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Abstract
Phase-field approaches have gained increasing popularity as a consequence of
their ability to model complex coupled multi-physical problems. The efficient
modeling of migrating diffuse phase boundaries is a fundamental character-
istic. A notable advantage of phase-field methods is their ability to account for
diverse physical driving forces for interfacial motion due to diffusive, mech-
anical, electro-chemical, and other processes. As a result of this versatility,
phase-field methods are frequently employed in the fields of materials science,
mechanics, and physics, and are continually undergoing development. To test
the accuracy of these developments, it is indispensable to establish standard-
ized benchmark tests, to ensure the thermodynamic consistency of studies
carried out. This work presents a series of such tests based on chemo-elastic
equilibrium states for Fe-C binary alloys, benchmarking the performance of
a phase-field model with chemo-elastic coupling based on the grand potential
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density. Use of parameters for the Fe-C system from a Calphad database
allows for the determination of the Gibbs free energy, thereby enabling the
quantification of chemical driving forces. For a circular inclusion, the capillary
driving force is derived on a geometrically motivated basis using the lever
rule and expressed as a function of the chemical potential. These simulations
contribute to the development of standardized benchmark tests that validate
chemical, capillary, and mechanical driving forces separately and in combin-
ation. The present study compares phase-field simulation results with results
from the analytic solution of chemo-elastic boundary value problems and the
generalized Gibbs–Thomson equation.

Keywords: phase-field approach, benchmark, chemo-elastic model

1. Introduction

Motivation.One of the primary objectives of materials science is the precise tailoring of mater-
ials with improved properties, such as high strength, light weight, and better sustainability.
Modeling and simulation are powerful tools for predicting the behavior and characteristics of
materials, making them indispensable in materials science. Furthermore, modeling and simu-
lation can act as a bridge between theory and experiments. However, it should be ensured that
the model used reflects the theoretical facts. For the simulation of phase transformation pro-
cesses phase-fieldmodels are a widely usedmethod. For an overview on phase-fieldmodels for
microstructural evolution see e.g. [1–3]. The modeling of interfacial motion can be approached
from a variety of perspectives, encompassing e.g. diffusive, mechanical, electro-chemical, and
coupled processes. As a result, phase-field methods are constantly under development and it
is therefore crucial to develop and establish standardized benchmark tests.

Phase-field method. A principal characteristic of phase-field models, see fundamental works
[4–6], is the diffusiveness of interfaces, i.e. that interfaces between neighboring phases are
described by a transition region of finite width. In the field of phase-field theory, the term phase
is used not only to describe a phase in the thermodynamic sense as a distinct state dependent
on temperature, composition, pressure, and so forth, but also to distinguish between grains of
equal thermodynamic properties that exhibit, e.g. different orientations. Each phase is associ-
ated with a phase-field variable, the order parameter, which exhibits a continuous and steep
transition between phases. From amicroscopic perspective, the transition region of finite width
can be attributed to the fact that the interfacial region is indeed characterized by an atomic
arrangement different from the bulk within a spatially confined region. In mesoscopic phase-
field models, the diffuse interface is rather a regularization of a singular surface that enables an
efficient computation of moving boundaries due to the continuous nature of order parameters.
One of the initial applications of the phase-field method was in the field of solidification [7].
Multiphase-field methods [8–10] were developed to overcome the restriction to two phases,
allowing to model an arbitrary number of different phases or, in a polycrystalline framework,
different grains of the same phase. Khachaturian’s theory of microelasticity [11] constitutes
an important contribution to the introduction of mechanics into phase-field models. A num-
ber of models have been developed that couple diffusive and displacive transformation pro-
cesses, here so called chemo-mechanical models, e.g. [12]. Among the many applications of
chemo-mechanical phase-field models recent research include the modeling of various phase
transformations in steels (see [13, 14] for a review), including the growth ofWidmanstätten fer-
rite [15, 16], pearlite [17], martensite [18, 19], and bainite [20, 21] to name just a few, phase
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transformations in superalloys [22–24], and the modeling of battery materials [25, 26]. In
these models, different assumptions are made concerning the mechanical and chemical fields
in the diffuse interface. The Reuss-Sachs (RS) approximation states that the phase-inherent
stresses σα are locally equal, cf equation (1), which results in a harmonic interpolation of
phase-inherent stiffnesses Cα [27]. Within the Voigt-Taylor (VT) approximation on the other
hand, phase-inherent strains εα are locally equal, cf equation (2), which results in a linear inter-
polation of phase-inherent stresses and stiffnesses [27]. Khatchaturyan (KHA) introduced yet
another interpolation of stiffnesses and eigenstrains within the interfacial region [11]. All three
approaches have been compared in the context of a chemo-elasto-plastic phase-field model in
the work of Ammar et al [27]. The jump condition approach accounts for the mechanical jump
conditions in the sense that the balance of linear momentum on a material singular surface,
i.e. the continuity of the stress vector normal to the interface t= σnS , where nS describes the
interface normal, as well as the Hadamard condition are satisfied at each point within the dif-
fuse interface, cf equation (3). Herein, the unknown jump vector and the normal vector between
phases α and β are denoted by aαβ and nαβ , respectively. A comparison of the jump condition
approach (or similar homogenization approaches in the range of (partial) rank-one convexific-
ation) with VT and RS are conducted in [28–31]. In contrast to RS and VT, the jump approach
is consistent with sharp interface modeling, see e.g. [32], which is an important aspect in the
context of mesoscopic phase-field models. Otherwise, the interpolation assumption leads to
excess energy within interfacial regions which in turn can result in high stresses and incorrect
phase transformation kinetics. Regarding chemical heterogeneities, the approach developed
by Wheeler, Boettinger, and McFadden (WBM) assumes equal concentrations cα [33] while
the Kim-Kim-Suzuki (KKS) [34] as well as the grand chemical potential (GCP) [35, 36] mod-
els assume equal chemical potentials µα within the diffuse interface region, cf equations (4)
and (5). The WBM model involves an intrinsic coupling between bulk and interfacial free
energy which results in a dependence of simulation results on interface thickness. As discussed
in the context of mechanics, this becomes problematic for mesoscopic models where the width
of the diffuse interface is well above the natural scale of diffuseness and thus, excess energy
is introduced into the system. Both the KKS and the GCP models decouple bulk and interface
contributions but differ in the choice of intrinsic variables. While the KKS model is based on
the concentration field, the GCPmodel employs the chemical potential as evolving field quant-
ity, see e.g. [35]. The performance of chemo-elastic coupling, specifically the combination of
the GCP model with different mechanical homogenization schemes (RS, VT, KHA) has been
discussed by Simon et al [37]. The introduction of both chemical and mechanical contribu-
tions to the system can impact the interfacial energy. To accurately model the interplay of
coupled multi-physics with curvature driven phase transformations, it is necessary to preserve
the physical interfacial energy, see e.g. [38]. The assumptions concerning the mechanical and
chemical fields in the diffuse interface described above can be summarized as

σ = σα = σβ (RS [27]), (1)

ε= εα = εβ (VT [27]), (2)

-[t]-αβ = 0, -[ε]-αβ =
1
2

(
aαβ ⊗nαβ +nαβ ⊗ aαβ

)
(Jump [28–30, 39]), (3)

c= cα = cβ (WBM [33]), (4)

µ= µα = µβ (KKS [34], GCP [35, 36]). (5)

In the equations above, phase-dependent quantities are indicated by the superscripts α and β.
Further notation conventions are introduced in the paragraphNotation at the end of this section.
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In addition to different assumptions within the diffuse interface region, it is possible to distin-
guish between different modes of coupling, which may be interpreted as the type or degree of
interaction between the stress and concentration field. Amodel is only considered fully coupled
in a chemo-mechanical sense, if the stress field, and thus the displacement field, is impacted by
the concentration and vice versa, which implies that the diffusion is dependent on the stress,
e.g. [22]. Thus, a model is called chemo-mechanically weakly coupled, if the impact of the
stress on the diffusion is neglected, as e.g. in [15]. The stress can be modeled concentration
dependent e.g. by the introduction of concentration dependent elastic constants see e.g. [40],
or concentration dependent eigenstrains see e.g. [22], in a weakly and fully coupled sense.

Benchmarks. Due to the wide range of chemo-mechanical phase-field models working with
different assumptions and operating on different length scales, the development of standard-
ized benchmark tests is an important task within the phase-field community. A comparison
of models and implementations is enabled by a collection of standardized benchmarks [41].
Jokisaari et al [41] delineated fundamental requirements for benchmarks which include the
targeting of varying degrees of computational complexity, while not necessitating extensive
computational resources. Furthermore, simulation outputs which can be easily compared and
quantified by the evolution of overall metrics such as system energy or phase fractions are
aimed at. According to Jokisaari et al [41], benchmarks should either target numerical imple-
mentation (e.g. simple physics with complicated boundary conditions) or target physics (e.g.
simple domain with coupled physics). Recently developed benchmarks within the phase-field
community include benchmarks for numerical implementation [41], triple junction bench-
marks for the construction of interfacial energy contributions [38, 42], to include anisotropy
in a curvature-driven system [43], and benchmarks for linear elasticity [44]. Some bench-
marks have also already been developed for chemo-mechanical phase-field models: Ammar
et al [27] compared equilibrium concentrations and molar fractions with analytical Cahn-
Larché solutions [45]. However, no curvature contributions are examined. Similarly, Durga
et al [28] chose a setup without curvature for the comparison of different homogenizations
schemes within the diffuse interface region. Durga et al [46] investigate a setup with an elliptic
inclusion, however, its size is fixed and does not evolve corresponding to the concentration
evolution. The concentration shift due to the curvature of the interface is calculated based on an
‘effective circle radius’. Additionally, the analytical solution used for comparison is obtained
for a matrix of infinite size. Simon et al [37] also work with a fixed size inclusion and do not
investigate the equilibrium size influenced by the concentration at equilibrium. In the work by
Kiefer et al [31] chemical energy contributions are constant and no evolution of concentrations
is modeled. Bai et al [47] employed a chemo-mechanical model, the presented benchmark
however is limited to the validation of chemical driving forces. The benchmark developed by
Kamachali et al [40] addresses precipitation in the presence of chemo-mechanical coupling.
The effect of elastic energy on the concentration is not considered in the derivation of the
equilibrium concentration for a precipitate in a matrix. Furthermore, the impact of chemical,
capillary, and mechanical driving forces is not analyzed separately within one benchmark. In
the work by Tschukin et al [48], chemical forces are incorporated into the phase-field equation
to overcome the quasi-equilibrium state between the elastic and capillary forces in the ther-
modynamic equilibrium and are thus adjusted for each setup.

Originality.Within the proposed benchmarks, Gibbs free energies are formulated using a para-
bolic approximation based on Calphad databases. Consequently, the chemical driving forces
are formulated based on thermodynamic data and do not depend on the benchmark setup. An
analytical solution to the equilibrium state of an inclusion in terms of the equilibrium chemical
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potential is derived. Furthermore, an expression for the curvature of a circular inclusion in
terms of the chemical potential is derived which is geometrically motivated and based on the
lever rule, see e.g. [49]. Moreover, the analytical solution utilized for the mechanical driving
force is derived for a finite section of an infinite plate. Therefore, the analytical solution can be
directly compared to the phase-field simulation. In conclusion, the proposed setup allows for
an analytical treatment of the chemical, capillary, and mechanical driving force. In contrast to
the aforementioned chemo-mechanical benchmarks, the proposed framework allows for the
validation of the influence of chemical, mechanical, and capillary driving forces separately
and within a single benchmark. To this end, the evolution of order parameters and concentra-
tion is simulated until equilibrium is reached. The analytically derived capillary driving force
is directly linked to the equilibrium composition and the equilibrium chemical potential, by
utilizing the lever rule. This approach allows for the examination of the impact of a change in
concentration on the capillary driving force. Any modification of the system’s configuration
will result in different driving forces and, consequently, a shift in the equilibrium chemical
potential and equilibrium concentrations, which is reflected directly in the equilibrium phase
fractions.

Objective. This paper contributes to the development of benchmarks for a chemo-mechanical
phase-field model, in order to validate whether the interaction of diffusive, displacive, and
curvature driven forces is accurately represented. A weakly coupled chemo-mechanical model
is addressed following the derivation in [15], where the chemical driving forces can be
derived based on a grand potential multiphase-field method [35, 36]. This model is chemo-
mechanically weakly coupled, in the sense that the mechanical part of the free energy dens-
ity does not directly depend on the concentration and the chemical free energy density does
not directly depend on stresses or strains. The objective of the presented tests is to provide
a benchmark example that allows for the validation of chemical, capillary, and mechanical
driving forces and their interplay based on an equilibrium chemical potential. This enables the
validation of the model implementation and facilitates comparison of different model assump-
tions. The proposed setup allows for the complexity to be increased gradually, thus enabling the
benchmark to be used for solely chemical phase-fieldmodels or for combined validationwithin
a single setup of chemo-mechanical models. In order to ascertain that the phase-field results
yield consistent equilibrium conditions, they are quantitatively compared with the analytically
derived equilibrium solutions based on the generalized Gibbs-Thomson equation. This guar-
antees that the mechanical fields, such as stress, displacement, and strain fields, as well as the
concentration field in equilibrium are consistent with thermodynamic theory. The accuracy of
different model assumptions can be evaluated and compared in terms of the equilibrium phase
fractions, as demonstrated in the last benchmark example for three homogenization schemes
with respect to the mechanical fields, namely RS, VT, and Jump.

Outline. The paper is organized as follows. In section 2, the basic model relations are summar-
ized. The benchmark tests are described in the following sections: The analytical solution of
the corresponding sharp interface solution is given in section 3, and the used parameters and
results of the simulation are discussed in section 4. Finally, this work is concluded in section 5.

Notation. The following notations are used throughout this work: Scalars, vectors, 2nd-order,
and 4th-order tensors are designated by a, a, A, and A, respectively. A linear mapping of a
vector by a 2nd-order tensor is denoted by Ab, and the mapping of a 2nd-order tensor by a 4th-
order tensor byA[B]. A composition is written as AB, and the dyadic product is given by a⊗ b
and A⊗B. Scalar products are written as a · b, A ·B, and A ·B, respectively. The gradient of
a scalar is expressed with the nabla operator as ∇a and the divergence of a 2nd-order tensor
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as ∇·A. The jump of a quantity ψ across a material singular surface S with corresponding
limits ψ+ and ψ− within the two subvolumes V+ and V− is written as -[ψ ]-= ψ+ −ψ−. The
jump of a quantity ψ between phase α and β is defined analogously as -[ψ ]-αβ = ψα −ψβ . The
normal vector nS on S points from V− to V+. The outward normal vectors on V+ and V− are
written as nV+ and nV− , respectively, and the relation nS =−nV+ =+nV− holds true.

2. Model formulation

Functional. The free energy functional of Ginzburg–Landau type [5] describing the energy
state of an isothermal chemo-elastic transformation process of two phases can be defined as

F [ϕα, c̄, ε̄] =
ˆ
V
[fintf (ϕα,∇ϕα)+ f̄chem (ϕα, c̄)+ f̄el (ϕα, ε̄)]dV . (6)

Herein, ϕα is the order parameter of phase α and its gradient is denoted by ∇ϕα. The model
formulation to follow is based on the assumption

ϕα +ϕβ = 1 , (7)

i.e. the phase evolution can be described using only one independent order parameter ϕα
and consequently ϕβ = 1−ϕα. Each order parameter is related to the volume fraction of the
respective phase. Additionally, in the two-phase case, ∇ϕβ =−∇ϕα holds true. The interfa-
cial energy density fintf(ϕα,∇ϕα)with units Jm−3 is additively composed of a gradient energy
density fgrad(∇ϕα) and a potential energy density fpot(ϕα),

fintf (ϕα,∇ϕα) = fpot (ϕα)+ fgrad (∇ϕα) . (8)

The chemical free energy density f̄chem and the elastic energy density f̄el are given by linear
interpolation of the corresponding phase-specific energy densities with units Jm−3

f̄chem = ϕαf
α
chem +(1−ϕα) f

β
chem , f̄el = ϕαf

α
el +(1−ϕα) f

β
el . (9)

A discussion on the kinetics of triple junctions with additional bulk driving forces employing
a multiphase-field approach can be found in [50].

Evolution equation of order parameters. The phase transformation governed by elastic and
chemical free energy densities is modeled as an interaction of the two phases as introduced
in [3, 9]. The evolution equation of order parameters reads

∂ϕα
∂t

=−Mαβ

2ϵ

(
δfintf
δϕα

− δfintf
δϕβ

+
8
√
ϕα (1−ϕα)

π
∆αβ

bulk

)
. (10)

The chemical and mechanical bulk driving forces ∆αβ
chem and ∆αβ

mech, respectively, constitute
the total bulk driving force ∆αβ

bulk by addition, i.e. ∆αβ
bulk =∆αβ

chem +∆αβ
mech, and are defined

as (δ/δϕα − δ/δϕβ )̄fchem and (δ/δϕα − δ/δϕβ )̄fel. Corresponding to the free energy densit-
ies defined in equations (18)–(20), (24) the variational derivative

δ (·)
δϕα

=
∂ (·)
∂ϕα

−∇ · ∂ (·)
∂∇ϕα

(11)
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see e.g. [51, equation (13.63)] is used. The parameter Mαβ denotes the mobility between
phases α and β. The width of the interface can be adjusted with the parameter ϵ.

Chemical driving force. The benchmark cases considered are restricted to two components A
and B, i.e. the corresponding unit-less mole fractions (also referred to as atomic fractions)
satisfy c̄A+ c̄B = 1. Thus, the system can be described with only one independent component
c̄A = c̄. The mole fractions of phases α and β are described by cα and cβ , respectively. The
interpolation relation of the independent component c̄ reads

c̄= ϕαc
α +(1−ϕα)c

β . (12)

Equal phase chemical potentials within the diffuse interface are considered, cf equation (5),
with

µα :=
∂fαchem
∂cα

, (13)

see e.g. [36]. Assuming a constant molar volume Vm which is independent of phases, i.e.

Vm = Vα
m = Vβ

m , (14)

the chemical potential µ with units Jm−3 is related to the molar chemical potential µ̃ with
units Jmol−1 through µ= µ̃/Vm. A similar definition is used, e.g. in [52, 53]. Considering the
assumptions above, the chemical driving force follows as

∆αβ
chem =

δ̄fchem
δϕα

− δ̄fchem
δϕβ

(15)

= fαchem (c
α)−µcα −

(
fβchem

(
cβ
)
−µcβ

)
(16)

= -[ fchem]-
αβ −µ-[c]-αβ . (17)

For a detailed derivation the reader is referred to [15, 36]. Accounting for equation (14), the
Gibbs and the Helmholtz free energy density, Gα and fαchem, respectively, are related through
fαchem(c

α) = Gα(cα)/Vm. Employing a parabolic approximation and considering an isothermal
system, the chemical free energy density of phase α can be modeled as

fαchem (c
α) =

1
Vm

(
Aα (cα)2 +Bαcα +Cα

)
, (18)

allowing for an efficient computation. The coefficients Aα, Bα, and Cα are of unit Jmol−1. In
this work, the Calphad database TCFE7 for the Fe-C system from the Thermo-Calc software
[54] is used. An example workflow for the incorporation of Calphad data from the Thermo-
Calc software using parabolic approximations, is described in detail in [55]. The functions,
i.e. the coefficients are fitted using a least-square approach.

Capillary driving force. A gradient energy density for two phases as proposed in [9]

fgrad (∇ϕα) = ϵγαβ∇ϕα ·∇ϕα (19)
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is used. The interfacial energy is written as γαβ and is assumed to be isotropic. The width of
the interface in equilibrium leq is given by leq = ϵπ2/4. The multi-obstacle potential is given
by

fpot (ϕα) =
16
ϵπ2

γαβϕα (1−ϕα) (20)

see [10]. It is set to ∞ if the order parameters ϕα and ϕβ are not within the Gibbs simplex,

G =

{
ϕ :

2∑
α=1

ϕα (x, t) = 1,ϕα ⩾ 0

}
. (21)

The interfacial contribution in the evolution equation of order parameters introduced in
equation (10) reads

δfintf
δϕα

− δfintf
δϕβ

=
16
ϵπ2

γαβ (1− 2ϕα)− 2ϵγαβ△ϕα, (22)

where △=∇·∇ denotes the Laplace operator.

Mechanical driving force. The derivation of the mechanical bulk driving force ∆αβ
mech, which

is solely elastic in this work, is determined by adopting an approach presented in [30, 39,
56]. This method accounts for the mechanical jump conditions in the sense that the balance of
linear momentum on amaterial singular surface as well as the Hadamard condition are satisfied
at each point within the diffuse interface, cf equation (3). Within this work a small strain
framework is considered, i.e. the infinitesimal strain ε̄ is related to the continuous displacement
field u via ε̄= (∇u+(∇u)T)/2. The resulting mechanical driving force is written as

∆αβ
mech = -[ fel]-

αβ − σ̄ · -[ε]-αβ . (23)

Herein, the phase-specific elastic energy densities are given by

fαel =
1
2
(εα ·Cα [εα]) (24)

and the interpolated stress tensor is defined as σ̄ =
∑N

α=1ϕασ
α, see e.g. [39].

Evolution equation of concentration and chemical potential. The evolution equation of con-
centration is given by

∂c̄
∂t

=∇· (M̄(ϕα)∇µ), (25)

where themobility comprises of the phase-specificmobilities M̄(ϕα) = ϕαMα +(1−ϕα)Mβ .
According to, e.g., Choudhury and Nestler [36, equations (22)–(24)], each phase-specific
mobility depends on the diffusivity Dα of the independent component in phase α

Mα = Dα ∂c
α (µ)

∂µ
. (26)

8
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The evolution equation of the chemical potential follows from equations (12) and (25)

∂µ

∂t
=

[
ϕα
∂cα (µ)
∂µ

+(1−ϕα)
∂cβ (µ)
∂µ

]−1(
∇· M̄(ϕα)∇µ−

(
cα (µ)− cβ (µ)

) ∂ϕα
∂t

)
,

(27)

see [36, equation (26)], which is computationally efficient.

3. Analytics

Equilibrium conditions. In this work, simulative results in the diffuse interface context are
compared with analytic solutions based on equilibrium properties for sharp interfaces given
by the generalized Gibbs-Thomson equation for two phases α and β

-[ω]-αβ − σ̄ · -[ε]-αβ =−2Γκ̄S , (28)

see e.g. [57, 58], where κ̄S describes the mean curvature of the interface, cf equation (35).
Herein, +≡ α and −≡ β is assumed regarding the subvolumes introduced in section 1, and
thus nS =−nα. In the sharp interface context the mean stress is given by σ̄ = (σα +σβ)/2,
see e.g. [32, p 32]. Furthermore, ω and Γ denote the grand canonical energy density and the
surface excess grand canonical energy density, respectively.

Approach for a binary two-phase system. In the following, three setups are introduced bench-
marking chemical, capillary, andmechanical bulk driving forces. Firstly, only chemical driving
forces are considered, in a second benchmark capillary effects are included, and lastly chem-
ical, mechanical, and capillary driving forces are combined in one setup. This step-by-step
procedure incrementally increases the complexity of the benchmarks. A uniform approach is
proposed for all benchmarks in order to derive the analytical sharp solution needed for com-
parison with simulative results:

(i) Define domain and boundaries.
(ii) Formulate the volumetric driving force∆αβ(µ) in terms of the chemical potential µ.
(iii) Solve equilibrium condition ∆αβ(µ) = 0 for equilibrium chemical potential µeq.
(iv) Compute equilibrium concentration cαeq(µeq) and c

β
eq(µeq).

(v) Define overall concentration ctot.
(vi) Compute equilibrium phase fractions ξαeq(c

α,β
eq ) and ξ βeq(c

α,β
eq ) with lever rule.

3.1. Setup I — chemical driving forces

Equilibrium condition. In this first setup, only chemical driving forces ∆αβ
chem are considered.

Thus, the jump of the grand canonical energy densities, introduced in equation (28), is given
by

-[ω]-αβ = -[Ψ]-αβ , (29)

i.e. it reduces to the jump of the grand chemical potentials at the sharp interface as introduced in
equation (17) with Ψα = fαchem −µcα. Thus, for a purely chemical system with flat interfaces,
i.e. κ̄S = 0, the equilibrium condition reads

∆αβ (µ) = ∆αβ
chem (µ) = -[Ψ]-αβ = 0. (30)

9
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Figure 1. Schematic depiction of the Gibbs energy of two phases α and β in equilib-
rium. Without curvature contribution the equilibrium state is characterized by a com-
mon tangent (a), and with curvature contribution the equilibrium state is characterized
by parallel tangents (b).

Within this first setup, the driving force∆αβ(µ) is the chemical driving force for a two-phase
binary system, which reads

∆αβ (µ) = µ2Vm

(
1

4Aβ
− 1

4Aα

)
+µ

(
Bα

2Aα
− Bβ

2Aβ

)
+

1
Vm

(
− (Bα)

2

4Aα
+

(
Bβ
)2

4Aβ
+Cα −Cβ

)
(31)

employing equation (18). The inversion of the expression for the chemical potential
µ(cα) = (2Aαcα +Bα)/Vm (cf equations (13) and (18)) used in the derivation above yields
the phase specific concentrations

cα (µ) =
µVm −Bα

2Aα
, cβ (µ) =

µVm −Bβ

2Aβ
, (32)

which are needed to compute phase fractions ξα,β using the lever rule, see e.g. [49],

ξα =
|cβ (µ)− ctot|

|cβ (µ)− cα (µ) |
, ξ β =

|cα (µ)− ctot|
|cβ (µ)− cα (µ) |

. (33)

A schematic depiction of the equilibrium state, characterized by the common tangent with
slope µeq, the equilibrium compositions cαeq and c

β
eq, and the corresponding phase fractions ξα

and ξβ given by the lever rule is provided in figure 1(a).

3.2. Setup II — chemical and capillary driving forces

Equilibrium condition. In this second setup, a system with a curved interface is considered,
i.e. κ̄S ̸= 0. Thus, capillary driving forces are introduced into the system. The capillary driving
force ∆αβ

cap is derived from equation (22) and written as

∆αβ
cap = 2κ̄Sγαβ . (34)
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In general, the mean curvature of a singular surface is given by

κ̄S =−∇S ·nS
2

, (35)

see e.g. [59, equation (2.2)]. In the equation above, the mean curvature of a singular surface κ̄S
is expressed in terms of the interface normal nS . The equilibrium condition, combining chem-
ical driving forces∆αβ

chem and capillary driving forces ∆αβ
cap , is given by

∆αβ (µ) = ∆αβ
chem (µ)+∆αβ

cap (µ) = -[Ψ]-αβ + 2κ̄Sγαβ = 0 . (36)

The additional capillary driving force causes a shift of the equilibrium composition and phase
fractions as schematically depicted in figure 1(b). To examine this setup with the approach
described above, the curvature κ̄S has to be expressed as a function of the chemical potential,
i.e. κ̄S = f(µ). The equilibrium condition for such a system reads

∆αβ (µ) = µ2Vm

(
1

4Aβ
− 1

4Aα

)
+µ

(
Bα

2Aα
− Bβ

2Aβ

)
+

1
Vm

(
− (Bα)

2

4Aα
+

(
Bβ
)2

4Aβ
+Cα −Cβ

)
+ 2γαβκ̄S (µ) . (37)

3.3. Setup III — chemical, capillary, and mechanical driving forces

Equilibrium condition. Finally, mechanical loading is added to the preceding setup.
Considering chemical, capillary, and mechanical driving forces, ∆αβ

chem, ∆
αβ
cap , and ∆αβ

mech,
respectively, the jump of the grand canonical energy density introduced in equation (28) is
given by the jump of the grand chemical potential and the jump of the elastic energy density

-[ω]-αβ = -[Ψ]-αβ + -[ fel]-
αβ
. (38)

Consequently, the equilibrium condition is given by

∆αβ (µ) = ∆αβ
chem (µ)+∆αβ

cap (µ)+∆αβ
mech (µ)

= -[Ψ]-αβ + 2κ̄Sγαβ + -[ fel]-
αβ − σ̄ · -[ε]-αβ = 0 . (39)

Additionally, the balance of linear momentum∇· σ̄ = 0 is solved for the displacement field u.
Within this chemo-mechanically weakly coupled model, the mechanical driving force ∆αβ

mech
is independent of the chemical potential. Thus, the driving force reads

∆αβ (µ) = µ2Vm

(
1

4Aβ
− 1

4Aα

)
+µ

(
Bα

2Aα
− Bβ

2Aβ

)
+

1
Vm

(
− (Bα)

2

4Aα
+

(
Bβ
)2

4Aβ
+Cα −Cβ

)
+ 2γαβκ̄S (µ)

+ -[ fel]-
αβ − σ̄ · -[ε]-αβ , (40)

for a general domain.
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Figure 2. Initial domain with a flat interface corresponding to setup I (a) and a curved
interface corresponding to setup II and III (b). The phases α and β correspond to an
austenitic phase and a ferritic phase, respectively.

4. Simulation studies

Objective. The subsequent benchmark problems examine the impact of the different contribu-
tions to the free energy density defined in equation (6), namely the chemical, capillary, and
mechanical energy density, on the equilibrium configuration of a two-phase domain. Three
boundary value problems (BVPs) are defined, each specifying the equilibrium conditions of
one setup derived in the preceding section for a general case. Simulations are conducted until
an equilibrium state is reached. The equilibrium concentrations cα,βeq and the equilibrium phase
fraction ξα,βeq of the matrix and the inclusion are chosen as comparable simulation output. All
phase-field simulations including the mechanics were run using the Pace3D in-house simula-
tion software [60].

4.1. Simulation setup

Domain. For the first benchmark, corresponding to the setup I introduced in section 3.1, a quasi
one-dimensional beam is discretized using an equidistant grid with 150× 7 cells. The initial
configuration is displayed in figure 2(a). Two phases α and β are separated by a flat interface,
i.e. κ̄S = 0. For the second and third benchmark, corresponding to setup II and III as introduced
in sections 3.2 and 3.3, a circular inclusion α within a matrix β is considered. The domain is
discretized with 200× 200 cells if not otherwise specified, and is illustrated in figure 2(b). For
all setups, if not otherwise specified, a spatial discretization ∆x=∆y= 2 nm is used and the
diffuse interface is discretized with nI = 8 cells. The interface is initialized exhibiting an equi-
librium profile and width, i.e. leq = nI∆x= ϵπ2/4. In order to specify the mean curvature κ̄S ,
defined in equation (35), nS =−nα is assumed as pointed out above. Thus, for the second and
third benchmark involving a circular inclusion with radius a it follows

κ̄S =−∇ · nS
2

=
∇· nα

2
=

∇· er
2

=
1
2a
. (41)

Thus, employing the concentration equation (32) and the phase fraction equation (33) in terms
of the chemical potential µ the mean curvature of the interface between inclusion α and mat-
rix β can be expressed as
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Table 1. Coefficients used for the parabolic approximation of the chemical free energy
fitted at T = 980K with the Thermo-Calc [54] TCFE7 Calphad database.

Coefficient Ferrite Austenite

A in Jmol−1 5829 166.667 162 958.333
B in Jmol−1 22 520.208 20 071.083
C in Jmol−1 −40 946.873 −40 680.599

Table 2. Material parameters.

Description Symbol Unit Ferrite Austenite

Young’s modulus E GPa 130 13 [15]
Poisson’s ratio ν — 0.33 0.33 [15]
Diffusivity D m2 s−1 2× 10−9 1× 10−9 [15]
Equilibrium
concentration of carbon

ceq at.-% 0.097 4420 4.093 42 TCFE7

Molar volume Vm m3 mol−1 7× 10−6 7× 10−6 [15]

Interfacial energy γαβ Jm−2 0.2 [15]
Mobility Mαβ m4 J−1 s−1 1× 10−11

κ̄S (µ) =
1

2a(µ)
=

1
2


∣∣∣ctot − µVm −Bβ

2Aβ

∣∣∣∣∣∣µVm −Bβ

2Aβ
− µVm −Bα

2Aα

∣∣∣
Atot

π


− 1

2

. (42)

Herein, the radius a of the inclusionα is written in terms of its phase fraction ξα, which depends
on the chemical potential µ, i.e. a=

√
ξα(µ)Atot/π. Atot describes the total area of the simu-

lation domain. Equation (42) constitutes a geometrically motivated criterion for the curvature
of a circular inclusion based on the lever rule as a function of the chemical potential µ.

Material parameters. The presented benchmarks are applied to a binary system of carbon (C)
and iron (Fe), where carbon is the independent component c̄. The two phases are a ferritic
phase (right bar, matrix, β) and an austenitic phase (left bar, inclusion, α). The fitted coeffi-
cients (obtained using the TCFE7 database of the Thermo-Calc software [54]) corresponding
to equation (18) at T = 980K are summarized in table 1. A least-square-method has been
employed to fit the coefficients. Material parameters are summarized in table 2. It should be
noted that the Young’s modulus of the austenitic phase Eaust is formulated dependent on the
Young’s modulus of the ferritic phase, i.e. Eaust = 0.1Eferr, in order to highlight the influence
of the different stiffnesses. However, it is not representative for austenite. Since the transform-
ation kinetics are not the focus of this work, the mobilityMαβ is set to a constant value which
ensures that the simulations run numerically stable.

Boundary conditions. In all benchmarks, zero-flux boundary conditions are imposed for
the concentration at the domain boundary, thereby defining an enclosed system wherein
the average carbon content ctot remains constant. In the quasi one-dimensional config-
uration (cf figure 2(a)), the zero-gradient boundary condition applied to the order para-
meters ensures that the interface remains perpendicular to the boundary during phase

13



Modelling Simul. Mater. Sci. Eng. 33 (2025) 015004 T Kannenberg et al

Figure 3. A two-dimensional plate subjected to hydrostatic tension σ0 at infinity is con-
structed (left). A section of finite dimensions with length L is considered (right) with the
correspondingDirichlet boundary conditions. The inclusion andmatrix are denoted byα
and β, respectively.

evolution thereby emulating a one-dimensional setup. In the matrix-inclusion configura-
tion (cf figures 2(b) and 3), the interface is not in contact with the domain boundary, as
only smaller inclusions are examined, i.e. 2a< L. In consequence, the boundary condition
on the order parameters ensures a constant value at the boundary. For the third setup, a two-
dimensional plate subjected to hydrostatic tension σ0 at infinity and under plane strain condi-
tions with a soft circular inclusion in its center is examined. A section of finite dimensions is
considered as simulation domain, cf figure 3. From the analytical solutions for the described
BVP, see [61], the displacement vector u(r) is derived as

u(r) =
(

σ0r
2(λβ +Gβ)

+
σ0a2 (λβ +Gβ −λα −Gα)

2r(λβ +Gβ)(λα +Gα +Gβ)

)
er (43)

see [61, p 179]. For each simulation, the radius a in equation (43) is set to the equilibrium
radius calculated with the sharp interface solution. Regarding benchmark III, the displacement
vector u introduced in equation (43) is enforced on all boundaries, as schematically depicted
in figure 3. Consequently, the mechanical driving force, cf equation (23), reads,(

∆αβ
mech

)
Mal

=
1
2

(
σα
rrε

β
rr +σα

θθε
β
θθ −σβ

rrε
α
rr−σβ

θθε
α
θθ

)
(44)

=
σ2
0 (λα +Gα −λβ −Gβ)(λβ + 2Gβ)

2(λα +Gα +Gβ)(λβ +Gβ)
2 (45)

see [61, pp 179–81]. Herein, σrr, σθθ, εrr, and εθθ correspond to the solutions at the interface
(r= a) in radial and tangential direction derived by Mal [61], and λα,β and Gα,β denote the
first Lamè constant and the shear modulus of the respective phases.

4.2. Results and discussion

Remark. In the following evaluations, phase fractions ξα resulting from the analytical solution
were determined using the lever rule, cf equation (33). The phase fractions resulting from
the phase-field simulations (PFS) were calculated using ξα =

´
Ω
ϕα dV/(

´
Ω
dV). To ensure

consistency with the lever rule, the equilibrium concentrations and phase fractions resulting
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Figure 4. Benchmark I: the phase fractions resulting from the analytical sharp inter-
face (SI) derivation described in setup I, where only chemical driving forces are
considered, are compared with the results of the corresponding phase-field simula-
tions (PFS). Phase fractions are displayed with respect to the left ordinate. The relative
error of PFS results with respect to SI derivations (Erel) are illustrated referencing to the
right ordinate.

from the PFS are compared with the classical lever rule predictions. The absolute deviation is
less than 0.0007% in all PFS. Thus, the validation of equilibrium concentration through the
use of equilibrium phase fractions is a justifiable approach.

Benchmark I — chemical driving forces. The equilibrium phase fractions ξαeq which are cal-
culated based on an analytical solution derived on the basis of approximated functions of the
Gibbs energies constitute sharp interface (SI) solutions, cf equation (30). These SI solutions
and the results of the PFS are compared and visualized in figure 4. In all of the following res-
ults, SI solutions are represented by solid lines and each unfilled mark represents a PFS result,
both corresponding to the left ordinate. Furthermore, each filled mark represents an error and
corresponds to the right ordinate. In this first benchmark, only chemical driving forces ∆αβ

chem
are accounted for corresponding to the first setup described in section 3.1. The total concen-
tration ctot is varied between the equilibrium concentrations predicted by the Thermo-Calc
calculations. Perhaps not surprisingly, the closer the total concentration is to the equilibrium
concentration of a phase, the larger the phase fraction of that phase. A good agreement of the
PFS with respect to the SI solution is clearly visible. A direct comparison of PFS results with
Thermo-Calc equilibrium calculations is not meaningful, as based on the deviation between
these two datasets the error introduced by approximating the Gibbs energies cannot be sep-
arated from the error introduced by the phase-field simulation. The accuracy of the parabolic
approximation is further discussed in appendix A. The small error Erel, describing the relative
error of PFS with respect to SI, indicates a high precision of the phase-field simulations. This
first benchmark setup for chemical driving forces is analogous to the benchmark presented by
Bai et al [47] and is solely intended for the validation of chemical driving forces.

Benchmark II — chemical and capillary driving forces. In a second benchmark, the chemical
driving forces ∆αβ

chem are validated in combination with capillary driving forces ∆αβ
cap as intro-

duced in Setup II, cf section 3.2. For this purpose the equilibrium size of an inclusion within
a matrix is examined as described above. The resulting equilibrium phase fractions ξeq are
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Figure 5. Benchmark II: the equilibrium phase fractions are compared while varying
the total carbon concentration ctot (a) and the surface energy γαβ (b). The SI solutions
are represented by solid lines and PFS results are represented by unfilled marks in (b).
An increased surface energy results in a smaller equilibrium size of the inclusion.

investigated for different total concentrations ctot and surface energies γαβ . The SI solution
and the PFS results are visualized in figure 5. First of all, in figure 5(a) it can be seen that,
analogous to the previous setup, the inclusion at equilibrium is larger for higher total concen-
trations. Moreover, it is visible, that a decreased surface energy γαβ results in a bigger phase
fraction of the inclusion in equilibrium. This becomes even clearer in figure 5(b). Here, the
resulting equilibrium phase fractions ξeq are plotted against the surface energy γαβ . With an
increased surface energy γαβ the capillary driving force is increased which results in a smal-
ler inclusion in equilibrium. The PFS results are in good agreement with the SI solution. The
relative error of the predicted equilibrium phase fractions EPFS

rel does not exceed 0.1%. The
curvature minimizing effect introduced by the capillary driving forces predicted with the ana-
lytical sharp interface solution is represented accurately in the diffuse interface context. The
advantage of validating different driving forces within a unified framework becomes clear. In
contrast to the approach taken in [48], all benchmarks are based on the same chemical free
energies. The chemical driving force depends on the concentration, in contrast to the fixed
contribution considered in [31]. Furthermore, the inclusion is not fixed in size as in [37, 46].
Instead, the impact of total concentration ctot and surface energy γαβ on the driving forces,
including the capillary driving force, that result in different equilibrium sizes of the inclusion
can be evaluated within a single benchmark.

Benchmark III.a — chemical, capillary, and mechanical driving forces. In this last benchmark,
chemical, capillary, and mechanical driving forces are accounted for increasing the complex-
ity of the benchmark, as introduced in Setup III, cf section 3.3. The formulation of mechanical
boundary conditions is schematically depicted in figure 3. The mechanical boundary condi-
tion is formulated in terms of the plate dimensions L and is implemented as Dirichlet boundary
conditions, cf equation (43). A study has been conducted by separately varying the total car-
bon concentration ctot, the surface energy γαβ , and the boundary stress σ0. The resulting phase
fractions ξαeq in equilibrium are depicted in figure 6 and correspond to the left ordinate. This
setup resembles the mechanical solution derived in [61] and a very good alignment of the PFS
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Figure 6. Benchmark III.a: the equilibrium phase fractions are compared with vari-
ation of the total concentration ctot (a), the surface energy γαγ (b), and the boundary
stress σ0 (c) corresponding to the left ordinate. The SI solution is represented by a solid
line, while PFS results and errors are represented by unfilled and filled marks, respect-
ively. The evaluation of the relative error Erel of the equilibrium volume is represented
with respect to the right ordinate.

and the SI solution is visible. A detailed comparison of the stress and strain fields of one sim-
ulation can be found in appendix B. Moreover, for each PFS result in figure 6, the profiles of
the concentration c̄ and the order parameter ϕα are depicted in appendix B. The comparison of
the equilibrium phase fractions reveals that the relative error of the PFS with respect to the SI
solution Erel does not exceed 0.1%. With increasing total carbon concentration ctot the phase
fraction of the austenitic inclusion increases linearly. With increasing surface energy γαβ the
inclusion is smaller in equilibrium due to the capillary driving force as elucidated in the previ-
ous section. The total bulk driving force is quadratic in the boundary stress σ0, cf equation (45).
Thus, with increasing stress the inclusion size increases quadratically. Within the chosen setup
and especially with the selected alloy and temperature, cf table 1, the chemical driving force
is dominating. Along with the impact of chemical and capillary driving forces, the impact
of elastic energy on the equilibrium concentration is validated in a single setup, which dif-
fers from the approach taken in [40], where the effect was not considered. With the proposed
benchmarks, the alteration of a single parameter results in different driving forces and ulti-
mately different equilibrium stages, without necessitating a modification to the benchmark
setup.

Benchmark III.b — comparison of different homogenization schemes within the diffuse inter-
face region. The benchmark introduced in the previous paragraph is used to evaluate the per-
formance and implementation of different homogenization schemes within the diffuse inter-
face. In the following, three different homogenization schemes (VT, RS, and Jump) are dis-
cussed and the results are depicted in figure 7. It is clearly visible, by examination of the
relative errors Erel that the equilibrium phase fractions ξeq obtained with the jump condition
approach are closest to the SI solution. The relative error Erel of the RS and VT homogeniz-
ation is approximately constant while varying the total concentration ctot in figure 7(a) and
the surface energy γαβ in figure 7(b), since the mechanical driving force is constant in these
cases. The relative error obtained comparing RS and VT with the SI solution increases with
increasing mechanical contribution, i.e. increasing boundary stress σ0, as visible in figure 7(c).
With the use of RS and VT, an excess energy is introduced into the diffuse interface area. The
sharp interface solution is not recovered as accurate as with the jump condition approach.

17



Modelling Simul. Mater. Sci. Eng. 33 (2025) 015004 T Kannenberg et al

Figure 7. Benchmark III.b: different stress formulation within the diffuse interface are
compared by means of equilibrium phase fractions (left ordinate) with variation of the
total concentration ctot (a), the surface energy γαβ (b), and the boundary stress σ0 (c).
The relative error Erel of the equilibrium phase fraction is evaluated corresponding to
the right ordinate. The SI solution is represented by a solid line, while PFS results and
errors are represented by unfilled and filled marks, respectively.

Figure 8. Benchmark III.b: the impact of the interface thickness is compared using dif-
ferent homogenization schemes within the diffuse interface. The phase fractions and
their relative error (Erel) compared to the analytical solution of the sharp interface (SI)
are depicted in (a) and the excess energy in (b). The SI solution is represented by a
solid line, while PFS results and errors are represented by unfilled and filled marks,
respectively.

This is highlighted by a study on the interfacial width, cf figure 8. Herein, the discretiza-
tion is varied with ∆x ∈ [4,2,1,0.5] nm with a constant length of the domain L= 400 nm
and a constant number of cells in the interface nI = 14. With a decreasing interface width
the error decreases for all three homogenization approaches, cf figure 8(a). In figure 8(b)
the excess energy Eex =

´
S f

SI
el − fPFSel dS computed along the interface normal direction is dis-

played, which decreases with decreasing interface width. The jump condition approach is
closest to the analytical solution even for very large interfaces. Here only a small error is
introduced due to coarse discretization.With the RS and VT homogenization the elastic energy
density fel deviates from the analytical solution, resulting in a larger relative error of the phase
fraction. This is caused by excess energy which is introduced mainly in the interface region
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cf figure 8(c). A more detailed comparison can be found in [30]. With the proposed bench-
mark, advantages and disadvantages of different homogenization schemes within the diffuse
interface region can be highlighted.

5. Conclusion

Summary. A set of three benchmarks has been proposed for the validation of chemical, capil-
lary, and mechanical driving forces, in a weakly coupled chemo-elastic phase-field approach
based on the grand potential density. Within this work, a two-component and two-phase
approach has been considered. To quantify chemical free energies a Calphad database has
been utilized. Phase-field simulation results are compared with an analytical solution derived
on basis of the generalized Gibbs-Thomson equation. The impact of each driving force is
examined separately and in combination with the use of a series of chemo-elastic equilibrium
states for Fe-C binary alloys. Despite their success, these benchmarks constitute a relatively
simple approach that should act as a foundational starting point for more complex extensions.

Extensions. Future work may focus on enhancing the benchmarks’ complexity and applying
them to more complex scenarios like multi-component, multi-phase, and chemo-mechanically
fully coupled systems. In this work, a chemo-mechanically weakly coupled phase-field model
is considered. Nevertheless, the set of benchmarks is readily adaptable to a fully coupled
model. In the weakly coupled case, the diffusion potential is given by the chemical poten-
tial, i.e. µ= µchem, providing an invertible expression for the concentration. In the fully
coupled case, the diffusion potential is composed of a chemical and an elastic potential, i.e.
µ= µchem +µel, with µel := ∂fel/∂c. In this case, it might be convenient to formulate the equi-
librium conditions on the driving force and the diffusion potential directly in terms of the
concentrations cα and cβ

-[ fchem]-
αβ −µα

chem-[c]-
αβ

+ 2κ̄Sγαβ + -[ fel]-
αβ −µα

el-[c]-
αβ − σ̄ · -[ε]-αβ = 0 (46)

µα
chem (cα)+µα

el (cα) = µβ
chem (cβ)+µβ

el (cβ) . (47)

The equilibrium conditions are solved for the equilibrium concentrations cα and cβ . For com-
parison with the weakly coupled model see equations (39) and (5). The dependency of the
elastic free energy on the concentration can be modeled, e.g. in terms of concentration depend-
ent eigenstrains or elastic moduli. Moreover, alternative mechanical BVPs, e.g. which may
include (concentration dependent) eigenstrains, can be considered by applying the respective
analytical solutions in the equilibrium condition. Moreover, the straightforward design of the
benchmarks allows for the incorporation of additional driving forces with very little effort. The
extension of the presented set of benchmarks to enable their use in validating multiphase prob-
lems with junctions involving multiple phases necessitates the development of a new setup.

Conclusion. The simplicity of the current benchmarks allows for clear and concise validation,
ensuring that the basic principles and interaction of diffusive, displacive, and curvature driven
forces are accurately represented. It is our intention that the proposed set of benchmarks will
serve the scientific community in order to facilitate future model developments and help to
solidify the chemo-mechanical phase-field approach as a versatile and powerful tool in com-
putational materials science.
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Appendix A. Accuracy of approximated Gibbs energy functions

The accuracy of the approximations of the Gibbs energy functions depends on the considered
temperature and concentration ranges [55]. In the present work, the equilibrium calculations
proposed necessitate a good approximation in the vicinity of equilibrium concentrations. In this
limited range, the use of quadratic functions provides a sufficient approximation and enables an
efficient computation. An advantage of employing parabolic functions is the straightforward
derivation of an invertible expression between the composition and the chemical potential,
which is a necessary condition within the grand potential approach. Alternative fitting func-
tions are summarized, e.g. by Noubary et al [55]. The accuracy of the approximation can be
evaluated by comparing the equilibrium concentrations calculated based on the sharp inter-
face (SI) solution and equilibrium calculations using the Thermo-Calc software (TC) [54] as
reported in table A1. Since the equilibrium carbon concentration of ferrite is very close to zero,
the fit is slightly less accurate than for austenite. However, this results in a maximum absolute
error Eabs = |ξTCeq − ξSIeq| ≈ 0.33% when comparing the phase fractions obtained with TC and
SI, indicating a high precision of the analytic solution derived using parabolic approximations
in the sharp interface context. This justifies the use of the coefficients in table 1.

Table A1. Equilibrium concentrations obtained within the Thermo-Calc Software using
the TCFE7 thermodynamic database (TC) and based on sharp interface solution based
on parabolic approximation (SI) are compared by means of the relative error Erel.

cTCeq in at.-% cSIeq in at.-% Erel in %

Austenite 4.0934 4.0804 0.3176
Ferrite 0.0974 0.0931 4.4148

Appendix B. Detailed evaluation

In figure B1, the stress and strain components σ̄xx, σ̄yy, ε̄xx, and ε̄yy are depicted for both SI
(first row) and PFS (second row). Additionally, their profiles along the indicated horizontal
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Figure B1. Comparison of stress and strain fields σ̄xx, σ̄yy, ε̄xx, and ε̄yy for
ctot = 1.2 at.-%, γαβ = 0.4 Jm−2, and σ0 = 450MPa. The first and second rows depict
the SI and PFS results, respectively. The third row depicts the corresponding profiles
along the indicated horizontal lines.

Figure B2. Profiles of the concentration c̄ (first row) and the order parameterϕα (second
row). Each profile corresponds to a PFS result depicted in figure 6.
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lines are compared in the last row. It is readily apparent, that the PFS results match the SI
solutions very well. Additionally, it is clear to see, that no boundary effects are introduced with
themechanical boundary conditions, as the SI solution for the displacement is directly imposed
on the boundary, in contrast to the benchmarks in [37, 46]. This is also evident in figure B2,
where the profiles for the concentration c̄ (first row) and the order parameter ϕα (second row)
are depicted. Each profile in figure B2 corresponds to a PFS result depicted in figure 6. Even
for very large inclusions, the profiles are not distorted. When phase fractions are similar, the
profiles of both concentrations and order parameters exhibit minimal discrepancy, which is
why the PFS and SI results are compared in terms of the equilibrium phase fraction.
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