lasserre without Non-Negativity Constraints

Theorem 9.3.1 is proven by modifying Theorem 9.2.7. By Theorem 5.1.1, deciding
Lasserre amounts to deciding homomorphism indistinguishability over the graph
class Lt. As in Section 9.2.3, we define a set Lt of formal expressions which
resembles the set L(t, t) of (t, t)-bilabelled graphs defined in Definition 5.2.1. The
difference is that Lt retains information about how the bilabelled graphs in L(t, t)
are constructed.

Write Lt for the following inductively defined set of formal expressions. We
simultaneously define a complexity measure depth : Lt →N on this set.

1. if A ∈ A(t, t) is atomic, then A ∈ Lt and depth(A) := 1,
2. if w ∈ Lt and A is atomic, then A� w ∈ Lt and depth(A� w) := depth(w),
3. if w ∈ Lt and σ ∈ S2t, then wσ ∈ Lt and depth(wσ) := depth(w),
4. if w1, w2 ∈ Lt, then w1 · w2 ∈ Lt and

depth(w1 · w2) := max{depth(w1), depth(w2)}+ 1.

Clearly, each expression w ∈ Lt can be associated with the (t, t)-bilabelled graph
val(w) ∈ L(t, t) it encodes.

As in Section 9.1, we first give an upper bound on the size of the graphs whose
homomorphism counts need to be considered in order to decide Lasserre. In other
words, we give a witness function for Lt.

Theorem 9.3.3. For t ≥ 1 and simple graphs G and H on at most n vertices with
ft(n) := 2t · 4n2t

,
G ≡Lt H ⇐⇒ G ≡(Lt)≤ ft(n)

H.

Towards Theorem 9.3.3, we make the following observations:

Lemma 9.3.4. Let t ≥ 1. If w ∈ Lt, then val(w) is a bilabelled graph on at most
2t · 2depth(w) vertices.
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Proof. The proof is by induction on the definition of Lt. If w is atomic, then val(w)

has at most 2t vertices and depth(w) = 1.
If w = A�w′ for some atomic A, then val(w) = A� val(w′) has at most as many

vertices as val(w′) since all vertices of A are labelled. This implies the claim. The
case w = (w′)σ for σ ∈ S2t is analogous.

If w = w1 · w2, then the number of vertices in val(w) is at most the number
of vertices in val(w1) plus the number of vertices in val(w2). This number is by
induction at most 2t · (2depth(w1) + 2depth(w2)) ≤ 2t · 2 · 2depth(w)−1 = 2t · 2depth(w).

For two simple graphs G and H on at most n vertices, define Sd for d ≥ 1 as
the subspace of R(V(G)t∪V(H)t)×(V(G)t∪V(H)t) spanned by LG ⊕ LH :=

(
LG 0
0 LH

)
where

L = val(w) for w ∈ Lt with depth(w) ≤ d.

Lemma 9.3.5. If d ≥ 1 is such that Sd = Sd+1, then Sd = S. In particular, S2n2t = S.

Proof. We show by induction that Sd+i ⊆ Sd for all i ≥ 1. The base case follows by
assumption. For the inductive step, we argue by structural induction that, for every
w ∈ Lt with depth(w) ≤ d + i + 1 and L := val(w), it holds that LG ⊕ LH ∈ Sd.

If w is atomic, then this clearly holds. If w = A� w′, then by the inner induction
the homomorphism tensor of val(w′) is in Sd. The Schur product of any matrix in
this space with AG ⊕ AH is in Sd by definition. Thus, the claim follows. The case
w = (w′)σ for σ ∈ S2t is analogous. If w = w′ · w′′, then depth(w′), depth(w′′) <
depth(w) ≤ d + i + 1. By the outer inductive hypothesis, Sd+i ⊆ Sd. Thus, writing
L′ := val(w′) and L′′ := val(w′′), it holds that L′G⊕ L′H, L′′G⊕ L′′H ∈ Sd. Thus, writing
L := val(w), LG ⊕ LH = (L′L′′)G ⊕ (L′L′′)H = (L′G ⊕ L′H)(L′′G ⊕ L′′H) ∈ Sd+1 ⊆ Sd.

For the final claim, observe that the dimension of S :=
⋃

d≥1 Sd is at most 2n2t.
This is because all matrices in S are of shape

( ∗ 0
0 ∗
)

with two non-zero blocks of size
nt × nt.

This concludes the preparations for the proof of Theorem 9.3.3.

Proof of Theorem 9.3.3. By Lemma 9.3.5, Sd = S for d := 2n2t. The space Sd is spanned
by Li

G⊕ Li
H for some Li ∈ Lt on at most 2t · 2d vertices, by Lemma 9.3.4. For arbitrary

F ∈ L(t, t), there exist coefficients αi ∈ R such that FG ⊕ FH = ∑ αiLi
G ⊕ Li

H . Hence,

hom(soe(F), G) = 1T
G(FG ⊕ FH)1G

= ∑ αi1T
G(Li

G ⊕ Li
H)1G

= ∑ αi hom(soe(Li), G)

= ∑ αi hom(soe(Li), H)

= hom(soe(F), H).

We now describe Algorithm 9.3 for Lasserre and prove Theorem 9.3.1.
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Algorithm 9.3: Modular Lasserre.
Input: Simple graphs G and H, an integer t ≥ 1, a prime p in binary.
Output: Whether G ≡p

Lt
H.

for every A ∈ A(t, t), compute the homomorphism matrices
AG ∈ F

V(G)t×V(G)t

p and AH ∈ F
V(H)t×V(H)t

p ;

initialise B← {JG ⊕ JH} ⊆ F
(V(G)t∪V(H)t)×(V(G)t∪V(H)t)
p ;

repeat
foreach A ∈ A(t, t), v ∈ B do

w← (AG ⊕ AH)� v;
if w 6∈ span(B) then

add w to B;
foreach v1, v2 ∈ B do

w← v1 · v2;
if w 6∈ 〈B〉 then

add w to B;
foreach 1 ≤ i < j ≤ 2t, v ∈ B do

w← v(i j);
if w 6∈ span(B) then

add w to B;
until B is not updated;
if 1T

Gv1G = 1T
Hv1H for all v ∈ B then

accept;
else

reject;
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Proof of Theorem 9.3.1. Correctness follows as in Lemma 9.2.3 for Algorithm 9.1. For
the runtime, note that the main loop is entered at most 2n2t times. The subloops
are entered at most 4t(2t− 1)2n2t + 4n4t times. The linear-algebraic operations can
be performed in time polynomial in 2n2t log p. Thus Algorithm 9.3 has runtime
tO(1)nO(t)(log p)O(1). To close the gap between modular homomorphism indistin-
guishability over Lt and Lasserre, invoke Lemma 9.2.6 and Theorem 9.3.3.

9.3.2 Lasserre with Non-Negativity Constraints

This section is dedicated to proving Theorem 9.3.2. We show that NonNegLasserre

lies in the parametrised complexity class XP by showing that it can be decided using
a colouring algorithm akin to the Weisfeiler–Leman algorithm, cf. Definition 2.3.1.
The matrix Weisfeiler–Leman or mwl algorithm has polynomial runtime for every
fixed dimension.

The colourings computed by this algorithm should be regarded as bases of spaces
of homomorphism matrices as in Algorithm 9.1. Each colour class corresponds
to a colour class indicator vector whose values are 0 and 1. Since the graph
class L+(t, t) is closed under parallel composition, the space of homomorphism
matrices of L+(t, t) with respect to the input graphs G and H has a basis comprising
such indicator vectors, cf. Fact 2.4.6. That parallel composition/gluing allows to
interpolate colours from homomorphism matrices was observed by Dvořák [63]
and demonstrated already in Theorem 3.4.1. Since colour class indicator vectors
occupy only polynomial space, NonNegLasserre can be placed in XP (and thus in
polynomial time for every fixed t).

Definition 9.3.6. Let t ≥ 1. For a simple graph G, r, s ∈ V(G)t, and an integer i ≥ 1,
define

mwl0
t (G, r, s) := atp(G, r, s),

mwli−1/2
t (G, r, s) :=

(
mwli−1

t (G, σ(r, s))
∣∣∣ σ ∈ {(i j) | 1 ≤ i ≤ j ≤ 2t} ⊆ S2t

)
,

mwli
t(G, r, s) :=

(
mwli−1/2

t (G, r, s),{{(
mwli−1/2

t (G, r, t), mwli−1/2
t (G, t, s)

) ∣∣∣ t ∈ V(G)t
}} )

.

The mwli
t for i ∈ N define increasingly fine15 colourings of V(G)2t. Let mwl∞

t
denote the finest such colouring. Two simple graphs G and H are not distinguished
by the t-dimensional mwl algorithm if{{

mwl∞
t (G, r, s)

∣∣ r, s ∈ V(G)t}} =
{{

mwl∞
t (H, u, v)

∣∣ u, v ∈ V(H)t}} .

15In the 1/2-step, we think of the tuple as a function from elements of S2t to colours. In particular,
id ∈ S2t is assigned the original colour. Hence, mwli−

1/2
t refines mwli−1

t .
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Since the finest colouring mwl∞
t is reached in ≤ n2t − 1 iterations for graphs

on n vertices, for fixed t, it can be tested in polynomial time whether two graphs
are distinguished by the t-dimensional mwl algorithm. We are about to show that
the latter happens if, and only if, the level-t Lasserre relaxation with non-negative
constraints is feasible. As a by-product, we obtain a logical characterisation for this
equivalence relation akin to Theorem 2.3.2.

Definition 9.3.7. For t ≥ 1, an Mt-formula has 2t free variables and is of the following
form:

• every quantifier-free FO-formula over the signature {E} with 2t variables is
an Mt-formula,

• if ϕ, ψ are Mt-formulas with the same free variables, then ¬ϕ, ϕ∧ ψ, and ϕ∨ ψ

are Mt-formulas,
• if ϕ, ψ are Mt-formulas and n ∈N, then ∃≥ny (ϕ(x, y) ∧ ψ(y, z)) is an Mt-for-

mula. Here, the boldface letters x, y, z denote pairwise disjoint t-tuples of
distinct variables.

An Mt-sentence is an expression ∃≥nxϕ(x) where ϕ is an Mt-formula, x is a tuple of
2t distinct variables, and n ∈N.

The semantics of the quantifier ∃≥nyϕ(y) is that there exist at least n many 2t-
tuples of vertices from the graph over which the formula is evaluated that satisfy ϕ.

Theorem 9.3.8. Let t ≥ 1. For simple graphs G and H, the following are equivalent:
1. G and H are not distinguished by the t-dimensional mwl algorithm,
2. G and H are homomorphism indistinguishable over L+

t ,
3. G and H satisfy the same Mt-sentences.

Assuming Theorem 9.3.8, we derive Theorem 9.3.2.

Proof of Theorem 9.3.2 assuming Theorem 9.3.8. By the observation following Defini-
tion 9.3.6, the t-dimensional mwl algorithm stabilises after n2t iterations on graphs
on n vertices. In step i + 1/2, we compute for every r, s ∈ V(G)t, the tuple

mwli−1/2
t (G, r, s) :=

(
mwli−1

t (G, σ(r, s))
∣∣∣ σ ∈ {(i j) | 1 ≤ i ≤ j ≤ 2t} ⊆ S2t

)
.

Then, we sort these tuples for every r, s ∈ V(G)t and use the indices in this sorted
list as new colour mwli−1/2

t (G, r, s). In total, this takes time tO(1)nO(t). In the step
i + 1, we proceed similarly, also taking time tO(1)nO(t).

We note that the mwl algorithm can be implemented more efficiently by adapting
efficient implementations of the Weisfeiler–Leman algorithm [93]. These are beyond
the scope of this thesis.

The proof of Theorem 9.3.8 is conceptually similar to arguments of [37, 63]. It is
implied by the following Theorem 9.3.9:

217



9 Complexity of Homomorphism Indistinguishability

Theorem 9.3.9. Let t ≥ 1. For simple graphs G and H with r, s ∈ V(G)t and u, v ∈
V(H)t, the following are equivalent:

1. mwl∞
G (r, s) = mwl∞

H(u, v),
2. FG(r, s) = FH(u, v) for all F ∈ L+(t, t), and
3. G |= ϕ(r, s) if, and only if, H |= ϕ(u, v) for all Mt-formulas ϕ.

The proof of Theorem 9.3.9 is based on the following lemma, which is adopted
from [63, Lemma 6]. Recall from Section 3.2.3 that RL+(t, t) denotes the set of
formal finite R-linear combinations of bilabelled graphs from L+(t, t).

Lemma 9.3.10. Let t ≥ 1 and n ∈ N. For every Mt-formula ϕ, there exists an a ∈
RL+(t, t) such that, for all simple graphs G on at most n vertices and r, s ∈ V(G)t,

• if G |= ϕ(rs), then aG(r, s) = 1, and
• if G 6|= ϕ(rs), then aG(r, s) = 0.

Proof. If ϕ is a quantifier-free formula, then there exists an atomic graph F ∈ A(t, t)
such that G |= ϕ(r, s) if, and only if, FG(r, s) = 1. By Observation 3.2.11, the
homomorphism tensor of any atomic graph has entries from {0, 1}.

If ϕ is of the form ¬ψ, let a denote the element of RL+(t, t) constructed induct-
ively for ψ. Then b := J − a for J as defined in Definition 3.2.10 is as desired.

If ϕ is of the form ψ∧ χ where ψ and χ have the same free variables as ϕ, let a and
b denote the elements of RL+(t, t) constructed inductively for ψ and χ, respectively.
Then c := a� b ∈ RL+(t, t) is as desired.

If ϕ is of the form ψ ∨ χ where ψ and χ have the same free variables as ϕ, then ϕ

is equivalent to ¬(¬ψ ∧ ¬χ) and the two previous cases can be applied jointly.
It remains to consider the case in which ϕ is of the form ∃≥`yψ(x, y) ∧ χ(y, z).

Let a and b denote the elements of RL+(t, t) constructed inductively for ψ and χ,
respectively. Then, by the inductive hypothesis,

(a · b)G(r, s) = ∑
t∈V(G)t

aG(r, t)bG(t, s)

is equal to the number of elements t ∈ V(G)t such that G |= ψ(r, t) ∧ χ(t, s).
Let P = ∑ cixi ∈ R[x] be a polynomial which evaluates to 0 on {0, 1, . . . , `− 1}

and to 1 on {`, ` + 1, . . . , nt}. For instance, P can be taken to be the Lagrange
polynomial from Lemma 8.3.5. Consider c := P(a · b) = ∑ ci(a · b)�i ∈ RL+(t, t)
where (a · b)�i denotes the parallel composition of i copies of a · b. It follows
that cG(r, s) equals one if, and only if, the number of elements t ∈ V(G)t such
that G |= ψ(r, t) ∧ χ(t, s) is in {`, `+ 1, . . . , nt}. It is zero otherwise. Thus, c is as
desired.

Proof of Theorem 9.3.9. Supposing Item 1, Item 2 is proven by induction on the
structure of F. If F is atomic, then the statement follows from atp(G, r, s) =

atp(H, u, v). For F = K � L and F = Kσ with K, L ∈ L+(t, t) and σ ∈ S2t, the
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statement is easily verified. It remains to consider the case F = K · L. By definition
of mwl, there exists a bijection π : V(G)t → V(H)t such that

mwl∞
G (r, t) = mwl∞

H(u, π(t)) and mwl∞
G (t, s) = mwl∞

H(π(t), v)

for all t ∈ V(G)t. Hence,

FG(r, s) = ∑
t∈V(G)t

KG(r, t)LG(t, s) = ∑
t∈V(G)t

KH(u, π(t))LH(π(t), v) = FH(u, v).

Thus, Item 2 holds.
Now suppose that Item 2 holds. If ϕ is a Mt-formula such that G |= ϕ(r, s) and

H 6|= ϕ(u, v), then, by Lemma 9.3.10, there exists a graph F ∈ L+(t, t) such that
FG(r, s) 6= FH(u, v). This yields Item 3.

That Item 3 implies Item 1 is proven similarly as [37, Theorem 5.2] by induction on
the number of iterations. Since atp can be defined using quantifier-free Mt-formulas,
mwl0

G(r, s) = mwl0
H(u, v).

Since Mt is closed under permuting the names of the variables, it holds for all
permutations σ ∈ S2t that G |= ϕ(r, s) ⇐⇒ H |= ϕ(u, v) for all ϕ ∈ Mt with 2t
free variables if, and only if, G |= ϕ(σ(r, s)) ⇐⇒ H |= ϕ(σ(u, v)) for all ϕ ∈ Mt

with 2t free variables. Hence, if mwli
t(G, r, s) = mwli

t(H, u, v) for some i ∈N, then
also mwli+1/2

t (G, r, s) = mwli+1/2
t (H, u, v).

For the step from i + 1/2 to i + 1, suppose contrapositively that

mwli+1
t (G, r, s) 6= mwli+1

t (H, u, v).

Since the case mwli+1/2
t (G, r, s) 6= mwli+1/2

t (H, u, v) was dealt with in the previous
argument, we may suppose that these colours are equal.

Hence, there exists a pair of colours mwli+1/2
t (G, r, t), mwli+1/2

t (G, t, s) which
appears in the multisets for G and H differently often, without loss of generality
more often in G than in H. By the inductive hypothesis, for each pair of distinct
mwli+1/2

t -colours, there exists an Mt-formula ϕ which is satisfied by all vertex tuples
of the first colour and by none of the second colour. By taking the conjunction of
several such formulas, a formula can be constructed which holds for a 2t-tuple of
vertices of G or H if, and only if, they have a specified colour in mwli+1/2

t .
Let ϕ and ψ be formulas which hold exactly for the 2t-tuples of vertices of G or H

of colours mwli+1/2
t (G, r, t) and mwli+1/2

t (G, t, s), respectively. By assumption, there
is an N ∈ N such that the formula χ := ∃≥Nyϕ(x, y) ∧ ψ(y, z) ∈ Mt is such that
G |= χ(r, s) and H 6|= χ(u, v). This yields Item 1.

Finally, Theorem 9.3.8 is derived from Theorem 9.3.9.

Proof of Theorem 9.3.8. Supposing Item 1, let π : V(G)t × V(G)t → V(H)t × V(H)t

be a bijection such that mwl∞
G (r, s) = mwl∞

H(π(r, s)) for all r, s ∈ V(G)t. By
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Theorem 9.3.9, for F = (F, u, v) ∈ L+(t, t),

hom(F, G) = soe(FG) = ∑
r,s∈V(G)t

FG(r, s) = ∑
r,s∈V(G)t

FH(π(r, s)) = hom(F, H),

so Item 2 holds.
Assuming Item 2 holds, let Φ = ∃≥`xϕ(x) be an Mt-sentence where ϕ is an

Mt-formula, ` ∈N and x is a tuple of 2t distinct variables. Let q ∈ RL+(t, t) be for
ϕ and n := max{|V(G)|, |V(H)|} as in Lemma 9.3.10. Then Item 2 implies that∣∣{rs ∈ V(G)2t | G |= ϕ(r, s)}

∣∣ = ∑
rs∈V(G)2t

qG(r, s) = soe(qG)

=
∣∣{uv ∈ V(H)2t | H |= ϕ(u, v)}

∣∣ .

Hence, G |= Φ if, and only if, H |= Φ. This yields Item 3.
Assuming Item 3 holds, suppose that G and H are distinguished by the mwl

algorithm and let C ⊆ V(G)2t denote an mwl-colour class in G whose counterpart
D ⊆ V(H)2t has different size. By Theorem 9.3.9, there exists an Mt-formula ϕ which
is satisfied by tuples in C and D and by no other tuples. The Mt-sentence ∃≥`xϕ(x)
is not satisfied by both G and H for a suitable ` ∈N. This yields Item 1.

9.4 Lower Bounds

In this section, two hardness results for the problem HomInd are established. In
both cases, we show hardness for families of minor-closed graph classes. The
approaches are orthogonal in the sense that the reduction yielding coNP-hardness
in Theorem 9.4.1 is from a fixed-parameter tractable problem while the reduction
yielding coW[1]-hardness in Theorem 9.4.2 is not polynomial-time.

9.4.1 coNP-Hardness

The first hardness result concerns deciding whether two graphs are indistinguishable
under the k-dimensional Weisfeiler–Leman algorithm wlk when k is part of the
input.16

Theorem 9.4.1. The problem of deciding given two simple graphs G and H and an integer
k ∈N whether G and H are not distinguished by wlk is coNP-hard under polynomial-time
many-one reductions.

The k-dimensional Weisfeiler–Leman algorithm has implementations of runtime
O(k2nk+1 log n) [93], which is exponential when regarding k as part of the input.
Grohe [77] showed that when k is fixed, then deciding indistinguishability under

16Recently, the same result was independently obtained by Lichter, Raßmann, & Schweitzer [112].
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the k-dimensional Weisfeiler–Leman algorithm is PTIME-complete. Establishing
lower bounds on the complexity of the problem in Theorem 9.4.1 is a challenging
problem [20, 22, 82]. Theorem 9.4.1 is a first step towards resolving a question posed
by Berkholz [20]: Is the decision problem in Theorem 9.4.1 EXPTIME-complete?

By Theorem 3.4.3, wlk indistinguishability coincides with homomorphism indis-
tinguishability over the class of graphs of treewidth at most k. Hence, the problem
in Theorem 9.4.1 is clearly a special case of HomInd, i.e. with ϕ set to true. Thus,
Theorem 9.4.1 implies that, when disregarding the parametrisation, HomInd is
coNP-hard under polynomial-time many-one reductions.

Theorem 9.4.1 is obtained by reducing the NP-complete problem of deciding
whether a graph of bounded degree has treewidth ≤ k [28, 27]. The reduction is
based on the CFI construction, cf. Section 6.3.1.

Proof of Theorem 9.4.1. Recall that, for a graph G, ∆(G) denotes its maximum vertex
degree. The following problem is NP-complete by [28, Theorem 11]. See also [27].

BoundedDegreeTreewidth

Input A simple graph G with ∆(G) ≤ 9, an integer k
Question Is the treewidth of G at most k?

By deleting isolated vertices, we may suppose that every connected component
of G contains at least two vertices. If G has multiple connected components, take
one vertex from each component and connect them in a path-like fashion. This
increases the maximum degree potentially by one but makes the graph connected.
The treewidth is invariant under this operation. Thus, we may suppose that G is
connected and ∆(G) ≤ 10.

Given such an instance, we produce the instance (G0, G1, k) of WL, i.e. the problem
in Theorem 9.4.1. Here, G0 and G1 are the even and odd CFI graphs of G, cf.
Definition 6.3.6.

Then G0 and G1 are not distinguished by wlk if, and only if, tw(G) ≥ k + 1.
Indeed, by Theorems 6.4.1, 3.4.3, and 6.3.8, since G is connected, if tw(G) ≥ k + 1,
then G0 and G1 are not distinguished by wlk. Conversely, if tw(G) < k + 1, then G0

and G1 are distinguished by wlk since hom(G, G0) 6= hom(G, G1) by Corollary 6.3.5
and Theorem 3.4.3.

Hence, (G, k) is a YES-instance of BoundedDegreeTreewidth if, and only if,
(G0, G1, k) is a NO-instance of WL. The graphs G0 and G1 are of size ∑v∈V(G) 2deg(v)−1

≤ 29|V(G)|, which is polynomial in the input.

9.4.2 coW[1]-Hardness

The second hardness result concerns HomInd as a parametrised problem. We show
that it is coW[1]-hard and that the runtime in Theorem 9.2.7 is optimal under the
Exponential Time Hypothesis (ETH).
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Theorem 9.4.2. HomInd is coW[1]-hard under fpt-reductions. Unless ETH fails, there
is no algorithm for HomInd that runs in time f (|ϕ| + k)no(|ϕ|+k) for any computable
function f : N→N.

We show the assertions of Theorem 9.4.2 already for the problem HomIndSize

defined below. Write G≤k for the class of all graphs on at most k vertices.

HomIndSize

Input Simple graphs G and H, an integer k ≥ 1.
Parameter k.
Question Are G and H homomorphism indistinguishable over the class G≤k?

The problem HomIndSize fixed-parameter reduces to HomInd. To that end,
consider the first-order formula ϕk := ∃x1 . . . ∃xk∀y

∨k
i=1(y = xi) for k ∈ N. Then,

a graph models ϕk if, and only if, it has at most k vertices. Furthermore, |ϕk| =
O(k). Hence, transforming the instance (G, H, k) of HomIndSize to the instance
(G, H, ϕk, k− 1) of HomInd gives the desired reduction. Since |ϕk|+ k = O(k), it
suffices to show the assertions of Theorem 9.4.2 for HomIndSize.

Proof of Theorem 9.4.2. The proof is by reduction from the parametrised clique prob-
lem Clique, which is well-known to be W[1]-complete and which does not admit an
f (k)no(k)-time algorithm for any computable function f : N→ N unless ETH fails
[51, Theorems 13.25, 14.21].

Let K denote the k-vertex complete graph and K0 and K1 the even and odd CFI

graphs of K. By Theorem 6.3.8, K0 ≡G≤k\{K} K1. Indeed, no graph in G≤k \ {K}
admits a weak oddomorphism to K since weak oddomorphisms are surjective on
edges and vertices.

The reduction produces, given the instance (G, k) of Clique, the instance (G× K0,
G× K1, k) of HomIndSize where × denotes the categorical product of two graphs,
cf. Section 2.1.1. Producing this instance is fixed-parameter tractable. Furthermore,
the parameter k is not affected by this reduction. It remains to show correctness.

If G × K0 ≡G≤k G × K1, then hom(K, G) = 0. Indeed, by assumption and
Equation (2.2), hom(K, G) hom(K, K0) = hom(K, G × K0) = hom(K, G × K1) =

hom(K, G) hom(K, K1). However, hom(K, K0) 6= hom(K, K1) by Corollary 6.3.5, and
thus hom(K, G) = 0.

Conversely, it holds that K0 ≡G≤k\{K} K1 and hence also G× K0 ≡G≤k\{K} G× K1

by Lemma 7.1.1. Since hom(K, G) = 0, also G× K0 ≡G≤k G× K1.

9.4.3 Reductions between Homomorphism Indistinguishability Problems

Few lower bounds are known for the complexity of homomorphism indistinguishab-
ility problems. The most prominent example is the class P of all planar graphs, for
which HomInd(P) is undecidable [124, 15]. It would be desirable to extend this
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result to other graph classes by finding, more generally, for two graph classes F1

and F2, reductions between their homomorphism indistinguishability problems
HomInd(F1) and HomInd(F2). In this section, the few known examples for such
reductions are listed.

Taking Complements

The first reduction is by taking complements of the input graphs, cf. Theorem 7.0.1.

Lemma 9.4.3. Let C denote the class of all cycles and CP the class of all cycles and paths.
Then HomInd(CP) polynomial-time Turing reduces to HomInd(C).

Proof. By Theorem 3.3.2 and Corollary 3.3.3, for simple graphs G and H it holds
that G ≡CP H if, and only if, G ≡C H and G ≡C H. Thus HomInd(CP) on input
(G, H) can be decided by calling an oracle for HomInd(C) for the instances (G, H)

and (G, H).

Since HomInd(C) and HomInd(CP) are both in polynomial time, the statement of
the following lemma is in a strict sense trivial. It is stated nevertheless as it directly
relates two homomorphism indistinguishability problems. The graph classes C and
CP are the only graph classes we are aware of to which the above idea applies. It
would be interesting to generalise this construction.

Question 9.4.4. For which graph classes F is the equivalence relation G ≈ H defined via
G ≡F H and G ≡F H a homomorphism indistinguishability relation?

Taking Categorical Products

The second reduction is by taking the categorical product of the input graphs with
a fixed graph K, i.e. by transforming an input graph G to G× K. Recall that, for a
graph class F and a graph K, FK denotes the class of all K-colourable graphs in F .
As observed in Section 7.3, G ≡FK H if, and only if, G× K ≡F H × K for all simple
graphs G, H, and K. This yields the following Lemma 9.4.5.

Lemma 9.4.5. Let F be a graph class and K be a simple graph. Then HomInd(FK)
polynomial-time many-one reduces to HomInd(F ).

By Theorem 7.3.5, if F is closed under subdivision and K is non-bipartite, then
≡F and ≡FK coincide. Thus, one typically needs to assume K to be bipartite
in order for Lemma 9.4.5 to yield a reduction between distinct homomorphism
indistinguishability problems. For example, by Theorem 6.1.1, homomorphism
indistinguishability over GK2 , the class of all bipartite graphs, is not isomorphism.
Nevertheless, HomInd(GK2) is equivalent to the graph isomorphism problem under
polynomial-time many-one reductions.
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Theorem 9.4.6. HomInd(GK2) and HomInd(G) are polynomial-time many-one interredu-
cible.

Proof. The lemma is implied by [144, Corollary 4.4] and Corollary 3.1.3. Alternatively,
consider the following direct proof. By Lemma 9.4.5, HomInd(GK2) polynomial-time
many-one reduces to HomInd(G), i.e. the graph isomorphism problem.

By [179, p. 1474], graph isomorphism polynomial-time many-one reduces to the
problem of deciding whether two bipartite graphs are isomorphic. Indeed, given an
instance (G, H) for graph isomorphism, we may construct (G′, H′) by subdividing
every edge of G and H once. The resulting graphs are bipartite and it holds that
G′ ∼= H′ if, and only if, G ∼= H.

We further reduce to HomInd(GK2). By Lemma 7.3.4 and Corollary 3.1.3, the
graphs G′ and H′ are isomorphic if, and only if, they are homomorphism indistin-
guishable over all bipartite graphs. Thus, graph isomorphism for bipartite graphs
polynomial-time many-one reduces to HomInd(GK2).

9.5 Essentially Finite and Profinite Graph Classes

In this section, we show that, for all essentially finite classes F , HomInd(F ) is in
polynomial time. For essentially profinite F , the problem can be arbitrarily hard. In
particular, as demonstrated by Böker, Chen, Grohe, & Rattan [33], HomInd(K) is
C=P-complete for the class K of all complete graphs.

Theorem 9.5.1. For a graph class F , the following are equivalent:
1. F is essentially finite.
2. F has a constant witness function, i.e. there exists a constant C ∈N such that, for

all simple graphs G and H, it holds that G ≡F H if, and only if, G ≡F≤C H.
In particular, for every essentially finite graph class F , HomInd(F ) is in polynomial time.

Proof. First assume that F is essentially finite. Recall the notation from Section 6.5.
We construct a finite subclass F ′ ⊆ F such that cl(F ′) = cl(F ). Then every upper
bound C on the size of the graphs in F ′ is as desired.

To that end, choose, for every Λ ⊆ Γ(F ), a finite set FΛ
1 , . . . , FΛ

` ∈ FL such
that the vectors ~FΛ

1 , . . . ,~FΛ
` ∈ RΓ(F ) span the finite-dimensional space span{~F ∈

RΓ(F ) | F ∈ FL} where L := äC∈Λ C. Define F ′ by taking the union over all graphs
FΛ

1 , . . . , FΛ
` ∈ FL constructed in this way. By construction, F ′ ⊆ F . Thus, it suffices

to show that F ⊆ cl(F ′).
To that end, let K ∈ F be a simple graph. By Lemma 6.5.5, K ∈ cl(F ′) if,

and only if, K ∈ cl(F ′K). Let L := äC∈Λ C where Λ := Γ(K). Since L and K
are homomorphically equivalent, it holds that F ′K = F ′L. By construction, ~K ∈
span{~FΛ

1 , . . . ,~FΛ
` } ⊆ RΓ(F ) and, by projection, the analogous statement holds in R∆

for ∆ := Γ({K, FΛ
1 , . . . , FΛ

` }). By Theorem 6.5.6, K ∈ cl({FΛ
1 , . . . , FΛ

` }) ⊆ cl(F ′).
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Conversely, suppose that C ∈ N is such that, for all simple graphs G and H,
G ≡F H if, and only if, G ≡F≤C H. Then cl(F ) = cl(F≤C). Containing only finitely
many graphs, F≤C is essentially finite. By Corollary 6.5.9, cl(F≤C) is essentially
finite. Since F ⊆ cl(F ) = cl(F≤C), the graph class F is essentially finite as well.

For an essentially profinite graph class F , the problem HomInd(F ) can be
arbitrarily hard. For a set S ⊆N of positive integers, write Mem(S) for the problem
of deciding given an integer n ≥ 1 whether n 6∈ S. Here, n is encoded unarily, i.e.
the size of an instance is n. Note that (the complement of) any decision problem
L ⊆ {0, 1}∗ can be reduced to Mem(S) for some S at the expense of an exponential
increase in the size of the instances. Recall the definition of the essentially profinite
graph class KS from Equation (6.4).

Theorem 9.5.2. For every S ⊆N, the problem Mem(S) polynomial-time many-one reduces
to HomInd(KS).

The proof of Theorem 9.5.2 is built on the following construction from [33].

Theorem 9.5.3 ([33, Corollary 14]). For every n ≥ 1, there exist graphs Gn and Hn on at
most max{1, 2(n− 1)} many vertices such that, for all ` ≥ 1,

hom(K`, Gn) 6= hom(K`, Hn) ⇐⇒ ` = n.

Furthermore, Gn and Hn can be constructed in polynomial time in n.

Before we prove Theorem 9.5.2, we note that Theorem 9.5.3 implies a linear lower
bound on the witness functions of the class K of all complete graphs. Hence, the
trivial upper bound from Lemma 9.1.3 is tight up to a constant.

Corollary 9.5.4. Let f : N → N be a non-decreasing witness function for K. Then
f (n) ≥ n

2 + 1 for infinitely many numbers n ∈N.

Proof. Let Gn and Hn be as in Theorem 9.5.3 for n ≥ 2. Let m := max{|V(Gn)|,
|V(Hn)|} ≤ 2(n − 1). By Theorem 9.5.3, f (m) ≥ n. Since f is non-decreasing,
f (2(n− 1)) ≥ f (m) ≥ n.

Proof of Theorem 9.5.2. Consider the following reduction. Given an instance n ≥ 1 of
Mem(S), construct Gn and Hn via Theorem 9.5.3. Then Gn ≡KS Hn if, and only if,
n 6∈ S.

Theorem 9.5.2 has the fault that not only HomInd(KS) is hard but already decid-
ing membership in KS is hard. Overcoming this deficiency, Böker, Chen, Grohe, &
Rattan [33, Theorem 1] showed that there exists a polynomial-time decidable graph
class F of bounded treewidth for which HomInd(F ) is undecidable. However, this
graph class is unnatural in the sense that it does not have a concise definition in
logics, i.e. it is not CMSO2-definable by Theorem 9.0.1. Addressing homomorphism
indistinguishability over natural graph classes, Theorem 9.5.3 was used to show the
following.
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Theorem 9.5.5 ([33, Theorem 18]). HomInd(K) is C=P-complete under polynomial-time
Turing reductions.

Thus, HomInd(K) is not in the polynomial hierarchy unless it collapses. The
complexity class C=P should be thought of as the decision version of the functional
complexity class #P.

The class K can be defined in first-order logic and has constant clique-width, cf.
[48, Definition 2.89]. Thus, from a model checking perspective, it is a rather simple
graph class. Theorem 9.5.5 indicates that one cannot replace Courcelle’s graph
algebras for bounded treewidth, which were used for Theorem 9.0.1, by their graph
algebras for bounded clique-width, which Courcelle uses to prove that MSO1 model
checking is fixed-parameter tractable on classes of bounded clique-width.

Nevertheless, we show that the requirement of bounded treewidth can be re-
laxed when one does not aim at a polynomial-time algorithm. In the following
Theorem 9.5.6, χ(F) denotes the chromatic number of F. A typical graph class to
which the theorem applies is the class K of all complete graphs.

Theorem 9.5.6. Let ϕ be a CMSO2-sentence and F the class of all graphs satisfying ϕ.
Suppose there exists a computable non-decreasing function g : N→N such that tw(F) ≤
g(χ(F)) for all F ∈ F . Then HomInd(F ) is decidable.

Proof. Let n := max{|V(G)|, |V(H)|}. If F ∈ F has treewidth greater than g(n),
then χ(F) > n. Since G and H both have chromatic number at most n, there is
neither a homomorphism F → G nor F → H. Hence, G ≡F H if, and only if,
G ≡F∩T W g(n)

H. Now, invoke Theorem 9.2.7 with input ϕ and g(n).

9.6 A Trichotomy for Homomorphism Indistinguishability?

Theorem 9.0.1, the central result of this chapter, asserts that deciding homomorphism
indistinguishability is tractable over every recognisable graph class of bounded
treewidth. In particular, Theorem 9.0.1 shows that HomInd(F ) is tractable for every
minor-closed graph class of bounded treewidth. Notably, this result does not rely on
reformulations of homomorphism indistinguishability relations in terms of logical
or equational graph isomorphism relaxations but operates with the homomorphism
counts themselves.

A reasonable next step is to combine Theorem 9.0.1 with a hardness result. To
that end, we propose the following working hypothesis:

Conjecture 9.6.1. Let F be a minor-closed graph class.
1. If F is the class of all graphs, then HomInd(F ) is graph isomorphism.
2. If F has bounded treewidth, then HomInd(F ) is in polynomial time.
3. If F is proper and has unbounded treewidth, then HomInd(F ) is undecidable.

226



9.6 A Trichotomy for Homomorphism Indistinguishability?

The first assertion is implied by Theorem 3.1.1. The second assertions amounts
to derandomising our Theorem 9.0.1 and is predicted by the complexity-theoretic
hypothesis that P = coRP. The third assertion is wide open: The only minor-
closed graph class F for which HomInd(F ) is known to be undecidable is the
class P of planar graphs, as shown in [124, 15]. Conjecture 9.6.1 is inspired by
this example and Theorem 7.2.7 from graph minor theory [153], which asserts
that every minor-closed graph class is either of bounded treewidth or contains all
planar graphs. Intuitively, HomInd(P) is undecidable since the problem amounts
to solving an infinite-dimensional system of equations. Roughly speaking, the
dimension corresponds to the number of labels needed to generate all planar graphs
under operations like series composition. Theorem 9.0.1 makes the other direction
of this vague argument precise: We show that if the number of labels is bounded
(e.g. the graph class has bounded treewidth), then considering finite-dimensional
spaces suffices, rendering the problem tractable. That treewidth might be the right
parameter in Conjecture 9.6.1 is also suggested by the complexity dichotomy for
counting homomorphisms [52].

Conjecture 9.6.1 implies Conjecture 6.0.3 asserting that ≡F is not the isomorphism
relation ∼= for every proper minor-closed graph class F . Towards Conjecture 9.6.1, one
could devise reductions between HomInd(F1) and HomInd(F2) for distinct minor-
closed graph classes F1 and F2. The reductions we are aware of are limited, cf.
Section 9.4.3.

Another pathway to Conjecture 9.6.1 is suggested by Definition 9.1.1: If a de-
cidable graph class F admits a computable witness function, then HomInd(F ) is
decidable. On the other hand, proving lower bounds on witness functions is a
purely combinatorial problem and avoids the intricacies of computation. Conjec-
ture 9.6.1 implies that no witness function is computable for any minor-closed graph
class of unbounded treewidth. A first step towards Question 9.6.2 was taken in
Theorem 9.1.4.

Question 9.6.2. Given a proper minor-closed graph class of unbounded treewidth, what are
lower bounds on its witness functions?

As a generalisation of Conjecture 9.6.1, we propose to study the complexity of
the problems HomInd(F ) for graph classes F which are monotone, i.e. closed
under taking subgraphs, or hereditary, i.e. closed under taking induced subgraphs.
Despite of Conjecture 6.0.2 and Theorem 7.0.1, it is not clear what exactly the role of
minor-closed graph classes is in the theory of homomorphism indistinguishability.
We expect an analogue of Conjecture 9.6.1 for hereditary or monotone graph classes
to look much more complicated. One reason for this is that there exists many
monotone graph classes which are not homomorphism distinguishing closed, e.g.
the class of 2-degenerate graphs (Theorem 6.1.2) and the class of 3-colourable planar
graphs (Theorem 7.3.5). Furthermore, there exist graph classes such as the class K of
all complete graphs for which HomInd(K) is decidable yet hard (Theorem 9.5.5). On
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the tractability side, the realm of recognisable graph classes of bounded treewidth, to
which Theorem 9.0.1 applies, contains many monotone or hereditary graph classes
which are not minor-closed.

Question 9.6.3. What does the complexity-theoretic landscape of the problems HomInd(F )
for monotone or hereditary graph classes F look like?

Recognisability is a key ingredient of Theorem 9.0.1 and a fairly general property
of graph classes. As a last question, we ask what the role of recognisability is in the
theory of homomorphism indistinguishability. Note that there exist recognisable
graph classes which are homomorphism distinguishing closed (e.g. the class of
treewidth at most k, cf. Theorem 6.4.1) and recognisable graph classes which are not
(e.g. the class of 3-colourable graphs of treewidth at most k, cf. Theorem 7.3.5).

Question 9.6.4. Is the homomorphism distinguishing closure cl(F ) of every recognisable
graph class F recognisable?
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10 Conclusion

Originating in Lovász’s Theorem 3.1.1 and facilitated by connections to fields as
diverse as quantum information theory, finite model theory, and category theory,
homomorphism indistinguishability has developed into a beautiful coherent theory.
This thesis demonstrates that homomorphism indistinguishability not only allows
to recast graph isomorphism relaxations (characterisations) but also to study their
distinguishing power (closure) and their computational complexity from a unified
perspective. For example, as shown in this thesis, the homomorphism indistin-
guishability characterisation of the Lasserre semidefinite programming hierarchy
made it possible to ascertain the hierarchy’s precise distinguishing power and led
to novel (randomised) polynomial-time algorithms for deciding its feasibility. This
conclusion gives an overview over this thesis’ contributions and open problems in
each of the three areas (characterisations, closure, and complexity) which constitute
the cornerstones of a coherent theory of homomorphism indistinguishability.

10.1 Characterisations

In Chapters 3 to 5, we demonstrated that many graph isomorphism relaxations from
diverse fields can be characterised as homomorphism indistinguishability relations.
In particular, we focused on equational graph isomorphism relaxations such as
the Sherali–Adams and Lasserre relaxations of the graph isomorphism quadratic
program. We took two points of view:

In Chapter 4, we constructed, given a graph class F , a system of equations
whose feasibility characterises homomorphism indistinguishability over F . Our
techniques applied, for example, to the classes of graphs of bounded treewidth,
pathwidth, and treedepth, and to the class of graphs admitting a pebble forest cover
of bounded depth. However, these methods do not apply to all graph classes. One
limitation of the linear-algebraic Theorems 4.1.4 and 4.1.10 is that the considered
vector spaces must be finite-dimensional. Since the dimension of a vector space of
homomorphism vectors of k-labelled graphs with respect to some n-vertex graph
is at most nk, this amounts to assuming that the number of labels required to
construct the graphs in F is finite. Given the operations from Section 3.2, this
means that F must be of bounded treewidth. Even under this assumption, it is not
clear how to characterise homomorphism indistinguishability over F as a concise
system of equations. Addressing this problem, we characterised homomorphism
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indistinguishability over every recognisable graph class of bounded treewidth as
feasibility of some collection of equations when proving Theorem 9.1.6. Perhaps,
Theorem 9.1.6 is the most general result to be expected in this direction.

In the case of graph classes of unbounded treewidth, it appears that the application
of more sophisticated algebraic techniques, which make use of infinite-dimensional
vector spaces, is necessary. Here, a source of inspiration is the result of Mančinska
& Roberson [124], which ultimately relies on the Tannaka–Krein duality due to
Woronowicz [176] between easy quantum groups and partition categories, cf. the
monograph [121]. Orthogonal easy quantum groups were exhaustively classified in
[147]. It is conceivable that their partition categories yield further graph classes to
which the same machinery that yielded the characterisation of quantum isomorph-
ism as homomorphism indistinguishability over planar graphs applies, cf. [123,
Section 8.1].

In Chapter 5, we conversely considered known equational graph isomorphism
relaxations and constructed graph classes whose homomorphism indistinguishab-
ility relations characterise them. Concretely, we showed that feasibility of each
level of the Lasserre semidefinite programming hierarchy for the graph isomorph-
ism quadratic program is characterised as a homomorphism indistinguishability
relation. Beyond the Lasserre and Sherali–Adams hierarchies, a reasonable next
step is to study the Lovász–Schrijver hierarchy [117] or, more generally, hyperbolic
programming [149] using homomorphism indistinguishability. Another interesting
direction is indicated by Question 8.4.2, which asks to characterise the feasibility of
Sherali–Adams relaxations over the integers or finite fields.

Abstracting from Chapters 3 to 5, the most fundamental (and vaguest) question
regarding homomorphism indistinguishability characterisations is the following
Question 7.4.4, which asks for an axiomatisation of homomorphism indistinguishab-
ility relations. In Chapter 7, we explored some surprising necessary conditions for a
graph isomorphism relaxation to be a homomorphism indistinguishability relation
over a graph class with certain closure properties.

Question 7.4.4. What are sufficient and necessary conditions for a graph isomorphism
relaxation to be a homomorphism indistinguishability relation?

10.2 Closure

The homomorphism distinguishing closure is the central notion for studying the
distinguishing power of homomorphism indistinguishability relations. This thesis
outlined the currently available techniques and partial results in the context of
Roberson’s conjecture, the central open problem regarding the homomorphism
distinguishing closure.

Conjecture 6.0.2 ([150, Conjecture 1]). Every minor-closed and union-closed graph class
is homomorphism distinguishing closed.
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Roberson [150, p. 4] remarked that it is not clear whether minor-closed graph
classes play a distinct role in a theory of homomorphism indistinguishability. In
Chapter 7, we gave evidence for this hypothesis by showing that the homomorphism
distinguishing closure of a minor-closed graph class is homomorphism distinguish-
ing closed.

In Chapter 6, we made progress towards Conjecture 6.0.2 by confirming it for all
essentially finite graph classes, the classes of graphs of bounded pathwidth, for every
h ≥ 3, the class of K2,h-minor-free graphs of treewidth at most two. Moreover, we
showed that the class of disjoint unions of cycles is homomorphism distinguishing
closed.

As an application, the result by Neuen [134] that the classes of graphs of bounded
treewidth are homomorphism distinguishing closed allowed us to precisely determ-
ine the distinguishing power of the Lasserre hierarchy compared to the Sherali–
Adams hierarchy. While we precisely determined the Sherali–Adams level whose
feasibility guarantees feasibility of any given Lasserre level, the converse direction
remains open, cf. Question 6.4.3. To that end, one would need to show that the
graph classes Lt from Theorem 5.1.1 are homomorphism distinguishing closed, as
predicted by Conjecture 6.0.2. Besides this concrete instance, subsequent problems
are Conjecture 6.0.3 and those laid out in Section 6.6.

The CFI construction is the central tool for proving that a graph class is homo-
morphism distinguishing closed. Its generalisations and variants [24, 82] have not
yet been considered from the perspective of homomorphism indistinguishability.
They could facilitate progress towards Questions 8.4.2 and 9.6.2.

10.3 Complexity

The fundamental complexity-theoretic questions regarding homomorphism indis-
tinguishability concern the decision problem HomInd(F ) for a fixed graph class F .
Motivated by Conjecture 6.0.2 and Theorem 7.0.1, we considered the problems
HomInd(F ) for minor-closed graph classes F in Chapter 9. We conjectured that,
as for homomorphism counting problems [52], the complexity of HomInd(F ) is
determined by the treewidth of F . Partially resolving the following Conjecture 9.6.1,
we showed that HomInd(F ) is in randomised polynomial time for every recognis-
able graph class F of bounded treewidth. Overcoming limitations of semidefinite
programming techniques, this result yields a novel randomised polynomial-time
algorithm for deciding the exact feasibility of the Lasserre relaxations for graph
isomorphism.

Conjecture 9.6.1. Let F be a minor-closed graph class.
1. If F is the class of all graphs, then HomInd(F ) is graph isomorphism.
2. If F has bounded treewidth, then HomInd(F ) is in polynomial time.
3. If F is proper and has unbounded treewidth, then HomInd(F ) is undecidable.
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250

https://doi.org/10.1017/9781139028868
https://doi.org/10.1017/9781139028868
https://doi.org/10.1145/3373718.3394739
https://doi.org/10.1145/3373718.3394739
https://doi.org/10.1145/3375395.3387641
https://doi.org/10.1109/LICS52264.2021.9470677
https://doi.org/10.1109/FOCS57990.2023.00052
https://doi.org/10.1017/9781009036214.006
https://doi.org/10.1017/jsl.2015.28
https://doi.org/10.1109/LICS.2017.8005081


& David P. Woodruff. Vol. 229. Leibniz International Proceedings in Inform-
atics (LIPIcs). Dagstuhl, Germany: Schloss Dagstuhl – Leibniz-Zentrum für
Informatik, 2022, 70:1–70:20. doi: 10.4230/LIPIcs.ICALP.2022.70 (cit. on
pp. 1, 53, 136, 233, 236).

[87] Martin Grohe, Gaurav Rattan, & Tim Seppelt. Homomorphism Tensors and
Linear Equations. 2024. arXiv: 2111.11313v3 [math.CO] (cit. on pp. 53, 233,
236).

[88] Martin Grohe & Pascal Schweitzer. ‘The Graph Isomorphism Problem’. In:
Communications of the ACM 63.11 (2020), pp. 128–134. doi: 10.1145/3372123
(cit. on pp. 1, 125).

[89] Martin Grotschel, László Lovász, & Alexander Schrijver. Geometric Algorithms
and Combinatorial Optimization. Berlin Heidelberg: Springer, 1998. doi: 10.10
07/978-3-642-97881-4 (cit. on p. 212).

[90] Hs. H. Günthard & H. Primas. ‘Zusammenhang von Graphentheorie und
MO-Theorie von Molekeln mit Systemen konjugierter Bindungen’. In: Hel-
vetica Chimica Acta 39.6 (1956), pp. 1645–1653. doi: 10.1002/hlca.19560390
623 (cit. on p. 7).

[91] Lauri Hella. ‘Logical Hierarchies in PTIME’. In: Information and Computation
129.1 (1996), pp. 1–19. doi: 10.1006/inco.1996.0070 (cit. on pp. 3, 171).

[92] Roger A. Horn & Charles R. Johnson. Matrix analysis. 23rd ed. Cambridge:
Cambridge University Press, 2010. 561 pp. isbn: 978-0-521-38632-6 (cit. on
p. 54).

[93] Neil Immerman & Eric Lander. ‘Describing Graphs: A First-Order Approach
to Graph Canonization’. In: Complexity Theory Retrospective: In Honor of Juris
Hartmanis on the Occasion of His Sixtieth Birthday, July 5, 1988. Ed. by Alan L.
Selman. New York, NY: Springer New York, 1990, pp. 59–81. doi: 10.1007/9
78-1-4612-4478-3_5 (cit. on pp. 3, 10, 18, 19, 217, 220).

[94] John Isbell. ‘Some inequalities in hom sets’. In: Journal of Pure and Applied
Algebra 76.1 (1991), pp. 87–110. doi: 10.1016/0022-4049(91)90099-N (cit. on
p. 32).

[95] Tomáš Jakl, Dan Marsden, & Nihil Shah. ‘A categorical account of composi-
tion methods in logic’. In: Proceedings of the 38th Annual ACM/IEEE Symposium
on Logic in Computer Science (LICS) (Boston, USA). IEEE, 2023, pp. 1–14. doi:
10.1109/LICS56636.2023.10175751 (cit. on p. 181).

[96] Naihuan Jing. ‘Unitary and orthogonal equivalence of sets of matrices’. In:
Linear Algebra and its Applications 481 (2015), pp. 235–242. doi: 10.1016/j.la
a.2015.04.036 (cit. on p. 53).

251

https://doi.org/10.4230/LIPIcs.ICALP.2022.70
https://arxiv.org/abs/2111.11313v3
https://doi.org/10.1145/3372123
https://doi.org/10.1007/978-3-642-97881-4
https://doi.org/10.1007/978-3-642-97881-4
https://doi.org/10.1002/hlca.19560390623
https://doi.org/10.1002/hlca.19560390623
https://doi.org/10.1006/inco.1996.0070
https://doi.org/10.1007/978-1-4612-4478-3_5
https://doi.org/10.1007/978-1-4612-4478-3_5
https://doi.org/10.1016/0022-4049(91)90099-N
https://doi.org/10.1109/LICS56636.2023.10175751
https://doi.org/10.1016/j.laa.2015.04.036
https://doi.org/10.1016/j.laa.2015.04.036


Bibliography

[97] Charles R. Johnson & Morris Newman. ‘A note on cospectral graphs’. In:
Journal of Combinatorial Theory, Series B 28.1 (1980), pp. 96–103. doi: 10.1016
/0095-8956(80)90058-1 (cit. on p. 5).

[98] Ravindran Kannan & Achim Bachem. ‘Polynomial Algorithms for Computing
the Smith and Hermite Normal Forms of an Integer Matrix’. In: SIAM Journal
on Computing 8.4 (1979), pp. 499–507. doi: 10.1137/0208040 (cit. on p. 189).

[99] Richard M. Karp. ‘Reducibility among Combinatorial Problems’. In: Complex-
ity of Computer Computations. Ed. by Raymond E. Miller, James W. Thatcher,
& Jean D. Bohlinger. Boston, MA: Springer US, 1972, pp. 85–103. doi: 10.100
7/978-1-4684-2001-2_9 (cit. on pp. 9, 10).

[100] Sandra Kiefer. ‘Power and limits of the Weisfeiler-Leman algorithm’. PhD
thesis. RWTH Aachen University, 2020. doi: 10.18154/RWTH-2020-03508
(cit. on pp. 3, 18, 158).

[101] Sandra Kiefer. ‘The Weisfeiler-Leman algorithm: an exploration of its power’.
In: ACM SIGLOG News 7.3 (2020), pp. 5–27. doi: 10.1145/3436980.3436982
(cit. on p. 18).

[102] Nils M. Kriege, Fredrik D. Johansson, & Christopher Morris. ‘A survey on
graph kernels’. In: Appl. Netw. Sci. 5.1 (2020), p. 6. doi: 10.1007/s41109-019
-0195-3 (cit. on p. 151).
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[132] Jaroslav Nešetřil & Patrice Ossona de Mendez. ‘Tree-depth, subgraph color-
ing and homomorphism bounds’. In: European Journal of Combinatorics 27.6
(2006), pp. 1022–1041. doi: 10.1016/j.ejc.2005.01.010 (cit. on p. 15).
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