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ABSTRACT

To obtain fast solutions for governing physical equations in solid mechanics, we introduce a method that integrates the core ideas
of the finite element method with physics-informed neural networks and concept of neural operators. We propose directly utilizing
the available discretized weak form in finite element packages to construct the loss functions algebraically, thereby demonstrat-
ing the ability to find solutions even in the presence of sharp discontinuities. Our focus is on micromechanics as an example,
where knowledge of deformation and stress fields for a given heterogeneous microstructure is crucial for further design applica-
tions. The primary parameter under investigation is the Young’s modulus distribution within the heterogeneous solid system. Our
investigations reveal that physics-based training yields higher accuracy compared with purely data-driven approaches for unseen
microstructures. Additionally, we offer two methods to directly improve the process of obtaining high-resolution solutions, avoid-
ing the need to use basic interpolation techniques. The first one is based on an autoencoder approach to enhance the efficiency for
calculation on high resolution grid points. Next, Fourier-based parametrization is utilized to address complex 2D and 3D problems
in micromechanics. The latter idea aims to represent complex microstructures efficiently using Fourier coefficients. The proposed
approach draws from finite element and deep energy methods but generalizes and enhances them by learning parametric solu-
tions without relying on external data. Compared with other operator learning frameworks, it leverages finite element domain
decomposition in several ways: (1) it uses shape functions to construct derivatives instead of automatic differentiation; (2) it auto-
matically includes node and element connectivity, making the solver flexible for approximating sharp jumps in the solution fields;
and (3) it can handle arbitrary complex shapes and directly enforce boundary conditions. We provided some initial comparisons
with other well-known operator learning algorithms, further emphasize the advantages of the newly proposed method.
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1 | Introduction

By employing advanced simulation techniques, researchers can
model and analyze the complex interplay of stresses, and defor-
mations, providing thus a deeper comprehension of material
properties. These simulations facilitate the exploration of diverse
materials and contribute significantly to the design and optimiza-
tion of materials with tailored mechanical characteristics, ulti-
mately advancing innovation in numerous manufacturing indus-
tries. Examples of this include obtaining the mechanical behavior
of the microstructure through numerical methods, which then,
through homogenization, one obtains the material properties at
the macro scale [1].

Notable examples of simulation techniques include finite differ-
ence, finite volume, and finite element methods (FEM) [2, 3].
Despite their predictive power, these methods have two major
drawbacks. First, obtaining the solution from them can easily
become very time-consuming and they are not fast enough for
many upcoming design applications. Second, as soon as any
parameter changes (e.g., the morphology of the microstructure),
one has to recompile the adapted model and redo the compu-
tation to obtain the new solution. In other words, the standard
solvers are limited to one particular boundary value problem
(BVP) and do not seem to be a sustainable and green choice, since
they are designed to be used only once.

Deep learning (DL) methods provide solutions to the stated
problem by leveraging their robust interpolation capabilities and
mapping disparate input and output spaces together. For an
overview of the potential of deep learning methods in the field
of computational material mechanics see [2, 4, 5]. The interpo-
lation power of deep learning models is raised to a level that
encourages researchers to train the neural network to learn the
solution to a given BVP in a parametric way. This idea is now
pressed as operator learning, which involves the mapping of two
infinite spaces or functions to each other. A major advantage is
that once the training is done, the network evaluation for obtain-
ing the solution is usually an extremely cheap process in terms
of computational cost. Some well-established methods for opera-
tor learning include but are not limited to, DeepOnet [6], Fourier
Neural Operator [7], Graph Neural Operator [8], and Laplace
Neural Operator [9, 10].

1.1 | Data-Driven Operator Learning

In this category, the data for the training is obtained from the
available resources or by performing offline computations and/or
experimental measurements for a set of parameters of interest.
The idea can also be combined with different architectures of con-
volutional neural networks (CNN), recurrent neural networks,
and so forth, depending on the application.

To further explore this topic, one can find comparative studies on
available operator learning algorithms. Lu et al. [11] compared
the relative performance and accuracy of two well-established
operator learning methods (DeepONet and Fourier Neural Oper-
ator) for different benchmarks. Rashid, Chakraborty, and Anoop
Krishnan [12] made a comparison between different neural
operator architectures to predict strain in a data-efficient manner

in 2D digital composites. Koric et al. [13] applied the DeepONet
formulation to solve the stress distribution in homogeneous
elastoplastic solids with variable loads and material properties.
See also [14-16] for the application of the DeepOnet method
and its extension to problems related to solid mechanics.

Despite the benefits of the reviewed work on operator learning,
there are some potential drawbacks or new challenges that need
to be investigated. First, one still has to deal with the cost of
the training which is mainly dedicated to gather valuable data.
Second, their rather poor performance once we go beyond the
range of training data and third, be sure that any predictions
of these algorithms are physically consistent or not. Therefore,
researchers introduce physical constraints and expect to reduce
the amount of data required to train the deep learning models
(see e.g. [17]).

1.2 | Physics-Driven Operator Learning

To address the mentioned issues, another mainstream goes in
the direction of integrating the model equations into the loss
function of the neural network [18-20]. Considering the concept
of Physics-Informed Neural Networks (PINNs) as introduced by
Raissi, Perdikaris, and Karniadakis [20], the accuracy of predic-
tions or network results can be significantly improved [21]. Addi-
tionally, in scenarios where the underlying physics of the problem
is completely known and comprehensive, it becomes possible to
train the neural network without any initial data. Among many
contributions, for solid mechanics see [21-24], and for consti-
tutive material behavior see [25, 26]. The PINN framework is
also extended by using the energy form of the problem known
as deep energy method (DEM) [27-30] mixed formulations [21,
31], domain decompositions [32, 33], and other techniques that
enhance their predictability [34-36]. In the above-mentioned
methods, automatic differentiation is primarily utilized to con-
struct the loss function based on available physical knowledge.
The advantage is the so-called mesh-free approach, which can
handle complex geometries. The drawback is that the process of
automatic differentiation is costly compared with algebraic meth-
ods. Furthermore, one often has to adapt the location of colloca-
tion points to capture sharp transitions in the solution. Finally,
the two mentioned problems with the standard FEM method (i.e.,
computational cost and being limited to one BVP) still hold for
new solvers such as PINN, DEM, and mixed-PINN. In fact, they
still cannot compete with FEM for forward problems, although
they have the potential to excel in inverse problems where param-
eter identification is the primary concern.

Therefore, an interesting trend and scientific question is how to
combine ideas from operator learning and PINNs. Li et al. [37]
combined training data and physical constraints in the context
of Fourier neural operators to approximate the solution operator
for some popular PDE families. Wang, Wang, and Perdikaris [38]
proposed physics-informed DeepONets, which ensure the physi-
cal consistency of DeepONet models by leveraging automatic dif-
ferentiation to impose physical laws via soft penalty constraints.
The authors reported a significant improvement in the predic-
tive accuracy of DeepONet models, and they also managed to
reduce the need for large training datasets. See also [39-41] for
utilizing CNN combined with physical constraints. In a study

2 of 27

International Journal for Numerical Methods in Engineering, 2025

85UB017 SUOLULIOD BAITER.D 3|1 (ddde 3} Aq pouseA0b a1 SSPNE YO (38N JO S3IN1 0 ALRIQIT BUIUO A8]1M UO (SUORIPUOD-PUR-SWLRYWI0Y A8 1M Ae.q)1 U U0/ SANY) SUORIPUOD PUe SLS | 8U) 89S *[5202/T0/60] U0 ARiqI auliuo A311M ‘000TZ0 -RUIo!GIGSIIS AN ASBAIUN LYY UMY Ag L£9, BWUU/Z00T OT/I0P/W00" A8 |1 ARl 1|pu1juo// ANy WOy papeojumoq ‘T ‘GZ0Z ‘2020260T



by Zhang and Gu [42], a PINN tailored for analyzing digital-
ized materials was introduced, trained without labeled ground
data using minimum energy criteria. For increased efficiency and
potentially greater accuracy, Kontolati et al. [43] suggested map-
ping high-dimensional datasets to a low-dimensional latent space
of salient features using suitable autoencoders and pre-trained
decoders. Zhang and Garikipati [44] presented encoder-decoder
architectures to learn how to solve differential equations in weak
form, capable of generalizing across domains, boundary condi-
tions, and coefficients.

While physics-informed operator learning shows promise,
efficiently computing derivatives for input variables through
automatic differentiation, especially for higher-order partial
differential equations, remains a challenge. Furthermore, the
presence of discontinuities in the solution makes the training of
standard PINN models more challenging. A recent trend seeks
to enhance efficiency by approximating derivatives using clas-
sical numerical methods, transforming the loss function from a
differential equation to an algebraic one. However, this approach
may introduce discretization errors, impacting the network’s
accuracy. Note that the process of training the network using
the backpropagation algorithm still relies on automatic differen-
tiation. Research conducted by Ren et al. [45], Zhao et al. [46],
and Zhang et al. [47] investigated the potential of physics-driven
CNNs utilizing finite difference and volume methods. Fuhg
et al. [48] utilized CNN filters adjusted to resemble finite differ-
ence operators, performing minimization of energy functionals,
which lowers the order of the differential operators compared
with residual-based methods. He et al. [49] employed a graph
convolutional network in the DEM model to handle irregular
domains. Authors also showed that computation of the spatial
gradient based on shape functions are more robust and delivers
an accurate solution even at severe deformations.

A summary of available solvers and surrogate models, along with
their advantages and shortcomings is provided below to clar-
ify our contributions. Standard solvers like finite element and
finite difference methods, as well as approaches such as standard
PINNs, DEMs, and mixed PINNS, are effective for solving specific
PDEs in engineering applications. However, they are limited to
single-use solutions for particular problems.

Neural operators aim to address this challenge by learning
equations in a parametric way, often relying on heavy input
data to effectively learn patterns. To circumvent the costly data
generation step for such surrogate models, attention has turned
to physics-informed neural operators to solve and provide solu-
tions for a class of problems in a parametric manner. In this
context, the term “solver” refers to algorithms capable of finding
correct solutions without relying on data from external sources.
However, this aspect, despite its importance, is still under heavy
development, as training deep learning models efficiently with-
out available data and making them flexible enough to handle
sharp transitions in solution fields and complex geometries
remains a challenge in many engineering applications.

To address such problems, we propose a new approach heavily
motivated by reviewed works. First, we suggest using the dis-
cretized formulation from FEM to construct the loss function.
As a result, we can handle Neumann boundary conditions and

complex geometries much more easier, while also eliminating
the need for automatic differentiation in constructing the loss
function, thereby increasing the efficiency of the training pro-
cess. In this method, the physical degrees of freedom are listed
as neurons in the output layer. After the training is done, the
solution at any arbitrary point within the physical domain can
be interpolated using the shape functions of the FEM. In that
sense, the method is similar to other neural operators such as
DeepOnet, where infinite-dimensional mapping is achieved.
Furthermore, we discuss the potential of Fourier-based deep
learning models, allowing for the straightforward handling of
much more complex topologies in 2D and 3D settings.

The proposed approach has the potential to be directly coupled
with many available finite element-based solvers (or other solvers
based on finite difference and spectral methods) in a way that
it can directly use their residuals as the loss function, avoiding
additional implementation efforts. We apply these techniques,
named as finite operator learning (FOL), to investigate problems
in micromechanics, particularly in the context of heterogeneous
microstructures. Our approach maps parametric input field(s),
namely elasticity parameters, to solution field(s), that is, defor-
mation components (see Figure 1).

In Section 2, we review the problem formulation, which mainly
deals with standard linear mechanics in materials having a
heterogeneous microstructure. In Section 3, we focus on the
application of deep learning to solve the discretized weak form in
a parametric fashion, where the parameter under focus is the dis-
tribution of stiffness (i.e., Young modulus) within the microstruc-
ture. In Section 4, we present the results as well as additional
insights on how to increase the performance and efficiency of the
introduced method through the Fourier-based parameterization
version. Finally, the paper concludes with discussions on poten-
tial future developments.

2 | Problem Formulation

For the mechanical problem in a 2D heterogeneous solid where
the position of material points is denoted by X' = [x, y]. By
denoting the displacement components by U and V in the x and
y directions, respectively. Utilizing the standard FEM, for each
element the deformation field, stress tensor ¢ as well as elasticity
field E, v are approximated as

U=) Nu=NU, (1)
V=) NV,=NV, )
E=) NE =NE, 3)
v=ZN,-v,-=Nve 4)

6=CBU, (5)

Here, Ul = [u; -+ uy| and E! = [E, --- E,| are the nodal
values of the deformation field in the x direction and elasticity
of element e, respectively. Same holds for V', and v,. Moreover,
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FIGURE1 | Left: By employing physics-informed operator learning, we aim to map the microstructure property to its mechanical deformation

field under specified boundary conditions. Right: the current method, coined as FOL, takes advantage of ideas from the FEM, PINN, DEM, and Neural
Operators (NO). In particular cases, the FOL can represent each method individually.

matrices N and B store the corresponding to bi-linear shape func-
tions and their spatial derivatives for a quadrilateral 2D element.
Following the standard procedure in the FEM, one can write the
so-called discretized version of the weak form for one element as

r, = _/ [BI"C [BIU, dV+/ [N]'C [Bue]T nds (6)
Q, & ——

t

Here ¢ denotes the external traction on Neumann BCs and r,
represents the elemental residual vector which in this case is a
8 X 1 vector.

In the current work, we are considering a combination of Neu-
mann and Dirichlet boundary conditions, while periodic bound-
ary conditions have not yet been addressed.

3 | ADeepLearning Model to Learn the Static
Problem on an Elastic Heterogeneous Domain
3.1 | Neural Network Model

This study relies solely on standard feed-forward neural networks
where for each neural network we have the conventional archi-
tecture consisting of an input layer, possibly several hidden layers,
and an output layer. All layers are interlinked, transmitting infor-

mation to the subsequent layer. The computation of each compo-
nent of the vector z’ is expressed as follows:

N/
zfn = a<2wlmnzz_1 +bfn>, I=1,...,L (7)
n=1

The component w,,, shows the weight between the nth neuron
of the layer / — 1 and the mth neuron of the layer /. Every neuron
in the Ith hidden layer owns a bias variable b/ . The number N,
corresponds to the number of neurons in the Ith hidden layer.
The total number of hidden layers is L. The letter a stands for the
activation function.

In a standard PINN framework [20], the network’s input is
the locations of the collocation points. In the current work of
FOL [50], we utilize the so-called collocation fields, which con-
stitute randomly generated and admissible parametric spaces
used to train the neural network. Here, collocation fields rep-
resent possible choices for the elastic properties, that is, E(x,y)
and v(x, y). More details on how to generate samples are pro-
vided in Sections 3.3 and 4.5. Therefore, the input layer con-
sists of information on Young modulus {E;} = {E,,---,Ey}
and Poisson coefficient values {v;} = {v;,---,vy} at all the
nodes, and the output layer consists of the components of the
mechanical deformation at each discretization node i, that is,
{U,} ={U,, .Uy} and {V;} = {¥,,---,Vy }. The neural net-
work model is therefore summarized in the following steps which
are also depicted on the right-hand side of Figure 2

X=[{E}{v}]. Y=[{u}.(¥}]. ij=1--N (®

U =Ny (X:0y), Vi=Ny(X:6y), 6,={W,.b} (9
Here, the trainable parameters of the ith network (i.e., W, and
b,) are denoted by 6,. Note that we propose employing separate
fully connected feed-forward neural networks for each output
variable. The number of nodes is denoted by N, set to 121 in this

paper.
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FIGURE2 |

Network architecture for finite operator learning (FOL), where information about the Young modulus distribution goes in and the

unknown displacement components are evaluated utilizing a series of separate deep neural networks. For constructing the physical loss function,

automatic differentiation (AD) is not required.

The domain remains square-shaped. However, the formulation
is very general and can be easily adapted for irregular geometries
and unstructured meshes, thanks to the power of finite element
techniques [51].

Note that in Figure 2 and throughout the rest of the work, we
assume that the Poisson ratio remains constant in the RVE, and
our focus lies solely on the variation of Young’s modulus. The lat-
ter assumption helps to simplify the input parameter space but
does not constrain the methodology. Next, we introduce the loss
function. We assume traction-free boundary conditions on the
top and bottom edges, resulting in vanishing traction at the Neu-
mann boundaries. The displacement components at the left edge
are fixed (i.e., U; =V, = 0). On the right edge, we apply tension
and shear simultaneously (i.e., Ug = V; = 0.05 mm on Figure 2)
leading to a rather general Dirichlet boundary condition.

The total loss term L,,, combines both the elemental energy form
of the governing equation L, , and the Dirichlet boundary terms
L ;- Itis important to note that, thanks to the weak formulation,
the Neumann boundary conditions are automatically included in
L,,.- Following the approach outlined in [50] for thermal prob-
lems, the total loss function involves the integration of element
residual vectors (i.e., Equation 6) using Gaussian integration,
resulting in

[’tot = Z[’en,e(e) + Z[’db,i(e) (10)
e=1 i=1
Ly, =UL®O)K, U0 (11)
1 1
Loy, = —|U0) = U, gp| + —|Vi(O) = V. ] (12)
Rgp Rgp
K= 350 dew) [B(,)] Cul6)BE) @3
1v O
N(¢&,)E,
C.(&)= 1(_ )2 v1 0 (14)
00 v

Here, n;,, =4 represents the number of Gaussian integration
points. Additionally, ¢, and w, denote the coordinates and
weighting of the nth integration point and the determinant of the
Jacobian matrix is denoted by det(J). In Equation (12), ny, = 22
denotes the number of nodes along the Dirichlet boundaries (i.e.,
the left and right edges). Additionally, U, 4, and V; 4, represent the
given displacement at node i. The final loss function becomes

gl [ Mine ndp
£mz=anU3 ZBTCeB Ue+ab2‘Ui_Ui,db|+‘Vi_Vi.db‘
e=1 L n=1 1 i=1

15)

In the above relation, the determinant of the Jacobian matrix is
constant since we use quadrilateral elements. Additionally, for
the four integration points, we have w, = 1. Based on the energy
formulation for the first term in Equation (15), one can write
, = % det(J). For the second term, we suggest a, = ni, which
needs to be adapted based on the problem via a parame?er study
or novel adaptive weighting techniques. Note that this term can
be limited by applying a hard boundary constraint. In Equation
(15), a,, represents the weighting of the boundary terms which
guarantees the enforcement of the boundary conditions. Note
that in Equation (15), we utilized the discretized energy form, but
one can also use the norm of the total residual vector. The total
loss term L, is minimized with respect to the network parame-
ters O concerning a batch of collocation fields.

a

3.2 | Short Review on the DeepONet Model
Building on the foundational principles of the universal approx-
imation theorem [52], the so-called vanilla DeepONet architec-
ture [8] with two outputs is used here. The network architecture
consists of a single branch and single trunk network as depicted
in Figure 3.

To obtain multiple outputs from a single DeepONet, we divide the
final layers of the branch and trunk networks into two parts of
equal length (see also [53]). Two operators that map the property
distribution to the mechanical deformations are written as
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FIGURE3 | DeepONet’s architecture for translating property maps into mechanical deformations. The property map is vectorized and sampled at

nodes (acting as sensors) to serve as input to the branch network, while the trunk network receives coordinates for output evaluation. Both networks

may have different hidden layers, but end up with the same number of neurons in their final layers, which are divided into two equal-length vectors.

The dot product of these vectors produces the desired outputs (U; and V).

p
Gy (EXX) = Y b (E(

k=1

x)s E (x2:32) o E (xysvw)) - (X0

GY(EXX) = Z be(E(x)
k=p+1

LE(xn.n)) (X0
(16)

In Equation (16), GY” and G’ denote the solution operators for
displacements in the x and y directions, respectively. Finally, for
the pure data-driven DeepONet, the total loss function is writ-
ten as

(xz»yz)ﬂ

Liyain N

TV & 2

tram i=1 j=

2
) (@) (@)
[’DeepONet G E(l) <Xj ) - Uj

W) ( g G) () (i)
+ ‘GQ (E9)(xV) -V, a7

For more details about the DeepONet training see Appendix A. It
is worth noting that several enhancements have been introduced
to improve the performance of the original DeepONet architec-
ture [53, 54].

3.3 | Preparation of Collocation Fields

The neural network mentioned above should be trained using ini-
tial input samples representing the Young modulus distribution.
It is important to note that the training process is entirely unsu-
pervised as no FEM solution is required and random fields are
sufficient to initiate the training by having the loss function based
on discretized FEM residual vector.

In the current work, we consider two-phase heterogeneous mate-
rials, which is a common example in many alloys and composite

materials [55, 56]. The goal is to modify the microstructure’s
morphology and properties, allowing for arbitrary shapes and
volume fraction ratios between the two phases. However, the
elastic properties (i.e., Young’s modulus and Poisson ratio) of
each phase remain fixed. Additionally, to reduce complexity,
we shall investigate at first only one ratio between the elastic
properties of each phase.

So far, we have the following model simplifications: keeping the
Poisson ratio and phase contrast ratio constant, and using a grid
of 11 by 11. Even with the previously mentioned simplifications,
there can be approximately 2!?! ~ 2.6 x 10*® independent sam-
ples. Creating all these samples is unfeasible and may be unnec-
essary depending on considered application. Hence, the user
should determine the relevant parameter space, specific to each
problem, thereby preventing unnecessary complications. The lat-
ter point can be a challenging aspect in designing a very general
deep learning model that works for all cases.

As mentioned, our preliminary motivation relies on two-phase
metallic materials, and after some investigations, we have created
simply a rather meaningful set of samples for training [50]. We
generated 4000 samples for a grid of size \/ﬁ by \/N ,with \/_ =
11. On Figure 4, where the generated microstructures are sorted
based on their phase fraction value, six samples with low and high
phase fraction values are shown.

To assess the NN’s performance, additional samples are chosen
for testing, five of them are shown in Figure 5. These samples
are entirely novel and deliberately selected for their symmetrical
aspects, ensuring they are beyond the scope of the training dataset
(see also Figure B2 in Appendix B for an overview on the topol-
ogy of the samples). These samples are motivated by dual-phase
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FIGURE5 | Unseensamples used for testing the neural network after training.

architectures in composite materials, where a soft and hard phase
are combined. Note that all the samples are downsized to be rep-
resented by an 11 by 11 grid. The downsampling strategy is also
described in [50], where a simple CNN algorithm combined with
a max-pooling is used [57].

4 | Results

The algorithms developed in this study are implemented using
JAX [58] software. The codes are also implemented in SCiANN
package [59], and the methodology can be adapted to other
programming platforms as well. A summary of the network’s
(hyper)parameters is presented in Table 1. Note that whenever

multiple options for a parameter are introduced, we examine the
influence of each parameter on the results. Training can also be
done on personal laptops without relying on GPU acceleration,
thanks to the efficiency of the proposed framework. Neverthe-
less, we primarily used a Quadro RTX 6000 GPU unless otherwise
noted.

The material parameters listed in Table 2 do not necessarily rep-
resent a specific material at this point. For the chosen Young mod-
ulus values and boundary conditions we did not see the necessity
to perform any additional normalization before the training. In
all the results provided below, the units for displacement-based
quantities are in micrometers (pm), while for stress-based quan-
tities, they are in gigapascals (GPa).
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TABLE1 | Summary of the network parameters.

Parameter Value

Inputs, outputs {Ej} = {Ep’ .., EN}’
[{u} ={Us.--. Uy},
iy ={v--

Activation function Swish [60]

Layers and neurons for
each sub-network

(L.N;) = (2,10)

Optimizer Adam [61]
(Number of samples, (100,2), (1000, 25), (2000, 50),
batch size) (4000, 100)

(Learning rate a,
number of epochs)

(5% 107,4000)

TABLE 2 | Model input parameters for the mechanical problem.

Young modulus value/unit

Phase 1 (Ey) 1.0 GPa
Phase 2 (Eg) 0.1 GPa
Applied displacement, (0.05 pm, 0.05 pm)

small defo. model (Ug, V)

4.1 | Evolution of Loss Function and Network
Prediction

The evolution of each loss term is illustrated in Figure 6 through-
out epochs. On the left-hand side, the loss terms associated with
the physics-driven model are presented, while the right-hand side
displays the loss evolution for the supervised data-driven model.
It is noteworthy that satisfactory results are achieved only after
4000 epochs in both cases. It is important to mention that, for
the data-driven model, offline finite element calculations are per-
formed on the same set of 4000 samples, and the identical net-
work architecture is employed as in the physics-driven model.

In Figure 6, we employ the “swish” activation function, and 4000
samples with a batch size of 100 while the remaining parameters
align with those in Table 1. All the loss functions decay simul-
taneously, and we did not observe any significant improvement
after 4000 epochs.

For the loss term related to the Dirichlet boundary conditions,
we assigned higher weightings to satisfy the boundary terms.
Following a systematic study that began with equal weightings
for both loss terms, we selected A = 10 n,,;, indicating a, = 10.
Choosing equal or lower weightings resulted in less accurate pre-
dictions within the same number of epochs as the boundary terms
were not fully satisfied. Opting for higher values did not signifi-
cantly improve the results. It is worth mentioning that with the
current approach, one can also easily apply hard boundary con-
straints by omitting nodes (i.e., degrees of freedom) with Dirichlet
boundary conditions from the output layers. We intentionally did
not perform this for the current study to demonstrate that even
with simple soft constraints, one can train the neural network
properly. This aspect is crucial for extending the neural network

to learn different boundary conditions in a parametric way for
future work.

In Figure 7, the predictions of the same neural network are
depicted. In the middle part of the figures, we display the refer-
ence solutions obtained by the FEM. All the results are assessed
on finer meshes (100 x 100) using bi-linear shape function inter-
polations. On the right-hand side, the absolute value of the
point-wise difference between FOL and FEM is shown. All dis-
placement values are denoted in micrometer (um), stress compo-
nents are represented in (GPa), and Young modulus is expressed
in (GPa) too.

The predictions of the neural network for unseen microstruc-
tures are in very good agreement with those from the FEM.
The maximum pointwise error for displacement components
remains below 10%, localized only in some points of the entire
domain. For the stress components, which are obtained through
post-processing of deformations values, the errors are higher, as
expected, since the neural network predictions are solely based
on deformations, and any higher-order derivatives are more sen-
sitive to slight deviations in the original solution. On the other
hand, for many applications in multiscale material modeling,
homogenized values of stress and strain components are needed,
and these are well-predicted as outlined in Section 4.2.

Based on the reported results, we observe a tendency in the
error distribution depending on the material topology. The main
critical regions with higher errors are localized close to the
phase boundaries where a jump in the solution is expected. A
more quantitative report on the errors and possible remedies to
decrease them is discussed in the following sections. In particu-
lar, we will discuss the influence of initial sample fields, using a
pre-trained autoencoder, as well as a Fourier-based parameteri-
zation to reduce these errors.

4.2 | The Effect of the Number of Initial
Samples

In Figure 8, we not only compare the performance of the
data-driven and physics-driven FOL models but also study the
influence of the initial training samples.

Note that other (hyper)parameters of the NNs are kept the same
for this study (see also Table 1). As expected, reducing the number
of samples from the initial dataset leads to increased errors.

What is noteworthy from such observations is how accurately the
physics-driven model can predict the solution even when trained
based on 2000 initial random samples. This confirms that pro-
viding equations for training has a more significant impact on
the network performance. To confirm this observation, we tested
several cases with different complexities in the next section.

In Figure 9, we present quantitative error measurements by using
different error metrics for four distinct unseen microstructure.

Error metrics are defined as: Erry;q; = \/% Y (upnni) — uFE(i))2

or as Erry,y = Max(|luyy(i) — ugg(D)]). The former indicates
the average pointwise error, while the latter focuses on the
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FIGURE 7 | Predictions of the trained FOL for approximately circular and ellipsoidal inclusions.

maximum local difference. Training the model with more
samples enhances its performance, and one can observe a con-
vergence behavior similar to that of other numerical methods,
despite are based on a different concept here. Note that the
selected test cases were intentionally chosen to represent a range
of errors: minor, medium, and maximum. For example, Test 1
has a topology similar to the training data, while Tests 3 and
4 involve topologies that are significantly different from the
training set, featuring sharper and more complex features.

From the comparison of error plots, two interesting points
emerge. First, the errors for the physics-driven model are gen-
erally lower than those for the data-driven model, regardless of

the number of sample fields used for training the model. Second,
for test case 1, which is more similar to the training samples, the
errors of the data-driven model are very acceptable. This indi-
cates that, apart from the quantity of the samples, the so-called
quality of them plays a role. In other words, even if it sounds
rather unfeasible to train the model for any possible distribu-
tion of Young modulus, one can always select a meaningful set
of samples for each specific application to train the model prop-
erly. For test cases 3 and 4, we observe higher errors with both
error metrics, as they are significantly distant from the shapes of
training samples. Therefore, we expect that by further enriching
the initial sample fields, the errors for these two cases will also
decrease.
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4.3 | Comparison With Other Neural Operator
Techniques

In this section, we compare the results of the introduced FOL
method against one particular data-driven operator learning
method, DeepONet. For a fair comparison, the DeepOnet model
explained in Section 3.2 is trained by using 4000 samples, the
same data set discussed in the last section. The comparison
results, illustrated in Figure 10 for several unseen test cases,
reveal that the physics-driven method provides more accurate
predictions for mechanical deformation as well as stress distribu-
tion. Note that the DeepOnet performance on predicting the dis-
placement values is still acceptable to some extent, as DeepOnet
is designed to achieve this goal. The stress values are obtained by
taking the derivatives of the displacement field after training and
there are no additional loss terms for them. This is one of the main

reasons behind the larger deviations in predicting the stress val-
ues, as any fluctuations in the displacement predictions heavily
influence the stress values.

This highlights the attractiveness of the physics-driven FOL for
two main reasons: First, it operates without the need for labeled
data during training, and second, it provides more accurate pre-
dictions for unseen cases for both displacement components (as
primary variables) and their spatial derivatives (i.e., stress compo-
nents). Nevertheless, it is essential to emphasize that supervised
training incurs a lower training cost, averaging approximately 7
to 10 times less compared with the physics-based approach.

The observations discussed above are not limited to a specific
test case; they consistently appear across other unseen cases
and regions as well. It is noteworthy that in future works, other
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error evaluations are utilized based on different applications, where the physics-driven model always behaves better than the data-driven one for the

same unseen test cases.

operator learning approaches should be properly compared
under the same data/sample set to enable a fair comparison.
Moreover, the DeepONet can be trained directly with stress
data to predict stress field more accurately [13]. We use the
same samples for both FOL and DeepOnet to ensure a fair
comparison. However, the performance of data-driven Deep-
Onet models would also improve if trained on more data.
The accuracy of DeepOnet can potentially be enhanced by
using recent extensions that leverage addition and subtraction
operations [54].

4.4 | Influence of Phase Contrast on the Results

In this section, we briefly discuss the changes in the phase con-
trast (ratio of the Young modulus) based on the obtained results
from the FOL. So far, we mainly focused on the ratioof Ej; /E¢ =
10. In Figure 11, we also showed the averaged error for the
displacement component U in the x direction as we increase
the stiffness ratio to E; /Eg = 20 or decrease it to Ey/Eg = 2.
These latter values are roughly representative of some engineer-
ing applications in composite and dual-phase metallic materials.
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We can conclude that by increasing the ratio, the errors generally
tend to slightly increase. This is attributable to the anticipation of
higher jumps and greater variations in nonlinearities and com-
plexities in the deformation profiles. Also, note that the morphol-
ogy of unit cell 2 presents more interfaces between both phases
than unit cell 1, which can be one reason for higher errors in this
test case. Nevertheless, we emphasize that the obtained results
also depend on the shape and topology of the limited random
samples chosen for the training. Therefore, one cannot simply
conclude any relation between the topology of the microstructure
and the accumulated error.

4.5 | Discussions on Up-Scaling Results
and Mesh Convergence

To minimize training costs, the microstructure morphologies
(i.e., Young modulus distributions) undergo downsampling
onto a smaller grid. The question arises regarding potential

information loss and methods to reconstruct the original solu-
tion. In Figure 12, various approaches are demonstrated for
this purpose. The first method involves linear interpolation
of the solution in the domain. Quadratic interpolation is also
explored, but despite its smoothness, it does not provide signif-
icant advantages. Certainly, the most effective yet more costly
strategy involves utilizing a pre-trained autoencoder, as shown
on the right-hand side of Figure 12.

We report the results of a pre-trained model, referred to as the
microstructure-embedded autoencoder (MEA). The original idea
and similar works are introduced and reviewed in [62] and is
summarized in Figure 13. First, the MEA method condenses
a high-resolution parametric space, which represents the spa-
tial distribution of mechanical properties for two-phase com-
posite materials, into low-resolution grids. Second, it employs a
pre-trained FOL to solve the BVP on the coarsest grid. Finally,
the solution is refined using the MEA architecture to produce a
high-fidelity output by concatenation of parametric space fields
of various resolutions in the decoder section. The training of such
an autodecoder requires solution data of the parameter space
in different resolutions. The training of MEA with 5400 data
sets takes 30 min on a workstation working with a Quadro RTX
8000 GPU.

Figure 14 shows a significant error reduction compared with
the simple interpolation approach using the MEA method.
Despite its simplicity, it is worth mentioning that the inter-
polation approach is both cost-effective and implementable,
resulting in an acceptable agreement when only averaged values
of upsampled solutions are required for specific applications,
such as homogenization. However, the MEA approach can cap-
ture the sharp solution transitions, which are important for the
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evaluation of local stress fields. See also Figure B1 in Appendix B
for more test cases using the introduced MEA approach.

As shown above any neural operator techniques can be solely
trained on the reduced space and then the information can be
reconstructed via an additional deep learning model. Neverthe-
less, in some applications, it is much easier to train the neural
operator based on the reduced set of input features from the
beginning to avoid the above two-step process. The latter idea is
discussed in the following section.

4.6 | Fourier-Based Parameterization for FOL:
Mesh Convergence and Extension to 3D

A possible shortcoming of the original FOL architecture intro-
duced in Figure 2 is its training cost for higher mesh densities, as
the number of neurons in the input and output layers increases
based on the number of D.O.F. of the model. The latter is also a
limiting factor for other neural operator techniques, as all of them
require being fed a sufficient number and variety of input sam-
ples. Similar to the idea of parametric space reduction by means
of simple downsampling strategies discussed earlier in this work,
we propose an alternative way to significantly simplify the FOL
architecture. As a result, we enhance the capability of the method
to handle higher mesh densities and even 3D problems without
a significant increase in training time.

This idea is based on the parametric representation of the inputs
via a Fourier transformation where a combination of different
frequencies for sinusoidal and cosinusoidal functions forms the
input layer [63]. As depicted in Figure 15, we can reduce the num-
ber of inputs to M desired combinations of frequencies, which is
usually a much smaller than the number of degrees of freedom in
the system, denoted by N. Moreover, we take advantage of apply-
ing hard boundary constraints, and therefore only the first term in
Equation (15) is used for minimization. We use Uy = —0.05 and

Vx = 0.1 mm to show the flexibility of the method to handle other
BCs. The application of hard boundaries in the FOL method is
very straightforward, where we simply omit those degrees of free-
dom with Dirichlet boundary terms from the system of equations.
This approach and similar ones are based on ideas from the
implementation of the FEM. In other words, we do not need any
extra modification of the values in the output layer, similar to
other studies on the application of hard boundaries in the PINN
framework (see [64] and references therein).

The Fourier-based function for representation of the elasticity
map in a 2D setting has the following form through a combination
of sine and cosine functions:

Msum

E (x,y) = Z [e; + A;sin(f,.; x) cos(f,,; ¥) + B, cos(f,; x) sin(f,,; »)
+ C;sin(f, ; x) sin(f,; y) + D; cos(f,,; x) cos(f,; y)| (18)

In Equation (18), x = (x,)7, ¢, is the real-valued constant,
{A,-, B, C,, D,-} represents the amplitudes of the corresponding
frequency number and { i [ y,i} represents the frequency in
the x and y-direction. Finally, we specify the property function
E, through a so-called Sigmoidal projection as shown below
to have more realistic and interesting characteristics for the
microstructure.

E(x,y) = (Epgx — Epin) - Sigmoid(B(E, — 0.5)) + E,,;, (19)

With the above projection, we ensure that the value of Young’s
modulus lies between E,;, = 0.1 and E,,,, = 1.0 MPa. With the
p parameter, one can also control the transition between the two
phases, which is set to f = 1 for the samples in this study. Some
of the main modes, as well as possible samples that can be pro-
cessed, are shown in the lower part of Figure 15.

The new design for the Fourier-based parameterization for FOL
framework can therefore be summarized below:
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X=|[A.B.C.D|, Y=|U.V,], i=1---M, j=1---N
(20)

Y = Njy(X:6), 0={W.b) (1)

For the rest of the study, and for simplification purposes, only
the constant term as well as the last term involving the multipli-
cation of two cosine functions are considered (i.e., A; =0, B; =
0,C; = 0). However, even by limiting ourselves to these terms,
one can produce many designs for the property function E,.
We select three frequencies for each direction. Considering the
constant term, this choice gives us M = 3 x 3 + 1 = 10 different
terms, which can be added up to construct E(x, y) according to
Equations (19) and (18).

The input samples used for training are generated by combining
different random distributions for these ten inputs. A summary
of all the 2000 selected samples is shown in Figure 16. See also
Table 3 for a summary of the Fourier-based parameterization for
FOL model, as well as Figure B3 for a few examples of samples
obtained by the Fourier-based parameterization.

Few unseen test cases and their corresponding Fourier coeffi-
cients are summarized in Table 4. These cases are chosen in a

way to examine if the proposed methodology can handle different
possible scenarios. For example, in some cases, the matrix mate-
rial is soft and reinforced by hard inclusions, while in others, the
matrix is hard and includes soft parts (similar to voids). It should
be mentioned that for a given image of the microstructure, using
the Fourier-based parameterization for FOL model, one must first
perform an inverse Fourier analysis to find the corresponding
coefficients for the input layer, which is a straightforward task.

Thanks to the new design of the FOL, we increase the final
mesh resolution and avoid additional costs for training. We have
checked this matter by testing the idea for different choices of
N as shown in Figure 17. Not only do the training and evalua-
tion times (or costs) remain almost unchanged by dramatically
increasing the neurons in the output layer from 121 to 2061, but
we also observe a mesh convergence in the results. All the train-
ing is performed using exactly the same hyperparameters for the
deep learning model to ensure a fair comparison. However, based
on the given resolution for the output layer, we can tune each neu-
ral network more effectively. The latter point is beyond the scope
of the current study. Moreover, we observe significant reduction
in evaluation cost as we go to higher mesh densities. For the
FEM calculations we do not claim that this implementation is
the fastest available one.

15 of 27

85UB017 SUOLULIOD BAITER.D 3|1 (ddde 3} Aq pouseA0b a1 SSPNE YO (38N JO S3IN1 0 ALRIQIT BUIUO A8]1M UO (SUORIPUOD-PUR-SWLRYWI0Y A8 1M Ae.q)1 U U0/ SANY) SUORIPUOD PUe SLS | 8U) 89S *[5202/T0/60] U0 ARiqI auliuo A311M ‘000TZ0 -RUIo!GIGSIIS AN ASBAIUN LYY UMY Ag L£9, BWUU/Z00T OT/I0P/W00" A8 |1 ARl 1|pu1juo// ANy WOy papeojumoq ‘T ‘GZ0Z ‘2020260T



Components of Coeffs Matrix with Histograms

30 ! ‘ . . ’
. ' : : : : 3 H
. H H .
L]
20 A
10 A
Q
=)
2
g2 07
2
S
5
o —10
O
—20 4
. H s : g
[} ° 3 H : . L] °
-30 A : . . .
—404 * Column Averages .
fre.ql frelq2 fre;q3 frelq4 frequ frelq6 frelq7 fre;qB frelq9 frecl410
Column Index
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TABLE 3 | Parameters used for generating elasticity samples in
training the Fourier-based FOL.

Parameter Value
Frequency in the x-direction f {3,5,7}
Frequency in the y-direction f; {2,4,7}
Number of random samples, batch 2000, 1
size

Neurons in the input layer (input 10

features, freq;)

Mesh (neurons in the output layer
without DBCs)

Act. func., hidden layers, learning
rate, epoch num.

11 x 11 (242), 21 X
21 (882), 51 x 51 (5202)
Swish, [300, 300],
0.001, 5000

TABLE 4 | Selected test cases and corresponding Fourier coefficients.

Study type
Mesh study, Figure 17

Value (freq;,i =1---10)

[-4.0,2.0,—0.6,1.7,6.0,1.9,10.8,
—3.6,-2.8,-9.9]
[12.7,6.1,-2.1, —14.1,
—-4.6,2.1,0.4,2.7,4.4, -3.1]
[—6.3,-0.4,9.5,4.4,2.2,0.9,1.1,0.4,
-3.2,0.3]
[15.9,17.2,14.3,2.0,13.6,2.5,
-6.0,7.4,-7.3,8.2]

Microstructure with
voids, Figures 18 and 19
Microstructure with
inclusions, Figure 20

Random microstructure,
Figure 21

The results reported in Figures 18-21 show an acceptable agree-
ment between the two methods. All these results are obtained
for the 51 X 51 and no interpolation or any other additional

post-processing step is done for the reported results. Very similar
behavior is also observed for other mesh densities.

4.7 | Comparisons with PINN Based Methods
Such as DEM

In the FOL framework, if we consider one sample as an input
and set the batch size for the deep learning model to one, we
end up with the exact formulation for FEM. The only differ-
ence is that we minimize the loss using the ADAM or L-BFGS
algorithm (i.e., an iterative solver) instead of the standard stiff-
ness or tangent matrix in FEM (i.e., a direct solver). In this
particular case, where we are not seeking parametric learning
and solely looking for the solution of one specific BVP, the FOL
approach is then similar to the PINN or, more accurately, to the
DEM approach. However, instead of using automatic differenti-
ation, we use here shape functions to calculate the derivatives.
Moreover, concepts from domain decomposition and node con-
nectivity in FEM are inherently integrated into the loss function
formulation, which provides additional benefits. To evaluate its
more accurate predictions quantitatively, we compare the FOL
against three PINN-based formulations, using the FEM solution
as the reference solution.

The adopted BVP is already discussed in [21]. The geometry,
boundary conditions, as well as the location of collocation points
and finite element meshes, are described in Figure 22. For the
FOL training, we use only 1 neuron and 1 layer, with the Swish
activation function. The entire training takes about 1000 epochs
and only a few seconds, even on personal laptops with CPU
power. The results for the displacement and stress component in
the x direction are reported in Figure 23, where we observe the
superiority of FOL over the other methods. What is noteworthy
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[12.7,6.1,-2.1,—-14.1,-4.6,2.1,0.4,2.7,4.4, =3.1].

is that the training time for FOL is significantly lower compared
with the other methods, with much fewer required epochs (about
100 times fewer epochs).

4.8 | Extension to 3D

We now intend to apply the FOL framework as a standalone
solver to further explore its benefits in a 3D setting. Even in
this case, despite the slower convergence rate, the FOL approach
offers two significant benefits. First, for some nonlinear prob-
lems, this aspect might be interesting since one can bypass the lin-
earization part of the residuals. This aspect remains to be demon-
strated in future developments. Second, our investigations indi-
cate that by avoiding the construction of the stiffness matrix,
we can save a significant amount of memory. This memory effi-
ciency allows us to achieve much higher mesh densities with the
same hardware and implementation setup. For instance, with the
aforementioned CPU and GPU capabilities, we were unable to
perform FEM analysis using a 50 X 50 X 50 mesh and FEAP soft-
ware, while the FOL computation was completed successfully.

To show the applicability to model 3D microstructures, we
investigated the following 3D example. The framework is again

based on the Fourier-based FOL, and this time, three sets of
frequencies are considered for the x, y, and z directions (see
also Table 5). For the sample shown on the right hand side of
Figure 24, we compare the results from the FEM and FOL in left
side of Figure 24. Note that in this study, we used unstructured
tetrahedral elements for the discretization, which are known to
be very flexible to enmesh complex geometries. For this example
Gmsh [66] is used. Finally, the following Drichlet BCs are speci-
fied: the back surface fully fixed while the front surface is pulled
via [Ug = 0.5,V = —0.5, Wy = 0.0].

Consider now a given 3D microstructure with fixed inclusions.
‘We now try to train it based on parametric boundary conditions.
In this setup, we use the so-called Neovius microstructure [67],
with a surface equation based on 3(cos(x) + cos(y) + cos(z)) +
4 cos(x) cos(y) cos(z), as shown in Figure 25. This shape is moti-
vated by research in the field of meta-materials, and the goal is to
predict the mechanical response under any given displacement
vector.

In the lower part of Figure 25, the results of the deformed
microstructure under two different unseen loading cases are
shown, where we can observe a very acceptable agreement in
deformation magnitude between the FOL and FEM. For this
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FIGURE 20 | Comparison of the deformation profile between FOL and FEM for a random microstructure with inclusions by using the Fourier

coefficients [-6.3,—-0.4,9.5,4.4,2.2,0.9,1.1,0.4, —3.2,0.3].

study, we use 2 layers with 10 neurons in each. The batch size
is set to 1, and the swish activation function is used. The learning
rate is set to 0.0005, and the model is trained for 1000 epochs. The
training samples are the displacement components on the front
surface, and we use a normalized, randomly generated algorithm
to construct the training field. After this successful training, new
aspects and opportunities open up for fast multiscale analysis,
potentially speeding up classical FE? algorithms, since we can
access the full solution under a given macroscopic strain tensor.

5 | Conclusion and Outlooks

This work presents a data-free, physics-based method for para-
metric learning of partial differential equations in the field of
mechanics of heterogeneous materials. This method relies solely
on governing physical constraints, which are the discretized
weak form of the problem as well as Dirichlet boundary terms.
Leveraging the FEM without depending on automatic differ-
entiation for computing physical loss functions, the proposed
approach approximates all derivatives using shape functions.
This significantly improves training efficiency, necessitating
fewer epochs and less time per epoch. Additionally, it allows
flexibility in selecting activation functions without worrying

about vanishing gradients. However, it is important to mention
that potential discretization errors from the FEM persist in the
present approach. The introduced FOL framework can be seen as
an extension of FEM and DEM, providing the ability to paramet-
rically learn any interesting features (inputs) of the given BVP.
Moreover, the application of hard boundary conditions in the
proposed framework is extremely straightforward, very similar
to available methods in FEM.

In this study, the network takes the elasticity distribution within
the microstructure as input and produces the deformation com-
ponents under fixed boundary conditions as output. Our method
demonstrates accurate predictions of deformation fields, with the
maximum pointwise error across all test cases consistently below
10%, primarily localized near phase boundaries. On the other
hand, errors for first-order gradient terms, such as stress com-
ponents, exhibit higher values. This observation requires further
improvement in future developments, as local stress values sig-
nificantly affect the localized nonlinear material behavior, such
as plasticity and damage evolution. On the positive side, errors
for averaged or homogenized values remain around 1%, making
them acceptable for various engineering applications as long as
the material is in the elastic regime. Despite possible errors and
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deviations in predicting the solution, the introduced method-
ology offers a significant speedup over the standard FEM in
elasticity. Furthermore, compared with a data-driven approach,
the introduced physics-driven method demonstrates superior
accuracy for unseen input parameters. We also discussed two
different approaches to reduce the input parametric space while
still achieving high-resolution solutions. The first approach is
based on the MEA, which transfers the low-resolution solution to
higher grid points through a pretrained autoencoder. The advan-
tage of this approach is that any complex microstructure shape
can be fed into the model to be reduced, solved, and upscaled.
The potential drawback is that the training process of the autoen-
coder requires high-resolution FEM data. The second approach

TABLE 5 | Parameters used for generating the elasticity sample for
the 3D Fourier-based FOL.

Parameter Value
Frequency in the x-direction f ; {2,4,6}
Frequency in the y-direction f,; {2,4,6}
Frequency in the z-direction f; {2,4,6}
Number of random samples and 1
batch size

Number of neurons in the input 28
layer (input features, freq;)

Number of neurons in the output 6920

layer
Activation func., hidden layers, Swish, [1], 0.001, 500

learning rate, epoch

FOL
0024003  0.04 0.047
FE — '

0.0240.03 0.04 0.047

—

V4

o

leverages Fourier-based parameterization for deep learning,
where the input layer is significantly reduced to the coefficients
of selected frequencies of sine and cosine functions in different
spatial directions. The advantage of this approach is that we do
not require any additional labeled data and can easily obtain the
solution on much denser grids without any significant change in
training time. However, obtaining the correct frequency coeffi-
cients for an arbitrary complex microstructure shape requires an
additional step of an inverse Fourier transform. Both methods
demonstrated excellent performance in predicting deformation
patterns. The prediction of spatial derivatives, and therefore
stress values, are also in good agreement, especially in the aver-
aged sense. Ideas on how to improve them are discussed as well.

The current investigations open up an entirely new approach for
further research into combining physics-based operator learn-
ing and well-established numerical methods. Expanding this
approach to nonlinear problems is essential, as it holds the poten-
tial for even greater speed improvements. Further extensions to
more complex geometries are also of great interest. FEM sup-
ports arbitrary shapes in structural analysis, which enables the
FOL framework to be trained for complex shapes, including those
with unstructured meshes. To apply FOL to different geometries,
one needs to provide a suitable parameter space to describe the
outer shape. For example, CAD-based control points and tech-
niques from isogeometric analysis can be integrated into the FOL
framework. While our focus was here on elastic problems in het-
erogeneous materials, exploring other types of equations, such
as temporal problems and microstructure modeled by the phase
field method presents an intriguing avenue for our future scope.
Finally, it would be interesting to apply the current approach to
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| >
>
>

FIGURE 24 | Comparison of the displacement results from FOL and FEM using unstructured tetrahedral elements.
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FIGURE 25 | Comparison of the results from FOL (left hand side) and FEM (middle) for a 3D example using parametric learning on the imposed

boundary displacements.

inverse problems, wherein providing sufficient data can lead to
discovering the underlying physics of the problem.
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Appendix A
Details About the Training of the DeepONet

Here, we provide additional details about the training process of the
DeepONet network. Section 3.2 illustrates the vanilla DeepONet network

24 of 27

International Journal for Numerical Methods in Engineering, 2025

85UB017 SUOLULIOD BAITER.D 3|1 (ddde 3} Aq pouseA0b a1 SSPNE YO (38N JO S3IN1 0 ALRIQIT BUIUO A8]1M UO (SUORIPUOD-PUR-SWLRYWI0Y A8 1M Ae.q)1 U U0/ SANY) SUORIPUOD PUe SLS | 8U) 89S *[5202/T0/60] U0 ARiqI auliuo A311M ‘000TZ0 -RUIo!GIGSIIS AN ASBAIUN LYY UMY Ag L£9, BWUU/Z00T OT/I0P/W00" A8 |1 ARl 1|pu1juo// ANy WOy papeojumoq ‘T ‘GZ0Z ‘2020260T


http://github.com/google/jax
http://github.com/google/jax
http://github.com/google/jax

10° 4

10-1 4

102 4

Loss

1073 4

10~4 4

1075 4

|

—— Total loss
U Loss

— V Loss

0 500 1000 1500

2000 2500 3000 3500 4000
Iterations

FIGURE Al | The decay of total loss and its U and V' components for the DeepONet network with optimally found hyperparameters.

architecture in Figure 3. The branch network processes the distribution of
properties, which are measured at arbitrary sensor locations. Specifically,
the input function to the branch network includes the values of Young’s
modulus at the element nodes. The branch maps the input function into
two distinct vectors, one for each output. They can be considered as latent
vectors, see [68]. On the other hand, the trunk network is designed to
receive the spatial coordinates of a single point where the output function
is evaluated. Finally, two operators are built by the dot product of the last
layers of the branch and the trunk.

These operators are designed to map the input function E, captured at
N sensor locations (nodes of elements), to the corresponding solutions at
the given spatial coordinate X = (x;, y;) to the trunk network.

In Equation (17), the loss function is defined as the mean squared error
(MSE) between the predicted values of the operators for U and V' and the
solutions derived using the finite element method (FEM). For each input
function, indexed by i and covering the entire range of training inputs up
to 1,4, the total number of training input functions, the operator predicts
the value at each point j. Then the difference between these predictions
and the solutions obtained by FEM over N points are computed. The net-
work parameters, denoted as 0, are then optimized by minimizing the loss

function outlined in Equation (17).

For training the network, a purely data-driven approach is employed.
Details regarding the sample preparation can be found in Section 3.3.
The training involves 4000 samples, each featuring distinct morphology
maps, and the training is done for 4000 epochs. Since the architecture
of the network differs significantly from the FOL approach, an extensive

study of hyperparameters was performed to achieve optimal results. The
best-performing configuration was found to be 6 [20], which indicates 6
hidden layers when each layer consists of 20 neurons. Notably, both the
branch and the trunk networks use an identical architecture and share a
common final layer containing 20 neurons.

The best result is obtained by using the swish as the activation function.
The loss decay for the optimal hyperparameters is shown in Figure Al.

Appendix B
Performance of MEA Approach

In Figure B1, we provide more results on the performance of the MEA
approach on different test cases. Note that none of these samples are
used in the training of the FOL or in the training process of the MEA
approach. As mentioned before, the MEA approach is able to map the
low-resolution solution from the FOL (or even from any other solver,
if applicable) onto a high-resolution grid space, capturing even sharp
jumps in the solution quite effectively. Using the MEA approach will
enable users to focus on training their neural operators solely based on
the reduced topological space and input parameters, which makes the
training efficient and more accurate.

In Figures B2 and B3, few examples of the randomly generated samples
for the training of the original FOL and Fourier-based FOL are shown,
respectively.
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Elasticity,
grid 100 x 100

FOL+MEA,
grid 100 x 100

FEM, Difference,
grid 100 x 100

grid 100 x 100

1.0 0.05 0.05 0.005
0.8 0.04 0.04 0.004
0.6 0.03 0.03 0.003
0.4 0.02 0.02 0.002
0.2 0.01 0.01 0.001
0.0 0.00 0.00 0.000
1.0 0.05 0.05 0.005
0.8 0.04 0.04 0.004
0.6 0.03 0.03 0.003
0.4 0.02 0.02 0.002
0.2 0.01 0.01 0.001
0.0 0.00 0.00 0.000
1.0 0.05 0.05 0.005
0.8 0.04 0.04 0.004
0.6 0.03 0.03 0.003
0.4 0.02 0.02 0.002
0.2 0.01 0.01 0.001
0.0 0.00 0.00 0.000
1.0 0.05 0.05 0.005
0.8 0.04 0.04 0.004
0.6 0.03 0.03 0.003
0.4 0.02 0.02 0.002
0.2 0.01 0.01 0.001
0.0 0.00 0.00 0.000
FIGURE B1 | Prediction of the microstructure-embedded autoencoder (MEA) method for the mechanical deformation on high resolution grid

(displacement component U evaluated on a 101 x 101 grid).
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FIGURE B2 | Examples for random samples described in Sections 3.3 and 4.1. The samples are shown on 11 X 11 grid. Other resolutions are also

available for training the MEA approach described in Section 4.5.
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FIGURE B3 | Examples for random samples used for training of the NN described in Section 4.6. The samples are constructed on 51 x 51 grid.
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